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Abstract

The restricted isometry property (RIP) is at the center of important developments in compres-
sive sensing. In R¥, RIP establishes the success of sparse recovery via basis pursuit for mea-
surement matrices with small restricted isometry constants dos < 1/3. A weaker condition,
095 < 0.6246, is actually sufficient to guarantee stable and robust recovery of all s-sparse vec-
tors via [;-minimization. In infinite Hilbert spaces, a random linear map satisfies a general RIP
with high probability and allow recovering and extending many known compressive sampling re-
sults. This thesis extends the known restricted isometric projection of sparse datasets of vectors
> embedded in the Euclidean spaces RY down into low-dimensional subspaces R™,m < N, to
Riemannian manifolds (M, g), of manifold dimension m, with Riemannian metric g equivalent
to the induced metric from the embedding space RY. This will establish a higher-dimensional
version of the Fisher-Kolmogorov test for comparing populations in usual statistical analysis, al-
lowing to develop an inference procedure analogous to Generalized Linear Models in the usual

case (#X > N).

v



Chapter 1

Introduction

The digital revolution is driving nowadays the development and deployment of new, more so-
phisticated, robust and flexible sensing processing systems with ever increasing resolution. The
theoretical foundation of this revolution is the Shannon/Nyquist sampling theorem, which states
that the sampling rate of a continuous-time signal must be at least twice its highest frequency in or-
der to ensure reconstruction. By this results images, signals, videos, and other data can be exactly
recovered from Nyquist rate set of uniformly spaced samples. Unfortunately, in many applications,
the resulting Nyquist rate is so high that samples must be compressed in order to store or trans-
mit them. Despite extraordinary advances in computational power, the acquisition and processing
of signals in applications may simply be too costly [25], or even physically impossible, and con-
tinues to pose a tremendous challenge. Compressive sensing (CS) provides an alternative to the
Shannon/Nyquist sampling theorem when the signal under acquisition is known to be sparse or
compressible [1][2]. Sparsity allows for dramatically “under-sampled” signals to be captured and
manipulated using a very small amount of data. This is the fundamental idea behind compressive
sensing.

While this idea has only recently gained significant attention in the signal processing community,
there has been work done in this direction. In 1795, Prony proposed an algorithm for the estimation
of parameters associated with a small number of complex exponentials sampled in the presence of
noise [26]. In the early 1900s, Carathéodory showed that a positive linear combination of any &
sinusoids is uniquely determined by its value at ¢ = 0 and at any other 2% points in time [27][28],
which represents far fewer samples than the number of Nyquist-rate samples when k is small
and the range of possible frequencies is large. More recent, in the early 2000s, Blu, Marziliano,
and Vetterli [29] showed that signals that are governed by only k£ parameters can be sampled and

recovered from just 2k samples.



Building on these results and on the work of Candes, Romberg, Tao [3][5] and Donoho [30],
who showed that a signal having a sparse representation can be recovered exactly from a small set
of linear, nonadaptive compressive measurements, CS has emerged as a new framework for signal
acquisition and sensor design. To mention just a few, areas that have benefited immediately from
this basic discovery are image recovery and compression algorithms. While the research field
of CS draws from a variety of other areas such as random matrix theory, approximation theory,
numerical linear algebra, Banach space theory, and convex optimization, the combined efforts of
mathematicians, computer scientists, and engineers have led to many application such as medical

imaging, radar, microscopy and civilian and military surveillance.



Chapter 2

Introduction to Compressed Sensing

In mathematical terms, a classical sparse recovery problem aims to recover a vector x € RN from
linear and underdetermined measurements Ax = y, where A € C™*N models the linear mea-
surement (information) process with N being much larger than m. Looking closer, the standard
compressive sensing problem essentially identifies two questions which are not entirely indepen-
dent. Which matrices A € C™ N are suitable and what are efficient reconstruction algorithms
which recover the original signal x from measurements y?

Even though there are several tractable strategies to solve the standard compressive sensing
problem, in this chapter we focus on the basis pursuit (also called /;-minimization) strategy which

consists of solving a convex optimization problem, more precisely, to find a minimizer for

min ||z||; subject to Az =y where || - ||; isl; — norm  (P})
zeRN

2.1 Sparsity and Compressibility

Sparsity has been exploited in statistics and learning theory as a method for avoiding overfitting
[14] and figures prominently in the theory of statistical estimation and model selection [15]. The

notions of sparsity and compressibility are at the core of compressive sensing.

Definition 2.1.1. A vector x € CN is called s - sparse if it has at most s nonzero entries, i.e., if
[x[lo == card({j : x; #0,j =1--- ,N}) <s

In applications, sparsity can be a hard constraint to impose, therefore we encounter vectors that
are not exactly s - sparse but compressible in the sense that they are well approximated by sparse
ones. Informally, a vector x € CN is compressible if the error of its best s-term approximation

0s(x), decays quickly in s.



Definition 2.1.2. The /,-error of best s-term approximation to a vector x € C" is defined by
04(x), := inf{||x — z||,,z € C" is s-sparse} where p > 0

Note that sparsity is a highly nonlinear model: given a pair of s-sparse signals, a linear combi-
nation of two signals will in general no longer be s-spare. Sparsity is only a model and may not
be the best fit for all applications, therefore extensions of sparsity are: block sparsity [19], join

sparsity [18] and tree sparsity [20].

2.2 Design Sensing Matrices

Compressive sensing is not fitted for arbitrary matrices. It is still an open problem to construct ex-
plicit matrices which are provably optimal, but a breakthrough is achieved by resorting to random
matrices. Examples of random matrices are Gaussian matrices whose columns consist of inde-
pendent random variables following a standard normal distribution and Bernoulli matrices whose
columns are independent random variables taking the values +1 and —1 with equal probability.
We now list a number of desirable conditions that a sensing matrix A should have to guaranty

recovery of sparse vectors.

Definition 2.2.1. A matrix A € K™*N (where K is R or C) is said to satisfy the null space property

relative to a set S C [N] if
vsll1 < |[vglli forall v € KerA — {0}

where vy is the restriction of v on the indices in S. A matrix A € K™ N is said to satisfy the null
space property of order s if it satisfies the null space property relative to any set S C [N] with
card(S) < s.

Slightly strengthened versions of the null space property are needed to reconstruct scheme with
respect to sparsity defect (stable null space property) or a scheme affected by error (robust null

space property).



Definition 2.2.2. A matrix A € C™*¥ is said to satisfy the stable null space property with constant

0 < p < lrelative toaset.S C [N]if
Ivslli < p|lvglli forall v e KerA

A matrix A € C™¥ is said to satisfy the stable null property of order s with constant 0 < p < 1
if it satisfies the stable null space property with constant 0 < p < 1 relative to any set S C [IV]

with card(S) < s.

Definition 2.2.3. The matrix A € C™*¥ is said to satisfy the robust null space property (with

respect to || - ||) with constants 0 < p < 1 and 7 > 0 relative to a set S C [N] if
Ivs|li < pllvslli + 7||Av]| forall v € CV.

A Tt is said to satisfy the robust null space property of order s with constants 0 < p < land 7 > 0
if it satisfies the robust null space property with constants p, T relative to any set S C [N] with

card(S) < s.

It has been proved in [6] (Chapter 4) that null space property, stable null space property and
robust null space property are necessary and sufficient conditions for extract recovery of sparse
vectors via basis pursuit program (P, ).

Since the null space property is not easily verifiable by direct computation, coherence is a much
simple concept and preferable to use to assess the quality of a measure matrix [16]. In general, the

smaller the coherence, the better the performance of sparse recovery algorithms.

Definition 2.2.4. Let A € C™*" be a matrix with l, normalized columns ay, - - - , ay, i.e., ||a;]|s =

1 for all i € [N]. The coherence = ji(A) of the matrix A is defined as

po= max [{ai, ;)|

A general concept of [} - coherence function is defined, which incorporates the usual coherence

as the particular value s = 1 of its argument.



Definition 2.2.5. Let A € C™* be a matrix with /5 - normalized columns a;,--- ,ay. The [ -

coherence function yu; of the matrix A is defined for s € [N — 1] by

411(s) := max max { > lfasa))[. 8 € [N],card(8) = s.i ¢ s}

1E€[N]

Remark 2.2.6. Note that coherence and the /; - coherence function are invariant under multiplica-
tion on the left by unitary matrix U i.e columns of UA are /5 - normalized vectors Uay, --- , Uay
and (Ua;, Ua;) = (a;, a;). Also using the Cauchy-Schwarz inequality |(a;, a;)| < ||a;||2 - [|a;]|2
it is clear that the coherence matrix is bounded from above, p < 1.

What about lower bounds for the coherence and /; - coherence function of a matrix A € C™*V

with m < N? What are examples of matrices with an almost minimal coherence? A matrix which
achieves the coherence lower bound is called equiangular tight frame and the coherence lower

bound is known as the Welch bound.

Definition 2.2.7. A system of /5 - normalized vectors (ay, - - - ,ay) in K is called equiangular if

there is a constant ¢ > 0 such that
|<aiaaj>‘ = cfor all i,] € [N]77’ 7&]

Definition 2.2.8. A system of vectors (aj,--- ,ay) in K™ is called a tight frame if there exists a

constant A > 0 such that one of the following equivalent conditions holds:

N
@) [|x]2 =X |(x,a,)|? forall x € K™
=1

N
(b) x =X> (x,a;)a; forallx € K™

Jj=1

(c) AA* = %Idm where A is the matrix with columns a,--- , ay.

It is now possible to prove [6] that coherence of a matrix is always in the range p(A) €
N—m
[ m(N—1)> 1}
Theorem 2.2.9. The coherence of a matrix A € K™Y with l, - normalized columns satisfies

N—m

=



Equality holds if and only if the columns ay,--- ,ay of the matrix A form an equiangular tight

frame.
The Welch bound can be extended to the /; - coherence function for small values of its argument.

Theorem 2.2.10. The [, - coherence function of a matrix A € K™Y with l, normalized columns

satisfies
N —
pi(s) > s m(N——ml) henever s < vV N — 1 (2.2)
Equality holds if and only if the columns ay,--- ,ay of the matrix A form an equiangular tight
frame.

Remark 2.2.11. Note that when N > m the lower bound is approximately p(A) > 1/1/m.

We claimed that the performance of sparse recovery algorithms is enhanced by a small coher-
ence. The next Theorem [6] guarantees the exact recovery of every s-sparse vector via basis pursuit

when the measurement matrix has a coherence 1 < 1/(2s — 1).

Theorem 2.2.12. Let A € C™*¥ be a matrix with ly-normalized columns. If
pa(s) +pa(s — 1) <1,

then every s-sparse vector x € CV is exactly recovered from the measurement vector y = Ax via

basis pursuit.

Even though null space property is both necessary and sufficient condition to guarantee recovery
of sparse vectors, when the measurements are contaminated with noise it will be useful to consider
somewhat stronger conditions. Also, the lower bound on the coherence in Theorem 2.2.10 limits
recovery algorithms to rather small sparsity levels. To overcome these limitations, in [17], Candes
and Tao introduced the Restricted Isometry Property (RIP) on matrices A, also known as the

uniform uncertainty principle, and established its important role in compressed sensing.

Definition 2.2.13. The s—th restricted isometry constant J, = J,(A) of a matrix A € C™*V is a

positive real number ¢ > 0 such that

(1= )lx[lz < lAx]l3 < (1+8)xll2 (2.3)



for all s-sparse vectors x € CV. We say that A satisfies the restricted isometry property if 6, is

small for reasonably large s.

Just like for coherence, small restricted isometry constants are desired. In case N > Cm it
has been proven in [6] that the restricted isometry constant must satisfy d, > c\/s/_m, which is
reminiscent of the Welch bound p > ¢/ /+/m, for s = 2.

The success of sparse recovery via basis pursuit for measurement matrices with small restricted
isometry constants is guaranteed by the condition d5 < 1/3. Weakening this condition to dp5 <
0.6246 is actually sufficient to guarantee stable and robust recovery of all s-sparse vectors via

{{-minimization.

Theorem 2.2.14. Suppose that the 2s—th restricted isometry constant of the matrix A € C™V

satisfies

1
5% < 5.

Then every s-sparse vector x € C™*N is the unique solution of
min ||z||, subject to Az = Ax.
zeCN

Theorem 2.2.15. Suppose that the 2s—th restricted isometry constant of the matrix A € C™
satisfies

4
G < —— ~ 0.6246.
o /n

Then, for any x € CV and y € C™ with |Ax — y||2 < 1, a solution x* of
min ||z|| subject to ||Az — yl|l2 <n
xeCN
approximates the vector X with errors
Ix — x*||; < Coy(x); + DV/sn,

C
[x —x%||; < ﬁ%(x)l + Dn,

where the constants C, D > 0 depend only on .



2.3 Measurements bounds

Research in CS has also focused on reducing the number of measurements m (as a function of
N and s). We can now consider how many measurements m are necessary to achieve the RIP.
Ignoring the impact of d55 and taking in consideration only the dimensions of the problem (V, m,

and s) led to a simple lower bound for m [7].

Theorem 2.3.1. Let A be an m x N matrix that satisfies the RIP of order 2s with constant o, €
<0, %] Then
N
m > Cslog (—),
5

where C' = 1/21log(v/24 + 1) ~ 0.28.

2.4 Sensing matrix constructions

Now that we have defined the relevant properties of a matrix A in the context of CS, we turn
to the question of how to construct matrices that satisfy these properties. We have already seen
that, in general, an equiangular tight frame achieves the coherence lower bound [21]. Similarly,
there are known matrices of size m x m? that achieve Welch bound (the coherence lower bound)
w(A) = 1/y/m, such as the Gabor frame generated from the Alltop sequence [22]. It was proved
that is possible to deterministically construct matrices of size m x N that satisfy the RIP of order
s, but in real world settings these constructions would lead to an unacceptably large requirement
on m [23][24]. Fortunately, these limitations can be overcome by randomizing the matrix con-
struction. Random matrices will satisfy the RIP with high probability if the entries are chosen
according to a Gaussian, Bernoulli, or more generally any sub-Gaussian distribution [6]. The-
orem 5.65 in [7] states that if a matrix A is chosen according to a sub-Gaussian distribution
with m = O(slog (N/s)/d3,) then A will satisfy the RIP of order 2s with probability at least
1 — 2exp(—c162s*m). The most significant benefits of using random matrices is met in practice
where we are often more interested in recovering sparse signals with respect to some basis @, thus
we require the product AP to satisfy the RIP. When A is chosen randomly we do not have to

explicitly take ® into account.



As noted earlier, CS sparse recovery of vectors has so far been predominantly treated in discrete
settings in some finite-dimensional space (usually R or C") whose nonzero entries with respect
to a particular basis are few in comparison to /N. Although the standard CS framework assumes
that x is a finite-length vector with a discrete-valued index (such as time or space), in practice
we will often be interested in designing measurement systems for acquiring continuously indexed
signals such as continuous-time signals or images. It is sometimes possible to extend this model

to continuously indexed signals using an intermediate discrete representation.

Most real world signals are analog, or continuous time, and thus are modeled more precisely
in infinite dimensional function spaces. Any finite dimensional model may not be suited to such
problems. For example, much of finite compressing sensing theory revolves around Gaussian and
other random matrices, which have immense value. However, in real applications we do not always
have the option to choose A as we want. Instead, physical properties of the sensing process, as
well as constraints to its practical implementability determine the sensing matrix. Thus, the typical
sensing matrix is neither Gaussian nor Bernoulli, but rather a matrix with a very specific structure.
Also, the standard sparsity has to be extended to include a much richer class of signals and to

encode broader data models, including continuous time signals.

Although this issue has been quite widely recognized [7][8][10], few attempts were made so far
to extend the existing finite compressing sensing theory to infinite dimensional models. Admirable
progress has been done on how to derive compressive sensing theory for a variety of structured
sensing matrices that arise in applications [9]. Extending CS to infinite-dimensional spaces is
necessary in order to properly apply it in an analog setting [33], or to explore connections with
the sampling of signals with finite rate of innovation (signals that have a finite number of degrees
of freedom per unit of time) [34]. CS in infinite-dimensional spaces is also needed in machine
learning for the development of efficient methods to compute information in a concise way, to feed
learning algorithms that work on densities, to extract features or to uncover underlying structures

[35][36].

In the next two chapters we discuss two theories of compressed sensing in high-dimensional

(or infinite-dimensional) spaces from a few linear measurements. Chapter 3 presents a frame-

10



work based on a discretization procedure using a “Low-Dimensional Model” [31], and Chapter
4 presents a general theory of compressed sensing for analog signals, formulated as an infinite

dimensional optimization problem [32].

11



Chapter 3

Compressed Sensing in Hilbert Spaces

A general view of signal recovery problems in classical finite or infinite-dimensional spaces is to
consider observations y modeled as

y=Axte 3.1

where x € ‘H,y € F and ‘H, F are Hilbert spaces of finite or infinite dimensions, A is a linear map
which models a finite number of measurements m and e is a noise such that ||e|| 7 is bounded. If no
further prior information on the signal is available, recovering x from y is generally not possible.
To overcome of the ill-posed nature of such problems the authors in [31] use a ”low complexity”
hypothesis on x (either x belongs to a "low-dimensional model set” > or can be described by
few parameters). The objective is to address the following question: given a model set > and a

regularizer f, what RIP condition on A is sufficient to ensure that solving the optimization problem
€ argmingey f(z)s.t.]|[Az — (Ax +e)||r <€ (3.2)

yields an optimal decoder? An instance-optimal decoder provide exact recovery of vectors in

x € Y in the noisless setting, but also stable and robust when noise or error are present.

3.1 Restricted Isometry Property (RIP)

We have seen that in classical CS many efficient instance-optimal algorithms relies on properties
of the sensing matrix such as the restricted isometry property. One can extend the notion of RIP of

a linear operator A on a model set ¥ — ¥ := {x — x : x,x € X} which is called secant set of 3.

Definition 3.1.1. (RIP) The linear operator A : H — F satisfies the RIP on the secant set > — 3.

with constant § if forallx € ¥ — 3,

(1= 0)lxl3, < lAx]% < (1+d)lx]7

12



where || - || 7 and || - || are Euclidean norms of F and H.

3.2 Low-dimensional models

Given a set 2> C ‘H the normalized secant set of X is defined as
_ Yy .
S=38() = {z_—.yE(E—E)—{O}}
[yl
Intrisic dimension of S is measured using the upper box-counting dimension which is linked to the

notion of covering number. A comprehensive list of definitions of dimensions is presented in [38].

Remark 3.2.1. There are examples of sets for which no linear embedding to a finite dimensional
space 1s possible even though their dimension is finite, therefore it is not possible to construct a

linear map which satisfies the RIP.

Definition 3.2.2. (Covering number). Let « > 0 and S C H. The covering number N (S, «) of S
is the minimum number of closed balls (with respect to the norm || - ||3) of radius «, with centers

in S, needed to cover S.

Definition 3.2.3. (Upper box-counting dimension). The upper box-counting dimension of S is

boxdim(S) := limsup log[ N (S, «)]/log[l/a].

a—0

A model ¥ is low-dimensional if boxdim(S(X)) is small compared to the ambient dimension of

the Hilbert space H (which may be infinite).

Already known dimensions [6]: for k-sparse vectors, boxdim(S(X)) = k and for n x n matrices

of rank lower than r, boxdim(S (X)) = rn.

3.3 Dimension reduction with random linear operators

Now that the notion of dimension of a model ¥ and the RIP property of operator A has been
defined, based on work in [38] the authors in [31] present a generic construction of a dimension-

reducing linear operator A : H — R™ that satisfies the RIP on ¥ — . Intuitively, the operator A

13



is built in two steps: first project the signal in 3. onto a subspace H C H of finite (but potentially
large) dimension space then reduce the dimension by a multiplication with a random matrix (see

Table 1).

Table 1 Strategy for Dimension Reduction.

Low Dimension Finite Dimension Low Dimension
YCH Projection — | Linear Space H C ‘H | Reduction — | Linear Space = R™
boxdim(S(X)) < oo dim(H) =d < oo m < d

Projection on a Finite-Dimensional Subspace Step
Given S C H such that boxdim(S) < oo and 0 < o < 1, there always exists a finite-dimensional

subspace H C H that approximates all vectors in S with precision « i.e.
(1 = )l < [[Paxlls < %l

for all x € > — Y where Py denotes the orthogonal projection onto H [38].

In general I can be construct as following. First construct an « - cover of the normalized
secant set S. Let C,, be the set of center of balls used to cover S. It is now sufficient to take
H, C H be the finite-dimensional linear subspace of / spanned by C,, and let Py, : H — H be

the orthogonal projection onto H,, [38].

Dimension Reduction Step

The goal now is to reduce down the dimension of subspace H to O(bozdim(S)) by using random
matrices. Denote by d the dimension of H and let (eq, - - ,e4) be an arbitrary orthonormal basis
of H. Identify the projection onto H with the linear operator Py : H — R? that returns the
coordinates of the orthogonal projection onto H in the basis (eq, - - - , e4). Next compose Py with
a random matrix M € R™* to build A : H — R™ such that A = MPy and A satisfies
RIP property and m ~ O(boxdim(S)). In order to exhibit operator A satisfying RIP property
with constant ¢ it will be enough to build a random M : R? — R™ satisfying a RIP with small

constant ¢ . The approach to construct M described in [39] is to independent draw of m identically

14



distributed random vectors a; € H so that for x € H, Mx := ((a;,x))!" ;). A convenient way to
prove that M satisfy RIP is to choose its probability distribution [6] so that for any vector x € H,
E || Mx||3 = x||3, and require M to satisfy two concentration inequalities below.

There exists two constants ¢;, ¢ € (0, oo] such that for any fixed y,z € S(X) U {0},

Poar{|hai(y) = har(2)] = Ay — zlln} < 2679 for0 < A < ¢p/cy (3.3)
Par{lhar(y) — har(2)] 2 Ay — z[ls} < 2e72™, for A > e/cr (3.4)
where
hy :H—R

v [ Mx|; - x5

Assuming that the random operator M satisfies above concentration inequality and the set S has
finite box-counting dimension, the next theorem states that reducing the dimension of vectors in X
is possible and a number of measurements m of the order of the dimension of the secant set S is

sufficient to be able to recover elements of X2, from the ambient space H:

Theorem 3.3.1. Let M : H — R™ be a random linear map that satisfies (3.3) and (3.4). Assume
1

that boxdim (S) < s ( there exists 0 < ag < 5 such that N(S, o) < o~ forall 0 < a < ag).

Then for any &, 6y € (0,1), M satisfies the RIP on X2 — X it with constant § < 0y with probability

at least 1 — & provided that

%m max{slog (Oéig) , log (g)}, (3.5)

where C' > 0 is an absolute constant (independent on the dimension parameters).

m >

3.4 Recovery of Low-Dimensional Models - Unions of Subspaces

Since the linear operators A built in the previous section preserve low complexity models 32, we
turn to the study of the reconstruction of vectors from . using general decoders, with an emphasis
on a particular class of convex functions: “atomic norms” [39]. Considering a set A C #, called

the set of atoms, the corresponding atomic “norm” is built using the convex hull of A.
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Definition 3.4.1. The convex hull of a set A is:
conv(A) = {x = Zciai ca; €A ¢ €Ry Zci = 1} (3.6)
Definition 3.4.2. The atomic norm induced by the set A is defined as:
|z]|4 :=inf{t e Ry : x €t-conv(A)} (3.7)
where conv(.A) is the closure of conv (A) in H.

This function ||z|| 4 is a convex gauge but is not always a norm. This norm is finite only on the
set E(A) =R, -conv(A) ={x=t-y, t € R, y € conv(A)} C H. It can be extended to H
by setting ||z|| 4 := +ooif z & E(A).

As a running example, a classical refinement of the notion of sparsity called structured sparsity
in levels is considered. For model ¥ = J; ---3; associated to structured sparsity in levels a

similar class of atomic norms called the group norms in levels is defined.

Structured sparsity in levels

Structured sparsity also called group sparsity is the assumption that signals are not only sparse but
also supported on a few groups of significant coefficients in a transformed domain [40][41][42].
Medical imaging (MRI) and simultaneous signal and noise sparse modeling are two examples were
this model is useful [41]. Formally, consider (¢;);cn an orthonormal basis of Hilbert space H, G a

finite collection of non-overlapping finite groups of indexes i.e.
G:={gCN | |g| <oo,gNg =0 whenever g # g }

The restriction of a vector x € H to a group g is

Xy 1= Z(x, ei)e;
1€g
A group support is a subset 7' C G and the restriction of x to a group support is

X7 ‘= E Xg

geT
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The group support of x € H denoted gsupp(x) is the smallest 77 C G such that x; = x and the
size of the group support of x denoted |gsupp(x)| is the cardinality of gsupp(x). Given an integer

k, the k-group-sparse model is defined as
Y = {x € H, |gsupp(x)| <k} (3.8)
Let d be the size of the biggest group. We have the following covering of S(Xy) :

dk
N(S(2Ek), a) < <£) where C'is a constant depending on d. (3.9
«

Let H; C H,j € J be a collection or orthogonal spaces each equipped with a k;-group sparse
model X; as defined in (3.8) each with its Hilbert basis and its set G; of groups. Then the structured

sparsity in levels is associated to the model

J
5 {xe%,x:zxj,xjezkj}, (3.10)
j=1
i.e
2:2k1 XEkQ Xoeee szj,
and
O\ diks O\ dik;
N(S,0) € N(S(Bi,0) - N(S(Ei0) < () - (2) (3.11)

where C; are constants that are of the order of the dimension of each level times the maximum

size of groups d; in level j.

Atomic norms for group norms in levels
Given H; associated to the j-th level, let S;(1) C H; its unit sphere, G, its set of groups, and ¥ ;
the associated 1-group sparse model, consider A; := X, ; N S;(1) the collection of atoms of the

j-th level. The corresponding atomic norm is associated to the finite-dimensional space
E(A;j) = span({e;ticu,eq;)
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and is defined as

>gec Tglln, € E(A);
+00, r g E(A)

(3.12)

||x||14; =

A natural regularizer for the structured sparsity in levels model is defined as follows in H;x . . .
xXH Jg-

fuw (@, xy) = wil|z||a, + ... +wyl|zs]| 4, where w; >0 (3.13)

Atomic norm associated to a union of subspace models
Given any union of subspaces > C H, the norm associated to its normalized atoms A(X) :=

YN S(1) is defied as
l-lls=1" ||z:m$(1) 3.14)

and is sometimes useful as a regularizer to perform recovery (i.e. by choosing f(z) = ||z||x in

minimization (3.2)).

3.4.1 Exact recovery of unions of subspaces

Exact recovery of unions of subspaces [45] states that the stability of any decoder of the form (3.2)
is guaranteed if A satisfies a RIP on set ¥ — 3 with a constant 6 < dx(f) holds, where dx(f)
is a constant that depends only on the regularizer f and the model set ¥ (See Appendix A). This
recovery is a generalization of the sharp RIP result by Cai and Zhang [44], whose RIP theorem
states that § < \/m on X — X implies stable recovery of sparse vectors with the /;-norm, and of

low rank matrices with the nuclear norm.

3.4.2 Stable recovery of unions of subspaces

A stable recovery formulation for minimization (3.2) is also established in [45] which is stated

below.

Theorem 3.4.3. Assume that 3. is a union of subspaces. Then, for any continuous linear operator

A on H that satisfies the RIP on the secant set 3. — X with constant § < 0x(f) we have: for all
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X € X, e € F such that ||e|| 7 < € with X* the result of minimization (3.2),
Ix* = xll3 < Cs(f, 6) - (lell = +¢), (3.15)

where C50 < +00.

The constant C'y;,0 < 400 is explicit in most classical examples [45].

3.4.3 Robust recovery of unions of subspaces

Regarding robustness to modeling error, it is more convenient to use a norm independent of the
measurement operator A. This norm was introduced in [46] as an intermediate tool to measure the

distance from a vector x to the model set 3. Given a constant C', the A-norm is defined by
|-l :=C- A NlF+ 1l

(here the A refers to the measurement operator, not to be confused with the atomic norm). Follow-
ing robustness result has been proved by authors in [32] using symmetrized distance with respect

to a regularizer f

df(x,%) = inf = %) = Jx = X).

P 2
Theorem 3.4.4. Let 3. be union of subspaces. Let f be positively homogeneous, non-negative and
convex with f(x) < +oo for x € X.. Consider a continuous linear operator A satisfying the RIP
on ¥ — X with constant § < x(f), and a noise level |le||z < e. Denote Cs, the constant from
Theorem 3.4.3, and assume that for all u € H,||u|lacy, < Crax - f(u) for some Cruy < 0.

Then, for all x € H,e € F, such that |le|| < n < ¢, any minimizer x* of (3.2) satisfies

HX* - XHH < CE : (HGH]—‘ + 6) + QCf’Az : df(X, E) (316)
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Chapter 4

Compressed Sensing for Analog Signals

In contrary to framework presented in Chapter 3, which adopted a discretization procedure using
a low dimensional model, in this chapter the approach of infinite compressed sensing framework
presented in [32] analyze an infinite dimensional optimization problem directly. Authors aimed for
a true analog setting where the following requirements can be identified: the mathematical model
consists of reproducing kernel Hilbert spaces, the index set of general measurements is equipped
with a more general metric structure, robust and stable recovery does not impose discretization, and
analog sparsity is not linked to a specific discrete set but rather it allows for sparse representations
within an uncountably infinite dictionary.

The main idea of this framework is to model signals in reproducing kernel Hilbert spaces as
ambient space with the kernel functions being the elements of the representation system. Sparsity
of a signal is defined as the minimal number of terms in the kernel functions expansions. Recov-
ery based on total-variation minimization problem (TV -minimization problem - an extension of
classical atomic measures) is robust (signal is only approximately sparse) and stable (measurement
is corrupted by noise). Two applications of this theory presented in [32] are: recovery of sparse

bandlimited functions and functions that have a sparse short-time Fourier transform.

4.1 Reproducing Kernel Hilbert Spaces

Definition 4.1.1. (Reproducing kernel) Let H be a Hilbert space of R valued functions defined on
a non-empty set X. A function K : X x X — R (K,) is called a reproducing kernel of ‘H if it

satisfies

Ve X,K(,z) e H
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e Vz e X,VfeH, (f, K(-,x))» = f(x) (the reproducing property)
In particular, for any z,y € X, K(x,y) = (K(,z), K(-,y))n

Definition 4.1.2. A Hilber space H is called Reproducing Kernel Hilbert Space (RKHS) if H has
a reproducing kernel. We say that # has a unit-norm reproducing kernel, if K (x,z) = 1 for all

z e X.
Remark 4.1.3. :

* The inner product of H induces the usual norm and the topology with respect to which H is

complete.

* Since K, produce the point evaluation of any f € H at = via the inner product, it can be deduce

that the span of { K, },cx is dense in H

¢ If kernel K is not unit-norm, it can be normalized

o T _ K(l’,y)
Ky = e ok G 0)

and
i H—Hif(x) = /K(z,2)f(z),z € X

is a space isomorphism, where # is a Hilbert space with unit-norm reproducing kernel K.

The weak greedy algorithm described in [48] provides a norm-convergent expansion for each f €
# in term of at most countable number of kernel function and implicit for each f € H. It will be

convenient to allow also expansions of the form

K *pu E/ kpdp(z)
X

where p is an element of M (X), the space of regular complex Borel measures of bounded total

variation on a locally compact Hausdorff space X.
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4.2 Atomic Norms on Reproducing Kernel Hilbert Spaces

The atomic norm was introduced in [39] and possesses a number of favorable properties that are
useful for recovering models from limited linear measurements. An extended list of atomic norms
obtained by convexifying atomic sets that are of interest in various applications are presented in
[39].

Consider all finite disjoint collections { F;}!_, of Borel measurable subset of X such that X =

U Ei, then the space M (X)) is equipped with the total-variation norm
=1

lpellzy = |pl(X) = Supz el

By the Riesz-Markov-Kakutani theorem, the space of continuous functions vanishing at infinity

Co(X) is the dual of the normed space M (X).

Definition 4.2.1. Let X be a locally compact Hausdorff space and M (X) the space of regular
complex Borel measures with bounded total variation. Let H be a separate reproducing kernel
Hilbert space of Borel measurable functions on X with a unit-norm reproducing kernel K. The

atomic norm of H associates with each f € H the value

[flla = mf{{[pllzv - p € M(X), K xp=f} (P)

Original atomic norm (3.7) from [39] has a more geometric nature but does not appear to be
discussed in the context of Hilbert spaces with reproducing kernel. Although this norm [39] and

atomic norm (P) are to an extend equivalent [32] and its dual is more commonly known and used.

Proposition 4.2.2. Given [ € H, then the dual of the atomic norm is

11l = sup [ f(2)] = [|f]|oo-
zeX

4.3 Sparse Recovery by Atomic Norm Minimization

Definition 4.3.1. A function f € # is called s-sparse if there exist sequences {c,}?_, in C* and

S S
{zn}:_; in X*® such that f = > ¢, K, and for any other expansion f = ) ¢, K of f we have
n=1 n=1 !
s < s

22



To ensure that linear combination of s kernel functions gave an s-sparse function linear, depen-
dencies of the kernel functions need to be ruled out. The key notion to guarantee this property is
called s-HRT property and is made precise by the following definition [32]. Also s-HRT property
leads to the required injectivity of the map between complex measure with support of size at most

s and the corresponding expansion in terms of kernel functions.

Definition 4.3.2. A Hilbert space with reproducing kernel has the s-HRT property, if for any

set of s points {z,,}2_, in X the corresponding kernel functions form a linearly independent set

{Kwn }fLZl .

Proposition 4.3.3. If H has the 2s-HRT property, then any f € H of the form [ = > ¢, K,, with

n=1
c € C?° and x € X? is s-sparse and the choice of c € C® and x € X? is uniquely determined by f.
The setting for sparse recovery by atomic norm is as following. Given a signal f € H, assume
that f = > ¢,K,, for some coefficient vector ¢ € C®. Let ({f, M;));cs be linear measurements
n=1
indexed by an at most countable set I and corresponding to a family of vectors (M;);c; in H. The

standard assumption used is that (M;);c; is a Bessel family with Bessel bound 1, or equivalently,

that the measurement map
M H = H (= P(1)), (M) = (f, M;)

has operator norm || M|| = 1.
Before sparse recovery by atomic norm is stated, it is necessarily to ensure ||c||; = || f]| 4 that is

S
the measure u, = Y ¢,0,, called atomic decomposition of f is a minimizer of the program (P).

n=1
Definition 4.3.4. Let X be a locally compact Hausdorff space and H be be a separable reproducing
kernel Hilbert space of Borel measurable functions on X with a unit-norm reproducing kernel K,
and f € M with || f||4 < co. A minimizer y, of (P) is called an atomic decomposition of f (not

unique but always exist). Another notation used is Dy, = [ Kydp.(z).

The following program is proposed for recovering f from the measurement with (M;);cr

min ||g||A SubjeCt to <f7 M1> = <ga ]\47,>72 el (PA)
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Theorem 4.3.5. Let f € H be given by the linear combination f = Y ¢, K,, with ¢ € C* and

n=1
x € X°®. Assume that the closed linear span of the measurement vectors span{M;,i € I} = H

contains a continuous function 1 € H N Cy(X) with the properties
(i) [[¢]le =1

(ii) Y(x;) = ¢;/le;l,j=1,--- . m

(iii) [ (x)| < 1forx & {x;,j=1,---m}

and additionally that (K., )", is linearly independent. Then f is the unique solution of the pro-

S
gram (Pa) and po = >, ¢,0,, is an atomic decomposition of f.
n=1

4.4 Stability and Robustness Recovery by Atomic Norm Minimization

Recovery based on minimizing the atomic norm can be achieved even if the model assumption of
sparsity is only approximately (stability). Also it provides controllable accuracy for recovery when
the measurement is corrupted by noise (robustness).

Let M : H — H be the measurement operator on H associated with the Bessel family (M, );c;
as described above. Given contaminated measurements b = M f + n, of an element f € H with
an approximately sparse atomic decomposition

f:zs:cnKznqLK*,uc

n=1
in (K,).cx and p, is arbitrary small in M (X ), we wish to find conditions under which the follow-

ing problem approximately recovers f:
min ||g|| 4 subject to [|[Mg —b|| < ¢ (P4)
At first glance, it might be tempting to generalize /,-minimization program
min ||x||; subject to ||Mx — b||ls < €

by replacing the /;-norm with the total variation norm where the minimization is over ;1 whose

support is of size s. It is not possible to prove a statement like this in this setting. If + — K is

24



continuous then || M K — MK, is small for 2 close to z". Hence, for some contamination 7, a
multiple of K/ is a solution of (P4) but ||§, — /||y = 2 forall v # z.

Inspired by analysis of the structure of the solution of the Beurling LASSO [48], given by

1
in —||[®p—0l7+ A
Juin 1@ = bllz + Allellrv

where ® : M(T) — L?([0, 27]) being a smooth convolution operator and T is the torus, similar
results were proved for (P9). Intuitively, in the (P) context it states that for signals having an
atomic decomposition with small, finite support, most of the mass of the atomic decompositions
of the minimizer of (P4) will be concentrated in a set close to the support of an atomic measure.
To make the notion of concentration quantitative, the following set of interpolating measurements
©.w s are defined as following. For a sequence (z;);ey in metric space X and § > 0 define
Ss = |J Us(x;) where Us () is the open ball of radius J centered at x. For a sequence (w;) ey in a
reproczhellj:ing kernel Hilbert space #, and M : H — H a contraction to another Hilbert space and
A, 0 > 0 then:

Orwns ={veHH : MveHNC(X)
M'v(z;) =w;,j €N
Mo <1
|M*v(z)| < Morx ¢ Ss}
Theorem 4.4.1. Let X be a second countable locally compact metric space, H be a separable

reproducing kernel Hilbert space over X with unit-norm kernel K such that Co(X) N H is dense

inH and M : H — H a contraction. Let f € H have the form

f = ZCZKJ;Z ‘I’K*Mc
ieN
and let f, be a solution of the program given by
minl||g||a subject to ||b — Mg|| < e P.
with ||[b — M f|| < €. Further, define i1, through f. = Dy, || f«|la = ||p«||7v and for §, X > 0 set

C(A,0) := sup inf{||v|| : v € Orwrs}

|LUj:1
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Then we have

20(N, 0)e + || el v
— .

5 .1

|1l (Ss) = ([ flla —

Theorem 4.4.2. Let X be a second countable locally compact metric space, H be a separable
reproducing kernel Hilbert space over X with unit-norm kernel K such that Co(X ) N H is dense
in H. Assume that the map X — H, v — K, is continuous. Let
f=Y aKa + Kxp,
i=1
and let (1) C A (A still denotes the set of finitely supported measures) be a minimizing sequence

of the program

in£ |||y subject to ||b — MK * p|| < ¢, (Pa)
=

with ||b — M f|| < e. Then there exists a 6o > 0 so that, for all § < §y satisfying the same

assumptions as in Theorem 4.4.1. and for all sufficiently large n, the following error bound holds:

2C (A 0)e + [lpellrv

|D =1l < 200, D)e(CO )+ (ellflla+ el +—=2

> = C1e+Ca||prell v
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Chapter 5

Extended Restricted Isometric Projections for Riemannian Manifolds

5.1 Background on Exterior Calculus in Euclidean Spaces

Definition 5.1.1. We denote by A(R") = Ay ® Ay @ ... ® A, the graded exterior algebra of R",
where each Ay, 0 < k < n, is spanned by homogeneous products of order k in differentials {dx’},

i=1,2,....n.

Definition 5.1.2. The exterior differential d : A(R") — A(R") is defined by linearity and the
Leibniz property:

Vq = qiliQ,,,ikdxil Adx? A ... ANdx™ € Ay,
dq € Ny1, dg = d(qiyiy.5) AN dx™ Adz™ A ... A dx',
along with the antisymmetry of the wedge product.

Remark 5.1.3. We note that Ag = C*°(R"™), and A,,;; = 0.

Corollary 5.1.4. Ifp € Ay, q € Ay, then
d(pAgq) =dpAq+(—1)*pAdg.

Theorem 5.1.5. The exterior derivative is a nilpotent operator, d*> = 0, so for any component of

the graded algebra, A\y:
[m(d’Ak) C Ker(d’AkH):

and the quotient space H* = Ker(d|s,)/Im(d|s,_,) is an Abelian group, the k—th de Rham

cohomology space.
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Proof. Let f € Ay, then df = 0, fdx*, and
$f=d0;f) Nda' = T, fda? N da' =0, (5.1)

since the matrix (9;;f) is symmetric and da? A dx' is antisymmetric, and we are computing the

trace of their product,
Tr(AS) =Tr(SA) = Tr(A'S") = —Tr(AS) = Tr(SA) = 0.
For the general case, let ¢ € Im(d|s, ), k > 1, then there exists a k — 1 form p = pz-m_,_ik_ldx“ A
AN datr € Ay g = dp, so
dg = d’p = (d2pi1i2...z’k71) ANdz' A ANdz =0
by remark 5.1.3.. Therefore, for any 1 < k& < n, we have the vector subspaces inclusions

Im(d‘Ak) - K€r<d‘/\k+1) C Agya

The quotient space H* = Ker(d|s,)/Im(d|s,_,) defined by the equivalence relation p ~ ¢ <
p —q € Im(d|a,_,) and equipped with the addition

—

P+ai=p+aq
is a commutative group, by direct verification. O
Example 1. Find the cohomology spaces of R2.

Solution. Since H° = Ker(d|y,), it consists of functions f € C°(R?) such that df = 0, or
constants. Therefore, H° ~ R. To find H!, take ¢ = qidz' + godx® such that dg = 0, or
Joq1 = 01q2. By Green’s formula,

j[dp = //(51% - a?Ql)dxlde =0
.

for any closed curve v € R?, so there exists a function f € A such that

ﬂfwﬁz/ q, df =q,
(1,1)—=(z1,22)

where the integration is taken over any curve with endpoints (1,1), (z', z?). Therefore, ¢ €

Im(d|,), or H' ~ {0}.
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Example 2. Find the cohomology spaces of R? \ {(0,0)}.

Solution. H° ~ R by the same argument as in the previous problem. For H*, note that there are
two inequivalent ways of choosing a path (1,1) — (2!, 2%), namely circling either clockwise or

counterclockwise the origin (0,0). Therefore, H' ~ {0,1} ~ Z,.

5.2 Induced Metric for Elementary Manifolds Embedded in R"

Tensor spaces and tensor products

Definition 5.2.1. Let (1, +) be a vector space over the field K, dim(V') = n, V* its algebraic dual,
and ® : K" x K" — K™ a bilinear function, such that Range(®) is a vector subspace of K"*".

We call ® a tensor product, and the spaces
7 (p:a) (K) = V& @ (V*)®*
the (p, ¢)—tensor spaces over K, with the tensor product ®.
Example 3. The most natural example for the tensor product is the direct product,
ei®e; =ey, Vi,j=1,2,...,n,

and {e;}7, a canonical basis for K", that is (e;); = d;;, while {e;;}7,_, is a canonical basis for

K™*", thatis (e;;)m = 6;x0;. Then for any two vectors
n n n n
v = 5 Vi€, W = E wie; = VQW = E E ViWj€45.
i=1 j=1 i=1 j=1

Theorem 5.2.2. If ® is a tensor product, then T P9 (K) is a vector space over K. If {e;}"_, is a

basis for V, and { f;}7_, is a basis for V*, then

n

B:{61'1®€i2®---®€ip®fj1®fj2®“‘®qu}

i17i27"'7j17j27"':1

is a basis for T (K).
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Theorem 5.2.3. If ® is the direct tensor product over R", then the functions ®, N\ defined as
1 1
v@wz§(v®w+w®v), v/\wz§(v®w—w®v)

are also tensor products over R", called the symmetric and antisymmetric products, respectively.

The corresponding tensor product spaces are, respectively,
R" O R" ~ IRn(n—l—l)/?7 R"™ A R® ~ Rn(n—l)/Q.
Also, there is the decomposition
R"@R" = (R"oOR") @ (R* AR")

Example 4. Let ®, A be the symmetric, and antisymmetric products on R"™. Then for the vectors

n n
v = E Vi€, W = E w;e;,
i=1 Jj=1

we have
n n
vow= Y (vw;twv)e®e, vAw= Y (v —wivy)e Ae;.
=1 1<i<j

Bilinear forms and inner products. Given the isomorphism between spaces V' and V'*, it is possible
to extend it to identify a subspace of L(V,V*) with the dual of 7% (V), or of T(®?(V), or of

TED(V). We use Einstein’s summation convention for repeated indices in the following.

Theorem 5.2.4. Let Q) be ann xn symmetric, invertible matrix, Q its inverse, and {e;}"_,, {f7 Y

two bases for R". The function By : R™ — R" defined by
Bo(v) =X, wv=a2a'e;, A=uy;f,
where
Yji = sz‘xi,
is a vector space isomorphism. Its inverse, BQTl : R™ — R", is defined by
851()\) =v, v=2'e, A=yf!, 2'= Q™.

AsV ~ R"™ >~ V*, this induces an isomorphism By : V. — V™.
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Example 5. If Q is the identity matrix, then y; = d;;2" is the canonical isomorphism V' ~ V*

(equivalent to vector transposition).

Corollary 5.2.5. Let S(V,V*) be the space of non-degenerate, symmetric bilinear functionals
q: VeV —R,
q(., ) eV vaeVvr qv .)eV, YvelV.

Then to every element of S(V, V™) there corresponds uniquely a non-degenerate, symmetric matrix

Q), and therefore an isomorphism Bg : V. — V™.

The important consequence of these observations is identifying the basis changes in V, VV* which

leave an element of [7 3% (V)]* unchanged:

Theorem 5.2.6. Let M be a coordinate change for the space V, and q € [T?%(V)]* a non-

degenerate bilinear functional on 'V,
q(v,w) = Qijxiyj, v=2a'e;, w= yjej.
Then the coordinate change {x'} — {z*}, {y'} — {¢'}, given by
X=M-X,Y=M-Y,

leaves q unchanged iff.
MT. Q-M=Q.
Proof. Write

Q(va) :XT'Q'Y7

then we have the condition

XT.Q-vy=XxT.QY,

or

XTMT-Q-M-Y=X"-Q Y.

Bilinearity and the condition @ = () now complete the proof. 0
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Definition 5.2.7. Let g : R" — Gl(n,R), such that g(z) is a continuous function, and g(z) =
(gij()) is a strictly-positive definite element of the tensor space 7 (*?(R"). Then g is called a

metric on R".

Remark 5.2.8. The fact that the function g takes its values into the tensor space 7% (R") means

that it has the canonical basis representation
g(z) = gij(x)dx’ ® da?,

where © denotes the symmetric tensor product, such that under any local change of coordinates
{2'} = {37}, dy/ = mlda’, the tensor coordinates
Gij = Pim,  hij =m

l

where m is the inverse transformation, m;m; = ¢;.

Example 6. The Euclidean norm is given by the choice g;;(x) = d;;. Under a global coordinate

transformation X — Y = M - X (with M an invertible real matrix), the metric coefficients become

hiy = (MM ™) o,

or equivalently the coefficients h;; correspond to the symmetric square matrix M ! - (M~1)%

Definition 5.2.9. A set M is an elementary differentiable manifold embedded in R™ if it is the
range of a differentiable vector function with full-rank derivative defined on a (parametrization)

domain P C R™ of full measure, /' : D C R™ — R", m < n, or component-wise
M ={(F(t)),1 < j <n,t € P}, D,;F = (0;F"),ZIZ", rank (D, F);ep = m.
The (manifold) dimension of M is m.

Example 7. The upper half-circle is a manifold of dimension 1, embedded into R? by the vector
function

F:(0,7) = R? F(#) = (cosf,sinf).
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Example 8. The right hemisphere is a manifold of dimension 2, embedded into R? by the vector
function

F:(0,7) x (0,7) = R F(0,¢) = (sinf cos ¢, sin 0 sin ¢, cos ).

Definition 5.2.10. Let M be an elementary manifold of dimension m embedded into R™ by the

vector function £, with full-rank derivative D[’ given by the matrix-valued function (Df )Efﬁl,

dF7 = D!dt'. If the embedding space has metric g(z) given by the matrix G' € GI(n, R) of tensor

coefficients g;;, then the induced metric on M is given by the (matrix of) coefficients
hij(t)dt' ®dt’, H= D'-G - D € Gl(m,R).

Theorem 5.2.11. The induced metric is well-defined, as under any coordinate change dt* =

mé- du’, the coefficient matrix changes as given by Remark (5.2.8).

Example 9. The induced metric on a circular arc embedded into R? with canonical Euclidean

metric &;;dx’ @ da7 is given by the tensor-valued function
g(0) =do o db.

Example 10. The induced metric on the hemisphere embedded into R? with canonical Euclidean

metric §;;dz’ ® da? is given by the tensor-valued function
9(0,6) = d0 © do + sin?(0)do © do.

Example 11. Compute the arclength of the curve of endpoints (0, ¢;), (0, ¢2), given by the
parametrization (0(t), ¢(t)) = (0, ¢1 + (P2 — ¢1)t),t € [0, 1].

Solution. The arclength of the curve given is

(= /01 \/<%>2 L sin?6 (%)th _ /¢ sin(0)do = sin(8) (¢ — é1).

Remark 5.2.12. Arclength is independent of the parametrization used (under differomorphic

reparametrization). Therefore, it would have been equally valid to choose the parametrization

given by the coordinate ¢.
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5.3 Differentiable Varieties as Generalized Elementary Manifolds

Recall that an elementary manifold can be understood as the image of an injective differentiable
function, embedded in Euclidean space, ﬁ(D) Cc R™®, D C R™. The inverse function F1is
well defined on f(D), and serves as a coordinate map for the points on the manifold. We now

generalize this construction by requiring the existence of such maps only locally.

Definition 5.3.1. A set M is a differentiable variety of real dimension m if for every point p € M,
there exist an open set p € U C M and a homeomorphism f; : U — R™ (called local coordinate
chart), such that if U;,U;, Uy, are three such sets and f;, f;, fi their respective charts, then the

transition function
Pij = fl o fj_l . fJ<Ul N UJ) — fz(Uz N U])
is a diffeomorphism, and @;; o @i, = @, on U; N U; N Uy,
Example 12. For the circle S!, we can define local charts via stereographic projection from the
points N = (0,1) and S = (0, —1). Let Uy = S* \ {N}, Us = S'\ {S}, and

x x
Y x’ =
=y fs(@,y) .y

fN(iU,y) =

It can checked by elementary geometry that these differentiable functions are indeed bijections,

and that
In(Un) = fs(Us) =R, fn(5) = fs(N) =0,
and moreover fy(Uy NUs) = fs(Uy NUg) = R\ {0}, such that V¢ € R \ {0},

RO=(Frrae). Geihn—1

-
Since t — 1/t is a diffeomorphism on R \ {0}, all the conditions are satisfied.

Definition 5.3.2. Let M, N be differentiable varieties, and F' : M — N a bijective function. Then
F is a (manifold) diffeomorphism if for any local charts f : U C M, g : V C N, the function

go F o f~!is a diffeomorphism on Euclidean spaces. We then say that M, A/ are diffeomorphic.
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Corollary 5.3.3. It follows from the definitions that if M, N are diffeomorphic, then they have the

same dimension.

Example 13. Let F' : S' — S*, given by the reflexion with respect to the z—axis, or F(z,y) =
(x, —y) in the embedding space R2. Obviously, F(N) = S, F(S) = N, and for t # 0,

1

(fvoFofy)(t)=(fsoFofs)(t) =~ (fnoFofg")(t)=(fsoFo fy')(t) =t,

which are diffeomorphisms on R \ {0}. The last two composition maps can be used at points NV, S

respectively, as well.

5.3.1 Tangent and Cotangent Spaces

Definition 5.3.4. Let M be an m—dimensional differentiable variety, p € M, and f : U —
R™,p € U C M alocal coordinate chart. Let o = f(p), and denote by v*(t) = x( + te’, where
{e'}i2, is an orthonormal basis, (¢’); = 0%, and ¢ € R. The pre-images I = f~'(7*(R) N f(U))

are curves in U, such that N;I"" = {p}, and their tangent vectors at p span the tangent space T, M:

dr
t=0

dt
Remark 5.3.5. The linear independence of the basis vectors defined above follows from a direct

T, M = Spany {

application of chain rule,

dr d~'
=D, (f Y-
dt lt=0 o(F7) dt

= Dfﬂo(f_1> ’ ei’

t=0

and the condition that f~ is a diffeomorphism.

We introduce now a central object of differential geometry, which makes contact with function
theory in general. From this point forward, we will be mainly interested to describe the geometric
properties of a variety through their action on real-valued smooth functions defined on the variety.

To this end, we define the algebra of smooth functions on a differentiable variety.

Definition 5.3.6. Let M be an m—dimensional differentiable variety, p € M, and f : U —

R™ p € U C M alocal coordinate chart. The set

AM)={h: M = Rlho f1 € C=(f(U))}
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is called the algebra of smooth functions on M.

Remark 5.3.7. Smoothness means that any partial derivative, of any order, of the function ho f~1,
is well-defined on f(U). The fact that this set is closed under addition and multiplication follows
directly from basic properties of differentiable functions (linearity and Leibniz property of the

derivative).

Consider now a function h € A(M), and the problem of computing the derivative of the func-
tion (h o f~! 0 v)(t), where v = ;7" is a linear combination of the lines {7'}. By chain rule, we

obtain

i — — h -1
dt 1t=0 oxk dt =0 Oxk (ho ™)
which shows that there is an obvious vector space isomorphism between 7, M and Span {0}, k =

1,2,...,m, where (2*(q)) = f(q),Vq € U.

dh oho fdr)  _ 0

)
t=0

Definition 5.3.8. The dual space of 7, M (understood as a space of linear differential operators),
or the space of linear functionals over Span {0}, k = 1,2, ..., m is defined as the cotangent space

Ty M. The elements of the canonical dual basis are denoted by {dx*}, and defined by

and by linearity.

5.4 Vector Bundles, Sections, and Covariant Exterior Differential

The kind of differentiable variety (called vector bundle) arising in general relativity, and to some
extent in gauge theories as well, has a special structure which allows to regard it as a “base mani-
fold” endowed with a local copy of the same vector space, called “fiber”. The more subtle aspects
of the general definition have to do with the fact that, a priori, we do not know if (or how) such a

variety is embedded in R or C¥, for some (large) N € N.

Definition 5.4.1. A differentiable variety ) (called total space) of real dimension n +m is a vector
bundle over the differentiable variety M (base manifold) with fiber £ ~ R", and projection map

m YV — M if 7 is continuous, surjective, and satisfies the following:
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(i) Vp € V,Janopenset U : w(p) € U C M and a diffeomorphism 7~ (U) — f(U) x E,
where f is a local coordinate chart at 7(p) € M
(i) if (U;, f;) and (Uj, f;) are two coordinate charts at w(p) € U; N U;, and (7 1(U;), @),

(7= 1(Uj), p;) are coordinate charts at p, then the transition function
di; = @iop; ! @i(n H(U) N Y (Uy) = @i(nH(Us) N {(U))
is a diffeomorphism on R"*"™ that has the form ¢;;(z, e) = (z, fi;e), where f;; € G = Gl(n,R).

The group G is called the structural group of the bundle;

(iii) for three coordinate charts at w(p), U;, U;, Uy, with U;NU; N Uy, # 0, the transition functions
satisfy fi; fji = Luxns fij firfri = Luxn-
Remark 5.4.2. It is possible to replace the structural group G in condition (ii) by subgroups of
Gl(n,R), such as SO(n) or SL(n,R). Likewise, it is possible to replace R” by C" throughout,

and therefore define complex varieties, with structural groups such as U(n), SU(n), etc.

Definition 5.4.3. A section on a vector bundle V over the base M is a function v : M — YV such

that (7 o u)(z) = z, Vx € M.

Example 14. Let V = {(e,ie?(t + tcosf,tsinf)),0 € [0,2n],t € R}. Then V is a vector
bundle over M = S, with fiber R. It can be embedded into R? as a slanted cylinder over the unit

circle. The function
Lol O\ [ 0 - if 2 .
u: S =V, u(e”) = (", ie"(cosf + cos” 0, cos @ sinh))
is a section on V.

Definition 5.4.4. Given two vector bundles V;, V> over the same base M, of fibers F;, E», the
tensor sum, tensor product, tensor powers, duals of the two fibers are defined as equivalence classes
(under global diffeomorphisms) of the respective vector bundles over M, with fibers £} @ Fs, 1 ®
Es, E.

Example 15. The tensor sum V = R & R” is a vector bundle over R, of fiber R”. The bundle
product V ® V is then defined as

VeV=Ro R"®R")
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5.4.1 Classification of Vector Bundles

Definition 5.4.5. Two vector bundles V;, V, over the same base, and with projection maps 71, 7o,

are isomorphic if there exists an invertible function F' : V; — Vs, such that

F(p)=q=m(p) = m(q); Flooiuy :m ({2}) = 73 ({2})
is a vector space isomorphism, and the same for the inverse function £~ 1.
There is a useful criterion for vector bundle isomorphism, given below.

Theorem 5.4.6. Two vector bundles with transition functions ¢;;,;; (with respect to the same
covering {U;}) are isomorphic if and only if there exist (intertwining) functions r; : U; — Gl(n, R),

such that

%‘ﬂ’j = Ti¢ij-

Remark 5.4.7. We are only concerned with characterizing vector bundles up to bundle isomor-

phism.

There exists also a useful method to “transplant” the fiber of one manifold onto another base

manifold, and create a new vector bundle this way. This is referred to as inducing.

Theorem 5.4.8. Let V be a vector bundle over M, with projection map 7, and f : N — M a
function between manifolds. Then the induced bundle of ¥V onto N is the vector bundle over N’

with fiber E' (or projection function 7') defined by

() ({2}) = B, = Epy =7 ' ({f(2)}), Yz €N

A classification result for vector bundles over compact manifolds is obtained by considering
(linear) projector maps. Let M be a compact (base) manifold, and P : M — CN*¥ a projector

function of rank n < N, that is

P*(z) = P(x), Tr P(z) = n, Vo € M.
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The range of this function is a vector subspace of CV, and it defines the fiber £. More precisely,
let G% be the space of all n—dimensional subspaces of C*V (known as a Grassmannian). Any point

in x € G% is an n—dimensional subspace of C", and we define the fiber to be the subspace itself:

7 ({2}) = {2} = E.

Then (G%, E', 7) is a vector bundle over G',. The construction is completed by inducing a vector

bundle over M using the function P. We obtain:

Theorem 5.4.9 (Vector bundle classification). Any vector bundle over a compact base M and fiber
dimension n is isomorphic to a bundle induced over M by a projector function of rank n, called
characteristic map,

P: M= Gy,

for some N large enough. Two bundles are isomorphic if and only if their characteristic maps are

homotopic.

5.4.2 Calculus on Vector Bundles

Definition 5.4.10. Let V be a (real) vector bundle over the m—dimensional base manifold M, and
fiber £, of dimension n. We denote by 7'M, T* M the tangent and cotangent bundles over M, by
A% (M) the bundle of k—forms over M, and by A(M) the tensor sum of all A*(M). We denote
by

S(E, k) = C®(E®A"), S(E)=C®(E®A)
the spaces of smooth sections over V ® A¥(M) and V ® A(M), respectively.

Using the vector bundles classification theorem, it is possible, in principle, to embed any bundle
over a compact base into a (big enough) Grassmannian bundle, which is in a way a trivial (as in,
linear) structure. Then defining differential operators on the bundle of interest reduces to project-
ing the usual differential operators (on the Grassmannian) back onto our bundle. However, this
approach is not practical. We are therefore led to enlarging the notion of exterior differential and
tangent vector, in such a way as to ensure they are differential operators acting between the proper

spaces. A direct way to achieve this generalization is by defining a connection form.
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Definition 5.4.11. Let V be a vector bundle over M, of fiber E, and V* its dual fiber. A connection
form A is a section on V ® V* ® A'(M), such that

V(A) =T« d+ A:S(E) = S(E)
is a covariant linear operator.

If {e, }_, forms a basis in the local fiber at z € M, E, = 7~ '({x}), and we denote by { f/}/_,
its canonical dual base, then locally a connection form can be written (summation over repeated
indices is assumed)

so it is equivalent to m matrices Ay of dimension n x n. In particular, its action on the basis vectors
is given by

Aep = (Ay)je; @ da®,
where we have used the identity f7(e;) = (5{ . Using (multi)linearity and the Leibniz property, we

can define the action of the operator V(A) on any smooth section in a tensor bundle S(7 9 (E)).

In particular, we have the most common cases of homogenous forms:

Theorem 5.4.12. Letu € S(E, k), oru = u (z)e; @ dx™ A ... ANdx'™, then V(A)(u) = w €

1112...0%

S(E,k+1), orw=w’ (r)e; @ dx™ A ... A dx"+, with

1192 0,41

+ (At ey @dat Adat Adat AL A dat

i Wiyig. g

w=du+ ANu=[Ou]

ZliQ...ik
Ifu € S(E,0) (a smooth function on the base manifold), then Vu = du.

Remark 5.4.13. It is important to note that any section is locally a tensor, and therefore its density
must transform accordingly under coordinate transformations. Likewise, the coefficients of a con-
nection must transform under coordinate changes (in the fiber) in such a way as to ensure that the

covariant differential V(A) is indeed invariant under coordinate transformations.

Theorem 5.4.14. Let G be a section on V ® V*, such that G(x) € Gl(n,R), representing local

coordinate changes in the fiber of V. Then the connection form A transforms as

A— B=GAG ! +dGG™".
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Proof. In the basis {e;}"_; of the fiber, we have
Ve, = (Ap)leida”.
Likewise, in the new basis {¢;}7_,, ¢; = G’e;, we have
Ve; = (By)leda®.
Therefore,
(Bp)leda® = (By)\Gie;da* = V(Gle;) = dGle; + (Ay).Gre,da*
In matrix form, BG = GA+dG, so by multiplying from the right by G~!, we obtain the result. [

Corollary 5.4.15. The connection form does not transform covariantly under fiber basis changes.

5.4.3 Curvature Form, Bianchi Identities, and Torsion of the Connection

The nilpotency of the exterior differential d in exterior calculus on Euclidean spaces suggests to
consider similar quantities in a general vector bundle. To that end, we compute the covariant
differential (for a given connection A) of the connection form, and of an invariant 1-form, defined

below.

Definition 5.4.16. The 2-form () defined by
QA)=VA=dA+ANA
is called the curvature of the connection A.

Remark 5.4.17. As the connection is a matrix-valued form, the wedge product A A A does not

vanish. Instead, we obtain the component representation
= Q”dlEZ A dl’j, Qij = &AJ - 6]/1, + [AZ, AJ]

Theorem 5.4.18. Curvature is a global section of V @ V* @ A*(M).
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Proof. Under a basis change, the connection becomes A — GAG~! + dGG~!. Introducing the

notation G'(z) = ), we compute the new curvature form as
Q — d(GAG™ +dg) + (GAG™' 4+ dg) A (GAG™! + dg)
We first note that all the terms independent on A vanish identically: d?¢ = 0, and
dg A dg = 0;gdx? A Opgda® = (0,9, Opg)da’ A dz*

Since 0;90kg = 9;(g0kg) — 907,9 = 07.(9%/2) — 9079, which is a symmetric tensor, we conclude

that [0;g, Org]dz? A dz* = 0. We are therefore left evaluating
d(GAG™) + GAG' N\GAG™" + GAG™ Ndg + dg A GAG™
From the first and the second term, we obtain
GdAG™ + GANAG™ = GG
The remaining terms can be written, using the rules of exterior differentials,
dGNAG™ —GANIG™ + GAG™ ' Ndg +dg A GAG™!
Finally, using dG = dgG,dG~' = —G~'dg (as G, g commute), we obtain
2G(dg N A+ ANdg)G™! = 0.
Thus, the curvature form transforms covariantly, so it is a global section. L]

Theorem 5.4.19. Let u € S(E), then
V2u = Qu.

Proof. From the definition,
Vu=du+ AANu, V2u=dVu)+AAVu=dANu)+ANdu+ANANu
Since by the generalized Leibniz property
d(ANu)+ ANdu=dAAu,

we obtain the desired result. ]
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Remark 5.4.20. Notice that in “flat” spaces (Euclidean spaces), the operator d satisfies d*> = 0.

Therefore, Q = V? # 0 is a measure of “non-flatness”.

In view of this result, it is natural to inquire if higher powers of the covariant differential are also

non-trivial. The (negative) answer is known as the Bianchi identity.

Theorem 5.4.21 (The Bianchi identity). For any curvature form,
VQ =0.

Proof. If u is a section, then

V(Qu) = (VQ)u + QVu,
as €2 is a 2-form. On the other hand,
V(Qu) = V(V*u) = V3(Vu) = QVau.

Comparing the two equations, we obtain V{2 = (. [

5.4.4 Torsion of a Connection Form

Assume that dim V = 2 dim M, or equivalently that the fiber is isomorphic to the tangent space.
For some vector bundles of this type, it is possible to define a global 1-form which realizes this

isomorphism:

Definition 5.4.22. If n = dim £ = dim M, a fundamental one-form is a form § € V ® T%(M)
such that Vo € M, 0(x) is an isomorphism T, M — E,.

Remark 5.4.23. If a fundamental 1-form exists, it can be represented in a local fiber basis {ey }}_;

as 0 = e; ® dx', such that 6(9;) = e;, mapping the basis elements between the two linear spaces.

Remark 5.4.24. In the special case V = T'(M), the one-form is always well-defined, and acts as

the identity map on the tangent space.

Another Bianchi identity is obtained when computing the covariant differential of the funda-

mental one-form. We present its special form relevant for general relativity:
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Theorem 5.4.25. Assume V = 2 dim M and that V has a fundamental one-form 6. Then
S(0) =V =0« (An)) = (4));
Remark 5.4.26. The form S(0) is called torsion of the connection form A.
Proof. Let X = X790, be a section in T'(M), then by definition §(X) = X7e;:
S(0) = V(e; @ da’) = (Ap)se; @ da* Ada? + e; ® (Ag) dat A da*

Therefore,

S(0) = [(Ar)) — (Aj)i)e; © da® A da? = 0 & (Ap)) = (A));.

5.5 Covariant Derivative Formalism

Definition 5.5.1. Let V be a vector bundle over M, and A a connection form. If X = X/ Ojisa
global section on 7'(M), then we define the operator ix : S(F, k) — S(F,k — 1) by

ix(da®) = da*(X) = XF,
and (multi)linearity.
Example 16. If u = f.dz", thenix(u) = fi. X"
Example 17. If u = f;;dz" Ada?, thenix (u) = f;; X?da’ — fi; X'da?.
Remark 5.5.2. Action of ¢x is equivalent to tensor contraction by X.

Definition 5.5.3. Let )V be a vector bundle over M, and A a connection form. If X = X’ 0;is a
global section on T'(M ), then we define the operator Vx : S(E, k) — S(F, k) by

VX = zXV

Remark 5.5.4. The operator V x is called the covariant derivative along X. It depends on both

the connection form and the vector field X.
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Remark 5.5.5. The covariant derivative operator is the generalization of the directional derivative

of vector calculus. Indeed, in Euclidean spaces R", we have for a smooth real function f,
V=d, Vxf=ixdf=Xdf=X- Vf

Using the covariant derivative formalism, it is possible to express all the objects contructed so
far in a form which is manifestly covariant. Conversely, any new object expressed solely through

covariant derivatives is guaranteed to transform covariantly.

Theorem 5.5.6. For any section X € T(M) and smooth function f € A(M), the covariant

derivative satisfies

Vxf=X(f) = X"0f.
Theorem 5.5.7. For any two sections X, Y € T (M), the curvature form satisfies
QX,Y) = [Vx, Vy] = Vixy
Theorem 5.5.8. If V = T'(M), then for any two sections X,Y € T (M), the torsion form satisfies
SO)X,Y) = [Vx, Vy] — [X,Y]

All the proofs can be checked by direct computation on the component representation of these

objects.

Remark 5.5.9. The covariant derivative inherits all the (multi)linearity and Leibniz properties of

the covariant differential operator.

Corollary 5.5.10. A section u € S(E) satisfies Vu = 0 if and only if forany X € T(M),Vxu =
0.

5.6 Riemannian Manifolds

Definition 5.6.1. A Riemannian manifold is a vector bundle 7*(M) ® T*(M) endowed with a

positive-definite quadratic form section g, the metric.
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Example 18. The unit sphere S? with the metric induced by the Euclidean norm from the embed-

ding space R? is a Riemannian manifold.

Remark 5.6.2. Any metric can be expressed in a local coordinate chart as
g = gijda’ © da?,

where © is the symmetric tensor product, and {g;; } is a symmetric tensor.

Given two vector fields X, Y € T (M), we can write
The metric tensor inverse leads to a dual tensor in the dual bundle:

Definition 5.6.3. Let (¢*) denote the inverse matrix for (¢;;) : ¢“g;x = 0. Then the form
g79; ® 9 is a global section on T'(M) @ T'(M).

The metric tensor and its inverse allow to define new operations on the tensor bundles of M,
namely the raising and lowering of indices. Using linearity, we define these operations for a

section of T'(M)®" @ (T*(M))®", on components, as

il...ip ijl il...’ip ’il...’ip o i1...ip
Tias = 97 e Tiigd = 9T,

Example 19. Let g = diag(1, —1) give the Minkowski metric on R?, then 9" = ¢/ 9;, or

0 0
1_ Y 2 __ 7
J ozl ox?’

The central question of Riemannian manifolds is: given a metric g, find a connection A such
that g remains invariant under the action of the covariant differential V(A). This is very relevant

when considering the evaluation
VZQ(X7 Y) - (VZg)<X7 Y) + g(VZX, Y) + g(X7 VZY)a

for which only the last two terms would remain, if Vg = 0. The following constitutes the funda-

mental theorem of Riemannian geometry:
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Theorem 5.6.4. On a Riemannian manifold, there exists a (unique) torsion-free connection T,

called Levi-Civita connection, such that
V(I')(g) =0.
The coefficients of I' are called Cristoffel symbols, and are given by (the lowered indices form):
2Lk = 09k + Okgi; — Oigjk-
Proof. Both S(I') = 0 and V(g) = 0 can be checked by direct computation. O

Example 20. Let M = S?, and g = diag(1,sin? ) (the induced metric). Then the inverse metric
tensor is g~! = diag((1,sin"? ). Since the local coordinates are (x',z%) = (6, ¢), the only non-
zero term corresponds to 0; gao = 2sin 6 cos #, so we obtain

in 26
I}, = —sinfcosf = —%, 2, =T% = cotd.

Therefore, the Levi-Civita connection for this metric is

0 0 0 —sinfcosd
I'= df +
0 cotd cot f 0

The curvature tensor (matrix) components reduce to

0 — cos(26) 0  cos*0
Qg = e+ [, Ty] = + )
—sin~?4 0 cot’6 0
0 sind
Q= d6 A do
—1 0

Definition 5.6.5. The metric tensor of a Riemannian manifold corresponding to the Levi-Civita

connection is called the Riemann tensor, R = Q(I").

Definition 5.6.6. The contraction of the Riemann tensor

defines the Ricci tensor of the Levi-Civita connection on M.
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Remark 5.6.7. Due to symmetry of the Cristoffel symbols, the Ricci tensor is symmetric.

Example 21. For the unit sphere S?, we obtain
Ri1 = (Ra1)] =1, Ry = (Ri2)3 = sin® 4
Definition 5.6.8. The scalar curvature of a Riemannian manifold is
R=R!=g¢"Rj
Example 22. For the unit sphere S?, we obtain
Rl =1, RS =sin?0-sin’0 =1, R=2.

Definition 5.6.9. On a Riemannian manifold of dimension n with the Levi-Civita connection it is

possible to define a covariant volume form
dV = /gda' A ... Ndx", g = det(g;;).

Remark 5.6.10. The volume form is properly defined by bringing the metric to its canonical form

(in normal coordinates {£'}):
gijdxi Ody’ = (5ijd£i OdE, dV = de AL N dET.
Example 23. For the unit sphere S 2 we obtain

dV = sin0df A d¢.

5.6.1 Levi-Civita Calculus

It is helpful to first derive some of the formulas often encountered in covariant calculus with the

Levi-Civita connection.

Theorem 5.6.11. Let g be a metric on a Riemannian manifold, and T its associated Levi-Civita

connection. Denoting by G = (g;;),G™' = (¢g"), g = det(G), and A = %1 (to account for both
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hyperbolic and spherical metric cases), we have the following identities, in component and matrix

forms:

Okgij = Fékglj + Fé'kgli & 0,G = Gy, + (Ty)'G

8kgij (F;kg + Flkg ) = 8kG’1 = —(G*IFk + (Fk)tGil

dlog g dlogg

0gij e oG -
agZig__gijﬁ%—_G
Vg _ S0V & ———FG‘
993
88\;?_ 1”\/—@86‘1___\/—6:

VAV XF = 0k(\/Ang), Okg = 29Tr(Ty),

where X*0}, is a vector field (section of the tangent bundle).

(5.2)

(5.3)

(5.4)

(5.5)

(5.6)

(5.7)

(5.8)

Example 24. On the 2-dimensional unit sphere with the induced Euclidean metric, we obtain the

identities
158
=I1G + GI'y = 2T G,
50 1G + 1
oG
0= = Ft G+ Gr
26 T
as elementary identities for the matrices
0 0 0 —sinfcos 0
Fl == ) FZ =
0 cotd cot 0 0
and metric matrix
1 0
G =
0 sin%6
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5.7 Restricted Isometric Projections for Riemannian Manifolds

Given a set of observation vectors > embedded in the Euclidean space RV, where #¥ < N,
we wish to be able to compare various instances of the restricted isometric projection of > on
m—dimensional linear subspaces of RY, m < N, and establish if the set & may be associated to a
Riemannian manifold (M, g), of manifold dimension m, with Riemannian metric g equivalent to
the induced metric from the embedding space R". The purpose behind formulating this question
is that of establishing a higher-dimensional version of the Fisher-Kolmogorov test for compar-
ing populations in usual statistical analysis, or (alternatively) to develop an inference procedure
analogous to GLM (Generalized Linear Models) in the usual case (#X > N). If successful, the
association ¥ — (M, g) would allow to establish an obvious equivalence relation between two
distinct sets of vectors X1, Yo, once they are associated to the same manifold.

In the following section we formulate the fundamental problem and present a classification

criterion.

5.7.1 Generalized Restricted Isometric Projections

In the following, we take positive integers m, n, [N to be related by n < N, m < N.

Fundamental problem. Let ¥ = {v,vs,...,v,} be embedded in the Euclidean space RY, such
that there exists a restricted isometric projection to a hyperplane H ~ R™, with distortion factor
0 < 0 < 1. Is there a Riemannian manifold (M, ¢), with dim M = m, and a point P € M, such
that

H=TpM, || [le@y) = 9(.), op(X) =5 C M, (5.9)

and the matrix of pairwise distances between the elements of f), in the metric g, has distortion

O(9), where @p is the inverse local coordinate chart pp : Tp M — M?

Remark 5.7.1. An obvious extension of the problem would only require identifying the manifold

M up to an isometry.

Remark 5.7.2. Ifaset > C R¥ can be associated with a Riemannian manifold (M, ¢) as described

50



in the Fundamental Problem, then we say that >. has the extended restricted isometric property, and

> is an extension of X..

Theorem 5.7.3. Assume that an arbitrary set of vectors ¥ C RY has the extended restricted

isometric property with projection to R™. Then the Riemannian manifold (M, g) is homemorphic

to the symmetric space SO(m + 1)/(SO(1) x SO(m)).

Proof. Assume there exists a differentiable function F' : D — RY, where D C R™ is an open,
simply-connected set of full measure, such that F is a diffeomorphism between D and F'(D). Then
the induced metric on the cotangent space at p € F'(D) is given in parametric form as
g€ T;F(D)OT;F(D), g(V,\W)= > g;V'W,
1<i,j<m

where V, W € T,,F'(D) are vectors from the tangent space, and

oF OF
=5 o)
with {¢'}, coordinates in D, and (, ) the usual scalar product on R,
If the collection of vectors ¥ = {vy,...,v,} € D are the result of projecting the original set
of vectors X9 = {z1,...,x,} from R to R™, with restricted isometry constant ¢, by application
of compressions Ay, k = 1,2,...,n, where A, € R™*¥ | then the metric tensor evaluated at the

point p, = F'(v) € F(D), k=1,2,...,n takes the form

9ij(Pk) = <%(Uk)» %(%)>a

or in matrix form

Gy = (DF)"(v,) - DF(vy),

where

DF € RYxm

is the derivative matrix of F', (DF)7 is its transpose, and G}, € R™*™ is the metric matrix at py.
If the diffeomorphism F' coincides with the inverse transformation v, — x; when evaluated on 3.,

then we obtain the set of matrix conditions

Ak<DF)k:]Im><m, Vk = 1,2,,n
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This shows that, if the compression matrices { Ax }}_, are independent and identically distributed
random variables (i.i.d). from the same ensemble of random matrices, then the matrices (DF);
are also i.i.d. with the distribution given by the generalized inverse of Ay, and therefore the ma-
trices {Gk}?zl are also 1.1.d. covariance matrices, obviously positive-definite, and invertible with
probability 1. Therefore,
Gy NG VE=1,2,...,n,

where (G is a diagonal, positive-definite matrix, and all G are obviously in its conjugacy class
within GL(n, R).

Denote by G the isotropy group of (5, then since the set 3 was chosen arbitrary, we conclude that
the Riemannian manifold F'(D) has the metric isotropy group G acting transitively, and therefore
F(D) must be on open subset of a symmetric space U/ G. Therefore, we can use the Cartan
classification of Riemannian symmetric spaces to distinguish two possible cases: either F'(D) has
zero curvature, and is therefore an Euclidean space, or it has positive curvature, and the manifold
is then of compact type, i.e. equivalent to the quotient of two real Lie groups, U and G.

It remains to identify the possible choices of real Lie groups U, @ in the Cartan classification of
compact symmetric spaces, compatible both with the requirement that G belong to an invariance
group for random covariance matrices, and the dimensional constraint dim U/ G =m.

Together with the condition that U, G be real Lie groups, the dimension constraint implies that
U/G ~ SO(m+1)/(SO(1) x SO(m)), dimU/G =m,

and that the ensemble of covariance matrices { A7 - A;} is invariant under the induced action of

SO(m). O

Remark 5.7.4. Assume that all entries in compression matrices Ay are i.i.d. Gaussian. Then the
eigenvalue distribution of the covariance matrices has the large m-limit (m > 1) given by the
Marchenko-Pastur law (shifted semicircle law). This means that, in the limit N > m > 1, the
curvature of the manifold M becomes independent on the set > or m, and approaches a universal

limit.
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Corollary 5.7.5. Assume the set ¥ = {x1,x,...,x,} has the restricted isometric property with
compression matrices Ay, i.i.d. such that the eigenvalue distribution for covariance matrices AL -
Ay approaches the Marchenko-Pastur distribution. Then the set Y has the extended restricted

isometric property, and it can be associated with an m—dimensional sphere in R" .
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Appendix A
Reproducing Kernel Hilbert Space

Definition A.0.1. (Reproducing kernel) Let H be a Hilbert space of R valued functions defined
on a non-empty set X. A function k& : X x X — R (k,) is called a reproducing kernel of H if it

satisfies

e Ve e X, k(,z) e H

e Vz e X,VfeH, (f k() = f(x) (the reproducing property)
In particular, for any x,y € X, k(z,y) = (k(-,x),k(-,y))x

Proposition A.0.2. (Uniqueness of the reproducing kernel) If it exists, reproducing kernel is

unique.

Definition A.0.3. A Hilber space H is called Reproducing Kernel Hilbert Space (RKHS) if H has

a reproducing kernel.

Remark A.0.4. A Reproducing Kernel Hilbert Space H has a unit-norm reproducing kernel if
k(x,z) =1forall z € X.

Definition A.0.5. A function k : X x X — Ris called a kernel on X if there exists a Hilbert space
(not necessarilly a RKHS) H and a map ¢ : X — H, such that k(z,y) = (¢(z), (y))n

Corollary A.0.6. Every reproducing kernel is a kernel. (can take ¢ : v — k(-,x),k(x,y) =
((,2),k(-,y))n i.e. RKHS H is a feature space)

Definition A.0.7. (Positive definite functions). A symmetric function h : X x X — R is positive

definite if Yn > 1,Y(ay, -+ ,a,) € R",V(xy,--- ,2,) € X"

zn: zn: aiajh(xi, IL‘]‘) Z 0

i=1 j=1
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The function h(-, ) is strictly positive definite if for mutually distinct x; the equality holds only

when all the a; are zero.

Lemma A.0.8. Let H be any Hilbert space (not necessarily an RKHS), X a nonempty set and
¢ X — F. Then kernel h(x,y) := (¢(x), ¢(y)) is a positive definite functions.

Corollary A.0.9. Reproducing kernels are positive definite

Reproducing Kernel = Kernel = Positive Definite
Lemma A.0.10. If h is positive definite, then |h(x1,z2)|* < h(z1,1)h(z2, T2)

Theorem A.0.11. (Moore - Aronszajn) Let k : X x X — R be positive definite. There is a unique
RKHS H C RX with reproducing kernel k
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