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On the p(z)-Laplace equation in Carnot groups
Robert D. Freeman

Abstract

In this thesis, we examine the p(x)-Laplace equation in the context of Carnot groups. The p(z)-Laplace
equation is the prototype equation for a class of nonlinear elliptic partial differential equations having so-
called nonstandard growth conditions. An important and useful tool in studying these types of equations is
viscosity theory. We prove a p(-)-Poincaré-type inequality and use it to prove the equivalence of potential
theoretic weak solutions and viscosity solutions to the p(x)-Laplace equation. We exploit this equivalence
to prove a Radé-type removability result for solutions to the p-Laplace equation in the Heisenberg group.

Then we extend this result to the p(x)-Laplace equation in the Heisenberg group.

ii



Chapter 1

Introduction

The focus of this dissertation concerns analytic and geometric properties of solutions to partial differential
equations in sub-Riemannian spaces. Sub-Riemannian spaces are manifolds in which tangent vectors to
curves can lie only in certain restricted directions. Thus, the (topological) dimension of the tangent space
is less than the (topological) dimension of the manifold. Therefore, sub-Riemannian spaces are a class of
metric spaces whose underlying geometry behaves unlike standard Euclidean R™. Sub-Riemannian spaces
are used to model phenomena in which motion is restricted, such as driving a four-wheeled vehicle or travel
through mountainous terrain. In order to mimic the algebraic structure of standard Euclidean R", we will
focus on Carnot groups, a subset of sub-Riemannian spaces that have an algebraic (non-abelian) group law.

One key partial differential equation under consideration is the p-Laplace equation, which is the standard
prototype equation of potential theory. One can replace the constant p with an appropriate function p(z)
to produce another key partial differential equation, the p(x)-Laplace equation. The p(x)-Laplace equation
is the prototype equation modeling nonstandard growth. Equations exhibiting nonstandard growth appear
frequently in various applications. For instance, electrorheological fluids are viscous fluids defined by their
capability to drastically change mechanical properties with dependence on an applied electric field. The
model for treating the electric field as a variable is characterized by nonstandard growth and is utilized in
many technological applications. (See [RR1] and [RR2].) Nonstandard growth conditions also model image
enhancement and restoration. For instance, given an observed noisy image, a model exhibiting nonstandard
growth can be constructed to exploit general anisotropic diffusion in a way that the speed and diffusion at
each location depend on the local behavior. The advantages of this type of model are that it accommodates
the local image information. (See [CLR].)

We will explore algebraic and geometric properties of pointwise weak solutions, called viscosity solu-
tions, to the p-Laplace equation and the p(x)-Laplace equation. Our main focus will be the p(x)-Laplace

equation in Carnot groups, including specifically in the well-known Heisenberg group H,,. In order to



achieve our goal, we must first establish existence-uniqueness of viscosity solutions to the p(z)-Laplace
equation.

Our objective is to expand the well-known Euclidean results into a sub-Riemannian environment. Because
of the differing geometric structure, the Euclidean proofs do not directly apply, and so new proofs must be
constructed.

We first recall the Laplacian in the Euclidean setting. Let 2 C R™ be a (bounded and connected) domain
and v : 02 — R be a continuous function. The classical Dirichlet boundary value problem concerns finding

a function u : Q — R of appropriate regularity such that

{—Au:() in Q

U= on Jf).

Recall the Laplace equation —Au = —div(Vu) = 0 is linear in that given solutions u and v and real
numbers « and 3, then au + Sv is also a solution.
We may extend the Dirichlet problem to a fixed p where 1 < p < oo. The p-Dirichlet boundary value

problem involves finding a function u : Q — R of appropriate regularity such that

{ —div(|VulP~2Vu) =0 in Q

U= on Of).

The above p-Laplace equation, namely
—div(|Vu[P72Vu) = 0, (1.1)

is the Euler-Lagrange equation for the p-Dirichlet energy integral on 2, which is given by:

1
/ |VulPdz.
pJa

Note that the Laplacian corresponds to p = 2.

Observe that the p-Laplace equation is not linear like the classic Laplace equation. However, it is known
that solutions of Equation (1.2) can be scaled. That is, if u is a solution to the p-Laplace equation and o and
B are real numbers, then au + [ is also a solution.

The Dirichlet problem can also be extended from the fixed exponent case to the variable exponent case.



Let 2 € R"™ be a domain and assume 1 < p(x) < oo where p(z) € C*(2) and = € Q. The p(z)-Dirichlet

boundary value problem involves finding a function u : {2 — R of appropriate regularity such that

{ —div(|Vu[f®2Vy) =0 in Q

U= on Jf).

The above p(z)-Laplace equation, namely
Ay yu = —div(|VuP V) =0, (1.2)

is the Euler-Lagrange equation for the p(x)-Dirichlet energy integral on 2, which is given by:

/ qu‘p(w)d%
a p(z)

Note that the p(z)-Laplace equation is not linear or in general scalable. Indeed, if u is a solution to the
p(x)-Laplace equation, then in general, au + [ is not a solution when o = +1. This leads to major
differences among the structure of the classic Laplace, the p-Laplace, and the p(z)-Laplace equations.
When considering solutions to the classic Laplace equation, representation formulas play a fundamental
role. For solutions to the p-Laplace or the p(x)-Laplace equation, these representation formulas cannot be
employed, but rather, are replaced by estimates. (See [Se] and [Tr].) In the constant exponent case, the
standard estimates employed are independent of the solution, whereas in the variable exponent case, these

estimates do depend upon the solution itself.

Another major difference between the constant p-Laplace equation and the variable p(x)-Laplace equa-
tion can be observed when considering each in nondivergent form. Recall the p-Laplace equation in nondi-

vergent form can be found by formally computing the divergence. This process produces:
—Apu = — (||Vul[P~?trace((D*w)) + (p — 2)||Vu|P~{((D*u) Vu, Vu)) = 0, (1.3)

where (D?u) is the standard Hessian matrix. On the other hand, the same process applied to the p(x)-



Laplace equation produces the divergence form, which is given by:

<|yvu||p<f>—2tr((p2u)) + (p(@) = 2)[|Vu|?®~4(D?*u)Vu, Vu) (1.4)

LVl log<rw|><vp<x>7w>) 0.

Obviously, in the variable exponent case, there is a log term that does not appear in the constant exponent

case.

The Euclidean variable exponent Dirichlet problem can therefore be extended to Carnot groups, which
is a major focus of this dissertation. Let 2 C G be a domain, where G is a Carnot group. Also assume
1 < p(z) < oo for z € Q. This dissertation is concerned with the p(z)-Laplace equation in Carnot groups,

which is given by
A yu = —div([|[Voul[P®2Vou) = 0. (1.5)

Here u € C, (Q) and V| is the horizontal gradient. (See Chapter 2 for relevant definitions.) Observe that

Equation (1.5) is the Euler-Lagrange equation for the p(z)-Dirichlet energy integral on €2, or

1
/ 7|v0u|p(x)d1’>
o ()

where v : Q — G is of appropriate regularity. In nondivergent form, the p(z)-Laplace equation in Carnot

groups can be formally computed to produce the equation

—(IIVouIp(m)_2trace((D2u)*) + (p(z) = 2)| Voul P =H{(D*u)* Vou, Vou) (1.6)

+ || VoulP)72 10g(||VOUI|)<Vop(9«“)7V0U>> =0,

where (D?u)* is the symmetrized horizontal second derivative matrix. (Again, see Section 2.2 for the
definitions.) The geometric structure of Carnot groups presents even more difficulties pertaining to the

estimates on the solutions to the p(x)-Laplace equation, as seen in Chapters 3 and 4.

In Chapter 2, we review some definitions and key properties of the Heisenberg group, Carnot groups,
and variable exponent Lebesgue and Sobolev spaces. We also present a p(x)-Poincaré-type inequality in

Section 2.3.2 that is necessary in Chapter 3 to achieve the equivalence of potential theoretic weak solutions

4



and viscosity solutions to the p(x)-Laplace equation in general Carnot groups, under reasonable restrictions.
Then, in Chapter 4, as an application of both the equivalence from Chapter 3 and viscosity theory, we obtain

a Radd-type removability theorem for solutions to the p(z)-Laplace equation in the Heisenberg group.



Chapter 2

Background and Motivating Results

2.1 The Heisenberg Group H,

We first recall some fundamental definitions and key properties of the Heisenberg group H,,. We begin
with R?"*1 using the coordinates (1,2, . . . , Tan, T2n+1). We consider the vector fields {X;, X, Xon+1},

where the index ¢ ranges from 1 to n and the index j ranges from n + 1 to 2n, defined by

o 0 zpp O
YT oy 2 Oxony1
X = 0 T+ 0
CT Oy 2 Oxony1
x, = 9 _Tm 0
e (9iL‘n 2 8x2n+1
0 r1 O
Xppp = —0— 441
T B2 2 OTgns
X, = i Lj—n 0
T Ox; 2 Oxopt1
X 0 Tn 0
T Oxan | 2 OTanis
and
0
X = .
2n+1 I



These vector fields obey the relations

XX Xony1 Jj=i+n
i NGl =

0 otherwise.

For all 7 and 7, we also have
[(Xi, Xont1] =0 and [X;, Xopp1] = 0.
These relations generate a Lie Algebra denoted h,, that decomposes as a direct sum
hn =V1 @ V3,

where V7 is spanned by the X;’s and X’s, and V5 is spanned by X2,,1. We endow h,, with an inner
product (-, -) and related norm || - || so that this basis is orthonormal. The corresponding Lie Group is called
the general Heisenberg group of dimension n and is denoted by H,,. With this choice of vector fields the
exponential map can be used to identify elements of h,, and H,, with each other via

2n

D kX + w1 Xong1 € hy ¢ (21,22, ..., T, Tont1) € Hi.
k=1

In particular, for any z, y in H,, written as

T = (1’1,1’2, L 7x2nam2n+1) and y - (y17y27 e 7y27Z7y2n+1)7

the group multiplication law is given by
1 n
Ty = <£C1 YL T2+ Y2, Ton F Yan, T2l + Y2ntl + 5 > (@ithri — $n+iyi)>
i=1

1 n
= z+y+ (0, 0,5 D (@it = xn+zyz)> :

=1



The natural metric on Hj, is the Carnot-Carathéodory metric given by

1
doc(e.y) i=inf [/ (0)de
0

where T is the set of all curves v such that v(0) = z,v(1) = y and 7/(¢) € V4. By Chow’s theorem, (See,
for example, [Be].) any two points can be connected by such a curve, which makes doc(z, y) a left-invariant

metric on H,,. This metric induces a homogeneous norm on H,,, denoted | -

, by
|z| = dee(0, x)

and we have the estimate

2n L
| ~ Y k] + [wania] 2.
k=1

This estimate leads us to define the left-invariant gauge A which is bi-Lipschitz equivalent to the Carnot-

Carathéodory metric and is given by

1
1

2n 2
N(x):= (Z xi) + 163,
k=1

We define the Heisenberg balls B(x, r) and the Heisenberg gauge balls Bas(z,7) in the obvious way.

Given a smooth function v : H,, — R, we define the horizontal gradient by
V()u = (Xlu, XQU, v ,Xgnu),

the full gradient by
Vu = (Xiu, Xou, ..., Xopu, Xopt1u),

and the symmetrized horizontal second derivative matrix (D?u)* by
2, \* 1
(D7 u)")gp = i(XaXbu + Xp Xou).
The main operator we are concerned with is the horizontal p(x)-Laplacian for 1 < p(x) < oo defined by

Ap(myu = div([|Voul P2 Vou),



which is a specific type of operator in an important class of operators in potential theory as detailed in [HH]

and [HKM].

A function u is O

15 (Q) if X;u, X;u are continuous in € for all i and j; and u is C2

sub

() if X Xpu is

continuous in Q forall1 <a <2nand1 < b < 2n.

We remark that when n = 1, we have the first Heisenberg group, H;. Using the classical coordinates

(z,vy, z), we consider the vector fields { X, Y, Z} defined by

0 yo

X = ——Z2—
or 20z
0 z 0

Y = —4+-——
8y+282
0

7 = —=[XY].
82 [’ ]

Note for these vector fields, we have
(X, Z]=1[Y,Z] =0.
For any two points p = (z1, y1, 21) and ¢ = (x2, Y2, 22), the group multiplication law is given by

1
pP-q= (131 +x2,y1 tY2,21 + 22+ B (z1y2 — x2y1)> :

Let u : H; — R be a smooth function. The horizontal gradient of u is given by
Vou = (Xu,Yu),

the full gradient by
Vu = (Xu,Yu, Zu),

and the symmetrized second derivative matrix (DQ’LL)* by

XXu F(XYu+YXu)

(D*u)*=
$(XYu+YXu) YYu



Moreover, p(x)-Laplace equation in Hj, for 1 < p(x) < oo is defined by

—-A

p(z)

wi= ~div (|| VoulP©2Vou) = X (IIVoul*@72Xu) + v (| Voul?® ). @)

For a more complete treatment of the Heisenberg group, the interested reader is directed to [Be], [B3],

[F1, [FS] [G], [He], [K], [St] and the references therein.

2.2 Carnot Groups

The Heisenberg group H,, is the simplest nontrivial Carnot group. We therefore turn our focus to some
fundamental definitions and key properties of general Carnot groups. We begin by denoting an arbitrary
Carnot group in RY by G and its corresponding Lie Algebra by g. Recall that g is nilpotent and stratified,
resulting in the decomposition

g=VieVed---aV

for appropriate vector spaces that satisfy the Lie bracket relation [Vi, V)] = Vi, ;. The Lie Algebra g is
associated with the group G via the exponential map exp : g — G. Since this map is a diffeomorphism, we

can choose a basis for g so that it is the identity map. Denote this basis by

X17X27"'7X7117Y17Y27"'7Yn27217227"-7Zn3

so that
Vi = span{Xi, Xo,..., Xy, }
Vo = span{Yy,Ys,...,Yy,}
Vs Vid---aV, = span{Zi,Za,...,Zn,}
We endow ¢ with an inner product (-, -) and related norm || - || so that this basis is orthonormal. Clearly,

the Riemannian dimension of ¢ (and so G) is N = n; + ns + n3. However, we will also consider the

homogeneous dimension of G, denoted Q, which is given by

l
Q=) i-dimV;.

=1

10



We also recall that vectors X; at the point « € G can be written as
al )

forming the ny x NN matrix .4 with smooth entries A;; = a;;(z).

Before proceeding with the calculus, we recall the group and metric space properties. Since the exponen-
tial map is the identity, the group law is the Baker-Campbell-Hausdorff formula. (See, for example, [Bo].)

For our purposes, this formula is given by

1
m-y:x+y+§[x,y]+R(x,y) (2.2)

where R(z,y) are terms of order 3 or higher. The identity element of G will be denoted by 0 and called
the origin. There is also a natural metric on G, which is the Carnot-Carathéodory distance, defined for the

points x and y as

1
do(z,y) = in / I ()ldt,
' Jo

where T is the set of all curves v such that v(0) = z,v(1) = y and 7/(¢) € V4. By Chow’s theorem, (See,
for example, [Be].) any two points can be connected by such a curve, which means d¢(x,y) is an honest

metric. Define a Carnot-Carathéodory ball of radius 7 centered at a point xg by

B(zo,r) ={z € G : dc(x,x0) < r}.

In addition to the Carnot-Carathéodory metric, there is a smooth (off the origin) gauge. This gauge is

defined for a point z = (1, (2, ..., {;) with (; € V; by

1
210!

l
20!
N = (Y lal®) 23)
i=1
and it induces a distance ds given by
dy(z,y) = N(z™" - y).

This distance is bi-Lipschitz equivalent to the Carnot-Carathéodory metric. We define a gauge ball of radius

11



r centered at a point g by

Bpr(zo,7) = {z € G : dy(z,20) <1}
In this environment, a smooth function u : G — R has the horizontal derivative given by
Vou = (Xqu, Xou, ..., Xp,u)
and the symmetrized horizontal second derivative matrix, denoted by (D?u)*, with entries
(D)o = 5 (Xa X+ X Xou)
fora,b=1,2,...,n1. We also consider the semi-horizontal derivative given by
Viu = (Xqu, Xou, ..., Xp,u, Y1u, Yau, ..., Yy,u).
With these derivatives, we have the following natural definition:

Definition 2.2.1. A function f : G — Ris C}, (G) if V f is continuous. A function f : G — R is C2

sub

(G)
if V1 f and X; X f is continuous forall 4, j = 1,2,...n;.

Remark 2.2.2. Czub is different from Euclidean C?. Consider the function v : H; — R defined by

S|

u(x,y, z) = 22. Then all Euclidean second derivatives are 0, except

which clearly does not exist at the origin. However, the Z vector field in H; is a second derivative, and the

second partial derivative of v with respect to z in Hj is

which clearly exists at the origin.

We nextletp : G — (1, 00), called a variable exponent, be in C'(G) and let 2 be a bounded domain in G.

Using the variable exponent p(x), we define the p(x)-Laplacian of a smooth function u for 1 < p(z) < oo

12



by

ni
Apu = div([|Vou[P™?Vou) = > Xi(||Voul [P 2 Vou)
=1

= [ VoulP®2trace((D%u)*) + (p(x) — 2)||VoulP®~*((D*u)*Vou Vou)

+ log (|| Voul )| Voul "™~ (Vop(w)u Vou).

Note that just as in the Euclidean case, there is a first-order term involving log(||Voul|) that does not appear
in the case when p(x) is constant. Also note that if p(z) is constant, then we have the standard p-Laplacian

in Carnot groups. (See [B1].)

2.3 Variable Exponent Lebesgue and Sobolev Spaces

2.3.1 Variable Exponent Lebesgue and Sobolev Spaces in General Carnot Groups

In this section, we review some key properties of variable exponent Lebesgue spaces and Sobolev spaces
employing the variable exponent. Let 2 be a bounded domain in a Carnot group G. (Note that G could be
the Heisenberg group H,.) Let the variable exponent p : {2 — [1, oo] be a measurable function. We denote
the following

4

p" =supp(z) and p~ = inf p(x)
zeQ €

and we will assume throughout this section that
l<p <p'<oo

holds in compact subsets of 2.
We define the variable exponent Lebesgue space as in [Lul]: LP(®) () is the space of measurable func-

tions u on {2 such that the modular g, satisfies

Op(z)(u) = /IU(x)!p(“”)dx < 0.
0

Moreover, we use the Luxemburg norm:

T —— inf{ A0 /Q

13




Note that because p* < oo, LP(*)(2) equipped with this norm is a Banach space. Also note that if p(z) is
constant, then LP(*) (Q2) reduces to the standard Lebesgue space LP ().
The definition of the norm produces the following relationship between the modular and the norm:
min{]|ul|?;

Lemma 2.3.1 ([BF1], Propostion 3.1). These inequalities (2.4) directly imply for any sequence

{Uk}keN kjf u, we have:
Op(z) (u—ug) -0 <= |ju— Uk:HLp(z)(Q) —0 (2.5)

as k — oo.

Proof. Assume |[u — ug|[ o) () — 0 as k — oo. We then have

llu — Uk”i;(x)( o 0 and |lu— ukHLp(x) @~ 0.
By inequality (2.4) we have gy, (u — ug) — 0.
Now assume g,y (u — ug) — 0 as k — oo. By definition we have
/ lu(z) — up (@) [P da — 0.
Q
Given € > 0, choose k so that
/ lu(z) — ug, (2)[PPde < e.
Q
Because for A > 0, we have
1 1
< -
Ap(z) — \p~
we then conclude -
_ p(@
/ ul@) — uke (@) |7 o L
Q A
Therefore,
1
[l = wo || Lo () = €27 -
The result follows since € was arbitrary. O

14



The following Lemma gives key properties of the modular.
Lemma 2.3.2 ([BF1], Lemma 3.2). Let o (,)(u) be defined as above. Then:
a) 0p(z)(u) is convex,
b) Op(x)(u) = 0if and only if u = (,

) if0 < op(z)(u) < oo, then X\ = 0, (%) is continuous and decreasing on the

interval [1, 00),

d) Qp(z)(||u|| -

M=) < 1forevery uwith 0 < ||ul| o) () < 00
r(®) (@)

Proof. Letu,v € LP(®)(Q). Then for all ¢ € [0, 1], we have

0oy (tu(@) + (1 — tyo(z)) = / tu+ (1 — DoP@ dg

Q
/|tu|p(9”)dx—i—/ |(1—t)v|p<z>dx:/tp@)\uﬁ(m)dH/(1—t)p<w>\vyp(w>dx
Q Q Q Q

/ tuP@) da +/(1 — )|v[P@dz = tog (w) + (1 — t)op ) (v)
Q Q

IN

IN

so Property a) holds. Properties b) and c) are straightforward and omitted. Property d) is proved in [KR,

Lemma 2.9]. O
We then have the following corollary of Properties a), b), and d) of Lemma 2.3.2:
Corollary 2.3.3 ([BF1], Corollary 3.3). If ||ul| o) () < 1, then oz (u) < [|uf| o) (q)-

Proof. Assume |[u||po)(q) < 1. If [[u| o)) = O, then Equation (2.4) implies oy,(,;)(v) = 0, which
implies u = 0 by Property b) of Lemma 2.3.2, and the claim is true trivially. We therefore assume that

0 < [ull o) () < 1. Then by Property d) of Lemma 2.3.2,

Op(x) <u> <1
HUHLP(I)(Q)

Since [|ul| o) () < 1 and also since  is convex by Property a) of Lemma 2.3.2, we have, writing ||ul| for

Jul u
trt ) = 2ot (1) < allgncn () < Dl

[ull o) ()

15



Given functions u € LP®)(Q) and v € L®)(Q), where the conjugate exponent g(z) of p(z) is defined

pointwise, we have a form of Holder’s inequality (cf. [KR, Theorem 2.1], [DHHR, Lemma 3.2.20]):

/QIUI ol dz < 2 |ul o) () V]| Lot (@) - (2.6)

Additionally, if 1 < p(z)~ < p(z)* < oo, then the dual of LP(*)(Q) is L%(*) (Q) and LP(*) (1) is reflexive.
We finish this section by recalling some key properties of variable exponent Sobolev spaces for Carnot

groups. Let 2 C G be a domain in G. We will use the following notation and definition for the variable

exponent Sobolev space W12 (G) with pT < oo (cf. [HHP1]):
we(©) = { 1 € POG) Vol € 20(G) [ 17@P + Faf@)Pds < oo},
G

where we use the norm:

[fllwre@ @) = 1 flle@ @) + VoS ll o) )

which makes W1r(®) (G) a Banach space ([HHP1, Theorem 3.4]). Similarly, we define the variable expo-

nent Sobolev space W 1P(®)(Q) for p* < oo as:
Whe () = {f e L°V(Q),|Vof| € LPV(Q) : / [f @) + Vo f (2) PP d < oo}-
Q

Replacing LP(*) (Q) by LE)(,C:B) (), we define the space I/Vl(lj’cp(z) (€2), which consists of functions f that belong

to VVI})’CP(I) (') for all open sets ' € €2, in the natural way.

Lastly, we define the function g; () : WP (Q) — [0, 00) by

01,5()(f) = 0oy (f) + 25 (Vo f])-

2.3.2 A p(-)-Poincaré-type Inequality for Variable Exponent Sobolev Spaces with

Zero Boundary Values in Carnot Groups '

We will need a p(-)-Poincaré-type inequality to achieve some of our results, namely for the equivalence of
potential theoretic weak solutions and viscosity solutions to the p(x)-Laplace equation. We begin by defin-

ing Sobolev p(-)-capacity and quasicontinuity in the Carnot group setting. These definitions are adopted

' A Note to Reader: This section has been reproduced from [BF1].
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from the metric space version of the variable exponent case. (See [HHP1].) For the metric space version of

the fixed exponent case, see [KM].

Definition 2.3.4. For 4/ C G, denote

S

by U) ={u e W'P()(G) : u > 1 in an open set containing /}.

Functions in S,(.)(U) are said to be p(-)-admissible for /. We note that since the norm in We()(G)
decreases under truncation, we can choose those u € U such that 0 < u < 1. The Sobolev p(-)-capacity of

U is then defined as:

Coy(U) = inf y(u) = inf p(@) @) .
0= it e = ot (@) 4 [Voua) )

In the case that S, (U) = 0, we set C(.y(U) = oo. Furthermore, by standard arguments, the set
function U +— Cy(y(U) is an outer measure. The proof of the next lemma follows the Euclidean case

([HHKV1, Theorem 3.1]) and is omitted.

Lemma 2.3.5. The set function U — Cp.\(U) is an outer measure. In other words,
i) Cpy(0) =0.

ii) [Monotonicity] If Uy C Ua, then Cpy(Ur) < Cpy(Uz).

iii) [Subadditivity] IfU; C G fori = 1,2, ..., then
Ce() ( U “i) <D Copy ().
i=1 i=1

Lemma 2.3.6 ([BF1], Lemma 3.5). The set function U — Cy.)(U) is an outer capacity.
Proof. To prove we have an outer capacity, we must show

) Gy (@) = 0.

ii) If Uy C Us, then Cppy(Uh) < Cory(Uz).

iii) LetYd C G. Then for all open subsets €2 and V such thatf C V C Q2 C G, we have

Cp(,)(U): inf Cp(.)(V).

UucvcQ
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Items i) and ii) are proved in Lemma 2.3.5 so we show iii). Let i/ C G and V C €2 be open such that
U CV C Q. Byii) we have C, () (U) < Cp((V), which implies

CopyU) < dnf  Cp(y(V)-

On the other hand, fix e > O and let &/ C G and V C {2 be open sets such that &/ C V C (2. Then by ii)

again, we have Cp.y(U) < Cy(y(V) so we can find a function u € S,y (i) such that i/ C V and

Copyt) < inf  Coy(V) < Cy(y(V) < /G (Ju(@)[P® + |Vou(z)[P®)dz < Cpy (U) + e,

so iii) follows by letting € — 0. U

Definition 2.3.7. A function v : G — R is said to be p(-)-quasicontinuous in G if for every ¢ > 0 there
exists an open set 2 with C,()(£2) < € such that u is continuous on G \ €2. Moreover, for a subset U of G,
we say that a claim holds p(-)-quasieverywhere in ¢/ if it holds everywhere except possibly in a set K C U

where K has zero p(-)-capacity.

We will need the following lemma in order to show the uniqueness result of the minimizer of the p(-)-
Dirichlet energy integral. Kilpeldinen [Ki] gives a more general topological proof of Statement (i) for any
outer capacity. Statement (ii) is well-known in the fixed exponent case [KKM, Remark 3.3]. The proof in

the variable exponent case is identical and omitted.

Lemma 2.3.8. Let 1 < p~ < p' < oo, and let u,v be p(-)-quasicontinuous functions in G. Suppose that

Q C G is open. Then we have the following:
(i) If u = v a.e. in ), then uw = v p(-)-quasieverywhere in .
(ii) If u < v a.e. in ), then u < v p(-)-quasieverywhere in Q.

Now we consider a Sobolev p(-)-capacity based on p(-)-quasicontinuous functions. For / C G and

1<p <pt < oo, welet

gp(.)(U) = {u e WHO)(G) : wis p(-) — quasicontinuous and v > 1 p(-) — quasieverywhere in U},
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and then define

Gy = int / (u(@)P@ + [Vou(z)P@)de.
uESp(.)(U) G

As above, in the case that gp(.)(U) = (), we set 5’p(.)(U) = 00.

Because Carnot groups are locally compact doubling spaces, they satisfy the so-called density condition
that continuous functions with compact support are dense in e (G). [HHP2, Theorem 3.3]. (Recall that
pT < 00.) This fact gives us the next theorem. To prove it, we will need some lemmas. The Euclidean case

for each of the lemmas is given in the citations. The proofs are identical and omitted.

Lemma 2.3.9. [HHKVI, Lemma 5.1] Let 1 < p~ < p' < oo. For every Cauchy sequence of functions
{u;Yien such that for all i € N, u; is continuous and u; € WPC)(G), there is a subsequence of {u;}
converging to u pointwise p(-)-quasieverywhere in G. Additionally, outside a set of arbitrary small p(-)-

capacity, the convergence is uniform.

Lemma 2.3.10. [HHKVI, Theorem 5.2] Let p satisfy the density condition with 1 < p~ < p* < oco. For
every u € WYPU)(G), there exists a p(-)-quasicontinuous function v € W*)(G) such that v = v almost

everywhere in G.

Theorem 2.3.11 ([BF1], Theorem 3.9). If 1 < p~ < p" < coand U € G, then Cy(y(U) < Cy(o(U).

Moreover, in Carnot groups, we have equality.

Proof. The proof parallels the proof of Theorem 2.2 (a) in [HHKV 1], which proves this condition in Eu-
clidean space and follows the proof of Theorem 3.4 in [KKM] for the fixed exponent case in metric measure
spaces. We will need the following standard inequality (see, for instance, [MZ, Lemma 1.1]) for arbitrary
¢,m € Randevery § > O:

1\m—1
G+ < (L4 e+ (14+5)" ™ @7

forl < m < oo. Letv € gp(_)(U) and, by truncation, assume that 0 < v < 1. Fix 0 < € < 1 and choose
open set V with Cp,()(V) < e sothatv = 1 on ¥/ \ V and so that v restricted to G \ V is continuous. Also
define the set

W={zxeG\V|v(x)>1—c}UV.
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Then U/ \ V C W\ V by definition. Next, choose u € Sy,(.)(V) such that
[ (@l + Fou(a) P do < &
\%

and such that 0 < u < 1. Therefore, by definition of S,(.)(V), we must have v = 1 in an open set containing
V. Defining z = %= + u implies z > 1 almost everywhere in (W \ V) UV = W. Since W is an open
neighborhood of U, then z € Sy, (U). Then we have by Equation (2.7), for every § > 0,

B v(z) p(z)
05()(2) = /G T T u(x)| dx
’U(ZE) p(z) p(z)—1 p(z) 1\p(@)-1
< [G T2+ dx+/G|u(x)| (1+5) dz

< (1+5)P+—1/G lv(_a:l P(x)d$+ (1+(15)p+_1/(}!u(:v)lp(w)d:c
< (1+5)p+_1/(;%dw+(1+(15)p+1/@|u(9&)|p($)d:v
< (L4opt G’(qi(f)gijdx—l—(1+§)p+_1/(}]u(:c)]p(x)dw
< W/G\v(xﬂp(x)der (1+(15>p+_15

- e [ eroe s ()

14+6\"" 1\p"
< () —
< (1_€> /G|v(ac)\ dx+(1+5) g,

where the strict inequality follows from the choice of u such that ¢, ;(.)(u) < € and so

/ lu(z)[P@dz < .
G

1
Now choosing § = 2" yields

and




as € — 0. Therefore,

wwméwmmmzww» 2.8)

Similarly, we can show that

ww%w<éwwwﬂwx=wwww, (2.9)

where the strict inequality comes from the choice of u such that ¢y ;(.)(u) < € and so

/ IVou(z)|P@dz < e.
G

Equations (2.8) and (2.9) imply 01 ,(.)(2) < 01,5(.)(v), and since v was chosen arbitrarily, then we have
Coty(U) < Co(y ).

Now we assume that p satisfies the density condition and we finish the proof of the theorem by using
Lemma 2.3.10 to show the reverse inequality, namely ép(.)(u ) < Cpy(U). LetUd C G. Choose u €
Sp()(U) and let © be open with &/ C €2 and such that w > 1 on Q. Then Lemma 2.3.10 gives us the
existence of a p(-)-quasicontinuous function @ € G such that & = v a.e in 2. Hence, @ > 1 a.e. in {2. By
Lemma 2.3.8 we have & > 1 p(-)-quasieverywhere in 2. It follows that @ > 1 p(-)-quasieverywhere in U

SO U € gp(.)(lxl). Therefore, 5’10(‘)(1/{) < Cp((U) and equality follows. O

The next lemma is an extension of Lemma 2.3.9 in that the regularity of the functions u; is relaxed.
The fixed exponent metric measure space case corresponds to [KKM, Lemma 3.5] and a sharpening of that
statement in variable exponent Euclidean case corresponds to [HHKV1, Lemma 2.3]. We will use the latter

case since the additional result that u is p(-)-quasicontinuous is needed to prove Theorem 2.3.14.

Lemma 2.3.12 ([BF1], Lemma 3.10). Let 1 < p~ < pt < oo. Suppose that {u;}iexy € WHPO(G) is a
sequence of p(-)-quasicontinuous functions that converge in W'P0)(G) to the function u. Then w is p(-)-

quasicontinuous and there is a subsequence {u;, }ren that converges pointwise to u p(-)-quasieverywhere

inG.

21



Proof. There exists a subsequence of {u; };en, which we also denote {u; };en, such that
oo
ot
D 2% u = willyrow < 1.

i=1

Fori=1,2,..., wedenote ; = {z € G : |u;(x) — uip1(z)| > 27"} and V; = Uz, Ui
Then clearly 2¢|u; — u; 1| € §p(A)(Z/lz‘). By Theorem 2.3.11, we have

Coy(Uy) < [G (2% — w1 )P + [Vo (29 (us — wig1)) PP dz < 27 |Juy — wig |y

By the subadditivity of the Sobolev p(-)-capacity, we then have
o0 o
o+
Coy(Vs) < D Coy @) < D2 [fus = i [lynocer-
i=j i=j
Since ﬂ;’il V; C V; for every j, the monotonicity of the Sobolev p(-)-capacity implies

Cp(.)( ﬂ Vj) < lim Cp(,)(Vj) =0.
j=1

Jj—o0

Furthermore, we have u; — u pointwise in G \ ()2, Vj, and so the convergence

p(-)-quasieverywhere in G follows.

It remains to show that u is p(-)-quasicontinuous. This means we must show that for every € > 0 there
exists an open set with Sobolev p(-)-capacity less then & such that u is continuous in the complement. Let
g > 0. Using the first half of this proof, there is a set V; C G such that C},(.)(V;) < § and such that u; — u
pointwise in G \ V;. Since each u; is p(-)-quasicontinuous in G by assumption, for each i € N we can
choose open sets W; C G, such that Cp(.) W) < 21% and such that u; restricted to G \ W is continuous.
Let W = UZ W;. Then we have, via subadditivity,

> 9
Coy(W) = Cp<-><UWi) <3
=1

We use the subadditivity of the the Sobolev p(-)-capacity to obtain

g g
Cp(.)(Vj U W) < Cp(.)(V]‘) + Cp(.)(W) < 5 + 5 —c.
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Furthermore,

k—1 k—1
Jur(2) = (@) < Y fum(z) = umer(2)] < Y 27" <27

forallz € G\ (V;UW) and every k > r > j. This implies we have uniform convergence in G\ (V; UW),

and thus u is continuous in G \ (V; UW). O

Now we are ready to define variable exponent Sobolev spaces with zero boundary values, denoted

WeP(Q), as in [KKMI:

Definition 2.3.13. The function u belongs to VVO1 ’p(m)(Q) if there exists a p(-)-quasicontinuous function
@ € WHP()(G) such that u = % almost everywhere in € and % = 0 quasieverywhere in G \ Q. With this

definition, we have the norm

lelly 101y = N0

Furthermore, we say that the p(-)-quasicontinuous function & € W'*(*)(G) is a canonical representative

of the function u € I/VO1 p() (Q) if u = @ almost everywhere in © and @ = 0 p(-)-quasieverywhere in G \ Q.

Note that the norm does not depend on the choice of the quasicontinuous representative since Cy,. Q) =

0 means the measure of €2 is 0.
The Euclidean version of the next theorem is Theorem 3.1 in [HHKV1]. The metric space version using

Newtonian spaces is Theorem 3.4 in [HHP1]. The proof is standard and omitted.
Theorem 2.3.14. Assume 1 < p~ < pt < co. Then Wol’p(x) () is a Banach space.

In addition, we have the following key identification, whose proof follows that of [HHKV1, Theorem
3.3]. (Cf. [AH, Section 9.2].)

Theorem 2.3.15. Let Q) C G be open. Then

(Ce () = Wy P (@),

where C§°(2) is the set of continuous, infinitely differentiable functions with compact support in @ and

(C3°(Q)) denotes the closure of C3°(Q) in W) (Q).
The next theorem holds in any metric measure space. [HHP1, Section 2.2] and [KR, Theorem 2.8].
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Theorem 2.3.16. Let Q2 € G be open. Suppose 0 < || < 0o and gq(x) < p(x) for a.e. © € . Then
LP@(Q) — LA (Q).

Moreover, we have

[fllpar < (L4 QDI e -

We use Theorem 2.3.16 in variable exponent Lebesgue spaces to show this next theorem in variable
exponent Sobolev spaces with zero boundary values. The Carnot proof is similar to the Euclidean proof of

[HHKV1, Theorem 3.4] with the obvious modifications.

Theorem 2.3.17. Let 1 < g, p" < oo and g(x) < p(x) for a.e. v € G. Assume Q C G is a bounded,

open set. Then
Wol,p(')(Q) N Wolyq(‘)(ﬂ)_
Moreover, the norm of the embedding operator does not exceed 1 + |Q|.

In order to use the direct method for calculus of variations, the functional must be defined on a reflexive

space. To that end, we have the next theorem.
Theorem 2.3.18 ([BF1], Theorem 4.5). Assume 1 < p~ < p' < co. Then I/VO1 ’p(')(Q) is reflexive.

Proof. A closed subspace of a reflexive space is also reflexive. We know that the space L°()(G) is reflexive
and thus K := LPO)(G) x L°()(G) is a reflexive space. Since VVO1 P() (€2) is isomorphic to a closed subspace
of K by the isomorphism & : Wol’p(')(ﬂ) — K defined by u — (u, Vou), we are done. O

Now we are ready to prove a p(-)-Poincaré type inequality for variable exponent Sobolev spaces with
zero boundary values, stated as Theorem 2.3.19 below. Assume {2 C G is open. For any open set A in G,

we use the following notation:

+ — .
= ess su z) and =ess iInf T
P4 xeAng( ) P4 xeAmp( )

and assume that

1<pZ§pX<oo

holds in compact subsets of {2. Recall that we use ) to denote the homogeneous dimension of G. Let

By (z,0) be a gauge ball of radius J, centered at x (recall Equation (2.3)). If pg < oo and if there exists
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0 > 0 such that for every point = € € either

QPB (2,)

- +
Poyea 2@ O Phiwa ST
x (@,

holds, then the variable exponent p is said to satisfy the jump condition in 2 with constant §. Observe that
if Q) is bounded and p is continuous in €2, then there is some § > 0 such that p satisfies the jump condition

in 2. We will also use the following notation in the next proof:

Qrp_ (x,8)
5 (® . _

prgN(zﬂ;) lf pB(xvé) < Q’

PEN(x,a) (z) =

pJBg (2,6 if pg > Q.

N\, ) BN(Ivé)
Note that
1 1

1
. - — — — when py . < @Q and we always have p* >ppy ..
pBN(:B,é) pBN(l,(s) Q (z,0) N(Ev )

The Euclidean version for the variable exponent p(-)-Poincaré-type inequality is Theorem 4.1 in [HHKV1].

Theorem 2.3.19 ([BF1], Theorem 5.1, A p(-)-Poincaré-Type Inequality). Let Q2 € G be a bounded open set

and assume that p satisfies the jump condition in Q with § > 0. Then for every u € T/VO1 p(@) (), we have

HUHLp<z)(Q) < CHVOUHLP(Z)(Q)?

where C is independent of u.

Proof. Since ) is compact, then there exist 1, ..., ; such that for any set D C €2, we have
J
D C U BN(ZUi, 5),
i=1

where By (x;, ) is a gauge ball of radius 4, centered at z;, for all i such that 1 < i < j. Let B* = By (z;,6)

and let & be the canonical representative of u. Then v = @ almost everywhere in 2 and & = 0 p(+)-
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quasieverywhere in G \ 2. Since @ is a canonical representative of u, by Theorem 2.3.16 we obtain
J
lull oy ) = llall oty () < Zl @l oy gy < (1+[€2) Z lall ez, 51y’
1=
Then by the triangle inequality, where i is the average of @ over the balls B,

J
(1+ ) Zuuuh by S (119 Zl(uu—uszuLsz( o+ lsl g 1)>
1=

=1

IN

J
(190 3 (1= il gy + ] Tl )
=1

where g is the characteristic function of the ball B°.

Next, we estimate || @ — G pi|| Pl and then |t p:, both in terms of |[Voul| £o() (). To accomplish this,

B (BY)

we will apply a Sobolev-Poincaré inequality for |4 — Upi HLPBz (B and a classical type Poincaré inequality

for |upi| (see, for example, [Je], [DGP, Theorem 2.1]) By the global Poincaré inequality on metric balls,
for the fixed exponent case presented by Jerison [Je] (and restated in [DGP, Theorem 2.1]), and Theorem

2.3.16 we have a constant C independent of u such that for every i = 1, ..., 7,

I = s gy < CIVOT < OO B0

The doubling property for gauge balls, namely |B(z, §)| < C§% where C' = C(Q), gives us

C(Q,0)Voull o)

Hu - UBZHLPBL(BZ

Next, the Poincaré inequality in Carnot groups [Je] implies
gl = AVG [ uldz < C(Q. 6, BY) / [Vouldz < C(Q,8)(1 + [9) [ Voull oo o
Bi Bi
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It follows that

J
ey < (1+100) 3 (1= 51l gy + 0 1
1=
J

< Q3.9 3 (INoulleorey + Vol oy Il 1
=1
< C(Q, 0, ) Voull Loty (q)-
The proof is complete. O

We finish this section with a brief discussion about p(-)-Dirichlet energy integral minimizers in Carnot
groups. Let O C G be an open set and let w € W1P()(O). The energy operator corresponding to the

boundary value function w, acting on the space I/VO1 P (O) is defined by
Ié(,'i(u) = /0 IVou(z) + Vow(z)[P® da. (2.10)

We want to find a function that minimizes the values of I, g(il on VVO1 ’p(')((’)). This task is equivalent to
finding a p(-)-Dirichlet energy minimizing function. To show that a minimizer exists, we follow the same
path as the fixed exponent case in [Sh] and the variable exponent case in [HHKV2]. We will need the next
lemma from functional analysis, but first we recall some definitions. Let 3 be a reflexive Banach space. An

operator [ is convex if for all ¢ € [0, 1] and each pair u,v € B, we have
Itu+ (1 —t)v) < tl(u) + (1 —t)I(v).

Also, I is said to be lower semicontinuous if /(u) < liminf; ., I(u;) whenever u; is a sequence of

elements in 3 such that u; — u. Finally, I is coercive if I(u;) — oo whenever ||u;||z — .

Lemma 2.3.20. Let B be a reflexive Banach space. If I : B — R is a convex, lower semicontinuous, and

coercive operator, then there exists an element in B that minimizes I.
Now we are ready to show the existence of the minimizer.

Theorem 2.3.21 ([BF1], Theorem 6.2). Let O C G be a bounded open set. Assume that p satisfies the jump
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condition in O and 1 < p~ < pt < oo. Then there exists a function u € VVO1 P (')(O) such that

15 (u) = inf 5 (v). @.11)

vEW,FV(0)
Proof. 'We know that VVO1 P() (O) is a reflexive Banach space by Theorems 2.3.14 and 2.3.18. We will show
that the operator /, (%(3 is convex, lower semicontinuous, and coercive. Then by Lemma 2.3.20, we will have

the existence of a minimizer. For every fixed 1 < p < 0o, x — P is convex so that
(tlu(@)] + (1 = t)[o(2))PW) < tu(@)PE + (1 = )]o(z) PO (2.12)

forevery 0 < ¢t < 1, every x € O, and for every u,v € I/VO1 ’p(')(O). Therefore it follows that I?)(B;
is convex. Next, we show that Ig(g is lower semicontinuous. Let {u;} be a sequence of functions in
Wol’p(’)((’)) that converge to u € Wol’p(')(O). Then Vo(u; +w) — Vo(u + w) in LPO)(O). That is,

[Vo(ui + w) = Vo(u + w)|[ o) 0y — 0 as i — oco. By Equation (2.5), we have
0p(x)(Vo(ui + w) — Vo(u+w)) =0 as i — oc.

By [HHKV1, Lemma 2.6], this produces

1—00

0p(z)(Vo(ui + w)) == 0p2)(Vo(u +w)).

Because Carnot groups are a metric space, we have that the sequential lower semicontinuity of the operator

I g(g implies it is lower semicontinuous.

It remains to show that the operator I, (%(')

., 18 coercive. Assume that [|u; ||W01,p(A)

) — o0o. Then by Theorem

2.3.19 (p(+)-Poincaré Inequality), || Vou;| o) (o) — 00 so then

p(")

IVoui + Vow|| o) () —+ 00 as i — oo. It follows that I, ; — 00 as i — oo since p™ < co. Therefore

1 g(bz is coercive and the proof is complete. O

We also need the following theorem concerning uniqueness of the p(-)-quasicontinuous representative.

The proof is identical to that of [HHKV2, Theorem 5.3] and omitted.

Theorem 2.3.22 ([BF1], Theorem 6.3). The p(-)-quasicontinuous representative t of the minimizing func-

tion u in Equation (2.11) is unique up to a set of zero p(-)-capacity.
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We conclude with a theorem whose proof matches that of [HHKV2, Theorem 5.4]:

Theorem 2.3.23 ([BF1], Theorem 6.4). Let 1 < p~ < p* < oo and u € Wy (O). Then u minimizes
10(73(“)
if and only if

[ p@)IVou(e) + Vow@)l# A (Vou(w) + Vou(w) - Vov(e) - u(w)de 20, @13
O
for every v € Wol’p(')(O) and w € Wol’p(')(O) such that u — w € Wol’p(')(O).

2.4 Notions of Solutions to the p(z)-Laplace Equation and Some Preliminary Results

We now turn our attention to a few different notions of solutions to the p(z)-Laplacian where we assume
that 1 < p(x) < oo and Q C G. Note that all of the definitions and results in this section apply in the
Heisenberg group; in other words, we can take €2 C H,,. The main goal of Chapter 3 is achieved by relating

three different notions of solutions to the p(z)-Laplace equation, namely

A — —div(HVoqu(m)_QVou) =0 (2.14)

p(z)

in a bounded domain €.

We begin by considering weak solutions to Equation (2.14).

Definition 2.4.1. The function u € W,"*")(Q) is a weak solution to Equation (2.14) if

loc
/ IVoulP®) = (Vou Vog)dz = 0
Q

for all ¢ € C3°(€2). A weak solution to Equation (2.14) is also called p(z)-harmonic.
In addition to weak solutions, we define weak supersolutions and weak subsolutions to Equation (2.14).

Definition 2.4.2. The function u € W,"?")(Q) is a weak supersolution to Equation (2.14) if

loc

[ I¥oulP2(Vou Vogds > 0
Q

for all nonnegative ¢ € C§°(€2). The function u € WwLr@ () is a weak subsolution to Equation (2.14) if

loc
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-u is a weak supersolution. That is, the function u € V[/l})’cp(w) () is a weak subsolution to Equation (2.14) if

/ [ Voul[P@~2(Vou Vog)dz < 0
Q

for all nonnegative ¢ € C5°(2).

For some of our results, namely the equivalence of potential theoretic weak solutions and viscosity solu-
tions to the p(z)-Laplace equation in Chapter 3, we will need to do more. In turn, we must consider weak

solutions to a wider class of equations. Letting ¢ > 0 be a real parameter, we consider equations of the form
—Ap@yu = —div(|Vou[P®?Vou) = ¢ (2.15)
in a bounded domain €2. Note that Equation (2.14) corresponds to Equation (2.15) with ¢ = (0. We define

e-weak solutions to Equation (2.15) and then e-weak super and subsolutions to Equation (2.15).

Definition 2.4.3. The function u € W, (Q) is an e-weak solution to Equation (2.15) i

loc

/ IV ou|[P®~2(Vou Vo) da = e/ pdx

Q Q

for all ¢ € C§°(€2). A weak solution to Equation (2.14) (or 0-weak solution to Equation (2.15)) is also
called p(z)-harmonic.

In addition to e-weak solutions, we define e-weak supersolutions and e-weak subsolutions in the natural

way.

Definition 2.4.4. The function u € W, (Q) is an e-weak supersolution to Equation (2.15) if

loc
/ IVou|P®~2(Vou Vod)da > g/ pdx
Q Q

for all nonnegative ¢ € C§°(12). The function u € W Lp@) (Q) is an e-weak subsolution to Equation (2.15)

loc

if -u is an e-weak supersolution.

Remark 2.4.5. 1. Using these definitions when €1 > €9 > 0, we observe that an £1-weak solution is an

g9-weak supersolution and an e;-weak solution is an €1-weak subsolution.
2. If u € WHP()(Q), we may use test functions in VVO1 P() (€2) via standard approximation arguments.
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Next, we have the following comparison principle, whose proof is identical to the Euclidean version and

omitted ([JLP, Lemma 5.1]).

Lemma 2.4.6. Let u and v be functions in W P®)(Q) such that (u — v)y € WP@)(Q). If

/ IVoulP®=2(Vou Vog)de < / |Vou|P@)~2(Vov Vo) da
Q Q

for all positive test functions ¢ € W12®) (), then u < v almost everywhere in ().

Corollary 2.4.7. Let u € W'?(®)(Q) be a e-weak subsolution to Equation (2.15) and let
v € WHe@)(Q) be a e-weak supersolution to Equation (2.15) in Q. If

v =min{v —u,0} € Wol’p(m) (), then u < v almost everywhere in §).

We can now formulate the existence-uniqueness of p(z)-harmonic functions. For the case of the p-

Laplacian in Carnot groups, see [HKM, Lemma 3.17] and [HH, Section 4.10].

Theorem 2.4.8. Given a bounded domain Q2 with boundary data © € W) (Q), there is a unique o(x)-

harmonic function u that satisfies u — © € VVO1 p(@) ().
Next, we define p(z)-superharmonic functions:
Definition 2.4.9. The function u : Q@ — R U {00} is p(z)-superharmonic if the following hold:
1. u is lower semicontinuous,
2. w is finite almost everywhere, and

3. the comparison principle holds: For each subdomain D CC 2, a p(x)-harmonic function g in D that is

continuous in D with g < u on D implies g < u in D.

A function u is p(x)-subharmonic if -u is p(x)-superharmonic. That is, the function u : @ — RU {—o0}

is p(x)-subharmonic if the following hold:
1. w is upper semicontinuous,
2. w is finite almost everywhere, and

3. the comparison principle holds: For each subdomain D CC 2, a p(x)-harmonic function g in D that is

continuous in D with g > « on D implies g > w in D.
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We remark that in the second condition in both definitions, we have required u to be finite almost ev-
erywhere. This is different from the case in which p(z) is constant where it is only assumed that a p-
superharmonic function is not identically +oo in each component. We need the stronger condition for the
characterization of p(x)-superharmonic functions as pointwise increasing limits of 0-weak supersolutions
to Equation (2.15) [HHKLM].

We will need some basic facts about p(x)-superharmonic functions. We use the notation:

u*(x) = essliminf u(y).
Yy—T

First, every weak supersolution has a lower semicontinuous representative which is p(z)-superharmonic.

See [HKL, Theorem 4.1] and [HHLN, pg 18].

Theorem 2.4.10. Let u be a weak supersolution in Q. Then u = u* almost everywhere and u* is p(x)-

superharmonic.
We also have the following converse [HHKLM, Corollary 6.6].
Theorem 2.4.11. A locally bounded p(x)-superharmonic function is a weak supersolution.

We then conclude that a function is a weak solution (p(x)-harmonic) if it is both p(z)-superharmonic and
p(x)-subharmonic.
Now we turn our attention to viscosity solutions. Consider Equation (2.14) in nondivergence form.

Namely,

—(HVoulp(z)2trace((D2u)*) + (p(z) — 2)[|Voul[P®~{(D?*u)*Vou Vou) (2.16)

T+ IVeulPO 2 In( Voul) (Vop(e) vou>) 0

in a bounded domain 2. Before we define viscosity solutions, we will need the following definitions.

Definition 2.4.12. Given the upper semicontinuous function v : 2 C G — R, we may define the set of test
functions that touch u from above at ¢, denoted 7 .A(u, ), and given a lower semicontinuous function v,

we may define the set of test functions that touch v from below at x, denoted 7 B(v, o). Namely,

TA(u,z0) ={0: Q= R|d e C2(Q), d(x0) = ulxo), ¢(x) > u(x) for  near ¢}
TB(v,xz0) = {¢: Q= R| ¢ € C2(Q), p(20) = v(x), p(x) < v(z) for x near x}.
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Definition 2.4.13. The function u : Q@ — R U {oo} is a viscosity supersolution to Equation (2.16) if the

following hold:
1. w is lower semicontinuous,
2. w is finite almost everywhere, and

3. Forzg € Q, ¢ € TB(u,xg) with Vogp(xg) # 0 satisfies

_Ap(z)d)(m()) > 0.
Note that a function w is a viscosity subsolution to Equation (2.16) if —u is a viscosity supersolution. That
is, the function u :  — R U {—o0} is a viscosity subsolution to Equation (2.16) if the following hold:
1. w is upper semicontinuous,

2. w is finite almost everywhere, and

3. Forzg € Q, ¢ € T A(u, zg) with Vogp(xg) # 0 satisfies

—Ap(m)qb(xo) < 0.

A function u is a viscosity solution to Equation (2.16) if it is both a viscosity supersolution and a viscosity

subsolution.

Remark 2.4.14. The condition that V¢(xo) # 0 in the definition is irrelevant in the case 2 < p(x) < oo,
since then the p(z)-Laplace equation is well-defined. In fact, when p(z) > 2, whether we include the
condition that Vo¢p(z9) # 0 or not, the same class of solutions is produced (see [JLM, Remark 2.4]).
However, in the singular case, the p(x)-Laplace equation has singularities at points where the gradient is

zero. For our purposes, we take this definition for 1 < p(x) < oo.

In Chapter 3, we will also need to consider viscosity solutions to the following equation: for & € RT, let

Fy(u) = max{||Viul| — &, —Ayz)u}, (2.17)

where we recall that V; is the semi-horizontal derivative.
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Definition 2.4.15. The function u : 2 — RU{—o0} is a viscosity subsolution to F,;(u) = 0 if the following
hold:

1. w is upper semicontinuous,
2. w is finite almost everywhere, and

3. Forzg € Q, p € T A(u, zo) with Vou(zg) # 0 satisfies

Fop(zo) <0

The function v : Q@ — R U {00} is a viscosity supersolution to F,.(v) = 0 if the following hold:

1. v is lower semicontinuous,
2. v is finite almost everywhere, and

3. Forzg € Q, v € TB(u,xo) with Vouv(zg) # 0 satisfies

Fiv(xo) > 0.

The function w : @ — RU{%o00} is a viscosity solution to Fy,(w) = 0 if it is both a viscosity supersolution

and a viscosity subsolution to F;(w) = 0.

Remark 2.4.16. Note that if u is a viscosity subsolution to F,;(u) = 0, then u is a viscosity subsolution to

—Agz)u = 0. Also, if v is a viscosity supersolution to —A,yv = 0, then v is a viscosity supersolution to

p(z)

F,.(v) = 0. However, the converse implications are not true. A viscosity supersolution v to Fy.(v) = 0 has
two possible properties: either v is a viscosity supersolution to —A,yv = 0 or v is a viscosity subsolution to

—Ag v = 0and [|[Viv]| > & in the C’gub viscosity sense. An analogous observation holds for subsolutions.
The next lemma relates p(x)-harmonic functions to viscosity solutions. The proof is standard and omitted.

Lemma 2.4.17. [B2, Lemma 3.5][JLP, Theorem 4.1] A p(x)-sub(super-)harmonic function is a viscosity
sub(super-)solution to Equation (2.16). It follows that a p(x)-harmonic function is a viscosity solution to

Equation (2.16).
We have the following Corollary due to Remark 2.4.16.

Corollary 2.4.18. A p(x)-superharmonic function is a viscosity supersolution to Fy,(u) = 0.
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Chapter 3
Equivalence of Potential Theoretic Weak and Viscosity Solutions to the p(x)-

Laplace Equation '

This chapter focuses on the equivalence of potential theoretic weak solutions and viscosity solutions to the
p(x)-Laplace equation in Carnot groups. To achieve our goal, we first need to show that viscosity solutions
and p(z)-harmonic solutions coincide. Then the equivalence is immediate. While a routine argument is used
to show that p(x)-harmonic solutions are viscosity solutions, the converse implication is more involved. We
will need to consider viscosity solutions to the nondivergence form of the p(x)-Laplace equation, which we

recall for easier reference in this chapter, is defined by

—<HV0u||p(m)2trace((D2u)*) + (p(z) — 2)||VoulP®~4((D*u)* Vou, Vou) (3.1)

+ V0l og( Vo) (Vop(a). Tau) ) =0
in a bounded domain 2 in G. Moreover, we will need to consider viscosity solutions to
Fi(u) = max{[|Viul| — r, =Apm)u}, (3.2)
for k € R™. We will first show a preliminary comparison principle with respect to weak solutions of

—Aymyu = —div(||Voul P2 Vou) = —e, (3.3)

p(z

and viscosity subsolutions to Equation (3.2). Finally, we will also mention the divergence form of the

p(x)-Laplace equation. Namely,

—Appu = —div([|[Voul[P"2Vou) = 0. (3.4)

' A Note to Reader: This chapter has been reproduced from [BF2].
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We need a comparison principle to achieve the equivalence of potential theoretic weak and viscosity

solutions. Specifically, we want to prove

Theorem 3.0.1 ([BF2], Lemma 4.11). Assume p(x) is C*(2). Fix ¢ > 0. Let 2 be a bounded domain in
G, let v be a continuous e-weak solution and let u be a viscosity subsolution to Fy,(u) = 0 so that u < v on

O Thenu < vin .

The proof combines the Euclidean approach of [JLP] along with the monotonicity proof done in [B2]. The
proof here will follow the standard argument but need some careful estimates, utilizing the Carnot Group
Maximum Principle (See [B1].) to the fullest extent. Here we cannot follow the Euclidean case since that
approach relies on the C'® estimates of the weak solutions, which is unknown in general Carnot groups.
In particular, the lack of regularity theory is the motivation for the restriction ||Viu|| < C' in the viscosity
sense. Under this restriction, we prove a comparison principle for viscosity subsolutions and viscosity
supersolutions to the p(x)-Laplace equation. This result leads to showing that when 1 < p(z) < oo, weak
solutions to Equation (3.3), viscosity solutions to Equation (3.1), and viscosity solutions to Equation (3.2)
all coincide. (For the equivalence of all three, see Corollary 3.0.8.)

Before we can prove Theorem 3.0.1, we recall a technical lemma whose Euclidean version is Lemma 5.3
in [JLP]. The p-Laplacian case in Carnot groups is stated in [B1], and its proof is done in the Heisenberg

group as Lemma 4.1 in [B2]. The proof is identical and omitted.

Lemma 3.0.2. [B2, Lemma 4.1] Assume 1 < p(x) < coand Q C G. Let v € Wwr@ (Q) be a continuous

loc

e-weak solution to the p(x)-Laplace equation in §). Let xo € 2 and let ¢ € C2, (Q) be a function such that

sub

v — @ has a strict local minimum at xg. Then

lim sup (— (Ap(,)¢) (x)) > ¢

T—T0,TFELQ
provided that Vo¢(xg) # 0 or g is an isolated critical point.
Note that in the case when p(z) > 2 continuity gives us —Ap,)¢(z0) > € and so we have Vo(zo) # 0

near xo. In the case when 1 < p(r) < 2, —Ay(,)¢(z) has a singularity at the critical points.

Finally, we will consider the function ¢ : G X G — R given by



for some large even positive integer m > 4. We note that 4 is chosen so that ¢ is Cfub. Here (z -y~ 1); is

the i-th component of z - y~'. We are now ready to Prove Theorem 3.0.1.

Proof of Theorem 3.0.1. We follow the standard argument and assume w — v has a strict interior maximum
in 2 and find a contradiction. Now assume that © — v > 0 occurs at the interior point xg € (). Consider the

functions ¥; : G x G — R defined by

Vj(z,y) = u(z) —v(y) — jo(z,y)

with m chosen so that m > max{4, pE:l ,pT + 2}. Combining the methods in [CIL], [B1], and [JLP],

we let the maximum of W; occur at the point (z;,y;) € u(£2) x u(€2). By the Carnot Group Maximum

Principle [B1, Lemma 3.6], x; and y; tend to zg as j — oo and
. . -2+ . . —2,—
(Jn; © j&j, Xj) € J7 u(xy) and  (jn; @ j&5, Vi) € J7 v(yy),

where jn; © j§; € Vi @ Vo, and X and )); are defined as in [BI, Lemma 3.6]. Recall that

727_’_

J u(xj),j2’_v(yj) are the set-theoretic closures of the second order superjet and subjet, respectively.

Since we only need the horizontal gradient in the p(z)-Laplacian term and not the semi-horizontal gradient,

we will only consider j7;.

Claim 3.0.3 ([BF2], Claim 4.12). By passing to a subsequence if needed, we may assume n;(x;,y;) # 0.
Proof of Claim 3.0.3. Fix j7 > 0. By definition, we have for any z and y,
w(@) —v(y) — je(@,y) < ulz;) —vly;) — jelas,y;)
and so when x = x;, we have
v(y) = vly;) + 3¢, y5) — gz, y)-

Defining the function §(y) by

By) = v(y;) + je(zj. y5) — ez, y) — 0(Y5,9)
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we see that

v(y) — By) = v(y) —vly;) — je(x, yi) +ie(z;y) + o(y;,y)

and so v — 3 has a strict local minimum at the isolated critical point y;.

Applying Lemma 3.0.2, we have
lim sup ( ~ (8)8) (y)> > e (3.5)
Y—=Yj

Now set F'(y) = —jo(z;,y) — ¢(yj,y). Then by the definition of 5(y) and the non-divergence form of the
p(+)-Laplacian, we have
twace(D*F(3))* + (DF ()|

(BB W) < IIVoF(y)Hp(y)_2< (3.6)

+log([[VoF'(y)[){Vop(y), VoF(y)>> :

We note that given the standard vectors e; with every entry 0 except for the k-th entry, which is equal to

1, we see that for any matrix A,

trace(A) = Z(Aek, k)

and so

[trace(D*F (y))*| < (D*F(y))*|.

Then from Inequality (3.6), we have

(BB )] < HvoF<y>Hp<y>—2<||<D2F<y>>*||+1og<||voF<y>||><vop<y>,voF<y>)>
< H%F(ywp(y”(

I(D*F ())*|| +log(IVoF W)]) [ Vor(y)ll HVoF(y)H)

S IVoF W)W =2 [(D2E ()| + ClIVoF ()W)~ log (Vo F ()1

where the second inequality follows from the Cauchy-Schwartz inequality. Since j is fixed, the second

derivative term is bounded. Then using the smoothness of ¢(z,y) and the fact that we are in a bounded
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domain, we have

lim (—(Apg)8) (¥)) IVoF (y) P =2 (D*F (y))*]|

Y—y;

A

+ Jim (CIVOFWIPY " o5(I%0F ()]
Y—Y;

A

17 Vo, ;) [P47) 72 + lim sup <C|!V0F(y)|!p(y)_1| log(IIVoF(y)HN)

Y—y;

~ =g,y P9+ lim sup (CIIVOF(?J)IIP@)_II log(HVoF(y)ll)l>-
Y—yj

We consider the second term. Note that | Vo F(y)| — 0 as y — y;. We therefore conclude

lim sup (CIIVOF(y)\Ip(””)_ll 10g(||VoF(y)||)|> =0.

Y—y;

It follows that if 2; and y; are points so that n(z;, y;) = 0, then

lim sup ( - (Ap(-)ﬂ> (y)> <0.

Y=y
This contradicts Equation (3.5) since € > 0. [
Now, u is a viscosity subsolution to F,,(u) = 0. That is,
max{||Viul| — x, =Agzyu} < 0.
Then ||V u| < x and we have
0 > - <||j?7j($j» yi) [P trace ()" + (o () — 2) [l (a5, yp) IPC =Xy gy (2, 95), dmj (5, 95))
+ gy (g, yp) IPCD =2 log (L (x5, y7) ) <j77j(xj7yj)7V0p(xj)>>-
Using Lemmas 2.4.17 and 3.0.2 along with the definition of 757, we have |Viul| < k and
e < - (Hﬁh’(%‘a yi) I[P 2 race (V)" + (p(y5) — 2)llim; (2, y) P45 dmj (2, v5), dmj (5, 95))
+ llgmy(ag, yy) PO log(Hjm'(xj?yj)ll)@'m(wj,yj),Vop(yj)>>-
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Subtracting these two inequalities yields

0 <e <|jn;(z;, yj)|p(xj)_4<||j77j($ja yi)|Ptrace ()" + (p(x;) — 2)(X; jnj(zj,y;), 3n5 (x5, y;)
+ [l (x5, ) 1> Jog (1linj (4, )1 <J'77j(93jayj)7vop($j)>>

+ [lgm (2, Z/j)l!p(yj)4< — [linj (g, y5) | Pwace (V)" = (0(y;) = 2)(V; dns (x5, y5), 3n5 (x5, y)

iy 3) P 1oLy 1)) i ). T () )

< iy (o) Prace (36)° + (0(a5) = 20 s ) ity ) )
o P00 (i o) Porace (3)°  (o003) = DU ) ) )

+ [lgms (@, yy) 1P~ Tog ([l jn; (5, yy)1) (Gnj (25, 95), Vop(a;))

— g (g, yp) 1P@ = 1og (lm; (25, ) 1) (i (25, 5), Vop(y;))

=Wy — Wy T Ty — Ty

3.7

We know ||jn;(x,y;)|| < Kk < oo and by the claim, we also know that || jn;(z;,y;)|| # 0.

First, let’s consider the terms Tu; — Ty;- We continue as in [JLP]. We first note that for some r €

5 *

[o(25), p(y;)];

. N . )— i |[P(@5)—2 i |PW5)—2
Hjnjnp(m]) 2 _ ||j77j||p(y]) 20— |tog(llang I77777) _ Jlog(llymslI7*7777)

He(r—2) log([ljn;||
or

IA

)“p(ﬂﬂj) —p(yj)’

‘7”—2 ’

= Jrog(lims | 1ims 12 [s(as) — p(wy)]:
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Since p(x) € C1(G), we have

oy =1y, = (|lin;]IPE) 2 1og |l5m;]l5m5, Vop(x5)) — (|lin; [P¥9~21og |lin;ll3m;, Vop(y;))
< |lgn; P2 1og ||5m;1im; - Vop(a;) — [lin; [P =2 1og |lim;ll5m; - Vop(y;)
+ nglPT = dog (i || Vop(y;) — llm; 1P~ og || [ Vop (y;)
< |lgn; P71 Tog |in;| | Vop(z;) — Vop(y;)
+ lgn;ll |log llim;ll| [Vop(y;)| ‘Hjm\lp(”)_z — |lgn; [P

< lgnglP@) 71 Tog |in;| |Vop(2;) — Vop(y;)

+ lmill [og ljn; | [Vop(y,)] (\mg(umjm\ linsll"2 [ () —p<yj>])

IA

3m; [P~ log |jn;| |Vop(z;) — Vop(y;)

- — . 2
+ Cllgngl= og lml|* [p(z) — ()

i

where the constant C' comes from the fact that [Vop(y;)| < C. Since

p(z;) > 1and ||jn;(z;, y;)| < &

by assumption, and z; — xg as j — oo, then we have ||jn;[°®)~1 log | jn;|| is bounded. Therefore, due

to the continuity of z — Vp(z),

Jins = (1o ) [Fo(e) - Vop(a)| 0

as j — oo. Similarly, we have
i . 2
CllgngI™* [rogllmjl|” [pa;) — plys)| =0

as j — oo. It follows that 7,; — 7, — 0 as j — oo.

In order to proceed, we will need some calculations. We first consider a more convenient way to write

Wy; — wy,. We use the following notation, which is similar to [JLP]. For any vector § # 0, we say £ ® § is
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the matrix with entries §;;. Let

Az,€) = [P (I o) -2 8 @)

B(x,¢) = (|¢[P*) 2 log [¢]¢, Vop(x)), and
v(z, &, X) = trace(A(x, £)X) + B(x,§),

where 2 € Q,¢ € RY, and X is a symmetric N x N matrix. Then

7(:6, Vof(z), (D2f(x))*) = trace <A(a:, Vof(z)) <D2f(x)>*> + B(x, Vo f(r)) = Ap) f(),

provided Vi f # 0.

We also observe that

b0 = 16 (14 Cla) 0 )

where

So now since w is a viscosity subsolution to F,.(u) = 0, then
—trace (A(Sﬂj’jﬁj(fﬂjvyj))xo = B(xj, jnj(zj,y5)) <0,
and again using Lemmas 2.4.17 and 3.0.2 along with the definition of j2’7, we have

—trace <A(?Jjaj77j(xj73/j))yj> — B(yj;,n;(z5,y;)) > €.

(3.8)

3.9

(3.10)

Therefore taking the difference of the Equations (3.9) and (3.10) is an analogous form of Equation (3.7),

where B(:Ej,jnj(:z:j, y])) — B(yj,jnj(xj, yj)) is analogous to 7, — Ty;.
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Moreover, since
. 1 . l .
traC@(f‘l(xj,Jﬁj(%yj))Xj> = trace<A2($j,Jﬁj($j,yj)) 2(%»]?7;‘(%3/]'))/"%)
1 ) T 1 )
= trace A?(a:j,Jnj(xj,yJ))) Xj A2 (x5, (5, 95))

a2l 1 1
= > XGAZ (s, g (w5, y5)) - AE (5, 55 (25, 95)),
k=1

1 1
where A2 (xj,jn;(x;,y;)) is the k-th column of A%(xj,jnj(a:j, y;)) and A} (y;, jn;(z;,y;)) is the k-th

column of A2 (yj,in;(xj,y;)). Then

1 1 1 F
ZX AZ (x5, 4m;) - AR (5, ;) ZJ@ AZ (ys, dmy) - AR (w5, 4y)

is an analogous form of w;; — w,.. By [B1, Lemma 3.6],

! 1 a2l 1 1
Wy — Wy, = ZXA (j,9m5) - AR (g, 5m5) = > ViAE (s, ny) - AE (v, )
k=1 k=1

IN

. 2 \* 1 L . 1 . 1 . 1 .
J<(Dx80) (x5 - y; )(Aﬁ(iﬂj,mj)—Aﬁ(yj,mj)),(Ai(fﬂjdﬁj)—Ai(yjdnjl})ll)
GOR(AZ (505m5) @ A (s gny) ) (A7 (g, my) @ AZ (9, my) ))

+
. 2 T 5 . T 3 . 2
+ GIMIP (AT AF (5, m5) © Alyi) T AZ (w00 12)
where M is the 2N x 2N matrix

( Da%jzj(p(xj’yj) Df%jyj(p(xj’yj) >
D.ijj(p(xj’yj) DijjSD(xj’yj)

and 9 is the 2nq X 2nq matrix

JWT-W) 0
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where W is the n; X nq matrix with entries
Wap = Xa(2) Xp(y) (25, y5)-
We first consider the second term of Equation (3.11):
. l . l . l . l .
J<9JI(A;3 (z5,5mj) ® A (yj,m')) (Aﬁ (), n;) © Ay (yj,m-)>>~
Before we estimate, we note from [B1, Lemma 3.6] that we have
Xp(y)p(zj,y5) = =Xp(z)p(z), Y5)-

1 1 1
We write A7 (z;,7m;) and A7 (y;, jn;) to denote the a-th entry of the column vector A7 (x;,j7;) and

1
Al (y;,gn;), respectively. Similarly, we write 7; to denote the a-th entry of the vector 7);. We note that:

—~

1 , 1 ) 1 ) 1 .
fm(A;i (zj,4m;) ® AL (yj,Jnj)), (A;i (zj,4m;) ® AL (%‘a]ﬁj)))

= %((W —-wh (A%(yp]%))v (A% (%J’?J)))
+ %((WT ~w) (4 (5. 3m)). (A¢ (s my)))
_ %[(W(A% (yj,mj)), (A,% (:cj,jnj))> + (W (A,% (mj,mg))a (A%(ymm))ﬂ
v o[- T (At am), (A i) — 7 (AF Gy, ) (A7 (s m) )]
= (WT —w) (A,% (xj,jnj)), (Aé (yj,jnj))>
= f:(WT —W)ab bA% (zj,9m;) CLA% (v5,Jm;)
a,b

But we know

(wr-w) - (X0 a0l ) — XD X))

= (Kl Xalodolar0) — Xa(o) Kol ) )
= [Xo, Xp)(x)o(z5,95)

n2
= S dYi@)e(z. ;).
=1

44



where {Y;(x)} is a basis for V5. It follows that

N 1 1
Z(WT — Wab bAE (25,515) o A7 (Y5, 31;5)
a,b
N l . l .
= > [Xa, Xo| (@), y5) vAE (24, 15) o A (5, 375)
a,b
N 1 1 .
= Z[XayXb](x)SO(xjyyj) AL (%5, 95) o AL (Y55 J15)
a<b
N
1 1 .
+ Y [ Xay Xol ()@, u5) b AZ (5, 315) o AF (Y5, 4j)
a>b
N 1 1 1 1
= Z[XayXb](w)‘aO(xﬁyj)(bA]z (4,3n5) oA (W5, 305) — oA (Y5, 305) b A, (%‘Jﬁj))
a<b
N n .
S b 3% 615 k7
= 33 dm@etaslinl F il F | (s + Cla) T )
a<b l=1 Iy
J7 kN5 allj J7 aMj kNj J7 kN5 Ny
X (Oak + Clyj))———"52) — (Oa + C(zj) =52 ) Ok + C(yj) ——"5—
(dor + Co g ") ( () e ) (9 + COn ")
N n
= 1Yi(z)e w],yg)l\mj\l ||,7773|| bkOak + C(z5) I H2
a<b l=1 nj
2
allj j o™ allj k75
+ Clyy) S gy + Oay)Clyy)
;] ;]
—  Sarlpe + C(x;) H"J ﬁgﬂak
2
ni kN allj b7 K75
- Ol g~ (e Cl)
[l Al
N no
a TR i p(y;) b7j k7 a”j kNj
= DY di@)e(ayp) g gl (Clay) = O ) (S s — o)
a<b I=1 ;1 [l

p(z;j)+r(y;)

< 2Enf72(c(%’) —C(yj)>
= #(Cy) - cw).

where C' is defined in Equation (3.8). Moreover, # < oo since pT < oo, Kk < oo and

Zflv b D12, dY(z)¢(z4,y;) < k. Note that here we explicitly use the full implication of the constraint

45



Viu < k.
Now let j — oo. Then then by the continuity of z — p(z), we have

HO(AF (g, ) © AL (s my) ) (AF (s, mg) © AR s )
)
)

s &(Cly) - Cy)
= %(C(mo —C(xo)>:O.

Next, we control the third term of Equation (3.11), namely

FIMIP (1A G) T AF (i) © Alys)T A7 (s 05|12

We have an estimate for the matrix || M||2, so we only consider
T AZ(. T AT (0. ir V|2
[AGz)" A (25, m5) © Aly;)" Ag (s 30|17
1
Since every entry of the vector A/ (x;, jn;) is bounded and since A(x;) has (finite) smooth entries Ay (z;),
1
then every entry in the vector A(z;)T A? (2, jn;) is bounded. A similar argument applies for every entry
1
in the vector A(y;)T A? (y;, jn;)- It follows that

| A(z;) T AZ (5, 4n;) @ Aly;) T AZ (5, my) IIP < H < oc.

Therefore, by [B1, Lemma 3.6],

2m—4
m

1 1
FIMI2 (1 AGe)T AR (25, 7m5) @ Alw)T AR (g3 ) I12) S Ci(p(es )

. 2m—4 _ 4
Smcem>4thenT—2—E>1andso

1 1
MU (IAG)T AR (250 m5) @ Aly)T AZ (g jmi)I12) = 0

as j — oo.
Finally, we estimate the first term of Equation (3.11), or

5(20) ) (AF (g ing) — AF ) ), (AF Gy ing) — AR ) )
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Arguing as above, we have (Df:)l*] € V5 and thus (Dg)z*j < H < oo. We then have

(A,% (2. dmy) — A (yjajﬁj)>>

. 2 * -1 1 . L .
J<(sto) (x5 - y; )(Ai (zj,3m5) — A} (yj,mj)),
1 . 1 .
S 1Az (5, 5m5) — A2 (y;,9m5) 3-

We first consider
3.12)

| A, gm5) — Ay, 3ny)ll2

< g2 = g 2002 4 [l [P~ (o) = 2) = lmg P~ () — 2)]-

Since ||j7;]| < k < oo for all j by assumption, then there is a convergent subsequence such that ||jn;| —

¥ € Vi as j — oo. Using the continuity of = — p(x), we then have

[mgl12672 = g 120972 = [[9]120)2 — 9]0 = 0

as j — oo, and

P o) = 2) = i lP) (o () — 2)]

= {[9]PC " (p () — 2) — [9]PC (p(x0) — 2)| = 0

as j — oo.

It follows that
(3.13)

|A(z;, 3n;) — A(y;, jn;)l3 — 0

as j — oo.
Thus, we have shown that w;; — w,, — 0 as j — oo. It follows that Equation (3.7) implies

0<e<wg —wy, +7g; — 7y, =0

as j — oo, and we have our contradiction.
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The next Lemma extends the Euclidean case for the p(z)-Laplacian ([JLP, Lemma 5.2]) and the Carnot
case of the p-Laplacian ([B1, Lemma 5.9]). Here we cannot follow the Euclidean case in [JLP] since the

proof depends on C1® regularity of the solutions, and this is not known for Carnot groups.

Lemma 3.0.4 ([BF2], Lemma 4.13). Suppose ) is a bounded and open set and p(zx) is continuous. Let v
be a p(x)-harmonic function in Q. For each € > 0, let v be the continuous e-weak solution to v on the

boundary. Then ve — v pointwise as € — (.

Proof. First, we show that v. — v in LP(@) by following the argument in [JLP]. Since v. minimizes the

functional (see [BF1, Theorem 6.2])

1
= (\Vofllp(x)—6f>dw
o \p()
/\\V0v5||p(x)d:r§C/ <\ng\p(”0)+5!ve—v|>dw
Q Q

and so by Holder’s Inequality (2.6),

then

/ Hvovaup@dxsc( / HVoUHp(m)dl’+€H1Hm<z>(g)|lve—U\le<z)(Q)>-

By the p(-)-Poincaré inequality (See Section 2.3.2), we have

/ | Voue||[P® dz < o(/ |Vou|[P@dz + || Vove — voanp@(Q))
Q Q

and so using the modular inequalities (2.4), we see

[ 1900l < € (14 00l g + (10l sy + Vol oce) )

Using the modular inequalities once more, we have:

V00l < [ [0 ||W>da:<c( T +s<||vov||Lp<z>(m+|rvovarup<z><m>),
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which implies that

+
HVOUsHLp(z) C5||V0UaHLp<z>(Q) < C<1 + ||V0U||ip(z)(g) + 5HVOU|LP(I>(Q))

so that for all € > 0 small enough, we have:

1

P
Forlzzcoey < (14 V001 ) (3.14)
where C' is a constant independent of . Since 1 < p~ and 1 + ||Vov||5;(£)(m > 1,
it follows that
Vo = Favelsiey < € (1+ Va0l ) (315

Let v — v, € Whp@) (2) be a test function in Equations (3.3), where £ > 0 and (3.4). Subtracting these

equations yields

/ (IVou][P@v — [ Vove|[P@ v, Vou — Vove)de = & / (ve — v)da. (3.16)
Q Q

Since

5/9(”5 —v)dx < 05||1”Lf1(1)(ﬂ)||v€ - UHLP(I)(Q) < Ce||Vove — VOU”LP(I)(Q)v

where we have used Holder’s Inequality (2.6) and a p(-)-Poincaré Inequality, [BF2, Theorem 5.1]. Here,

since C is independent of the function v — v, we have an upper bound by Equation (3.15):

s/ (ve —v)dx < Cs<1 + ||VOU||Lp(Q:) Q)> (3.17)
Q

Before continuing, we will need the following well-known vector inequalities:

22—m _Cm if 22’
(In™ =™ 2¢n—¢) > In = ¢ it m (3.18)

for all , ¢ € RY. We now find a lower bound for the left-hand side of Equation (3.16). Following the
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vector inequalities above, we split the set €2 into the subsets:

Q={reQ:1<p(x)<2} and Qo :={zx € Q:p(x) > 2}.

For €5, it follows from the vector inequality (3.18) that

/Q Vv — Voue|[P® da < /Q 2P =2(|1V ] [P®) 2V v — [|[Voue|[P® 2V ovs, Vv — Voue)dz
2 2

< c/ (IVov|P® =2V v — [|Vove [P® 2V ., Vov — Voue )da. (3.19)
Qo

For €21, we introduce the notation:

p~ :=infp(x) and pt:=supp(x).
04 ol

By Holder’s Inequality (2.6), we have:

| Vov — Voo |[P@
(IVo]l + [[ Vo)) 25> ()

p(x)
2 (2-p(a))
< |1(IVov] + |Vove]) 2 |, =5 )

/ IVov — VOUEHP(’”)dx < CH
951

2
Le(@) (1)

g 1

Vv — Voue ||? >2 ( / 2

< C max / dr | x [1+ Vol + [Vove)P@dz ),
pe{pm( . (IVooll + [Vove )72@ o, IVovll =+ IVovel)

where the second inequality follows from the modular inequalites (2.4). By the vector inequality (3.18) and

the fact that 1 < p—,p" < 2, we have

</ Vv — Voo || >2
max 2—p(@) **
pe{p—6} \Ja, ([[Vovll +[[Vove|)* P

je]

2
< max c< / (IVov|P® 2V v — Hvovgnp(x)QVQUE,VOU—VQUE>CZ$>
951

pe{pp"}
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Young’s inequality then implies
Vov — Voue | 2
max < / [Voo ~ Vouell d:v) (3.20)
vefs 571 \Joy (IVoull + [[Vove )2 2@

—2_ -z
< C'<62—p +0 / (IVov|P® =2V v — || Vove [P 2V gu., Voo — Vm)g)d:n)
951

[

for any 0 < 0 < 1, to be chosen below. Now, using Inequality (3.14), we can bound the term (1 +
le (IVov|+ |V0v€|)p(x)da:). Indeed, using the same argument as in the beginning of the proof, we see since

v + v, minimizes the functional

u—>/ < @ )||pfv>—eu>dx

and so we have, by (3.14),
1

1+ /Q (Vo] + [IVove )PP di < 1+ C(1+ [ Vo0 ]hy )7,
1

which implies

1 1
2 1\ 2
(14 [ (90l + 190l ) < (14 €0+ 1Tl ) )
1

Therefore, by adjusting the constant C', we have by inequality (3.20):

/Q IVov — Voue|[P@da (3.21)
1

2 -2
< c<52p +4 o / (IVov|P® 2V v — |Vove [P 2V gu., Vov — Vm)E}dx),
Q1

where C' depends on the functions v and p, ||, diam(f2), and the dimension Q, but not on ¢ or §. We

combine the estimates (3.19) and (3.21) to obtain

/ Vo0 — Vou. [P@
Q

—2_ 1
< C((S?p +6 e /(HVOUHP(I)QVOU — | Vove [P 2V g0, Vov — V0v€>dw>.
Q
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(2=p—)p—

Using (3.16) and (3.17) and then choosing d =<~ 7, we have

/ Vov — Voue |P® dx
Q

2

2 2
C(62-2" +0 » €[|[Vov — Vovel| o )

IN

< CeT (14 [|Vov — Vovel| ot q))-
By estimate (3.15), we see

- P~ A + P~ +
/Q Vo0 — Voue [PPde < CF (14 GO+ [VovlShy ) < CF (14 [Vovl[E )

It follows from the modular inequalities (Inequality (2.4)) that
IVov = Vove[ o) () = 0 as € — 0.
Therefore, employing Equation (3.16) and, once again, the modular inequalities, we have
[v = vell o) () — 0 as € = 0,

and s0 v. — v in LP(*) ().

Now, to complete the proof, we follow the argument in [B2]. We may assume that ¢ < 1 and recall, as
mentioned above, that if €1 > €9, then v., is a weak subsolution to Equation (3.3) for £;. By the comparison
principle, Corollary 2.4.7, we have that v., < v, whene; > e9. Specifically, for all ¢ > 0, we have v < v..
Therefore, it follows that

=1 = inf
@ = pve = i)

exists and v < w. Since v. — w pointwise, then |v.[P(*) — |w[P(*). We apply the Lebesgue Dominated
Convergence Theorem with v; as the dominator and conclude that v, — w in LP(*) (€2), so that actually we

have v = w, and the proof is complete. O

Combining the previous lemmas, we obtain the following consequence.

Lemma 3.0.5 ([BF2], Lemma 4.14). Suppose ) is a bounded domain and p(x) is C'. Then viscosity

subsolutions to F,.(u) = 0 are p(x)-subharmonic.

52



Proof. Fix k € RT. We let u be a viscosity subsolution to F;(u) = 0 that is not p(z)-subharmonic. Then
there is a p(z)-harmonic function v so that u < v on 9€ but for some x € €2, we have u(zg) > v(zg). For
e < 1, we let v. be e-weak solutions equal to v on 952 so that u < v on 9€2. By Lemma 3.0.4 we conclude

for some ¢ near 0, u(xg) > v-(zo), contradicting Theorem 3.0.1. O

By Lemma 2.4.17, Lemma 3.0.5, and Remark 2.4.16 we have the following corollary:

Corollary 3.0.6 ([BF2], Corollary 4.15). Suppose Q is a bounded domain and p(z) is C'. Then for k € RY,

w is a viscosity subsolution to Fj(u) =0

= wis p(x)-subharmonic == w is a viscosity subsolution to — Ay yu =0,

and

v is p(z)-superharmonic == v is a viscosity supersolution to — A, (,)v =0

p(z

= v is a viscosity supersolution to F,(v) = 0.

As a consequence of the corollary, we obtain the following comparison principle. The proof is similar to

[JLP, Theorem 4.4].

Theorem 3.0.7 ([BF2], Theorem 4.16). Let k € RT. Let v be a viscosity supersolution to —Ap(m)v =0

and let u be a viscosity subsolution to —A_yu = 0 such that ||Vyu|| < C, in the viscosity sense, and such

p(z)
that u < v on 0). Then u < v in .

Proof. Without loss of generality, assume ||Vqul| < C. Since u is a viscosity subsolution to —A,u = 0,
then the condition that |[Vyu|| < C implies there is a K € RT such that u is a viscosity subsolution to
F,.(u) = 0. By Lemma 3.0.5, u is p(x)-subharmonic so that for any § > 0, there exists a smooth subdomain
D CC € such that

u<v+din Q\D.

By semicontinuity, there exists a smooth function ¢ such that

u<e<v+d on 0D.
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Let h be the unique weak solution to —A,)h = 0 with boundary values . Then
u<h<wv+d on 0D.

For e > 0, let h. be the unique e-weak continuous solution to Equation 3.3 such that h.—h € VVO1 P () (D).
Since u is a viscosity subsolution to F,(u) = 0, then Theorem 3.0.1 implies v < h. in D. Now, Lemma
3.0.4 implies v < hin D.

Using the same argument in a symmetric way, we have h < v + ¢ in D, and therefore v < v + ¢ in D.
This means we have u < v+ § in D and in Q2 \ D, and it follows that v < v + ¢ in 2. We complete the

argument by letting 6 — 0. O

We have the following corollary to Theorem 3.0.7, which is the main result of this chapter:

Corollary 3.0.8 ([BF2], Corollary 4.17). Suppose  is a bounded domain and p(z) is C* with 1 < p(z) <
oo and assume that |V iu|| < C in the viscosity sense. Let k > C. Then viscosity sub(super)solutions to
F,.(u) = 0 and p(x)-sub(super)harmonic functions coincide. In particular, w is p(x)-harmonic if and only

if u is a O-viscosity solution to Equation (3.1) if and only if u is a viscosity solution to Fy,(u) = 0.

Proof. In light of Corollary 3.0.6 we only need to show

u  1s a viscosity subsolution to — Ap(x)u = (0 = wis p(x)-subharmonic

= w is a viscosity subsolution to F,.(u) =0 (3.22)
and

v is a viscosity supersolution to Fy,(v) =0

= v is a viscosity supersolution to — A_, v =0 = v is p(x)-superharmonic. (3.23)

p(z)

We show Equation (3.22) first. Since ||V1u|| < C < k in the viscosity sense, it is clear that u is a viscosity
subsolution to —Ay,)u = 0 implies that u is a viscosity subsolution to F;(u) = 0. Then Equation (3.22)
follows from Corollary 3.0.6.

Now we show Equation (3.23). Assume v is a viscosity supersolution to Fy;(v) = 0. Then again our con-

dition that || Vyv|| < C' < x in the viscosity sense implies that v is a viscosity supersolution to —Ay v = 0.
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Now since v is a viscosity supersolution, then —v is a viscosity subsolution. Then by Equation (3.22), —v

is p(x)-subharmonic, and it follows that v is p(x)-superharmonic. O
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Chapter 4
Removability of a Level Set in the Heisenberg Group

4.1 The Case of the p-Laplace Equation '

In [JL1], Juutinen and Lindqvist produce a proof in the Euclidean environment for removability of level

sets for weak solutions to the p-Laplace Equation
—Apu = —div(|Vul[P7Vu) = 0 4.1)

in 2 C R" is a domain and 1 < p < co. They employ arguments presented in [Kr] and [M] and rely on the
equivalence of weak and viscosity solutions to achieve a Rad6 type result. Specifically, the authors prove
that if u is a C*(Q) viscosity solution to Equation (4.1) in the set 2\ {x € Q : u(x) = 0}, then it is a
viscosity solution to Equation (4.1) in 2.

The proof in [JL1] relies heavily on the Euclidean geometry of R"™. It is natural to ask if this argument
can be extended to sub-Riemannian spaces, which possess a different geometric structure. We consider the
well-known Heisenberg group and can answer this question in the affirmative. The Euclidean proof invokes
properties of (Euclidean) hypersurfaces. Motivated by [JL2], we provide an alternative to this methodology
in the Heisenberg group by using results and techniques from [FSS]. We combine this with [B2, Corollary
4.8] which shows the equivalence of p-harmonic functions and viscosity solutions to Equation (4.1) in order

to produce the following theorem:

Theorem 4.1.1 ([BFF1], Main Theorem). Assume 1 < p < oo. Let Q C H,, be a domain, and suppose that

u € C} () is p-harmonic in the set Q \ {x € Q : u(z) = 0}. Then u is p-harmonic in .

The approach to proving Theorem 4.1.1 can be summarized as follows:

I. We begin by considering Theorem 4.1.1 in terms of viscosity solutions. Identifying A, with an ap-

propriate symmetric matrix acting on the horizontal second derivative matrix, we observe that if u fails

' A Note to Reader: This section has been reproduced from [BFF1]. This work has been submitted for review.
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to be a viscosity sub(super)solution at a point z, then there exists a test function which has a nonzero
horizontal gradient at z. We then employ the Heisenberg implicit function theorem of [FSS] to produce

a family of smooth functions whose level set is a gauge-ball tangent to the test function at z.
II. We choose a compact set B centered at the critical point to produce key properties.

III. We then compare directional derivatives and produce a contradiction.

A key result needed to prove Theorem 4.1.1 is the following lemma:

Lemma 4.1.2 ((BFF1], Lemma 1.1). Assume 1 < p < oo and let u € C*

sub

(Q). If u is p-harmonic in
Q\ {z € Q: Vou(z) =0},

then u is p-harmonic in 2.

Proof. Let u be p-harmonic in Q \ D, where D := {z € Q : Vou(xz) = 0}. Then by Corollary 3.0.8, we
know that u is a viscosity solution to Equation (4.1) in Q \ D. If ¢ is a touching function (from above or

below) at the point z € €2, then by regularity of u and ¢ we must have
Vop(z) = Vou(z). 4.2)

If z € D, then Definition 2.4.13 is satisfied since Equation (4.2) implies that Vo¢(z) = 0. In other words,
u is a viscosity solution at each point of D. We conclude that v is a viscosity solution to Equation (4.1) in

all of €2, and therefore « is p-harmonic in all of €2 by Corollary 3.0.8. 0

To prove Theorem 4.1.1, we follow the argument in [JL2, Theorem 2.2], which is based on a proof similar
to that of the classical Hopf maximum principle. Before we prove Theorem 4.1.1, we mention some notation
we will use throughout this section. For any vector § # 0, we let £ ® £ be the matrix with entries &;£;. Then
we define A : R?" x R?" — §%7:

A €)= g (14 -2 5 0 )
SIS
= [EP2 T+ (p - 2P @,

4.3)

and note that A;; has continuous entries. We have a lemma involving some key properties of A.
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Lemma 4.1.3 ([BFF1], Lemma 4.1). Let Q C H,, and suppose u € C1

sub

(Q). Define the mapping A as in
Equation (4.3). Then for 1 < p < co:
(a) A is symmetric.
(b) We can write
—Apu = —A(z, Vou(z)) o (D*u)*(2),
where M o N is the trace of the matrix resulting from the matrix product M N.

Proof. Notice that item (a) is trivially true by the construction of A. Observe that because trace(-) is a linear
functional,

Vou ® Vgu
IVoull — [[Voull
= —||Voul|[P2trace [(DQU)*(:U)]

~ Az, Vou) o (D*u)*(2)) = — | Voul P~ (I o2 ) o (D) (z)

—(p—2) [||V0qu_4 (Vou ® Vou) o (D2u)*(x)]
= —||Voul[P*trace [(DQU)*] — (p = 2)[|Voul[P~H{(D?*u)*Vou, Vou)

=—-Agu

where we note

(Vou ® Vou) o (D*u)*(z) = ((D*u)*Vou, Vou)
since (D?u)*(x) is symmetric. O

Now, we are ready to prove Theorem 4.1.1. Owing to Corollary 3.0.8, we may restate Theorem 4.1.1 in

terms of viscosity solutions. That is, we seek to prove the following:

Theorem 4.1.4 ([BFF1], Theorem 4.2). Assume 1 < p < oo. Let Q C H,, and suppose u € Cslub(Q) isa
viscosity solution to

—Apu = —div(||Vou|P2Vou) = 0
inQ\ {z € Q:u(x) =0}. Then u is a viscosity solution in Q.

Proof. Let Z := {x € Q : u(x) = 0} and suppose u € C}

b (£2) is a viscosity solution to

—Apu = —div(||Voul[P"2Vou) = 0
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in Q\ Z, but u is not a viscosity solution in all of €. That is, we assume that there is some point z € Z such
that u is not both a viscosity supersolution and viscosity subsolution to the p-Laplace equation. Without
loss of generality, we may assume u is not a viscosity subsolution to the p-Laplace equation. That is, there

is some z € Z and o € C2, Q) such that p € T.A(u, z) and

sub
—Agp(z) >0, “4.4)

or equivalently

—A(z,Vop(z)) o (D*p)*(z) >0

by item (c) of Lemma 4.1.3. Recall we may assume that Vo (z) # 0.

By our assumptions and the construction of A, for any £ > 0 chosen sufficiently small, there exists a

constant C' > 0 such that for all z in the Heisenberg gauge ball Bys(z, €), we have
IVop(@)|| > C., [[Vou(z)]| > C, and — A(z, Vop()) o (D?*p)*(z) > C. 4.5)

Next, define the operator L, acting on a C?

b function v, by

Lv(z) := —A(x, Vou(z)) o (D*v)*(z). (4.6)
Since A is continuous in its entries by construction, then
|A(z, Vop(z)) — A(z, Vou(z))|| -0 as z — 2.
Then it follows that

|A(z, Vop(z)) o (D?p)*(z) — A(z, Vou(z)) o (D?@)*(z)| = 0 as x — 2. 4.7)
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By Equation (4.21), we have

C < —A(x, Vop(z)) o (D*p)*(x)
_ [_ Az, Vop(x)) o (DXp)*(x) + Az, Vou(z)) o (D2p)* ()
— A(z, Vou(z)) o (D*¢)*(x)

— 1] + 7.
By Equation (4.22), we see that
[Tl} = [ — A(z, Vop(x)) o (D*0)*(z) + A(z, Vou(z)) o (D*)*(z)| — 0
as x — z. It follows that
[Tl} +Tp — —A(z, Vou(z)) o (D?*¢)*(2)
as ¢ — z. Therefore we can write

Lo(z) = —A(z, Vou(z)) o (D*p)*(z) > (4.8)

p|Q

for x € By(z,¢), replacing € > 0 by a smaller value if necessary.
Claim 4.1.5 ([BFF1], Claim 4.3). Define 6 := ¢ — u. Then:

(A) 0(z) = 0.

(B) 0(x) > 0in Byx(z,e).

(C) LO(x) > % > 0in By (z,¢) \ Z in the viscosity sense.

Proof. First observe that items (A) and (B) are trivially true by the definition of 8 since ¢ touches u from
above. It remains to show item (C).
We consider ¢ € C2 (Q) touching 0 from below at = € By(z,¢) \ Z. Then for y near x, we have by

definition

0 <0(y) —¥(y) = v(y) —uly) — ¥(y).
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This leads to

u(y) < ¢(y) — ¥(y).

Since 0(z) = ¢ (x) implies u(z) =

o(x) —Y(x), we have ¢ — ) € T A(u, z). Combining this fact with
the identity —Ayu(z) = Lu(z) from Property (b) of Lemma 4.1.3, we have

L{p —4)(x) <0
It follows from Equation (4.8) that

C < Lo(w) < Lix).

Now since Vop(z) # 0, there exists 1 < k < 2n such that Xp(z) # 0. Then appealing to the

Heisenberg Implicit Function Theorem [FSS, Proposition 3.12], there exists a continuous function f such
that, locally at z, we may write the set

{z € By(z,¢) : p(x) = 0}

as the graph of f. The continuity of f implies that for sufficiently small § > 0 we may find an & € Bxs(z,¢)

such that we have § = d/(,2) := N (27! - 2) and

Bnr(Z,0) C {x € By(z,¢) : p(z) < 0}.

Set

2n n 2
- 1 . N
(lg_l x — Zp) > + 16 <x2n+1 — Topt1 + 3 E (TptiTi — $¢$n+i)>
2

=1

=1 i=1
2n

o 2n 1 n 9
3 < l (2 — 53l)2> — 80 ($2n+1 — Topg1 + 5 Z(xnﬂf% - ffzfnﬂ))

2
(z; — :El)2> — 80®(x, %),
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where we assume that 0 > 0 and we delay our choice of particular o for the moment. Then we have

w € C?ub(BN(i*, 9)) and so by definition of w and the vector fields, with 1 < ¢ < n < j < 2n, we compute:

S

2n
Xyw(z) = =20(x; — &) Y (11— £1)?) + 80&isn® + 8024 n®
=1

and
2n

Xjw(x) = =20 (z; — &) Y (11— £1)*) — 80&:® — 8ow; P,
=1

Claim 4.1.6 ([BFF1], Claim 4.4). For appropriate choice of o > 0, Lw < % in By (Z,9).

Proof. For convenience, we define a function ' : By(Z,5) — R implicitly by the equation w(z) =
o F'(z). From the construction of A(z, £) and the definition of F', it is clear that the entries of A(x, Vou(x)),

(D?F)*(x) are continuous. From this, we observe that
LF(x) = trace | A(x, Vou(x)) - (DZF)* (x)}

(where - is the matrix product) is continuous; and by the compactness of Bxs(Z, d) it follows that there exists

C(0) > 0 such that
Lo(z) < ‘trace [A(x, Vou()) - (D%w)* (w)] ) — o |LF(z)| < 0C(5)

on By (Z,0). Since 6 > 01is fixed and C'(6) depends only on ¢, C'(9) is fixed. Choosing o sufficiently small,

we therefore achieve the desired inequality. O

By definition of w, we have w = 0 on 9Br(Z, ). Thus by Claim 4.1.5, we have
w<§6 4.9)
on OBy (Z, 9).

Claim 4.1.7 ([BFF1], Claim 4.5). We have w < 0 in By (Z, ).
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Proof. Suppose there is some point § € Bar(Z, d) such that

0(y) —w(y) = min [0(y) —w(y)] <0. (4.10)
YyEBN(Z,0)

From Inequality (4.9), we must have § € By (%,0) because § ¢ OBar(Z,d). Equation (4.10) therefore
implies that we have

w+[0(y) —w()] € TB(O,9).

Claim 4.1.5 then asserts Lw(g) > % However, this contradicts Claim 4.1.6. We then conclude that w < 6

in Bpr(Z,0). O

Claim 4.1.7 and the fact that w is 0 on the boundary of the ball motivate the following claim:

Claim 4.1.8 ([BFF1], Claim 4.6). Suppose for some x € OB (Z,0) we have 8(x) = 0 = w(x). Then

denoting the outward Heisenberg normal to OB (Z,0) at x by v, we have

00 ow
) < %), @1

Proof. To ensure that we remain in the domain of definition, we will consider only negative multiples of v.

Therefore we let h < 0 and observe that

O(x + hv) < w(x + hv)
h - h '
This implies at once that
lim O(x + hv) — 0(x) < lim w(z + hv) — w(a:),
ht0 h h10 h
from which Inequality (4.23) follows. ]

Recalling the definition of w, it follows that

Vow(z) == <Oél, A, ...y Xy ...,Oégn>
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where
—20 ((zk — &) X ((Zl - 51)2) —40(2, %) (Tpyn + Zk-i—n))» 1<k<n

af =
Y ((zk a2 ((zl - 5;1)2) +4D(2, 7) (Fpn + zkn)>, n+1<k<2n.
Next, the exterior normal at z to Bys(Z,0) is given by [AF] and [DGN] as
V= <B17 ﬂ?? ceey 5]67 ceey ﬁ?n)

where we have:

2<(Zk — @) 7 (21— 1)) — 49 (2, &) (Egpn + Zk+n)>v 1<k<n

B =
2 ((zk — ) 7 (21— 9)?) + 49 (2, &) (F—n + zkn)), n+1<k<2n.

Then on
v V()W(Z) = Z B
k=1
n 2n
— —40[2 ((Zi — &)Y ((Zl - 51)2) —4®(2, %) (ZTiyn + Zz'+n)>2
=1 =1
2n 2n 2
+ ) <(Zj — %)) ((Zz - 5?1)2) + 4% (2, 1)(Zjn + Zj—n)> }
j=n+1 =1
n 2n 2
= —4o Z <(zi —Z;) Z ((zl - 56;)2) — 4P (2, ) (Tijsn + Zi—i—n))
i=1 =1
2n 2n 2
— 4o Z <(ZJ — :ﬁj) Z ((Zl — .fl)2> — 4(13(2, f)(-ij_n + Zj—n))
j=n+1 =1

<0

since 0 > 0. Invoking Claim 4.1.8 for x = 2, we have shown that:

do dw
C) < ) = v Vow(z) <0,

which is a contradiction since V(f(z) = 0, implying v - V#(z) = 0. Therefore, u is a viscosity solution of
—Apu = 0in all of Q. O
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By [B2, Corollary 4.8] and Theorem 4.1.4 we conclude that Theorem 4.1.1 holds.

We conclude this section with a brief discussion about our assumption that u € C, (). In [JL2] the
authors demonstrate that weakened regularity such as u € Lip(€2) is insufficient to guarantee the Euclidean
cases of the above-proven results; the counterexample that follows is an adaptation of that work to the setting

H,,. In particular, we will produce a Heisenberg Lipschitz function u such that:

(i) w is a viscosity solution to the p(z)-Laplace equation for 2 < p < oo in B\ Z where B is a Carnot-

Carathéodory ball centered at 0 and Z is defined as above.
(i) 0 € Z.

(ii1) w is not a viscosity solution of the p-Laplace equation at 0.

Fix & = <§é, Y L 0> € hy \ {0}. For R > 0, define the function u : B(0, R) — R by (abusing

notation since the exponential map is the identity)

u(x) == 2’<§o,x>‘ =2

2n

k
E ‘foiﬂk
k=1

Then w(0) = 0 and u € CL, (B(0, R) \ 2).

sub

Claim 4.1.9 ([BFF1], Claim 5.1). The function u is Heisenberg Lipschitz on B(0, R).

Proof. Let x,y € B(0, R). Employing the Cauchy-Schwarz inequality,

2n
> & (xn — i)

k=1

u() —u(y)] <2

Jun

2n 2\ 2
< k) -
<2 max ‘fo [Z(ﬂck yk)]

k=1
4.12)

2n %
< 2v/2n max ‘ﬁé‘" (Z(ﬂfk —?Jk)2>

1<k<2n
k=1

2n %
=: C(&o,n) <Z(l‘k - yk)2> :

k=1
Comparing the terminal line of (4.12) to the Euclidean distance dgy(+, -) and invoking [NSW, Proposition
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1.1], there exists a constant C; = C(B(0, R)) > 0 so that

|u(a:) - u(y)| < 0(507n)d}51101(xa y) <Ci- C(&o,n)dcc(Sﬂ, y)

Since B(0, R), &y, and n are fixed, we conclude that u is Heisenberg Lipschitz.

Fixing o € B(0,R) \ Z, for 1 <1i <n < j < 2n we compute

Xiu(xo) = +&

Xju(wo) = £&
X; Xju(zo) = %53"“ =0
X; Xiu(zo) = ;%53““ =0

Xiju(ﬂj‘o) =0.

It follows that (D?u)* = 0 off Z, and so —A,u = 0in B(0, R) \ Z in the classical sense.

Again abusing notation, we consider the function

8(z) = (60, 2) + (60 B 0),2) = (€0,2) + 5 ({60, 2)°

Then ¢ € C2, (B(0, R)) and ¢(0) = 0 = u(0).

sub

Claim 4.1.10 ([BFF1], Claim 5.2). ¢ € T B(u,0).

Proof. Since u is Heisenberg Lipschitz, there exists 0 > 0 so that g € B(0, ) implies
u(zo) = |u(zo) — u(0)] <2,
that is, | (€0, zo)| < 1. In particular, we have ((&o, z0))* < |(€0, Zo)| < 1 Then we have shown
1
H(0) < 6o, )] + 5 6o, z0)] < (o)

for o near to 0. Since ¢(0) = u(0), our claim is proven.
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We compute:

Xi(0) =

j9(0) =&
XiXig(0) = (&)
X;X;0(0) = (§)°
XiX;0(0) = €5
X;Xi6(0) = €5&)-

From the above,

Vo(0) = & = (&, -, &) € R\ {0}

and

((D2¢)*(x))a7b = ¢3¢b forall 1 < a,b < 2n.

Then for 2 < p < 0o, we have

~Ap6(0) = —[[Vod(0)[|°~*trace[(D*¢)* (0)] — (o — 2)[|Vog(0) [P~H((D?¢)*(0) Vogs(0), Vo(0))

= —li&oll* 22(50) — (o = 26l 0, &).
where we define on o
n:= <£(%Z(£(I)c)277 0 2(50) >€R2n'
k=1 k=1
Simplification yields
2n 9 2
~80(0) =~ ]I* 22(50) ~ (= 2)ll&]I"™* [Z (s&)] = ~(p ~ Dligll° <.
k=1

Because ¢ € TB(u,0), the definition of viscosity solutions implies that « is not a supersolution to the

p-Laplace equation.
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4.2 The Case of the p(z)-Laplace Equation >

In [JLP, Section 7], the authors extended the Radé-type removability result of [JL1] to p(x)-harmonic
functions in R™ as an application of the equivalence of potential theoretic weak solutions and viscosity
solutions to the p(x)-Laplace equation. Specifically, they obtain the removability of level sets for viscosity

solutions to the p(x)-Laplace equation, which is given by
—Ayzyu(z) == —div (]Vu(x)\p(x)_2Vu(:c)> =0 (4.14)

inQ CR"for 1 < p(z) < oo, where u € C1(Q2) and p € C1(9).

The purpose of this section is to extend the constant exponent results in Section 4.1 pertaining to the
removability of level sets for viscosity solutions to the p-Laplace equation in the Heisenberg group to the
variable exponent case. Consequently, this also extends the application in Euclidean space [JLP, Section 7]

to the Heisenberg group. Recall the p(x)-Laplace equation in the Heisenberg group is defined by:
A mu(e) = —~div ([ Vou(@) [*@2Vou(z) ) = 0 (4.15)

in Q C H, for 1 < p(z) < oo where p € CL, (). Also recall the nondivergent form of the p(z)-Laplace

equation (for easier reference in this section) is given by:

—<HVoqu(x)_2trace((D2u)*) + (p(x) — 2)||VoulP®~H(D*u)*Vou, Vou) (4.16)

L oulpe-2 1og<||vouu><vop<x>,vou>) —0

in a bounded domain  C H,,, where u € CL, (Q) and p € Cyp' (Q2). (Note that we need p € CL, () in

S

order to apply the viscosity theory.) The main result of this section is the following theorem:

Theorem 4.2.1 ([BFF2], Main Theorem). Let 2 C H,, be a bounded domain and assume 1 < p(z) < 0o
withp € CL, (). Suppose u € CL, (Q) is a viscosity solution to Equation (4.16) in
Q\{z € Q:u(x) = 0}. Then w is a viscosity solution to Equation (4.16) in €.

The outline of the proof of Theorem 4.2.1 follows the proof of the fixed exponent case in Section 4.1, but

requires modifications owing ultimately to the variable exponent, and in turn, the logarithmic term which

2A Note to Reader: This section has been reproduced from [BFF2]. This work has been submitted for review.
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does not appear when the exponent is constant. A necessary instrument we will use to prove Theorem 4.2.1

is the following theorem:

Theorem 4.2.2 ([BFF2], Theorem 1.1). Assume 1 < p(x) < oo withp € Cslub(Q). Let Q C H, be a
domain, and suppose that u € C’slub(Q) is a viscosity solution to the p(x)-Laplace equation in

Q\{z € Q: Vou(x) = 0}. Then u is a viscosity solution to the p(x)-Laplace equation in ).

Proof. Let u be a viscosity solution to Equation (4.16) in Q \ {z € Q : Vou(z) = 0}. If ¢ is a touching

function, touching (from above or below) at the point z € €2, then by regularity of u and ¢, we must have
Vo(p(z) = Vou(z).

By the definition of viscosity solutions, if Vop(z) = 0 = Vou(z), then we have nothing to prove. If
Vou(z) # 0, then by the definition of feeble viscosity solutions we have that w is viscosity solution in

Q. O

Before we prove Theorem 4.2.1, we mention some notation we will use throughout this section. For any

vector £ # 0, we let £ ® & be the matrix with entries &;£;. Then we define 4 : R?® x R?" — §27:

Alr,) = |gpE2 (I+<p<z>—2>|§|®é|> “.17)

= [EP@2 + (p(z) — 2)|EPP e €,

and note that A;; has continuous entries. We also define B : R2" x R?" — R:

B(z,€) = [¢F®21og|¢[(€, Vop(2)), (4.18)

and note that B is continuous in both = and £. We have a lemma involving some key properties of A and B.

Lemma 4.2.3 ([BFF2], Lemma 5.1). Let 2 C H,, and assume 1 < p(z) < oo withp € CL, (). Define

sub

the mapping A as in Equation (4.17). Then:
(a) A is symmetric.

(b) We can write

—Agyu(r) = —A(z, Vou(z)) o (D*u)*(z) — B (x, Vou(z)), (4.19)
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where M o N is the trace of the matrix resulting from the matrix product M N.

Proof. Notice that item (a) is trivially true by the construction of A. Observe that

VOU Vou
®
Voul — [[Voul

—A(z,Vou) o (D*u)*(x)) = —|Vou[P*)? <I + (p(z) — 2) ) o (D*u)* ()
= —|[Vou|P")Ptrace((D*u)* (z))

— (p(x) = 2)[IVoulP (|| Voul| ® |Voul|) o (D*u)*(x)
= || Voul[P®~2trace((D*u)*)

— (p(2) = 2)[|Voul P (D) Vou, Vou)

where we write
(IVoull @ [ Voul)) o (D*u)*(x) = ((D*u)*Vou, Vou)
since (D?u)*(x) is symmetric. Then we have
—A(z, Vou) o (D*u)*(z)) — B (z, Vou(zx))
=~ [[Voul[P®Ptrace((D*u)*) = (p(x) — 2)||Voul P ~*((D?*u)*Vou, Vou)

— |V0u|p(9”)_2 log |Voul(Vou, Vop(z))

= —Ap(w)u(x)
Item (b) follows. O

We now prove our main result. The proof below is the variable exponent version of the fixed exponent

case in Section 4.1 and incorporates many necessary modifications.

Proof of Theorem 4.2.1. Let Z := {z € Q : u(x) = 0} and suppose u € C1, (€2) is a viscosity solution to
—Apyu = —div (HVoqu(g”)’QVou) =0

in 2\ Z, but u is not a viscosity solution in (2. That is, we assume that there is some point z € Z such that
w is not both a viscosity supersolution and viscosity subsolution to the p(z)-Laplace equation. Without loss

of generality, we may assume w is not a viscosity subsolution to the p(x)-Laplace equation. That is, there is
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some z € Z and ¢ € sub?(Q) such that ¢ € T A(u, z) and
(4.20)

*Ap(m)so(z) > Oa

or equivalently
—A(2,Vop(z)) o (D%p)*(z) — B(z,Vop(z)) >0

by item (b) of Lemma 4.2.3. We may assume without loss of generality that Vop(z) # 0

By our assumptions and the construction of A and B, for any € > 0 chosen sufficiently small, there exists

a constant C' > 0 such that for all z in the Heisenberg gauge ball Bxs(z, €), we have
4.21)

IVop(z)|| > C, [[Vou(z)| > C, and — A(z, Vop(x)) o (D*¢)*(x) — B (2, Vop(x)) > C
We denote
A(z) := A(z, Vou(x))

and
(z) :== B (z, Vou(x)) .

ool

Observe
|[A (2, Vop(@)) + B (, Vop(@))] - [A(x) + B(x)] |
| |A (@, Vop(a)) - A@)| + B (@, Voe(@) - B |

17+ Sl < 171+ [IS]I

Since A is continuous in its entries by construction, then

7] — 0 as z — =.

Moreover, since B is continuous in both x and Vou(x) by construction, then

ISI =0 as = — z.
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It follows that
7|+ ||S]| — 0 as = — z.
By Equation (4.21), we have

C < —A(z,Vop(r) o (D*p)*(x) —

By Equation (4.22), we see that
[T + S} —0

as r — z. It follows that

[T+8] -8 — —A(2) o (D*0)*(2) — B(2)
as x — z. Therefore we can write
A 2 \* ~ C
—A(z) o (D%p)"(z) = B(z) > o
for x € By(z,¢), replacing € > 0 by a smaller value if necessary.

Claim 4.2.4 ([BFF2], Claim 5.2). Define 0 := ¢ — u. Then:

(A) 6(z) = 0.
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(B) 6(x) > 0in Bpr(z,¢).
(C) —A(z) o (D20)*(z) > € > 0in Bu(z,€) \ Z in the viscosity sense.

Proof of Claim 4.2.4. First observe that items (A) and (B) are trivially true by the definition of # since
touches u from above. It remains to show item (C).

We consider ¢» € sub?(Q) touching 6 from below at x € Bxs(z,¢) \ Z. Then for y near x, we have by

definition

0 <0(y) —¥(y) = oy) —uly) — ¥(y).

This leads to
u(y) < ¢(y) —¥(y).

Since 0(x) = ¢ (x) implies u(z) = p(z) — ¥ (zx), we have ¢ — ¢ € T A(u,z). Owing to the fact that
u € sub! (Q) we have Vou(x) = V(¢ — 1)(z), and from Property (b) of Lemma 4.2.3:

—A(z) o ((D*[p — 9])*()) — B(z) < 0.

Since (D%[p — ¢])*(x) = (D%*p)*(x) — (D*))*(x), the trace operation on matrices is linear, and the

operation of multiplication of matrices is distributive, then we can write

—Az) o (D*[p = ¥])*(x) = —A(2) o (D*@)*(x)) + Alz) o (D*9)*(x)) -

It follows that

and we have the claim. OJ

Now, since Vop(z) # 0, there exists 1 < k < 2n such that X;p(z) # 0. Then appealing to the
Heisenberg Implicit Function Theorem [FSS, Proposition 3.12], there exists a continuous function f such

that, locally at z, we may write the set

{z € By (z,¢) : p(x) =0}

as the graph of f. The continuity of f implies that for sufficiently small § > 0 we may find an Z € Bxs(z, ¢)
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such that we have § = d/(,2) := N (27! - 2) and

Bnr(Z,0) C {x € By(z,¢) : p(z) < 0}.

Set
(54 - djl\/('f’ ‘%))

2n 2 n 2
o B 5 1 N -
=3 5t — ( § (21 — 961)2) +16 <x2n+1 — Tamr1t g E (TngiTi — in$n+i)>

| Q

=1 i=1
o o 2n 2 1 — 2
— 5(54 -3 ( ;(371 — jl)2> — 8o <x2n+1 — Top41 + B Zl(aﬁn_;_z.iz — :Uzi‘nﬂ))
= 1=
o o 2n 2
= 254 — 2(2@ - :zl)2> — 80P (z, I),
=1

where we assume that 0 > 0 and we delay our choice of particular o for the moment. Then we have

w€E subz(BN(i:, 9)) and so by definition of w and the vector fields, with 1 < i < n < j < 2n, we compute:

2n
20 (wi — &) Y ((w — &)%) + 80Fi1n® (2, E) + 8031 n (2, T)
=1
2n
Xjw(z) = —20(z; — &) Y (2 — #1)?) — 80%;® (2, F) — 8ow;_nP(x, E).
=1

Xiw(x) =

In order to obtain necessary results, we state a property of w which parallels part (C) of Claim 4.2.4:

Claim 4.2.5 ([BFF1], Claim 4.4). For appropriate choice of o > 0,
~ C
Afw) o (Dw)"(2) < 7

in By (Z,9).

We now present two claims we need to finish the proof. Each of these claims is proved in Section 4.1

where the variable exponent is constant. The proofs here are identical and omitted.

Claim 4.2.6 ((BFF1], Claim 4.5). w < 0 in By/(%, 6).
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Claim 4.2.7 ([BFF2], Claim 4.6). Suppose for some x € OB (Z,0) we have 8(x) = 0 = w(x). Then

denoting the outward Heisenberg normal to OB (Z,0) at x by v, we have

0o Ow
<

a(x) < a(aj) (4.23)

Recalling the definition of w, it follows that
Vow(z) = (a1, @2, .y Oy ..y 2y
where

wy ((zi —F) ((zl . 5:,)2) —AD(2, F) (Fipn + zm)), 1<k<n
ap =

—2g<(zj — )T ((zl - :m?) 4D (2, 7) (T + zj_n)), n+1<k<2n.
Next, referencing [AF] in order to compute the exterior normal at z to the Heisenberg gauge ball, denoted

V= (B1, B2, eees Bies s Bon)s

we have:

2 ((zi — &) 0 (21— #1)?) — 49 (2, 2) (Zin + zm)), 1<k<n

Br =
2<(Zj — fj) 212:1 ((Zl - 53[)2) + 4@(2, f)(fj_n + Zj_n)>, n—+1 < k < 2n.
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Then )
v-Vow(z) = Y axby
k=1

n 2n 2
= —do [Z <(zi — )Y (21— #)?) — 49(2, ) (Fign + zm))

=1

2n 2n 2
+ Y ((Zj —35) Y (21— #1)%) + 49 (2, ) (Fjn + Zj—n)> ]
j=n+1 =1

2n

n 2
— 40y <(Zi —a8)y ((zl - 5;1)2) — 4D(2, ) (Fin + zm))
i=1

=
2n ' n )
e <(Zj — &)Y (21— &1)?) — 49(2, ) (& + Zj_n>>

<0

since 0 > 0. Invoking Claim 4.2.7 for x = 2, we have shown that:

do d
a(z) < d—c:(z) =v-Vow(z) <0,
which is a contradiction since Vf(z) = 0, implying v - V(6(z) = 0. Therefore, w is a viscosity solution of

—Agzu = 0inall of Q. O

Remark 4.2.8. We remark about our assumption: v € C1, (€2). At the end of Section 4.1, we showed
through a counterexample that in the Heisenberg group, weakened regularity such as v € Lip(€2), where

Q C H,, is insufficient to guarantee even the fixed exponent cases of the results proved above (see [BFF1,

Section 5]).

4.3 Equivalence in the Heisenberg Group Revisited >

In Chapter 3, we showed that potential theoretic weak solutions and viscosity solutions to the p(x)-
Laplace equation in Carnot groups coincide under reasonable assumptions. We conclude this chapter by
revisiting this equivalence in the Heisenberg group. In particular, we mention the following modification
specific to the Heisenberg group H,,, with an argument also in H,,, validating the modification. Additionally,

we have a Radé-type result as an immediate application of the equivalence.

3 A Note to Reader: This section has been reproduced from [BFF2]. This work has been submitted for review.
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Theorem 4.3.1 ([BFF2], Theorem 6.1). Let Q@ C H,, be a bounded domain and assume 1 < p(x) < oo
withp € CL, (Q). Also assume u € CL (Q) and that Xo,,11u is bounded in the viscosity sense in ). Then

w is p(x)-harmonic if and only if it is a viscosity solution to the p(x)-Laplace equation.

Proof. Since the Heisenberg group H, is the simplest nontrivial Carnot group, we can apply our proof of
Corollary 3.0.8 from Chapter 3 ([BF2, Corollary 4.17]), provided we can show our situation yields an upper

bound for the full gradient. Since u € CL, (Q) there exists C1(€2) > 0 such that

sub
IVoull < C1(Q)

in €). Because Xs,+1u is bounded in the viscosity sense, there also exists C (ﬁ) > 0 such that forall y € Q

and all ¢ € T A(u,y) we will have
[ X2n19 (W)l < Ca(9).

Defining C'(2) := max {C1 (), C2(Q2) } we have that forally € Q and all ¢ € T A(u, y)
IVl < IVoell + [ Xansroll < 2C(Q). (4.24)

Since C(2) depends only upon €2, then C'(9) is fixed and we have an upper bound for the full gradient in

the viscosity sense. We now can apply the proof in [BF2, Corollary 4.17] to achieve the equivalence. O

Under reasonable restrictions and applying Theorem 4.3.1 and Theorem 4.2.1, we have the following

Radoé-type result as an application:

Corollary 4.3.2 ([BFF2], Theorem 6.2). Let Q) C H,, be a bounded domain and assume 1 < p(r) < oo

(). Also assume u € C}

sub

withp € C}

b (Q) and that Xop, 41w is bounded in the viscosity sense in Q. If u

is p(z)-harmonic in Q\ {z € Q : u(z) = 0}, then u is p(z)-harmonic in <.

Proof. Applying Theorem 4.3.1 and Theorem 4.2.1, we know that u is a viscosity solution to Equation
(4.16) in §2. Since u € C’Slub(Q) and Xs,,+1u is bounded in the viscosity sense, we may apply Theorem 4.3.1

to conclude that u is p(z)-harmonic in (2. O
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