University of South Florida

DIGITAL COMMONS Digital Commons @ University of

@ UNIVERSITY OF SOUTH FLORIDA South Florida
USF Tampa Graduate Theses and Dissertations USF Graduate Theses and Dissertations
November 2018

Lump Solutions and Riemann-Hilbert Approach to Soliton
Equations

Sumayah A. Batwa
University of South Florida, sbatwa@kau.edu.sa

Follow this and additional works at: https://digitalcommons.usf.edu/etd

b Part of the Mathematics Commons

Scholar Commons Citation

Batwa, Sumayah A., "Lump Solutions and Riemann-Hilbert Approach to Soliton Equations" (2018). USF
Tampa Graduate Theses and Dissertations.

https://digitalcommons.usf.edu/etd/8105

This Dissertation is brought to you for free and open access by the USF Graduate Theses and Dissertations at
Digital Commons @ University of South Florida. It has been accepted for inclusion in USF Tampa Graduate Theses
and Dissertations by an authorized administrator of Digital Commons @ University of South Florida. For more
information, please contact digitalcommons@usf.edu.


https://digitalcommons.usf.edu/
https://digitalcommons.usf.edu/
https://digitalcommons.usf.edu/
https://digitalcommons.usf.edu/
https://digitalcommons.usf.edu/etd
https://digitalcommons.usf.edu/grad_etd
https://digitalcommons.usf.edu/etd?utm_source=digitalcommons.usf.edu%2Fetd%2F8105&utm_medium=PDF&utm_campaign=PDFCoverPages
https://network.bepress.com/hgg/discipline/174?utm_source=digitalcommons.usf.edu%2Fetd%2F8105&utm_medium=PDF&utm_campaign=PDFCoverPages
mailto:digitalcommons@usf.edu

Lump Solutions and Riemann-Hilbert Approach to Soliton Equations

Sumayah A. Batwa

A dissertation submitted in partial fulfillment
of the requirements for the degree of
Doctor of Philosophy
Department of Mathematics and Statistics
College of Arts and Sciences

University of South Florida

Major Professor: Wen-Xiu Ma, Ph.D.
Chairman: Shengqian Ma, Ph.D
Thomas J. Bieske, Ph.D.
Arthur A. Danielyan, Ph.D.
Sherwin Kouchekian, Ph.D.
Seung-Yeop Lee, Ph.D.

Date of Approval:
September 07, 2018

Keywords: Soliton hierarchy, Hamiltonian structure, Riemann-Hilbert approach, Soliton solution, Lump solution

Copyright (©2018, Sumayah A. Batwa



Dedication

I dedicate this dissertation to my husband; Ahmed who has planted the seeds of success on my way and
sacrificed a lot for me. I also dedicate this work to my parents who have stood by my side from the beginning
and taught me to have hope in God, the most Gracious, the most Knowledgeable. To my daughters; Tala,
Rital, and Layal who are just about the best children a mom could hope for.

May the Lord ”Allah” protect you all and unduly reward you for all your efforts.



Acknowledgments

First and foremost I would like to thank the Almighty ”Allah” for giving me the power, strength, and wisdom
to complete this research and write this dissertation. During the past five years I was lucky to be surrounded
by a great number of individuals whose support and encouragement was essential to make this work possible.
I would like to offer my appreciation and gratitude to my advisor, Professor Wen-Xiu Ma, for his mentorship,
guidance and support. Professor Ma worked closely with me from when this work was a small idea until it
became a completed study. In addition, I would like to thank my committee members Dr. Thomas Bieske, Dr.
Arthur A. Danielyan, Dr. Sherwin Kouchekian, Dr. Seung-Yeop Lee for their valuable feedback and patience
while I overcome several obstacles for the past years. I am also thankful to Dr. Xuelin Yong of department
of mathematics and physics at North China Electric Power University for the many email discussions which
helped me a lot in my work.

I am very fortunate to have colleges and friends who generously shared their time and ideas to help me
throughout this journey. I would like to heartily thank Morgan A. McAnally, Solomon Manukure, Maryam
Bagherian, Fudong Wang, Yuan Zhou, and all other colleges in the seminar group for all their time and
support.

I am very grateful to my husband who made enormous sacrifices while shouldering me and giving me a
chance to thrive. I also thank my daughters, Tala, Rital and Layal for their unconditional love and under-
standing of a mother who had to be dedicated to her studies and made USF library her home. In addition, I
would like to thank my sisters, Abeer, Abrar and Ahellah and my brothers Yaser, Ammar, Sohayeb and Belal
for their love and support.

Finally, I am very thankful to the government of my country, Saudi Arabia, and to King Abdulaziz University
for the financial support. I could not have pursued my doctoral degree oversees without their financial
support. I would like to thank the people at the Saudi Arabian Cultural Mission, the department of scholarship

at King Abdulziz University, and the Saudi ministry of education for their generous support.



Table of Contents

Listof Figures . . . . . . . . . . o e e e e iii
ADbSIract . . . . . L e e e iv
Chapter 1  Introduction . . . . . . . . . . . . . e e e e e 1
1.1 Background . . . . . . . . .. e e e 1

1.2 Dissertation Outline . . . . . . . . . . . . ..o 2

Chapter 2 Spectral Problems and Soliton Hierarchies of Integrable Systems . . . . . . ... .. .. 4
2.1 Introduction . . . . . . . ... L. e e 4

2.2 Preliminaries . . . . . . . . . L L Lo e e e e e 4

2.3 Integrable Systems Derivation Methods. . . . . . . . . . . ... ... ....... 7

23.1 LaxPair . . . . . . . .o 7

2.3.2 Zero Curvature Representation . . . . . . . . . . . . .. ... ... ... 8

233 Tu-MaScheme. . . . . . . . . . . 9

2.4 A Soliton Hierarchy of Kaup-Newell Type . . . . . . . . . . ... .. ... .... 12

2.5 Generalization of the Dirac Soliton Hierarchy. . . . . . . . . . .. .. ... .... 17

Chapter 3 ~ Hamiltonian Structure of the Integrable Soliton Hierarchies . . . . . . . ... ... ... 23
3.1 Introduction . . . . . . .. Lo e e 23

3.2 Preliminaries . . . . . . . .. L L L Lo e e e 23

3.3 Bi-Hamiltonian Structures of the Kaup-Newell Type Hierarchy . . . . . . . . . . .. 30

3.3.1 Hamiltonian Structure . . . . . . . . . ... L. 30

3.3.2 Bi-Hamiltonian Structure. . . . . . . . . . .. .. Lo 32

3.4 Bi-Hamiltonian Structures of the Generalized Dirac Soliton Hierarchy . . . . . . . . . 34

3.4.1 Hamiltonian Structure . . . . . . . . ... L. 35

3.4.2 Bi-Hamiltonian Structure. . . . . . . . . . . . ... ... 37

Chapter 4  Lump and Interaction Solutions of Two Nonlinear Partial Differential Equations . . . . . 41
4.1 Introduction . . . . . . . . . L. L e e e e 41

4.2 Preliminaries . . . . . . . . L L Lo e e e e e 42

4.2.1 Hirota Derivatives . . . . . . . . . . .. . oL 42

422 Properties of the D-operators . . . . . . . . . . . ... ... ... .. .. 43

4.2.3 Bilinear Forms of Some Nonlinear Evolution Equations . . . . . . . . . .. 44

424 HirotaDirect Method. . . . . . . . . ..o 45

4.2.5 Generalized Bilinear Differential Operators and Bilinear Equations. . . . . . 47

4.3 Lump Solutions to a (2+1)-Dimensional 5th-order KdV-like Equation . . . . . . . . . 50

43.1 A (2+1)-Dimensional S5th-order KdV-like Equation . . . . . . . . . .. .. 51

4.3.2 Lump Solutions to the Sth-order KdV-like Equation . . . . . . . . . . . .. 52



4.4 Interaction Solutions to a Jimbo-Miwa-like Equation in (3+1)-Dimension . . . . . . . 58

4.4.1 A Jimbo-Miwa-like Equation in (3+1)-Dimension . . . . . . . . . . . . .. 58
4.4.2 Lump-type Solutions to the Jimbo-Miwa-like Equation . . . . . . . . . .. 59
4.4.3 Interaction Solutions of Lump-type Solutions and Kink Solutions . . . . . . 65
4.4.4 Interaction Solutions of Lump-type Solutions and a Pair of Resonance

Stripe Soliton . . . . . . .. L e 66

Chapter 5  N-soliton Solutions of a Coupled Complex Modified-KdV System by the Riemann-Hilbert
Approach . . . . . L 71
5.1 Introduction . . . . . . . . . L L. e e e e e 71
5.2 Preliminaries . . . . . . .. . oL oL e e e 71
5.3 Riemann-Hilbert Problems . . . . . . . . . . . .. ... ..., 75
5.3.1 Regular Riemann-Hilbert Problems . . . . . . . . . ... ... ... ... 76
5.3.2 Non-regular Riemann-Hilbert Problems . . . . . . . . . . ... ... ... 78
5.4 Ablowitz-Kaup-Newell-Segur Hierarchy with Two Components . . . . . . . . . . . . 83
5.5 A Riemann-Hilbert Problem for a Coupled Complex Modified-KdV System . . . . . . 87
5.5.1 Formulating a Riemann-Hilbert Problem . . . . . . . .. ... ... ... 87
5.5.2 N-Soliton Solutions of the Coupled Complex Modified-KdV System. . . . . 94
References . . . . . . . . . L e 99

ii



O 0 9 N kAW

—_
o

List of Figures

Plots of the lump solution (4.95)-(4.96) att =0.. . . . . . . . . ... . 56
Plots of the lump solution (4.99)-(4.100)att =0. . . . . . . . . . .. . .. .. ... 57
Profiles of the lump-type solution (4.112) with z =1latt=0. . ... ... ... ... ... ... 62
Profiles of the lump-type solution (4.114) withy = latt=0. . ... ... ... ... ... ... 63
Profiles of the lump-type solution (4.116) with z =latt=1. . . ... ... ... ... .... 64
Profiles of the interaction solution (4.122) with different valuesof y,¢. . . . . . . . ... .. .. 67
Profiles of the interaction solution (4.122) with different valuesof z,z. . . . . . . ... ... .. 68
Profiles of the interaction solution (4.129) with different valuesof tandy =5. . ... ... .. 70
The @ and © regionsonthe sidesof > . . . . . . . . ... ... ... ... .. ... ...... 73
The contour I" with the regions R and R~ . . . . . . . . . .. ... 74

il



Abstract

In the first part of this dissertation we introduce two matrix iso-spectral problems, a Kaup-Newell type
and a generalization of the Dirac spectral problem, associated with the three-dimensional real Lie algebras
sl(2,R) and so(3, R), respectively. Through zero curvature equations, we furnish two soliton hierarchies.
Hamiltonian structures for the resulting hierarchies are formulated by adopting the trace identity. In ad-
dition, we prove that each of the soliton hierarchies has a bi-Hamiltonian structure which leads to the
integrability in the Liouville sense. The motivation of the first part is to construct soliton hierarchies with
infinitely many commuting symmetries and conservation laws.

The second part of the dissertation is dedicated to the investigation of exact solutions to some nonlinear
evolution equations. We find lump solutions and lump-type solutions to a (2+1)-dimensional Sth-order
KdV-like equation and a (3+1)-dimensional Jimbo—Miwa-like equation, respectively. Moreover, we explore
interaction solutions of lump-type solutions with kink solutions and resonance stripe solitons solutions for
the Jimbo-Miwa-like equation. Finally, we consider a Riemann-Hilbert problem for a coupled complex

modified-KdV system and present its /V-soliton solutions.



Chapter 1

Introduction

1.1 Background

Soliton theory is interesting and attractive: it relates to many areas of mathematics and has a variety of
applications in physics. In 1834, John Scott Russell discovered the first solitary wave on the Edinburgh-
Glasgow canal. The theory has developed mainly in the last decade starting with by [53]. According to
Russel, he noticed a water wave created when a moving boat suddenly stopped. The wave traveled through
the channel at a steady speed and without a change in shape or form. Russel called this wave the “great
wave of translation”. Unlike low-amplitude dispersive waves, this wave could not be explained by linear
partial differential equations (PDEs) which introduced a controversy between scientists. Russel continued
studying the wave in the laboratory and concluded that the amount of water in the wave is the same as the

amount displaced and the solitary wave speed, s, can be defined as
s2 = g(h+m), (1.1)

where h is the water depth, g is the gravitational acceleration and m is the wave amplitude. In 1870’s,
Boussinesq [7] and Lord Rayleigh [52] also considered the problem. They contributed to the field by

deriving the wave profile z = u(x, t) as follows

u(z,t) = msech? a(z — st), (1.2)

where a2 = W, for any m > 0. In 1895, Korteweg and de Vries provided an equation for u(z, t)
that adopts (1.2) as a solution [30]. They conducted a comprehensive theoretical analysis and derived what

is called now the Korteweg-de Vries (KdV) equation:
U — 6UUy + Uger = 0. (1.3)

Herein w is the water surface elevation and the subscripts denote partial differentiation. No further substan-

tial investigations were done in this area prior to 1965 when Kruskal and Zabusky used digital simulation to



solve the initial value problem for the KdV equation with periodic boundary conditions. They discovered
that nonlinear waves solutions of the KdV equation interact with each other elastically, and they called
these waves “solitons” [73]. This result paved the way for great studies in the field and in 1967 Gardener,
Greene, Kruskal and Miura innovated the inverse scattering method and were able to analytically solve
the KdV equation and found all its soliton solutions [15]. Later, the method was applied to solve many
other important nonlinear equations like the nonlinear Schrodinger (NLS) equation, the sine-Gordon equa-
tion [1,4,49], and these equations are known as integrable equations. More work related to the inverse
scattering method was considered by Lax in 1968 [31]. Lax introduced a method for associating a pair of
linear operators, known as the “Lax pair”, with nonlinear evolution equations so that the eigenvalues of the
linear operators are constants of the motion for the nonlinear evolution equations. Ablowitz, Kaup, Newell
and Segur in 1974 derived from a matrix spectral problem, nonlinear evolution equations which can be
solved using inverse scattering method [3]. Moreover, the theory of integrability was spread in different
domains such as the Riemann-Hilbert approach [49] and the direct method [22] and until now the devel-
opments of the theory continue. Although there is no precise definition of a soliton, it can be defined as a

solution of nonlinear evolution equations which possesses the following properties:
1. is localized in the region, i.e., it decays to a constant at infinity,
2. depicts a wave of permanent form,
3. can collide with other solitons but preserve their individual shapes and speeds.

A soliton becomes a solitary wave when it is infinitely separated from any other soliton [11].

1.2 Dissertation Outline

The organization of this dissertation is as follows. Chapter 2 is assigned to consider two matrix iso-
spectral problems associated with the three-dimensional simple linear Lie algebra si(2,R) and the three-
dimensional special orthogonal real Lie algebra so(3,R), respectively. Based on the spectral matrices and

via the zero curvature formulation we construct two soliton hierarchies.

In Chapter 3, we use the trace identity, a special case of the variational identity, to formulate Hamiltonian

and bi-Hamiltonian structures of the soliton hierarchies and to prove that they are Liouville integrable.



Chapter 4 studies lump and lump-type solutions of two nonlinear evolution equations of mathematical
physics. First, we produce lump solutions for a (2+1)-dimensional 5th-order KdV-like equation and lump-
type solutions for a Jimbo-Miwa-like equation in (3+1)-dimension. Then we inspect interaction solutions
of lump-type solutions and kink solutions and resonance stripe solitons solutions for the Jimbo-Miwa-like

equation.

In Chapter 5, we present the Ablowitz-Kaup-Newell soliton hierarchy with two potentials. Then a
Riemann-Hilbert problem is built for the third nonlinear system in the hierarchy which is a coupled complex
modified Korteweg-de Vries system. At the end, we generate N-soliton solutions for the system through

solving the associated non-regular Riemann-Hilbert problem.



Chapter 2

Spectral Problems and Soliton Hierarchies of Integrable Systems

2.1 Introduction

In the past decades, researchers become more interested in studying soliton theory due to its usefulness
in understanding nonlinear phenomena [1,4, 11]. A standout amongst the most essential research areas in
soliton theory is discovering soliton hierarchies along with their exact solutions and integrable properties.
Solitons hierarchies can be derived from appropriate spectral problems associated with matrix Lie alge-
bras. In 1974, Ablowitz, Kaup, Newell and Segur constructed an infinite hierarchy of integrable equations
known as the AKNS hierarchy which contains the nonlinear Schrodinger equation [3]. Other significant
hierarchies followed such as the Kaup-Newell (KN) [27], the Wadati Konno Ichikawa [64], and Dirac hier-
archies [19].

We start this chapter by giving some basic definitions and notations [51]. The rest of the chapter is orga-
nized as follows. In Section 2.3, we introduce some methods for constructing integrable systems and their
application to the KdV equation and the nonlinear Schrédinger equation. In Section 2.4, we prove that an
isospectral matrix problem of Kaup-Newell type endangers a hierarchy of soliton equations. In Section
2.5, a generalized so(3,R) counterpart spectral problem of the Dirac soliton hierarchy is proposed and its

associated soliton hierarchy is generated.

2.2 Preliminaries

2

Letz = (2!, 22, .. ., 2P) be the independent variables and v = (u'

Ju?, . u?) be the dependent variables
in the spaces X = RP and U = RY, respectively, where R is the set of real number. Let O be an open

subset of X x U.

DEFINITION 2.2.1. The collection of smooth functions L(x, u(”)) that depend on x,u and derivatives of u

till a finite order n is algebra and we denote it by A. Any function L(x, u(")) € A is called a differential

4



function. The differential function L(xz,u(™) is expressed as L[u] if the number of derivatives of u that L

depends on is not important.

DEFINITION 2.2.2. The quotient space of A under the image of the total divergence is the space F of
functionals L = [ L dux.

The vector space of g-tuples of differential functions, L{u] = (Lq[u], La[u], ..., L4[u]), where L; €
A, 1 < j < g, is denoted by AY.

DEFINITION 2.2.3. The Gateaux derivative of an q-tuple of differential functions

Llu] = L(z,u™) € A%,

is a differential operator dr, : A" — A? defined so that

a1(@) = I wIQ) = 5 Dlu-+ Q]| _ e

e=0

forany Q € A".

EXAMPLE 1. If

Llu] = ugy + uuy,

then the Gateaux derivative of L is

41(@) = I'1Q) = 5= [(ua +2DaQ) + (u-+ Q)1 + <D, Q)]

e=0
= D,Q +uD,Q + u,Q.

DEFINITION 2.2.4. A Lie algebra is a vector space g over a field F together with a bilinear operation called

a Lie bracket |, ]g : g X g — g which satisfies the following properties

1. skew-symmetry, i.e., for every X,Y € g

[(X,Y]g = -]V, X]q, 2.2)

2. The Jacobi identity holds,that is, for all XY, 7Z € g

(X, Y, Z)]g+ [Z,[X,Y]lg + [Y,[Z, X]]g = 0. (2.3)



If a Lie bracket of two elements X and Y of a Lie algebra g is zero, i.e, [X, Y] g = 0, we say that X and

Y commute. If for every X, Y in a Lie algebra g satisfies [ X, Y]y = 0 then g is said to be commutative.
DEFINITION 2.2.5. The commutator of two q-tuples of differential functions L, K € A% is defined as
[L,K]=LK - K'L. 2.4)
(A%,[.,.]) forms a Lie algebra over R.
DEFINITION 2.2.6. The i-th total derivative of
L[u) = L(z,u™),

is the unique smooth function D;L(x, u("*V) defined as

oL a oL
DL — : a 92 2.5
g+ 22 2 g -
a=1 J
where, for J = (ji, ..., jk),
ou k+1, a
ul; = ot = 0 _u (2.6)

t xt QxiQxdr...0xIk’
The sum in (2.5) is over all J’s of order 0 < #J < n, where n is the highest order derivative appearing in

L.

EXAMPLE 2. If we take X = R? and U = R, then the two total derivatives D, and D, are given by

oL oL oL oL oL
D, L =— — — —_— —F 2.7
x O + Uy ou + Ugy Oy + Ugy 8uy + Ugzx E + s (2.7)
oL oL oL oL oL
D, L =— — — —_— — 2.8
y By + uy By + Ugy D + Uy ou, + Ugzy B + (2.8)
If we take L = zyu,y, then
DCBL = YUzgy + TYUzzy, (2.9
DyL = Tugy + TYtgyy. (2.10)
DEFINITION 2.2.7. If we can write a partial differential equation as
up = Klu] = K(x,t, u, g, Uy, -+ ), (2.11)

then it is called an evolution equation. Here K [u] is a differential functions and u(zx, t) is a column vector of
dependent variables. Eq.(2.11) is known as a nonlinear evolution equation (NLEE) when K is a nonlinear

function.



2.3 Integrable Systems Derivation Methods

There are many tools for constructing integrable systems in the literature. For example, the Lax pair [31],
zero-curvature representation and the Tu-Ma scheme [37,61, 62]. This section aims to shed light on these

methods in details.

2.3.1 Lax Pair

Lax pair concept was originated in 1968 by Peter Lax [31]. He discovered a particular class of nonlinear

evolution equations

up = Klu] = K(,t,u, ug, Uga, -+ ), (2.12)

corresponds to linear PDEs

with linear differential operators L and A known as Lax pair. Herein the function %) is an eigenfunction of
L associated with the eigenvalue . Taking the derivative of the left equation in (2.13) with respect to ¢ and

utilizing the right one leads to

d d
ﬁ(qu) = @(Mﬁ) = Mpy = A(M) = AL, (2.14)
and
d dL dL
@(Lw) = Ew + Lipy = alﬁ + LA, (2.15)
which gives rise to
9L pa-AL=—o, (2.16)
dt
or equivalently,
dL
— +[L,A] = 0. 2.1
P [L,A] =0 2.17)

Here [L, A] = LA— AL is the commutator of the operators L and A. Eq.(2.17) is said to be a Lax equation.
When the eigenvalues A are time-independent i.e., \; = 0, the eigenvalue problem (2.13) is known as an

isospectral problem.



EXAMPLE 3. Consider the Lax pair

82
L=—gpmtw

03 0 ou

An easy calculation shows that

0? o3 0 ou Pu
and
ar _ou
dt ot

Inserting Eqs(2.19) and (2.20) into the Lax equation (2.17), we obtain
U — 6uUly + Upzr = 0,

which is the famous KdV equation.

2.3.2 Zero Curvature Representation
Let

wx = U(.’L‘, L )\)wa

Y = V(z, t; Ay,

6u

ou

dx

)

2.18)

(2.19)

(2.20)

2.21)

(2.22)

be a system of linear partial differential equations where U and V' are matrix functions of the variables x

and ¢ which depend on the spectral parameter A and the column vector ¢ has entries depend on (z,t, \).

Differentiate the first equation in (2.22) with respect to ¢ and the second one with respect to x, respectively,

we get

Ve = U (M) + U(N)y,

and

Now, the consistency condition 1; = 1y, with (2.22) leads to

UMY + UA) by = Va(A) = V(A)the = (Ur(A) = Va(A) + [UA), V(N

(2.23)

(2.24)

(2.25)



or equivalently,
U -V +[UV]=0. (2.26)

Eq.(2.26) is called the zero curvature equation and the whole scheme is called the zero curvature represen-

tation [61]. Many nonlinear integrable equations admit the zero curvature representation (2.26).

DEFINITION 2.3.1. A nonlinear evolution equation
uy = K(u), 2.27)
is called Lax integrable if it admits the zero-curvature representation (2.26).

EXAMPLE 4. If

—i\N u —2i\% +iut  iug + 2 u
U= , V= (2.28)
—a A iy — 220 2i\% —dua

where u = u(x, t) and @ is the complex conjugate of u, then the zero curvature equation (2.26) leads to the

nonlinear Schrédinger (NLS) equation
iUy + Upe 4+ 200 = 0. (2.29)
A soliton hierarchy is a hierarchy of equations of the form
ug,, = Kpu] = K (2, t, u, ug, ugsy, ..., (2.30)
can be formed from an evolution equation
w = Klu| = K(x,t,u, Uy, Ugg, ...), (2.31)

by using the zero curvature equation (2.26). In this hierarchy, each member commutes with any other
member and is a symmetry of Eq.(2.31). This indicates that the symmetries of any equation in the hierarchy

comprise vector fields { K, : n» = 0,1,2,-- - } that are mutually commutative, i.e.,
(K, K] =0, n,m=0,1,2,--. (2.32)

2.3.3 Tu-Ma Scheme

The Tu-Ma scheme [37, 62, 63] is the most practical tool to construct soliton hierarchies. We start with

some notations and then present the steps for this scheme.



Let so(3,R) be the collection of all 3 x 3 trace-free, skew symmetric matrices whose elements are real

numbers. If the Lie bracket of two elements M7, My € so(3,R) is defined by the matrix commutator
[M1, My] = My My — MaM; (2.33)

then so(3,R) is a Lie algebra of dimension 3. We can choose a basis for this Lie algebra consisting of the

elements eq, e, and eg that defined as

0 0 -1 00 O 0 -1 0
er=10 0 0|, e2=10 0 -1}, es=11 0 O0f, (2.34)
10 0 01 0 0 0 O

then the commutator relations are gives as follows
[617 62] = €3, [627 63] = €1, [637 61] = €2. (235)

The three-dimensional special linear Lie algebra, sl(2,R), consists of 2 x 2 trace-free matrices and has

three basis elements

€1 = ’ €2 = ) €3 = ) (236)
0 —1 0 0 1 0

with the following commutator relations
[e1, e2] = 2ea, [e2, e3] = e1, [es, e1] = —2es. (2.37)

DEFINITION 2.3.2. If g is a finite-dimensional Lie algebra over the complex space C, then their corre-

sponding loop algebra g is given by
§g=g®C\ A, (2.38)

where C[\, \™] is the set of Laurent polynomials in \. Let {e1, ..., e, } be a basis of g. Then {e1(n), ..., e,(n)|n €

Z}, where ej(n) = e; @ X" = e;\" (1 < j < r), provides a basis for g.
In the steps below, we explain how to built hierarchies of soliton equations using the Tu-Ma procedure.
Step 1 Begin with a spatial iso-spectral problem
¢ =Ud=U(u,N)op, Ul(u,N) € g. (2.39)

The spectral parameter A is time independent i.e., Ay = 0 and w is a column vector of dependent
variables, based on a matrix loop algebra g associated with a given matrix Lie algebra g, often being

simple or semisimple.

10



Step 2 Find a solution
W =W\ =Y WoA", Wyicg >0, (2.40)
i>0

to the stationary zero curvature representation

W, = [U, W]. (2.41)

Step 3 Introduce a sequence of Lax matrices
vl = vl ) = W)L+ A, ed, n>0, (2.42)
so that the temporal spectral problems are formulated as
¢, = Vg = VIl(u, N)p, n>o. (2.43)

Here P, represents the polynomial part of P in A and the term A,, belongs to a Lie algebra g is a
modification term which aims to ensure that the compatibility conditions of Eq.(2.39) and Eq.(2.43),

that is, the zero curvature equations
U, —vil+ vl =0, n>o, (2.44)
present a hierarchy of soliton equations

ug, = Kp(u), n>0. (2.45)

In this dissertation, we apply the Tu-Ma scheme to derive new hierarchies of soliton equations by taking

the matrix loop algebra g to be

SI(2,R) = {ZMj)\m_j|Mj csl(2,R), j>0, me Z} (2.46)
7=0
and
50(3,R) = {ZMj)\m_j|Mj € s0(3,R), j >0, me Z} (2.47)
7=0

The matrix loop algebras s~l(27 R) and s0(3, R) are associated with the three-dimensional special linear Lie

algebra sl(2,R), and the three-dimensional special orthogonal Lie algebra so(3, R), respectively.
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2.4 A Soliton Hierarchy of Kaup-Newell Type

In this section, we are going to generate a hierarchy of soliton equations of Kaup-Newell type from the

isospectral problem

¢ =Uod = U(’LL, )\)@, U = P , Q= ” ) (2.48)
q P2
associated with the Lie algebra sl/(2, R) with the following spectral matrix
M+« A ~
U= (N +aq)er + \pes + deg = 1 b € sl(2,R). (2.49)
A —(A? + aq)

Here « is an arbitrary nonzero real constant and eq, es, and e3 are the basis for si(2, R) given by (2.36).
This spectral problem (2.48)-(2.49) is unlike the real form of the Kaup-Newell spectral problem [27] with

the spectral matrix

A2 Ap
U= . (2.50)
Ag =\
THEOREM 2.1. The spectral problem (2.48) with the spectral matrix (2.49) produces a hierarchy of soliton

equations

—2a 1
w, = K, = e . n>0, 2.51)
é(anJrl,z - CnJrl,:v)

where elements of K, can be provided from the following recursion relations
iz = pc; — by,
bi+1 = pait1 — agb; + 3bi g, i > 0. (2.52)
Cit1 = Qit1 — g — %sz

Proof. Let W represented as

a b -
W = aey + bey + ces = € sl(2,R), (2.53)

c —a

be a solution of the stationary zero curvature representation (2.41). Then Eq.(2.41) leads to

Qay = Apc — \b,
b, = 2aqgb + 2X\%b — 2\pa, (2.54)

ce = —2aqc — 2X\%c + 2)a.
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Taking the Laurent series expansions of a, b and c as

a=> ar?, (2.55)
i>0

b= bA 2, (2.56)
>0

c=) A (2.57)
i>0

then substituting them into Eq.(2.54) and comparing the coefficients of the same powers of A, gives rise to

a; o = pc; — by,

bit1 = paiy1 — agb; + iz, i > 0. (2.58)
Citl = Qi1 — QqgC; — %Cz‘,x,
We take the initial values
ag =1,
by = p, (2.59)
co =1,
which are obtained by solving the equations
ap,z = pco — bo,
agp — bg = 0, (2.60)
ag —co = 0.
From the last two equations in (2.58), we have
1 1
Title = —APYCi = 5PCia + agb; — §bz‘,x- (2.61)

The sequence of functions {a;, b;, ¢; | i > 1} can be uniquely determined from (2.58) by setting constant

of integration to zero, that is
ilu=0 = bilu=0 = Cilu=0 =0, i >1. (2.62)

Through Maple symbolic computations, the first few sets of the sequence are presented as follows

ap = _%pa
b1 = $pz — apq — 3%, (2.63)

1.
C1 = —@q — 5p;
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az = apq + p* — P,
by = o’pg® + Sapq + 3p® — Japqy — apeq — 3pps + Pue,
¢z = a¢* + Sapg + §p° + j0q;

and

a3 = —50ap’q — 30°p* — 5P’ — 5(=6ag = 3p)ps — §Pus,

b3 = —a’pg® — 3a2p’q® — RapPq + 3a’pqqy + 302p.q? — Zp* + 2ap’q,

\ 4

+3apaps + PP — 1P — SOPreq — SaPuGs — APPrx — P2+ Dwsa

1
3= —a3¢ —3a?pg® — Rap’q — 30%qq — 5p° — 200Gz — ~Gus — £Paa-

(2.64)

(2.65)

Now, based on the form of the matrix U in (2.49) and the recursion relations (2.58), we introduce the lax

matrices
VIl = XA, + A, € sI(2,R), n >0,

with A,, selected as

As a result, we obtain
v — U, v = XOZHWL) 4 G ser — A[U, V2PIW) 4] — [U, 6e1], 1> 0,

On one hand, we have

0 —2pan11 + 2b,
(A2n+1Wx)+ o [U, ()\2n+1w)+} _ Pln+1 +1 . n> 0’
2ap41 — 2¢p41 0
and on the other hand, we have
0 —2X\pd,
(U, dne1] = —2Apones + 2X\0pe3 = , n>0.
200, 0
Hence Eq.(2.68), for n > 0, becomes

0 —2pap+1 + 2by, Onae  2Apon,

Vx[n] . [U,V[n]} -\ Pan+1 +1 i s Y4
2an+1 — 2071-‘,—1 0 —2A5n —(5”735
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Consequently, from the zero curvature equations (2.44), we get

Pt, = 2p0n — 2pani1 + 2bp41,
Gty = 0.z, n >0, (2.72)
—26p + 2ap41 — 2¢p41 = 0.

Solving the last equation for J,, gives

On = Gna1 — Cpy1, 1> 0. (2.73)

Inserting the value of J,, into the other equations in (2.72), we reach

Pt, = _2an+l,xa 2.74)
qt, é(an—&—l z — Cn+1 CIZ)7 n > 07
whose vector form is as follows
—2a 1
w, =K, = e . m>0. (2.75)
é(an—i—l,m - Cn—l—l,z)
O

PROPOSITION 2.1. The functions {a;,b;,c; | i > 1} defined by Eq.(2.58), with the initial data (2.59) and

under the conditions (2.62) are differential functions in u with respect to x, hence, they are all local.

Proof. In the view of the stationary zero curvature representations (2.41), we can work out that

%tr(Wz) = 2t(WW,,) = 2tr(W[U,W]) = 0. (2.76)

It is clearly to see that
a® 4+ be = (a% + be)|u—o = 1, (2.77)

since tr(W?2) = 2(a? + be). The last equality in (2.77) follows from the initial values (2.59). By using the
Laurent series expansions of the functions a, b and c in (2.55), we can rewrite Eq. (2.77) as
D> araAPE LN A2 = (2.78)
k>0 >0 k>0 >0
For each i > 0, we balance the coefficients of \* and this leads to

a; = —%( Z aga; + Z bkCl), 1> 2. 2.79)

k-+i=i, ktl=i—1,
kI>1 k>0
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Upon considering the above relation and the first two relations in (2.58), an application of mathematical
induction tell us that all the functions {a;, b;, ¢; | @ > 1} are differential functions in u with respect to z,

and thus they are all local. O

From the recursion relations (2.58) we have

Gn+1,2 = PCn+1 — bn-‘,—l

p(—%cn,x —aqcy + ant1) — (%bmx — aqby, + pap+1) (2.80)
(

%a - O‘CI)an,a: + (_%p - %apa_l)cn,xa
and

1
Cntlz = —5Cnoe — adqcy + Gni1

= (%8 —aq)ang + (—%8 —adgdt — %p — %8])8*1)%@, (2.81)
where 0 = a% and 07! is the inverse operator of 9. Consequently,

—2apt12 = (30 — ag— 3p— 29p0~ ") (—2an.) + (—ap — adpd™ ) (E2ane — Lena),

(2.82)
and
Yaniie = Sentia = (~ 150 — 50007 (~2ap) + (10 — a0g0™") (Lane — Lens).
(2.83)
Therefore, we can write the soliton hierarchy (2.51) as
—2a —2a
up, = K = e — P (2.84)
é(an-‘rl,x - Cn—i—l,a}) é(an,x - cn,:c)
where & is a recursion operator given by
1 1 1 —1 —1
50 —aq— 5p — 50p0 —ap — adpd
o= |2 lq QZZ 20P lp P (2.85)
-1 -1
The first nonlinear system in the above hierarchy is
—2ap.q — 2apq; — 3 +1
= 7| = K= el 7 e ol e (2.86)
q —20qqy — 5Pz — 3P24 — 59z — 15 rw

t1
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2.5 Generalization of the Dirac Soliton Hierarchy
The classical Dirac spectral problem [19]
¢y =Ud =U(u, )¢ € sl(2,R), (2.87)

where

P A+q
U=per+A+q)ea+ (—A+q)eg =
“Atq -p

€ sl(2,R), (2.88)

is associated with the Lie algebra s/(2, R) with the basis elements e1, e2, and e3 defined in (2.36), while its
so(3,R) counterpart [77] is given by
with
U=nper+ A+ qez + (=X + q)es
0 A—q —p
=|-A+qg 0 —X—gq| €50(3,R), (2.90)

P A+q 0

where the basis elements €1, e2, and es defined in (2.34). In this section, we form a generalization of the

spectral problem (2.90) and derive its soliton hierarchy. Introduce the spectral matrix

U=pe1+A+q+h)ea+ (=A+q—h)es

0 A—qg+h —p
= |-A4q—h 0 ~A—qg—h| €503, R), h=a(p®+2¢), (2.91)
P Ad+qg+h 0

associated with the isospectral problem

61
be=Up=UwNo, u= ||, 6= 6], (2.92)
q
®3

where « is a real constant.
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THEOREM 2.2. The spectral problem (2.92) with the spectral matrix (2.91) creates a hierarchy of soliton

equations

2a,41 — 8aqby,
R e D) (2.93)

—Cp1 + 4apby i

Ut

n

with components of K, can be determined from the recursion relations

Qi1 = 5Ciz + qbi — aih,
Ci+1 = pb; — cih — a; 4, 1> 0. (2.94)
bit1,z = qCit1 — PAit1,
Proof. Select the shape of a solution W of the stationary zero curvature equation (2.41) to be
0 —a+b —c

W =ce;+ (a+b)ea+ (a—bles= |a—10 0 —a—b| € 50(3,R).
c a+b 0

Accordingly, Eq.(2.41) leads to

ay = —Ac— hc+ pb
by = qc — pa (2.95)

Cp = 2Xa + 2ha — 2qb.

Letting

a= Z ai/\_i, (2.96)

i>0

b= bA (2.97)

i>0
c= Z ci)\*i, (2.98)
i>0
and choosing the initial values
ag = 0,

bo =1, (2.99)

C()ZO,
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we get the recursion relations

1
aiy1 = 5Ciz + qb; — haj,

Ci+1 = pb; — he; — a; 4, 1> 0. (2.100)
bi+1,2 = qCit1 — Pait,
The following condition is imposed on the constants of integration
(2.101)

@jlu=0 = bilu=0 = Cilu=0 =0, 1 >1,

to guarantee the uniqueness of the sequence of functions {a;, b;, ¢; | i > 1}.

With the aid of Maple symbolic computation, we can compute the sequence of functions {a;, b;, ¢; | i >

1} recursively by utilizing the relations in (2.100) with the initial values (2.99) . We list the first three sets

a; = (¢,
by =0, (2.102)
C1 = D;
az = 5px — a(p® + 2¢°)q,
by = —1p? — 1g2 (2.103)
ca = —a(p® +2¢°)p — qu;
and
a3 = —5qus — 3¢ +2(P? +2¢%)%q — 1qp® — a(p® + 2¢®)ps — a(pps + 290.)p,
(2.104)

b3 = o(¢®+ 3p*)(P* + 2¢2) — $paq + 3P,
3= —ipus — 2pg® + 2(p® + 2¢%)%p — 1p3 + a(2pps + 49q2)q + 2a(P? + 2¢2)ga.

Now, we consider the corresponding temporal spectral problems

vl = "W). + A, € 50(3,R), n>0, (2.105)
where A, is taking to be
Ay, = fnez + gnes
(2.106)
0 —g, O
= | 9n 0 _fn ’ n =0
0 fa 0
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Consequently, we attain
VI = [0,V = (W) s+ A — (U, W) 4] — [U, A, 0, (2.107)

On one hand, we have

0 Cnt1l —2ap41
(A" W)+ = [U, (A" W)4] = —Cn+1 0 Cn+1
2an+l —Cn+1 0
= 2ap+1€1 — Cpy1€2 — Cpt1€3, N > 0. (2.108)
On the other hand, we obtain
0 —Gnx T Dfn —ky,
An@ - [U’ An] = | 9nx — pfn 0 _fn,x — Pgn
= kne1 + (foe +0gn) €2 + (gnz — pfa)es, n >0, (2.109)
where
kn =q(fn —gn) = A+ h)(fn + gn)- (2.110)
A direct calculation gives
0 —qt, + he, —Dt,,
Ut" = qtn - htn 0 _qtn - htn
Dt qt,, + ha,, 0
= pt,e1 + (G, + he,)ea + (g, — he,)es, n>0. (2.111)

Substituting the relations (2.108)-(2.111) into the zero curvature equations (2.44), we see that

gn = _fna

D, = 20n+1 + 2q fn, n > 0.
(2.112)

qt, = —Cn+1 — pfn:

htn = fn,aca
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Using the second and the third equations of the above system, we can compute

fn,:z: = htn = a(2pptn + 4q(hn)
= 2ap(2an+1 + 2an) + 4QQ(_Cn+1 - pfn) (2.113)
= dapan+1 — 4aqen 1

= —4dabpi1,q,
where the last equation in (2.100) is utilized. Therefore,
Jn = —4abni1. (2.114)
Inserting the value of f;, into (2.112), we get the following hierarchy of soliton equations

Pt, = 2ap+41 — 8aqbp1,
(2.115)

qt, = —Cn+1 + 40épbn+1, n Z 07
that is,

2a — 8agb
wp = K, = | TRy S, (2.116)

—Cpy1 + 4apbp 1

PROPOSITION 2.2. The functions {a;, b;,c; | i > 1} defined by Eq.(2.100), with the initial data (2.99) and

under the conditions (2.101) are differential functions in u with respect to x, hence, they are all local.

The proof is analogous to the proof of proposition (2.1) and so we omit the details.

Through lengthy computation involving the relations in (2.100), we can write the hierarchy (2.93) as

2a — 8agb 2a,, — 8aqgb
up, = Ky = n+1 qOn+1 % n qbn, ’ n> 1, 2.117)

—Cpt1 + 4apbp i —cy, + 4apby,

where the recursion operator ® is given by

dy; P
R R (2.118)

Dy Do
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with

D11 = 40*(p* +2¢°)q0 " 'p — 2a0p0'p + a(p® + 2¢°) — ¢0”'p — 160%q0 ' qdq0 " "p

+4aqd™1qd — 8a2q0 1 pdpd—tp — 4a%q0 (p* + 2¢%)p, (2.119a)

Do = -0+ 8042(]92 + 2q2)q8*1q — 4adpd~tq — 2q01q — 16a2¢0  popd—1q

—4aqd'pd — 32a%¢q0 " 1qdqd ¢ — 8a2q8*1(p2 + 2q2)q, (2.119b)

1 1
o1 = 50 = 20%(p” +2¢°)pd ' p — 200¢0 " 'p + 5pdp +8a’pdq0g0 " 'p

—2apd~1qd + 4a2pd~pdpd~tp + 2a%pd 1 (p? + 2¢°)p, (2.119¢)

Doy = a(p? + 2¢%) — 40 (p® + 2¢*)pd~'q — 400q0 ™ q + p0~'q + 8a’p0~ ' pdpd~'q

+2apd~tpd + 1602pd1qdq0 " q + 4a*pd ™ (p* + 2¢°)q. (2.1194d)

The first nonlinear system in the hierarchy (2.93) is

Dty = —quz + 8aq(%a(p2 +2¢°)p* + Squp — Laps + a(p® + 2q2)q2) —¢® — Lqp?

+202(p? + 2¢)%q — 2a(p? + 2¢°)pa,

(2.120)

Gty = 5Paw — 4ap<%0é(p2 +2¢2)p® + Lqup — Laps + a(p® + 2q2)q2) + p¢® + 3p°

—a?p(p* + 2¢%)? — 20(p* + 2¢°) .-
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Chapter 3

Hamiltonian Structure of the Integrable Soliton Hierarchies

3.1 Introduction

The Hamiltonian formalism method is an attractive topic in the integrable theory. In 1971, Gardner [14]
and Faddeev and Zakharov [74] studied the Hamiltonian approach to integrability of nonlinear evolution
equations. They independently showed that the KdV equation is the first known equation that constitutes
an infinite dimensional completely integrable Hamiltonian system. Their discovery led to more research in
this area and Hamiltonian formulations of other interesting models are constructed. Magri [46] developed
an important result in the Hamiltonian theory. He found that integrable Hamiltonian systems have an
additional structure. They are bi-Hamiltonian systems, that is, they are Hamiltonian with respect to two
different compatible Hamiltonian operators. Magri’s theory provides the relation between the existence
of a bi-Hamiltonian formulation for a system and its integrability in the Liouville sense. The goal of this
chapter is to study Hamiltonian structures of the soliton hierarchies introduced in Chapter 2 and to discuss
their integrability using bi-Hamiltonian structures. We begin by recalling some basic definitions and results

that we need to go further. Most of the facts and notations are from [50].

3.2 Preliminaries

Recall from Chapter 1 that A is the algebra of smooth functions L(z, u(")) depending on z, u and deriva-
tives of u up to finite order n and its quotient space under the image of the total divergence is the space
F of functional £L = [L dx. A7 is the vector space of g-tuples of differential functions, L[u| =
(L1[u], La[ul, ..., Lg[u]), where L; € A,1 < j <gq.

DEFINITION 3.2.1. [12] Given an evolution equation

up = K(u), Ke AL 3.1
A vector-valued function S € AY is called a symmetry of Eq.(3.1) if the infinitesimal transformation

u(t) — u(t) +eS(u(t)), (3.2)
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leaves (3.1) form invariant. K (.) is a symmetry.

If @ € A?is a vector field and « is a solution of (3.1), then one get

aQ _ aQ 9Q 9Q

o = o T QMlul= 5 + QK] = 57+ KQ - K, Q). (3.3)

d
where 7 denotes the total ¢-derivative and |., .] is defined by Eq.(2.4).

THEOREM 3.1. [13] A vector field S € A% is a symmetry of (3.1) if and only if S satisfies

oS

e =K, S]. (3.4

As aresult, we have the following corollary.

a8
COROLLARY 3.0.1. When a vector field S € A? is explicitly independent of t , that is, = 0, then S is
a symmetry of (3.1) if and only if [K, S] = 0.

Generally speaking, a symmetry of an evolution equation generates a transformation that takes solutions
to solutions. If we know a symmetry of an evolution equation we can derive new solutions from any known

solution.

DEFINITION 3.2.2. Let
D=> L,ulD;, Lj€A, (3.5)
J

be a differential operator. The adjoint operator of D is the differential operator D' which satisfies

/ L.DPdx = / P.(D'L)dz, (3.6)
Q

Q

for every pair of differential functions L, P € A which vanish when u = 0, every domain Q) C RP and

every function u = f(x) of compact support in Q. Using integration by parts gives rise to

DI =Y (-D);.Ly, (3.7)
J
which means that for any P € A
Dip = Z 7.[LsP]. (3.8)

In a similar way, if D : A" — AY is a matrix differential operator with entries Dy, then its adjoint

operator DT : A1 — A" has entries D}k = (ij)T, the adjoint of the transpose components of D.
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EXAMPLE 5. If

then its adjoint DT is given by
D' = (-D,)? — (—Dy).u* = =D + u?D, + 2uus,.

DEFINITION 3.2.3. An operator D mapping A? into itself is called self-adjoint if

Df =D,
it is called skew-adjoint if
Dl =-D
EXAMPLE 6. Consider the operators
Dy = D? +u,

and
Dy = Dgf, + 2uDy + uyg.
The adjoint operators of D; and D, are
DI = D2 4 u =Dy,
and
D} = —D? — 2uD, — u, = —Ds,

respectively. Thus, D; is self adjoint, while D3 is skew adjoint.

3.9

(3.10)

(3.11)

(3.12)

(3.13)

3.14)

(3.15)

(3.16)

DEFINITION 3.2.4. A linear differential operator ® : A1 — A is called a recursion operator for (3.1) if

it satisfies the property that whenever S € A1 is a symmetry of (3.1), so is ®S.

DEFINITION 3.2.5. [36] Assume that ® : A1 — A% is a differential operator and K € A4. The Lie

derivative of ® with respect to K is a differential operator L ® : A1 — A4 defined as

(LK(I))Q:(I)[K7Q]_[K7(I)Q]a Qe A%
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THEOREM 3.2. [12,36] A linear differential operator ® : AY — A? is a recursion operator for K € A4

if and only if
which means that when %—f =0, ® is invariant under K.

DEFINITION 3.2.6. [12] A differential operator ® : A1 — A9 is said to be a hereditary symmetry if it

satisfies the following
®%[Q, B] + [®Q, PR] — &{[Q, ®R] + [®Q,R} =0  Q,R e A% (3.19)
DEFINITION 3.2.7. [50] The variational derivative of a functional P € F is defined by
OP\T
() edo = Plew),  €ear (3.20)
ou
where P’ is the Gateaux derivative defined in (2.1).

DEFINITION 3.2.8. [50] A linear operator D : A1 — A% is called Hamiltonian if its Poisson bracket

OPN\T 4]
{P,Q}p = / (%) -D<£) dz, P, Qe F, (3.21)
satisfies the conditions of skew-symmetry
{P.Q}p = —{Q,P}p (3.22)

and for all functionals P, Q, R € F, the Jacobi identity

{{P, 9}, R}p + {{R,P},Q}p + {{Q,R},P}p =0, (3.23)
is hold.

DEFINITION 3.2.9. A system of evolution equations of the form

OH
Uy = DE,

(3.24)
is called a Hamiltonian system. Here D is a Hamiltonian operator, § is the variational derivative with

respect to w and a functional H = [ Hdx € F is referred to as a Hamiltonian functional.

LEMMA 3.1. [50] Let the variational derivatives of the functionals P, Q, R be

6P _ p, 69

R
_ = _— = q
5u ' Su Q, 5u R e A1 (3.25)
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Consequently, the following expression
/ [P.D’[DR]Q + RD'[DQ|P + Q.D'[DP|R|dx = 0, (3.26)
is equivalent to the Jacobi identity (3.23) or more frequently,
(P,D'DR]|Q) + (R,D'[DQ|P) + (Q,D'[DP|R) = (P,D'[DR]Q) + cycle(P,Q,R) =0.  (3.27)

PROPOSITION 3.1. [50] Assume that D is a ¢ X q matrix differential operator with bracket (3.21) on the

space of functionals. Then the bracket is skew-symmetric, i.e., (3.22) holds, if and only if D is skew-adjoint:
Dt = —D.

PROPOSITION 3.2. [50] Let D be a q x q skew-adjoint matrix differential operator. Then the bracket
(3.21) satisfies the Jacobi identity (3.23) if and only if for all q-tuples P, Q, R € A9, the relation in (3.26)

vanishes.

LEMMA 3.2. [50] Given an q x q skew-adjoint matrix differential operator D. If all the coefficients of D

are independent of the potential vector u or its derivatives, then D is a Hamiltonian operator.

EXAMPLE 7. The KdV equation

is Hamiltonian in two different ways
oH OH
Up = Dy —2 = Dy (3.29)
ou ou
The Hamiltonian functionals are
1 1 1
Uy = / suldr,  Ho= / (gqﬁ — §u§,>dm, (3.30)
with the corresponding operators
3 2 1

Clearly, D; is a Hamiltonian operator since it is skew-adjoint and independent of u. The operator Dy is

also Hamiltonian and the proof can be found in [46].
DEFINITION 3.2.10. e Any conservation law of a system of evolution equations (3.1) takes the form
DT+ Div X =0, (3.32)

27



where Div denotes spatial divergence and the conserved density T (z, t, u(")) can be assumed to depend

only on x-derivatives of u. Equivalently, for Q C X, the functional
Tlt;u] = / T(z,t,u™)dz (3.33)
Q
is a constant, does not depend on t, for all solutions u such that T(z; t;u(™) — 0 as z — 0.

o A conserved functional of a Hamiltonian system

up = D%, (3.34)

is a functional T = f T'dx which determines a conservation law (3.32) of (3.34).

THEOREM 3.3. [62] Assume that D, E : A1 — A? are two linear operators and suppose that

1. both D and DE are skew-adjoint, i.e.,

Dl =—-D, (DE)=ED (3.35)

2. there exists a series of scalar functions {H.,,} that satisfies

OHn
" f(w) = =T, (3.36)

for some f(u) € A4
Then {H,} is a common series of conserved densities for the whole hierarchy of equations
up = DE™ f(u), (3.37)
and we have
{Hn,Hm}p =0 ¥Vm,n>0. (3.38)

DEFINITION 3.2.11. [40] A system of evolution equations (3.1) is called Liouville integrable if it can be
written as the Hamiltonian system (3.24) with a well defined Poisson bracket {.,.} and it possesses an

infinite number of conserved functionals {H,,} which are in involution in pairs {H,, H, }p = 0.

DEFINITION 3.2.12. Let D and £ be a pair of q X q skew-adjoint matrix differential operators. Then D and
& is said to form a Hamiltonian pair if every linear combination aD + b€ with a,b € R is a Hamiltonian

operator.
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DEFINITION 3.2.13. A system of evolution equations (3.1) is called a bi-Hamiltonian system if there exist

two Hamiltonian functionals H1, Hs and a Hamiltonian pair D, £ so that the system (3.1) can be written

as
0Ho 0H1
=Kul=D—2==—— 3.39
ut [u] ou ou ( )
EXAMPLE 8. According to example 7, the KdV equation
Ut = Ugpy + Uy, (3.40)
is bi-Hamiltonian equation with a Hamiltonian pair
3 2 1
D= D,, E=D;+ -uD, + -uy. (3.41)

3 3
LEMMA 3.3. [50] Two skew-adjoint operators D and & constitute a Hamiltonian pair if and only if all

D, € and D + & are Hamiltonian operators.

DEFINITION 3.2.14. If there exists a nonzero differential operator D:A" = A for a differential operator

D : A1 — A" so that

D.D =0, (3.42)
then D is said to be degenerate.
EXAMPLE 9. The matrix operator
D3 _D2
D=| " 1 (3.43)
D? -D,

is degenerate, since if D = [1, —D,], then D.D = 0.
THEOREM 3.4. [50] Let
u = Kijju =D—— =E&——, (3.44)

be a bi-Hamiltonian system of evolution equations. Assume that the operator D of the Hamiltonian pair is

OH
non-degenerate Let R = £D™! be the corresponding recursion operator, and let Ky = D0 Assume

ou

that for eachn = 1,2, - - - we can recursively define
K,=RK, 1, n>1, (3.45)

meaning that for each n, K, _1 lies in the image of D. Then there exists a sequence of functionals

Ho, H1, Ha, - - - such that
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1. for eachn > 1, the evolution equation

up = Kpu] =D S0 & S (3.46)
is a bi-Hamiltonian system,
2. the symmetries { K, } are all mutually commuting
(K, K] =0, m,n > 0, (3.47)
3. the Hamiltonian functionals H,, are all in involution with respect to either Poisson bracket:
{Hm,Hn}p =0 ={Hm, Hn}e m,n >0, (3.48)

and hence provide an infinite collection of conservation laws for each of the bi-Hamiltonian systems in

(3.46).

In what follows, we use the trace identity [37,61,62]

B oU 9 oU A\ d
el . 1 Y\ oy __Na 2
- /tr(W 8)\>da: AT tr<W au)’ ~ In [tr(W2)], (3.49)

which is a powerful method for presenting the hierarchies (2.51) and (2.93) in Hamiltonian forms.

3.3 Bi-Hamiltonian Structures of the Kaup-Newell Type Hierarchy

A Hamiltonian structure and a bi-Hamiltonian structure of the Kaup-Newell type hierarchy (2.51) are in-

vestigated in this section.

3.3.1 Hamiltonian Structure

It is direct to see

22 0 A a 0
U _ P oU U _ (3.50)
O 11 —ax| 9 o ol 91 |0 —a



Thus, we have

oU 2\a+b ap— 2\
tr(W—) =tr b =4Xa + b+ pc, (3.51)
O 2 ¢ —a pc+2Xa
_O Aa
tr(Wa—U) —tr — e, (3.52)
9p 0 Ac
aa —ab
tr(Wa—U) _ " = 2aa. (3.53)
dq ac  aa
Plugging these quantities into the trace identity (3.49) leads to
o AC
/ (Aha+ b+ pe)de = N7 —\7 . (3.54)
O 2aa

If we balance the coefficients of A=2"~! in Eq.(3.54), then we obtain

) c
— /(4an+1 + by, + pen)dr = (v — 2n) " , n>0. (3.55)
ou 20
n
The identity with n = 1 yields v = 0, and hence we have
) c
SHu= | L nz, (3.56)
“ 2aan+1
with the Hamiltonian functionals
1
Ho = / 5 (PPa + 44z )dz, (3.57)
T / dani2 + bpy +Pent n>1 (3.58)
e —2(n +1) e ‘

The above calculation is the proof of the coming proposition.
PROPOSITION 3.3. The Kaup-Newell type soliton hierarchy (2.51) can be written in the Hamiltonian form

—2a c )
s :Kn _ n+1,z —J n+1 —J 7'([5:;-17

n
1
_a<an+1,ac - Cn+1,x) 2aan+1

n>1, (3.59)
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where the Hamiltonian operator J is defined as

0 1
J = R (3.60)
0 5250

1
et

and the Hamiltonian functionals Hg and H .41 are defined as

1
Ho = /2(% + qqz)dx, (3.61)
T / dapy2 + bpt1 +pcn+1d:p n>1 (3.62)
It is easy to see that
0 oy,
Jh = =—J, (3.63)
to —gho

which means that the operator .J is a skew-adjoint and since its components do not depend on the potentials

p and g or their derivatives, lemma 3.2 tells us that J is a Hamiltonian operator.

3.3.2 Bi-Hamiltonian Structure

PROPOSITION 3.4. The soliton hierarchy of the Kaup-Newell type (2.51) has a bi-Hamiltonian structure

1) 0
w, =K, =J Tt _ H", n>1, (3.64)
ou ou
with a second Hamiltonian operator M defined by
pd+0dp q0— i@Z
M = ) , (3.65)
3(] + %82 0
J and H 41 are given by (3.60) and (3.62), respectively.
Proof. First, we need to prove that the operator /N given by
0 —15 0+ 0 0 — 502
N =pu oIl | PO TR (3.66)
—é@ ﬁa 0q + ﬁ(?? 0

where p and 7 are arbitrary real constants, is a Hamiltonian operator, that is, we need to show that

1. N is a skew-adjoint, and
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2. N satisfies the Jacobi identity (3.23) or equivalently
(X, N'[NY)Z) + (Y, N'[NZ)X) + (2, N'[NX]Y) =
(X,N'[NY]Z) + cycle(X,Y, Z) = 0, (3.67)

for any vectors of functions X,Y and Z, where (-,-) denotes the inner product and cycle(X,Y, Z)

denotes the cyclic permutation of X, Y, Z [44].

We see that
~3dp — pd LY+ n(—q0 + 507
Nt — n(=0p —p 3 50+ (=90 + 5;0%) _ N (3.68)
2
B0+ n(—=0q — 5507) —ﬁ@
which implies that IV is a skew-adjoint operator. Now, assume that
X1 Y1 Zl Wl
X = , Y = , 4= , W= , (3.69)
X2 Y2 ZQ W2
are two dimensional vectors of functions. From (3.66) we have
nP(Y) +n0pY1 — EYoz — 5k Vo uu Wi (Y)
NY = = =W, (3.70)
_gyl,x + nanI + %Yl,xx + ﬁYZx WQ(Y)

where P(Y') = (pY1, + qY2,). Applying the definition of the Gateaux derivative, N'[W] is computed as

follows
oW1 +nWi0 nWa0
N W] = N'[NY] = |10 T e (3.71)
noWs 0
Then
OWLZy + Wi Zy o +1WaZs y
N[NY]Z = nowiy + Wi g + nWasa, . (3.72)
noOWa 21
So, we have

<X, N’[NY]Z) = U/Xl (8W1Z1 + WlZL:p + WQZQ,m)dx + ?7/X2(9W2Z1d1‘. (3.73)
Using integration by parts, the above equality becomes
<X, N/[NY}Z> = —77/X17x(W1Z1 + 871W1217x + 671W2Z27x)d$ — 77/X27$W2Z1dx

= n/(XLle + Xo Wo)Z1dx — n/Xan_l(WlZl,x + WaZy,)dx.

3.74)
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Using integration by parts again with the cyclic permutation of X, Y and Z, we obtain

/(Xl,le + Xo ,Wo)Z1dx + cycle(X,Y, Z) = 0, (3.75)
and
/ X107 (W1 Z1 4 + WaZa . )da + cycle(X,Y, Z) = 0. (3.76)
Consequently,
(X,N'[NY]Z) + cycle(X,Y, Z) = 0. (3.77)

Therefore, the operator NV is a Hamiltonian operator. This implies that the operator M defined by

Mopy— | PO 90 = 550" , (3.78)
0q + %82 0
and obtained from the operator NV by setting 4 = 0 and n = 1 is a Hamiltonian operator where ® is given
by (2.85). Furthermore, the operator J + M, found by setting = 1 and = 1 in the operator [V,
—é@ N p0+0dp q0 — i@z
—15 ﬁ@ 0q + %82 0

«

J+ M= (3.79)

is also a Hamiltonian operator. Thus, according to lemma 3.3 the operators JJ and M constitute a Hamil-
tonian pair. This means that the hierarchy of soliton equations (2.51) possesses a bi-Hamiltonian structure

(3.64). The proof is completed. O

Due to the result in [46], the bi-Hamiltonian hierarchy (3.64) is said to be Liouville integrable, i.e., has

infinitely many conserved functions in involution

OHm\T  OHy
= — = > .
(Hyn, Ho}s /( - ) It dr =0, mn 20, (3.80)
OHm\T . 0Hn
= - = > .
{(Hons Ho b0t /( = ) M=Stdr =0, mon >0, (3.81)
and commuting symmetries
(K, K] = K, (u)[ K] — K, (u)[Kn] =0, m,n > 0. (3.82)

3.4 Bi-Hamiltonian Structures of the Generalized Dirac Soliton Hierarchy

In this section, we consider a Hamiltonian and a bi-Hamiltonian structures of the generalized Dirac hierar-

chy (2.93).
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3.4.1 Hamiltonian Structure

PROPOSITION 3.5. The generalized Dirac hierarchy of soliton equations (2.93) possesses the following

Hamiltonian structure forn > 1 :

2a — 8agb 4apb +c K}
T el S e AL (3.83)
—Cnt1 + 4apbntq 2an+1 + 8aqbp i1 “
where the operator J defined as
—16ag0~! 1+ 8agd~t
J— 99 4 P (3.84)
—1 4 8apdlq —4apd~1p
is a Hamiltonian operator and the Hamiltonian functional H,1 is given by
2bn+2
H = [ ——dz, > 1. 3.85

Proof. To constitute Hamiltonian structures, we apply the trace identity (3.49). From the partial derivatives

0 x 0 0 2ap -1
oU oUu
— = |_ _ — = — 3.86
o\ 10 -1}, op 2ap 0 2ap| (3.86)
0 1 0 1 2ap 0
and
0 —1+4agq 0
ou
= |1 _ _1_ 3.87
94 1—-4aq 0 1—-4agq]|, (3.87)
0 14 4aq 0

35



we have

a—b —c a-—0>b
oU
¢ W—) —t _ — 4p, 3.88
r< N r 0 2b 0 (3.88)
—a—b ¢ —a-bd
2ap(a —b) — ¢ —2apc 2ap(a — b)
oU
tr(Wa—p) =tr —(a+0b) —4apb —a+b = —8apb — 2c¢, (3.89)
—2ap(a+0b)  2apc  —2(a+b)ap—c
dag(a—b) —a+b —dagec—c dag(a—b)+a—b
tr(Wa—U) =tr 0 2a — 8aqb 0
9q) = —2a — 8ayq
a+b—4aq(a+b) —c+4age —(a+b)—4ag(a+Dd)
= —4a — 16aqb. (3.90)
In this case, the trace identity (3.49) presents
5 dapb + ¢
— /Qb dr = /\_VEXY b 3.91)
ou OA 2a + 8aqb
Equating coefficients of A™"~! in the equality shows
) dapb, + ¢
/2bn+1dx:('y—n) Ponttnl >0 (3.92)
ou 2ay, + 8aqby,
Checking a special case with n = 1 yields v = 0, and thus we get
) 4apb +c
57Hn+1 = Pt n ;o n=>1, (3.93)
u 20,11 + 8aqbyi1
with the Hamiltonian functional
2bn+2
H = [ —————dz, > 1. 3.94
Now from the recursion relations (2.100), we have
2ap+1 — 8aqbyy1 = (2ap+1 + 8aqbyy1) — 16cigby 11
(2an 41 + 8aqbny1) — 160g0 ™" qens1 + 16090~ pan 1 (3.95)
(1+8aq0~'p)(2an11 + 8agb,y1) — 160g0 ™~ qen i1 — 64a°qd ™ paby 41
(1+ 8aqd™'p)(2an+1 + 8agbpi1) — 1600~ q(4apbpi1 + cny1),
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and

—Cny1 + 4apby 1 = —(caq1 + 4apbyy1) + 8apby iy

= —(Cng1 + 4apbpy1) + 8apd~ ' qeng1 — 8apd ' pan 41 (3.96)

(—1+8apd~'q)(cns1 + dapbyy1) — 32ap0~ ' qpbny1 — 8apd ™ 'pan 41

(=1 + 8apd~'q)(4apbns1 + cny1) — 4apd ™ 'p(2an+1 + 8apbyi1).

The soliton hierarchy (2.93) with the relations (3.95) and (3.96) tell us that

20,41 — 8agb
u = K, = n+ qOn+1

| —Cnt1 + dapbn

—16ag0~ ¢ 14 8aqd~'p 4apbp41 + ey

—1 4+ 8apd~lq —4apd~1p 2an+1 + 8aqbp 41
0
=J H"“, n>1. (3.97)
ou

Finally, we need to show that the operator

—16aqgo~! 1+ 8agdt
g 94 1w (3.98)

—1+ 8apd~lq —4apd~1p
is a Hamiltonian operator. It is a skew-adjoint since

160kt —1 —8aqo™!
Jh = 71 i —J, (3.99)
1 —8apdlq 4apd~1p

and the Jacobi identity can be easily verified in a similar way as in the proof of proposition 3.4. Thus J is

a Hamiltonian operator. This finishes the proof. U

3.4.2 Bi-Hamiltonian Structure

Through heavy and long calculations which involve the recursion relations (2.100), we find that

OHpg1 | 4apbnyr +cng1 | v dapbp +cn | \1157%” (3.100)
ou 2an+1 + 8aqby 1 2ap, + 8aqb,, ou’
where
4 g
v=| " TP (3.101)
Uar Wao
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with
Uy = —4a?pd 1 q(p? + 2¢%) — 20p0 1 pd — a(p* + 2¢°) + pd~q + 1602pd~1qdq0 ™ q
+400q0~ " q + 8a2pd~ tpdpdq + 4’ p(p® + 2¢%)0 " ¢, (3.102)

1 1
Uiy = —58 + 2042p8_110(p2 + 2q2) — 20pd~1qd — §p8_1p — 8a2pd~1qdqdp

—2adqd " p — 4a2pd~tpdpd~tp — 2a%p(p* + 2¢%)0 tp, (3.103)

Wy =0 — 8a2q6_1q(p2 + 2q2) — 4agd™ ' pd + 2q0~ g + 1620 pdpd g

—400p0~ g + 320%¢0 71 qdq0 " q + 8aPq(p? + 24307 g, (3.104)

Uyy = —a(p? +2¢°) + 40%q0™'p(p* + 2¢°) — 4aqd~"q0 — ¢0~'p — 8a?q0~ ' pdpd~'p

+2a0p0~p — 1602¢01qdqd 1 p — 4a2q(p* + 2¢*)0 7 1p. (3.105)

Utilizing a similar but more complicated argument than the proof of proposition 3.4 and in [44], it can

be proved that the operator
N = puJd +nM, (3.106)

where 1 and 7 are arbitrary real constants, is a Hamiltonian operator where .J is defined by (3.84) and M

is given by

M=JU=0&J= , (3.107)
Mo Moo
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with

My = 0+ 8a%q0 1 q(p® + 2¢°) + 4aqd'pd + 201 q — 16a%q0 pdpd~1q — 4a0pd~q

—3202q01q0q0 ™ q + 8a2q(p* + 2¢*)0 1 q + 16020 Lq(p* + 2¢%), (3.108)

My = 4aq0~'q0 — a(p® + 2¢*) — 4a?q0'p(p* + 2¢°) + 8aqd ' pdpd~'p — g0~ 'p

+2a0pd~tp + 16020 1qdqd 1 p — 4a2q(p* + 2¢*)0 " 1p, (3.109)

Moy = a(p? + 2¢%) — pd~tq + 16a2pd~1q0q0 q — 40*pd~q(p* + 2¢*) — 2apd~'pd

+8a%pd 1 popdtq — 4a”p(p* + 2¢*)0 7 q — 4a0q0 ™ ¢, (3.110)

1 1
Moy = Qa + 5pa—lp +202pd 1 p(p* + 2¢°) — 4a®pd~ pdpdtp — 8a*pd 1 q0q0 ' p

—2apd~1qd + 202p(p? + 2¢3)0 71 p + 200q0~ p. (3.111)
Herein @ is defined by (2.118)-(2.119) and has the following property
o = Ut (3.112)

Setting v = 0 and n = 1 in (3.1006) tells that M is a Hamiltonian operator and taking yn = 1 = 1 leads
to J + M is a Hamiltonian operator. This implies that J and M compose a Hamiltonian pair (lemma 3.3).
Thus, we can say that the generalized Dirac soliton hierarchy (2.93) is bi-Hamiltonian:

=M
Su Su ’

uy, = K, =J n>1, (3.113)

n

with the second Hamiltonian operator M being given by (3.107) and J , H,,+1 being defined in (3.84) and
(3.85), respectively.

According to [46], the bi-Hamiltonian hierarchy (3.113) is Liouville integrable, i.e., has infinitely many

conserved functions in involution

(Homs Hod s = / (%)Tjéz”da: —0, mn>0, (3.114)
(Homs Ho Y or = / (%)TM(;ZSLCZ.T —0, mn>0, (3.115)
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and commuting symmetries

(K, K] = K], (u)[K,] — K, (u)[Kn] =0, m,n > 0. (3.116)
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Chapter 4

Lump and Interaction Solutions of Two Nonlinear Partial Differential Equations

4.1 Introduction

Scientists are looking for exact solutions to nonlinear evolution equations due to their numerous applica-
tions in different areas of sciences. It has been known that finding exact solutions for nonlinear evolution
equations including soliton equations can be an intricate and complicated work. In general, a method
that solves one nonlinear equation might not be effective for other equations. This led Ryogo Hirota to
search for a successful tool to solve many types of nonlinear equations and to establish the direct method
which is now called "Hirota direct method” [22]. In 1971, Hirota found multi-soliton solutions of the KdV
equation and derived an explicit expression for its N-soliton solutions by the first application of his direct
method [21]. Over the last few decades, exact solutions for many nonlinear evolution equations have been
obtained by applying the Hirota direct method [48].

Recently, the idea of finding rational solutions in addition to the rouge wave solutions to nonlinear
evolution equations has flourished. Lump solution is a type of rational function solution which localize in
all directions in the space [18,45]. Many studies have been conducted in order to calculate lump solutions
for a large number of nonlinear evolution equations. Among these equations are the Kadomtsev petviashvili
(KPI) equation [24,47,54], the three wave resonant interaction equation [26], and the B-KP equation [18].
In 2015, Ma developed a new direct method, depends on quadratic functions, to generate lump or lump-
type solutions [41]. Lump solutions for more nonlinear evolution equations have been found following
Ma’s method. For instance, the (2+1)-dimensional Boussinesq equation [35], the dimensionally reduced
p-gKP and p-gBKP [42] and the BKP equation [72]. In addition to lump solutions, interaction solutions of
lump with another kind of solutions including resonance stripe solitons [32] and kink solutions [76,79] have
also brought a lot of attention and have been investigated. We begin this chapter by providing some basic
notations, definitions, and important results. In Section 4.3, we study lump solutions to a (2+1)-dimensional

Sth-order KdV-like equation. In Section 4.4, we seek lump-kind solutions and interaction solutions between
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lump-kind and kink solutions and between lump-kind and resonance stripe solitons solutions for a Jimbo-

Miwa-like equation in (3+1)-dimension.

4.2 Preliminaries

4.2.1 Hirota Derivatives

DEFINITION 4.2.1. [22] Let g(t, x) and h(t, x) be differentiable functions in t and x. A binary differential

operator, called the D-operator, is defined by

0 o\m/ 0 a\n
D"Dlg - h = <7—7) (7—7) t, 2)h(s,
t “ad ot Os or Oy 9(t, z)h(s,y) s=t,y=x
4.1
am o
= —-—9(t ) h(t — sy T )
oy 8yng( + s, 2+ y)h(t — s,z —y) R
where m,n = 0,1, 2, ---. This type of differential operator is called a bilinear operator, due to the obvious
linearity in both of its arguments. The D-operators are known as the Hirota derivatives.
EXAMPLE 10. From the definition, it is direct to calculate
Dyg - h = gzh — ghy, 4.2)
D2g-h = goch = 2g:he + ghae, 4.3)
Dig “h = greah — 39zzhe + 392:has — ghaas, 4.4)
chg ~h= g4xh - 4gxa:xhx + 6gxa:hxa; - 4gacha:aca: + gh41’7 (45)
DyDig - h = goth — guhe — gihe + ghat, (4.6)
DiDtg : h = g:c:r:a:th - 39mcthx + 39zthxa} - gthx:ca; - g:c:r:a:ht (47)

+3gxxhxt - 3g:rh:pxt + ghxmzta
where the subscript g, denote the partial derivative of g with respect to z and similarly for the others.

DEFINITION 4.2.2. A nonlinear partial differential equation is said to have a Hirota bilinear form if it is

equivalent to

n
i,j=1
where n,r > 1, PiT(D) are linear operators, and g;’s are new dependent variables, under a dependent

variable transformation.
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Generally, the definition of the D-operators can be extended to high dimensional spaces as follows.

DEFINITION 4.2.3. Let M € N, and z, 7' € R such that v = (x1, 72, ,2p), 2" = (2}, 2h, -+, 7).
Assume that g and h are infinitely differentiable functions in RM. Then

0 0 \n ,
Ox; 8x3> g(@)h(@’)

and the higher order D-operator is given by

Djg-h=Dgg-h=( = g2, (h(z) = g(@)he,(2),  (49)

r'=x

n;
D'Dy?--- D) N =
(D' Dy )g-h = H <8% $;> 9(2) (") |2r=o

(4.10)
ni na ks
—k; n oFi oni—Rj
IR ol >H<]) (@) o),
k1=0 kar=0 axj
Uz nj! . . . .
where ni,na,--- ,ny > 0, and := ——————— is the binomial coefficient.

kj kjl(n; — kj)!

EXAMPLE 11. If g is a differentiable function of x, y, z and ¢, then

(DeDyD.Dy)g - g = 2(9ay=t9 — Gayt9z — Goyz9t — GzztGy — Gy=t9x + Juy9zt + JuzGyt + Jut9y-)-
(4.11)

4.2.2 Properties of the D-operators

We list some properties of the operators Dy, D, [22]. For convenience, we introduce an operator D, and a
differentiation 5 by

0 0 0
D, =uDy+eD,, P = ua + 5%, 4.12)

where p and € are constants. The following properties are obtained easily from the definition

1.
am
m —
ng~1—az—mg. (4.13)
2. If the functions g and h interchange, then
DTg-h=(-1)"Dh-g, (4.14)
from which we have, if m is odd,
D7g-g=0. (4.15)
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DMg-h=D""'D,g-h=D"""g.h— gh).

4. The identity

Dz(sz‘g)‘h+Dz(ng'h)'f+Dz(Dzh'f)'9207

(4.16)

“4.17)

holds for any functions f, g and h. If we write D, f - g as [f, g, then the identity (4.17) can be written

as the Jacobi identity

[[f?g]7h] + [[g7h]7f] + [[h7f]7g] =0,

which indicates one connection between the D-operators and Lie algebras.
4.2.3 Bilinear Forms of Some Nonlinear Evolution Equations
Consider the KdV equation
Ut + 66Uy + Uger = 0.
Through the dependent variable transformation
u = 2(1og f)zz,
Eq.(4.19) becomes
2furf = 2fafi + 2fscf = 8fsaafs +6f7, = 0,
with the Hirota bilinear form
(DeDi+Dy)f - f =0.
The Kadomtsev-Petviashvili (KP) equation
(ur + 6utly + Ugzy) — Uyy = 0,
has the bilinear form

ff:vt _fxft +3 §x+ff4x _4fxfa:xm _fyyf+fy2 = 07
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(4.19)

(4.20)

4.21)

(4.22)

4.23)

(4.24)



and can be expressed in the Hirota bilinear form

(D¢Dy + Dy — D2)f - f =0, (4.25)

under the transformation (4.20).

The Sawada-Kotera equation
Up + Usg + 15Ulges + 15Ugtegy + 45uuy = 0, (4.26)

can be expressed in the bilinear form

2fuif = 2fuofe + 2fonf = 12f50f + 30 fsufuz — 203, =0, (4.27)

and has the Hirota bilinear form
(DD +DS)f- f=0, (4.28)

through the transformation (4.20).

4.2.4 Hirota Direct Method

Hirota’s method is one of the most successful direct techniques for constructing exact solutions to different
nonlinear evolution equations. Through this method we can test if a specific equation satisfies the necessary
requirements to admit solitary wave solutions and soliton solutions.

The first step in Hirota’s method is to transform a nonlinear evolution equation
Flu] = F(u,uz,u) =0, (4.29)
into a Hirota bilinear form
P(D)f-f=0, (4.30)

under a suitable dependent variable transformation. The next step is to use the perturbation method to find
a solution for the bilinear equation which finally leads to N-soliton solutions for the nonlinear evolution
equation. The technique applies to any equation that can be written in bilinear form, either as a single

bilinear equation or as a system of coupled bilinear equations.

EXAMPLE 12. Consider the KdV equation (4.19). We look for a solution of the Hirota bilinear form (4.22)

by expanding f as
f=lveh+lfatefst o, 4.31)
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where ¢ is a small parameter. Substituting (4.31) into (4.21) and collecting terms with the same power of
€, we obtain

O(e) : (DaDy + D) (f1-1+1- f1) =0,

O(e?) : (DuDy + D3)(f2- 1+ fi- f1 +1- f2) =0,

O(€®) : (DaDy+ D) (fs -1+ fa- fr+ f1- fa+1- f3) =0, (4.32)

O(e") : (DeDy + D3)(fa-1+ f3- fi+ fo-fo+ f1- fs+1-f1) =0,

The first equation in (4.32) can be written as a linear differential equation for f;
o (o 03
=4 = =0. 4.33
8x<8t+8x3>“f1 (*33)
To generate one-soliton solution for the KdV equation we set
fi=exp(m),  with  m =K1z +wit+pl, (4.34)
where k1, w and Y are constants. Inserting f into Eq.(4.33) we obtain the nonlinear dispersion relation
_ 3
W) = —KY, (4.35)

and the second equation in (4.32) allows to set fo = 0.

Consequently we can take
fa=0, n>2 (4.36)
Finally, letting € = 1 leads to
f=1+fi=1+exp(riz — wit+pu}), (4.37)
and by substituting f into (4.20) with (4.35), we get the one-soliton solution of KdV
u(x,t) = %/{% Sechz{%(mm — Kt +x10)} (4.38)
Similarly, to find two-soliton solution for the KdV equation, we choose
fi=exp(m) +exp(nz),  with 5 =rz+wit+pd, i=1,2, (4.39)
to be the solution of (4.33) where k;,w; and u9 (i = 1, 2) are constants.
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Note that
fan=0, n > 3. (4.40)

Substituting f = 1 + ef; + £2f, into the relations (4.32) and making the coefficients of ¥, k =

0,1,---,4, to vanish gives rise to
wi=—Ky, i=1,2, (4.41)
and
fo = Arzexp(m + n2), (4.42)
where
K1 — K22
Ay = ( ) . (4.43)
K1+ K2

At last, we may set € = 1, hence the two-soliton solution for the KdV equation is obtained from
82
u(@,t) = 255 (log f), (4.44)

where

f=1+exp(n)+exp(n) + Arzexp(n + n2). (4.45)

This result implies that two solitons are not destroyed after their interaction. Same calculation as above is
applied to generate the three-soliton solution for the KdV equation. The formulation of /V-soliton solutions
for the KdV equation with N > 3 is tedious and the analysis becomes more complicated (see [4] for

details).

4.2.5 Generalized Bilinear Differential Operators and Bilinear Equations

Though a large class of nonlinear evolution equations possess Hirota bilinear form, there are still some
nonlinear equations which can not be written in Hirota bilinear form. In 2011, a kind of generalized bilinear
differential operators I, based on a natural number p has been proposed [38]. The operators D,, allow us to
construct more generalized bilinear differential equations, different from Hirota bilinear equations, which

still hold nice mathematical properties.
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The D,-operators
DEFINITION 4.2.4. Suppose that M, p are two natural numbers. The bilinear differential operators D,, are

defined as [38]

p,x177 P,x2 pTMm

(I)ZﬁIDZé "'I)Q%Z)g ~h= (D} D2 ---D™ \g.h

M 9 P nj
j=1 J J
ni nm

aTL]' —k]'

M
M N ak]'
=Y S @S T () g ),
Z ' 31;[1 k; 893?’ 693?’ ks

k1=0 ky=0

A

where ny,na, -+ ,ny > 0, z,2" € RM such that v = (z1,29,- - ,2p), 2’ = (2,2, ,2),), and

g and h are infinitely differentiable functions in RM. Here for s € 7, the s-th power of oy is defined as

follows
ad = (=1)"® if s=r,(s) mod p, (4.47)

P

with 0 < r,(s) < p. If g and h are functions of x,t, then (4.46) becomes
(DpaDyi)g-h = (61‘ + Ofpam,> (875 + aP@t’) gz, (@' )| gr—p =t

= m\ (n\ o™ 9 grh ok
=22 (3) (k) % G i) ot (= I Ol

7=0 k=0
m n m N _— am—l—n—j—k 8j+k

-2 (a) (k) 0 =i I\ ) g ) (4.48)
j=0 k=0

where m,n > 0.

If p is an even number (p = 2k, k € N), then 7,(s) — s should be an even number as well. Consequently

we have

ap = (1)) = (—1)P) 78 (—1)* = (—1)°, (4.49)

As aresult, Doy, , = D, which means that all the above generalized bilinear operators D,, turn into the

Hirota bilinear derivatives.

EXAMPLE 13. Taking p = 3, the powers of o® are

az=-1, ad=ai=1, aj=-1, aj=a5=1,---, (4.50)



so the pattern of symbols
—+,+, =+ +- (p=3).
Using the definition with the above pattern of symbols, we can compute
D329 -h = geh — gha = Deg - h,
D39 h = Gawsh — 3gzaha + 39uhas + ghaa,
D3 g h = guch — 4gussha + 69uches + 400 hewe — ghas,
D3 .9 h= gssh — 5g15he + 100esahas + 100sshase — 5gzhis + ghsa,
D3 D319 h = gueth — gahy — gihae + gha,
D3, D349 - b = Guwath = 3Guthe + 3gathes + Gthase — Gowoh
+ 39zahat + 39:heat — ghazat-

EXAMPLE 14. When p = 5, we have

I
Q
U=
|
—_

and the pattern of symbols

From the definition we find
Ds5zg-h = geh — ghy = Dzg - h,
D3 .9 h = gazah — 3gsaha + 392has — ghaaa,
D3 .9 h = gioh — 49ssaha + 6gzahas — 490hars + ghua,
D% .g+h = gsah — 5gsche + 100sa0hes — 10gs0hess + 59uhae + ghsa,
D5 D519 h = geth — gl + gihe — gha,
D3, D519 h = Gaaoth — Gazaht — 3gzatha + 3gzthes — Gthaaet

+ 39zzhat — 392heat + ghazat-
Generalized Bilinear Equations
Consider a multivariate polynomial
P = P(:L‘lal?a"' a:EM)-
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A generalized bilinear differential equation is defined by [38]
P(Dpays Dpass s Dpay)g - g =0. (4.68)
When p = 2k, k € N, the above relation becomes a Hirota bilinear equation .

EXAMPLE 15. If we choose p = 3, then under the logarithmic transformation
u = 2log(f),. (4.69)
we obtain the generalized bilinear KdV equation [78]
(D32Dsy+ D3 ,)f - f=2futf —2fuft +6f2, =0, (4.70)
and the generalized bilinear Boussinesq equation [59]
(D34 + Dso)f - f =2fuf — 27 + 62, =0. @.71)

EXAMPLE 16. If we choose p = 5, then again under the logarithmic transformation (4.69) we attain the

generalized bilinear KdV equation
(DsaDsy+ D3 ) f - f = 2fatf = 2fuft + 2fsaf — 8fracfe + 6f2, =0, (4.72)
and the generalized bilinear Boussinesq equation
(D3¢ + D3o)f - f = 2fuf = 202 +2fsaf — 8fazafe + 617, = 0. (4.73)

Comparing the generalized bilinear equations constructed in the two examples, we conclude that different
number p results in different bilinear equation.

In the next two sections, we adopt the generalized bilinear operators D), given by (4.46) to introduce a
(2+1)-dimensional Sth-order KdV-like equation and a (3+1)-dimensional Jimbo-Miwa-like equation with

p =5 and p = 3, respectively.

4.3 Lump Solutions to a (2+1)-Dimensional Sth-order KdV-like Equation
The (2+1)-dimensional Sth-order KdV equation reads [29]

KdVie, 1= 36us + usg + 15UgUag + 15Utlyy + 45U Uy — Sty — 15uu,

- 15ux/uydx— 5/uyydx =0, 4.74)
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which is the (2+1)-dimensional analogue of the Caudrey-Dodd-Gibbon-Kotera-Sawada(CDGKS) equation
[70]. When u, = 0, Eq.(4.74) reduces to the Sawada-Kotera equation [9, 56]

g + Usg + 15Uptipy + 15Utpy + 45uuy = 0. (4.75)

Eq.(4.74) has a widespread adoption in many physical branches, such as conserved current of Liouville

equation, two dimensional quantum gravity gauge field, and conformal field theory [25, 34,55, 68].

4.3.1 A (2+1)-Dimensional 5th-order KdV-like Equation
Under the dependent variable transformation
u=2(Inf)zz, (4.76)

with f = f(x,y,t), the (2+1)-dimensional fifth-order KdV equation(4.74) becomes the following (2+1)-
dimensional Hirota bilinear equation
B5tthV = (Dg - 5D§Dy + 36Da:Dt - 5D§)ff
= 12foft — T2forf + 2foaf — 12f50 fo + 30faz fow — 20f 70, 4.77)
+10facx:cfy - 30foc:cfxy + 30f:c:r:yfa: - 10f:ca:xyf - 1Ofyyf + 10f5 = O>
where D, D, and D; are the Hirota derivatives (4.1).
Utilizing the generalized bilinear operators D), (4.46) with p = 5, we can generalized the Hirota bilinear
Sth-order KdV equation(4.77) into
GBsihicay = (Dg,x — 5Di5))71,D57y + 36D5’$D57t — 5Dg7y)ff
- 30f4xfa:a: -20 zzxx - 10fa:a:xyf + lof:mzfy - 3Ofxxf:cy (4-78)

Eq.(4.78) is a generalized bilinear Sth-order KdV equation. Under the transformations
u="6(In f)g, v =6(In f),, (4.79)
which was suggested by the Bell polynomial theories [17,39,66], Eq.(4.78) is transformed into the follow-

ing fifth-order KdV-like nonlinear differential equation [5]

3 2, 2 5 3 5

5 3 5 5
Ugpy + 758U Uy — 3p5 UV + 51 Uz U + T3z ls — 133 UVUg

11 .6 25 4 5
Ut + 379936 U+ Tp553U Uz T gzl

5

2 5 2 5,2
— IpUyu” t+ g3l

5 5 1 1 5
Uggr T 57Uy — =5Uyls + =5 UsUgzr + 35UUL: + 35Use — 350y = 0. (4.80)
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Therefore, if f solves the bilinear Eq.(4.77) or (4.78), then u = 6(In f),, or u = 6(In f), and v =
6(In f), will solve the nonlinear Eq.(4.74) or (4.80).

4.3.2 Lump Solutions to the Sth-order KdV-like Equation

In this section, we are going to generate lump solutions to Eq.(4.80) by searching for quadratic function

solutions to Eq.(4.78) with the assumption

f = 92 + h2 + ag,
g = a1z + asy + ast + aq, 4.81)

h = asx + agy + a7t + as,

where a;, (1 < j < 9), are real constants to be determined later. Note that using a sum involving one
square, in the two dimensional space,will not generate exact solutions which are rationally localized in all
directions in the space.

First, we substitute Eq.(4.81) into Eq.(4.78) and then make all coefficients of distinct polynomials of x,
y, and ¢ equal to zero by using Maple symbolic computation package. We get a collection of algebraic
equations in a;, (1 < j < 9); solving the collection of algebraic equations, we achieve the following two

classes of solutions

Case 1:
( 5ajag
a1:07 az = ag, a3:_54a47
5
2
asa
209
a4 = a4, as = as, ag = — 3CL3 ) (482)
5
5a3(—9a + a%a?)
_ 2 5 249 _ _
ar = 7 ) ag = as, a9 = ay,
324af

where a;, (j = 2,4,5,8,9), are real free parameters which need to satisfy as # 0 and ag > 0 in order to
ensure that the corresponding solutions f is well defined and positive, respectively.
The set of parameters in (4.82) construct a class of positive quadratic function solutions to Eq.(4.78):

5a3agt 2 5a3(—9a$ + adad)t a3agy 2
= —_ + — ,
f < 5lal tay+tas) + 5240 +asx 30 +ag | +ag

(4.83)
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and the resulting class of quadratic function solutions, in turn, yields a class of lump solutions to the (2+1)-

dimensional 5th-order KdV-like equation (4.80) through the dependent variable transformation:

2
=y = U 22

12(a? — a2)(—g? + h?) — 48a1asgh + 12(a? + a?)ag

= , 4.84
(92 + h? + a9)2 ( )
where the function f is defined by Eq.(4.81), and the functions g and h are given as follows:
5ajag
= — t 4.85
g 5dal + a2y + a4, (4.85)
5a3(—9a? + a3a?) a3ag
B = 292 5 299) 4 _ % ) 4.86
324a] s gy (4.86)
Case 2:
( 5(ara? — ala% + 2azasa6)
a1 =a as = a as =
1 1, 2 25 3 36(@% + ag) )
5(2a1aza6 — a3as + aza?)
= = = = 4.87
aq = a4, as = as, ag = ae, ar 36(@% n ag) ) ( )
—3(a1as + asag)(a? + a?)?
T )t + a3
(a1a6 — azas)
where a;j, (j = 1,2,4,5,6,8), are arbitrary constants to be determined with the following restricted
conditions
a1 —a ap —a
Alzza%—i—ag: ! ° 750, Ay = ajas + asag = ! ° <0,
as ai ag a2
ay az
A3 : = ajag — asas = #0. (4.88)
as ag

e A; makes the corresponding solutions f well-defined,
e A, assures that the solution f is positive, and
e Aj guarantees the localization of the solutions w in all directions in the (z, y)-plane.

Since these parameters are arbitrary, the corresponding solutions of Eq.(4.80) are more general. The

parameters ai, as indicate that the wave velocity in the x direction is arbitrary and as, ag illustrate the
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arbitrariness of the wave velocity in the y direction. The parameters a4, ag represent the invariance of
variables and a3, a7 show the wave frequency which are represented by other quantities.

This set of parameters, in turn, generates positive quadratic function solutions to Eq.(4.78):

2 _ 249 2
5(a103 — a16g + 2aza305) +a4) (4.89)

= + asy +
—3(ajaz + a5a6)(a% + a%)2
(a1a6 — azas)?

5(2a1a2a6 — a3as + a5a%)
36(a? + a?)

2
+(a5x+a6y—|— t—l—ag) +

Consequently, a kind of lump solutions to Eq.(4.80) through the transformation v = 6(In f),, and (4.81)

is achieved as follows

—_ 6<fsc:rf B f:?)

u="06(Inf)zz 72

12(a? — a2)(—g® + h?) — 48a1a5gh + 12(a? + a?)ag

= , 4.90
(92 +h?+ a9)2 ( )
where the functions g and h are given by:
5(ara? — ala% + 2agasag)
= + + t+ ay, 491
g=a1z+ ay 36(a2 + a2) a4 (4.91)
5(2 — a3 &
h= a5+ agy + 22010206 — 0305 ¥ a505), (4.92)

36(a? + a?)

Choosing a special value for the free parameters in case 1 and 2, we can construct specific lump solutions
u of Eq.(4.80). One special pair of positive quadratic function solutions and lump solutions with specific

values of the parameters in case 1 is given as follows. First, the selection of the parameters

as = 4, ay = 0, as — 2, ag — 0, ag — 1, (4.93)
leads to
34225 5 370 148 5 350 9 8
= ——1"— —t —yt — —t 4x® — = 1 4.94
I =St “o T gV Ty lr e m gL (4.94)
and the lump solution
w= -2 (4.95)
U2



with

uy = 1259712(27025¢2 — 113400tz + 115560ty + 10497622 — 69984y — 408240y> — 26244),

uy = (34225t% — 113400tz — 39960ty + 1049762% — 69984y + 431568y> + 26244)2. (4.96)
If we take a particular choice of the parameters in case 2 as follows

a4 = 0, a5 = 0, ag = 3, ag = O, (4.97)

ay = ]-7 G = _57
then we have

422 14
_ 325, 310, + —8y2 _ 350, + 42?% — ga:y +1, (4.98)

I =56t "t 81

and the lump solution
u=—-—, (4.99)
with

ug = 248832(27025¢t> — 113400tz + 115560ty + 1049762° — 69984y — 408240y — 26244),

ug = (34225t% — 113400tz — 39960ty + 1049762> — 69984y + 431568y> + 26244)%.  (4.100)

Figure 1 shows the profile of the lump solutions in case 1 with the special choice of the parameters (4.93)
at t = 0. Figure 2 presents the profile of the lump solutions in case 2 with the special choice of the param-

eters (4.97)att = 0.
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[ y=1 y=2 v=23]

(c) x-curves

Figure 1.: Plots of the lump solution (4.95)-(4.96) at ¢t = 0.
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[ y=1 y=2 v=3]

(c) x-curves

Figure 2.: Plots of the lump solution (4.99)-(4.100) at ¢ = 0.
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4.4 Interaction Solutions to a Jimbo-Miwa-like Equation in (3+1)-Dimension

In the KP soliton hierarchy [8,23,67,69], the second equation reads
Ugzzy T SUzgly + SUpyly + 2Uy; — gz, = 0, (4.101)

which is known as the Jimbo-Miwa (JM) equation in (3+1)-dimension [23]. Eq.(4.101) adopted by physicist
to explain particular waves in (3+1)-dimension. Exact solutions for the JM Eq.(4.101) are considered

especially by using the Hirota direct method [33] even though the equation is not-integrable.

4.4.1 A Jimbo-Miwa-like Equation in (3+1)-Dimension
Using the Cole-Hopf transformation
u=2(In ). (4.102)
and the Hirota bilinear derivatives (4.1), Eq.(4.101) transforms to the following Hirota bilinear equation
Byu(f): = (D:Dy, +2D,D, — 3D, D,)f.f (4.103)
= 2(f faoawy — fyfeza + 3fuyfoa — 3fufoay + 2f1yf — 2f1fy — 3fuaf +3fuf2) =0,
Under the generalized bilinear operators D, (4.46) with p = 3, we can generalize the bilinear JM
Eq.(4.103) into
GBu(f) : = (D§,Dsy +2DsyDst — 3D32Ds.2)f.f
=23 o fey + 2fyf — 2fyfe — 3feaf + 32 f2) = 0. (4.104)

Employing the relation between f and u defined by (4.102), the generalized bilinear JM Eq.(4.104)

becomes [6]

2 2 2
GPjyy(u) : = %u UV + %uguy + %uvum + %uxv + %u Ugy + %uuwuy

+ Bty + SUgUay + 2y — Uy, = 0, (4.105)

where v, = u,,. The transformation (4.102) is a characteristic one in establishing Bell polynomial theories
of integral equations [39,60] and can transform generalized bilinear equations to nonlinear partial differen-
tial equations. The definite link between the generalized bilinear Eq.(4.104) and the JM-like Eq.(4.105) is
given by

(4.1006)

GPyu(u) = [GBJM(f)L :

f2
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The standard JM Eq.(4.101) is different than the JM-like Eq.(4.105) since the later has higher order
nonlinearity and more terms and if f is a solution for the generalized bilinear Eq.(4.104), then v = 2(In f),

will be a solution for the JM-like Eq.(4.105).

4.4.2 Lump-type Solutions to the Jimbo-Miwa-like Equation

We begin with searching for positive quadratic function solutions to the bilinear Eq.(4.104) by presenting

f as the form

f=g"+h+an,
g = a1z + asy + asz + a4t + as, (4.107)

h = agx + a7y + agz + agt + aqg,

in order to obtain lump-type solutions for Eq.(4.105) where a;, (1 < j < 11), are real constants to be
determined. Next, we substitute Eq.(4.107) into Eq.(4.104) and make all the coefficients of distinct polyno-
mials of x, y, z and ¢ equal to zero. A collection of algebraic equations in the parameters a;, (1 < j < 11),
are obtained and then solved by taking advantage of the computer algebra system Maple. The following

sets of solutions are achieved

Case 1:
agQy 2 aqaeay
ay = ay, az = — ) az = —g 3 a4 = a4,
a1 3 af
_ _ _ _ 2mar (4.108)
as = as, ag = ae, ar = ar, ag = - ; :
3 al
a40a6
ag = ) aio = a0, a11 = aiy,
ai

where a;, (j =1,4,5,6,7,10,11), are real free parameters that meet the following requirements

e a7 # 0 to ensure well-definedness of f, and

e a1 > 0 to maintain the positiveness of f.
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Case 2:

agay agag 3aiag
a; = ay, as = — ’ az = — ) a4 = =
aq al 2 a7
as = as, ag = ag, ay = ar, ag = as, (4.109)
3 agag asag
ag = 3 9 CLIO - 9 ail = a117
2 ay a

where a; (j = 1,5,6,7,8,11) are arbitrary constants which have to fulfill the conditions
e aja7 # 0 to make the corresponding solutions f well defined, and

e a1 > 0 to support the positiveness of f.

Case 3:
2 a1 (agaq — avag) + ag(azag + asar)
ap = ay, az = az, as = —45 2 2 ) G4 = Q4,
3 aj + ag
2 ay (a2a9 + a4a7) — ag(a2a4 + CL7CL9)
as = as, ag = Qag, a7 = ay, ag = — 5 5 R (4.110)
3 aj + ag
3 (a1a2 + a6a7)(a% -+ a%)Z
ag = ay, aio = aio, ailr = —35 )
\ 2 (a1a9 — a4a6)(a1a7 — agaﬁ)

where a;, (j =1,2,4,5,6,7,9,10), are arbitrary constants to be determined with the following restricted

requirements

e a} + a2 # 0 to assure the well-definedness of the solutions f ,

aiaz + aga i iti
. (a1a9 647) < 0 to guarantee that f is positive, and
(arag — asae)(arar — aza)

o (aja9—ayag)(ayay—agag) # 0 to make that the corresponding solutions u localize in certain directions

in the space.

We get three classes of quadratic function solutions f;(j = 1,2, 3), defined by (4.107), from the above

cases of solutions, to the bilinear JM Eq.(4.104); and the resulting quadratic function solutions, in turn, yield
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three classes of lump-type solutions u;(j = 1,2, 3), to the JM-like Eq.(4.105) through the transformation

(4.102). All the rational function solutions u; — 0, (j = 1,2, 3), when the corresponding sum of squares

g% + h?> — oco. However, they do not approach zero in all directions in the space of z,y, z due to the

character of (3+1)-dimensions in the resulting solutions, therefore, they are lump-type solutions but not

lump solutions.

Aiming to analyze the dynamic behavior of the solutions u;, (j = 1,2, 3), the following values for the

parameters are selected:

a)p = 2, ayq = 1, as — —1, ag — 2, a7 = 3, ajg — 4, all = 1,

for case 1, then the following lump-type solution is attained:

4(4x + 2t + 3)

U1l

For case 2, we let

ap = 27 a5 = _17 ag = 2; a7 = 37 ag = 47 ailr = 1;

and we obtain the lump-type solution:

16(2x 4 4t — 1)

T A2 19 + 22+ Gyz+Ate + 62+ 1by+ 52 +3t+9

U2

We choose

for case 3 and hence the lump-type solution is given by:

12(6z — 3y — 2z + 3t + 6)

T 8221 18y2 + 3222 + 32t% + 48yz + 32tx — 8x — 16t + 3

4.111)

4.112)

(4.113)

(4.114)

(4.115)

us

The profiles of the lump-type solutions (4.112)—(4.116) are showed in figures 3-5.
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(a) 3D plot

(b) density plot

Figure 3.: Profiles of the lump-type solution (4.112) with z =1 att = 0.
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(a) 3D plot

(b) density plot

Figure 4.: Profiles of the lump-type solution (4.114) withy = 1 att = 0.
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(a) 3D plot

(b) density plot

Figure 5.: Profiles of the lump-type solution (4.116) with z = 1 at¢ = 1.
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4.4.3 Interaction Solutions of Lump-type Solutions and Kink Solutions

The interaction solutions between a lump-type and a stripe of the JM-like Eq.(4.105) is explored in this

section. We add an exponential function to the quadratic function solution (4.107) as
f292+h2+el+a16,
g = a1 + ay + a3z + ast + as, “4.117)
h= aeT + a7y + agz + agl + aio,
Il =anx+ ay+ a3z + aat + as,

where a;, (j =1, ...,16), are real constants to be determined where a6 > 0. With symbolic computation

via Maple on a direct substitution of Eq.(4.117) into Eq.(4.104), and by collecting all the coefficients

about x,, 2, t, e?11¥tazytaztanttas we reach the following set of constraining relations among the

parameters

4

agay 2 azag arag
a) = — ) az = - ) g4 = — )
a9 3 ag ag

2

ag = _7a9a7’ a2 = a3 = 0, a4 = agau’ (4.118)
3 ag ae

a; = aj(j =2,5,6,7,9,10,11,15,16),

\

with azag # 0. Hence, we can express the exact interaction solution of u as follows

l
w=2(In f)y = % _ 4da1g + 4dagh + 2a11e 7 (4.119)
f f

where

f=g2+h2+el+a16,

agQy 2 asa9 arag

g=— T+ ay+ = — t+ as, (4.120)
a2 3 ag a2
2 agar
h =agx + a7y — = z + agt + ajg,
3 ag
aga
= anz+ ——2t + a5,
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and a9, as, ag, a7, ag, aig, @11, a15 and ayg are arbitrary real constants.
The coming after special choices for the parameters is taken to illustrate the interaction phenomena

between a lump-type solution and a stripe solution as:

ag = 2, as = 1, ag = —1, a7 = 2, ag = 3, ajg = 0,

all = 4, aly — —2, alg — 4. (4121)

Then the mixed lump-type stripe solution to Eq.(4.105) reads:

4(—6t + 27 + 1 4 2e~ 12 H4e=2)
18t2 — 12tx + 222 4 8y? — 32yz + 3222 — 6t + 22 + 4y — 8z + 5 + e~ 12t+4z—2"

(4.122)

u =

The asymptotic behaviors of the solution (4.122) are presented in figures 6 and 7. They exhibit the inter-

action between the lump-type soliton and the kink wave.

4.4.4 Interaction Solutions of Lump-type Solutions and a Pair of Resonance Stripe Soliton

We investigate the collision between lump-type and a pair of resonance stripe soliton in this section. First,

we redefine the quadratic function f as the following form
f=9*+h*+cosh (I) + a3,
g = a1x + ay + a3z + a4t + as, (4.123)
h = agx + a7y + agz + agt + ajo,
l =anz+ aigy + a3z + aat,
where a;, (j = 1,...,15), are constants to be determined and a;5 > 0. Next, through substituting

Eq.(4.123) into Eq.(4.104) and collecting all the coefficients about x, y, z, t, cosh(a11x + a2y + a13z + a4t)

and sinh(a112 + a12y + a132z + a14t), the parameters of the solution are determined by

_ 2azag _arag _ 2azay
ay = —5 ; a4 = — ) as = 5 ’
3 as a2 3 as
3
ag = B4, aig = a13 =0, ayy = 5B (4.124)
as 2 ap
aj =a;(j =2,3,5,7,9,10,11, 15),
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b)y=2,t=10

©y=31t=15

Figure 6.: Profiles of the interaction solution (4.122) with different values of y, ¢.
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b)x=3,2=2

©x=15,2=4

Figure 7.: Profiles of the interaction solution (4.122) with different values of x, z.
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with agas # 0. Then we can attain a class of explicit solutions of the JM-like equation (4.105) by substitut-
ing the above relations into the corresponding equations as we did in Section 4.4.3. The exact expression

for u is as follows

% _4a1g + 4agh + 2aq1 sinh(7)

uw=2(nf), = , (4.125)
T f
where
f =g¢*+ h?+cosh(l) + a5,
(4.126)
2 ara ara
g= -2 +ay + azz + ———t + as, (4.127)
3 as a9
2 asag asary
h=- T+ ary + z + agt + aqo,
3 as as
3
l=anz+ *wt,
2 an

and a9, as, as, ay, ag, a1g, a1 and a5 are free parameters. Figure 8 illustrates the typical phenomena in the

interaction between a lump-type and a resonance soliton with the parameters

ag = 1, a3:2, a5:4, a7:—1, a9:2,

alpg — —1, al] — 1, ais = 0. (4.128)

In this case the mixed lump-type resonance soliton solutions to Eq.(4.105) are given by:

w= -2 (4.129)
u2

with

uy = 2(16x + 48t + 9sinh (3t + =) + 36),
uy = 822 + 18y% + 7222 + 72t% + 48tz + T2yz + 36z + 90y + 180z + 108t (4.130)

+ 9cosh(3t + x) + 153.

Figure 8 illustrates the interaction of the lump-type and the pair of stripe soliton (4.129)-(4.130).
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(@)t =—-65 (b)yt=-20

(e)t =30 (Ht =165

Figure 8.: Profiles of the interaction solution (4.129) with different values of ¢ and y = 5.
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Chapter 5
N -soliton Solutions of a Coupled Complex Modified-KdV System by the Riemann-Hilbert Approach

5.1 Introduction

The study of nonlinear waves is an interesting research area in Mathematics. Since the discovery of solitons
in 1834, nonlinear dispersive wave equations have been used to formulate nonlinear wave phenomenon in
many fields such as fluid dynamics, nonlinear plasma and optics among others. The analysis and com-
putation of soliton equations are difficult and challenging because of the nonlinearity. Moreover, finding
solitons and explaining their elastic collision needs mathematical methods that are different from those
used to solve linear partial differential equations. The Riemann-Hilbert method is one of the powerful tools
to construct solutions of integrable equations, specially soliton solutions [16, 20, 28,49, 65,71, 75]. The
method is introduced as a modern version of the inverse scattering transform method [28, 49, 75], which
also can be used to analyze the long time asymptotics of solutions of integrable systems [10]. This chapter
is structured as follows. In Section 5.2, we define some terminologies and state some important results. In
Section 5.3, we introduce regular and non-regular Riemann-Hilbert problems and present their solutions.
In Section 5.4, we re-derive the Ablowitz-Kaup-Newell-Segur (AKNS) integrable hierarchy with two com-
ponents. In Section 5.5, a Riemann-Hilbert problem of a coupled complex modified Korteweg-de Vries

system is formulated and its N-soliton solutions are generated.

5.2 Preliminaries

We start by introducing some basic terminologies and results.

DEFINITION 5.2.1. e When a complex function f is differentiable at every point in a neighborhood of a

point z = zq then f is called analytic at z.
o A function f is analytic on a region R of the complex plane C if it is analytic at every point in R.
o We say f is entire if it is analytic in the whole complex plane.
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THEOREM 5.1 (Liouville Theorem). [2] If a complex-valued function f(z) is entire and bounded in the z

plane, then f(z) is constant.

THEOREM 5.2. [2] Given a simple closed contour I. If a function f is analytic on some simply connected

domain containing T, then

flz) = L & dg, for any interior point z. (5.1)
21t Jp € — 2

Equation (5.1) is called Cauchy’s Integral Formula.

DEFINITION 5.2.2. e A point z = zy is said to be a singular point of a complex valued function f(z) if

f is not analytic at z, i.e., f'(zo) does not exist.

e A point z = z is called an isolated singular point of f(z) if f is analytic in some neighborhood of the

point zg and not at 2.

DEFINITION 5.2.3. e [fa function f(z) has the form

¢(2)

(2 — 20)M’

f(z) = (5.2)

then an isolated singularity at the point zo of f(z) is called a pole. Here M is a positive integer,

M > 1, and ¢(z) is analytic function in some neighborhood of zy with ¢(zy) # 0.
e A function f(z) is said to have a simple pole if M = 1, and an M -th order pole if M > 2.

EXAMPLE 17. The function

z—1
= ————" 5-3
&= e (53)
has a simple pole at z = 5 and a second order pole at z = —2.

DEFINITION 5.2.4. e Assume that ®(\) is a matrix function. If det ®(\g) = 0 for some point A = X,
then ® is said to have a zero at \g. Obviously, the inverse matrix ®~(\) has a pole of finite order at

this point.
e A zero at X = Ny of a matrix function ®()\) is called simple if the pole at this point is of the first order.

DEFINITION 5.2.5. A complex valued function f(z) which is analytic on a region R except for a set of

poles of finite order is called meromorphic on R.
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DEFINITION 5.2.6. A complex valued function f(z) is said to satisfy a Holder condition on a contour 3 if

for any two points z1 and zo on X
[f(z1) = f(z2)| < 7vlz1— 2", >0, 0<p<1 (5.4)
If © = 1, then the Holder condition (5.4) becomes the Lipschitz condition.

DEFINITION 5.2.7. The principal value of the integral fE

][ &dg — lim/ &dg, zey, (5.5)
b b

E—2 e=0 Jy . §—2

g(_i) d¢, denoted by f, is defined by

where X refers to the part of X that is centered around z and has length 2¢.

The region on the left side of the positive direction of a contour X is labeled by &, and the region on

right side by &.

D

=

Figure 9.: The @ and & regions on the sides of

DEFINITION 5.2.8. Consider the integral

1 #(£)
P(z) = — 2 d 5.6
(Z) 2772 L &- — 2z 67 ( )
where 3 is a simple contour and ¢(§) is a function satisfying a Holder condition on X. Define the following
two limits
1 o(§)
O (1) = lim — d 5.7
Q zfi‘im/zg—z & ©-7)

wheret € X, and limi means the limits as z approaches t along a curve lying entirely in the @, © regions,
z—t

respectively.

These limits have a crucial role in the theory of Riemann-Hilbert problems and can be found by the

following lemma.
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LEMMA 5.1 (Plemelj Formulae). [2] Suppose that 3. is a simple and smooth contour (closed or open) and
a function ¢(§) satisfy a Holder condition on Y. Then the Cauchy type integral ®(z), Eq.(5.6), has the
limiting values ®*(t) as z approaches X from the left and the right, respectively, and t is not an endpoint

of 2. These limits are given by
£y = 41 1 [ 9
P (t)—:l:2gi>(t)+2m,][Z f—tdf’ (5.8)
or equivalently,
OF(t) — 7 (t) = ¢(1). (5.9)

Consider a simple, smooth, closed contour I' that divides the complex z plane into two regions, namely

R*™ and R™, where R™ is on the left of the positive direction of T".

r

Figure 10.: The contour I" with the regions R* and R~

DEFINITION 5.2.9. A sectionally analytic function ®(z) is a scalar function that defines in the entire com-

plex plane C except for points on 1" and satisfies the following:

1. ®(z) is analytic in each of the regions R and R~ except at z = oo, and

2. as z approaches any point t on T along any path that lies wholly in either R or R™, the function ®(z)

approaches the limiting value, ®* (t) or @~ (t), respectively.
The values ®* (t) are called the boundary values of the function ®(z).

From above we can say that if a function ®(z) has the value ®*(¢) on T, then it is continuous in the

closed region RT U T. Similarly for the region R~ UT.

THEOREM 5.3 (Generalized Liouville’s Formula). [43] Assume that ®, A and B are square matrices

depending on the variable x. If © satisfies a linear matrix differential equation

b, = AP+ OB, (5.10)
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then we have
(det ), = [tr(A) + tr(B)] det ®, (5.11)
and thus
det ®(x) = elao AW+ By g D (x0), (5.12)
where xo € R is a given initial point.

The following proposition is one of the applications of Theorem 5.3 which is useful in determining

solutions to Riemann-Hilbert problems.

PROPOSITION 5.1. Assume that ®, A and B are square matrices functions depending on the variable x. If

® satisfies
o, = [A, P + B, (5.13)
then we have

(det @), = tr(B) det ®. (5.14)

5.3 Riemann-Hilbert Problems

A Riemann-Hilbert problem (RHP) can be stated as follows: Let I" be a closed contour in the complex A
plane which can be assumed to pass through infinity. Particularly, I" can be considered to be a real line
—00 < A < oo treated as a circle in C U {oo} passing through co. Assume that G(\) is an N x N matrix
function defined on I'. We need to assemble matrix functions P+ (\) and P~ () that are analytical inside

and outside I, respectively, in the way
P~ (NPT =GN, (5.15)

onI". When I' is the real line P has to be analytical in the upper half-plane and P~ has to be analytical in

the lower half-plane.

REMARK 1. e The solution of a Riemann Hilbert problem (5.15) is not unique. Indeed, if (P, PT) isa

solution and ¢ is any constant non-degenerate matrix, then P—g, g~ ' PT will satisfy

(P~g)(g~'PT)=P P =G. (5.16)
Hence, they are a solution of the Riemann-Hilbert problem (5.15) with the same G(\).
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e To avoid the non-uniqueness of solutions, the Riemann-Hilbert problem has to be normalized by speci-
fying a value of P™ or P~ at some point in the domain of the analyticity. Herein, the Riemann-Hilbert

problem is normalized by assuming that
PE(\) — I, A\ — 0. (5.17)

This type of normalization is said to be canonical.

5.3.1 Regular Riemann-Hilbert Problems

If P~ and P* are degenerate nowhere in their domain of analyticity, i.e., det Pi(/\) # 0, then the

Riemann-Hilbert problem (5.15) is said to be regular.

PROPOSITION 5.2. Under the canonical normalization condition (5.17), the solution of a regular Riemann-

Hilbert problem is unique.

Proof. Let (P;, P;") and (P, , P5") be two solutions to the Riemann-Hilbert problem (5.15). Then on the

contour I'
P (NP (A) =Py (WP (N, (5.18)
and thus
PEO)(PH) I = (PO (WP (M), AeT. (5.19)
Define a function x () as
X(\) = PP ) = (P1) T Py (V). (5.20)

We see that det Pli # 0 and det Pzi # 0 in their analytical domains due to the fact that the Riemann-
Hilbert problem is regular. Thus, x(\) can be analytically extended from I" to the whole complex plane C.

From the canonical normalization condition (5.17), we have
x(\) — I, A — 00, (5.21)
Using the Liouville Theorem 5.1, the matrix function x(\) is constant, and therefore
x(N) = PO (PN = (PD) TP OV)Py () =1, e C. (5.22)
Hence

PE(N) =PF(\), AeC. (5.23)



O

In what follows, we construct the unique solution for the regular Riemann-Hilbert problem in the A-
complex plane [49]. The variable « is held down in the notation since this construction depends on A. The

solution relies upon solving a system of singular integral equations on I'.

First, a normalization condition is chosen for the Riemann-Hilbert problem at a point A\g € C, say,

outside I

P~ (X)) =1, (5.24)
and then set

Pt (X)) =g. (5.25)

We are looking for a solution of the form

(P YN =h+ / gb(f))\ d¢,  inside the contour I', (5.26)
r
and
0y — ¢(¢) ,
PT™(A\)=h+ e /\dé, outside the contour I'. (5.27)
r
The function h can be determined using the normalization condition as
¢(€)
h=g— / dg. (5.28)
I e x ¢
From the Plemelj formula (5.1), (P~)~! and P* on the contour I are given by
(P ) =+ A+ mio ),
ré—A

(5.29)

L [9©
PHO) = i+ P8 = mig(),

for A € I'. Substituting Eqs.(5.28) and (5.29) into (5.15), we get the following singular integral equations
for ¢

/§ " dé + mig(A ][§ [dE=0, A€l (5.30)

where T' = (G+1)(G—1)~L. The solution of the above integral equation leads to the solution of the regular
Riemann-Hilbert problem. If the contour is the real axis and the normalization condition is canonical, so

that h = g = I, Eq.(5.30) becomes

1.[][00 O g 1]+ 6T 0. (531)

TS oo € — A
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Scalar Case

When N = 1 and P~, P are ordinary functions, the solution of the regular Riemann-Hilbert problem can

be written in an explicit form. By taking the logarithm of Eq.(5.15), we have
In(P") —In(P-") = In(G). (5.32)

Since P, and P" have no zeros inside their domain of analyticity, their logarithms are also analytical

and can be represented in the form of a Cauchy integral. In order to satisfy Eq.(5.32), we take

In(P+) = % / Z 12 C_;(i) d¢, Im()) < 0, (5.33)
n((P)™") = ;m/_oo lgf(i)dg, m(\) > 0. (5.34)

Therefore,

Pt = exp [% /Z hgf(i) |

(5.35)

P~ =exp {— 217”/2 h;G(i)dﬁ}

5.3.2 Non-regular Riemann-Hilbert Problems

In general, Riemann-Hilbert problems are not regular, that is, det P*()\) have zeros at finite points on
their domain of analyticity. In this section, we discuss the Riemann-Hilbert problem (5.15) with simple
zeros [71] and the contour I' is taking to be the real line R. The study of the general case where some or all
zeros are multiple zeros can be found in [57,58]. We begin by assuming that the normalization condition
is canonical. Suppose that P is an analytical function in the upper half-plane C* = {z € C|Im(z) > 0}
with N simple zeros {\; € C* : 1 <i < N}. And suppose that P~ is an analytical function in the lower
half-plane C~ = {z € C|Im(z) < 0} with N simple zeros {\; € C~ : 1 < i < N}. All these zeros are

assumed to be off the real line R. Define two functions

. LEp DY

Pt=|]+—5P" 5.36
g WA (5.36)

~ TA- N

P~ = ~P. (5.37)
E A=\

The functions P+ are also analytical but have no zeros. It is clear that
Pt TI, \N—> oo, (5.38)
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and on the real line R, we have

P Pt=pP P =¢G. (5.39)

Therefore, P* constitute a regular Riemann-Hilbert problem and can be determined by (5.35). This
shows the if the Riemann-Hilbert problem has zeros then it is not unique. Thus, in addition to the matrix
function G, the contour I" and the normalization condition; the positions of the zeros have to be specified as
well. The solution of a non-regular Riemann-Hilbert problem under the canonical normalization condition
exists if and only if the number of zeros inside the contour equals to the number of zeros outside the contour.
We see that the kernel of P*()\;) consists of only one column vector v; and the kernel of P~ ();) has only
one row vector 9, this is because the zeros {\; € C* : 1 < i < N} and {5\z €eC :1<i< N}are

assumed to be simple. Hence,
PT\)v; =0, &P~ (\)=0, 1<i<N. (5.40)

The solution of a Riemann-Hilbert problem with zeros is given by the following theorem which reduces
a non-regular RHP to a regular one. The theorem was proved first by Kawata [28] and then by Zakharov

and Shabat [75] (See also [49,71]).

THEOREM 5.4. [28] Under the canonical normalization condition (5.17), the solution to the non-regular

Riemann-Hilbert problem

P (MPT(N) =G\, MeR (5.41)
with zeros(5.40) is given by
PT(\) = PY(A)X(N), (5.42a)
P~(\)=X"'0NP- (), (5.42b)
with
N
(M0
XN =1+ (M )iwr (5.43a)
D VS
J7 =
N
. M—l) Ok
xty = - S Uikt 5.4
) 2 T (5.43b)
7,k=1
M is an N x N matrix with (j, k)th element given by
My, =25 1< k<N, (5.44)
Aj— A



Al
det X(\) = Ly 5.45
(V) kl:Il e (5.45)
and ]Si(/\) is the unique solution to the regular Riemann-Hilbert problem:
P~(NPT(\) = XN)GN)X'(\), AeR (5.46)

with ﬁi()\) are analytic in the upper and lower half-plane CF, respectively, and ﬁi()\) — Tas \ — oc.

Proof. The proof of this theorem depending on the construction method. Let (A1, 5\1) be a pair of zeros
associated with the vectors (|v1) , (01]) in Eq.(5.40). We denote column vectors v; by |v;) and row vectors
0 by (0] to distinguish them from each other. Define a matrix X as

A= A Jvr) (04
X=X (O1vr)

Xi(\) =1+ (5.47)

which is meromorphic with a simple pole at A = A; € C~. Simple linear algebra calculation leads us to

C A=A o) (8

X7t =1 - , 5.48
1 ( ) )\_)\1 <’U1’7}1> ( )
X1(\) 1) =0,  (o1] X7H(A1) =0, (5.49)
and
A=A\
det Xi(\) = —. 5.50)
1(A) ey (
Then, let
RF(N) =PTNXTN), Ry(\) = X1(M)P~(N). (5.51)
The residue of R (\) at A = Ay is
Res(RT (M), \) = Jim { = 2T N)XTHO} (5.52)
—Al
= tim (A= A)eT) — (g — At 0 5.53
Jim {Q =Mt ) = =Mt () =0, 653)
where we use Eq.(5.40). Similarly, we can find the residue of R} (\) at A = A
Res(R (M), A1) = 0. (5.54)
Hence, R () and R~ () are analytic in C* and C~, respectively. Moreover,
det Rf (A1) #0, det R] (A1) # 0. (5.55)
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Next, we construct a set of matrices {X; : 2 < j < N} as

i=2,...,N, (5.56)

where (), \;) are zeros associated with the vectors (|v;) , (#;]) in Eq.(5.40), and the vectors (|w;) , (1;])

are related to (|v;) , (0;]) as

o) = X7 T ONX5 () -+ X (M) wy) (5.57a)

and
(0] = (j] Xj—1(A) Xj—2 () « .. X1 (N))- (5.57b)
Then we define the matrix functions Rj-[()\) by

RF(A) =R, (MVX'(N), RN =X;(MR,_,(N), j=2,...,N. (5.58)

It is easy to verify that

A=

A= ’

det X;(\) =
Using the relations (5.40) and (5.57)-(5.58), we observe that
R (M) wj) =0, (| R;_;(A\j) =0, j=2, ...,N. (5.60)
Combining all the above results, we see that the functions P*(\) can be written as in (5.42), where
XN =XNvN)XN_a(A) oo X (N). (5.61)
Furthermore, the matrix functions ﬁi()\) in (5.42) have the following properties
1. analytic in C*, respectively,
2. det P* (M) # 0 in their analyticity domain, and
3. have the asymptotic condition ﬁi(/\) — Tas A — oc.

By utilizing formula (5.59) and (5.61), det X (\) can be obtained by Eq.(5.45). From (5.56) and (5.61),

we can find that

XM =X T O0X ) X, (5.62)



and

A = wy) (i
A=A (djlwy)
From the product formula (5.61) and (5.62), we can see that X (\) and X ~*(\) are both meromorphic

Xt =1

=2, ...,N, (5.63)

functions with simple poles at {5\j, 1 < j < N}outside I"and {);,1 < j < N} inside I', respectively.
To complete the proof of this theorem we need to show that X ()\) and X ~!()\) have the representation

(5.43a)-(5.44), which can be obtained from the following steps.

Step 1 The relations in (5.56) and (5.61) show that X (\) has simple pole singularities at each j\j. Accord-
ing to Eq.(5.57b), we can find that

Res(X(V), ) = |=5) (051, (5.64)

for a certain column vector |z;). Therefore, X (\) can be written as

N
1
X(\) :I+Z)\—5\- 12;) (0] - (5.65)

j=1 J

In the same way, from Eqs(5.57a) and (5.62)-(5.63), we can expand X -1 (\) as
A
—1/y) — N (5
X7 —I—;A_Ajlvgﬂzﬂ, (5.66)
for a certain row vector (Z;|. In the above representations (5.65)-(5.66), vectors {|z;) , (2;|} are related
to the vectors {|v;) , (0;|}. To discover this dependence we use the relation
XXt =1 (5.67)
Step 2 Substitute Eq.(5.66) into the L.H.S of Eq.(5.67) and equating the residue of X ~! at each Aj to zero,
we obtain

X(Aj)Jvj) =0, 1<j<N. (5.68)

Then substitute Eq.(5.65) into the above equation, we get a linear system of equations as

M(‘Z1> y ‘Z2> g e ey ‘ZN>) = (‘Ul> s |1)2>, ‘e ey ’UN>), (5.69)

where M is the matrix defined by (5.44).

Step 3 By solving the above system for {|z;)} and inserting the result into (5.65), we reach the X ()

representation in (5.43a).

Apply similar calculations as in Steps 2 and 3 to X ()), we can obtain the representation (5.44) for X ~.

The proof of the theorem completes. g
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5.4 Ablowitz-Kaup-Newell-Segur Hierarchy with Two Components

We begin with the matrix spectral problem

¢1
e =Ug =U(u; \)9, o= |po| (5.70)
®3
where
—1A p1 P2
U= |5p1 —3ips A 0], (5.71)

3ip1 +2p2 0 A
u is the potential column vector

b (5.72)

D2

and A\ is a spectral parameter. The functions p1, p2 are functions of the spatial variable = and the temporal

variable ¢. For convenience we let

q1 = 5p1 — 3ip2, (5.73a)

q2 = 3ip1 + 2pa. (5.73b)

To formulate the associated Ablowitz-Kaup-Newell-Segur (AKNS) soliton hierarchy [3], we use the Tu-
Ma scheme and follow the same procedure we did in Chapter 2. We start by solving the stationary zero

curvature equation

W, —[U,W] =0, (5.74)
with a solution W taking to be of the form
a bl b2
W= le, di dol- (5.75)
(&) d3 d4

83



Then we get

az = i(pic1 + pac2 — q1b1 — qaba),

bz = i(—2Ab1 — p1a + p1dy + pad3),

b2z = i(—2Ab2 — paa + p1da + pady),

c1z = i(2Xe1 + qra — qidy — qoda), (5.76)
c2.2 = 1(2Ac2 + qa — qid3 — qody),

di o =i(q1b1 —picr), do.» = i(q1ba — pa2ci1),

\d3,a: = 1(q2b1 — p1c2), dy s = i(q2ba — paca).

Taking W as a formal series:

a b1 bg o a [m] b[lm} b[Qm]
W = - W A™ W, =W, (u) = | glm gl m >0 5.77
C1 dl d2 m ) m m( ) Cl dl dz ) = Yy ( )
m=0
¢y ds dy gl gl

and comparing the coefficients of the same powers of A in the system (5.76), we obtain the following

recursion relations

b[lmH] = —%(—ib[ﬁ] + pral™ —p1d[m] — pzdé’”}),
b[zmﬂ] = —%(—ib[zrfx] + paal™ — Pld[m] - P2d£1m]),
c[lmﬂ} = %(zc[lx] + qral™ — qld[lm} — qu[zm]),
[2 U_ —%(zc[znﬂ + gpal™ — qldgm} — quLm]), m > 0. (5.78)
ol = i(pre}™ + pacy™ — gt} — gaby™),
d[fﬂ — i(qubl™ — prc™), d[m] — i(qubl™ — poc™),
dit) = i(goby™ = pref™), i = i(gabh™ = pach™),
with the initial values
JO gl g
(5.79)
B0 A d o
We choose
a=—1, 4% =40= d = 4 = (5.80)
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and require the following condition on constants of integration in (5.78):

Winlu=0 =0, m > 1, (5.81)
that is, we make them equal to zero.

Therefore, the set {a[m], b[lm}, b[2m], c[lm], c[Zm}, d[lm], d[2m], dgm], dz[lm} ,m > 1} is uniquely determined.

By direct calculations using the recursion relations (5.78), the first four sets of the sequence are given by

o =, bb) = pa,
0[11] =dq1, 0[21} = 42, (5.82)
dl=o0, dV=dll=dl' =4l =0,
b[12] = 3iP1e, 5[22} = 3ip2.as
0[12} = —Liq1 4, 0[22} = —Liga s,
al? = %(plch + p2g2), (5.83)
d[f} = —inaq, d[22] = —ipoq,
d?} = — D142, df] = —1page;
o = —Lp e+ 201 (s + p2g)], B5) = =L [po s + 2a(pras + p2go)]
0[13] = — 1 [q1 00 + 201 (P1q1 + P2g2)] 0[23] = — 1200 + 202(P1q1 + P2g2)]
al¥l = —1i(praq1e + P2g2e — DLt — P22G2), (5.84)

3 . 3 .
d[l] = —2i(Praq1 — P1q12), d[z} = —2i(P22q1 — P21 2),

3 , 2 '
dg] = —1i(PLe2 — P1G22), dif) = —5i(P2.202 = P22 );
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and

4 .
b = —Li [P e + 3P12(P101 + P2d2) + 3p1 (Preqh + P2)]
4 .
by = —§i [P2we + 3p20 (1101 + P22) + 3P2 (P10 + P20a2)]
¢ = §i[qeae + 3012(P101 + P242) + 301 (P101.0 + P202.0)]

¢y = kil@aee + 302 (D101 + P2g2) + 302 (11,2 + P2a20)] s

4

& = £(3p1g1 (P11 + P2¢2) + Praett — PLa@ie + P1d1ea),
4

d[z} = 1(3p2q1 (P11 + P2a2) + P2,22q1 — P2,201,2 + P21 2)

4
dg} = :(3p1a2(p1a1 + P22) + Prac@2 — PL2G2.2 + P102,02)

4
di} = 1(3p2q2(p2g2 + P242) + P2.22G2 — P2,0@2,0 + P202,00)-

Now, we consider the temporal spectral problems
dr, = Vo =VP(u, N0,
with a series of Lax matrices
n
VI = (W) =Y WA n >0,
m=0

where P, denotes the polynomial part of P in A.

Substituting (5.71) and (5.87) into the zero curvature equation
U, — Vx[n] +[U, V[n]] =0,

we get the AKNS soliton hierarchy with two components

n ‘ _2b[1n+1}

ug, = =K,=1 , n > 0.

_Qb[n—‘rl]

D2 2

The second nonlinear integrable system in the hierarchy (5.89) is

= —% [3(111Q1 + paqe)? + P1q1,zz + P292,22 — P1,291,2 — P2,292,z + P1,zzq1 + p2,szQ] ;

(5.85)

(5.86)

(5.87)

(5.88)

(5.89)

Pl = —1 [pl,acxx + 6p1,2(5 Ip|® + \pz\g) + 9ip1 2 (P1p2 — 2p1D2) + 3p2.2(2p1D2 + 3i Im)? )},

(5.90)

Doty = —7% [pQ,m:x +3p2z (5|p1]° + 4 |p2|?) + 9ip2,. (2512 — p12) + 3p1,. (5512 — 3i |p2|? )} ,

which is a coupled complex modified Korteweg-de Vries (mKdV) system.
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5.5 A Riemann-Hilbert Problem for a Coupled Complex Modified-KdV System

The aim of this section is to generate N-soliton solutions for the coupled complex mKdV system (5.90)

using the Riemann-Hilbert approach [49], where the spatial variable x is defined on the real line.

5.5.1 Formulating a Riemann-Hilbert Problem
The Lax Pair and Eigenfunctions

One of the important steps in constructing a Riemann-Hilbert problem associated with system (5.90) is to
bring in equivalent matrix spectral problems so that we can guarantee the existence of bounded analytical
eigenfunctions in the upper or lower half-plane C*. The Lax pair of the coupled complex mKdV system

(5.90) is

Ga(z, 15 A) = Uz, t)(z,t; A), (5.91a)

where ¢ = (¢1, ¢2, ¢3)” is a vector or a matrix function, A is the spectral parameter and

Ul(x,t) = iAA +iP, (5.92a)
V(z,t) =iX3A +iQ, (5.92b)
with
-1 0 0 0 P11 P2
A=10 1 0|, P=|5p—3ipo 0 0], (5.93)
0 0 1 3ip1+2p2 0 0
and
Q= 22Q® +2QW 4+ QO (5.94)
Herein

Sp1qi +page)  Sipie  ipas
2 1 .
Q¥ =P, QW= —3iq1e —Ima —3paai | (5.95)

— 5122 —ipige —5page
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and
0 0 0
Dol @
QY =10y @f @l (356)
0 0 0
Q) of
where

0 . 0
QY = —Li(p1gia + P2gow — Praqs — Praga), QY = —1pi e — L0214+ pipoge),

0 0
Qﬁg) = —1poss — 5(P1P2q1 + P3G2), le) = —1q100 — (114} + P20102),

0 . 0 .
ng) = —2i(Praq1 — P1q1z), Qég) = —2i(P22q1 — P21 2), (5.97)

0 0 .
QY = —Lgran — Lprari@z + p2ad), Q%) = —Yip1oaz — pra2.),

0 .
Qgs) = —1i(p2wq2 — P242.0)-

For convenience we put qg; = 5p; — 3ip2 and g2 = 3ip; + 2p2. The compatibility condition of the Lax
pair (5.91) gives the zero curvature equation, U; — V. + [U, V] = 0, which is exactly system (5.90).

To formulate a Riemann-Hilbert problem we assume that the potentials p;(x,t) and pa(x,t) are suffi-
ciently smooth functions of (x, ¢) which decay to zero as z,t — 400, (to guarantee the existence of ¢ for

x € (—00,0)), and satisfy the integrable conditions

/ / ™1™ (pa| + |pal)dadt < 00, ma,ms = 0, 1. (5.98)

The function ¢ defined in Eq.(5.91) is treated as a fundamental matrix of those linear equations. Looking
at Eq.(5.91), we observe that when ., ¢ — 400, we have ¢ ~ e +A\*At Therefore rather than working
with the original form of Lax pair (5.91), it is more convenient to introduce a new eigenfunction ¢ (x, t; \)

as
bz, t;\) = ¥(x, t; N)eMTTNAL (5.99)

Set P = iP and Q = iQQ. Using (5.99), the new Lax pair equations read

Vr = Pp +iMA, ), (5.100a)
W = Qup + iNY[A, ). (5.100b)

REMARK 2.
tr(P) = tr(Q) = 0. (5.101)
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In the scattering problem, we only consider the spectral analysis of the x-part of (5.100), where the time
t is fixed and has been omitted in the notation.
Now let us introduce two matrix solutions ¢4 (z, A) of Eq.(5.100a) with the following asymptotic con-

ditions
Vy(x,\) — I, T — Fo0o, (5.102)

respectively, where [ is the 3 x 3 identity matrix. The subscripts in 1/ represent which end of the x-axis

the boundary conditions are set.

PROPOSITION 5.3.

det vy (xz,\) =1, forall (z,\). (5.103)
Proof. Since ¥4 satisfies Eq.(5.100a), that is

(Y)e = Ptbx +iA[A, 4], (5.104)

we can apply the special case of the generalized Liouville’s formula using Proposition 5.1 to obtain

(det y), = [tr(P)] det 1. (5.105)
Since tr(P) = 0, we get
det ¢4 (x, \) = constant, for all z. (5.106)
Using the asymptotic condition (5.102), we prove (5.103). ([l
The Scattering Matrix S(\)
Let
E(z,\) = e\ (5.107)
and
b=y _E, T=1u,F. (5.108)

The matrix functions ®(z, A) and ¥(z, \) are linearly dependent since they are both matrix solutions of

(5.91a). Hence, they should be related by a matrix, say S(A), as
O(z,A\) =T(z,\)S(N), AeR. (5.109)
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So we have
Y- =19, ESE™!, XeR, (5.110)
where S(A\) = (s;r)3x3 is the scattering matrix. From Eq.(5.103), it is clear that
det S(\) = 1. (5.111)

The Definition of P*(\)

PROPOSITION 5.4. For A € R, the relation in (5.100a) can be converted to the Volterra integral equations

b (z,\) =1+ / eMEN Py (A, y)e Ty, (5.112a)
UNERVEDE / eMEP(y)py (A, y)eM ) dy, (5.112b)

Proof. Dealing with Eq.(5.91a) as an inhomogeneous ordinary differential equation where P¢ is the inho-

mogeneous term, we see that E is the solution of the homogeneous part
Dz = IAAP. (5.113)

Then through the method of variation of parameters with the asymptotic condition (5.102), we attain

Eq.(5.112). O

If the convergence of the integrals on the right hand sides of the Volterra integral equations (5.112) is

guaranteed, then the eigenfunctions ¢4 (z, A) allow analytical extensions off the real axis A € R.

LEMMA 5.2. If we write down ¥4 (z, \) as ¥y = (wg), wf),¢$)) where 1/J§Z) (1 = 1,2,3) are columns,

then we have
1. w(,l), w(f), and wf) are analyticin A € CT,
2. ¢S_1), w(_2)7 and ¢(_3) are analytic in A € C™.

Proof. Based on A and P, it is clear that the integral equation for the first column of ¢ _, w(_l), consists of

only the exponential element e2*(#~¥) that decays while A € C*, and the integral equation for the last two

2iA(y—x)

columns of 4, @bf) and @ij), consists of only the exponential element e that also decays while

A € C*. Therefore, we can analytically extend the three columns 1/1(_1), wf) and wf) to the upper half
plane CT. In the same way, the columns w(j) , w(_Q) and wf’) can be analytically extended to the lower half

plane C~. U
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Hence, the matrix solution
Pt =Ptz ) = U, o ) = v Hi + . Ho, (5.114)
is analytic for A € C™, and the matrix solution
[ 53),@&&2)71/}&?”] = Hy + - H, (5.115)
is analytic for A € C~, where
H, = diag(1,0,0), Hy = diag(0,1,1). (5.116)

From the Volterra integral equations (5.112), we get

P (z,\) — 1, AeCh — oo, (5.117)
and
6@ @) 51, AeC 5. (5.118)

In what follows, the analytic counter part of PT in the lower half plane C~ is constructed. From

Eq.(5.100), we find that the adjoint equation of the z-part reads
Y = AP —iX[pA, A (5.119)
PROPOSITION 5.5. The inverse matrices w;l satisfy the adjoint equations (5.119).

Proof. Substituting Eq.(5.100a) into the relation

0=(Ds= Wy e =ty + (¥ "), (5.120)
we get
(¥ e == P =X Al (5.121)
which means that ¢ ! satisfies the adjoint equation (5.119) U
By expressing ¥4 as
iy g
=g, et =|g@ |, (5.122)
i T
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where zlzgg ) denotes the jth row of d}ﬁ (j = 1,2,3), and using similar approach as in the proof of Lemma

5.2, we can show that the adjoint matrix solution

ot

P~ =P (x,0) = |§@| = i + Hav,

i

is analytic for A in the lower half-plane C~, and the adjoint matrix solution

i
0P| = Higd + Hyp?,
Q5(3)

is analytic for \ in the upper half-plane C*. Similarly, we find that

P (z,\) — 1, AeC™ — oo,

and

The Riemann-Hilbert Problem and the Time Evolution of the Scattering Data

(5.123)

(5.124)

(5.125)

(5.126)

Now, two matrix functions P*(x, \) that are analytic in C*, respectively, have been built. On the real line,

combining Eqs.(5.110), (5.114), and (5.123), we arrive at

P (z,\)PT(z,)) = G(x,)\), MER,

where

G = E(Hy + HaS(\))(Hi + S~ (\) Ha) B,

531 0 1

(5.127)

(5.128)

S7HA) = (S(N)) ™! = (8jx)3x3 is the inverse of the scattering matrix S(\). Hence, the associated matrix

Riemann-Hilbert problem we desire to formulate for the coupled complex mKdV system (5.90) is defined
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by the relations (5.127)-(5.128). The canonical normalization condition for this RHP is determined from

(5.117) and (5.125) as
PE(z,\) — 1, A e Ct 5 . (5.129)
To complete the direct scattering transform, the time evolution of the scattering data
{812(N), 313(\), 821 (N), 831 (\), A € Ry Agy Agey v, U, 1 < k < N, (5.130)
has to be determined.

PROPOSITION 5.6. The scattering coefficients s12(\), s13(\), s21(A), s31(A) are time dependent while all

other scattering coefficients are time independent.
Proof. Recall Eq.(5.110)
Yv_E=v¢y,FES, MeR (5.131)

Since 14+ satisfies Eq.(5.100b), then multiplying Eq.(5.100b) by E we find that ¢)_ F, that is, ¢4 E/S also
complies with the temporal equation (5.100b).

Substituting 14 .S into Eq.(5.100b) leads to
¥+ BS); = Q1 ES) +iN’[A, . BS). (5.132)

By Taking the limit of the above equation as z — oo, and utilizing the asymptotic condition (5.102) for

1 in addition to the vanishing condition QQ — 0 as  — =00, we obtain
Sy = iX3[A, S]. (5.133)
This equation leads to

s12(A\, 1) = s12(), 0)2A% s13(\, £) = s13(X, 0)e2iA°
(5.134)

so1(M 1) = s91(A, 0)e™ 22 551 (A1) = s31(\, 0)e2NE,

and all other scattering coefficients are time independent. g
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5.5.2 N-Soliton Solutions of the Coupled Complex Modified-KdV System

In this section, we analyze the solution for the Riemann-Hilbert problem with zeros. As mentioned in
Section 5.3, the solution to the non-regular Riemann-Hilbert problem (5.127) is not unique except if we
specify the zeros of det P in the upper half of the A-plane and det P~ in the lower half of the A-plane and
find the structures of ker P* at these zeros.

Based on the definition of P, Eq.(5.114), Eq.(5.123) and the scattering relation(5.110), we have
det PT(\) = s11()), det P7(\) = s22(\)s33()\) — 523(N\)s32(N), (5.135)
and since det S = 1, we get
det PT(\) = s11()\), det P~(\) = 311()). (5.136)

The number of zeros for det P and det P~ should be the same, or otherwise the associated Riemann-
Hilbert problem is not solvable. Hence, let N be a natural number and assume that s;; has IV simple zeros
{\ € CT,1 <k < N}, and 311 has N simple zeros {5% € C7,1 < k < N}. Then each of ker P*(\y)
(ker P~ (;\k)) contains only a single column vector vy, (row vector vy), respectively,

PT(\)ve =0, 9P~ (M) =0, 1<k<N. (5.137)

The Riemann-Hilbert problem (5.127) with the canonical normalization condition (5.129) and the zero
structure (5.137) can be solved using Theorem 5.4 and hence the potential P can be reconstructed as
follows. By expanding P in the way that
1
A

1

P+(I‘,)\):I—|— )\2)7

P} (z) + O( A = oo, (5.138)

and substituting this expansion into Eq.(5.100a) (noting that P is a solution to this equation), and com-

paring terms of the same order in A~!, we observe that
P = —i[A, P/, (5.139)

Consequently, the potential matrix P can be presented by

0 2(P )12 2(P )13
P=—[AP]=|-2P1)y 0 o |, (5.140)
—2(P}H)s1 0 0

where P;" = ((P;")j1)3x3. This implies that the potentials p; and ps can be obtained by
p1=2(P )12, p2=2(P ). (5.141)
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The Symmetry Properties

Notice that the potential matrix

0 P1 P2
P=|5p—3ipp 0 0], (5.142)
3ipr +2p2 0 0

has the following symmetry property
Pt = _BPB™!, (5.143)

where the superscript ” 1" refers to the Hermitian conjugate, and the anti-Hermitian matrix B is given by

1 0 0
B=10 2 3if- (5.144)
0 =3i 5

The following proposition shows the symmetry properties of the scattering matrix S(A) and the matrix

solution 4.
PROPOSITION 5.7. Zeros of det P and det P~ satisfy the symmetry property

Me = Mg, 1<k<N, (5.145)
and vectors in ker Pt (\) and ker P~ (),) have the involution relation

or=vlB, 1<k<N, (5.146)

Proof. First we find the involution property of the matrix function ¥4..

Taking the Hermitian conjugate of Eq.(5.100a), we have
(WEN)a = —iALA), Al - w1V PT. (5.147)
Then multiplying Eq.(5.147) by B from the right and utilizing the symmetry property (5.143), gives
(¢L (N B)e = —iAwL (V) B, A] - L (V) BP, (5.148)

this means that ¢:rt (A)B is a matrix solution for the adjoint equation (5.119).
Noting that 1/ " (\) is also a matrix solution of Eq.(5.119), this implies that wl(f\)B and ¥ (\) must
be linearly related, say, @ZJL(X)B = O3 (), where the matrix C' does not depend on x. Through the
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boundary conditions (5.102) of 11 (), we conclude that C' = B. Thus, the involution property illustrated

as follows
YL\ = By;'(\B, (5.149)

is satisfied by the matrix solutions v+, where \ denotes the complex conjugate of .

Second, it follows from the scattering relation (5.110) that S satisfies
ST(A) = BS™Y(\)B™!, (5.150)
which gives rise to the following relation
s11(A) = 511 (). (5.151)
Hence, we have
A=A, 1< k<N (5.152)

Finally, the involution property of P* comes from the above property in addition to Eqs(5.114) and
(5.123) as

(PHT(\) = BP~(\)B™L. (5.153)

The symmetry properties (5.146) for the vectors vy, and v, is obtained by taking the Hermitian conjugate

of the left equation in (5.40) and using the properties (5.145) and (5.153) to attain
vIBP~(\) =0, 1<k<N. (5.154)
As a result of comparing the above equation with the second equation in (5.137), one obtain
or=vlB, 1<k<N. (5.155)

0

The Spatial and Temporal Evolutions

Now we determine the spatial and temporal evolutions for the kernel vectors (vg,0;), (1 < k < N) as
follows. Differentiate the first equation in (5.137) with respect to  and note that P satisfies Eq.(5.100a),
we have

d
P*()\k,x)<£ - i)\kAvk) —0, 1<k<AN. (5.156)
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dvy
dx
multiple of v. With out loss of generality, we may assume that

This means that foreach ¥ = 1... N, — iAAvy is in the kernel of P*(\;) and so is a constant

d
% — i\pAvp, 1<k <N. (5.157)
X

On the other hand, we take the ¢-derivative of P (\;)v, = 0 and utilize Eq.(5.100b) to get
duy,
== —iXAv,, 1<k<N. (5.158)

By solving the two equations above, we reach
(1) = MATHNRAL, ] < k<N, (5.159)

where each v, g = vg(z = 0,t), 1 < k < N, is an arbitrary constant column vector. Adopting similar

arguments for vj, one attains
b, t) = D e MATTINA ] < B < N (5.160)

where each vy, o = U;(x = 0,t), 1 < k < N, is an arbitrary constant row. From the involution property of

the vector 0 (x, t) (5.146), it follows that

g, t) = vf je AT < | < N (5.161)

N-Soliton Solutions

In order to generate N-soliton solutions we take the jump matrix G to be the identity matrix I in the
Riemann-Hilbert problem (5.127). In this case, the scattering data (s21, S31, $12, S13) are all zeros, and the
corresponding scattering equation (5.100) is called reflectionless. This special Riemann-Hilbert problem

has the unique solution given by Theorem 5.4 as

(M0
Pry=1-Y" W (5.162)
G k=1 Ak
and
Mfl
A =T+ Z Gl - J’““’“ (5.163)
7,k=1 J

where the matrix M = (M. jk) ~Nx N and its entries My are given by Eq.(5.44).

From the expansion of P (5.138), we see that

N
P (z,t) ==Y oj(M )4 (5.164)
Jik=1
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Using the symmetry property (5.145) and the involution property (5.146), we see that Pl+ (x,t) satisfies

(P = -BP B

(5.165)

Therefore, through the reconstruction formula (5.141) we obtain the N-soliton solutions to the coupled

complex mKdV system (5.90):

-

p1=2(P )12 =2 vja (M1 502,

i

J.k=1

v

p2 =2(P; )13 = —2 v (M) 10 3,

i

J.k=1

(5.166)

(5.167)

where the vectors vy, = (g1, V.2, Vk,3)" and O = (O 1, Ok,2, Uk 3), 1 < k < N, are given by (5.159) and

(5.161), respectively.
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