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Abstract

Reliability demonstration test (RDT) is one of important reliability assurance activities
to demonstrate products” quality over time. Binomial RDT (BRDT) is one class of RDTs
with appealing features, such as less failure monitoring efforts and fewer reliability mod-
eling assumptions. Integrating with Bayesian method further allows prior knowledge in-
corporation for potential test sample size reduction. However, conventional designs often
assume the binary failure states (i.e., success and failure) and consider a single objective
of minimizing the testing cost with limited planning horizon. In this dissertation, a series
of RDT designs are proposed and studied by advancing the conventional Bayesian BRDT
designs from three aspects. First, the multi-state RDT designs are proposed to demon-
strate product reliability either at multiple time periods or with multiple failure modes.
They relax the simplified assumption of single time period or failure mode in conven-
tional designs. Second, a BRDT design with extended planning horizon is proposed to
consider both the testing acceptance uncertainty, and the anticipated cost impacts on sub-
sequent reliability assurance activities, such as reliability growth and warranty services.
Third, a multi-objective RDT design is formulated to simultaneously consider various
RDT performance evaluation criteria, such as consumer’s risk, producer’s risk, accep-
tance probability and different cost components. The trade-offs among different conflict-
ing objectives are leveraged by a Pareto Front approach. Case studies are provided to
illustrate the proposed methodological frameworks and further demonstrate their supe-
rior performance and/or validity with comprehensive evaluation and analysis. The pro-
posed work allows practitioners to develop more advanced Bayesian BRDTs to meet the

increasingly complex reliability requirements from consumers and/or manufacturers.
y y
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Chapter 1

Introduction

1.1 Background

1.1.1 Reliability Definition and Significance

Reliability is defined as the probability that a component part, equipment, or system
will satisfactorily perform its intended function under specified operating conditions, for
a specified period of time (Meeker and Escobar, 2014). Three important elements in the
reliability definition are intended function, specified operating conditions and specified
period of time (Yang, 2007). Intended function is directly related with failure when the
product cannot perform its intended functionality. For example, the failure of a light
bulb occurs when the bulb is blown out and cannot perform its functionality of lighting.
The specified operating conditions include the environmental conditions (e.g., electrical
stress, thermal pressure, etc.), specified performance limits (e.g., operating time, operat-
ing frequency) and thoroughness of maintenance. The specified period of time can be
linked with the designed product lifetime and the warranty service period, etc.

Reliability is of great importance because the consequences of product failure due to
the lack of reliability can be catastrophic (Kapur et al., 2014). First, there can be critical
safety concerns regarding the product reliability in industries such as aircraft, automo-
bile, medical device, etc. For example, due to the failure of electronic control systems, the
crash of Boeing 737-MAXS airplane in 2018 led to the death of hundreds of passengers.
Second, financial losses are often associated with a product failure from field operations

such as maintenance, recall, warranty service, as well as the losses in market share, stock



prices and customer goodwill. For example, between 2009 and 2011, the world largest
automobile manufacturer Toyota, had a series of recalls for over 14 million vehicles re-
garding their reliability issues in steering and acceleration. The company was fined by
government agency for $50 million and lost around 10% growth in the U.S. market. Third,
there is also legal liability associated with product reliability and failure. With customers
suffering from the damages of product failures or the missing of reliability concern dis-
closures, the company may be sued for these charges. An example in 1999 is about the
Japanese company Toshiba selling laptops with defective disk drives. Without the disclo-
sure of risk that the disk drive controller chip might corrupt data at random, the company
had to make a settlement of $2.1 billion deal under legislation. In addition to the major
consequences involved for product failure and reliability, there are also many intangible
issues such as company reputation, customer experience, public trust, etc. It is crucial for
the public and all private parties to ensure the product reliability and prevent/mitigate

the negative consequences caused by failures.

1.1.2 A Product Life Cycle View of Reliability Engineering Activities

Reliability engineering is a discipline to ensure the reliability of product when it is
in specified operating conditions (O’Connor and Kleyner, 2012). It aims to apply engi-
neering knowledge and analytical models to minimize the likelihood of product failures,
identify causes of failure, estimate the reliability of products and designs, and take struc-
tured actions to prevent failures. The product life cycle for reliability engineering starts
from product specification and planning to disposal/end of service. There will be three
major stages including product design & development, production and field operation,
which involves various reliability engineering activities. More specifically, in the design
& development stage, there will be conceptual design for reliability, detailed design for

reliability, reliability development and testing. As illustrated in Figure 1.1, there will be



different reliability engineering activities involved in different stages of the product life

cycle (Kapur et al., 2014).

Product Specification Disposal & End of
& Planning Service

...................................... S t

Design & Development

identification o Fault tree analysis testing o Process monitoring e Continuous maintenance
o Risk and cost analysis e Physics of failure (PoF) e Accelerated testing + o Quality assurance e Spare parts provisioning
U

: Conceptual Detailed Development : . Field

: h - . - - =P ;| Production | =sp .

: Design Design & Testing : Operation

i o Reliability requirement e Failure modes and effects e Reliability growth testingi e Burn-in testing o Warranty services

i and target determination analysis (FMEA) o Experimental design i e Environment stress e Prognostics and health
i e Potential failure modes e Redundancy allocation e Reliability demonstration} screening management (PHM)
i

Figure 1.1: Reliability engineering activities throughout the product life cycle

Specifically, after the product specification and planning, the customer needs for prod-
uct reliability should be understood and the business trends on product reliability re-
quirements should be analyzed. Then, the design and development stage will be an es-
sential phase to determine the detailed design for prototypes and testing for reliability as-
surance. The whole Design for reliability (DfR) (Crowe and Feinberg, 2001) process is to
support product design and development from early conceptual design stage and ensure
the satisfaction of customer expectation on product reliability throughout the product life
cycle. In conceptual design, the reliability requirement and target will be determined and
potential failure modes of product will be identified. In detailed design, different relia-
bility engineering techniques are available to identify failure modes, investigate failure
causes and mechanisms, and evaluate the anticipated effects of failure causes on prod-
uct performance over time. For instance, failure modes and effects analysis (FMEA) is a
method to review the components and substructures in the system as many as possible,
identifying possible failure modes and justifying their causes and effects. Redundancy
allocation can effectively reduce the impact of potential failures and improve the perfor-

mance of products. Fault tree analysis is another method to analyze system safety and
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reliability with identification of all possible combinations of component failures which
will lead to a fault event, namely an abnormal and unexpected system state. After differ-
ent failure causes are qualitatively and/or quantitatively identified, the physics of failure
(PoF) method utilizes physical models and simulation to leverage the knowledge of fail-
ure mechanisms and causes to predict reliability and improve product performance.

Once the design is successfully completed, the prototypes will be built and delivered
for design validation and testing to make sure all acceptance criteria can be satisfied and
the product can be ready for production. In order to determine whether the product can
meet the reliability requirements, a series of tasks need to be conducted through prod-
uct development and reliability testing (Wasserman, 2002). Different reliability tests have
different objectives. For example, when testing the prototypes to assure the product relia-
bility, there may be deficiencies in product design and manufacturing/engineering proce-
dures. Then, the product will be put back to the development stage for reliability growth
test to identify the problems and take corrective actions so that the product reliability can
be improved until it meets the requirement. Reliability demonstration test, which is the
focus of this dissertation, is conducted after the reliability growth test to further demon-
strate the capability of the product to meet the reliability requirement. Once the product
passes the reliability demonstration test and goes to production stage, burn-in test and
environmental stress screening may be conducted to detect and eliminate the early fail-
ures in trial production. Test plans are usually conducted under specific test conditions
(e.g., environmental conditions such as stress and temperature, operating conditions such
as testing time, frequency of operation, etc.) and the accelerated tests may be employed
for all the reliability testing activities to shorten the overall testing period and increase
efficiency. More details will be provided to review the tasks in reliability testing in the
following section, which defines the scope of this dissertation.

Once the product reliability is demonstrated and the production process is validated

after trail production, mass production can begin and products can finally be released to



the market. Several activities such as maintenance and warranty services need to be taken
to ensure the product performance and monitor the product reliability in the field opera-
tion. For instance, maintenance activities retain or restore the functionality of product in
a cost-effective manner, which includes preventative and predictive maintenance (Smith,
2017; Kapur et al., 2014) to routinely inspect and fix the minor problems in the product
in order to prevent the major failures that may affect the product performance. These
activities can help enhance the product service quality, reduce the critical breakdowns
and minimize the loss due to product failures. Warranty services are usually provided
by the manufacturers regarding the services for customers against product failure or de-
fects such as replacement and repair (Murthy, 2006). A warranty is a term of a contract
between customers and manufacturers or third-party insurers that assures the product
performance under the covered period with additional cost at the time of purchase. Since
a warranty involves additional services for the product, it will result in additional war-
ranty service cost, which can be influenced by the product reliability. There are various
types of warranties sold along with different products (Blischke and Murthy, 1992) and
the analysis of warranty data (Murthy and Blischke, 2006) and its association with prod-
uct reliability can be crucial for better customer experience, cost control and continuous
improvements. At the end of service, the product will be disposed or recycled based on

the user guide.

1.1.3 Tasks in Reliability Testing

This dissertation focuses on the design of a specific type of reliability testing activities.
Before explicitly positioning the scope of the proposed work, it is necessary to briefly
introduce different types of reliability tests and studies in the reliability engineering liter-
ature and practice, namely reliability growth test, reliability demonstration test, burn-in

tests, environmental stress screening and accelerated tests.



In product design and development stage, the reliability growth test (RGT) (Kece-
cioglu, 2002) will be performed to continuously improve reliability in system and com-
ponents. A systematic process (e.g., test, analyze and fix(TAAF)) will be conducted to
disclose deficiencies, identify failure modes and design weaknesses, and verify corrective
actions to prevent recurrence in future operations. A reliability target is usually set for
the reliability growth program and should be achieved during the testing procedure with
proper planning and allocations of resources. The management strategy is used to deter-
mine whether to take corrective actions on specific failure modes or mechanisms. Three
different approaches are used to implement the corrective actions including Test-Fix-Test
(failure modes identified with fixes implemented after test phase.), Test-Find-Test (failure
modes identified with fixes implemented during test phase.), and Test-Fix-Find-Test (fail-
ure modes identified with some fixes implemented during test phase and the others after
test phase.) Many work has been accomplished in the existing literature to identify the
reliability growth patterns and develop different modeling approaches, which may affect
the analysis results as well as the decision making process. Duane (1964) were among the
tirst to systematically describe the reliability growth patterns from empirically derived
linear relationship between cumulative failure rate and test time on log-log scale. Crow
(1982, 1984) developed practical methodologies for estimation of maximum potential reli-
ability growth for specific product lifetime distributions such as Weibull and Exponential
distributions and provided the confidence intervals for the estimation. The reliability
growth with potential estimations would result in effective management strategy. Fries
and Sen (1996) described the comprehensive survey of discrete reliability growth mod-
els (DRGM) which focused on the reliability data with success-failure outcomes. The
characterizations and underlying assumptions of different models were discussed and
compared. Ellner and Hall (2006) explored the functional expression for failure modes

from corrective actions to develop reliability growth plan and growth path.



In order to test whether product reliability reaches the required level after reliabil-
ity growth in product development stage, reliability demonstration test (RDT) (Hamada
et al., 2008; Meeker and Escobar, 2014) will be conducted to demonstrate the capability
of product to meet the reliability requirements of customers. To better design the RDT,
various aspects, including test sample size, test duration, and testing process for different
products, need to be considered. A more detailed review of RDT designs and applications
will be provided in the next section.

Before final products being released to the market, they may contain a sub-population
of products with early failures due to material defects, unverified design changes and/or
manufacturing errors. To eliminate those product units from weak sub-populations, burn-
in tests (Smith, 2017) and Environmental Stress Screening (ESS) (Kececioglu and Sun,
2003) will be performed to precipitate and eliminate the latent defects in products through
the early manufacturing process. These tests can be failure-based to observe early failures
of products or degradation-based to observe initial degradation for highly reliable prod-
ucts that are hard to fail. The stress levels, lifetime distributions and degradation pat-
terns will be taken into consideration. For burn-in tests, Kuo and Kuo (1983) and (Kuo,
1984) provided comprehensive reviews of burn-in as an important screening method to
predict and enhance field reliability for electronic equipment manufacturing and offer
cost-effective opportunities. It pointed out the applicability of burn-in for both entire sys-
tem and individual components and the feasibility to achieve optimal cost decisions. It
also learned the side effects of burn-in where new problems might be created. Leemis
and Beneke (1990) developed the taxonomy for burn-in and systematically discussed the
lifetime distributions, data and logistics used in burn-in tests. Ye et al. (2012) proposed a
degradation-based burn-in approach and jointly considered burn-in and maintenance ac-
tivities to minimize the long-term average cost of Micro-Electro-Mechanical Systems. Tsai
et al. (2010) discussed the optimal burn-in process for products with high reliability and

rare failures by assuming the degradation path of products to follow a Wiener process.



Similarly, studies on ESS have also been extensively conducted. Wong (1990) introduced
the method of using ESS data for reliability demonstration and reliability growth, which
improved the accuracy and efficiency for reliability assurance. Reddy and Dietrich (1994)
developed the models for 2-level ESS with mixed distributions of time-to-failure and de-
termined the optimal screening duration with minimum life-cycle cost. Pohl and Dietrich
(1995) considered the ESS method for multi-component systems and used mixed Weibull
distribution to examine the change of screening strategies without identifying all the fail-
ures precipitated by screening. Yang (2002) extended the methodology of ESS with degra-
dation measurements to screen the products with short duration and minimum life-cycle
cost. The major difference between ESS and burn-in is that ESS is an accelerated process
of stressing product in continuous cycles between environmental extremes (e.g., thermal
cycling, random vibration) and is usually conducted at the assembly, module and system
levels. Burn-in is a lengthy process of stressing a product at a specified constant temper-
ature and usually conducted at component levels.

In all above reliability tests, it is often the case that if testing product units at nor-
mal operating conditions, it will take unexpected long time and significant resources to
observe failures. To improve the efficiency and expedite the testing process, another im-
portant class of reliability tests is accelerated tests. Under the motivation that few prod-
uct failures may happen at normal environmental or experimental conditions or within a
reasonable testing period, it is necessary to find the way to assess the product reliability
quickly and more cost-efficiently. It is also beneficial to detect the faults and possible fail-
ure modes of product within a short period of time. Therefore, the methods of accelerated
tests (Nelson, 2009) have been developed to measure the product lifetime reliability (e.g.,
accelerated life tests (ALT)) or degradation (e.g., accelerated degradation tests (ADT)).
The accelerated tests usually consider high stress testing conditions (e.g., usage rate, tem-
perature, voltage, pressure, etc.) with shorten product lifetime and hasten degradation

of product performance, which also apply to other reliability test designs. Nelson (1980)



provided the statistical models and methods to analyze ALTs with Weibull distribution
and inverse power law and applied to step-stress data. Meeker and LuValle (1995) further
developed the ALT models based on chemical models and reliability kinetics for failures
of printed-circuit-board. Meeker et al. (1998) described the ALTs for high reliability prod-
ucts and connected degradation reliability models with acceleration models to quantify
the failures in chemical reactions. Accelerated tests can be integrated into other relia-
bility testing activities such as RGT, RDT, burn-in and ESS. Krasich (2007) discussed the
idea of applying reliability growth methodology to ALT to calculate the cumulative time
to failure regardless of the sequence of applied stresses. Luo et al. (2015) addressed the
problem of apply RDT when facing competing failure modes and developed the acceler-
ated life reliability demonstration method with reliability target allocation to each failure
mode. Krasich (2004) also developed the accelerated method for reliability demonstration
of product lifetime. Burn-in and ESS are usually associated with acceleration strategies to

improve the test efficiency (Kececioglu and Sun, 2003).

1.1.4 Reliability Demonstration Test

The scope of this dissertation is focusing on the design of RDT to advance existing
work and provide optimal RDT plans for practitioners. RDT is one of the key compo-
nents in product design & development stage to validate that a product has the capability
to meet the requirements from customers for achieving good performance over time. In
order to assure the product reliability, a RDT is conducted with the goal to control the con-
sumer’s risk of receiving inferior products which actually pass the test. RDT has various
applications (Kleyner, 2008) in many industries such as aircraft, medical device, automo-
bile, electronics. It has been critical for many companies and industries to employ RDTs
to secure the competitiveness of their products. Existing literature (Meeker and Escobar,
2014; Kececioglu, 2002; Hamada et al., 2008; Lee et al., 2015) has been working on RDT

designs with different types of reliability data and statistical models, different evaluation



criteria (e.g., consumer’s risk, producer’s risk, etc.) to quantify the probabilistic measures
of failure, and different learning paradigms (e.g, Sequential, Non-sequential) to conduct
the RDT with improved efficiency and cost-effectiveness.

Optimal RDT design needs to be determined before conducting the test in order to
assure the reliability requirements and achieve the cost-effectiveness. The flow chart il-
lustrated in Figure 1.2 shows the considerations in optimal RDT design and details in
design, implementation and decision making. After the product design & development
stage, the product reliability has been developed to a certain level and needs to be tested
to assure that the current reliability meets the requirement. The first step is to determine
the RDT design learning paradigms. For example, whether to conduct the test sequen-
tially or all at once will make a difference. Non-sequential testing needs to decide the test
sample size at the beginning and observe the failures at the end of the test. Sequential test-
ing requires the product units to be tested sequentially so that the reliability information
can be updated through monitoring and inspection until the required reliability require-
ment can be demonstrated. The second step is to determine the evaluation criteria, which
will be used for test implementation and decision making. For example, consumer’s risk
is linked with type-II error and need to be controlled within an acceptance level to re-
duce the probability of receiving inferior products by customers. Other criteria such as
producer’s risk, acceptance probability and test sample size may also be considered. De-
pending on whether prior knowledge can be incorporated, the evaluation criteria can
be obtained under either non-Bayesian (e.g., Frequentist) or Bayesian framework. Com-
pared with non-Bayesian framework, Bayesian framework may have the advantages of
reducing the test sample size and costs when incorporating prior knowledge of product
reliability. Then, different types of data will be collected based on the characteristics of
products, such as failure count data, failure time data and degradation data. For differ-
ent types of data, the statistical models should be selected to analyze the specific data

structure and estimate the product reliability (Guo and Liao, 2011). For example, suc-
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cess run test is usually employed for failure count data with zero failure allowed in the
test. Lifetime distributions are usually assumed from failure time data such as Weibull
and Lognormal distributions. Degradation models usually set the performance thresh-
old to evaluate the product failures. Most of the tests may need to be conducted under
accelerated conditions in order to shorten the testing period and improve test efficiency
and cost-effectiveness. Acceleration models can be integrated with the RDT design mod-
els and incorporate different environmental stresses (e.g., pressure, temperature, voltage,
etc.) and operating conditions (e.g., frequency of operation, usage rate, etc.). Optimal
RDT design will not only decide how many units to be tested, how long the test will
be or how the failures are measured, it will also determine the optimal accelerated con-
ditions for the test. Additional design information may also be added to the statistical
models with covariates. In design implementation step, the test will be conducted based
on the design details such as minimum test sample size, reliability requirement, maxi-
mum allowable failures, test duration, failure/performance threshold, etc. If Bayesian
framework is employed, the prior knowledge can also be incorporated. In the decision
making step, if the lower level reliability requirement can be demonstrated, the test will
be passed. Otherwise, the product should be sent back to the development stage for fur-
ther reliability improvement such as taking corrective actions and performing reliability
growth.

In the following part, a comprehensive review on existing literature of RDT design
will be provided to discuss designs with different data and models, evaluation criteria,
learning paradigms and diverse applications. The characteristics as well as the strength
and weakness of different types of RDT designs will be discussed and compared. Illus-

trations of applying different RDT designs in real-world practice will also be provided.
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Figure 1.3: Summary of RDT designs in existing literature

1.2 Literature Review

This section will provide a comprehensive literature review of existing studies in RDT
designs and summarize them from the following four aspects. First, based on differ-
ent types of tests implemented and reliability data collected, such as failure count data,
failure-time data and degradation data, different RDT designs have been developed with
different statistical models. Second, the evaluation criteria used to evaluate the perfor-
mance of RDT also vary in the existing studies, which include consumer’s risk, producer’s
risk, acceptance probability, etc. They can be constructed under either non-Bayesian
framework with Frequentist approach or Bayesian framework with prior knowledge in-
corporation, both of which can provide various statistical interpretations of product relia-
bility. Third, there are two different learning paradigms in RDT designs, namely sequen-

tial RDT design and non-sequential RDT design. Depending on the physical constraints
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of testing facilities, testing costs and availability of prior knowledge, the proper learning
paradigm for RDT design can be chosen. Finally, there are diverse industrial applications
of RDT design from different areas such as military, automobile, electronics, etc. De-
pending on the complexity of products, the reliability demonstration can be conducted
on component or system level. In additional to hardware reliability demonstration, RDT
designs for software are also reviewed. Figure 1.3 further summarizes the above four

aspects of existing RDT design studies.

1.2.1 RDT Designs Based on Different Reliability Data and Models

Based on different types of reliability data (Guo and Liao, 2011; Crk, 2000; Lee et al.,
2015) used in the test designs, existing RDT designs can be generally categorized into
three types: (1) RDT designs based on failure count data, (2) RDT designs based on
failure-time data, and (3) RDT designs based on degradation data. Due to the proper-
ties of different reliability data structures, the methods employed in each category also
differ in their models and applications.

For failure count data, most methods in RDT designs are based on the binomial equa-
tion (Kececioglu, 2002), which assumes that the product failure probability follows a bi-
nomial distribution. The desired product reliability is usually pre-specified as the lower
level reliability requirement in the RDT design. A set of product units will be tested for
a given testing period. If the observed number of failures doesn’t exceed the maximum
allowable failures, the test can be passed and the reliability requirement can be demon-
strated. For example, the manufacture may want to test a sample of product units to
demonstrate the lower level reliability of 97%. With the maximum allowable failures
given by 5, the test can be passed if no more than 5 failures are observed at the end of the
testing period. Due to the limits in budget and resources, most RDT designs aim to find
the optimal test plan with a minimum test sample size and its corresponding maximum

allowable failures, which can minimize the testing cost with the control of evaluation cri-
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teria (e.g., consumer’s risk) at certain acceptance level. For example, if the manufacture
wants to demonstrate the lower level reliability 97% with consumer’s risk controlled at
0.05, the minimum test sample size can be determined (e.g., 50) when maximum allow-
able failures is given (e.g., 5). Since no failure time distribution is assumed and the test
will be passed only depending on the success/failure of test units, it is usually referred to
as binomial test (Kleyner, 2008) or attribute test (Lee et al., 2015). Gerokostopoulos et al.
(2015) provided the practical experience in determining the optimal test sample size by
exploring the changes of demonstrated reliability when the maximum allowable failures
and test sample size changed. Jensen (2015) considered the method of determining test
sample size when the reliability data was dependent, using Markov dependence model to
calculate sample size under different reliability requirements. In practice, in order to min-
imize the test sample size, the maximum allowable failure is usually set as zero, which
corresponds to the zero-failure test (Guo et al., 2010a) or success run test (Kececioglu,
2002). Success run test is known to be one of the most commonly utilized RDTs in the
industry. It can be applied to one-shot systems effectively (e.g., missiles that are classi-
tied into success or failure right after being launched without time factor defined), which
may have few failure and high reliability requirement. Guo et al. (2010a,b) described
the details of a flexible and practical method to estimate the one-shot system reliability
and inference on the confidence boundaries when zero failure was observed from com-
ponents. Kleyner et al. (2004) used the actual failures data from automobile validation
tests to minimize the life cycle costs from testing and warranty. For some products which
the failures can hardly be observed in the specified testing period, binomial test may be
ineffective since it may require excessive test time to observe failures and also need a
larger test sample size to demonstrate the required reliability. Alternatively, the degrada-
tion zero-failure test (Yang, 2009) can be used to measure the degradation performance
of the product, which can help determine the failure status once the product degradation

reaches a specified threshold. The advantages of binomial test, which is the scope of this
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dissertation, include: (1) the easy implementation without specifying the product lifetime
distributions; and (2) less efforts in monitoring and inspection during the test, which can
be simple and convenient for practitioners in real applications.

Failure time data (Meeker and Escobar, 2014) is usually collected from testing a sam-
ple of units at a given testing period and measures the failure time of those units which
tail within the testing period. The units that still survive by the end of the testing pe-
riod are referred to as right-censored units. Based on the failure time data, different RDT
designs can be developed by considering different underlying failure time distributions
and reliability evaluation methods (Kececioglu, 2002; Hamada et al., 2008). Weibull dis-
tribution is most commonly used for failure time distribution in RDT designs based on
failure time data. It has the versatility to describe the characteristics of distributions with
different shape and scale parameters. To conduct statistical inference on Weibull distribu-
tion parameters and determine the optimal RDT design, existing methods can be mainly
classified into two subcategories: (1)simulation-based methods (Ramirez-Marquez and
Jiang, 2006; Billinton and Wang, 1999) and (2) analytical methods (Meeker and Nelson,
1977; Meeker and Escobar, 2014). Simulation based on Monte Carlo methods vary the
test sample sizes and test duration to find a proper test design that satisfies the preci-
sion requirement on reliability estimation. (Ramirez-Marquez and Jiang, 2006) used com-
ponent level reliability to estimate system level reliability with Monte-Carlo Simulation.
Similarly, Billinton and Wang (1999) proposed a time sequential Monte Carlo Simulation
technique to be used in evaluating complex distribution system. The pro of simulation is
that the precision can be effectively improved with more test units and longer test dura-
tion. However, when the set of options is large, simulation can be time consuming and
only suggested for small samples. Analytical methods (Kleyner, 2008; Lee et al., 2015; Jin
and Coit, 2008) include point estimation methods (e.g., Median Rank Regression (MRR),
Maximum Likelihood Estimation (MLE), etc.) and interval estimation methods (e.g., like-

lihood ratio method, Fisher information bounds, etc.). Analytical methods overcome the
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drawback of simulation-based methods to reduce the computation complexity and cost.
Once the actual failure times or censoring times are observed, the parameters of Weibull
distribution and variance-covariance matrix can be approximated (Meeker and Nelson,
1977; Lawless, 1978). The ultimate goal is to reduce cost-related test sample size and
test duration while demonstrating the reliability requirement at certain confidence level.
The RDT design based on failure time data has many advantages such as the analytical
description of reliability as a function of time, and better understanding of possible test
outcomes based on simulation results. However, it comes with the prize of requiring
more monitoring efforts at additional testing costs. Further, Weibull distributions may
not be universally applicable (Kleyner, 2008) and many other failure-time distributions,
such as Gamma (Ferndndez, 2011) and Log-normal distributions (McKane et al., 2005),
can be considered for RDT designs. Additionally, RDT designs based on failure time data
are not applicable to one-shot systems which assume no time factor.

For many highly reliable products, it is often unable to observed failures within a
reasonable testing period, which makes RDT design based on failure time data invalid.
Alternatively, by measuring certain degradation performance, the degradation data can
be a helpful information source to reflect the product reliability. The degradation data
can be utilized (Crk, 2000) to measure the performance characteristics at different time
during the test. The degradation measurements can be used to estimate the time of fail-
ure before observing the failures. In other cases, the product failure can be said to occur
when the degradation performance reaches a specified threshold. In this way, the test
duration can be reduced if degradation measurements can provide the prediction of re-
liability at a high level of confidence. Degradation-based RDT designs are mainly used
for bogey test (Wang, 1991; Yang, 2009), which requires a sample of units to be tested
for a specified test duration and demonstrates the reliability when no failure occurs in
the testing period. The utilization of degradation data can improve the bogey test effi-

ciency by precisely estimating the reliability and determining whether or not a test unit
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will fail by the end of the test without actually testing to failure. Yang (2013) proposed the
heuristic degradation test plans to significantly reduce the test sample size and testing pe-
riod and to further ensure the robustness to quantify uncertainty from model parameters
estimation. Wang and Coit (2004) considered the general modeling approach for reliabil-
ity prediction using multiple degradation measures to assess the system level reliability.
However, the accuracy of reliability prediction may rely on the specification of degrada-
tion models (Gorjian et al., 2010). For example, the general degradation path model can
be both statistically and computationally simple for reliability prediction, however, the
modeling assumptions or flexibility in the degradation process can be restrictive. The
random process model can estimate reliability with more modeling flexibility, however,
the estimation may be inaccurate due to insufficient data points.

Due to the fact that many products may have a relatively long lifetime over years,
it is not practical to conduct the RDTs for such long testing period. In order to obtain
the reliability information more efficiently, all the aforementioned RDTs are often imple-
mented under certain accelerated conditions. For example, if the manufacturer wants to
test a sample of lamps, under the accelerated conditions such as high temperature, high
frequency of usage, etc., the actual testing period may be 5 days, which corresponds to
a 5-year lifetime. However, those RDT designs mainly focus on determining the optimal
minimum test sample size, test duration, etc., without determining the optimal levels of
accelerated conditions. In order to optimize both test sample size/test duration together
with levels of accelerated conditions based on reliability data, accelerated tests are com-
monly employed (Nelson, 2005, 2009). For example, after taking covariates (e.g., usage
rate, temperature, pressure, etc.) into consideration, accelerated tests may vary the levels
of covariates to determine the optimal test sample size/ test duration and the optimal
accelerated conditions simultaneously. Accelerated tests can be applied to different types
of RDT designs (Meeker and Escobar, 2014) (e.g., ALTs, ADTs, etc.) and can be employed

in either Bayesian (Fan and Chang, 2009) or non-Bayesian methods (Porter, 2004). The
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major benefits of accelerated tests include significant reduction of test duration and costs
as well as the efforts in monitoring accelerated variables, which can provide more assess-
ments and estimation information (e.g., detection of failure modes (Luo et al., 2015)) of

the product reliability.

1.2.2 RDT Designs Based on Different Evaluation Criteria

There are many different evaluation criteria involved in RDT designs. Specifically,
consumer’s risk is the probability that customers receive inferior products that pass the
test. High consumer’s risk will lead to dissatisfaction of customers and negative impact
on product reputation. Producer’s risk is the probability that manufacturers reject the test
units that suppose to pass the test. High producer’s risk may result in additional cost for
manufacturers. Another criterion which quantifies the probability of passing/failing the
test is denoted as acceptance probability. Acceptance probability can be used to evalu-
ate the impact of RDT decision uncertainty on subsequent reliability assurance activities
such as reliability growth and warranty services. Cost components from different activ-
ities are also considered as criteria to evaluate the cost-effectiveness of the RDT designs,
such as RDT cost (e.g., test sample size), expected warranty services cost, etc. Depending
on whether prior knowledge can be incorporated, different evaluation criteria including
consumer’s risk, producer’s risk, acceptance probability, can be conducted under classical
(i.e. Frequentist) approach or Bayesian approach.

Using Frequentist approach, the estimation of unknown parameters is associated with
certain level of confidence, which can be used to describe how confidently we trust the
estimation parameters. The obtained evaluation criteria such as consumer’s risk, pro-
ducer’s risk and acceptance probability will be objective, depending on the assumptions
of specific models and available test data. In (Tobias and Trindade, 2011; Hamada et al.,
2008), the classical approach have been illustrated to calculate different evaluation crite-

ria. It can be intuitively applied to different types of RDT designs. For example, McKane
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et al. (2005) developed the design for RDT with location-scale-based distributions and
censored reliability data, to determine the optimal test sample size and maximum al-
lowable failures. Guo and Liao (2011) compared the methods for RDT designs between
failure time data with lifetime distributions and failure count data using binomial distri-
bution for number of failures. However, Frequentist approach has the limitation that the
probabilistic distribution of the estimation is not available, which may have the weakness
in quantifying the overall estimation uncertainty. It is also limited when no additional
information can be incorporated and cannot further improve the reliability estimation
performance.

Bayesian approach, which is employed in this dissertation, considers probabilistic
measures using prior knowledge to quantify the uncertainty from test decision and as-
sess the risks for different stakeholders (e.g., manufacturers, consumers). The parameters
in the model are assumed to follow certain prior distributions (elicited from prior knowl-
edge) and can be integrated with new test data to obtain the posterior distribution, which
can reflect the updated degree of belief on unknown parameters. Bayesian RDT designs
(Tillman et al., 1982) distinguish itself from non-Bayesian (i.e., Frequentist) RDT designs
by incorporating prior information to explore the potential for sample size and test du-
ration reductions. Prior information can be incorporated from useful expert information,
domain knowledge and historical test data. For complex products with different compo-
nents, the test information on components can also be incorporated to describe the relia-
bility of entire system. One typical example is one-shot system (Guo et al., 2010a) such as
missiles and satellites. Since RDTs for the entire one-shot system will lead to its destruc-
tion, which results in extensive costs, it is practical to incorporate prior test information of
components using Bayesian approach. As inheriting from non-Bayesian RDT designs, a
variety of studies using Bayesian RDT design have been conducted for different reliabil-
ity demonstration problems (Hamada et al., 2008; Coolen and Coolen-Schrijner, 2008; Fan

and Chang, 2009). One basic idea is to incorporate prior information of failure distribu-
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tion (either failure occurrence or failure time) to get the posteriors of different reliability
criteria (e.g., consumer’s risk, producer’s risk), which can help determine the details for
RDT design implementation such as minimum test sample size, test duration or other
specifications. In binomial test, the prior distribution of reliability can be assumed as beta
distribution, which is a conjugate prior for binomial distribution (Kececioglu, 2002). For
example, Kleyner et al. (1997) used Bayesian method to reduce test sample size for suc-
cess run test in automotive electronics and incorporated the mixture prior derived from
information of similar products. Lu et al. (2016) further considered multiple objectives
and balanced their trade-offs to select the optimal test plans. When failure time distri-
bution is assumed, the prior information of the shape parameters can be incorporated
using Bayesian approach. For instance, two-parameter Weibull distribution is commonly
used for assumption of product lifetime failure distribution, where each of the shape pa-
rameters can have the prior distribution of gamma distribution with hyper-parameters
(Hamada et al., 2008). For system reliability demonstration, Ten and Xie (1998) proposed
the Bayesian RDT method for series system with binomial subsystems. Mann’s Approx-
imately Optimum Lower Confidence Bound model is used to derive prior knowledge
from subsystems. One concern for Bayesian RDT design is the choice of prior distribu-
tion (Coolen and Coolen-Schrijner, 2008), which takes into account subjective information
and can greatly influence the design settings. In practice, with sufficient data observed,
the posterior distribution of reliability criteria can be less sensitive to the choice of prior

distribution.

1.2.3 RDT Designs Based on Different Learning Paradigms

When designing the RDT, it is important to control the testing costs regarding the
test sample size, test duration and other related expenses. With reasonable test sample
size and test duration, the RDT may be conducted with all the units tested at one time

to demonstrate the product reliability. However, for some products with high reliability,
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which may require significantly large test sample size and much longer test duration, it
may not be practical test all the units at once over a long period. Alternatively, another
learning paradigm can be followed to test the unit sequentially and update the reliability
information until the reliability requirement can be satisfied. Based on different consid-
erations in test efficiency, cost effectiveness and reliability estimation performance, etc.,
there will be two different learning paradigms in RDT designs, non-sequential RDT de-
signs and sequential RDT designs.

Non-sequential RDT designs typically need to determine a fixed test sample size and
other test settings before conducting the test. The test results will be evaluated after
all units have been tested at the end of the test duration. For example, Jensen (2015)
explored the dependence of reliability data and how to model it for binomial test and
determine the sample size for different criteria thresholds and reliability requirements.
Coolen and Coolen-Schrijner (2005) used a non-parametric predictive approach to deter-
mine the number of tests needed for failure free products. Martz Jr and Waller (1979)
developed the Bayesian method to determine the test sample size for zero-failure tests
using prior knowledge. However, due to the constraints in cost budget and test dura-
tion, non-sequential RDT design may not be applicable sometimes. In this dissertation,
non-sequential RDT design is employed, which can explicitly explore the variations in
determining minimum test sample size for demonstration of various product reliability
requirements.

As an alternative, a sequential RDT design (Sun and Berger, 1994) is to test each sam-
ple to failure (product fails or predetermined test time elapsed) and evaluate the product
performance and reliability sequentially. It is based on a sequential hypothesis testing
paradigm in which the test statistic is reevaluated sequentially when each new failure
is observed. Once a test failure is observed, the sequentially performed inspection pro-
cedure based on established criteria will determine if the required reliability is demon-

strated or whether one more sample/longer time need to be tested. A typical sequential
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RDT design is based on Sequential Probability Ratio Test (SPRT) (Siegmund, 2013) and
both cumulative test duration and number of failures can be compared with established
criteria (e.g., ratio of upper and lower bound for failure probability or distribution pa-
rameters) to decide whether to accept, reject or continue testing the item. It can be seen
that the test sample size required to reach a conclusion is a random number and cannot be
predetermined. The sequential nature of this type of RDT design can actually utilize the
information from previous stages of the test, which help reduce the required test sample
size or test duration. Sequential RDT designs can be applied under either non-Bayesian
(Li et al., 2009) or Bayesian framework (Rodriguez-Narciso and Christen, 2016), depend-
ing on whether to utilize available prior information. Lu and Rudy (2001) also provided
more descriptions and comparisons on using sequential sampling with both Bayesian
and non-Bayesian methods to determine the test sample size. In some applicable cases,
sequential RDT designs may have the advantage over non-sequential RDT designs to re-
quire minimum observed failures to demonstrate the product reliability. However, since
there is no predetermined maximum constraints for the test sample size, test duration or
other subsequent costs, the variations of those design settings in a broad range for se-
quential RDTs may cause issues (e.g., administration, equipment limitations, inspection)

in practice.

1.2.4 RDT Designs with Diverse Applications

RDTs have been widely employed in various industries to demonstrate the reliability
of product so that it can meet the requirement of customers. Depending on the character-
istics of products and application scenarios, RDT designs have been developed in many
industries with diverse applications such as missiles in military, satellites and rockets in
space craft industry, computers and smartphones in high-tech electronics, automobiles,
etc. For example, Tam (1995) described the reliability demonstration for the component

in missile applications called Plastic-Encapsulated Microcircuits to ensure its long-term
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storage for military purpose. Sun et al. (2012) provided the approach for one type of rare
earth permanent magnets which was used in space industry and might experience zero
failure in the degradation process. Sarson-Lawrence et al. (2014) provided the approach
to quantify the reliability of servomotor in unmanned aircraft applications and demon-
strated their reliability with time-to-failure records. RDTs are also commonly used to en-
sure the product reliability and customer experience. Yang (2009) discussed the method
to demonstrate the reliability of electromagnetic valve with degradation measurements
in bogey test. Yang and Sun (1999) provided a comprehensive review of reliability analy-
sis methods for hard disk and the approaches for reliability demonstration in a fast-path
development cycle. Automobile industry has huge involvement in RDTs to ensure the re-
liability of vehicle, the driving experience and the long-term service quality. Kleyner and
Sandborn (2008) provided the life cycle cost methods to validate the automobile reliabil-
ity and minimized the costs in testing and warranty. Allmen and Lu (1993) designed the
methods for failure detection and reliability demonstration for automotive applications
to determine the test sample size and test duration.

Depending on the complexity of products where RDT is applied, the availability of
data and practical applications, RDT designs can be classified into component or system
level. For example, for product with simple functionality, such as a lighting bulb, the RDT
design will be intuitive to directly test the bulb till failure. Zhang et al. (2015) developed
efficient RDT design method with ADT for long-service product such as spherical plain
bearing. However, for products with complicated components such as laptop or automo-
bile, testing all the products to failures may not be cost-effective. Especially for one-shot
systems like missiles or rockets, it is impossible to test all the product to failure due to
the destructive nature of products and extremely high expenses. In this situation, many
methods have been developed to test and demonstrate the reliability of components of
the products and further demonstrate the reliability for the overall system. Mazumdar

(1977) provided the optimal procedure to test the components and determined the reli-
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ability of series systems. Hsieh and Ling (1999) developed the Bayesian framework to
incorporate prior knowledge from component analysis for system development and sys-
tem reliability demonstration. Guo et al. (2010b) specifically discussed the RDT designs
for one-shot systems to estimate the confidence interval for zero-failure system’s reliabil-
ity, in which Bayesian method is used to derive the system reliability from component
estimations. Ferndndez (2011) explored the optimal RDT decision making for k-out-of-n
system with Gamma distributed components to obtain the test sample size and accep-
tance factors through mixed integer optimization. Ramirez-Marquez and Jiang (2006)
discussed the analytical methods to assess the system reliability from component analy-
sis with improved confidence intervals.

In addition to demonstrating the reliability of hardware components/systems, there
is a need of reliability assurance for software products (Cai et al., 1991) as well, because
the downtime or failure of software may cause negative impacts on financial conditions,
service experience, etc. Software is usually used for controlling production lines and
operating systems of computers, there is no physical failures of the software product.
Therefore, the reliability is discussed in terms of mean time to breakdown, the downtime
between recovery, software failure rate and number of bugs in the software. We can
also count the number of broken software applications from the sample to determine the
product reliability. (Sandoh, 1991) transferred the methods from hardware to software
and developed the RDT design to determine the test duration and test sample size for
software applications based on consumer’s risk and producer’s risk. The zero-failure
reliability demonstration for software has also been developed. Tal et al. (2001) further

developed the RDT for safety-critical software applications in a sequential manner.

1.3 Overview of Dissertation

This dissertation focuses on advancing the existing design of RDTs by tackling the

complexities from the following three aspects, namely data complexity, planning com-
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plexity and evacuation criteria complexity. We use RDT designs based on failure count
data to illustrate the proposed frameworks, and they can be readily generalized to design
of RDTs based on other types of reliability data. Further, the proposed work is established
under the Bayesian framework and focuses on the non-sequential learning paradigm. The
tirst advancement is to relax the conventional assumption of binary failure states in RDT
design and considering multiple failure states instead. The second advancement is to
expand the planning horizon of RDT design in a more global sense by considering the
uncertainty after RDT as well as the effect of RDT on its subsequent reliability activities.
The third advancement is to investigate multiple objectives and their trade-offs in the op-

timal RDT design instead of assuming a single objective in the conventional RDT design.

1.3.1 Data Complexity

In conventional RDT design, the failure count data will be collected from a single test-
ing period for single failure mode under a predetermined test sample size. However,
such RDT design with binary failure states may not be able to meet the more diverse re-
quirements of customers for demonstrating product reliability in multiple testing periods.
Customers may demand higher reliability during the earlier time period because they are
averse to early failures of the product. Considering an example with two companies, both
of them are conducting the RDTs based on the same design settings (e.g., the same sample
size and the same maximum allowable failures of 5) to demonstrate product reliability in
a 5-year mission time. Company I observes 1 failure in the first two years and 4 failures
in the last three years. Company II observes 4 failures in the first two years and 1 failure
in the last three years. Both of the companies will pass the tests according to the design.
However, customers may prefer the products from company I if their dissatisfaction is
more related to early failures than late failures. The conventional RDT design assuming a
single testing period cannot differentiate such preference of customers and there is need

to develop RDT design which allows reliability demonstration for multiple time periods.
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In addition, conventional RDT design does not differentiate multiple failure modes. But
in practice, product failure often consists of multiple failure modes with different critical-
ity and negative consequences, which affect the customer’s satisfaction differently. For
instance, compared to the failure of a video card or a key board with lower replacement
cost, customers may be more concerned with CPU failure of a computer. In other words,
customers may have different expectations of the reliability requirement of different fail-
ure modes.

To meet with the increasingly complex and diverse demands of customers, there is a
need to better design RDT which takes into account the aforementioned complexities of
reliability requirements. This line of research will investigate the multi-state RDT design.
When multiple states refer to multiple time periods, the proposed RDT design is able to
demonstrate the product reliability with different reliability requirements over different
time periods. When multiple states refer to multiple failure modes, the proposed RDT

design is able to demonstrate product reliability with multiple failure modes.

1.3.2 Planning Complexity

Conventional RDT design has a relatively restrictive planning horizon which mainly
focuses on the RDT alone. Using binomial RDT as an example, in order to find the optimal
design, the focus will be minimizing the RDT testing cost by selecting the optimal plan
with minimum test sample size. However, few research has incorporated the relationship
between RDT and other relevant reliability assurance activities and further investigated
how the relevant reliability activities will affect the RDT design. When a RDT is accepted,
product will be released to market and warranty services will be initiated. When a RDT
is rejected, the product will be sent back to the design and development stage for further
improvement via reliability growth. Thus, accepting or rejecting the RDT will directly
determine which subsequent reliability activity will be triggered. However, at the design

stage of RDT, the actual RDT results are random and there is uncertainty of accepting or
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rejecting the RDT. Different configurations of the test design will influence such uncer-
tainty and further influence the probability of initiating subsequent reliability activities
of reliability growth and warranty services. Meanwhile, different levels of reliability re-
quirement to be demonstrated by the RDT will also affect the potential costs of the sub-
sequent activities. For example, demonstrating a higher reliability requirement may help
reduce the warranty service costs since the number of warranty claims may decrease.
When the level of reliability requirement changes, both the RDT design and the probabil-
ity of triggering reliability growth and warranty services will also change. Conventional
RDT design without a broader planning horizon and a more global view tends to over-
look the aforementioned planning complexity and lead to sub-optimal RDT design.

To expand the planning horizon, this line of research aims to develop an optimal RDT
design strategy by explicitly quantifying the RDT acceptance decision uncertainty after
the test has been implemented and further considering the cost components of subse-
quent reliability assurance activities including reliability growth and warranty services.
The impacts of different cost components from different reliability assurance activities on
acceptance decision as well as RDT design inputs will be comprehensively investigated.
The proposed RDT design tends to be more economical than conventional ones from a

global perspective.

1.3.3 Evaluation Criteria Complexity

Conventional RDT design often minimizes the RDT cost by controlling a single per-
formance evaluation criterion under a single objective optimization formulation. For in-
stance, in binomial RDT design, given the pre-specified reliability requirement and max-
imum allowable failures, under the controlled threshold of consumer’s risk, the optimal
RDT design supposes to obtain the minimum test sample size.

However, in addition to the testing cost and consumer’s risk, there are also other per-

formance evaluation criteria. For instance, manufacturers may be more concerned about
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rejecting the reliable products in the test and thus, producer’s risk can be an important
evaluation criterion as well. A low product’s risk design may also save the costs of re-
freshing production line or disposing the rejected units for the manufacturers. In ad-
dition, they may be concerned about whether the actual RDT test can be more easily
accepted. Then, acceptance probability can be an important evaluation criterion taken
into consideration. If the test cannot be accepted, manufacturers may need to conduct
the test again or take corrective actions to improve the product reliability, which results
in additional costs as well. Manufacturers may also be concerned about subsequent costs
affected by RDT design. For example, the expected warranty services cost will depend
on the level of demonstrated reliability. The lower reliability is demonstrated, the more
warranty services cost will be expected because of more customer dissatisfaction and war-
ranty claims. Some of the evaluations criteria may be conflicting, e.g., consumer’s risk vs
producer’s risk. When manufacturers try to reduce the consumer’s risk by testing more
units and demonstrating higher reliability, the producer’s risk may be unacceptably high
and lead to additional costs.

To simultaneously address the aforementioned objectives on controlling multiple eval-
uation criteria without pre-determining a specific objective, there is a need to investigate
the RDT design under a multiple-objective optimization framework. This line of research
will investigate multiple potential conflicting objectives and comprehensively investigate
their relationships and trade-off patterns. A multi-objective RDT design will be devel-
oped with a set of non-dominant test plans obtained to balance the trade-offs among
multiple conflicting objectives. How different design inputs and prior setting will affect
the objectives will be investigated as well to provide more practical guidance to practi-

tioners in reliability and quality engineering.
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1.4 Organization of this Dissertation

The dissertation can be organized as follows. Chapter 1 introduces the background of
reliability, reliability activities on product life cycle and tasks in reliability testing, and the
scope of this dissertation is defined to be reliability demonstration test. Chapter 2 pro-
poses two Bayesian multi-state reliability demonstration tests (MSRDTs) for demonstrat-
ing reliability at multiple time periods as well as with multiple failure modes. Chapter 3
proposes a Bayesian optimal BRDT design with explicit quantification of the acceptance
uncertainty and further integration of the BRDT testing cost with the expected reliability
growth and warranty service costs. Chapter 4 proposes a multi-objective optimal RDT de-
sign framework for multiple time periods by simultaneously investigating multiple and
potential conflicting objectives, such as consumer’s risk, producer’s risk and expected
warranty service cost and comprehensively investigating their interrelationships and po-
tential trade-off patterns. Chapter 5 concludes the dissertation with some directions for

future research. Figure 1.5 gives an organization diagram of the dissertation.
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Chapter 2

Multi-State Reliability Demonstration Tests

2.1 Introduction

Reliability of a product is the probability that the product can perform its required
function at a given time point. As a time-dependent characteristic, reliability is an im-
portant measure of the product quality and safety over time, which has a great impact on
the satisfaction of customers and can influence their purchase decisions linked with the
revenue of manufacturers. In order to succeed in the market competition, manufacturers
need to produce products with high reliability over their expected lifetime. Reliability
demonstration tests (RDTs) are often conducted by manufacturers to demonstrate the ca-
pability of their products to meet the requirements from customers for achieving good
quality and performance over time. Given the budget and time constraints, manufac-
turers need to determine the number of test units, the time duration of the test, and the
maximum number of failures allowed to pass the test. These choices are usually made to
ensure the consumer’s risk (CR) on having a product that has passed the test but fails to
meet the reliability requirement is controlled. Controlling the CR at an acceptable level
can take the burden off the customers on bearing a high risk of receiving inferior prod-
ucts which are claimed to have met the requirements on reliability, and hence can help
improve customers’ satisfaction.

Different categories of RDTs have been studied in the literature based on different
types of reliability data, such as failure counts data (Guo et al., 2010b; Li et al., 2016; Lu
et al., 2016), failure time data (Guo and Liao, 2011; McKane et al., 2005) and degradation
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data (Yang, 2009). Failure counts data reports the number of failures that occur during a
tixed test period. The RDTs based on failure counts data (Wasserman, 2002, pp. 208-210)
are also called binomial RDTs (BRDTs) since failure counts are modeled with binomial
distributions.

In a BRDT, within a given testing period, if the number of failures does not exceed
the maximum number of allowable failures, the test is passed. The maximum number of
allowable failures c and the minimum number of test units n are determined to ensure a
certain minimum acceptable reliability requirement, R, is met with the controlled CR at
or below B by the end of the test duration. The BRDTs are broadly applied in reliability
engineering practices because (i) they require less monitoring efforts in the middle of the
test duration; and (ii) they are simple and straightforward to be implemented and ana-
lyzed. However, with the increasing needs from customers, the BRDTs are no longer able
to meet all requirements in many applications. For example, customers may have varied
requirements on reliability performance over different time periods. It is common that
many customers have little tolerance of early failures and hence require high reliability
during early lifetime and lower reliability for later time. In this case, a BRDT for demon-
strating reliability within a single time period is inadequate to meet all requirements.

Consider a scenario when two companies run BRDTs with the same testing period of
5 years and use the maximum number of allowable failures as ¢ = 5. Products from com-
pany I had 1 failure in the first two years and 3 failures in the last three years. Products
from company II had 3 failures in the first two years and 1 failure in the last three years.
Even though the products from both companies can pass the demonstration tests, their
underlying reliability performance indicated from the failure counts data can be differ-
ent. If a customer needs products with high reliability in early lifetime (corresponding to
allowing no more than 2 failures during the first two years), the risk of the product from
company II failing to meet the requirement can be much higher than that of the product

from company I. A typical BRDT with five-year testing period cannot demonstrate the
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performance over the early two years, and hence raises the CR on accepting an inferior
product that fails to meet all requirements.

Another limitation of the BRDTs is that they are often used for testing the pass or fail-
ure of a product without distinguishing the causes and consequences of different failure
modes. A product with a complex system is often composed of multiple key components
which may have different failure modes associated with varied consequences. Their fail-
ures can have different negative effects on the functionality of the entire product. For
instance, the failure of the central processing unit (CPU) of a computer is much more cru-
cial than the failure of a video card. Customers may also have different expectations for
different components according to their values or costs of replacement. The cost of replac-
ing a CPU or a motherboard is much higher than replacing a keyboard or a mouse. As
a result, customers can have much higher expectation on the reliability of the more valu-
able and critical parts than the reliability of other parts or accessories. A typical BRDT
cannot demonstrate separate reliability requirements for multiple failure modes.

To meet the ever-increasing demands of customers, more versatile RDTs with more
tailored plans for testing multiple reliability requirements can better serve the customers
with enriched information on product reliability. This paper proposes RDT strategies for
two categories of reliability demonstration tests over multiple time periods and for mul-
tiple failure modes, both of which are referred to as multi-state RDTs (MSRDTs) through-
out the rest of the paper. Alternative test plans within each category are also explored
and compared with the conventional BRDTs for demonstrating multiple reliability re-
quirements. Bayesian analysis is used for quantifying the CR associated with various test
plans. The Bayesian method offers more flexibility on incorporating prior information of
product reliability from either subject matter expert knowledge or historical data (Pintar
et al., 2012; Weaver and Hamada, 2008; Wilson and Fronczyk, 2017). The impacts of dif-
ferent test strategies and different prior elicitations on the minimum test sample size (i.e.

the number of test units required) will be studied to provide more insights on guiding de-
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cisions on demonstration test plans. If there exist historical data which supports higher
reliabilities compared to the requirements, then using Bayesian approach to incorporate
prior information has the potential to reduce the minimum test sample size required for
the MSRDTs.

The remaining of the paper is organized as follows. In the next section, the conven-
tional BRDT plans are reviewed with discussions of their benefits and limitations. Then
the new MSRDTs for demonstrating reliability requirements over multiple time periods
are proposed. Two different design strategies are proposed and compared under different
prior elicitation settings. In the following section, another category of new MSRDT de-
signs for demonstrating reliability requirements involving multiple failure modes are pro-
posed and their performances are evaluated and compared with the conventional BRDTs.
Case studies on two categories of MSRDTs for multiple time periods and multiple failure
modes are provided to illustrate the proposed test plans and demonstrate their perfor-

mances. Conclusions and discussions are provided in the end.

2.2 Binomial RDTs

For many single use or “one-shot" product units, the testing procedure can be destruc-
tive. In this case, binomial RDTs (BRDTs) are the common choices to obtain the failure
count data at the end of a predetermined test period (Kececioglu, 2002, pp.759-768). Let 7t
denote the probability of failure over the test period, and R denote the minimum accept-
able reliability at the end of the test duration. In Bayesian analysis, for a chosen number
of test units, 1, and a maximum number of allowable failures, c, the CR is measured by
the posterior probability of the product failing to meet the reliability requirement given

that the product has passed the test, which can be calculated as

CRpinomial = P (Failure probability fails to meet the reliability requirement|Test is passed)

=P(mr>1—-R|y<c)
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Note that in Eq. (2.1), p(7r) denotes the prior distribution of 71 which can be specified
based on subject matter expert knowledge or historical data and y denotes a random
variable of the number of failures observed in the test period. Let  denote the maximum
acceptable value for the CR, then a BRDT is determined by choosing the (1, c) combina-
tion such that the corresponding CRypinomial < B. According to (Lu et al., 2016), for any
tixed choice of ¢, CRpinomial increases as the test sample size n increases. We use 1y, to de-
note the minimum test sample size that is required to control the CR within an acceptable
range CRyinomial < B-

In Bayesian analysis, the CRpinomial in Eq. (2.1) can be calculated using Monte Carlo
integration (Robert and Casella, 2013, pp.71-131), where a large number of samples of 7r of
size M = 15000 are generated from the specified prior distribution p(7t|x), and CRpinomial

is calculated approximately by

Zinl[Zyc/:O <n> (n(]‘))y(1 — n(j))”—y][(n(f) <1-R)
CRbinomial ~1-— d , (22)
Do () (R — 7y
y

where 77/) is the jth generated sample of failure probability for the specified prior distri-
bution.
Table 2.1 shows an example of BRDT plans with different choices of prior distributions

of 7t. The mean and standard deviation (i.e., the square of variance) values are provided
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to give some intuitions about the center and the spread of the prior distributions. For
example, m ~ Beta(1,1) is centered at 0.5 but has large standard deviation at 0.2893.
While 7t ~ Beta(2,18) has the mean failure probability of 0.1 but much smaller standard
deviation (0.0647) around its mean. The minimum acceptable reliability from the con-
sumers requirement was set at R = 0.8 and the maximum tolerable CR is chosen to be
B = 0.05. When no historical data or prior information is available, a non-informative
prior 7t ~ Beta(1,1) can be used. For any assumed prior distribution of 77, manufactur-
ers can choose a test plan determined by (ny, ¢) using the minimum sample size ny, for
any chosen maximum number of allowable failures c. For instance, when ¢ = 0 and a
non-informative prior 77 ~ Beta(1,1) is assumed, the minimum sample size which can
ensure the CR calculated in Eq. (3.12) is no more than p = 0.05 is calculated to be 1, = 13.
Hence, at least 13 units need to be tested if the test can only be passed when no failure is
observed. However, as larger maximum number of allowable failures being set for pass-
ing the test, the CR increases as it becomes easier to pass the test for a given sample size
n. Hence, to control the CR at or below 8 = 0.05, more test units need to be tested to pass
the test due to more allowable failures.

Table 2.1: Minimum sample sizes required by BRDTs with different choices on c and
prior distributions of 7t

mT~Beta| (1,1) (2,18) (4,16) (10,15) (10,10)
Mean(r) | 0.5 0.1 0.2 0.4 0.5
SD(rr) | 0.2893 0.0647 0.0873 0.0965  0.1086
c ny,
0 13 4 18 45 53
1 18 7 23 51 58
2 24 11 28 57 64
3 29 15 34 62 69
4 34 19 39 68 74
5 39 22 44 74 80
6 44 26 49 80 85

Settings: M = 15000, R = 0.8, B = 0.05
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Figure 2.6: Density curves of different prior distributions explored in Table 1

When more informative priors are available from historical data or expert knowl-
edge, they can affect the selection of test plans. Table 2.1 has explored the impacts of
different prior distributions p(7r) on the selected test plan for different tolerances on the
maximum number of allowable failures, c. Figure 3.23 shows the five prior distributions
explored in Table 2.1. The flat density curve corresponds to the non-informative prior
Beta(1,1) which assumes that all possible values for 7 € (0,1) have equal probability.
Other prior distributions from Beta(10,10) to Beta(2, 18) become more informative with
reduced spread (corresponding to smaller standard deviation in Table 1) and provide
stronger support for smaller failure probability 7r. For any given ¢, the minimum sample
size required can be reduced if the prior distribution from historical data supports the
reliability requirement. For example, when a prior distribution 7= ~ Beta(2,18) is used,
which supports high reliability around 1 —2/(2 4 18) = 0.9 > R = 0.8, fewer units need
to be tested to demonstrate the reliability requirement (e.g., 4 < 13 when ¢ = 0). How-

ever, if the specified prior distribution is not in favor of the reliability requirement, as
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illustrated with prior distributions Beta(4, 16), Beta(10,15) and Beta(10, 10), which favor
incrementally lower reliability, more units are required to be tested to demonstrate the
same reliability requirement.

On the other hand, Table 2.2 demonstrates the impact of different requirements on re-

Table 2.2: Minimum sample sizes required by BRDTs with different choices on c and
reliability requirements

M
c| R=09 R=08 R=0.6
0 28 13 5
1 39 18 8
2 50 23 11
3 61 28 13
4 71 33 16
5 81 38 18
6 91 43 20

Settings: M = 15000, 8 = 0.05
7T ~ Beta(1,1)

liability. For a given choice on the prior distribution, as R decreases corresponding to
reduced requirement on reliability, the minimum sample size, ny,, decreases for a fixed
choice on c. This matches our intuition that fewer units need to be tested for demonstrat-
ing lower requirement on reliability.

The BRDTs are useful for demonstrating reliability requirements for binary tests. For
example, a test plan (n, = 81,c¢ = 5) for a predetermined test period of 5 years can
demonstrate no less than 0.9 reliability in 5 years with the CR controlled by 0.05. How-
ever, it offers no capability of demonstrating reliability before the end of the test pe-
riod. For example, if the customers are particularly concerned about the reliability in
the first two years in addition to the reliability by the end of the five years, the conven-
tional BRDTs are unable to demonstrate all requirements over multiple time periods. In
addition, BRDTs are unable to differentiate and demonstrate reliability requirements in-
volving multiple failure modes associated with different consequences. In the next two

sections, two categories of new MSRDTs are proposed to demonstrate reliability require-
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ments over multiple time periods and for multiple failure modes, respectively. Alterna-
tive designs are also proposed and their performances are evaluated and compared under

different prior elicitation.

2.3 MSRDTs over Multiple Time Periods

Conventional BRDTs often demonstrate the product reliability within a single time
period, such as during the mission time or the service life, to meet with the customers’
requirements. However, customers’ satisfaction in different time periods may differ. For
instance, upon the purchase of products, customers may expect higher reliability during
the early lifetime. The occurrence of early failures may have stronger negative impact on
customers’ satisfaction and company’s reputation than failures occurred in the later stage
of the service period. To explicitly demonstrate different product reliability requirements
over multiple time periods rather than a single time period, the strategies of MSRDTs, i.e.,
multi-state RDTs, are proposed in this section to meet customers” expectation on reliabil-

ity over multiple time periods.

to t1 t | PET.
[ 1 1 1 1
v A v NG v J
Period 1 Period 2 Period K Period K+1

Figure 2.7: Tllustration of multiple time periods in K periods between (t, fx]

Consider a finite testing period with the start time at fp and end time at tx. The test-
ing time duration (ty, tx| is exclusively partitioned into K non-overlapping time periods,
(ti—1,ti],i = 1,..., K, as illustrated in Figure 4.25. Let 7; and y; denote the probability of
failure and the number of observed failures within the it? time period (t;_1,t;], respec-
tively. Then the number of units that survive the entire test duration (right-censored at
the end of the test duration tx) can be expressed as n — YK ; y;, where 1 is the total num-
ber of test units. The probability of surviving the test is given by g = 1 — YK | ;.

The objective of a MSRDT over multiple time periods is to simultaneously demonstrate
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the product reliability at multiple time points satisfying a set of lower reliability require-
ments, R;,i = 1,---,K, with the assurance level controlled at (1 — B). Here, R; is the
minimum acceptable reliability in the first i cumulative time periods, (fo, t;], B is the max-
imum acceptable consumer’s risk and assurance level can be explained as the minimum
level of probability that the test can be passed (Hamada et al., 2008, pp.343-346). Two dif-
ferent scenarios of acceptance criteria are proposed as follows: Scenario I is the MSRDT
that will be passed if the cumulative number of observed failures Z};Zl Yk at each cumula-
tive time period (fo, t;] is no more than its corresponding cumulative maximum number
of allowable failures 2221 ¢ for all cumulative time periods (fo,t;], ati = 1,..., K. For ex-
ample, consider a two-period MSRDT with tests conducted at the end of the second and
tifth year. For 100 test units, the MSRDT will be passed if the number of observed failures
in first two years do not exceed 1 and the number of observed failures at the end of the
tifth years do not exceed 5. Scenario II is the MSRDT that will be passed if the number
of observed failures y; at each non-overlapping time period (¢;_1, t;] is no greater than its
corresponding maximum number of allowable failures c; for all time periods (¢;_1, t;], at
i = 1,..,K. For such two-period test, the MSRDT will be passed if the number of ob-
served failures in first two years do not exceed 1 and the number of observed failures in
the next three years do not exceed 4. It is noticed that the major difference between the
two scenarios is that scenario II plans the tests for non-overlapping time periods while
scenario I considers the cumulative time-periods instead.

For each acceptance criterion, the design of MSRDT over multiple time periods aims
to determine (i) the minimum sample size, denoted by n; and ny for scenarios I and II,
respectively, and (ii) the cumulative maximum number of allowable failures at time ¢;,
!, ¢k, for scenario I and the maximum number of allowable failures within i time pe-
riod, ¢;, i = 1, ..., K for scenario II. For either scenario, the MSRDT is selected by choosing
the test plans which control the CR at or below . It is noticed that the proposed MSRDT

strategies are suitable for demonstration tests that generate failure counts data (Li et al.,
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2016; Guo et al., 2010b) over multiple time periods, and do not make any assumptions on
the failure time distribution. The advantages of the proposed methods are to fulfill the re-
liability requirements of customers over different testing periods (e.g., either cumulative
time periods from scenario I or separate periods from scenario II) simultaneously and
provide different testing strategies that require different minimum testing sample sizes
based on different maximum numbers of allowable failures. Assuming a certain failure
time distribution over multiple time periods or for multiple failure modes may consider-
ably limit the use of the proposed strategies because the whole testing period needs to be
considered and only expected number of failures can be obtained, which is not commen-
surate with the objectives of proposed strategies as mentioned above. Alternative RDT
designs such as Weibull testing which is more suitable for failure time data, is out of the
scope of this paper, but is of interest for future work.

To illustrate the proposed MSRDTs over multiple time periods and further investigate
the difference between two scenarios of acceptance criteria, the MSRDTs over two time
periods (i.e., K = 2) are considered without loss of generality. Let Ry and R; denote the
minimum acceptable reliabilities over the time periods (to, t1] and (to, t2] with R, < R;.
The probabilities of failure for each time period meet the requirements if 7; < 1 — Ry
and 711 + 1o < 1 — Ry. For acceptance criterion in scenario I, the test plan of MSRDT is
to determine {ny, c1, c; + c2}, and the probability of accepting the test plan for any given

(711, 712), denoted by Hi(n, ¢1, c2), can be explicitly written as

1 C1+e— }/1

n!
H 1’l C1,C2 )nylnyZ(l — 7 — ﬂz)n_yl_yz]
2:% yg:% ylyl(n—y1—y2)t""1 2

and with p(7ry, 712) denoting the joint prior distribution of (711, 712, 1 — 711 — 712), the cor-

responding CRy is controlled at or below B by

fol—Rl fol_Rz_m Hy(n,cq,c2)p(rty, mp)dmadmy

fOl fol Hl(n/ C1, C2)P(7T1, 7T2)d7'(2d71'1

CRy=1- < B. (2.3)
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For the acceptance criterion in scenario II, the MSRDT plan can be determined by
specifying {ny, ¢1,c2}, and the probability of accepting the test plan for any combination

of (711, 712), denoted by Hy(n, c1,¢2) is given by

!
)7r]1/1 7(%2(1 — 7 — )t TN,

Hy(n,c1,¢2) Z 2

y1=0y,=0 yily2!(n —y1 —y2)!

and the corresponding CRy; is controlled by

fol_Rl fol_RZ_m HH(TI, c1, CZ)p(TCI/ 7T2)d7-(2d7-(1

fol fol HH(”/ €1, CZ)P(TCL 7[2)d7T2d7T1

CRp=1- < B. (2.4)
A case study is shown below for illustrating the proposed MSRDT strategies for a two-
period test. The reliability requirements are set as R; = 0.8 and R, = 0.6 over the time pe-
riods (to, t1] and (tg, tp] with f; < 2t; , which indicates longer time interval of (f, 1] than
(t1, t2]. Hence, a higher reliability requirement R; is desired for the early cumulative time
period (fy, t1] because the customers are averse to early failures. The CR is controlled at
B = 0.05, indicating that the probability of accepting the test when the actual reliability re-
quirements are not met is controlled at or below 0.05. To evaluate the complex integration
in either Eq. (2.3) or Eq. (2.4), Monte Carlo sampling is performed with the sample size
of M = 15000 to maintain the evaluation accuracy. The Dirichlet distribution, denoted
by Dirichlet(ay, ap, a3), is used as the prior distribution for (711, 715, 1 — 711 — 712), where
a1, &2, a3 are hyper-parameters to be elicited based on the prior knowledge. The Dirichlet
distribution is a family of continuous multivariate probability distribution parametrized
by the vector of positive hyper-parameters «;,i = 1, - - - , K for K categories of outcomes.
The advantage of using Dirichlet distribution is two folded. First of all, it is the con-
jugate prior for the multinomial distribution, and hence can facilitate a convenience of
updating knowledge as new data are observed because the posterior distribution of the
failure probabilities also follow a Dirichlet distribution. Second, the hyper-parameters in

the Dirichlet distribution are associated with more intuitive practical implications as they
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are directly connected with the failure probabilities for each category of outcomes based
on the prior knowledge in the form of «;/ YX ;. A few different settings of hyper-
parameters will be explored later to investigate the impact of prior knowledge on the

performance of the proposed test plan.

Table 2.3: Comparison between scenarios I & II and BRDT, with non-informative prior

Scenario I Scenario II | BRDT
i C1+¢c ny|cp ¢ ng|c Ny
0 0 1210 0 120 5
0 1 13/0 1 13|1 8
1 1 51 0 17
0 2 1410 2 142 11
1 2 1711 1 18
2 2 912 0 22
0 5 2000 5 20|5 18
1 5 211 4 21
2 5 2412 3 23
3 5 26|13 2 28
4 5 2814 1 33
5 5 3015 0 37
0 6 210 6 226 20
1 6 2411 5 23
2 6 261 2 4 24
3 6 2813 3 28
4 6 3014 2 33
5 6 32|15 1 37
6 6 3|16 0 42
Settings: p(my, 72) ~ Dirichlet(1,1,1)

Ry =0.8,R; = 0.6, M = 15000, B = 0.05

When no prior information is available, a non-informative prior distribution, given
by (711, 12,1 — 711 — 712) ~ Dirichlet(1,1,1) can be used for indicating the lack of prior
knowledge. The selected test plans under the acceptance criteria of two scenarios with
different choices on the maximum number of allowable failures are illustrated in Table 2.3.
The test plans are grouped based on the total number of failures allowed during the entire
test duration. Several features are observed. First of all, under both scenarios I & II, given

a fixed choice of c¢;, the minimum sample size ny or ny increases as c¢; increases. Similarly,
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given a fixed ¢y, n; and ny also increase with cp. As for a given fixed number of test
units, allowing more failures (i.e. increasing c) can make it easier to pass the test and thus
increase the CR. Hence, it requires to test more units to control the CR at a predetermined
maximum acceptable level. The patterns of minimum sample sizes can be observed more

clearly in Figure 2.8 and Figure 2.9.

O
g o/
i o/ o. o
[¢D)
N h O/ o
0 o o/o """ o n
%_ O - O - O - 8/0/0 /.{.
E 3. O/ n l/
(1] o/ /.
2] / LN R
E nl° l/./
= ./"/‘
€ T _A —— I-1:¢;=0
= n 1=
S o " —
= 7 /: —a— l:ic=1
- =/. /A —— l:c,=4
o) / /A
1" /‘ come llig=1
A
A— co- g =4
o-
—
I L) L) L) L) L) L) L) L) L) 1
0 1 2 3 4 5 6 7 8 9 10

C

Figure 2.8: Comparison between scenario I & II based on the minimum sample size as ¢
increases for some fixed c¢; values

Figure 2.8 shows the change in the minimum sample size as ¢, increases for a few
selected c; values under both scenarios. Solid lines are used for showing scenario I and
dash lines are used for scenario II. Different symbols are used for displaying different c;
values. For a fixed c; value, the minimum sample sizes under both scenarios I & II in-
crease as cp increases. For example, when ¢; = 0, two scenarios are essentially the same
in terms of the acceptance criteria. Hence, the same minimum sample size is required
for both scenarios, which is shown with the solid line with the triangles and increases

as cp increases. When ¢; > 0, the minimum sample size still generally increases as c;

45



increases. However, the trend is slightly different between the two scenarios. The 7 in-
creases monotonically with ¢, while the ny starts off with similar sample sizes for small
cp values to a certain point and then starts to increase more prominently as c; increases.
For example, when c; = 4, the minimum sample size for scenario II (shown with a black
dash line with the open circles) is relatively flat for c; < 4 and then increases for ¢, > 4.
This is because under scenario II, the maximum number of allowable failures for the two
non-overlapping periods determines their corresponding minimum required test units,
which then jointly determine the overall minimum sample size for the entire test. There-
fore, the overall sample size can be dominated by the maximum number of allowable
failures for one of the test periods if one of the c; is considerably larger compared to its
failure probability under the reliability requirements to be demonstrated. Thus, when
cp is small, ¢; plays an dominating role in determining the overall sample size for the
entire test, which corresponds to the flat portion of the minimum sample size curve for
each fixed c;. However, as ¢, becomes larger than cj, the overall minimum sample size
is dominated by the requirement from period 2 and hence resumes an increasing pattern
as cp increases. To compare between the two scenarios, it appears that ny is usually larger
than ny; for small ¢, values, but becomes smaller than nj; when ¢, becomes larger than a
certain value. This is because for the same required c; values, the test plans in scenario I
generally can allow larger maximum number of allowable failures for period 2 (when the
maximum number of allowable failure is not reached during period 1) and hence request
to test more units when c; has dominating impact on the overall minimum sample size.
Figure 2.9 shows how the minimum sample size changes with ¢; for fixed ¢, values
under both scenarios. Generally, for any fixed cp, the minimum sample size increases as
c1 increases under scenario I. Also, a larger c, value requires to test more units and the
difference in nj among different ¢, values are similar across different c; values, which is
evidenced by the almost parallel lines observed for Scenario I in Figure 2.9. However,

for scenarios II, even though njy increases monotonically with cj, there are diminishing
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Figure 2.9: Comparison between scenario I & II based on the minimum sample size as c;
increases for some fixed ¢, values
differences in nj at different ¢, values as c¢; increases. This is because under scenario II,
increasing c; will affect ny by increasing the minimum sample size needed to demonstrate
the reliability requirement in Period 1 and hence leads to a dominating effect on the size of
nyr (which is equivalent to a diminishing impact of the difference in c; values). While un-
der scenario I, increasing c; will result in increases in the minimum sample sizes needed
for demonstrating both reliability requirements at the end of the two non-overlapping
time periods, and hence has a consistent impact on the overall minimum sample size nj.
Itis also interesting to compare the two scenarios given the same total maximum num-
ber of allowable failures c; + c; in the entire test duration. Figure 2.10 compares the min-
imum sample sizes for both scenarios given a fixed total maximum number of allowable
tailures cq + c2. Two cases with ¢; 4+ ¢ = 15 and ¢; + c2 = 20 are investigated, which are
shown in Figure 2.10 with the solid and dash lines, respectively. The bottom and the top

axes display all combinations of ¢ and ¢y values. A few patterns can be observed. First,
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Figure 2.10: Comparison between scenario I & II based on the minimum sample size for
fixed c1 + ¢ values

both ny and ny increase as c; 4 ¢; increases. This matches with the pattern for the conven-
tional BRDTs in that it generally requires to test more units to ensure the same assurance
level if a more relaxed criterion has been used for passing the test by allowing more fail-
ures to be observed during the entire test duration. Second, increasing c; (at the same time
reducing cp) will consistently increase n1 but reduce nyy first for small c; values and then
increase ny after ¢, reaches a certain value. Third, in terms of the relative performance of
the two strategies, scenario II is associated with smaller overall minimum sample size for
large c; and small ¢, values. As ¢; increasing to about the same size as ¢, scenario I starts
to have a smaller minimum sample size and the difference becomes larger as c; continues
to increase. This can be evidenced by the crossover pattern between the monotonically
increasing line with the squares for scenario I and the U-shaped curve with the open cir-
cles for scenario II. Brief analytical explanations are provided in Appendix for Chapter 2

to improve understanding of the observed differences between two scenarios.
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Under the same maximum number of allowable failures ¢ + ¢, for the entire test du-
ration, scenario II is expected to have stricter requirements (y; < c1,y2 < c) than that of
scenario I (11 < c1,y1 +y2 < c1 + ¢2), meaning that any tests that pass in scenario II will
also pass in scenario I. Intuitively, scenario II will be preferred if minimizing the CR is
the only criterion of interest, which on the other hand generally requires larger minimum
sample size. However, smaller test sample is also generally preferred in RDT plan from
the manufacturer’s point of view. Hence, the tests with minimum sample size after con-
trolling the CR are generally preferred. As illustrated in Figure 2.10, the two test scenarios
may have varied performance in the required minimum sample size for different settings
and scenario II does not consistently outperform scenario I based on the minimum sample
size. It is also noticed in Table 2.3 that the difference between the two scenarios when c;
is small becomes smaller for small ¢; + c2 values, and is almost negligible for ¢; 4 ¢, < 6.
On the other hand, Scenario I can be preferred for relatively large c; values when c; 4¢3 is
large or when only small ¢; + ¢; is allowed. It is also noted that for tests using more strict
passing conditions, they are generally associated with smaller probabilities of passing
the test (i.e. low acceptance probability) and often higher probabilities for manufacturers
to reject the products that actually have met the reliability requirements (Lu et al., 2016).
Hence, the decision on selection of scenarios should be catered for a particular application
to meet the objectives of specific demonstration tests.

In addition, Table 2.3 also shows the comparison between the MSRDT strategies over
two time periods with the conventional BRDTs when non-informative prior is used. The
last two columns in Table 2.3 give the maximum number of allowable failures and the
minimum sample size for demonstrating the reliability requirement at the end of test
duration (i.e. the end of period 2). For any given total maximum number of allowable
tailures over the entire test duration, c = c; + ¢, the conventional BRDTs require to test
fewer units for demonstrating only a single reliability at the end of the test. The MSRDTs,

on the other hand, gain the capability of demonstrating multiple reliability requirements
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at different time points by paying slightly more price for testing a few more units. How-
ever, as ¢ = 1 + ¢y increases, fewer extra units are required to be tested for demonstrating
more reliability requirement at multiple time points. For example, for ¢ = 5, the conven-
tional BRDT requires to test 18 units to demonstrate reliability at the end of the two-year
period as 0.6. To demonstrate an additional higher reliability at the end of the first year at
0.8, both MSRDT strategies require to test at least 20 units with no failure allowed to be
observed during the first year. More units need to be tested if more failures are allowed

to be observed during the first year.

Table 2.4: Minimum sample sizes required by the two-period MSRDT using the
acceptance criterion in scenario I for different prior distributions

Dirichlet | (1,1,1) (3,3,24) (6,6,18) (12,3,15) (3,12,15) (6,12,12) (12,6,12)

€1 1+ 1y

0 0 12 1 22 58 22 30 67
0 1 13 1 22 58 25 32 66
1 1 15 2 24 62 25 33 69
0 2 14 2 23 58 28 35 65
1 2 17 3 26 62 28 35 69
2 2 19 4 27 66 28 36 72
0 5 20 5 27 60 35 42 66
1 5 22 5 29 65 36 43 69
2 5 24 5 32 69 36 43 73
3 5 26 8 34 73 36 44 76
4 5 28 11 36 76 36 44 79
5 5 30 13 37 79 37 44 81
0 6 22 6 28 60 38 45 67
1 6 24 6 31 65 39 45 70
2 6 26 6 33 70 39 46 73
3 6 28 8 36 74 39 46 77
4 6 30 11 38 77 39 47 80
5 6 32 14 39 81 39 47 82
6 6 34 16 40 83 39 47 84

Settings: M = 15000, R; = 0.8, R, = 0.6, = 0.05

It is well known that incorporating different prior information may have large impacts
on the results in Bayesian analysis. Next we explore the impact of different prior elicita-

tions on the selected MSRDT plans under both scenarios. Table 2.4 and Table 2.5 summa-
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Table 2.5: Minimum sample sizes required by the two-period MSRDT using the
acceptance criterion in scenario II for different prior distributions

Dirichlet | (1,1,1) (3,3,24) (6,6,18) (12,3,15) (3,12,15) (6,12,12) (12,6,12)
C1 2 ni

0 0 12 1 22 58 22 30 67
0 1 13 1 22 58 25 32 66
1 0 17 2 27 64 24 33 73
0 2 14 2 23 58 28 35 65
1 1 18 2 27 63 27 35 71
2 0 22 5 32 69 27 37 79
0 5 20 5 27 60 35 42 66
1 4 21 5 29 65 35 42 70
2 3 23 5 33 69 34 43 74
3 2 28 7 38 74 34 44 80
4 1 33 10 43 79 34 45 87
5 0 37 14 48 86 34 47 97
0 6 22 6 28 60 38 45 67
1 5 23 6 30 65 37 45 71
2 4 24 6 34 70 37 45 74
3 3 28 7 38 74 36 46 79
4 2 33 9 43 79 36 47 85
5 1 37 13 48 84 36 49 93
6 0 42 18 54 92 36 51 104

Settings: M = 15000, Ry = 0.8, R, = 0.6, = 0.05

rize the required minimum sample sizes for the MSRDT plans over two test periods with
different choices of prior distributions for scenarios I & II, respectively. Seven different
prior distributions including the non-informative prior, Dirichlet(1,1,1), are explored.
The patterns are rather consistent across Table 2.4 and Table 2.5. Under both scenarios,
when the prior distribution support higher reliabilities than the minimum requirements,
such as Dirichlet(3, 3,24) shown in the fourth column in both tables, the minimum sam-
ple size can be substantially reduced for any given combinations of ¢; and c; values than
using the non-informative prior (shown in the third column in both tables).

On the other hand, if the prior distribution supports reliabilities at or below the re-
quirements, more units need to be tested to demonstrate the requirements than using the

non-informative prior. This can be observed in Figure 2.11 and Figure 2.12 which show
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the minimum sample size for fixed c; + ¢ under Scenario I & II, respectively. In both
figures, the solid lines with triangles represent the sample sizes for different (c1,c2) com-
binations using a non-informative prior. The dash lines with squares show the sample
sizes for a prior distribution Dirichlet(3,3,24) that supports higher reliabilities than the
requirements, which are consistently below the non-informative line. All other prior dis-
tributions support reliabilities at or below the requirements, and hence all require to test
more units with the corresponding lines located above the non-informative line. The far-
ther the specified prior distribution is to the reliability requirements, the more test units
are needed in the MSRDTs over multiple time periods. One special case is the dash line
observed in Figure 2.12 for a prior distribution Dirichlet(3,12,15), which is consistently
below the non-informative line indicating smaller minimum sample sizes are required
for all (c1,c2) combinations. Since the prior distribution regarding period 1 supports
higher reliabilities than the requirements, while the prior distribution regarding period 2
supports reliabilities below the requirements, the effects of sample size reduction from pe-
riod 1 and sample size increase from period 2 may jointly determine the overall minimum
sample size, and hence lead to slightly different pattern than what has been observed for

other prior distributions.

24 MSRDTs for Multiple Failure Modes

In the previous section, the MSRDT strategies consider each time period as an individ-
ual state for demonstrating specific reliability requirement within the time period. This
section proposes a different category of MSRDTs which considers different failure modes
as individual states that are often associated with different consequences of failures and
different costs of replacement. The conventional BRDTs report dichotomous outcomes
(i.e., success and failure) for each test unit, in which case different failure modes of the
product are not differentiated and the severity levels of different consequences associated

with different failures modes are overlooked. In real applications, a product often has
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multiple failure modes in varied levels of severity, which can lead to different impacts on
customers’ dissatisfaction.

For instance, the failure of a CPU or a hard drive of a computer system is much more
critical than the failures of some accessory parts such as a keyboard or a microphone,
since the former can lead to a complete break down of the overall system, a loss of valu-
able information and/or a high repair/replacement cost while the latter usually only re-
sults in system under-performance and a low repair/replacement cost. Consequently,
the failures of critical or valuable parts will lead to stronger dissatisfaction of customers,
and hence result in higher expectation on reliability for these components. It is desirable
to develop test strategies that allow demonstrating separate reliability requirements for
multiple failure modes.

Assume a product has | independent failure modes. For each test unit, it will either
have failed in mode j,j = 1, ..., ] or remain working by the end of the testing period. Let
7tj and y; denote the probability of failure and the number of observed failures in failure
mode j within the test period (or an equivalent mission time period), respectively. Then,
1 = 1— 2]121 mj and n — Z]I:1 y; denote the probability of success and the number
of survived units by the end of the test. The MSRDTs for multiple failure modes aim to
demonstrate at an assurance level at (1 — ) that the product reliability will meet multi-
ple minimum reliability requirements for each of the different failure modes, denoted by
Rj,j=1,---,]. Here, B is the CR on having a product that has passed the demonstration
test but fails to meet all reliability requirements for different failure modes. Note that all
failure modes are defined in the same test period. For any specified reliability require-
ments R;’s and the maximum acceptable CR controlled at or below B, the MSRDTSs for
multiple failure modes are designed to determine the minimum sample size ny as well
as the maximum number of allowable failures ¢; in the jth failure mode forj =1, ..., J.

Without loss of generality, considering two failure modes with | = 2 for illustrating

the proposed MSRDT strategy. Let R; and R, denote the minimum acceptable reliabilities
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for failure modes 1 and 2, respectively. The test is passed if the number of observed
failures y; is less or equal to the maximum number of allowable failures ¢; for both failure
modes, and the test plan is to determine the choice on {7, c1, ¢ }. For independent failure
modes, the acceptance probability Hm (7, c1,¢2) for certain (771, 712) values can be written

as

_ - n! Y1 o n—yi S n! Y201 n—yo
Hn{, 1, €2) _ylz_o[(%!(n—%)!)nl (1 =m)™ ]y;_o[(yz!(n—yz)!)nz (1= 7m)™ ]

and the corresponding CR, denoted by CRy,, is calculated by

f(l_Rl) fo(l—Rz)

0 Hm(n,c1,c2)p (1, m2)dmadm

CRpy=1-— ) (2.5)

fol fol Hm(n,c1,c0)p(my, mp)dmpdm
where p(711, 712) is the joint prior distribution of (711, 772). For independent failure modes,
there is p(7r1, m2) = p(711)p(712). The minimum sample size is determined by controlling
the CRy, obtained in Eq. (2.5) to be at or below pB. Simulation case studies are conducted
for exploring different reliability requirements, maximum numbers of allowable failures
for different failure modes, as well as different prior elicitations and their impacts on
the required minimum sample size for the MSRDTs for two failure modes. The results
are summarized in Tables 2.6 and 2.7 for two cases with similar or different reliability
requirements for the two failure modes. In Table 2.6, identical minimum reliability re-
quirements are assumed for the two failure modes, where Ry = R, = 0.8 indicates that
the customers have the same expectation on reliability for both failure modes. Table 2.7
assumes different reliability requirements with R; = 0.8 and R, = 0.6. Here, failure mode
1 is considered more critical and/or have more severe consequences associated with its
failure, and hence is required for a higher reliability. The CRy, is still controlled at § = 0.05

and the sample size for Monte Carlo sampling is chosen as M = 15000 to maintain the
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simulation accuracy. Beta distributions are used for specifying the prior distributions for
both 771 and 71, for the two failure modes.

Table 2.6: Multiple failure modes with the same reliability requirements for different
prior distributions

Beta | ™ (L1 (218) (416) (10,15 (2,18) (2,18) (4,16)
mo (1,1) (2,18) (4,16) (10,15) (4,16) (10,15) (10,15)
c1 C2 Nm
0 O 16 7 22 70 18 48 60
0 1 20 9 25 75 23 55 66
1 0 20 9 25 71 19 45 57
0 2 25 12 29 81 29 61 73
1 1 22 11 28 75 24 52 62
2 0 25 12 30 74 20 45 56
0 5 40 22 43 103 44 81 94
1 4 35 19 39 93 39 70 79
2 3 31 18 36 84 34 62 72
3 2 31 19 36 80 30 56 67
4 1 35 20 40 82 27 50 61
5 0 40 23 45 88 27 45 57
0 6 45 25 47 112 49 88 102
1 5 40 22 43 100 44 76 85
2 4 35 21 40 90 39 68 77
3 3 34 21 39 84 34 61 72
4 2 35 21 40 83 31 55 66
5 1 40 23 45 86 29 50 62
6 0 45 27 50 94 30 46 59

Settings: M = 15000, R; = 0.8, R, = 0.8, = 0.05

When two failure modes have the same reliability requirements at Ry = Ry = 0.8,
Table 2.6 summarizes the minimum sample size with different choices of the maximum
allowable failures and different prior settings. When no prior information is available, a
non-informative prior distribution of Beta(1,1) is assigned for both 7r; and 7. Similar
patterns can be observed as for the MSRDTs over multiple time periods. When c; is fixed,
the minimum sample size n,, increases as c, increases; when c; is fixed, n,, increases with
c1. This is intuitive as having more allowable failures makes it easier to pass the test and
thus increases the CR. To control a reasonable CR, a larger number of test units need to be

tested by allowing more failures to be observed during the test. When ¢ + c; is fixed, the
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Table 2.7: Multiple failure modes with different reliability requirements for different
prior distributions

Beta mo (1,1) (2,18) (10,10) (4,16) (2,18) (10,10)
m (1,1) (2,18) (10,10) (10,15) (10,10) (2,18)

1 O Nm

0 0 13 3 105 19 17 59
0 1 14 3 101 20 20 63
1 0 19 7 116 25 18 64
0o 2 14 3 97 21 23 66
1 1 19 7 111 24 20 68
2 0 24 10 126 31 18 68
0 5 19 5 85 26 31 70
1 4 20 7 99 27 28 74
2 3 24 11 113 30 26 77
3 2 29 14 128 35 24 79
4 1 34 18 143 44 23 80
5 0 38 21 158 56 22 80
0 6 21 6 82 28 33 69
1 5 21 7 95 28 31 75
2 4 24 11 109 30 28 79
3 3 29 14 123 35 26 82
4 2 34 18 138 42 25 84
5 1 39 22 154 52 24 85
6 0 43 25 169 65 24 84

Settings: M = 15000, R; = 0.8, R, = 0.6, 8 = 0.05

minimum sample size 71, exhibits a symmetric pattern under the non-informative prior
setting due to the identical reliability requirements for both failure modes. For example,
when ¢ 4+ ¢ = 6, the minimum sample sizes for ¢c; = 0,co = 6 and ¢; = 6,cp = 0 are
identical. In addition, when ¢; and c; become more similar in size (e.g., c; = 2,c20 = 4
compared to c; = 0,cp = 6), it requires smaller minimum sample size to remain the
same assurance level for demonstrating the requirements on both failure modes. This
makes sense as when the maximum number of allowable failures is considerably larger
for one failure mode given the same reliability requirement, it requires to test more units
for demonstrating the requirement for this failure mode, which then inflates the overall
minimum sample size needed in the MSRDT for demonstrating reliability requirements

for both failure modes.
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Different prior elicitations also have large impacts on the selected test plan, as shown
in Table 2.6. When prior knowledge supports higher reliability than the requirements to
be demonstrated, fewer units need to be tested and vice versa. For instance, the prior
distributions of 711 ~ Beta(2,18) and m, ~ Beta(2,18) indicate that there is a strong belief
of lower failure probabilities than the requirements within the test period for both failure
modes. Thus, the corresponding minimum sample size is smaller than what is needed
for using the non-informative prior. On the other hand, when the prior distributions of
711 ~ Beta(10,15) and 71, ~ Beta(10,15) are used, which indicates a moderately strong
belief in larger failure probabilities than the requirements for both failure modes, more
units need to be tested to demonstrate the higher reliability requirements compared to
what is needed when no prior information is available.

When c; + ¢; is fixed, the required minimum sample size is also sensitive to the
specified prior distribution. Figure 2.13 illustrates the change in the n,, for different
(c1,¢2) combinations given fixed ¢; + ¢, = 6. When the non-informative priors are
assumed, the curve for n, (solid line with the triangles) shows a symmetric pattern
with the minimum sample size achieved at c; = ¢ = 3. When informative priors in-
dicating lower failure probabilities than requirements for both failure modes (such as
m ~ Beta(2,18), m, ~ Beta(2,18) corresponding to the dash line with the open circles)
are assumed, the minimum sample size curve is below the non-informative curve. As
the prior belief indicates higher failure probability for at least one of the failure modes
(such as 7r; ~ Beta(2,18), 1, ~ Beta(10,15) corresponding to the dotted line with the
solid circles or 71 ~ Beta(10,15), 71, ~ Beta(10, 15) corresponding to the dash-dotted line
with the open circles), the corresponding minimum sample size curve shifts upwards on
at least one side of tails or on both sides.

Table 2.7 shows the test plans when different reliability requirements are used for the
two failure modes with Ry = 0.8 and R, = 0.6. When the non-informative priors are

used, the symmetric pattern is no longer observed due to different requirements on relia-
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Figure 2.13: Multiple failure modes with the same reliability requirements for fixed
c1 + ¢z and different prior distributions

bility for the two failure modes. Particularly, ny, is larger when c; is large since more units
need to be tested to demonstrate higher reliability requirement for failure model 1 while
allowing more failures to be observed during the test period. Also, for the same c¢; and ¢,
settings, the minimum sample size for demonstrating Ry = R, = 0.8 is smaller than what
is required for demonstrating Ry = 0.8 and R, = 0.6 since fewer units can be tested to
demonstrate a lower reliability requirement for failure mode 2. When more informative
priors are used, similar patterns are observed from both Table 2.7 and Figure 2.14. A po-
tential sample size reduction can be achieved when the prior knowledge supports higher

reliability than what is required to be demonstrated by the MSRDT.

2.5 Concluding Remarks

Conventional binomial RDTs, which focus on demonstrating a single reliability re-

quirement within a single test period, have limited use when multiple reliability require-
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Figure 2.14: Multiple failure modes with different reliability requirements for fixed
c1 + ¢z and different prior distributions

ments need to be met. This paper proposes two types of RDTs for demonstrating reliabil-
ity over multiple time periods and for multiple failure modes. These RDTs with multiple
reliability requirements are all referred to as multi-state RDTs (MSRDTs).

In the MSRDTs over multiple time periods, every time period of interest is treated as
a state, and the joint distribution of failure counts over the non-overlapping time periods
can be modeled by a multinomial distribution. Two different test strategies are proposed
for demonstrating multiple requirements over different time periods. One strategy uses
the cumulative failure counts at the end of all periods as the criteria for passing the test;
while the other uses separate failure counts over non-overlapping time intervals as the
criteria for passing the test. Simulation studies were conducted for comparing the two
strategies by considering two-period MSRDTs. It was founded that the strategy based
on cumulative failure counts (scenario I) is generally preferred for cases that allow fewer

total failure counts over all time periods or when a larger maximum number of allowable
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tailures is allowed for the early cumulative time period. The strategy using separate
failure counts (scenario II) is only preferred for requiring smaller minimum sample size
when a smaller maximum number of allowable failures is allowed for the early separate
time period.

In the MSRDTs for multiple failure modes, each failure mode is treated as a state and
all reliability requirements for the multiple failure modes that may be associated with
different consequences in varied levels of severity and/or costs of repair/replacement
can be simultaneously demonstrated. The required minimum sample size is usually de-
termined mainly by the failure mode that has the highest reliability requirement and/or
least stringent criterion for passing the test (i.e. allowing a larger maximum number of
allowable failures for a particular failure mode).

The impacts of incorporating different prior distributions are also explored for both
categories of MSRDTs. The patterns are consistent regardless of which test strategy is
considered. When the prior knowledge supports higher reliability than the requirements
to be demonstrated, fewer units can be tested compared to using the non-informative pri-
ors for demonstrating the same reliability requirements. However, if the historical data
supports lower reliability than what are required to be demonstrated, then more units
need to be tested to override the effects of the prior distribution for demonstrating higher
reliability than what has been indicated from existing data. For future work, it is expected
to develop thorough mathematical justifications with theoretical formulations and deriva-
tions to validate the discussed patterns using both non-informative and informative prior

distributions.
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Chapter 3
Optimal Binomial Reliability Demonstration Tests Design Under Acceptance

Decision Uncertainty

3.1 Introduction

Reliability is the probability that a product will satisfactorily perform its intended
function at a specified time point (Meeker and Escobar, 2014, pp.1-3). Because reliability
measures the product quality over time, it plays an important role throughout the prod-
uct life cycle, from product design and development to operations and warranty phases.
Reliability demonstration test (RDTs) are one class of reliability assurance activities at the
design and development phases for demonstrating a product’s ability to meet an antic-
ipated lower level reliability requirement at a desired level of confidence (Kleyner and
Sandborn, 2008). To assure that a product has met the consumer’s expectation, a RDT is
conducted by the manufacturer to demonstrate the product’s before it can be released to
the market. The goal is to control the consumer’s risk (CR) of receiving inferior products,
and thus improve customer satisfaction and business reputation. As the global market
becomes more and more competitive, the RDTs have become critical testing strategies for
many companies to safeguard their market positions and improve the competitiveness of
their products.

Based on different reliability data types and model assumptions (Meeker and Escobar,
2014, pp.3-15), the RDTs can be mainly classified into three categories: 1) RDT based on
failure count data (Guo and Liao, 2011; Jensen, 2015; Chen et al., 2017; Li et al., 2016);
2) RDT based on failure time data (Hamada et al., 2008; Lee et al., 2015; Xu et al., 2017);
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and 3) RDT based on degradation data (Yang, 2009, 2013; Jin and Matthews, 2014). The
tirst type of RDT tests a set of units for a predetermined time period with the number
of failed units observed(e.g., 5 failures out of 100 test units). In this case, the number
of failures is often modeled with a discrete distribution, such as a binomial distribution
for single-failure units or a Poisson distribution for recurrent failure units. The second
testing scheme considers failure time data where time to failure is observed for failed
units and the censoring time is observed for units that have not failed by the end of the
testing duration. A lifetime distribution, e.g., the Weibull or Lognormal distribution, is
often assumed for modeling failure time data. In the last testing scheme, the RDTs are
designed based on the degradation data, which mainly use the repeated measurements
of the deteriorating performance over time to infer and demonstrate product reliability
based on specified critical failure thresholds.

This paper focuses on the design of RDTs based on the failure count data which are
modeled with a binomial distribution, and hence are also referred to as binomial RDTs
(BRDTs) (Lee et al., 2015). The BRDTs have been widely employed in reliability engineer-
ing and practices due to its convenience in actual implementation and analysis. Com-
pared to RDTs based on failure time or degradation data, which require either periodic
inspection or continuous monitoring of the failed /deteriorating states of product units,
the BRDTs only need to inspect the units at the end of the test and report the number
of failures (Guo and Liao, 2011), and hence require much less monitoring efforts. In ad-
dition, the BRDT designs do not require any assumption on the lifetime distribution or
degradation processes. They are particularly useful for one-shot systems with destructive
testing (Guo et al., 2010b) (e.g., the missiles).

In the conventional BRDT design (Jensen, 2015; Kleyner et al., 2015; Lu et al., 2016)
with n test units, given a lower level reliability requirement, R;, at the end of a predeter-
mined test period, the test is passed if the number of observed failures, y, does not exceed

the maximum number of allowable failures, c. The BRDT design aims to determine the
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design parameters (1, ¢), with the actual product reliability satisfying R > Ry and an ac-
ceptable consumer risk (CR) level B. B quantifies the probability that a unit mistakenly
passes the test but fails to meet the specified Rr. To find the optimal BRDT design, the
conventional approach focuses on minimizing the BRDT testing cost by selecting an op-
timal plan determined by (n*,c = 0), where n* is the minimum sample size when no
tailure is allowed to pass the test. These zero-failure tests, are also called the success run
tests (O’Connor and Kleyner, 2012, pp.357-358). However, there has been limited work
considering the costs generated from broader reliability relevant activities. Kleyner and
Sandborn (2008) was among the first to consider a life cycle cost for reliability demon-
stration. However, in this paper, the discussion of trade-offs between the BRDT testing
cost and warranty cost still stay at a conceptual level without taking into consideration
of the uncertainty of the BRDT testing results, which is associated with the probabilistic
relationships between the BRDT and its subsequent reliability assurance activities. To the
best of our knowledge, there has been no study that explicitly incorporates the acceptance
decision uncertainty for the optimal BRDT design and investigates the cost-effectiveness
of such optimal design by integrating its subsequent reliability assurance activities, in-
cluding the reliability growth (RG) and warranty services (WS).

To further explain the acceptance decision uncertainty of the BRDT design and how it
will affect subsequent reliability assurance activities, Figure 3.15 provides a flowchart of
the three related activities, i.e., RG, BRDT and WS. Based on the observed failures y and
the design parameter c, a binary decision of rejecting or accepting the BRDT will be made,
associated with initiating either the RG or WS. At the design stage of BRDT, the number
of observed failures y is random, resulting in the uncertainty of such a binary decision.
Different configurations of the BRDT design will further influence the probability of the
binary decision and whether RG or WS being initiated. Moreover, different BRDT designs
will also affect the potential costs of RG and WS. For instance, if the BRDT is accepted,

then designing a BRDT for demonstrating a higher reliability may reduce the WS cost
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Figure 3.15: Reliability assurance activities in the product life cycle

since the number of warranty claims is expected to decrease for more reliable products.
But on the other hand, if the BRDT is rejected, then improving product to achieve such
higher reliability goal may also increase the RG cost. However, conventional optimal
BRDT designs, such as success run tests, do not take into account the acceptance decision
uncertainty or its cost impacts on subsequent reliability activities. In fact, success run
tests often have a low probability of accepting the product, and then the RG will be more
likely to be initiated.

To address the aforementioned gaps in the existing literature, there is a need to de-
velop an optimal BRDT design strategy which explicitly considers the acceptance deci-
sion uncertainty as well as the cost impacts on the RG and WS. To achieve this objective,

there are three aspects needing to be investigated. First, it is necessary to quantify the ac-
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ceptance decision uncertainty and examine the nonlinear relationship between the design
parameters and the acceptance uncertainty as well as the costs of BRDT testing, RG and
WS. Second, different products may have different cost components throughout the prod-
uct life cycle, and hence requires different optimal designs for optimizing the overall cost.
For example, mission-critical high-tech systems, such as missiles and space aircrafts, may
require extensive costs in RG for technology improvement while daily-used consumer
products, such as telecommunication devices, may consume more costs in WS to safe-
guard customer satisfaction and market competitiveness. Third, in the existing Bayesian
BRDT design literature, the impact of prior elicitation on the test design has been explored
(Hamada et al., 2008; Chen et al., 2017, Weaver and Hamada, 2008). When the decision
uncertainty and different cost components are incorporated in the Bayesian BRDT design,
it is necessary to understand how the choices of prior distributions will influence the se-
lected test designs. To answer these questions and address the various design complex-
ities, this paper proposes an optimal BRDT design framework by explicitly quantifying
and incorporating the acceptance decision uncertainty and minimizing the overall cost
of BRDT testing, RG and WS. The relationships between the design parameters and the
various aspects of the test performance will be studied, and the trade-offs between the
reliability characteristics and the different cost components will be evaluated. A compre-
hensive case study is carried out to systematically investigate the performance of pro-
posed BRDT design under different cost scenarios and extract some general patterns. The
influence of prior elicitation on BRDT design is also studied to understand its impacts on
the selected sample size and overall cost.

The remaining of the paper is organized as follows. In the next section, the conven-
tional BRDT designs are reviewed under both the Frequentist and Bayesian frameworks.
Then, the optimal BRDT design is proposed by quantifying of the acceptance decision
uncertainty and the trade-offs among different cost components. A comprehensive case

study is followed to illustrate the proposed method and compared with conventional de-
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signs through a real-world example. In the following sections, different cost scenarios
will be investigated, and a sensitivity analysis on the specified prior distribution and its
influence on the selected test plan and the overall cost will be explored. Conclusions are

provided in the end.

3.2 Conventional BRDT Design

In the conventional design of BRDT, design parameters (#, ¢) can be determined under
both the Frequentist and Bayesian approaches (Kececioglu, 2002, pp.415-429), where n is
the number of units to be tested and c is the maximum allowable failures for accepting
the test. Under the Frequentist approach, (1, ¢) are determined by controlling the CRg

calculated by

c

CRg(n,¢) = ) <n> (1= Rp)Y(Re)", (3.6)
y=0"y

where y is the number of observed failures during test, which follows a binomial distri-
bution, y ~ Bin(#n, 7r) with a true product failure probability 7. The set of values (1, c) are
chosen to ensure CRg(1n,¢) < Bforall 1 — 7w > Ry, where § and Ry are the tolerance level
of CR and the lower level reliability requirement from the consumers, respectively. There
are many choices of (1, c) values satisfying the above constraints. The conventional opti-
mal BRDT design aims to minimize the cost of the demonstration test, or equivalently, the
testing sample size n. Since the minimum testing sample size will increase as c increases,
the optimal design parameters become (n*,¢ = 0), where n* is the smallest sample size
required for a zero-failure test (i.e., success run test).

Under the frequentist framework and the constraints in zero failure tests, once the R,
and p are specified by the users, the optimal design parameters is uniquely determined.
In contrast, the Bayesian method allows the incorporation of prior knowledge of product
reliability (i.e., 1 — 7r), which can potentially reduce the testing sample size if the prior

knowledge is in favor of the specified R; (Hamada et al., 2008; Pintar et al., 2012; Weaver
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and Hamada, 2008; Wilson and Fronczyk, 2017). By using the Bayesian approach, the
design parameters (1, ¢) are determined by controlling the posterior CR calculated in the

following form by conditioning on the prior knowledge of passing the test
CRp(n,¢) =Pr(l1 —m < Rrly <c¢)

g S5 (*) 2 (@ = )] p(m)dn
= / . (3.7)

Jiggo (") w1~y sp(myin
y

In the above equation, CRg(-) represents the posterior probability of the product reliabil-
ity not meeting the lower level reliability requirement (i.e., 1 — 1 < Rp) given the test is
accepted (i.e., y < ¢), and p(7r) denotes the prior probability density of the true product
tailure probability 7r under the Bayesian framework. By controlling the posterior CR at
or below B, the minimum sample size n* can be determined. It has been demonstrated
in existing work that incorporating prior information sometimes can help reduce testing
sample size (Chen et al., 2017; Lu and Rudy, 2001). In this paper, we will also use the
Bayesian method to leverage information from historical data or subject matter expertise
for designing optimal BRDT plans.

The conventional optimal BRDT design using either the Frequentist or Bayesian ap-
proach can be expressed as an optimization problem in a unified framework given by

minimize D = C;+ Cyn
n,c

subject to CR(n,c) < B, (3.8)

nez>,ceZ>,

where D is the BRDT testing cost with Cy representing the total fixed cost (e.g., testing

facility and equipment costs, training and labor costs of personnel, administrative costs,
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etc.) independent of testing sample size, and C,n representing the total variable cost (e.g.,
material costs, manufacturing and assembling costs of each test unit) for n test units. C,
is the average variable cost per test unit. Z= is the set of all non-negative integers and
Z~ is the set of all positive integers. CR(-) can be calculated based on either Eq. (4.14) or
Eq. (4.15). The optimal BRDT is essentially a combinatorial optimization problem aiming
to find the optimal integer combinations of (#,¢) in order to minimize the BRDT testing

cost D, or equivalently, the number of testing units n.

3.3 Optimal BRDT Design Under Acceptance Decision Uncertainty

Conventional optimal BRDT design described in Eq. (3.8) has several limitations. First,
it only focuses on reducing the BRDT testing cost while neglects the cost impacts on sub-
sequent reliability assurance activities, such as the RG and WS. Second, as described in
Figure 3.15, the binary decision of accepting or rejecting the test is uncertain at the BRDT
design stage, which further results in the uncertainty of initiating the following activities
of either RG or WS. Conventional optimal design fails to incorporate such uncertainty
in test planning. The proposed cost-based optimal BRDT design will consider the inte-
grated overall cost from the BRDT testing, RG and WS subject to the acceptance decision
uncertainty.

Let ¢ be a binary variable to represent the binary decision of BRDT, namely ¢ = 1
when test is passed and ¢ = 0, otherwise. The acceptance criterion for a BRDT is that a
test will be passed (i.e., ¢ = 1) if the number of failures y is not greater than the maximum
allowable failures c. At BRDT planning stage, the actual realization of y is unknown be-
fore a test is implemented and y is a random quantity following a binomial distribution
with parameters n and 7r, whose prior density is p(7). Thus, when designing a BRDT,
there is an acceptance decision uncertainty associated with the actual test to be imple-
mented. Such uncertainty can be explicitly quantified by the acceptance probability (AP)
(Lu et al., 2016), i.e, Pr(¢ = 1) = Pr(y < ¢). Under the Bayesian framework, AP can
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be evaluated based on the prior predictive distribution of y by “averaging” over all the

possible values of 7t based on its prior density as:
AP =Pr(y <)

= [ (") (0= p(rran (39)
y=0 "y

It is noticed that AP essentially quantifies the prior belief probability of future BRDT ac-
ceptance uncertainty while AP and (1-AP) determine the likelihood of releasing the prod-
uct into the market with the WS initiated and the chance of being sent back for RG, respec-
tively. Since AP is influenced by both design parameters (7, ¢) in Eq. (3.9), and the choices
of (n,c) are also influenced by Ry from controlling CR in Eq. (4.15), it will be interesting
to understand how AP changes with different design parameters, which is also helpful
for understanding its cost impacts on different reliability activities. Figure 3.16 shows the
nonlinear relationships among AP, ¢, n* and Ry by controlling CR under 0.05, where n*
is the optimal solution (i.e., minimum testing sample size) obtained from Eq. (3.8) for any
tixed c value. Several patterns can be observed from Figure 3.16. First, when c is fixed and
Ry increases, n* will increase but AP will decrease. It is because demonstrating a higher
product reliability requires testing more units. Then more units are likely to fail, which
makes the passing criterion y < c less likely to be satisfied. Second, when R} is fixed and
¢ increases, both n* and AP will increase. This is intuitive as increasing the maximum
allowable failures makes it easier to pass the test (i.e., increased AP) but also requires
testing more units to ensure the same Ry is met. Also, given a fixed lower level reliability
requirement R specified, the conventional success run tests with (¢ = 0) generally have
the lowest AP values as compared with other test plans with higher c values.

Then the proposed optimal BRDT design can be explicitly formulated as follows by

incorporating AP and calculating the expected costs of subsequent reliability activities,
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minimize D + Ez[¢W + (1 —)G]

n,c,R

= Cf+Cont +AP X Eqjyc(Co* Nx 1) + (1 — AP) X G
N _ o N—

—_—— ~
BRDT testing cost expected WS cost expected RG cost
(3.10)
subjectto CR(n,c) < B,
R; < Rp <Ry,

nez”,ceZz,

where Z~ and Z= represent the sets of positive and non-negative integers, respectively.
The objective of the optimal design is to minimize the BRDT testing cost, D, together with
the expected costs of WS and RG, where W and G denote the total WS and RG costs, re-

spectively. An acceptable range [R;, R[] is provided for Ry, with R; denoting the lower
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bound of R that corresponds to the pre-specified lower level reliability requirement in
conventional BRDT design, and R denoting the upper bound of R that can be techni-
cally achieved in practical applications. If neglecting AP, excluding the last two cost com-
ponents and pre-specifying R; = R;, the conventional optimal design in Eq. (3.8) can be
viewed as a special case under the proposed BRDT design. Given a BRDT test is accepted,
the anticipated total WS costs to be involved becomes W = E |, <.(Cw * N * 71), where N
the expected sales volume, C, is the average cost per warranty claim and 7|y < c is
the true product failure probability conditioning on a test has been passed. W can be

explicitly calculated as
Eqly<c(Cw* N x71) = CuNE(7tly < ¢)

Jar S (:) -

= CyN
Jo o (") w1 = )y sp(rydn
y

G is the total anticipated RG costs in the single redesign cycle before performing the next
round of BRDT, which includes the resources (e.g., time, personnel, equipment, materials,
etc.) spent in identifying failure modes in the existing design and /or manufacturing pro-
cess and further making corrective actions (e.g., design changes, quality control, etc.) to
eliminate such failure modes and strengthen the product reliability. Note in the Eq. (3.10),
we use aggregate cost structure for the WS and RG costs to illustrate the general method-
ology as well as evaluate their impacts on BRDT design. In a specific application context,
both WS and RG costs may vary significantly and need to be modeled more explicitly. To
facilitate more general application of the proposed method, in the case study section, we
will investigate a variety of cost scenarios for BRDT, WS and RG to gain a comprehensive

understanding of the general patterns and offer insights for general applications.
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It is noticed that in practice, to shorten the testing duration at the BRDT testing stage,
BRDT test is often carried out under the accelerated test conditions (e.g., usage rate, tem-
perature, voltage, etc.) to ensure that the product reliability in the test period is equiv-
alent to the product reliability in the warrant period at the normal operating condition.
In other words, given the warrant period t,, under the normal operating condition x,
and the specified BRDT testing duration t,, an accelerated condition x, for BRDT test-
ing can be determined by satisfying T(xa) = T(xw)/7, where T(x,) and T(x,,) are ran-
dom quantities of product lifetime under accelerated and normal operating conditions,
respectively, and v = T(xw)/T(xa) is an accelerating factor. The product reliability then
becomes 1 — m = Pr(T(xa) > ta) = Pr(T(xw) > tw). and the test duration of BRDT
can be shorten as t, = t, /7. Based on a specific accelerated life testing (ALT) model,
T(xa) and T(xw) can be transformed accordingly with Pr(T(x,) > t,) being equivalent
to Pr(T(x,) > ta). For instance, considering a log-normal ALT model at operating con-
dition x, i.e., T(x) ~ Lognormal(u(x),c?), where location parameter u(x) depends on
the operating condition x and scale parameter ¢ is fixed, there is T(x,) = T(xw)/7 when
#(xa) = p(xw) —log(vy). Similarly, when considering a Weibull ALT model at operating
condition x, i.e.,, T(x) ~ Weibull(A(x), k), where scale parameter A(x) depends on the
operating condition x and shape parameter k is fixed, there is T(x,) = T(xw)/7v when
A(xa) = A(xw) /7. For additional details of ALT models, please refer to (?Nelson, 2009).

In addition to the consideration of the expected costs of subsequent reliability activi-
ties, another new contribution of this paper is that we consider the impact of the choice of
Ry, on optimizing the test plan. In the conventional BRDT design, the lower level reliabil-
ity requirement R is fixed at a specific value, e.g., R = R;. However, when the WS and
RG costs are considered, the choice of R, will also affect these costs. For example, a higher
Ry will request testing more units and hence an increased BRDT testing cost in the first
cost component of Eq. (3.10). This will also result in a lower AP and a higher chance to

require further RG activities with an increased expected RG cost in the third cost compo-
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nent. On the other hand, a lower R will generally lead to an increased expected WS cost

in the second cost component. It is because the second cost component can be reduced
n
into C,xN fol[n Z§:o< )rcy(l — )" Y]p(m)dm based on Eq. (3.9) and Eq. (3.11). Given a

tixed c and a lower Rp, the sample size n required to demonstrate a less demanding Ry
will decrease, which will further increase the above term. Thus, we consider R; as an ad-
ditional design parameter. Instead of fixing R; = R;, we consider a range of acceptable
values for Ry, debited by [R;,R.], and seek the set of (1,¢, R;) design parameters that
minimizes the overall cost expressed in Eq. (3.10). As the relative size of different cost
components varies, different optimal test plans will be selected. For instance, when the
WS cost of a product is dominating the total cost, a higher Ry, within the acceptable range

will be preferred to reduce the WS cost.
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Figure 3.17: Illustrations of changing patterns and trade-offs of cost components

Figure 3.17 illustrates the trade-offs between different cost components considered in
the proposed work. In Figure 3.17a, as R} increases, both the BRDT testing cost and ex-
pected RG cost will increase while the expected WS cost will decrease. As a result, the
overall cost exhibits a convex changing pattern. Given an acceptable range [R;,R;] of

Ry, the proposed BRDT design by simultaneously determining n, ¢ and R;, values can
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yield the smallest overall cost. Figure 3.17b summarizes the cause-and-effect relation-
ship among design parameters, AP and three cost components. For example, to reduce
D alone, BRDT can be designed via adjusting R; and/or c towards lower value(s), which
will reduce the total testing sample size n and BRDT testing cost D. As shown in Fig-
ure 3.17b, three cost components cannot be minimized simultaneously by adjusting c or
Rr, which demonstrates the trade-off among different cost components. The proposed
optimal BRDT design will minimize the overall cost by identifying the optimal design pa-
rameters (11, ¢, R7), where n, denotes the optimal testing sample size for the proposed
work and differentiates from #n* in conventional work.

Numerical examples will be illustrated in case study section to demonstrate the effec-
tiveness of the proposed work in determining optimal BRDT designs. Both CR and AP
in Eq. (3.10) can be calculated under Bayesian framework using Monte Carlo integration
(Robert and Casella, 2013, pp.71-131), where a large number of samples of 7t of size M
(e.g., 5000) are generated from the specified prior distribution p(7t|x). Then, CR and AP

can be calculated approximately by

oMo (1) ()1 = D)D) <1 Ry)

y
Posterior CR =~ 1 — , (3.12)

oo () (201 — iy
y

ZC;( ) y(1— 7y, (3.13)

y=0"y

Mi

I
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where 7t1/) is the jth generated sample of true product failure probability for the specified

prior distribution.

75



3.4 Case Study

This section illustrates the proposed optimal BRDT design through a case study from
a real application, and demonstrates its advantages over the conventional designs for
minimizing the overall reliability related cost. In addition, we will explore different sce-
narios with varied sizes of the cost components (e.g., costs of BRDT testing, WS and RG)
to understand their impacts on the trade-offs among different cost components, how de-
sign parameters drive changes in different cost components, different choices of optimal
designs under different cost structures, and the impact of prior information on selected

BRDT designs.

3.4.1 Proposed vs Conventional — Real-world Example

Pham and Turkkan (1992) provides a real-world example regarding the reliability of
fuel pump. Based on historical testing data, and the engineers’ belief that there is 0.9
probability that the reliability for the fuel pumps to operate in the next 1000 hours will
tall between 0.80 and 0.93. This translates into a prior distribution of the fuel pump’s
true failure probability as 7w ~ Beta(9,60.86) (Duran and Booker, 1988). The beta prior
distribution was selected because (i) it is the conjugate prior for the binomial distribution,
which facilitates computation efficiency; and (ii) it is flexible in representing different
shapes (e.g., flat, symmetric, right-/left-skewed) of prior densities.

The prior distribution of the fuel pump true failure probability described above is
incorporated into both the conventional and proposed BRDT designs under the Bayesian
framework. The CR is controlled at the acceptable level at B = 0.05. First, we assume
the product has a comparable magnitude of aggregated costs in RG and WS, which are
tremendously higher than the BRDT testing cost. This cost relationship can be expressed
in the form D < W =~ G. This could happen when the product reliability growth process

is complex and time-consuming and thus is associated with high expenses, and the WS
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cost is also high due to either the high sales volume or high repair or replacement cost
per warranty claim. In these cases, the BRDT testing cost is often negligible compared to
costs of RG and WS due to the small number of units to be involved in the tests. Other
scenarios with different relative sizes of D, W and G will be explored in the next section.
In addition, we consider a reasonable acceptable range to be 0.8 < Ry < 0.95 and we
can allow ¢ to range between 0 and 10. The minimum sample sizes, n* and n;, under
conventional and proposed BRDT designs can be obtained for each combination of (R, c)
under the controlled CR to minimize the BRDT testing and the overall costs in Eq. (3.8)
and Eq. (3.10), respectively.

Figure 3.18 compares the cost of the conventional and proposed optimal BRDT designs
for different combinations of (Ry,c) values. Figure 3.18a shows the overall cost of the
conventional designs based on minimizing the BRDT testing cost. For each fixed ¢ value,
the overall cost increases as Ry, rises since more units are required when the lower level
reliability requirement to be demonstrated is higher. At any fixed R;, the overall cost
also increases as more failures are allowed to pass the test since this will also require
testing more units to maintain an acceptable CR level. Additionally, the overall cost does
not increase linearly with R;. When Ry is at or above 0.9, the overall cost increases at
a rising speed as reliability increases because a much larger number of units is required
to be tested to suppress the impact of the prior distribution for demonstrating a lower
level reliability requirement higher than what is supported by the prior knowledge (the
reliability is centered around 0.87 with a high probability).

In contrast to the conventional designs, the overall cost of the proposed optimal BRDT
design does not always increase monotonically with R; or c. As shown in Figure 3.18b,
we observe U-shaped patterns of the overall cost as R} increases at different ¢ values. For
example, for any given c, the overall cost decreases with Ry at lower reliability values
and then increases as R; further increases i.e. exhibiting a U-shaped pattern. Since the

overall cost in the proposed design is a combination of the BRDT testing cost as well as
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Figure 3.18: Cost comparison between conventional and proposed optimal BRDT
designs

the expected WS and RG costs, different cost changing patterns essentially result from
the various changing patterns of its composing cost components as well as AP. Similar to
conventional designs, the BRDT testing cost is expected to increase with both Ry and c.
The expected WS cost reduces as Ry, increases at any fixed c value because fewer warranty
claims are expected with an increased product reliability and there is also a smaller prob-
ability of having a successful test (i.e. AP reduces as Rj increases). On the other hand,
at any fixed R, increasing c will increase the expected WS cost because there is a higher

probability of passing the test (i.e. AP increases with ¢ as shown in Figure 3.16). The
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impact of ¢ value on the expected WS cost is larger when R; < 0.9 and is maximized at
around Ry = 0.83. On the contrary, the expected RG cost is a decreasing function of ¢ but
an increasing function of Ry. The trade-off between the expected WS and RG costs leads
to the U-shaped pattern of the overall cost in Figure 3.18b. It is also noticed that as R,
becomes greater than 0.9, both the expected WS and RG costs do not change much as AP
becomes closer to 0. In that case, the changing patterns of the overall cost will resemble
the patterns observed in the conventional design.

In addition to different cost changing patterns, the optimal test plans between con-
ventional and proposed BRDT designs also differ, as shown in Figure 3.18b. Conven-
tional design which minimizes the BRDT testing cost alone yields an optimal test plan of
(n* = 1,c = 0) with pre-specified lower level reliability requirement R; = 0.8. However,
it gives a higher overall cost after considering the expected WS and RG costs. The pro-
posed optimal test plan will select (n;, = 19,¢ = 1,R; = 0.83) to minimize the overall
cost Ry selected from an acceptable range of [0.8,0.9]. The overall cost impacts are realized
from two aspects. First, instead of pre-specifying a fixed lower level reliability require-
ment, adjusting R; towards a higher level from an acceptable range of R; will reduce the
expected WS cost (with reduced AP and number of warranty claims) and provides good
potential of further realizing the overall cost reduction (when WS cost is a dominant cost
component). Second, instead of the smallest maximum allowable failures, higher c can be
achieved as well to further decrease the probability of passing the test and the expected
WS cost. In short, conventional design can be viewed as a special case of the proposed
design by pre-specifying R; and neglecting cost components of subsequent reliability as-
surance activities, such as WS and RG. The corresponding optimal test plan is therefore
locally optimal in the context of minimizing the BRDT testing cost alone, rather than a
global optimal test plan in a wider context by considering acceptance uncertainty and the

overall cost with a combination of various cost components.
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As described above, the overall cost changing pattern depends on both the trade-offs
among different cost components as well as the specified prior distribution of product
reliability. In the above example, we consider the relative sizes of the different cost com-
ponentsas D < W =~ G (e.g., W and G are at least 10 times higher than D). As discussed
above, the relative magnitude of D, W, and G as well as AP jointly the optimal test plan
for minimizing the overall cost. Therefore, in the next section, we provide a compre-
hensive evaluation of other scenarios with varied size relationship among the three cost
components, and examine how the overall cost changing patterns may vary among dif-
ferent scenarios. In addition, we also conduct a sensitivity analysis to understand the

impact of different prior distributions on the selected optimal test plans.

3.4.2 Comprehensive Scenarios

In practice, the WS cost may vary considerably among different products with dif-
ferent costs of the warranty services, different warranty periods (e.g., 3 months, 2 years)
and warranty policies (e.g., free replacement vs pro-rata) adopted by the manufacturers
(Blischke, 1993, pp.40-90,131-205). In addition, the RG cost may also vary substantially
among different products due to their diverse characteristics as well as various design,
development and manufacturing efforts/technologies involved. For instance, compared
to a simple component/device with matured technology and/or evolutionary design, the
RG cost for a complex system with evolving technology and/or revolutionary design will
be much higher. For RG with a single redesign cycle considered in this paper, RG cost is
also influenced by the cost-effectiveness of corrective actions, the budget/resources con-
straints as well as management strategies in the current redesign cycle before performing
the next round of BRDT, which will further lead to significant cost variation among dif-
tident products. To accommodate different applications with varied WS and RG cost

scenarios at the aggregate level, we will comprehensively investigate different cost sce-
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narios in this section to obtain some general insights on how different RG and WS costs
will affect the proposed BRDT design.

“To denote the relative size of two cost components, we use “~", “<" and “<" to rep-
resent “similar”, “smaller" and “substantially small" in magnitude, respectively. Specifi-
cally, “<" represents a relation between two costs with approximately 1-3 times difference
in magnitude while “<" represents a relation with at least 10 times difference in magni-
tude. Instead of exhausting all possible scenarios, we further restrict ourselves to consider
only the cases where D < G because for most of the manufacturing products, demonstra-
tion tests are usually a lot cheaper than RG as the latter often involves a lengthy and labor
intensive efforts. For example, in automobile industry (Kleyner and Sandborn, 2008), the
cost of new car design and development can be extremely expensive, which includes huge
labor costs and operation costs up to $1 billion over a long time period for product design
and RG. In the contrast, D can be relatively low, which may require testing hundreds of

cars in a few months and cost several million dollars.

Table 3.8: Summary of different cost changing patterns and scenarios

Cost pattern Scenario n; Ry ¢ AP Costs (proposed) Costs (conventional)
[:W<<D<<G |14 08 5 0.9887 5.344E+03 2.113E+04
I:W<D<<G 14 08 5 0.9887 1.613E+04 3.055E+04

Increasing N:WaD<<G |11 08 4 09858 2.565E+04 3.886E+04
IV:D<W<<G |14 08 5 009887 3.574E+04 5.362E+04
V:D<<W<<G |27 08 9 0.9935 2.047E+05 3.598E+05
VI:D<<W<G |27 08 9 0.9935 7.794E+05 8.582E+05

U-shape VII:D<<W=~G | 75 088 3 0.0474 1.504E+06 2.132E+06
VII:D<<G<W | 61 089 0 0.0026 1.508E+06 2.963E+06
Decreasing | IX: D << G<<W | 91 091 0 0.0004 1.514E+06 1.681E+07

Settings: C; = 1000, C, = 125,Cyy =5, 71 ~ Beta(9,60.86), M = 5000(simulation sample size)

Table 3.8 summarizes the cost changing patterns among the nine different ordering re-
lationship scenarios with Ry ranging from 0.8 to 0.95 and c ranging from 0 to 10. The cost
patterns can be classified into 3 categories, namely increasing, U-shaped and decreasing

patterns. When G is a dominating cost component, the overall cost pattern will exhibit
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an increasing trend as R increases, as shown by scenarios I to V. High-tech and mission-
critical products/systems, such as integrated circuits and automobiles, requires extensive
investments in R&D and can achieve higher reliability during warranty period, which
leads to relatively less WS costs (O’Connor and Kleyner, 2012, pp.225-227)(Kleyner and
Sandborn, 2008; Kleyner et al., 2004). When W becomes comparable with G, the trade-off
between two expected cost components leads to the U-shaped patterns of the overall cost,
as indicated by scenarios VI, VIl and VIIL. High performance components, such as durable
car batteries, may have comparable costs in product development and warranty services.
When W becomes a dominating cost component, the overall cost changing pattern will be
a decreasing function with respect to R, as indicated by Scenario IX. Low-tech consum-
able products, such as light bulbs, may fit into this category due to its inexpensive design
and mature manufacturing but a large sale volume, which leads a significant number of
warranty claims during the warranty period if the lower level reliability requirement is

less demanding.
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Figure 3.19: Increasing patterns of the overall cost

Figures 3.19 to 3.21 further show the three representative cost changing patterns and
their separate cost components, respectively. In Figure 3.19, the increasing pattern of the

expected RG cost dominates the others and leads to the increasing pattern of the overall
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Figure 3.20: U-shape patterns of the overall cost
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Figure 3.21: Decreasing patterns of the overall cost
cost. Compared to conventional optimal test plan of (n* = 1,¢c = 0,R; = 0.8), the
L

proposed optimal test plan, i.e., (n;‘, = 5,c = 2,R; = 0.8), can be achieved at the lower
bound of Ry but a larger value of maximum allowable failure. A larger c value will
reduce (1-AP) to mitigate the dominant effect of cost component G. In Figure 3.20, as
G and W become comparable, their trade-off leads to a U-shape pattern of the overall
cost. Similar patterns have been discussed in the real-world example. In Figure 3.21a, the

overall changing pattern exhibits a decreasing trend as the expected WS cost dominates
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the overall cost. Compared to conventional optimal test plan of (n*=1,c=0,R, =0.8),

the proposed optimal test plan, i.e., (n;‘, = 61,¢c = 0,Ry = 0.89), can be achieved at the

smallest ¢ value but a higher R; than the minimum acceptable value. A larger R; value

will simultaneously reduce AP to mitigate the dominant effect of cost component W.

Table 3.9: Optimal BRDT designs by varying W / G ratio

W/G n;‘, R c AP Cost
0.05 14 0.8 5 0.9887 1.614E+04
0.25 5 0.8 2 0.9784 6.035E+04

0.5 5 0.8 2 0.9508 1.199E+05
0.75 19 0.84 0 0.0988 1.513E+05
1 32 0.86 0 0.0270 1.543E+05
1.5 40 0.87 0 0.0132 1.559E+05
5 61 0.89 0 0.0026 1.589E+05
10 75 0.9 0 0.0010 1.604E+05

Settings: C; = 1000, C, = 125,Cy = 5,G = 1.5E + 05, M = 5000, 7t ~ Beta(9,60.86)
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Figure 3.22: Pathway of optimal BRDT designs with increasing W /G ratio

Minimum testing sample size

To further understand the second category where the overall cost shows a U-shaped

pattern, which occurs when W and G are comparable in magnitude, Table 3.9 shows

the optimal BRDT design parameters at varied W/G ratios. When W/G ratio is small
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(e.g., 0.05), W value is negligible and G is dominant. The optimal design parameter will
select the same lower level reliability requirement of 0.8 specified in conventional optimal
design. The reduced overall cost is realized through selecting a higher value of c to reduce
(1-AP) as well as the expected RG cost. As W/G ratio increases, the influence of W will
become increasingly significant in contributing the overall cost. To shrink the effect of
more costly W, the optimal design tends to select the Ry towards a higher level. As
the same time, c value is selected at a lower level to reduce AP as well as the expected
WS cost. Figure 3.22 further visualizes the changing pathway of optimal BRDT designs
as W/G ratio increases. Note that for conventional design, the corresponding optimal
design parameters are always (n* = 1,¢c = 0,Ry = 0.8), regardless of the changes of

W /G ratios.

3.4.3 Impact of Prior Distributions

To investigate the influence of different prior settings, Figure 3.23 shows seven differ-
ent beta priors of 77 under various prior mean and variance specifications. For example,
with the same prior mean of 0.1 (equivalently, the average prior belief of product reli-
ability of 0.9), Beta(1,9), Beta(2,18), Beta(4,36) are associated with high, medium and
low prior variances, respectively. Similarly, as the prior mean of 7r increases to 0.2 (with
the average prior belief of product reliability reduced to 0.8), Beta(0.5,2), Beta(7.5, 30),
Beta(15,60) are associated with decreasing prior variances. The flat density curve refers
to the non-informative prior Beta(1, 1), which assumes the that 7r has an equal probability
of taking any value from [0, 1].

Table 4.12 shows the optimal BRDT design parameters (11, c, Ry.) as well as the corre-
sponding AP for different prior distributions shown in Figure 3.23, where the maximum
tolerance of CR is controlled at § = 0.05. Several findings can be concluded. First, for
the fixed Ry, c and similar prior variance, a prior distribution whose prior mean is more

supportive of reliability to be demonstrated can lead to a smaller 7, and a higher AP.
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Figure 3.23: Density curves of different prior distributions
For instance, with similar prior variances, Beta(2,18) has a lower prior mean of 7t than
Beta(7.5,30), indicating an average prior belief of a higher product reliability. It further
implies that prior knowledge elicited by Beta(2, 18) is always more supportive of demon-
strating the same lower level reliability requirement than Beta(7.5,30). Thus, given any
fixed Ry, and ¢, Beta(2,18) leads to a smaller testing sample size and a higher AP, com-
pared to Beta(7.5,30).

Second, with a similar prior mean that is more supportive of reliability to be demon-
strated, a prior distribution with a smaller prior variance (i.e. better precision) can lead
to a smaller 1}, and a higher AP. For instance, when R = 0.8, Beta(4,36), Beta(2,18) and
Beta(1,9) have the same average prior belief that product reliability is around 0.9, which
supports for demonstrating the lower level reliability requirement at 0.8. For any fixed c,
as prior variance decreases (corresponding to a more informative prior), a smaller testing
sample size and a higher AP can be achieved. It is because a smaller prior variance indi-
cates a stronger prior belief in supporting the reliability to be demonstrated. As a result,

fewer units need to be tested and the test is also more likely to be successful.
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Third, when the prior mean is less supportive of reliability to be demonstrated, a prior
distribution with higher prior variance can lead to a smaller 7, and a higher AP. For in-
stance, when R} = 0.85, Beta(15, 60), Beta(7.5,30) and Beta(0.5,2) have the same average
prior belief that product reliability is 0.8, which is less supportive to demonstrating the
lower level reliability requirement at 0.85. For any fixed c, as prior variance increases, a
smaller testing sample size and a higher AP can be achieved. It is because a less support-
ive prior belief can increase the number of product units to be tested with a decreased AP
by utilizing additional test samples to suppress the impact of the prior knowledge. When
prior variance increases, there is less strong belief on the lower reliability, which essen-
tially mitigate the effects of having a prior belief in lower reliability. For non-informative
priors (e.g., Beta(1,1)), they can be viewed as prior distributions in favor of lower re-
liability than what to be demonstrated (with prior mean at 0.5) but much higher prior

variance (e.g., 0.0833), compared to informative priors above. When the informative pri-

ors are supportive of reliability to be demonstrated, the non-informative prior will lead to

*

a larger ny,

and a lower AP. When the informative prior supports rejecting the reliability
to be demonstrated, the associated 1, and AP of the non-informative prior may be greater
or smaller, depending on the prior variance of the informative prior. As its prior variance
decreases, the prior belief of rejecting the reliability to be demonstrated is at a higher level
of assurance, which tends to increase the sample size of BRDT (in order to mitigate the
effect of such strong prior belief) as well as to decrease the probability of passing the test
(i.e., AP). As n,, increases, it will first have a smaller sample size as compared to that of the
non-informative prior, e.g., Beta(1,9) v.s. Beta(1, 1), but later increase to a level which has
a larger sample size than that of the non-informative prior, e.g., Beta(4, 36) v.s. Beta(1,1).
Similarly, as AP decreases, it will first have a larger value than that of the non-informative

prior, e.g., Beta(1,9) v.s. Beta(1,1), but later decrease to a level which has a smaller AP

than that of the non-informative prior, e.g., Beta(4,36) v.s. Beta(1,1).
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Table 3.10: Minimum testing sample sizes under different prior settings

7T ~ Beta (1,9) (2,18) (4,36) (0.5,2) (7.5,30) (15, 60) (1,1)
Mean(r) 0.1 0.1 0.1 0.2 0.2 0.2 0.5
Var(r) 0.0082 0.0043 0.0022 0.045 0.0042 0.0021 0.0833
R; cn;‘, AP cn; AP cn;; AP cn; AP cnl’jJ AP ¢ n;‘, AP cnl’jJ AP
0 1 0.8995/0 1 0.8995|/0 1 0.8997|0 4 0.5498/0 3 05214 [0 1 0.7995 |0 8 0.1138
1 2 09818{1 2 0.9854|1 2 0.9877|1 7 0.6404|1 6 0.6550 |1 2 0.9576 |1 12 0.1578
0.7 2 3 0995412 3 0.9973|12 3 099822 10 0.6770]2 8 0.7811 |2 3 0.9906 |2 15 0.1925
3 4 0998613 4 0.9994|3 4 0.9997|3 13 0.69663 11 0.8135 |3 4 0.9978 |3 19 0.2056
4 5 099954 5 0.999814 5 0.9999|4 16 0.7089|4 14 0.8365 |4 5 0.9995 |4 22 0.2233
5 6 099985 6 0.9999|5 6 0.9999|5 19 0.7172|5 16 0.8803 |5 6 0.9999 |5 25 0.2370
0 5 0.6405/0 3 0.7394|0 1 0.8997|0 7 0.4454|0 23 0.0193 [0 31 0.0033 |0 13 0.0732
1 9 0.7628|1 7 0.8316/1 2 0.9877|1 12 0.5190|1 28 0.0477 |1 36  0.0105 |1 18 0.1080
0.8 2 13 0.8131|2 10 0.8933|2 3 0.9982|2 17 0.5489(2 33 0.0785 |2 42  0.0186 |2 24 0.1234
3 17 0.8402|3 14 0.9093|3 4 0.9997|3 21 0.5761|3 39 0.1004 (3 47 0.0301 |3 29 0.1375
4 21 0.857114 18 0.9196/4 5 0.9999|4 26 0.5843|4 44 0.1274 |4 52  0.0430 |4 34 0.1477
5 25 0.8686|5 22 0.9267|5 6 0.9999|5 30 0.5980(5 49 0.1524 |5 57  0.0566 |5 39 0.1553
0 10 0.4702|0 11 0.3934|0 11 0.3566|0 10 0.3846|0 44 0.0018 |0 67 3.115E-05|0 18 0.0538
1 17 0.5771|1 17 0.5426|1 17 0.5160|1 17 0.4479|1 52 0.0050 |1 74 1.358E-04|1 25 0.0784
0.85 2 23 0.6383|2 24 0.6018|2 23 0.6059|2 23 0.4827]2 59 0.0096 |2 81 3.487E-04|2 32 0.0928
3 29 0.6736/3 30 0.6515|3 29 0.6633|3 29 0.5024|3 66 0.0150 |3 88 6.906E-04|3 39 0.1024
4 35 0.696514 36 0.6849|4 35 0.7028|4 34 0.5216(4 73 0.0209 (4 95 1.168E-03|4 46 0.1092
5 41 0.7126|5 42 0.7088|5 41 0.7317|5 40 0.5296|5 80 0.0269 |5 103 1.656E-03|5 52 0.1165
0 20 0.3072|0 26 0.1739|0 36 0.0675|0 17 0.3048|0 88 5.401E-05|0 149 1.661E-08|0 28 0.0353
1 31 0.3993|1 37 0.2643|1 46 0.1329|1 27 0.3644|1 99 1.965E-04|1 160 9.781E-08|1 40 0.0493
0.9 2 40 0.4582|2 47 0.3259|2 57 0.1807|2 36 0.3950|2 110 4.346E-04(2 170 3.493E-07|2 50 0.0592
3 50 0.4878|3 57 0.3677|3 67 0.2238|3 46 0.4084|3 120 7.950E-04(3 181 8.644E-07|3 61 0.0648
4 60 0.5075/4 67 0.3979|4 77 0.2587|4 55 0.4204|4 131 1.202E-03{4 191 1.891E-06|4 71 0.0698
5 69 0.5264|5 77 0.4206|5 87 0.2874|5 64 0.4288|5 142 1.662E-03|5 201 3.617E-06|5 82 0.0726
0 50 0.1512|0 75 0.0410|0 114 0.0034|0 36 0.2154|0 359 1.134E-10(0 >500 - 0 55 0.0188
1 71 0.2118|1 98 0.0709|1 136 0.0086|1 55 0.2613|1 379 8.454E-10|1 >500 - 1 77 0.0264
0.95 2 92 0.2443|2 119 0.0946(2 157 0.0145(2 74 0.2815(2 399 3.475E-09|2 >500 - 2 98 0.0308
3112 0.2663|3 141 0.1114|3 179 0.0201|3 93 0.2931|3 419 1.043E-08(3 >500 - 3118 0.0338
4132 0.28154 162 0.1253|4 200 0.0257|4 111 0.3019|4 440 2.469E-08|4 >500 - 4138 0.0360
5152 0.2925|5 183 0.1364|5 221 0.0309|5 129 0.3081|5 460 5.249E-08(5 >500 - 5158 0.0376
Settings: M = 5000, 8 = 0.05

Figure 3.24 further compares the overall cost patterns among different prior settings,

including the informative prior elicited from real data (e.g., Beta(9,60.86)), the informa-

tive priors with different supportive prior beliefs (e.g., Beta(2,18), Beta(7.5,30)) with

different prior means in Figure 3.24a, and the non-informative prior with flat prior be-

lief of product reliability in Figure 3.24b, respectively. With the informative prior (e.g.,
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Figure 3.24: Cost changing patterns under different prior settings
Beta(2,18)) that is more supportive to the lower level reliability requirement to be demon-
strated, the overall cost in optimal BRDT design (e.g., solid red) can be effectively reduced

(e.g., dash green).

3.5 Concluding Remarks

The conventional BRDT designs which focuses on minimizing the BRDT testing cost
alone, can be limited without considering the uncertainty of the BRDT decision and its
cost impacts on subsequent reliability assurance activities. This paper proposes a new
optimal BRDT design framework with a longer planning horizon to explicitly quantify
the acceptance uncertainty of the test and selects the optimal test plan that minimizes
the overall anticipated cost from the BRDT to the WS phase. Specifically, the acceptance
probability is calculated to quantify the likelihood of initiating subsequent activities of
either RG or WS. The nonlinear relationships between the design parameters and different
cost components, are investigated through a case study.

In the case study, a real-world example is used to illustrate the proposed optimal test

plan and demonstrate its superior performance over conventional BRDT designs. Fur-
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ther, different cost scenarios were explored to extract some general patterns on how the
overall cost changes with the lower level reliability requirement, the minimum sample
size, and the maximum allowable failures. Finally, the influences of the specified prior
distribution on the choice of the optimal BRDT design and the overall cost have been also
investigated and summarized. In general, a test plan based on incorporating prior knowl-
edge in favor of the lower level reliability requirement is more economical by requiring
a smaller number of testing units and increasing the probability for having a successful
test.

To conclude, the proposed optimal BRDT design framework is the first to incorporate
the acceptance decision uncertainty in the test planning stage. It advocates a more global
and holistic view for reliability engineering practitioners in designing RDTs. Although
the scope of this paper is within the BRDT, similar concepts can be well extended to other
types of RDTs, such as RDTs based on failure time or degradation data, which will be
investigated as future works. In addition, more detailed modeling of WS and RG costs can
be realized given detailed cost information of RG and WS in a specific application context.
It will be also interesting to further expand the planning horizon of current BRDT design
by considering multi-stage uncertainty in the subsequent activities, including both WS,

RG with multiple redesign cycles and future BRDT test(s) after each RG redesign cycle.
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Chapter 4
Multi-objective Optimal Design for Binomial Reliability Demonstration Tests with

Multiple Time Periods

41 Introduction

Reliability demonstration tests (RDTs) have been widely used for reliability assurance
during the design, development and validation stages of product life cycle. The purpose
of RDTs is to assess whether the product reliability can satisfy the minimum requirement
before being delivered to customers or put into services. If the test is passed with the re-
quired reliability demonstrated, manufacturers can move forward to production and the
product can be released to the market. Otherwise, failing the test will lead back to the
product development stage for further improvement through reliability growth. RDTs
have been broadly employed in various industries with products ranging from high-tech
systems/components with demanding reliability requirements, such as aircraft, medical
device, semiconductor and microelectronic, to high-volume consumer products, such as
lamps or toys. With the global market competition becoming fierce, more and more man-
ufactures would like to have sophisticated RDT design strategies to improve the compet-
itiveness of products and safeguard market shares.

To implement the RDTs in practice, the practitioners need to carefully consider which
type of reliability data is associated with the product, which model will be suitable for
the RDT design and whether the assumptions are satisfied (Meeker and Escobar, 2014,
pp.3-15). There are three major categories including 1) RDT designs based on failure
count data (Guo and Liao, 2011; Jensen, 2015; Chen et al., 2017; Li et al., 2016), which
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usually model the number of observed failures with discrete distributions (e.g., Binomial
distribution, Poisson distribution); 2) RDT designs based on failure time data (Hamada
et al., 2008; Lee et al., 2015; Xu et al., 2017), which consider the time to failure or censor-
ing time for product failure or success respectively and use lifetime distributions such as
Weibull or Lognormal distribution to model the failure time data; and 3) RDT designs
based on degradation data (Yang, 2009, 2013; Jin and Matthews, 2014), which measure
the deteriorating performance of products over time with specification of failure thresh-
olds. Depending on the characteristics of different products, RDTs can be performed at
both system and component levels, with the binary test outcomes of pass/fail. Due to the
limitations on resource and budgets, there will be many planning decisions need to be
analytically determined such as how many units need to be tested, how long is the test
duration, whether to test them all at once or sequentially, how to determine the experi-
mental conditions for the testing, how to determine the failure of units, and what will be
the decision rules for success/failure of the RDTs. It requires the RDT design to be ef-
ficient enough to achieve the goal of demonstrating the required reliability performance
with a desired level of confidence.

In this paper, the scope of the proposed work is within the optimal RDT design for
failure count data. Failure count data is usually collected from testing a sample of prod-
uct units and observing the number of failures over a certain testing period. The test will
be passed with lower level reliability requirement (pre-specified by the manufacturer)
satisfied if the observed number of failures is no more than a given design setting of the
maximum allowable failures. With all design settings provided, the consumer’s risk (CR),
which is the probability of passing the test when the product cannot meet the lower level
reliability requirement, will be controlled under an acceptable threshold to ensure that the
product will meet the expectation of customers. Ultimately, the minimum test sample size
can be obtained for the test design so that the RDT cost can be minimized. The optimal

settings in conventional optimal RDT design are determined by the binomial equation
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(Kececioglu, 2002) and thus such tests are called binomial RDTs (BRDTs). Because of the
convenience in practical implementation, BRDTs have been widely applied in reliability
assurance activities. It requires no periodic inspection or continuous monitoring of the
product performance and only needs to report the failures at the end of testing periods
(Guo and Liao, 2011). BRDTs can also be particularly useful for one-shot systems (Guo
et al., 2010b) with destructive testing nature and high-reliability requirement (e.g., mis-
siles, rockets, etc.).

Conventional BRDT designs have several limitations. First, they often focus on demon-
strating reliability requirement of products over a single time period (e.g., mission time),
which may not be able to meet the increasing demand of customers with more detailed
reliability requirements. For example, for a product with five-year expected lifetime, cus-
tomers may be more adverse to early failures in first two years after purchase with higher
reliability requirement, and may be less critical to the same number of failures in the
last three years. The conventional BRDT design cannot deal with varied reliability re-
quirements specified during different time periods (e.g., first two years and last three
years). Chen et al. (2017) proposed the RDT strategies by extending conventional BRDT
design to multi-state RDT (MSRDT) design to demonstrate the product reliability over
multiple time periods, in order to meet the increasing demand of customers. To illus-
trate, the MSRDT design with multiple time periods considers the distribution of number
of failures in each continuous and non-overlapping testing period (e.g., first two years,
late three years) and demonstrates the lower level reliability requirements for cumula-
tive testing periods (e.g., first two years and five years) simultaneously. For each sep-
arate/cumulative period, the maximum allowable failures will be given and the lower
level reliability requirements will be pre-specified. Hence, the minimum test sample size
can be obtained with controlled CR under certain acceptable level.

The second limitation of BRDT designs as well as many RDT designs in general is that

they mainly focus on optimizing a single objective, namely minimizing the test sample
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size at the minimum testing cost. In fact, there are many other performance evaluation cri-
teria of RDT, if not addressed appropriately, may affect manufacturers and/or customers.
For example, producer’s risk (PR), the probability of failing to accept a test when the
product can actually meet the lower level reliability requirement, is usually overlooked.
When PR is too high, manufacturers may have high expenses on rejecting the reliable
product units, which may be too costly in practice. The acceptance probability (AP) is the
probability of passing the actual test, which quantifies the RDT acceptance decision un-
certainty. When the minimum test sample size corresponds to a extremely low AP, the test
becomes more difficult to be passed, which may require more resources and expenses on
the test and become less beneficial to manufacturers. In both cases above with either high
PR or low AP, a RDT design solely based on minimizing the testing sample size will not
optimize the overall benefits of manufacturers when additional costs may occur. To ef-
fectively balance different RDT performance evaluation criteria and leverage the diverse
needs of different beneficiaries (e.g., manufacturers, customers) from the test, there is a
need to simultaneously incorporate multiple objectives in the RDT design. Lu et al. (2016)
is among the first to put forward the idea of multiple objectives optimization using Pareto
Front to balance the trade-offs of multiple and potentially conflicting objectives in BRDT
design and select the optimal plans with Pareto efficiency (i.e., not all of the objectives
in each selected plan dominated by those of other plans). When CR is controlled under
an acceptance level, we may have an unacceptably higher PR, affected by the trade-off
between CR and PR. The trade-offs from four objectives, including CR, PR, AP and test
sample size, can be balanced and the Pareto-optimal test plans will be selected given the
specifications on lower level reliability requirements and different design settings such
as maximum allowable failures. Since the work of (Lu et al., 2016) only considered re-
liability demonstration for a single time period, the customers with increasing demands
on reliability for multiple failure states, as considered by the work of MSRDT design in
(Chen et al., 2017).
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Another limitation of most of the aforementioned BRDT designs as well as RDT de-
sign in general is that they only focus on the RDT itself without considering its impact
on subsequent reliability activities. However, due to the uncertainty of RDT test, whether
passing or failing the test may result in whether the product will be released to market and
whether or not the subsequent reliability assurance activities of warranty services will be
initiated. For example, when lower values of product reliability need to be demonstrated,
the test will be easier to pass with higher AP, which also requires less test samples. How-
ever, with a lower product reliability requirement, it is expected to observe more warranty
claims (due to failures) in the field, which will increase the expected warranty services
cost. There will be a potential trade-off between the RDT test cost and the warranty ser-
vices cost. Therefore, there is a need to consider both RDT testing cost as well as warranty
services cost as two separate objectives (in reflecting immediate as well as long-term eco-
nomic impact of RDT) during the product life cycle. Additionally, it will be desirable to
include the lower level reliability requirement as an additional design setting to better
balance the trade-off among different design objectives. Kleyner and Sandborn (2008) is
among the first to mention that there is a conflicting relationship between RDT cost and
warranty services cost, and such relationship can be manipulated through the selection of
lower level reliability requirement. Instead of assuming a fixed value of lower level relia-
bility requirement, we will optimally determine it from an acceptable range together with
determining other design parameters, such as test sample size and maximum allowable
failures.

To fill the gaps in existing literature, a multi-objective optimal design of RDT with mul-
tiple time periods is proposed in this paper under the Bayesian framework. The Bayesian
framework is considered due to its effectiveness in incorporating prior knowledge, which
may improve the estimation performance and reduce the overall cost. Multiple objectives,
such as CR, PR, AP (or rejection probability(RP)) and different cost components (e.g.,

RDT testing cost as well as its expected cost impacts on subsequent warranty services),
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are simultaneously considered in the proposed design framework. The assumption of a
pre-specified lower level reliability requirement is further relaxed, which provides richer
design space for determining the optimal RDT plans. The pairwise relationship among
these objectives will be comprehensively explored and the explicit trade-off patterns will
be identified. The influence of different design parameters, such as lower level reliability
requirements, maximum allowable failures and test sample size, on those trade-off pat-
terns will be further investigated. In order to balance the trade-offs of multiple conflict-
ing objectives, Pareto Front will be obtained from multi-objective optimization to identify
a set of test plans that are non-dominated to each other. Based on the Pareto Front, a
screening process based on users preference will be provided to facilitate practitioners
in selecting the most appropriate optimal test plans. Moreover, the influence of different
prior settings on the proposed optimal RDT plans and their trade-off patterns are also
comprehensively investigated with various insights obtained.

The remaining of the paper is organized as follows. In the next section, the existing
RDT designs, including conventional BRDT with a single objective and a single testing pe-
riod and RDT with a single objective and multiple testing periods,are introduced. Then,
the optimal RDT design with multiple objectives for multiple testing periods is proposed
under Bayesian framework, with Pareto Front method introduced for multi-objective op-
timization. A comprehensive case study is followed to illustrate the proposed framework
and demonstrate its effectiveness through a real-world example. The impact of prior
knowledge trade-off balance and optimal test plans selection is also explored. Conclu-

sion and future work directions are provided in the end.

4.2 Single Objective RDT Designs

In existing RDT designs, single objective, namely the RDT testing cost, is mainly con-
sidered to select the optimal test plan that can minimize the test sample size in a sin-

gle testing period. With the pre-specified design parameters (e.g., lower level reliability
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requirement) or controlled risk criteria (e.g., CR), the single objective is to reduce the
test sample size so that the RDT cost can be minimized. In this section, both BRDT and

MSRDT designs with single objective optimization will be reviewed.

421 Binomial RDT Design

In the conventional BRDT design (Kececioglu, 2002), the single objective is to mini-
mize the number of test units n while simultaneously determine the maximum allow-
able failures ¢ so that the overall BRDT cost can be optimized over the single testing pe-
riod. Given the pre-specified lower level reliability requirement Ry, both Frequentist and
Bayesian approach (Hamada et al., 2008) can be used to determine the design parameters
(n,c). In Frequentist approach, (n, c) are determined by controlling the risk criterion CRg

calculated as follows

C

CRg(n,¢) = ) <n> (1= Rp)Y(Re)"™, (4.14)
y=0"y

where the number of observed failures y during the testing period follows a binomial
distribution, i.e., ¥ ~ Bin(n, 7r) with product failure probability 7r. The criterion is also
constrained by CRg(n,¢) < B for all 1 — m > Ry, where 8 is the maximum tolerance
level. Theoretically, infinite sets of (1,c) can be selected to satisfy the constraint of the
risk criterion CR, which will result in an infinite number of feasible BRDT designs. Given
fixed ¢, CRg(n, ¢) will decrease as n increase and n* is the minimum test sample size that
satisfies the constraint to control CRg(n, c) below B. If ¢ increases, n* will also increase.
Therefore, to achieve the single objective with minimum BRDT cost, the optimal design
parameters usually become (n*, c = 0) with zero failure allowed in the test, which is also
commonly known as the zero-failure test or success run test.

One drawback of frequentist approach is that it limits the opportunity for further cost
reduction since the optimal design parameters are directly chosen once Ry and f are pre-

specified. With the advantage of prior knowledge incorporation, Bayesian method can
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be a better alternative to potentially further reduce the test sample size when appropriate
prior information of product reliability (i.e., 1 — 7r) can be elicited (Hamada et al., 2008).
The Bayesian approach determines (7,c¢) by controlling the posterior CR calculated as

follows
CRp(n,¢) =Pr(l —m < Rrly <c¢)

S glo () (1 — )y p(r)dn
= J ) (4.15)

o () wra — myrvip(myan
y

where CRg(-) represents the posterior probability of product reliability not satisfying the
lower level reliability requirement (i.e., 1 — 71 < Rp) given the test can be accepted (i.e.,
y < ¢). Additionally, based on expert domain knowledge of expertise and/or historical
testing data, the prior distribution density of 7, i.e., p(7r), can be specified. With the pos-
terior CR controlled for any pre-specified Ry and B, the single objective can be achieved
with minimum test sample size n*. The benefits of prior knowledge incorporation have
been demonstrated in existing work (Chen et al., 2017; Lu and Rudy, 2001) to further re-
duce test sample size if the prior elicitation is appropriate. In this paper, Bayesian method
will be employed to explore and demonstrate the effectiveness of prior elicitation on cost

reduction and decision making.

4.2.2 Multi-state RDT Design

The multi-state RDT design strategies (Chen et al., 2017) is a direct extension of con-
ventional BRDT design by explicitly demonstrating different product reliability require-
ments over multiple testing periods rather than a single testing period. In this way, cus-

tomer’s expectations on product reliability in multiple time periods can be met simulta-
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neously. For example, both of the two companies are conducting the RDT with the same
test sample size 100 for a 5-year equivalent demonstration period for their products and
require 5 maximum allowable failures. Company I may observe 1 failure in the first two
years and 4 failures in the last three years. Company Il may observe 4 failures in the first
two years and 1 failure in the last three years. Even though both of them meet the require-
ments to pass the test, customers may prefer to buy from company I rather than company
IT because of less early failures after purchase and better usage experience. Figure 4.25 il-
lustrates the MSRDT for multiple time periods. Within the finite testing period (to, tx], K
non-overlapping time periods, (¢;_1,t;],i = 1, ..., K are exclusively partitioned. The failure
probability 7t;,i = 1, ..., K is defined to be independent from each other for each separate
testing period, which follows the multinomial distribution to describe the overall failure
probability distribution of the test. The maximum allowable failures ¢; and the number of
observed failures y; in each period are defined, respectively. Multiple lower level reliabil-
ity requirements Ry;,i = 1,---, K, where Rj; is the minimum acceptable reliability over
the first i cumulative time periods, i.e., (f, t;], are pre-specified and can be demonstrated
simultaneously. The risk criterion CRys will be controlled at B), which is the maximum

acceptable level.

tO tl tZ tK-l tK
L 1 1 1 1
N A ) H_)%(—J
Y Y
Period 1 Period 2 Period K Period K+1

Figure 4.25: Illustration of multiple time periods in K periods between (¢, t]
There are two different scenarios of acceptance criteria and the major difference is
that scenario I considers cumulative time periods while scenario II considers separate
periods. Under scenario I, we will pass the test if the cumulative number of observed
failures Y!_, yx corresponding to each cumulative time period (to, t;] is no more than its
cumulative maximum allowable failures 2};:1 ¢y for all cumulative time periods (f, t;], at
i = 1,...,,K. Under scenario II,we may pass the test if the number of observed failures y;

at each non-overlapping time period (t;_1, ;] is less or equal to its maximum allowable
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failures ¢; for all separate time periods (t;_1,t;], ati = 1,..., K. For example, in the two-
period MSRDT, at the end of first year and fifth year, the maximum allowable failures
are c; = 1 and ¢y = 4, respectively. With 100 test units, the MSRDT will be passed if
y1 <1,y1 +y2 <5inscenarioland y; <1,y < 4 in scenario II.

The MSRDT design extends to multiple failure states in the test. However, it still
focuses on a single objective to minimize the MSRDT cost by reducing the test sample
size. For example, in a MSRDT over two time periods (i.e., K = 2), given the pre-specified
lower level reliability requirements Ry and Ry, over the time periods (to, t1] and (fo, 2],

respectively, the corresponding CRys is controlled at or below by

1-Ry; p1—Rpo—
fo " fo 2 HMS(”zclzCZ)P(ﬁlz7T2)d7T2d7T1

CRyms(n,c1,00) =1 —
fol fol Hwsis(n, c1,¢2) p(my, o) dradm

<p (416

where p(711, 712) denotes the joint prior distribution of failure probabilities (711, 712, 1 —
711 — 1p) and Hys(n, c1,¢p) is the probability of accepting the test plan for any given
(711, 12), which varies from different scenarios. The optimal plan can be achieved with
(n*,c1,c2) where n* can minimize the test sample size for the overall period of (fo, tp].
Similar to conventional BRDT design, zero-failure tests with (n*,c; = 0,¢c; = 0) usually

become the optimal choices for ultimate MSRDT cost minimization.

4.3 Multiple Objectives RDT Design

Singe objective RDT designs only focus on minimizing the test sample size with con-
trolled CR and pre-specified lower level reliability requirements. However, such test de-
signs often ignore the higher risk of manufacturers themselves (e.g., unacceptable high
PR), the low probability of passing the test (e.g., low AP) or costs from subsequent re-
liability activities (e.g., warranty services), which may affect the decision making in se-
lecting the optimal test plans that minimize the overall benefits for manufacturers and

customers. Specifically, there are multiple risk criteria and cost components involved in
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the testing periods and product life cycle. Customers are facing the risk of receiving in-
ferior products that pass the test (i.e., CR), which may affect their satisfaction and future
purchase of the product. Manufacturers need to control the risk of rejecting the reliable
products in the test (i.e, PR), which may increase the test cost. The probability of passing
the RDT actually determines the subsequent outcomes of different reliability assurance
activities, which will be directly associated with the corresponding cost components in
each activities. For example, if the RDT can be passed with lower product reliability, the
warranty services cost may increase because of the claims from product failures or un-
satisfied performance. Meanwhile, there may be different trade-off patterns among these
objectives that will have impacts on the selection of optimal plans. For example, when CR
is controlled at an acceptable level to meet the expectation of customers, PR may be too
high to be acceptable, which may result in additional costs to the manufacturers. When
the test becomes more difficult to pass, the potential expense of reliability growth cost
will be high. Obviously, there is a research need to develop a comprehensive optimal
RDT design framework to simultaneously balance multiple objectives and optimize the
overall costs from all related activities.

(Lu et al., 2016) was among the first to discuss about the BRDT design with multiple
objectives (MO-BRDT), including the test sample size, CR (i.e., the probability of the prod-
uct passing the test when it shouldn’t be passed), PR (i.e., the probability of the product
failing the test when it should be passed) and AP (i.e., the probability of passing the test)
can be balanced simultaneously to select the optimal test plan. The four objectives are
balanced through a two-stage decision making process using the Pareto Front approach.
First, a collection of non-dominating test plans are selected as Pareto optimal solutions by
considering all objectives simultaneously. Second, based on the particular needs of users,
a reduced number of choices can be identified to best match their specific goals. However,
there are several limitations which may affect the practicability of the MO-BRDT design.

First, the design still focuses on the single testing period or single failure state, which
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may not be able to satisfy the increasing demand of customers (Chen et al., 2017). Sec-
ond, the objectives considered in MO-BRDT may not be adequate to optimize the overall
costs from all related reliability assurance activities such as warranty services in a wider
planning horizon. There is still a research gap to be filled by developing an optimal RDT
design framework which can resolve the complexities from both multiple states of relia-
bility data and requirements as well as a wider planning horizon for all related reliability

assurance activities.

43.1 Multiple Objectives Multi-State RDT Design

In order to consider the complexities of reliability data from multiple failure states
and the expanded planning horizon covering all related reliability assurance activities,
the proposed work of multi-objective MSRDT (MO-MSRDT) can be regarded as the di-
rect extensions to conventional BRDT designs (Kececioglu, 2002; Guo and Liao, 2011) and
MSRDT design (Chen et al., 2017) with single objectives as well as BRDT design with mul-
tiple objectives (Lu et al., 2016). Specifically, the propose work simultaneously considers
multiple states and explores the trade-offs among multiple objectives to develop a com-
prehensive decision making framework for different user preferences and requirements.
Multiple testing periods are considered with flexible inputs of design parameters (e.g.,
Rpi, ci,i=1,...,Ketc.) to meet the needs of customers with various complicated lower
level reliability requirements. The trade-offs among multiple objectives including n, CR,
PR, RP (i.e., 1-AP, the probability of rejecting the test) and warranty service cost (W) are
explicitly evaluated.

To illustrate the proposed work, the two-period MO-MSRDT with five objectives are
considered without the loss of generality. Including CRy;s which has been mentioned

before, all related objectives including PRyss, APys, RPys can be formulated as
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Jo TR J TR (L — Hys(n, 01, 02))p (1, o) dread
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PRwms (1, ¢1,¢2, Rp1, Rpo) =

(4.18)
1 r1
APMS(n/CLCZ):/O /0(HMs(n,CLCz))P(ﬂLﬂz)dﬂzdm; (4.19)
1 rl
RPMs(Tl,Cl,Cz) :/0 /0(1—HMs(Yl,Cl,Cz))p(TL'l,7'(2)(171’2(17‘[1,‘ (4.20)

The objective Wys for evaluation on warranty service cost is defined as the expected cost
ratio between average warranty claim cost and product unit cost. One of the scenario in
MO-MSRDT will be used for illustration with cumulative requirements on the maximum
allowable failures for each cumulative testing period. The corresponding expected cost

ratio can be formulated as

C
Wwis(n, ¢1,¢2) = %E(ﬂl‘yl <cp,y1+y2 <c1+c2)
p

C
+ %E(ﬂzh/l <c,y1+y2 <c1+c2), (4.21)
p

where Cy, and Cy, are the average warranty claim costs from for the corresponding sep-
arate testing periods (fo, 1] and (t;, t2], respectively, and C, is the product unit cost. Since
the average warranty claim cost is usually less or equal to the product unit cost, depend-

. . (e o . . CZU
ing on the specific warranty policies (e.g, free replacement, pro-rata, etc.), the ratios of C—pl
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Cu} . . . .
and sz will be no greater than 1. To approximately estimate the expected cost ratio for
each separate testing period, the means of true product failure probability for each cor-
responding period conditioning on passing the test, i.e., E(711|y1 < ¢1,y1 +y2 < ¢1 +¢2)

and E(ma]y1 < ¢1,y1 +y2 < c1 + ¢2), can be calculated respectively and shown as follow,

1 1
1 Hyms(n,cq, ¢ 711, 70 )d T d 7T
E(m\y1§q,y1+yz§c1+cz):fo lfo 1Hws (1, ¢1, ¢2) p(m1, ) d 7y 2. (4.22)

o f01 Hns (1, ¢q, c2) p(7m1, 2 )drrydrmy
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myHms (1, ¢1, ¢2) p(m1, o )dmd
E(maly1 <cyi+y2 <ctc) = Jo 1fo ) ) ;o (4.23)

I3 Jo Hus(n,c1,¢2)p(m, mo)dmdrs

The probability of accepting the test plan Hys(#,¢1,¢2) for the selected scenario can be

formulated as

1 C1+e— yl

n!
Hys(n, c1,¢0) )nyl (1 — 1 — 1) V1Y2] (4.24)
Zo mzo yilya!(n —yr =)t 2

The derivations of formulas and example of another scenario can be found in Appendix.

Numerical examples will be illustrated in case study section to demonstrate the ef-
fectiveness of the proposed work. The objectives are calculated under Bayesian frame-
work using Monte Carlo integration (Robert and Casella, 2013, pp.71-131), where a large
number of samples of failure probability m;,i = 1, ..., K of size M (e.g., 5000) are gener-
ated from the specified prior distribution. The Dirichlet distribution can be used as the
prior distribution for (711, 715, 1 — 711 — 712) for two-period MO-MSRDT design. Denoted
as Dirichlet(aq, ap, a3), (a1, 2, a3) are hyper-parameters for prior knowledge elicitation.
As a family of continuous multivariate probability distribution, the Dirichlet distribu-
tion can be parameterized with the vector of positive hyper-parameters «;,i = 1,--- K,

where K is directly corresponding to the K separate testing periods in MO-MSRDT de-
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sign. This advantage of Dirichlet distribution can enable more intuitive applications as-
sociated with each testing period. Another advantage is the capability of conjugate prior
for multinomial distribution (Meeker and Escobar, 2014) can facilitate the convenience
updating based on new information. The posterior distribution of probabilities after up-
dating also follows the Dirichlet distribution. Different settings of hyper-parameters will
also be explored to investigate the impact of prior knowledge on the MO-MSRDT design

performance. Then, the objectives and failure probabilities can be approximated as

1
Z 21 Hus(n,e1,e2)| ) )

T T

CRMS(”/ C1,C2, RLl/ RLZ) ~1 —

M
[ Y [Hws(m,c1,02)] ) )
1

, 7T
= 2

1(ﬂ§j) <1—Rp, NY) + n§f> <1—-Rp)|l, (4.25)

[(1 = Hwms(n,c1,¢2)| ) )

L)

M=

I
—_

PRMS(”, C1,C2, RLl/ RLz) ~ [
]

1) <1-Rpp, 7 + 7l <1-Rp))]-
1
_ , (4.26)
i (1= Hus(n, c1,¢2) ) )
M
RPys(n,¢1,00) = Z(l — Hys(n, C1,C2)’n§j) ﬂéﬂ)/ (4.27)
=1 ’
rM, ) Hys(n, ¢, c2)| 20 )
E(milyr <ci,yi +y2 <c1+c) = iR (4.28)
Y4 Huis(n,c1,0))| 7D )
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rM, ) Hys(n, c1, )| 20 )
E(mly1 Scyi+y2 <cr+o) = nn (4.29)

M Hys(1,¢1,¢0) ) )

€1 C1ter— yl

Hws(n,c1,¢2)| Z Yoo

=0 450 yl‘yz n—y1—y2)!

n!

).

(ﬂij))yl(ﬂé]))yz(l _ ni]') _ n-éj))”—]/l—h]. (4.30)

where j is the jth sample of 71;,i = 1,2 from the simulated sample of prior distribution

with size M.

4.4 Pareto Front Optimization

This section will provide a brief introduction of Pareto Front approach in multiple
objective optimization. Considering the optimization problem in optimal RDT design
with K objectives and fi(x),k = 1,2,...,K as the objective function for the kth objective

(e.g., CR, PR, W, etc.), the multi-objective optimization problem can be formulated as

minimize (f1(x), f2(x),..., fx(x)) (4.31)

subjectto x € X,

where X can be the feasible set of different decision variables (e.g., design parameters c, R,
etc.) and each objective function fi(x) may be subject to the influence from different de-
cision variables x € X. The first step in solving the optimization problem is to determine
the feasible solution space based on different x. For example, in order to demonstrate
the product reliability, a acceptable range of lower level reliability requirements can be

provided (e.g., Rp1 = 0.85 ~ 0.95, R, = 0.8 ~ 0.9) and the values of corresponding

106



objectives for each combination of design parameters can be obtained, which process can

be expressed by the function,

f:X =R f(x) = ((x),L(),. .. f(x)). (4.32)

In order to find the optimal test plan, there are two major approaches to tackle the
multi-objective optimization problem (Kasprzak and Lewis, 2001). One is trying to find
the single “best" plan which can provide the best possible outcome. This type of ap-
proaches usually involves aggregation of some objective functions or evaluation of de-
cision variables to create more aggregate objective(s) or constrain(s). In this way, the
complexity of solving the multi-objective optimization problem in high dimension can be
simplified. For example, Messac et al. (2000) discussed the properties of some aggregate
objective function and provided insights on developing suitable aggregate objective func-
tions to capture the best optimal solution. Another example is the desirability approach
(Derringer and Suich, 1980), which creates scores to evaluate the “desire” on different
decision variables for each objective and optimizes the overall score.

Due to the constraints of budget and resource and specific user preferences, it is diffi-
cult to find the ideal solution that can optimize all the criteria and provide the best pos-
sible outcome. Because of the trade-offs among different objectives, a balanced decision
is needed with some of the criteria being compromised to meet the goals in practice. The
other commonly used approach for multi-objective optimization is to determine the set of
non-dominated solutions along the Pareto Frontier (Kasprzak and Lewis, 2001) and select
the plans corresponding to the values of objectives. Considering a set of feasible solutions
to a multi-objective optimization problem Y = {y € RX : y = f(x),x € X}, one feasible
solution will dominate the other if at least one objective is strictly better and all others
are as good as the objectives from the other solution. If one solution is non-dominated,

it means improving any of the objectives may inevitably deteriorate the other objectives.
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The objectives from non-dominated solutions form a Pareto Front and the set that in-
cludes all non-dominated solutions P(Y) ={y e Y: {y" €Yy =",y #y"} = @},
which provides the solution space of superior test plans from which the practitioners
can make the final selection, are said to be Pareto optimal. Efficient search algorithms
have been studied to Pareto Front such as the evolutionary algorithms (Deb, 2001), the
structured two-stage decision making (Lu et al., 2011), etc. In this paper, the employed al-
gorithm is called Block-nested-loops (BNL) from Skyline operator (Borzsony et al., 2001),
which is popular in database query to find the Pareto optimal solutions efficiently, and

implemented in R (Roocks, 2016).

4.5 Case Study

This section illustrates the proposed MO-MSRDT design through a case study from
a real application, and demonstrates its comprehensiveness and effectiveness in meeting
the increasing reliability demand of customers and determining the optimal test plans
with balanced risks and costs. The trade-off patterns among multiple objectives will be
identified and explored. Meanwhile, the impact of different design settings (e.g., flexible
lower level reliability requirement, maximum allowable failures, etc.) on the change of
trade-off patterns will be evaluated. The proposed framework will also be compared with
existing designs to demonstrate the advantages in determining the optimal test plans.
Based on the exploration results, the comprehensive screening strategy for practitioners to
select the optimal test plans will be proposed. In addition, the impact of prior information

on trade-off patterns as well as the determination of optimal test plans will be evaluated.

45.1 Multiple Objective Interrelationships — Real-world Example

In real-world practices, electronic products like printers, laptops, kitchen applications,
etc., are designed to have the product lifetime over years and usually have the limited

time warranty (e.g., one year limited warranty for Apple products) associated with their
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initial purchases. Within the limited warranty period, the manufacturers usually provide
a comprehensive coverage to deal with the defects or failures of the product. The most
common limited time warranty policy is the free replacement warranty, i.e., the product
with failure can be replaced/repaired at no cost during the limited warranty period. For
example, if an iphone cannot start properly or the touchscreen is broken within one year
after purchase date, we can always take it to the Apple store and the staff will highly
likely replace it with a new one or repair the parts with no additional charge.

Some manufacturers may offer additional options to provide supplemental coverage
for the rest of product lifetime after the initial period with free replacement. One option
is the limited time pro-rata warranty policy. This warranty will provide limited time of
coverage for the product, however, the cost of replacement/repair will be based on the
usage years after purchase. For example, for a product with 5-year pro-rata warranty, if
the product fails at the end of year 3, then the replacement cost will be 60% of the prod-
uct price and needs to be paid by the customers. Another option is extended warranty
policy. This policy can be purchased in additional to the original purchase of product
with a premium paid by the customers. It usually provides a comprehensive coverage
(e.g., free replacement) for the product for an extended warrant period. For example, in
addition to the one-year free replacement warranty for an iphone, we can also purchase
the AppleCare service which can add multiple years to the current warranty period.

From manufacturers’ perspective, the warranty service cost for the original free re-
placement period will be the expenses associated with dealing the warranty claims over
a limited time period. The expenses usually include customer calling center services, a
new replacement product, recycle of defected product, shipping cost, etc. In the second
stage of warranty coverage with pro-rata warranty policy or extended warranty policy,
the warranty service cost will be the expense of warranty services over the period less the

payment based on pro-rata costs or the premium collected for the extended warranty.
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To illustrate, considering a laptop sold with a one-year free replacement warranty
policy. An additional premium paid for a two-year extended warranty policy is $30.
Assuming that the averaged expense of free replacement of the laptop will be $100, the
warranty costs for initial one year and the extended two years will be $100 and $70, re-
spectively. From the failure rate survey in laptop industry (Sands, 2009), the first year
failure rate from malfunction is 4.7% while the three-year failure rate is 20.4%. There-
fore, the reliability information can be generalized for two cumulative periods as 95.3%
for the first year and 79.6% for the first three years. Then, the prior knowledge of the
laptop failure probability over multiple periods can be generalized by the Dirichlet dis-
tribution, 7t ~ Dir(4.7,15.7,79.6), where each number corresponds to the failure rate in
each separate period overtime (e.g., 4.7% in first year, 15.7% in second and third years,
79.6% after three years). With the product reliability decreasing overtime, the warranty
costs for manufacturers will also decrease when comparing the initial warranty period
and the extended warranty period. This real example will be used for illustration.

n 100

- 80
- 60

- 40

Figure 4.26: General trade-off patterns of objectives
The proposed optimal design of MO-MSRDT considers three risk criteria (e.g., CR,
PR, RP) and two cost components (e.g., n for RDT cost, W for warranty service cost) as
objectives for decision making. The interrelationships among different objectives need

to be explored and compared in order to gain intuitive understanding about their trade-

110



offs and relationships. For example, Figure 4.26 visualizes the points in the 3D plot that
correspond to the test plans with different design parameters (e.g., R11, R12, c1, ¢2) and test
sample size n, which result in the changing patterns of three risk criteria CR, PR and RP.
The general pattern is twisted for different values of three risk criteria and changes with
n as well. For each pair of two objectives, it will be interesting to explore whether there
exists a trade-off relationship, which can generate insights for balancing the objectives
in decision making process. To illustrate, when CR is small, the test plans usually have
higher RP and PR, and the test sample size will increase. There may be trade-offs between
CR and RP or CR and PR.

The next step is to explore the relationships of each pair of two objectives and iden-
tify the trade-off patterns among different objectives. Recall the existing RDT designs
in literature (Kececioglu, 2002; Lu et al., 2016; Chen et al., 2017) and relevant statistical
formulations of all the objectives, some general facts can be clarified in the optimal RDT
design. First, if we want to demonstrate R > R with an assurance level of 0.95 (i.e., CRis
0.05), we can get a minimum test sample size. When the test sample size increases given
other design settings unchanged, the assurance level of R > R; will increase due to the
statistical characteristic in hypothesis testing. More specifically, in the test with a selected
n and CR, if the test can still be passed with a higher n (which is more difficult because
of the uncertainty in product failures), the belief of the products to meet the lower level
reliability requirement will be assured at a higher level (e.g., from 0.95 to 0.99). Conse-
quently, CR will decrease when 7 increases and consumers may have more confidence in
not receiving inferior products that have passed the RDT since they are assured to have
satistied Ry. PR and RP may increase because the risk of rejecting the reliable products
will increase from the producer’s perspective and the test will become more difficult to be
accepted. W, as the weighted warranty cost ratio, will decrease as n increase. The mean
of true product failure probability is affected by (7, ¢) and less failures are expected if the

test can be passed by testing more samples (higher 1) with the same c. Similarly, when
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¢ increases, given other settings the same, the assurance level of R > R; will decrease
because it results in less difficulty to pass the test and more failures can be expected. As
a consequence, CR will increase as well as W. PR and RP will decrease when producers
are faced with less risk of rejecting the reliable products and the test is easier to be passed.
Third, when the lower level reliability requirement increases, with the same (#,c¢), the
assurance level of R > R; will decrease and CR will increase. W will also increase since
more failures can be expected even though the test is passed. RP may increase since it
becomes harder to meet the lower level reliability requirement. However, PR may reduce
since more products become less likely to satisfy Ry and will not be passed in the test.
Based on the discussions above, the trade-off patterns among different pairs of objec-
tives can be illustrated in Figures 4.27 and 4.28 for the example of MO-MSRDT with two
testing periods. When the lower level reliability requirement is fixed (i.e., fixed Ry1,R12)
or the maximum allowable failures is fixed (i.e., fixed c1,c2), trade-off patterns have been
identified in six pairs of objectives including CR vs PR, CR vs RP, CR vs n, W vs PR, W
vs RP and W vs n. For RDT plans with varied ¢y, c3, n and fixed R;1,R, stringent trade-
off patterns can be found for pairs of CR vs PR, CR vs RP, W vs PR and W vs RP, with
concave curves. Relaxed trade-off patterns can be found for pairs of CR vs n and W vs
n, with nearly linear or convex curves. For RDT plans with varied Ry1,Rr, and fixed cq,
c2, Three pairs of CR vs PR, CR vs RP and W vs PR present the concave curves along the
change of lower reliability requirements. W and RP show stringent trade-off pattern with
a single concave curve. CR and n show various trade-off patterns along with the change
of R;1,R12, such as concave, convex and nearly linear curves. W and n show the relaxed
trade-off pattern with a single convex curve. The trade-off between CR and PR can be
intuitive because of their links with type-II and type-I errors, respectively. For instance,
if producers want to reduce the PR by always accepting the RDT given any test samples,
CR will be higher since any inferior products will pass the test. In the opposite, if CR is

to be reduced by decreasing the lower level reliability requirement and maximum allow-
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able failures or increasing test sample size, the producer will have higher risk to reject
the reliable products without passing the test and PR will increase. Similarly, for CR and
RP, as CR being reduced with increased n or decreased maximum allowable failures, the
difficulty of passing the test may increase and RP may increase. The trade-off between
CR and n can be more intuitively understood based on the fact that more test samples can
improve the assurance level of demonstrating the lower level reliability requirements. W
from Eq. (4.21) is constructed from the mean of true product failure probability condi-
tioning on passing the test, which shares similar interpretations and changing patterns
with CR (i.e., probability of R < R conditioning on passing the test). Therefore, W also
have trade-off patterns with the other three objectives including PR, RP and n. For the
other four pairs of objectives including CR vs W, PR vs RP, PR vs nn and RP vs 7, no trade-
off patterns have been observed. All those pairs may change in the same direction when
other design settings change. As shown in Appendix, under either fixed cy, ca, or Ry1,R12,

these objectives will show positive relationships without obvious trade-off patterns.

4.5.2 Impact of Design Parameters

After exploring the trade-offs among all pairs of five objectives, all the six pairs with
trade-off patterns have been identified, including CR vs PR, CR vs RP, CR vs 1, W vs PR,
W vs RP and W vs n. It is noticed that some of the trade-off patterns may change with
different design settings such as the maximum allowable failures and the lower level re-
liability requirements. In order to understand the impact of design parameters on the
change of trade-off patterns for different pairs of objectives, several questions need to be
answered including how(or why) the objective values(or the trade-off patterns) change
with different inputs of design parameters and which inputs play dominating(or negli-
gible) roles in affecting the change of trade-off patterns. The underlying reasons of these

effects should also be intuitively explained.
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The impacts of different maximum allowable failures (e.g., c1, c2) will be explored by
tixing the lower level reliability requirements (e.g., Ry1,Rr2). Since ¢ and ¢, correspond
to two separate demonstration periods respectively, c; + ¢ will represent the overall re-
quirement on maximum allowable failures. For CR and PR in Figure 4.27a, the increase of
c1 + 2 leads to the reduction of assurance level of demonstrating the lower level reliability
requirement as CR increases. PR decreases because reliable products become less likely
to be rejected when the test becomes easier to pass. The trade-off curves rotate clock-
wise towards higher CR and lower PR. The separate impact of changing c; may be more
obvious than ¢y, which shows consistent color changes along with the swinging curves.
Since the test becomes easier to pass with more failure allowed, RP tends to decrease. In
Figure 4.27b, the trade-off curves also swing clockwise towards higher CR and lower RP.
However, for both CR vs PR and CR vs RP, the changes in trade-off strength and trade-off
patterns are not significant. In the contrast, the impacts of (¢1, ¢2) on trade-off between CR
and 7 can be significantly observed in Figure 4.27c. For example, when c¢; + ¢, increases,
CR will increase for any given test sample size and the curves will shift towards higher
CR and changes from convex to nearly linear, which means the trade-off between CR and
n becomes stronger. The impacts of (c1,¢2) on W will be similar with CR, which leads
to higher W when c; + ¢, increases. Therefore, for W vs PR in Figure 4.27d and W vs
RP in Figure 4.27e, we can observe the clockwise rotating trade-off curves without much
change in the trade-off patterns and strength. In Figure 4.27f, the trade-off curves shift
towards higher W for any given n and the trade-off between W and n becomes stronger.

Similarly, the impacts of different lower level reliability requirements (e.g., Rr1,R12)
can be explored with fixed maximum allowable failures (e.g., c1, ¢2). When either (Ry; or
Rp;) increases, meaning the reliability requirement for the corresponding testing period
has been increased, CR will increase given the same test sample size because the assur-
ance level of demonstrating the lower level reliability requirements increases. PR will

decrease since more products will become less likely to meet the lower level reliability re-
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quirement when the test is more likely to be rejected. As shown in Figure 4.28a, the trade-
off between CR and PR will become weaker and the curves are shifting from top left with
higher PR lower CR to bottom right with lower PR and higher CR. Comparing Ry; and
Ry separately, the changes of R;; lead to corresponding CR and PR at different curves
more randomly. However, the changes of R;, may result in more consistent shifting of
curves. Since Ry, covers both time periods, it will have more impact on determining the
overall lower level reliability requirement change. Meanwhile, the trade-off between CR
and RP becomes stronger as shown in Figure 4.28b. The trade-off curves expand towards
top right with higher CR and RP. R;, still has more consistent impact on the change of
trade-off patterns. However, the increase of either (Ry1, R1») may not change the values
of RP, which is only relevant to the test sample size, maximum allowable failures and
prior knowledge of true product failure probability. For CR and n in Figure 4.28¢, there
will be significant pattern changes when (Ry1, Ryp) increases. When the lower level re-
liability requirement has lower values, the trade-off curves are convex with lower CR as
n increases. When (Rp1, Ryp) increases, the trade-off curves shift towards higher CR and
have pattern changes from convex curves to nearly linear curves then to concave curves.
The trade-off between CR and n becomes stronger. For example, when R, = 0.8, to
achieve an acceptable CR below 0.1, we may need to n = 20. However, if R, = 0.9,
to achieve the same level CR, we may need a significant increase of n = 200. W, which
calculated from the mean of true product failure probability conditioning on passing the
test is not affected by the change of lower level reliability requirement. Therefore, for W
and PR in Figure 4.28d, the increase of (Rp1, Ry2) shifts the curves down towards lower
PR and leads to weaker trade-off. Since RP and 7 are not affected by the change of lower
level reliability requirement neither, the single concave curve for W vs RP in Figure 4.28e
and single convex curve for W and # in Figure 4.28f show strong trade-off patterns for

these two pairs respectively.
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4.5.3 Proposed vs Single Objective Designs

The proposed MO-MSRDT design advances conventional single objective design in
several perspectives such as the multi-objective consideration, the relaxed assumption
of pre-specified lower level requirements, etc. The comparison will be made to illus-
trate the advantages of the proposed MO-MSRDT design over existing single-objective
RDT designs including BRDT and MSRDT. Conventional BRDT design aims to find the
plan (n,c) that minimizes the BRDT cost under controlled CR and pre-specified Ry. In
practice, zero allowable failure ¢ = 0 may be selected since it leads to the minimum test
sample size. However, since BRDT only focuses on a single testing period or multiple fail-
ure states, it is not comparable with the proposed MO-MSRDT which considers multiple
states in the test. Existing single-objective MSRDT will be compared with the proposed
work and illustrated with two time periods. There will be two variations in comparison.
The first one is the original design (MSRDT-org) that will find the test plan (n, c1, ¢2) and
minimize the overall test sample size n. The reliability Ry, R, for each cumulative time
period will satisfy the lower level reliability requirements Ry > R1, Rp > Rjp. Single op-
timal plan will be obtained for MSRDT-org with controlled CR and pre-specified R;1, Rr».
The second variation is MSRDT-relax which relaxes the assumption on pre-specification
of lower level reliability requirements. For each cumulative time period, there will be a
acceptable range of Ry1, Ry, to be considered and the test plan (n, ¢1, ¢z, Rp1, Rr2) will be
determined to minimize n. It will be interesting to explore the relationships between the
optimal plans from two variations of existing MSRDT designs and the Pareto Front from
the proposed MO-MSRDT design framework.

In Table 4.11, the differences among BRDT, MSRDT-org, MSRDT-relax and the pro-
posed MO-MSRDT have been summarized. Because of the relaxation, there will be sev-
eral optimal plans being selected in MSRDT-relax that will minimize the test sample size,
compared with the single optimal test plan in MSRDT-org. The Pareto Front in MO-

MSRDT is composed of the test plans with balanced trade-offs for all five objectives with
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the purpose to reduce each objective as much as possible. The proposed MO-MSRDT
design will have significantly larger solution space (e.g., 109620) as well as richer infor-
mation of the optimal plans in Pareto Front (e.g., 95863). Meanwhile, the solution space
of the proposed design may be subject to the changes of user preferences on different
design settings. For example, if the user requires narrowing the acceptable ranges of
lower level reliability requirement, the solution space can be reduced. Several observa-
tions can be made from the visualization plots in Figure 4.29. First, the two variations
of MSRDT share the same minimum test sample size for the optimal plans and do not
have much difference in other objective values. Second, the Pareto Front of six pairs
of objectives still follow the trade-off patterns identified before. Third, for each pair of
objectives, the corresponding values in optimal plans from MSRDT-org or MSRDT-relax
will be either dominated by some solutions from Pareto Front of MO-MSRDT (e.g., CR
vs PR in Figure 4.29a, CR vs RP in Figure 4.29b, W vs PR in Figure 4.29d, W vs RP in
Figure 4.29e), or becomes non-dominated plans along with the Pareto Front (e.g., CR vs
n in Figure 4.29¢c, W vs n in Figure 4.29f). In the proposed framework, after considering
the trade-offs among multiple objectives, the Pareto Front can provide more choices with
dominated or non-dominated values in the objectives. In other words, the optimal solu-
tion from existing MSRDT designs can be some special cases in the Pareto Front of the
proposed MO-MSRDT design. We can also trace back to the original solution space of
the proposed MO-MSRDT, as shown in Figures 4.30 and 4.31. The illustrated examples in
Figure 4.30 has fixed R;; = 0.94 and Ry, = 0.82 for the selected test plans with varied cy,
c and n, and in Figure 4.31 has fixed ¢; = 0 and ¢, = 0 with varied Ry, R; and 7, both
of which represent the selection procedure of Pareto Front from original solution space of
each pair of objectives with trade-offs. The test plans in Pareto Front (green) consist of a

large proportion and only a small portion of original plans are selected.
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Table 4.11: Comparison with single objective design

Design Objectives ~ Parameters Plans space ~ Optimal plan Specified
BRDT minimum n c NaN Single CR, R
MSRDT-org ~ minimum n Ck 21 Single CR
MSRDT-relax minimum n Cr, Ry 1134 Multiple(7) CR, Ry

MO-MSRDT CR,PR,RP, n, W ¢, Ry 109620 Pareto Front(95863)  User preferences

Co2 — 07,7t ~ Dir(47,15.7,79.6)
P

Settings: Original data rows = 109620, CC’—? =1,

n =0~ 100; Rp; = 0.85 ~ 0.95by 0.01;R;2 = 0.8 ~09by 0.02;c1 =0~ 5,c0 =0~ 5;c1 +c <5

454 Optimal Plans Selection with User Preferences

The generation process of optimal test plans can be strategically planned, as shown
in Figure 4.32. From the baseline knowledge of the design settings such as the cost bud-
get, failure and risk tolerance, lower level reliability requirements and prior informa-
tion of product reliability, the design settings can be determined. For example, based
on the budget in RDT, we can limit the test sample size (e.g.,, n < 100). Based on
the characteristic of product, the minimum and maximum values of lower level relia-
bility to be demonstrated for the each period can be limited in acceptable ranges (e.g.,
0.85 < Rr1 < 0.95,0.8 < Rp1 < 0.9). We can also refer to the previous analysis of trade-
offs among multiple objectives and determine the design settings with specific focuses or
controls on trade-offs of selected objectives. For example, in order to control the trade-off
between CR and PR, the acceptable ranges of lower level reliability requirements can be
adjusted. With reduced values of lower level reliability requirements, the test plans may

have lower CR and higher PR, which can be controlled based on the user preferences.
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With the design settings settled, the original pool of RDT plans can be obtained, which
includes all the combinations of design parameters from the predetermined ranges. The
next step is to balance the trade-offs using Pareto Front method and obtain the set of RDT
plans with Pareto efficiency. The plans in the Pareto Front are non-dominated by each
other. The Pareto Front will contain a substantially smaller amount of RDT plans com-
pared with the original pool, however, it may still be too dense to easily identify a few
optimal plans. We also notice that users may have different preferences or tolerance on
specific objectives, which may be subject to the cost budget or risk aversion. For example,
if the manufacturers care the most about customer satisfaction, they may want to control
the CR below 0.05 so that they have sufficient assurance on the demonstrated product
reliability. The user-preference-based screening can be performed on the Pareto Front to

help practitioners to further narrow down the set of optimal plans and select the ones

with best fit.
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Figure 4.32: Flow chart of decision process

In order to narrow down the selections from Pareto Front and make it easier for prac-
titioners to choose the optimal plans, the screening based on multiple objectives can be

performed. The selection ratios of Pareto Front by truncating different objectives have
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been compared in Figure 4.33. By setting the upper bound tolerance for each of the ob-
jective, the corresponding selection ratio of Pareto Front can be obtained. The objectives
have different changing patterns when the upper bound tolerance changes. For example,
the slope of selection ratio change will be high when CR’s tolerance is low (e.g., CR<
0.05). When tolerance is above 0.2, increasing the tolerance will lead to linear increase of
selection ratio. However, the selection ratio for RP will increase linearly as the tolerance
increase (e.g, RP < 0.8) and start to grow exponentially. The differences in the selection ra-
tios after screening based on different objectives may result from the distributions of each
objectives as well as the trade-offs among different objectives. In practice, the screening
can be performed not only on a single objective but also on different combinations of
objectives in order to satisfy the user preferences from different perspectives (e.g., cost
budget, risk tolerance, reliability requirement, etc.). When the objectives are controlled to
a lower level, the selection of optimal plans will be reduced to a small portion from the

Pareto Front.
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Figure 4.33: Selection ratios of Pareto Front by truncating different objectives
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455 Impact of Prior Information

Table 4.12: Different prior settings

Supportive Non-informative
7t ~ Dirichlet (10,5, 85) (10,5,85) 3 (1,1,1)
Mean(rr) (0.1,0.05,0.85) (0.1,0.05,0.85) (0.33,0.33,0.34)

Var(rr) (0.0000, 0.0833,0.0556) | (0.0000,0.0139,0.0013) | (0.0000,0.0072,0.006)

More supportive Less supportive
7t ~ Dirichlet (5,5,90) %2 (20,5,75) 0.5 (20,5,75) %2
Mean(rr) (0.05,0.05,0.9) (0.2,0.05,0.75) (0.2,0.05,0.75)

Var(r) (0.0000,0.0119,0.0004) | (0.0000,0.0119,0.0037) | (0.0000,0.0031,0.0009)

Settings: n: 0 ~ 100
Cw, = 100,Cy, =70, C, = 100
R1: 0.85 ~ 0.95 by 0.01; Ry: 0.8 ~ 0.9 by 0.02

c1:0~5by1;c: 0~5byl;c1+c2 <5

To explore the impacts of different priors on the change of trade-off patterns, several
different Dirichlet priors of true product failure probability over multiple time periods are
used with various prior mean and variance specifications, as summarized in Table 4.12
and visualized in Figure 4.34. For example, the average supportive prior Dir(10, 5, 85)
has the mean failure probabilities (0.1, 0.05, 0.85) for the first period, the second period
and the rest of product life time, respectively. Equivalently, the average prior belief of
product reliability can be 0.9 for first period and 0.85 for the first two periods. Dir((10,
5, 85)*2) has the same mean failure probabilities but lower variances for each period. As
the mean failure probabilities decrease, Dir((5, 5, 90)*2) is an more supportive prior with
high variance corresponding to the average prior Dir(10, 5, 85). Dir((20,5,75)*0.5) and

Dir((20,5,75)*2) are less supportive priors with increasing mean failure probabilities, with
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low and high variances respectively. Dir(1, 1, 1) is a non-informative prior which assumes
each separate period has an equal mean failure probability of 0.33, with much higher
variance than the other informative priors. For each pair of the objectives with trade-
off patterns, the comparisons among different priors will be made regarding supportive
and not supportive or informative and non-informative, with the investigation of impacts

under different failure probability means and/or variances.
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Figure 4.34: Difference priors

The exploration of trade-offs for each pair of objectives will be two-folded, with ei-
ther fixed lower level reliability requirements in Figure 4.35 or fixed maximum allowable
failures in Figure 4.36. To illustrate, when R;; and Rp;, are fixed, the trade-off between
CR and PR (Figure 4.35a) may change significantly with different priors. For supportive
priors sharing the same mean of failure probability, the prior with lower variance can in-
crease the assurance level of the product meeting the reliability requirement and CR will
decrease. PR tends to increase since the rejection of test will lead to the rejection of more
reliable products under the belief of prior knowledge. The trade-off curves are shifting
upper left towards lower CR and higher PR. With similar level of prior variance (e.g., high
variance), more supportive prior will result in lower CR and higher PR and the changing

patterns when reducing the mean of failure probability is the same as reducing the vari-
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ance. In the opposite, when the means of failure probability increase, the less supportive
priors will shift the trade-off curves towards higher CR and lower PR. For less supportive
priors with same mean, lower prior variance will indicate a stronger belief of unreliable
product, which leads to the increase of CR, but the decrease of PR due to the fact that
most products are unreliable and may be rejected correctly. Non-informative prior with
higher mean of failure probability and higher variance will have lower level of PR and a
wider range of CR values. However, when c; and c; are fixed in Figure 4.36a, the chang-
ing patterns of trade-off may not be obvious due to the overlapped curves corresponding
to different lower level reliability requirements.

With fixed Ry; and Ry, for CR and RP, in Figure 4.35b, supportive priors with higher
means of failure probability or lower prior variance may result in lower CR and rotate the
trade-off curves clockwise. For less supportive priors with higher means of failure proba-
bility or lower prior variance, the trade-off between CR and RP becomes stronger and the
curves will expand towards higher CR and RP. For CR vs 7 in Figure 4.35¢, supportive
priors with lower means of failure probability or lower variance may result in lower CR,
given any test sample size and the curves will rotate clockwise with reduced trade-offs.
Less supportive priors tend to shift the curves towards higher CR and lead to stronger
trade-off. The shape of the curves may also change from convex curves to concave curves,
with higher means of failure probability and lower variance. Non-informative prior tends
to have a wider range of CR values with the spreading convex trade-off curves. Similarly,
for CR vs PR with fixed c; and ¢, the changing patterns of CR vs RP in Figure 4.36b and
CR vs n Figure 4.36¢ with different priors are not obvious.

For the trade-offs between W and either PR, RP or 7, the changing patterns will be sim-
ilar to that of CR and either PR, RP or n, respectively, since both W and CR measures the
failure probability given the test is passed from different perspectives. For example, when
Rp1 and Ry, are fixed, for W vs PR in Figure 4.35d, supportive priors with lower means

of failure probability or lower variance may shift the trade-off curves towards lower W
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and higher PR. Less supportive priors with higher means of failure probability or lower
variance may lead to higher W and lower PR. Non-informative prior tends to have lower
PR with a wide range of W. The changing patterns becomes unobvious when c¢; and c;
are fixed, as shown in Figure 4.36d. W vs RP, W vs n also shares similar trade-off chang-
ing patterns with CR vs RP and CR vs n respectively, with fixed R;; and Ry,. However,
when ¢ and c; are fixed, the changing patterns of trade-off curves can be observed for
W vs RP in Figure 4.36e and W vs n in Figure 4.36f. This is because the objectives W, RP
and n are not affected by different lower level reliability requirements and the individual
curves with fixed maximum allowable failures in Figures 4.36e and 4.36f will be among
the curves from Figures 4.35e and 4.35f when Ry and Ry, are fixed, which shares similar
trade-off changing patterns.

In addition, the prior knowledge may also have impacts on the density of Pareto Front
as shown in Figure 4.37. For the priors with the same means of failure probability, lower
variance of the prior distributions may help reduce the number of plans in Pareto Front.
For supportive priors, with similar variances, more supportive priors will help narrow
down the selection of plans as well. Since the belief of reliability is higher, the Pareto
Front will be concentrating towards the plans that can meet the reliability requirements.
Oppositely, if the prior information is less supportive, the Pareto Front will also be re-
duced since more plans are believed not able to meet the reliability requirements.

In summary, the exploration of the impact of different prior distributions on the trade-
off patterns among multiple objectives can be beneficial in two perspectives. First, based
on the prior knowledge of specific product, practitioners can determine which objectives
to focus on in order to satisfy their needs. For example, if the prior knowledge supports
high reliability, we will have more control in CR and W, from which lower CR and W may
indicate better customer satisfactions and less complains in warranty services. Second,
the prior knowledge can help control the richness of the Pareto Front, which may help

better inform the practitioners to select the optimal test plans more efficiently.
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4.6 Conclusion Remarks

Existing RDT designs are limited in several perspectives regarding the failure states,
objectives and design settings. In conventional BRDT design, single objective of mini-
mizing the RDT cost is usually achieved by minimum test sample size with controlled
risk criterion CR and pre-specified design parameters such as lower level reliability re-
quirements. Meanwhile, it only focuses on single testing period or single failure state
of the product, which may not be capable to meet the increasing reliability demand of
customers. The MSRDT design in (Chen et al., 2017) extended the conventional BRDT
to multiple failure states, such as multiple testing periods. However, it still focused on
a single objective of RDT cost minimization. The BRDT design with multiple objectives
consideration in (Lu et al., 2016) extended the conventional BRDT with the consideration
of multiple objectives such as CR, PR, AP and n. By balancing the trade-offs among mul-
tiple objectives through Pareto Front method, optimal test plans can be selected based on

different focuses of each objectives. However, the multiple objectives BRDT design has
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no consideration for multiple failure states. Also, it only focused on the objectives for
the test itself, without considering related reliability assurance activities such as warranty
services cost. In addition, all the existing work assumes pre-specification of lower level
reliability requirements, which may limit the flexibility and effectiveness in determining
the optimal test plans.

This paper proposes the MO-MSRDT optimal design framework which comprehen-
sively advances the existing RDT designs by considering multiple objectives for multiple
states with relaxed design settings such as lower level reliability requirements. Five ob-
jectives in total such as CR, PR, RP, n and W have been considered and R; is considered
to be flexible, which can be selected from an acceptable range of values instead of a fixed
and pre-specified value. Through exploring the interrelationships of each pair of objec-
tives, the trade-off patterns from several pairs of objectives have been identified such as
CRvs PR, W vs n, etc. In order to understand how different design settings may affect the
change of trade-off patterns for different objectives, the impact of design parameters such
as lower level reliability requirement and maximum allowable failures are evaluated. The
Pareto Front of the proposed MO-MSRDT is also compared with the existing single objec-
tive MSRDT design with two variations to illustrate the dominance of test plans in Pareto
Front and richness of selection. Based on the exploration of multiple objectives trade-offs
and Pareto Front, the generation process of optimal test plans is provided to help practi-
tioners with the final decision making. In addition, the impact of prior knowledge on the
change of trade-off patterns as well as the selected Pareto Front has been evaluated based
on simulated prior distributions with different means and variances.

To conclude, the proposed optimal MO-MSRDT design framework is the first to com-
prehensively incorporate multiple objectives and multiple states with flexible lower level
reliability requirement into RDT design for failure count data. It advocates a more system-
atic and holistic vision in RDT designs for practitioners in reliability engineering. Even

though the scope of this paper is focusing on failure count data, the concept of the frame-
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work can be well extended to RDTs with other data types and models, such as failure
time data or degradation data. In addition, it is also interesting to consider more ob-
jectives from related reliability assurance activities such as reliability growth cost (e.g.,
when RDT cannot be passed, the product needs to go back to reliability growth at addi-
tional cost). With more objectives considered, the selection of optimal test plans can better

meet more comprehensive needs of practitioners with different preferences.
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Chapter 5

Conclusion

In this dissertation, three advances in optimal RDT design for failure count data are
proposed to resolve the data complexity, planning complexity and evaluation criteria
complexity. Specifically, the data complexity from conventional BRDT design is that only
single testing period or single failure mode is considered, which may not be able to meet
the increasing reliability demand of customers. The planning complexity comes from the
acceptance decision uncertainty of BRDT when conventional design only focuses on the
BRDT itself without considering all the subsequent reliability assurance activities such as
reliability growth test and warranty services. The evaluation criteria complexity comes
from the single objective consideration of testing cost (e.g., test sample size) in conven-
tional BRDT design, which may not be able to balance the trade-offs among different con-
flicting evaluation criteria (e.g., consumer’s risk, producer’s risk, testing cost,etc.) from
all related reliability assurance activities.

Chapter 2 focuses on resolving the data complexity with the proposal of MSRDTs (i.e.,
multi-state RDTs), which includes MSRDTs over multiple time periods and MSRDTs for
multiple failure modes. In the MSRDTs over multiple time periods, With every non-
overlapping time period of interest treated as a state, a multinomial distribution can be
assumed as the joint distribution of failure counts over all the time periods. Two different
test strategies are considered to demonstrate the reliability requirements over cumulative
time periods, which uses either cumulative failure counts for each cumulative period or
separate failure counts over each non-overlapping period, as the passing criteria. In the

MSRDTs for multiple failure modes, each failure mode is treated as a state and the reliabil-
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ity requirements for each failure model can be customized based on different operating
conditions and demonstrated simultaneously. The failure mode with higher reliability
requirement tends to dominate the determination of overall minimum test sample size.

Chapter 3 focuses on resolving the planning complexity by considering the uncer-
tainty of BRDT decision and its cost impacts on subsequent reliability assurance activities.
A new optimal BRDT design framework is proposed with more global planning horizon
to explicitly quantify the acceptance uncertainty of the test using acceptance probability
and selects the optimal test plan that minimizes the overall costs of all related activities in-
cluding BRDT, reliability growth and warranty services. Through the case study, the non-
linear relationships of different design parameters and cost components are evaluated.
The changing patterns of overall cost under different cost scenarios and design settings
demonstrate the effectiveness of the proposed work and advantages over conventional
BRDT design in the overall cost minimization.

Chapter 4 focuses on resolving the evaluation criteria complexity by comprehensively
considering multiple objectives of risk criteria and cost components from different related
reliability assurance activities in optimal RDT design with multiple time periods and re-
laxed assumptions of pre-specified lower level reliability requirements. Specifically, five
objectives including consumer’s risk, producer’s risk, rejection probability, RDT cost and
warranty services cost are explored to identify their interrelationships and trade-offs. The
impact of design parameters on the changing patterns of trade-offs are evaluated. Pareto
Front method is used to balance the trade-offs among different objectives and determine
the optimal test plans. Compared with existing RDT designs, the proposed MO-MSRDT
design can provide more flexibility and richer information in determining/selecting op-
timal test plans. The decision making strategy for practitioners are also provided based
on different objectives, trade-offs and user preferences.

For all the chapters, the impact of prior knowledge incorporation has been explored

under the Bayesian framework. For example, in Chapter 2, when the prior knowledge
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supports higher reliability, less minimum test sample size will be required for MSRDTs,
as compared with non-informative priors. However, if the prior knowledge supports
lower reliability than the pre-specified reliability to be demonstrated, more test samples
may be needed. In Chapter 3, the impact of different prior distributions are compared
through different combinations of prior means and variances. Higher means of reliability
with less variance can significantly reduce the test sample size as well as the overall cost.
In Chapter 4, the impact of prior knowledge on different changing patterns of objective
trade-offs curves has been evaluated. For different pairs of objectives, different patterns
such as rotate clockwise, shift/move towards original point, shift/move away from orig-
inal point can be observed, which correspond to stronger or weaker trade-offs. Prior
knowledge is also found to have influence on the richness of Pareto Front with different
prior means and variances, which will affect the final decision of optimal test plans.

For future work, there can be three major aspects. First, since all the proposed work
has been evaluated under Bayesian framework using Monte Carlo Simulation, it will be
ideal to make thorough mathematical justifications through analytical derivations, which
can reduce the computational efforts while designing such BRDT tests. Second, even
though the scope of the proposed work is focusing on RDT design for failure count data,
such as BRDT, MSRDT, etc., the frameworks are readily applicable to RDTs with other
data types, such as failure time data or degradation data. Third, considering the related
reliability assurance activities such as reliability growth test and warranty services, more
detailed modeling can be explored regarding the reliability requirements, iterations of re-
liability growth and demonstration, costs based on revenue and market conditions and
optimal decision making strategies, etc. In addition, it is also practically significant that
the three recent advances in design of RDTs discussed in this dissertation can be imple-
mented in a specific application context which focuses on product reliability design and

development as well as improvements on customer experience.
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Appendix B Supplemental Materials

B.1 Appendix for Chapter 2

To analytically show the difference between scenarios I and Il in the proposed MSRDTs
over multiple time periods, let AH(n,¢1,c2) = Hy(n,c1,¢2) — Hu(n, c1,¢2) when ¢ + ¢ is
tixed, which can be explicitly written as

&1 a—¥

n!
AH 7’l C1,C2 )ﬂylﬂyz(l — 711 — ﬂz)niyliyz].
ylzoyz ;m vyl (n—y1 — )t 72

When ¢; = 0, AH(n,c¢1,c2) = 0 and both scenarios become equivalent, as shown in
Table 2.3-2.5. When ¢; > 0, AH(n,c1,c2) > 0, which indicates that the probability of
accepting test plan under scenario II is always smaller than the probability calculated
under scenario I. However, this finding does not imply that for a fixed n, one scenario
will always give a consistently higher/lower CR than the other. To justify this, let A =
folle folerm Hy(n,c1,¢2)p(my, mp)dmpdmy and B = fol fol Hy(n,c1,02)p(my, mp)dmadr,

CRy and CR;j can be written as

A
Rp=1—2%
CRy B’
A+AA
Rp=1—2-"°2
CRy B+ AB’
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where we can denote AA = folle folerm AH(n,c1,¢)p(my, mp)dmpdmy and AB =
fol fol AH(n,c1,c2)p(my, o) dmpdrry. Then CRyy — CRy is given by

BAA — AAB

CRH - CRI — m

Although B > A, as n,cq and ¢; vary, AA can be larger/smaller than AB. Thus, for a fixed
sample size n, neither CR; > CR| nor CRy; < CR; will hold consistently. It also explains
results in Figure 2.10, Table 2.4 and 2.5 that when controlling CR, one scenario cannot give

a consistently larger /smaller minimum sample size than the other scenario.

B.2 Appendix for Chapter 4

Derivations of expected failure probabilities in the corresponding warranty service

periods, illustrated by two periods, can be derived as,

E(mly1 <ci,y1+y2 <c1+c2)
1
= /0 i f(milyr < e,y +y2 <+ c)dm

1 1
= / m / flm, molyr < c,y1+y2 < c1 4 c)dmpldm

_ / / py1 < e,y +y2 < o1+ o, m) p(m, ) dm
fo fo p(y1 < c1,y1+y2 < c1+ calmy, mo)p(m, mo)dmdm

fo fo mp(y1 < c1,y2 < 1+ 2| my, o) p(m, mo)dmdrn
fol fol p(y1 < c1,y1 +y2 < o1+ eo|my, mo)p(my, mo)dmdrm

py1 < c1,y2 < c1+cp|my, m2) = Hus(n, 1, ¢2)

E(rmalyr < c1,y1+y2 <c1+c2)
1
= /0 o f(malyr < c,y1+y2 <o +ce)dm

1 1
= /0 ﬂz[/o f(my, malyr <cp,y1+y2 < c1+c)dmldm

151



_ /1 7'(2[/1 p(y1 < c,y1 +y2 < o+ ey, mo)p(my, o)
0 0 [ [ p(ys < c1y1 + a2 < 61+ e, m)p(m, mo)dmd

B fol fol mop(y1 < c1,y2 < c1 + co|my, o) p(my, mo)dmdrmy
fol fol p(y1 < c1,y1 +y2 < o1+ |y, mo) p(my, mo)dmdrm

7'[2]
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Figure B.1: No obvious trade-off patterns for selected pairs of objectives with fixed lower
level reliability requirement
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