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Abstract

Szemerédi’s Regularity Lemma [32, 33] is an important tool in combinatorics, with numerous appli-
cations in combinatorial number theory, discrete geometry, extremal graph theory, and theoretical
computer science.

The Regularity Lemma hinges on the following concepts. Let G = (V, E) be a graph and let
) # X,Y C V be a pair of disjoint vertex subsets. We define the density of the pair (X,Y) by
de(X,Y) = |E[X,Y]|/(]X]||Y]) where E[X, Y] denotes the set of edges {z,y} € F withz € X
and y € Y. We say the pair (X,Y") is e-regular if all subsets X’ C X and Y’ C Y satisfying
| X'| > e|X| and |Y'| > ¢|Y| also satisty |dg(X",Y') — da(X,Y)| < e.

The Regularity Lemma states that, for all € > 0, all large n-vertex graphs G = (V, E) admit
a partition V' = V3 U --- U V,, where ¢t = t(¢) depends on & but not on n, so that all but et?
pairs (V;,V;), 1 < i < j < t, are e-regular. While Szemerédi’s original proof demonstrates the
existence of such a partition, it gave no method for (efficiently) constructing such partitions. Alon,
Duke, Lefmann, Rodl, and Yuster [1, 2] showed that such partitions can be constructed in time
O(M (n)), where M (n) is the time needed to multiply two n x n {0, 1}-matrices over the integers.
Kohayakawa, Rodl, and Thoma [17, 18] improved this time to O(n?).

The Regularity Lemma can be extended to k-uniform hypergraphs, as can algorithmic for-
mulations thereof. The most straightforward of these extends the concepts above to k-uniform
hypergraphs H = (V, E) in a nearly verbatim way. Let ) # X;,..., X, C V be pairwise
disjoint subsets, and let E[X7, ..., X}| denote the set of k-tuples {x1,...,xx} € F satisfying

1 € X1,..., 25 € Xj. We define the density of (X1, ..., Xj) as

v



|E[Xq, ..., Xkl
dy( Xy, ..., Xk) =

We say that (X7, ..., X}) is e-regular if all subsets X! C X, 1 < ¢ < k, satisfying | X]| > | X}|
also satisfy

|di (X1, .- Xp) — du (X, .. Xp)| <.

With these concepts, Szemeredi’s original proof can be applied to give that, for all integers & > 2
and for all ¢ > 0, all n-vertex k-uniform hypergraphs # = (V, F') admit a partition V' = V; U
-+~ UV, where t = t(k, ¢) is independent of n, so that all but et* many k-tuples (V;,, ..., V;,) are
e-regular, where 1 < 4; < --- < 4 < t. Czygrinow and R&dl [4] gave an algorithm for such a
regularity lemma, which in the context above, runs in time O(n?*~!log® n).

In this dissertation, we consider regularity lemmas for 3-uniform hypergraphs. In this setting,
our first main result improves the algorithm of Czygrinow and Rddl to run in time O(n?), which
is optimal in its order of magnitude. Our second main result shows that this algorithm gives a
stronger notion of regularity than what is described above, where this stronger notion is described
in the course of this dissertation. Finally, we discuss some ongoing applications of our constructive

regularity lemmas to some classical algorithmic hypergraph problems.



Chapter 1

Introduction

Szemerédi’s Regularity Lemma [32, 33] is an important tool in combinatorics, with numerous ap-
plications in combinatorial number theory, discrete geometry, extremal graph theory, and theoret-
ical computer science. (While we describe a few such applications in this Introduction, we refer
the Reader to the well-cited surveys [19, 20], or the graduate texts [3, 5, 34], for more applica-
tions.) The regularity lemma, as well as the main results of this dissertation, belong to the use and
development of quasirandom techniques in combinatorics, pioneered by Endre Szemerédi, who
devised his regularity lemma in the course of establishing his celebrated Density Theorem, which

confirmed a long-standing conjecture of Erdds and Turan [7] from 1936.

Theorem 1.0.1 (Szemerédi Density Theorem). For all 6 > 0 and integers k € N, there exists an
integer ng = no(0, k) € N so that the following holds. Let n > ng and let A = A,, C [n] =

{1,...,n} be a subset with no arithmetic progression of length k. Then |A| < in.

Since this origin, the regularity lemma emerged to be an important tool for a wealth of combinato-
rial results, and for his work with the regularity lemma, Density Theorem, and many other career
accomplishments, Szemerédi was awarded the Abel Prize in 2012.

Roughly speaking, the regularity lemma guarantees that all large graphs G = (V, E) can be
partitioned into a constant number of ‘random-like’ bipartite subgraphs. To make these notions
precise, fix a graph G = (V, E), and fix disjoint subsets ) # X, Y C V. Let E[X,Y] = Eg[X,Y]
denote the set of edges {x,y} € F'withz € X andy € Y, and let KX, Y| denote all pairs {z, y},
not necessarily in £, where z € X and y € Y. We define the density of (X,Y) as

[EX Y] EX Y|

AXY) = delXY) = R v = Y]
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For € > 0, the pair (X, Y) is said to be e-regular whenever, for all X’ C X with | X'| > ¢|X| and
forall Y C Y with |Y'| > ¢|Y], we have

d(X',Y") — d(X,Y)| < e. (1.1)

Moreover, we say that (X, Y) is (d, €)-regular, for some d > 0, if we can replace d(X,Y") in (1.1)
by d. When (1.1) fails to hold for some pair of subsets X’ C X with | X'| > ¢|X|and Y’ C Y
with |Y’| > €|V’

, then we say that (X,Y) is e-irregular, and that (X',Y”) is a witness to the

e-irregularity of (X, Y).

X e e e e e e e e e N
Y o e e e e e e e e y CEEEY S =
Figure 1.: K[X,Y] has density 0 Figure 2.: K[X,Y] has density 1
and is e-regular Ve > 0. and is e-regular Ve > 0.

X ...........

Y ..........

Figure 3.: Ve > 0, w.h.p., as | X|, |Y]| = oo, G[X,Y; 5]

has density % =+ ¢ and is e-regular.

Note that (1.1) ensures that the edges E[X, Y] are evenly distributed in portions of density near
d = d(X,Y) among all suitably large subsets X’ C X and Y’ C Y. Uniform edge-distribution
is a property shared by the binomial random bipartite graph G(X, Y’; d) of edge-density d, which
independently includes each pair {z,y} as an edge, for each x € X and y € Y, with probability

d. Indeed, elementary probability establishes that

E[|Ee[X",Y"][] = d|X"||Y7],

2



and so by the Chernoff inequality [16],

P[|Ec[X" Y| # 1 £ e)d|X|[Y']] < 2exp{ — 3ed|X"||Y"]}
< 2exp{ — L’d|X||Y|} (1.2)

when | X'| > ¢|X| and |Y’| > ¢|Y|. Since there are at most 21X+ subsets X’ C X and Y’ C Y,
we conclude from (1.2) that with probability 1 — o(1), where o(1) — 0 as |X|, Y| — oo, all of
them satisfying | X'| > ¢|X| and |Y”| > €|Y| also satisfy |dg (X', Y’) — d| < e.

We now state the regularity lemma precisely.
Theorem 1.0.2 (Szemerédi’s regularity lemma). For all € > 0 and integers ty € N, there exist
integers Ty = Ty(e,to) and Ny = No(e,1o) so that every graph G = (V,E) onn = |[V| > Ny

many vertices admits a partition V = ViU ... UV, with t, < t < Ty, satisfying that

(i) V =ViU...UV; is t-equitable: |V;| <--- <|V;| < V4| + 1;

(ii)) V. =V1U... UV, is e-regular: all but £t* of its pairs (V;, V), 1 < i < j < t, are e-regular.

Figure 4.: A ‘regular’ partition.

1.1 Applications of Theorem 1.0.2 and the Counting Lemma

Many applications of Theorem 1.0.2 invoke a companion Counting Lemma, which in the context

of Theorem 1.0.2 estimates the number of subgraphs of G which are partite-isomorphic to a given

3



graph of a fixed isomorphism type. For this, it suffices to establish such a result for cliques of fixed

size.

Lemma 1.1.1. For all integers { > 2 and dy, 0 € (0, 1], there exist ¢ = £({,dy,6) € (0,1] and
mo = mo({, do, 0) € N so that the following holds. Let F' = (U, E(F’)) be an (-partite graph with
vertex (-partition U = U U . . . UU, satisfying

(i) m < |U;| <m+1foralll <i</{ where m > my,
(ii) all pairs (U;,U;), 1 <i < j <, are (d;j, €)-regular with d;; > d.
Then, the number of copies of K, in F is within the interval (1 4 §)m* [Ticicj<edij-

In the context of Lemma 1.1.1, note that the number of cliques /K, in F' coincides with the ex-
pected such number in the corresponding random /¢-partite environment. Indeed, with the partition
UyU. .. UU, of Lemma 1.1.1, consider the binomial random (-partite graph F = G[U1, ..., Uy; cf]
where d = (dij : 1 <i< j</)isasequence whereby for each 1 < i < j </, F independently
includes each pair {u;, u; } as an edge, for each u; € U and u; € U;, with probability d;; € (0, 1].

Let X, = X;(F) be the random variable counting the number of cliques K, in F. Elementary

probability establishes that

E[Xg =#{K, C ]FH =m' H dij,

1<i<j<t

and (more tediously) that Var[X,] = O(m?*~1). The Chebyshev inequality [16] therefore ensures

that

P[X, # (1£0)E[X/]] =0 (\Ig;r[[)étj]) =o(1) — 0,

as m — oo, which Lemma 1.1.1 assimilates.

In the context of Theorem 1.0.2 and Lemma 1.1.1, the graph F' would take the form of a subgraph
G|Vi,,...,V;,] induced on the (sub)partition V;,U...UV;,, for some 1 < i; < --- < i, < t. Since
Theorem 1.0.2 guarantees that at most £t pairs (V}, V;), 1 <1 < j <t, can be e-irregular, simple

double-counting ensures that at most ett many (-tuples (V;,,...,V;,), 1 <i; <--- <i, <t can

host an e-irregular pair (V;.,V;, ), where 4; < i; < i, < i,. Consider the typical case when all

37
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(5) such pairs are e-regular. When some pair (Vij, Vi), i1 < i; < i < i, has density below dy,

then F' = G[V;,, ..., V;,] hosts fewer than dym’ cliques K, which is negligible when d, is small.
Otherwise, when all pairs (V;, V;,), i1 < i; < i < iy, have density above dy, Lemma 1.1.1 allows
us to closely estimate the number of cliques Ky in F' = G[V;,, ..., V;,], which from the discussion

above assimilates the random case.

Applications of Theorem 1.0.2 with Lemma 1.1.1

While there are numerous applications of Theorem 1.0.2 with Lemma 1.1.1, we focus on the first

such, and perhaps the most striking, which is due to Ruzsa and Szemerédi [31].

Theorem 1.1.2 (Triangle removal lemma). For all 6 > 0, there exist ¢ = c¢(0) > 0 and integer
no = no(d) € N so that every graph G = (V, E) on |V| = n > ng many vertices which contains

at most cn® triangles admits a triangle free subgraph H C G where |E'\ E(H)| < n?.

Theorem 1.1.2 is easy to prove from Theorem 1.0.2 and Lemma 1.1.1.

Proof of Theorem 1.1.2 (Ruzsa and Szemerédi). Let 6 > 0 be given. To define the promised con-
stant ¢ = ¢(d) > 0, we define several auxiliary constants in terms of Lemma 1.1.1 and Theo-

rem 1.0.2. To that end, set dy = (1/6)d and 6 = 1/2. With ¢ = 3, let
ELem.1.1.1 = ELem1.1.1 (€ = 3, do = (1/6)d, 0 = 1/2)

be the constant guaranteed by Lemma 1.1.1. Let ¢, € N be an integer satisfying

e l = min 15 €
t() 6 s ©Lem.1.1.1 .

With e = 1/ty above, let Ty = Tj(e, tg) € N be the integer constant guaranteed by Theorem 1.0.2.
Finally, we define ¢ = d3/(4T})?, which by the determinations above depends solely on the initial
constant 6 > 0.

Let G = (V, E) be a large n-vertex graph hosting at most cn? triangles K3. With ¢ and ¢, above

(where € = 1/ty), we apply Theorem 1.0.2 to GG to obtain an e-regular and ¢-equitable partition

5



V=WVuU---UV,of G, where ty <t < Tj. Now, form the subgraph H C G by deleting all edges
of G which

(1) reside within any single V;, 1 <1 < ¢;
(ii) cross an e-irregular pair (V;, V;),1 <i < j <t;
(iii) cross a pair (V;, V) of density below dp, 1 <i < j <.

Then we have deleted at most

t(fnz/ﬂ) + e [2] (do ] ) < nt 4 2en 4 2

1 1 1
< t—nQ + 2en? 4 2dgn® = 3en® + 2dyn® = 5(5712 + §5n2 < on?
0

many edges to form the resulting graph H.
We claim that H is triangle-free. Indeed, assume for contradiction that {z,y, z} is a triangle
remaining in /. By the construction of H, there exist 1 <7, <1, <i, <tsothatz €V ,y €

V;,» and z € V;_, where each pair (V;,,V; ), (Vi,,Vi.), and (V;,,V;.) is e-regular with respective

density d;,;,, d;,i., di i, > do > 0. By Lemma 1.1.1, the subgraph ' = H[V; ,V; ,V; ] admits at
least s
n|3 n d3
1—edeHdHH>1—ed3 > 20 13 — ep
( ) xly ylz xzlz t i ( ) TO 4T3TL cn
many triangles, contradicting our hypothesis on G. [

At first sight, Theorem 1.1.2 seems innocuous: If G contains few triangles, surely one could
delete few edges from G to destroy them all. Whatever its appearance, there is nothing elemen-
tary about the removal lemma, and no proof of it is known which does not in some way employ
regularity and counting lemmas, as sketched above. (A version of this argument using a slightly
weaker form of a regularity lemma was recently given by Fox [8], which appeared in Annals of
Mathematics.) Moreover, Ruzsa and Szemerédi [31] artfully observed that Theorem 1.1.2 (which
itself is not elementary) provides an elementary proof of a famous result of Roth [30] (which is the

k = 3 case of Theorem 1.0.1).



Theorem 1.1.3 (Roth, 1956). Every subset A = A,, C [n] = {1,...,n} containing no 3-term

arithmetic progression (APs) satisfies |A| = o(n).

Proof of Theorem 1.1.3 (Ruzsa and Szemerédi). Indeed, let G = G4 = (XUYUZ, E) be the 3-
partite graph whose vertex set V' consists of the (formally) disjoint sets X = [n|, Y = [2n], and
Z = [3n], and whose edge set £ includes, for each x € X and a € A, all three edges of the triangle
re€ X,x+aeY,and x + 2a € Z. Then these are the only triangles of G, forif x € X,y € Y,

and z € Z, span a triangle, then
(i) {z,y} € Esincey = z + a for some a € A;
(i) {z,z} € F since z = x + 2d’ for some ¢’ € A;

(iii) {y,z} € Esincey = 2/ + a” and z = 2’ + 2a” for some z'inX and a” € A

"o, . .
so that a’ = % in which case @ = o/ = a” and = = 2/, lest (a,a’,a”) form an AP in A. Now,

Theorem 1.1.2 eliminates all n|A| < n? = o(|V|?) triangles of G by removing o(n?) of its edges.
Since each removed edge eliminates a single triangle, G has n|A| = o(n?) many triangles, and so

1A] = o(n). O

1.2 Algorithms for Theorem 1.0.2

Theorem 1.0.2 guarantees, for every graph G = (V, E), the existence of a regular partition
V = ViU...UV,. It does not, however, say how one could go about efficiently constructing
such a partition. Moreover, the original proof of the regularity lemma was non-constructive. Since
many applications employing Theorem 1.0.2 would admit constructive counterparts if the regu-
larity lemma were also constructive, it became of interest to find a constructive proof of Theo-
rem 1.0.2. Some 20 years after the original proof of the regularity lemma, a constructive version
of it was established by Alon, Duke, Lefmann, Rodl, and Yuster [1, 2]. They proved that a regular
partition V' = ViU . ..UV, of an n-vertex graph G = (V, E) can be constructed in time O(M (n)),
where M (n) = O(n*377) is the time needed to multiply two n x n matrices with {0, 1}-entries
over the integers (see [35]). Kohayakawa, R6dl, and Thoma [17, 18] improved this time to the best

possible order of magnitude O(n?).



Theorem 1.2.1 (Algorithmic Szemerédi Regularity Lemma, [17, 18]). There exists an algorithm
Aeg which, for all ¢ > 0 and integers t, € N, determines an integer T, = Ty(e,to) and
constructs, for every given n-vertex graph G = (V, E), an e-regular and t-equitable partition

V =WVU... UV, where tq < t < Ty, in time O(n?).

We next consider a straightforward application of Theorem 1.2.1 (with Lemma 1.1.1), taken

from [6].

An easy application of Theorem 1.2.1

Consider the problem of enumerating the cliques K, of a given n-vertex graph G = (V, E)). For
example, take ¢ = 3, where we wish to enumerate the triangles K3 of a given n-vertex graph G =
(V, E). The naive algorithm would enumerate these in time O(n?), but fast-matrix multiplication
would do so much more quickly. Indeed, set A = [a,.]uvev to be the adjacency matrix of G,
and set B = [by,]uvev = A% Then G admits precisely (1/3) > (uw}er buv Many triangles, where
B can be computed in time O(M(n)) = O(n*3™7) above. Nesétfil and Poljak [27] extended
this approach to enumerate copies of any fixed clique K, of a given n-vertex graph G = (V, F),
where for simplicity in what follows we consider / = 99. They used fast-matrix multiplication to
enumerate the cliques Kgg of an n-vertex graph G = (V, E) in time O((M (n)3?). This running
time is not worse than O(n"), but not guaranteed to be much better. By using Theorem 1.2.1 and
Lemma 1.1.1, one can estimate the number of cliques Kg9 of G, up to an additive error of 0(n99),
in optimal time O(n?). We shall sketch this approach by following the ideas of the proof given for
Theorem 1.1.2.

Let 6 > 0 be fixed. Using similar choices to those given for Theorem 1.1.2, we select suitably
small constants

1
(5>>d0,¢9>><“5:t—>O7 (1.3)
0

where tp € N. Let G = (V,E) be a large n-vertex graph. With ¢ > 0 and t; € N fixed
above, we apply Theorem 1.2.1 to construct, in time O(n?), an e-regular and ¢-equitable partition
V =1U...UV, of G, where to <t < Ty = Ty(e, to). Now, for each 1 < i < j < ¢, we greedily
compute the density dg(V;,V;) = |E[Vi, V;]|/([Vil|V;]) in time O((n/t)?), and we do so over all

8



(;) many such pairs. We return the estimate

#{Kgy C G} ~ (%)99 > I devi.vi) (1.4)

1< <+ <ig9 <t 1<a<b<99

for the number of cliques Koy in G, and we argue that (1.4) is within én"? of being correct.

First, the estimate in (1.4) ignores copies of K99 having an edge entirely within a single V/,
1 <1 < t. However, the number of such copies is at most
t 2 2 (1.3)
" [n/t] T < Ip® < L9 L 5n99, (1.5)
2 t 0
and so these contribute negligibly to the tolerated error. Second, the estimate in (1.4) likely mis-

counts copies of Kog crossing a 99-tuple (V3,,..., Vi), 1 <y < -+ < ig9 < t, where some pair

(Vies Viy)s 1 < a < b <99, is e-irregular. However, an e-regular partition admits at most £t such

99-tuples (Vi,, ..., Vigy)s 1 < iy < -+ <igg < t, which in turn can host at most
99 (1.3)
et* x {% <e(2n)? < on® (1.6)

many such copies of K9, again contributing negligibly to the tolerated error. Third, the estimate
in (1.4) likely miscounts copies of Kogg crossing a 99-tuple (Vi,,...,V,), 1 <i3 < -+ < igg < t,

where some pair (V;,,V;,), 1 < a < b < 99, has density ds(V;,,Vi,) < do. By definition, each

a)

such 99-tuple can host at most dy[n/t]%? many crossing copies of Kg9, and so all such 99-tuples
can host at most

99 (1.3)
1 % dy m < do(20)® <& 61 (1.7)

many such copies of K9, again contributing negligibly to the tolerated error. Altogether, (1.5)—
(1.7) combine to say that all but some (J/2)n" many copies of Kgg cross 99-tuples (V4,, ..., Vi),
Vi

1 <4y < -+ <igyg < t, where all pairs (V;,,V;,), 1 < a <b<99,are (dz(V;,,V;,), €)-regular.

a’?

These environments precisely match the hypothesis of Lemma 1.1.1, which guarantees that each

9



such 99-tuple (Vi,,...,Viy), 1 <y < -+ < igg < t, hosts within

n 99
a0 (5) I dolvi.vi).
1<a<b<99
many copies of Kgg. These errors 0(n/t)%, over all such 99-tuples (Vy,,..., Vi), 1 <ip < -+ <
199 < t, total only
99 ny % 99 (13) ¢ g9
t X@(;) < On” < on’,

which completes the proof.

1.3 Hypergraphs and regularity

In light of the many applications of the Szemerédi Regularity Lemma, a natural question one may
ask is whether or not it extends to hypergraphs. For this, one would wish to prove a hypergraph
regularity lemma which would be strong enough to guarantee a corresponding counting lemma,
but still weak enough to apply to all (large) hypergraphs. This problem proved to be challenging.
A hypergraph H = (V, E) is an ordered pair where V is a (finite) set, and where £ C 2" is a
collection of subsets from V. We say that H is a k-uniform hypergraph, or k-graph for short, when
E C (‘g) is a family of k-element subsets of V. (Thus, a graph G = (V, F) is a 2-graph.) One
may naturally extend the concepts of 2-graph density and regularity to the following notions for
k-graphs. For disjoint subsets ) # X,..., X}, C V, we define E[ X, ..., Xi] = By[X1, ..., X}
to be the set of k-tuples {z1,...,2;} € E with x; € X;, for 1 < ¢ < k and further define
K[Xi,..., X to be the set of all k-tuples 1, ..., xx, not necessarily in F, where z; € X; for

1 <4 < k. We write

BlX., ... X)X X))

dyp(Xq,. .., Xg) =

for the density of (Xi,...,X}). For e > 0, we say that (X,..., Xy) is e-regular if, for all

X] C X; with | X]| > ¢]| X;|, 1 <i <k, we have

|y (X1, ..., X)) — dy(Xa, ..., Xi)| <e. (1.8)

10



We say that (X1, ..., X}) is (d, €)-regular when, in (1.8), we can replace dy(X1,..., X)) by d.
Using the original proof of Szemerédi for graphs nearly verbatim, one may prove an e-regularity
lemma for k-uniform hypergraphs (see, e.g. [10]). However, e-regularity for k-uniform hyper-

graphs, when k£ > 3, is not strong enough to admit a corresponding counting lemma, as we now

sketch when £ = 3.

Example 1 (Dense and regular but cliqueless hypergraphs, B. Nagle). Let € > 0 be given, and let
p ~ 0.68... be the real root of f(x) = 23 + x — 1. Let n = |V/| be a large integer divisible by 4,
and let V = V,UV,UV3UV] be an equipartition of V. There exists a 4-partite 3-uniform hypergraph
H = (V, E) with vertex partition V;UV,UV3UV, which satisfies

(i) foreach 1 <i < j <k <4, (V;,V;, Vi) is (p, €)-regular;

(3)

(1) H has no cliques K™, i.e. complete 3-uniform sub-hypergraphs on four vertices.

Proof (sketch) of Example 1. Fix ¢ > 0 and let p, n, and V = V,;UV,UV3UV, be given as in the hy-
pothesis of Example 1. The desired hypergraph H will be a suitable instance of the following ran-
domly constructed hypergraph H constructed as follows. For each 2 < i < j < 4,let G(V;, V}; p)
be the binomial random subgraph with edge-density p. For each (vq,v;,v;) € Vi x V; XV}, include
{vi,v;,v;} € E(H) if, and only if, {v;,v;} € E(G(V;,V}; p)). For each (v, vs, vg4) € Vo x Va3 XV,
include {vy, vs,v4} € E(H) if, and only if, {va, vs, v4} is not a triangle (K3) of

G(Va, Vs; p)UG(V3, Vi; p)UG(Va, Vi p). (1.9)

With certainty, the hypergraph H so constructed admits no copies of the clique K. f’) (see Figure 5).

Extending the details of (1.2), the Chernoff inequality guarantees that, with probability 1 —o(1),
where o(1) — 0 as n — oo, each of (V1, V3, V3), (V4, Vs, Vi), and (V4, Vo, Vy) is (p, o(1))-regular,
and hence, is (p, e)-regular. Similar details with Janson’s inequality show that with probability

1 —o(1), all sizable subsets V; C V5, Vi C V3, V] C V,, span
(1 0(1))p*|V3|IV51IV4]

many triangles in (1.9). Thus, (V3, V3, V4) is (1 — p3, o(1))-regular, where 1 — p? = p. Since all the
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U1 (% U1 (%

s )
° ° o— o
J ~/
(W) V3 (W) U3 (W) U3
(@) {v2,v3,v4} € H (b) {v2,v3,v4} € H (©) {v2,v3, 04} € H

U1 U2

V4 U3

(d) {v2,v3,v4} ¢ H

Figure 5.: H cannot have a K ig)

desired properties of Example 1 hold for H with high (and hence positive) probability, there exists

an instance H of H as desired in Example 1. [

Strong hypergraph regularity

In light of Example 1, e-regularity for k-graphs H is often referred to as weak regularity, because it
does not admit a corresponding counting lemma. Over the years, strong hypergraph regularity and
counting lemmas were, nonetheless, established, although they are quite technical in nature and we
do not present them here. (Roughly speaking, these tools regularize, i.e. uniformly distribute, in a
sparse way, a k-graph 7 = (V, E) with respect to the underlying set of (k — 1)-tuples ( k‘:l), which
are in turn regularized with respect to the underlying set of (k — 2)-tuples ( k‘—/2) , and so on.) Frankl
and Rodl [9] pioneered these efforts for £ = 3 by proving a strong 3-uniform hypergraph regularity
lemma, where Nagle and Rodl [23] proved a corresponding 3-uniform hypergraph counting lemma.
These tools were later extended to k-uniform hypergraphs, for k£ > 3, by W.T. Gowers [11, 12] and
by Nagle, Rodl, Schacht, and Skokan [24, 29]. These works prove a hypergraph removal lemma

extending that of Theorem 1.1.2, and give quantitative proofs of the d-dimensional analogue of

12



Szemerédi’s Density Theorem, among others. An algorithmic version of the strong hypergraph
regularity lemma was recently established by Nagle, Rédl, and Schacht [25, 26], whereby a strong
regular partition of an n-vertex k-graph H = (V, E) is constructed in time O(n3*) (see also [14,

15]).

1.4 Main results of this dissertation

While an e-regularity lemma for &-uniform hypergraphs is straightforward to prove, it is not easy to
prove a constructive such version. Such an algorithm was established by Czygrinow and Rodl [4],

and serves to inspire much of the work of this dissertation.

Theorem 1.4.1 (algorithmic weak regularity lemma). There exists an algorithm A,k which, for
all e > 0, for all integers k > 2, and for all integers to > 1, determines an integer Ty = To(e, k, to)
and constructs, for every given n-vertex k-graph H = (V, E), in time O(n**~'log® n), a partition

V =ViU.. .UV, with ty < t < Ty, satisfying that
1. V. =VU...UV, is t-equitable: |V;| < --- < |V}| < |V4| + 1,

2.V = WVU... .UV, is eregular: all but et* many (Vi,,...,V; ), 1 <ip < --- < i, < t, are

ik >~

e-regular.
Our first main result optimizes the running time of Theorem 1.4.1 in the case when k = 3.

Theorem 1.4.2 (Main Result I). There exists an algorithm Affe)ak which, for all € > 0 and for all
integers to > 1, determines an integer Ty = Ty(e,ty) and constructs, for every given n-vertex
3-graph H = (V, E), in time O(n?), an e-regular and t-equitable partition V = V,U . ..UV}, with

to <t <Tp.

To our knowledge, Theorem 1.4.2 is the first hypergraph regularity lemma which is guaranteed to
have runtime the best possible order of magnitude O(n?).

To prove Theorem 1.4.2, we actually prove a stronger result in upcoming Theorem 5.0.5, but
which is too technical to state in this introduction. To give a flavor of Theorem 5.0.5, we prove

a regularity lemma for 3-graphs # = (V, E') which provides a stronger notion of regularity than
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Theorems 1.4.1 and 1.4.2, and from which we derive Theorem 1.4.2 in a fairly standard way.
Recall that the result of Nagle, Rodl, and Schacht [25, 26] would give a strong regular partition of
a 3-graph H = (V, E) in time O(n?), which is too slow for our purposes. Our second main result
proves an algorithmic regularity lemma for 3-graphs H# = (V, E) which is weaker but much faster
than that of Nagle, Rodl, and Schacht [25, 26], but stronger and faster than that of Czygrinow and
Rodl [4]. We therefore call this result the Medium Regularity Lemma, which we informally state

below.

Theorem 1.4.3 (Main Result II). There exists an algorithm Ag’gd which, for every given n-vertex

3-graph H = (V, E), constructs in time O(n>) a ‘mediumly-regular’ partition of H.

For a precise statement of this result, see Theorem 5.0.5. We next turn to applications of our

work, which are in progress with T. Molla and B. Nagle.

Applications of our work

We consider two ongoing applications of the work in this dissertation, which are joint with T. Molla
and B. Nagle [22] Our first result is an application of Theorem 1.4.2, and our second result is an
application of Theorem 1.4.3.

Call a hypergraph H = (V, E) 2-colorable if there exists a partition V' = AUB where both A and
B meet every edge of H, and call such a partition V' = AUB a 2-coloring of H. Elementary graph
theory establishes that one may determine whether or not a graph G = (V, E) is 2-colorable in
time O(|V]), and when so, one may construct a 2-coloring V' = AUB in this same time. However,
as is well-known from the work of Lovasz [21], the same problem for 3-graphs is NP-complete.
Moreover, Guruswami, Hastad and Sudan [13] showed that it is NP-hard to properly color a 2-
colorable 4-graph H = (V| E) with any constant number of colors. (A proper coloring of H =
(V, E) is a coloring of V' leaving no edge of H monochromatic.)

A recent work of Person and Schacht [28] shows that one may 2-color an n-vertex 2-colorable 3-
graph H = (V, E) in average running time O(n” log” n). An important part of their proof employs
Theorem 1.4.1. In our current work with T. Molla [22], we use Theorem 1.4.2 to optimize their

running time.
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Theorem 1.4.4 (Molla, Nagle, Theado (in progress)). There exists an algorithm Ay, which, with
average running time O(n?), 2-colors an n-vertex 2-colorable 3-graph H = (V, E). In particular,
if H,, is a 2-colorable n-vertex 3-graph chosen uniformly at random among all 2-colorable 3-
graphs on vertex set {1,...,n}, then with probability 1 — o(1), where o(1) — 0 as n — oo, the

algorithm Ay, 2-colors H, in time O(n?).

Recall the earlier application of Theorem 1.0.2, whereby one estimates the frequency of a fixed
clique K, in a given n-vertex graph G = (V, E) up to an additive error of o(n*) and in time O(n?).
Using the strong hypergraph regularity algorithm of Nagle, Rodl, and Schacht [25, 26], one may
extend this algorithm to estimate the frequency of a fixed clique K ék) in a given n-vertex k-graph
H = (V, E) up to an additive error of o(n’) and in time O(n?*). It would be of interest to know
whether such an algorithm could run in optimal time O(n*), but the work in [25, 26] doesn’t give
it. While Theorem 1.4.3 is not strong enough to make an improvement here, it does provide an
improvement on a weaker problem.

Consider the 3-graph K’ ig) — e consisting of three triples on four points. We consider the problem
of estimating the frequency of K f’) — e in a given n-vertex k-graph H = (V, E'). If we could count
isomorphic copies of K f’) —einH = (V, E), or equivalently induced copies of K f) —ein H,
then we could also count copies of K f’) in H, which Theorem 1.4.3 won’t give. However, if we
only seek not-necessarily induced copies of K f’) — e in ‘H (meaning we can’t distinguish when
such a copy corresponds to K f’) —eor K f’)), then Theorem 1.4.3 can give this, which is ongoing

work with T. Molla and B. Nagle [22].

Theorem 1.4.5 (Molla, Nagle, Theado (in progress)). There exists an algorithm Ageq which, for
all > 0, estimates the not-necessarily induced frequency of K f’) — e in a given n-vertex 3-graph

H = (V, E) up to an additive error of dn* and in time O(n?).

1.5 Itinerary of Dissertation

In Chapter 2, we prove an algorithm, Ay, for sparse bipartite graphs L, which efficiently con-
firms whether L is suitably regular in one sense, or efficiently constructs witnesses of a significant

irregularity in another sense. These notations will be made precise in Chapter 2 where Ay

15



provides important underpinnings for future considerations.

In Chapter 3, we define several important graph and 3-graph concepts, including that of triads,
‘H-triads, and links, which provide the bedrock for all results in this dissertation. We also describe
ways in which these objects can be regular and discuss witnesses of irregularity when they are not.
These concepts form an analogue of the e-regular pair (V;, V) from Szemerédi’s regularity lemma
(Theorem 1.0.2).

In Chapter 4, we prove an algorithm Ay, which efficiently confirms when an H-triad is suitably
regular in one sense, or efficiently constructs witnesses of significant irregularity in another sense.
These notions will be made precise in Chapter 4, where Ay, may be considered the center of this
dissertation.

In Chapter 5, we use the results of our previous chapters to prove the algorithm A4 referenced
in Theorem 1.4.3, which is one of our main results. We reference A4 more precisely therein as
Amed = Alinkreg-

In Chapter 6, we prove a transference lemma which allows us to infer the notion of regularity in
Theorem 1.4.2 from that of Theorem 1.4.3.

Finally, in Chapter 7, we use this lemma to prove Theorem 1.4.2.
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Chapter 2
Sparse graphs

The goal of this chapter is to prove an algorithm A, for sparse bipartite graphs (2-graphs) L
which efficiently confirms whether L is suitably regular in one sense, or efficiently constructs wit-
nesses of a significant irregularity in another sense. In particular, and in the context of Szemerédi’s
regularity lemma (Theorem 1.0.2), when (A’, B’) is a witness of irregularity for (A, B), it is a sin-
gle such witness. Singular witnesses were sufficient for Szemerédi’s proof of his regularity lemma.
In this dissertation, we work with graphs and hypergraphs which are exceedingly sparse. As such,
our witnesses will often need to be simultaneous systems of » > 1 many objects. Frequently, r
will be a very large constant not depending on the size of the (hyper)graph. We now make these
notions precise.

To that purpose, let L = (AU B, E) be a bipartite graph with vertex bipartition V(L) = AU B.
For an integer r € N, let A = (Aq,...,A,)beasequence of subsets Ay, ..., A, C A. Then Alisan
element of the r-fold Cartesian product 24 x ... x 24 = (24)". Similarly, let B = (By, ..., B,) €
(2B)". We define

T
—

E[A B = E[A;, Bi]U...UE[A,, B,] = | | E[A;, B]
=1
to be the set of edges {a,b} € E for which there exists 1 < i < r such thata € A; and b € B;.

Similarly, we define

K[A B =| KA, By
i=1
to be the set of all pairs {a,b} € K[A, B] for which there exists 1 < ¢ < r such that a € A; and
b € B;. We say that the pair (/f, g) is pair-disjoint if for 1 < i < j < r, the edge sets K[A;, By,

K[A;, B;] are disjoint. Also, for ¢ > 0 we say that (A, B) is c-bounded if for each 1 < i,j < r
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—

where A;, B; # () we have |A;| > ¢|A| and |B;| > ¢|B|. Finally, we define the r-density d, (A, B)

by
o BIAB UL, ElA B
WAB) = B~ U KA, Bl

Definition 2.0.1. Let L = (AU B, E) be a bipartite graph, as above, and let d € [0,1], 6 > 0
and r € N be given. We say that L is (d, 8, r)-regular if for any A = (A1,..., A,) € (24)" and

—

B = (By,...,B,) € (2P)" satisfying

—

’KM’, 3]

> 0| KA, B]| = d]A||B], 2.1)

we have

—

d(1—6) < dy(A B) < d(1+9). 2.2)

Otherwise, we say that L is (d, 6, )-irregular and any pair of sequences (A, B) € (24)" x (2B)"
satisfying (2.1) but not (2.2) is called an r-witness of the (d, 0, r)-irregularity of L. Note that any
s-witness to the (d, ¢, s)-irregularity of L for 1 < s < r serves as an r-witness to the (d, d,7)-
irregularity of L as we may form an r-tuple from the s-tuple by adding empty sets and doing so

does not affect the density.

Lemma 2.0.2 (Agyuse). There exists an algorithm Ay s that for any § > 0, Ay determines
0. > 0 so that for any D € [0,1], Ayparse determines ¢ > 0 and r = r(6,0,, D) € N so that
the following holds: Let L = (AU B, E) be a bipartite graph of density d;,(A, B) = d > D on
n = |A|+|B| vertices where |A|, | B| = ©(n). Then in time O(n?), Agpue either confirms that L is
(d,8,1)-regular, or it constructs a c-bounded and pair-disjoint r-witness (A, B) € (24)" x (2B)"

of the (d, b, r)-irregularity of L.

2.1 The Algorithm A,y

Input: Let 6 > 0 be given. For convenience in upcoming considerations, define an auxiliary
constant &y by
52 do 52

dp = —=, and then define §, = —
22

T (2.3)
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Let D € [0, 1] be given. To define the promised integer r, we first define an auxiliary constant
e = Ddy. (2.4)
With € > 0 above and with ty = 1, let
To = To(e) (2.5)
be the constant guaranteed by Theorem 1.2.1. Set

1
¢= g andr = T3 (2.6)
0

Let L be a bipartite graph of density d (A, B) = d > D onn = |A| + |B| vertices, where
4], [Bl = ©(n).

Procedure: The algorithm A, proceeds along the following steps.

Step 1. (Apply Agzen) With e > 0 given in (2.4), and t, = 1, apply the algorithm Ag,.,, (see

Theorem 1.2.1) to the graph L to obtain in time O(n?), an e-regular ¢-equitable partition
A=AyUA .. UA,, B=ByUBU...UB,

where tg <t =1t; + 1ty <Tj.

Step 2. (Compute densities) For each (7, j) € [t1] X [t2], (greedily) compute the density dy (A;, B;)
in time O(|A4;||B;|). Repeating over all (i,7) € [t1] X [t2], the set of all densities d,(A;, B;) is
recorded in time

Y. O(AllBsl) = O(AlIB) = O(n®).

(i,5)€lt1] x[t2]
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Step 3. (Check uniformity of densities) Define

A™ ={(i,7) € [t1] x [ta] : dr.(A;, Bj) < d(1 — o)}
AT ={(i,7) € [ta] x [ta] : dL(A;, Bj) > d(1+ o)}
A = ([t] x [t2]) \ (AT UAT)

In time O(t,t3) = O(Ty) = O(1), decide among the following cases:
Case 1: |A| (1 — 2(50)t1t2,

Case 2: |A7| e 50t1t2,
Case3: |AT| > Optits,

v

V

While these cases are not necessarily mutually disjoint, at least one of the above cases holds since
‘A| + ’Ail + ’AJr’ - |A U Ai U A+| = tltg == (1 - 250)t1t2 + 50t1t2 + 50t1t2.

Output: If Ay, determines that Case 1 holds, then the algorithm will return that L is (d, 0, 1)-
regular. Otherwise, Apue Will report that L is not (d, d.., r)-regular and return an r-witness (ff, g)
Since either Case 2 or Case 3 hold, respectively either write A~ or AT as {(i1,71), .., ({p, Jp) }
and then use A = (A, ... , A;,) and B=(B,... , B;,) for the r-witness (recall (2.6)).

It is clear that Ay, terminates in time O(nQ), where this time is achieved in steps 1 and 2. It

remains to verify that the output is indeed correct and we do so by examining each of the cases in

Step 3.

2.2 Proof of Correctness

To prove the correctness of the algorithm Ay, We consider the cases determined in the above

procedure and verify that the corresponding output is indeed correct.
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2.2.1 Casel

Assume that |A| > (1 — 28,)t1t, and we show that L is (d, 8, 1)-regular. To that end, let A =
(A’) € 24 and B = (B') € 25 satisfy

—

|[K(A,B)| = |K[A', B| = |A'||B'| = §]A|| B| = 6| K[A, B]|.

We show

—

d(1—68) < dp(A B) < d(1+9), Q2.7)

where

—

|EL[.AT 5| _ |EL[A, B']| _ |EL[A, B
KA B8] KA, B |A'l|B'|
In particular, the proofs of the lower and upper bounds in (2.7) are very similar. For simplicity in

d (A, B) =

what follows, we prove the lower bound only.

Let A, =ANA;for0<i<t andB}:B/ﬂijorogj < {5. Define

Avwe = {(4,7) € A : (A;, Bj) is e-regular} ,
Avig = {(i,5) € A : |A]| > ¢|A;| and | B}| > ¢|B;|},
Agood = Areg N Abig- (28)

Since Aggoa C A C [t1] x [to] we have

EJA B = | EALBI = Y |E[AL B (2.9)
82‘;%? (iaj)EAgood
>J>t2

Fix (i,7) € Agood = A N Areg N Apig. Then the following hold:

(i) Since (i,j) € Avig, we have that | A > €[ A;| and | B;

(ii) Since (7,7) € A, we have that (A;, B;) is e-regular;
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(iii) Since (7, j) € A, we have that d(1 — &y) < di(A4;, Bj) < d(1+ dp).

From (ii) we get |d (A}, B}) — dr(A;, B;)| < € so that by (iii),

|EL[A; Bill

|AL|| B = dL(A;aB}) > dp (A, Bj) —e >d(1—d) —¢
il

and hence from this and (2.9),

[EL[AL B > (d(1—6) —¢) > |AJ||B). (2.10)

(ivj)EAgood

Now we look at | A’|| B’|, observing that

|A'||B'| = |K =| |J KALB)| <Ton+ > |4B)
0<i<ty (4,9)€[t1] x [t2]
0<j<t2

follows from |Ay U By| = t < Ty = O(1). Recalling the partition A UA~ UA™ (cf. Step 3), we

See

[ANB[<Om)+ Y |ABI+ Y AB]

(i,7)EA-UAT (3,7)EA
<OMm)+ > JAlBI+ Y 4B
(1,J)EA-UAT (i,5)eA

< O(n)+ |[ATUAT| {‘A’J {'B‘J Z |A’|| Bl].

Since |A| > (1 — 20¢)t1te, we have |[A™ U AT| < 20t1t2, and so

|A'||B'] < O(n) + 25| A||lB| + > |Al|B]l. (2.11)
(3,7)EA
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Now define

Aireg = A\ Areg = {(4,7) € A1 (A;, By) is e-irregular} ,
Agmant = A\ Apig = {(i,j) € A: |Al <elA;] and |B§\ < 5\Bj]} ,
Abad =A \ Agood = Airreg U AsmaLll-

We have
DolAB = Y AB+ Y [AllBj
(i,j)EA (i:j)eAgood (i:j)eAbad
< D ABI+ YL A+ D 1Al
(ivj)eAgood (ivj)EAirreg (17]) EAsmall
Al | 18]
< 18wl [ S| 24 S im0 1auim
! 2 (i»j)eAsma]I (i,j)EAgmd

By the application of Ag,.,, we have that |Airreg| < etyty. Moreover, for each (i,j) € Agpan it
follows (by definition of Agyan) that |A}||Bj| < e|A;|| B;| where [Agpan| < t1t2. Thus,

> lANB <2e|ABI+ Y |AIB)- (2.12)

(ivj)eA (ivj)eAgood

Combining (2.11) and (2.12), we see

[A'[|B| < O(n) +260| Al| B| + 2| Al|Bl + ) |AlllB]]

(i’j)eAgood
<56[A|IBl+ > |AB) (2.13)
(iaj)eAgood
where we used ¢ < dp in (2.4) and O(n) = o(|A|| B|) (since |A|+|B| = n, where |A|, | B| = O(n)).
Comparing (2.10) and (2.13), we see that

|EL[A, B']| S (d(1 = do) —¢) Z(i,j)eA
[ANBY 500l AllBl + 2 jrea

| Ajl| BS] 1
— — 5 —
0) 6) 1+ =z

good

/ / - (d(
| Al B}

Y
good
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where

s Bl em oAy A
S peana ANE] = " TATE = S8 JAB] = SJAIB| ~ 56 Al

< 500

~ 0 — 50

where we used the hypothesis that | A’|| B’| > §|A|| B|. Therefore,

E A, B 1
— = > (d(1—=46y) — ) ———
Ay = =) )1+%

as desired.

2.2.2 Cases2and3

The proofs of correctness for each of cases 2 and 3 are identical, so we focus only on Case 2. To

that end, assume
p=|AT] > dotits, (2.14)

where A~ = {(i1,j1), ..., (ip,jp)} and A = (Ai,...,A;) and B = (Biy,...,B;,). Since
p < tity < TZ = r (cf. (2.6)), the sequences A and B can be viewed as r-tuples with possibly
empty coordinates. Clearly, (A, B) is pair-disjoint. Moreover, (A, B) is c-bounded as whenever

A;, B; are non-empty coordinates, Step 1 gives

1 1
|Ai| > ;(\A! —t) > 2_T0|A‘ = c|A].
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We show, in fact, that under the conditions of Case 2, the pair (A, B) is an r-witness to the (d, d,, r)-

irregularity of L. For that, we show

—

‘K[ﬁ, B]

> 6. |K[A, B]| = 8|4 B

and

=~
\_/l

dr (A B) < d(1—5.).

Proof of (2.15). Recall that

K[A B) = K[A;,, B;]U...UK[A, , B,

ip)

Thus,
o p
‘ .A B Z|K Zkajk” :Z|A1k||Bjk|
k=1
BRI
t iy
214 1 (2.3)
> J00lAlIB| = 6 4]|B],

as desired.

Proof of (2.16). Recall that

where similarly to (2.17),

EL|A B = EL[A,, B;]U...UEL[A;, B;]

ip)

(2.15)

(2.16)

(2.17)

(2.18)



is a pairwise disjoint union. As such,

—

o |EAB] S |ELA

i
_— —

Bjk”'

WA =T KA B

By the definition of A™, each (iy, ji) € A~ satisfies

A, B;) =
Al Ba) = =B

< d(1—dp).

]

Thus,
|EL[As, By ]| < d(1 = 60)[Ai, || By -

Returning to (2.19), we see

as promised.
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Chapter 3
Triads, Links, and Regularity

The goal of this chapter is to precisely describe several important graph and 3-graph concepts
which appear throughout this dissertation. In particular, we define triads, H-triads, and links which
provide the foundation of all results herein. We also describe ways in which these objects can be
considered regular and discuss witnesses of irregularity when they are not. These concepts form
an analogue of the e-regular pair (V, V;) from Szemerédi’s regularity lemma (Theorem 1.0.2). We

now proceed with introducing these concepts.

3.1 Triads and H-triads

We begin by defining the concept of a triad.

Definition 3.1.1 (Triad). Let V = V; U1, U V3 be a set of vertices with the given 3-partition and
let P = P2 U P U P? be a 3-partite graph with the 3-partition V; U V5, U Vs, where for each 1 <
i < j < 3,wehave PY = P[V;,V;]. We call (P, V) a triad. Moreover, for dy2, dy3, das, e € (0, 1],
set d = (dy2, dy3, da3). We say that (P, V) is (J; ¢)-regular if for each 1 < i < j < 3, we have that

P is (d,;, )-regular.

Triads (P,V'), as above, will be the building blocks of the hypergraphs we consider in this

section. To explain, we consider the following notation. Define

Ks(P) = {{vl,vg,vg} e (z) {01, 02}, {01, v}, {9, s} € p,}

to be the triangles of the graph P. Now let H C (g) be a 3-uniform hypergraph also defined on
V. We say that P underlies H if H C K3(P). The following definition extends the triad (P, V") to

include H, which we therefore call an H-triad.
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Definition 3.1.2 (H-triad). We call a triple (H, P, V') an H-triad if
(i) (P,V)is atriad, where K3(P) # 0;

(ii)) H C K3(P) has underlying graph P.

Figure 6.: An #H-triad. Members of ~ must be triangles of the triad (P, V).

Remark. Let (H, P,V) be an H-triad, where V' = V; UV, UV and P = P2 PBU P are
as in Definition 3.1.1. Since P is a 3-partitite graph, with 3-partition V; UV, U V3, and since
H C K3(P), the hypergraph H is also 3-partitite, with the same 3-partition V; U V5 U V3.

3.2 Density and Regularity of #-triads

Definition 3.2.1 (Density). Let (#H, P, V') be an H-triad. We define the density of H with respect

to P as
[H|
doy(P) = 2
wP) = 1%,0P)

More generally, let Q C P be a subgraph of P for which K3(Q) # 0. We define the density of H

with respect to () as

Q)
@I

where H(Q)) = H N K3(Q) is the sub-hypergraph of H induced by /C3(Q).

dn(Q)
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We will also require an iterated version of the concept of density.

Definition 3.2.2 (r-density). Let (7, P, V') be an H-triad and let r € N be a positive integer. Let
0= (@1, ..,Q,) be asequence of subgraphs Q1,...,Q, C P. We write

Ks(Q) = U K3(Q:)

for the famility of triangles of Q. When K3(Q) # () we define the density of H with respect to Q

by B
Q)
Ks(QI

where H(Q) = H N K3(Q) is the sub-hypergraph of  induced by K5(0).

dy(Q) =

Remark. In Definition 3.2.2, the order of the sequence Q is immaterial, and overlap or even

repetition of coordinates is allowed.
We now define a concept of regularity for H-triads (H, P, V).

Definition 3.2.3 (9, )-regular). Let (H, P, V') be an H-triad and let § > 0 and r € N be given. We
say that #H is (0, r)-regular with respect to P if for any sequence 0= (Q1,...,Q,) of subgraphs
of P for which

0O,

[K3(Q)] > o[IC3(P)], 3.1

we have that Q satisfies
|2 (Q) — dy(P)| < 6. (32)

When H is not (, r)-regular with respect to P, then we say H is (0, r)-irregular with respect to P
and any sequence Q= (Q1,...,Q,) satisfying 3.1 but failing 3.2 is said to be an r-witness to the

(0, r)-irregularity of H with respect to P.
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3.3 Links and Link-regularity
We now describe when an H-triad (#, P, V') enjoys a different regularity condition, which will be
framed in terms of the following so-called link graphs L, of H, where v € V.

Definition 3.3.1 (Link Graph). Let (H, P, V') be an H-triad. For a vertex = € V, we define

L,= {{y,z} € P:{x,y,z} 67—[}

to be the link graph of x.

Remark. In the definition above, suppose that P = P2 P'3 U P?3 is a 3 partite graph with vertex
partition V' = V; UV, U V3 as in Definition 3.1.1. If x € Vi, then L, is the bipartite subgraph of
P? whose vertex partition is given by Npiz(x)U Npis(z) where Npi2(z) = Np(z) NV, and

Npis(z) = Np(x) N V3 are the Pj5 and Py3 neighborhoods of x in V3 and V3 respectively.

For an H-triad (H, P, V'), we would like the link graphs L, of most vertices x € V to be
(d,d,1)-regular in the sense of Definition 2.0.1 where d, is an appropriate average given in terms

of H and P. To describe this average, we impose the following further hypotheses on (#, P, V).

Definition 3.3.2 ((«, d, e)-triad). Let «, dya, d3, dag, ¢ > 0 be given, and write d = (dy2, di3, da3).
We say that an H-triad (H, P,V') on n vertices is an («, ci: e)-triad if it satisfies the following

properties:

(i) V =1, UV,U Vs is a partition satisfying

Vi, [Val, [Vs] = ©(n)

Vs

in which case all cardinalities |V} V3| are comparable;

” )

() (P,V)isa (cf, g)-triad,i.e. P = P2 U P'3J P? has each bipartite graph PV, 1 < i < j < 3,

being (d;;, €)-regular;

(iii) H C KC3(P) satisfies
|| [H(P)]

W) = %P T K (P)]

= Q.

30



Now, for an (v, d, e)-triad (%, P, V'), we would like the link graphs L, of most z € V; to be

(d, 6, 1)-regular, and we would like, moreover, for d, to be typically given by
dx = degg. (33)

To justify this expression, we invoke two well-known facts from the literature on e-regularity.

Fact 3.3.3 (Neighborhood lemma, [19]). Let (P, V') be a (cf, ¢)-triad (as in Definition 3.3.2 (ii)).

Then all but 2¢|V; | vertices v € V) satisfy
(dij — )|V < [Npii(v)] < (di; + )|V
forboth j =2 and j = 3.
Fact 3.3.4 (Triangle counting lemma, [19]). For all dy,y > 0, there exists € > 0 so that the

following holds. Let (P,V) be a (d,&)-triad (as in Definition 3.3.2), where d = (dya, d13, das)
satisfies dyo, dy3, das > do, and V = Vy UVy U V3 has each |V,

Vs, |Va| sufficiently large. Then

B

|Ks(P)| = (1 £ 7)diadizdas|Vi||Va|| V3.

We now informally justify (3.3). On one hand, for an appropriately given (a,J;g)—triad
(H, P,V), we have

Fact 3.3.4
> Lo = [H| = olKs(P)] =" adiadisdas|Vi|[Val[V3].
xeVy
On the other hand, for each + € V we have |L,| = d,|Npu2(z)||Nps(z)|, where d, =

dr,(Npiz(x), Npis(x)) is the density of L,. Typically, these neighborhoods are governed by Fact
3.3.3, and so

dy2dy3| V|| V3| Z dy ~ Z |Le| = adiadizdys|Vi||Va|| Vs,

zeV] zeV]
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so that the average density satisfies

1
Ex6V1 [dx] - W Z d:c ~ Oédgg,
zeVy

as sought in (3.3).

To make the concepts above precise, we introduce the following definition.

Definition 3.3.5 (J-link regular). Let (7, P,V)) be an (o, d,¢)-triad. For § > 0, we say that
(H, P,V) is 6-link regular if for all but §|V;| vertices = € Vj, the link graph L, is (adss, 0, 1)-

regular.
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Chapter 4
The Link Algorithm

The goal of this chapter is to demonstrate an algorithm Ay, which efficiently confirms whether
an (o, d, €)-triad (%, P, V) is 0-link regular (see Definition 3.3.5), or efficiently constructs an 7-
witness of the (J,, r)-irregularity of (H, P, V') (see Definition 3.2.3), where here, 0 < Jx < 0 is
suitably smaller than §. In practice, (P, V') will be class of a partition (see Definition 5.0.3), where
‘H will be a sub-hypergraph of a larger hypergraph G, induced by the triangles C3(P) of P. The
job of Ay, will be to determine if these classes are regular or provide a witness so that the partition
may be refined in the case that too many classes are irregular. We now proceed to the promised

algorithm Ay.

4.1 The Algorithm Ay,

Lemma 4.1.1 (Algorithm Ay ). There exists an algorithm Ay so that, for all ag,d > 0, Ak
determines 64 = 04 (v, 6) so that, for all dy > 0, Ay determines ¢ = €(ayp, d,04,dy) > 0 and
an integer r = r(ay, 9, 04,dy) € N so that the following holds:

Let (H, P, V) be a given («,d, )-triad on n vertices, where o and d = (dy2, dy3, dos) satisfy
a > g and dyy, dy3,das > do. Then, in time O(n?®), Ay either confirms that (H, P, V) is -
link regular, or confirms that (H, P, V') is (04, r)-irregular with respect to P, and constructs a

corresponding r-witness Q to this effect.

To describe the algorithm Ay, we begin by discussing its input.
Input: Let ap,d > 0 be given. To define the promised constant 6 > 0, we consider some

auxiliary constants. First, set
)
0 = 3 4.1)
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Second, with §; > 0 given above, Lemma 2.0.2 determines the constant
8, = 0,(61) >0 4.2)
to be appropriate for an application of Ap,... We set
Op = L 5108 4.3)
# - 16 1 ES .

Let Jp be given. To determine the promised constants ¢ = e(ap,d,04,dy) > 0 and r =

(o, 0,04, dy) € N, we again consider several auxiliary constants. First, set

1
Now, Lemma 2.0.2 determines constants

¢ =c(01,0.,D) and r =1r(d1,d,,D) €N 4.5)

to be appropriate for an application of Ay,e. We define the promised constant 7 = (v, §, 04, do)

to be
r =r(d1,0. D). (4.6)
Second, for defining the promised constant € = ¢(ay, d, 04, dyp), let
€1 = Eract334(do, 7 = 1) 4.7)

be the constant guaranteed by the Triangle Counting Lemma (Fact 3.3.4). Set
14 .
g = 5(5* : mln{sl, C, do} (48)

This concludes our definitions of the promised constants.

34



Let (#, P, V) be a given (o, d, ¢)-triad on n vertices, where ov and d = (dys, dy3, d3) satisfy
a > ag and dys, di3, dog > dy, for ag > 0 and dy > 0 given above. We describe the algorithm A,
which either confirms that (#, P, V') is d-link regular, with 6 > 0 given above, or confirms that
H is (04, r)-irregular with respect to P, where 04 and r are given in (4.3) and (4.6) respectively.
Moreover, in this case, Ay, will construct an r-witness to this effect.
Procedure: The algorithm Ay, proceeds along the following steps.
Step 1. (Identify good vertices) Fix v € V}, and j € {2,3}. Compute |Np1;(v)| in time O(|V}|) =
O(n). By Fact 3.3.3, all but 4¢|V; | vertices v € V; satisfy that for both j = 2 and j = 3,

(dij = &)|Vj| < [Npi(v)] < (dy; + )|Vl

We call such vertices good, and denote the set of good vertices v € V; by V. Repeating over
all v € V4, we identify VE in time O(|V4||Va| + |V4||V3]) = O(n?).

Step 2. (Compute link densities) Fix 2 € V&, Construct L, in time O(|P%|) = O(|V4||Vs]) =
O(n?). Equivalently, we have computed d, = dp, (Npi2(z), Npis(z)). We say a vertex v € VE
is nice if

adaz(1 —6,) < dp < adys(149,),

and we denote the set of nice vertices 2 € V; by Ve C VE C V. Repeating over all 2 € VE,
we identify V,"® in time O(|V;|n?) = O(n?).
Now, using V;¢ and V£, the principal part of our final step will invoke the algorithm A,

and make other related constructions.

Step 3. (Ajin and other constructions) In all that follows, set X = VE*\ V¢, Prior to applying

Agparse, we consider the following sets

X+ = {ZL’ e X: da: > O./dgg(l +5*)}

X ={r e X :d, <ady(l1+0d,)}

Note that X = XU X~ is a partition. If either X+ or X~ is large, we would be able to avoid

invoking Ay, and it would suffice to consider the following easy constructions. For X, we
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construct the following 1-tuple O, = (Q..) of subgraphs Q. C P = Py U P35 U Pas:

= PPXT, V), P = PPIXT, V],
QP =P®  and Q,=QRUQBUQH

Clearly, Q is constructed in time O(| P?| + | P3| +|P?*|) = O(n?). Similarly, in time O(n?) we
construct the 1-tuple 0 = (Q_) of subgraphs Q. C P = P53 U Pi3U Pas:

QY = PRIX™, Vi, QY = PPIX™, V3],
Q¥ =P®  and Q =Q2UQBUQX.

Now set Y = Vf‘ice. For each y € Y, we run the algorithm Ay (see Lemma 2.0.2) on the link
graph L,. (For a proof that A, applies to L,, see the next subsection.) Withy € Y = Ve

fixed, Agparse yields in time O(n?) one of the following two outputs:
(I) Agparse confirms that L, is (d,, 61, 1)-regular;

(I1) Aparse detects that L, is (d,,d,,r)-irregular and constructs pair-disjoint, c-bounded 7-
witness (A, B,) to that effect, where A, = (AY,...,AY) and B, = (BY,...,BY) with
AY ... AY C Npi2(y) and BY, ..., BY C Npus(y). In particular, either

(a) dLy(,Iy,Ey) < dy(1—14,),or
(b) dp, (A, B,) > d,(1+6.).

Repeating over all y € Y = V¢, we distinguish, in time O(|Y'|n?) = O(n?), between (I) and (IT)

for every y € Y = VM, Continuing, define the following sets:

Yiee = {y € Y = V" : (I) holds};
Yireg = {y € Y = V" . (II) holds};
Yiree = {y € Y = V" : (1) and (a) hold};

Yitee = {y € Y = V™ : (II) and (b) hold}.
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Clearly, ¥ = YregUYirreg and Yir, = Y. UY.t  are partitions. For Y. . we construct the

irreg irreg irreg®
following r-tuple O_ = (Qy,...,Q,) of subgraphs Q; C P:
Qil? pl2 Y;mg, Uyeymg Q213 p13 Y;rreg7 Uermg
Q7 =P, and @ =Q;2UQ;> UQY.
Since 7 = o(1) is contstant, we have that J_ is constructed in time O (|P'2| 4 |P'3| 4 |P%|) =
O(n?). Similarly, for Y1, we construct in time O(n?) the following r-tuple 9, =(QF,...,Q")

of subgraphs Q; C P:
12_Plzy+UY+A P13Y+UY+B

) ’
irreg aree irreg eres

8 _ Py, wd GF — QOGP OO,
This concludes Step 3.
Output:

1) For X = VE°\ Vpiee — X+ X,
LEXT] > 6 Vi] or [XT[ = 6i[ W],
return H is (04, 1)-irregular and return either qualifying 1-tuple Q+ or O_

respectively.

2) else |X| = |VE\ V| < 26,7,

and so

V] = [V = [Va| = [Vi \ VE™) — [VE9 \ Ve
> (1 —4e — 20))| V4],

where Y = Yieg U Yigeg = Y U Y, UYL

irreg irreg*

LE [Yigegl = 01[VA] o1 [V | = 61|V

irreg irreg

return H is (0, r)-irregular and return the r-tuple Q+ or O_ respectively.

3)  else Y =Y|— + UY | > (1 —4e — 26)) |V

’ irreg irreg

and so

return (H, P, V) is 6-link regular.
This concludes the descriptions of the algorithm Aj;,. It now remains to prove its correctness.
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4.2 Proof of Lemma 4.1.1

It is clear that the algorithm Ay, runs in time O(n?), which is achieved in steps 2 and 3. We must
show the correctness of its output. We examine cases 1)-3) in the output of Ay, in the order of

increasing technicality.

4.2.1 Output Case 3

The algorithm is correct by definition. Indeed,
438)
Yeee| = (1 = de = 201)[Vi[ = (1 = 361)[Va[ = (1 = §)[VA].

The link graph L, of every vertex y € Y, C Y = V" is (d,, 61, 1)-regular, where adaz(1—4,) <
d, < ada3(1+ 0,). From Definition 2.0.1, this means that for any sequence ,Iy = (Ay,...,A;)of

subsets from Npi2 () and for any sequence B, = (B4, ..., B,) of subsets from Npis(y), we have

that ‘K (A,, B,)

> 0 |Np12 (y) ‘ ‘NPIS (y)‘ implies

adyy(1 —8,)(1 —8,) < dy(1—8)) < dy, (A, B,) < dy(1+8) < adas(1 4 8.)(1 + 1)

(
- Oéd23(1 - (51)2 S dLy<ny gy) S ad23(1 -+ (51)2

4.1
where we use that §, < §; from (4.2). Moreover, since (1 + 6;)> < 1+ 36; < 1+ § and

@.1)
(1—=101)2 >1—28; > 1— 0, the set Yy, verifies that Definition 3.3.5 is satisfied.

4.2.2 Output Case 1

Whether Ay, constructs the 1-tuple Q+ or Q_ in its output, the arguments for its correctness are
entirely symmetric. We verify only the outcome Q_. To that end, recall that O_ = (Q-) is the

1-tuple constructed with the set

X = {SL’ cX = ‘/ngOd \ ‘/1nice cdy < Oédgg(l — 6*)}
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where | X | > §;|V1], given by

Q2 = PR[X~, V4, QY = PEIX, V4],
QP =P®  and Q_=QRUQBUQH.

To see that O_ is a 1-witness of the (04, 1)-irregularity of H with respect to P, we note the

following easy identities:

IK3(Q-)] = Z ‘PQS[NPH(?U)»NPB@)H,

reX—

HNK3(Q) = D |Lal|-

reX ™

To bound the quantities, fix z € X~ C V. Then, with ¢ < tmin{di, di3} we have
|Npiz(x)| > (di2 — €)|Va| > €|Va] and | Nps(x)| > (di3 — €)| V5] > €| V3]. 4.9
By the (d3, €)-regularity of P23, we infer

IKs(Q-)] = Z |P23[NP12($)aNP13(5E)H

rzeX—

> (d— &) 3 [Npiz (@)] | Npss (2)

reX—

Z (dgg — 6)(d12 - 5)|Vv2|<d13 - €)|‘/?>HX_|

d1dradizdas|VA|[Val[ V3], (4.10)

where we used £ < L min{d, di3,da3}, |X~| > 6:[V4], and that every vertex z € X~ C VE\
Ve is a good vertex. By our choice of € in 4.7 and 4.8, the triangle counting lemma applies to P

to say

|Ks(P)| < 2d12di3das|Vi||Va|| Vs, (4.11)
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and so comparing (4.10) and (4.11) renders

1 (4.3)
IKs(Q-)| > 1—651|’C3(P)| > 04|ICs(P)],
as desired. By definition of X,
HAK(Q ) = > |Lsf
reX—
< (1=08)a Y dos|Npiz(x)||Npi ()]
reX
)
= (1= d)as 23" (das — )| Nprz()||Nps ()]
23 — €&
reX—
(4.10) 1
— 0, Ks(Q_
(1 = o —_=Ks(Q)

< (1= d)a(l + edys ) [Ks(Q-)]
< (1 =38 (1+0.)alKs(Q-)],

where the last inequalities hold with & < d,ds3/2. As such,

_ M NKs(Q-)]

du(Q_) = <(1-6)(1+4d.)a

Ks(Q)]  —

4.3)
=(1-)a<a—6 < a— Oy,
as desired.

4.2.3 Output Case 2

To prove the correctness of output Case 2, we should first verify that its key contributor, the
algorithm Ay, of Lemma 2.0.2, applies to the setting of the link graph L, of a fixed vertex
y € Y = V[, For that, recall that we chose d; > 0 in (4.1), and determined 6, = 4,(d;) in (4.2)
to be appropriate for an application of Agp,re. We set D = ady/2 in (4.4), which is a lower bound
on

apdp

dLy (NplZ (y), NplS (y)) Z Oédgg(l - (5*) Z 9 = .D7
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as required by an application of Ay, Moreover, we chose r = (D) in (4.6) to also be appropri-
ate for an application of Ap.. Finally, since y € Y = Ve C VE* is a good vertex, the vertex

bipartition Npi2(y) U Npis(y) of L, satisfies
[ Npra(0)] = (diz + )|Vl = ) and [Npis ()] = (dos % 2)[Va] = Q)

as required by Agpare. Thus, Agpare may be applied to the link graph L, whenever y € Ve,
Whether Ay, constructs the r-tuple Q+ or O_ inits output, the arguments for its correctness
are entirely symmetric. Moreover, these arguments are essentially similar to output Case 1, just
with added symbolic technicality. We verify only the outcome Q_. To that end, recall that O_ =
(Qr,...,Q;) is the r-tuple of subgraphs Q; C P constructed with the set Y = V" and with the

r-witnesses (ffy, gy) overy € Y, as follows: Foreach1 <i <r,

irreg?

12 _ pi12 [y - y 13 _ pi13 [y - y
Qi,f =P E/irrng Ueri;eg Az ’ Qi,f =P YTlrreg’ Ueri;eg Bz ’
23 _ p23 - _ 12 "1 O13 123
Qi =P, and Q; =Q;ZUQ;" UQ;".
To see that O_ = (Qr,-..,Q, ) is an r-witness of the (d4, r)-irregularity of H with respect to P,

we first note the following identities. First,

Ko( Q)= > |Bps [ 4,8

Y€ reg
= > ) |PP[ALBY)| (4.12)
yeyi;eg =1

1

follows from the pair-disjointness of each (A, gy), y € Y. ... Second, we have

HNKs(S)| = ‘ELy [/Ty,éy} (4.13)
YV ireg
To bound these quantities, fix y € Y, .,. Since (%Ty, gy) is a c-bounded r-witness, we have

|AY] > |Npi2(y)| and |BY| > |Npis(y)| for all 1

IN
N

< r. Since ¢ < c in (4.8), we thus
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have |P*[AY, BY]| = (doz £ €)|AY||BY| for all 1 < i < r, and therefore in (4.12),

SCSTED 3 SILTRCl]

yeylrreg
> (doz —€) Z Z’Ay | B/
Y€ *T
=(dys—2) Y |K(A,.B,) (4.14)
yeyY.

irreg

where the last identity follows from the pair-disjointness of (A,, B,) for y € Yifreg- Since (A, B,)

is an r-witness of the (d,, d,., r)-irregularity of L,, we have that (see Definition 2.0.1) that for each
cv-

irreg?

|K (A, B,)| > 6,|Npiz(y)||Npis(y)|
> 0.(d1a — €)|Va|(di3 — )| V3],

where the last inequality follows from the fact that y € Y, C Ve C VE is a good vertex.

irreg

Thus, returning to (4.14), we have

Ks(0)| = (dis—<) 3 |K(A, B

yeyY.

ureg

> 0.(d12 — €)(d13 — €)(daz — €)[ Yol V2| V3]

irreg |

> 0,01(d12 — €)(diz — €)(daz — €)|V1|| V2| V5]

8) 1
> §5*51d12d13d23"/1’|‘/2|\%,\, (4.15)

where we used the assumption that |Y_..| > 6;|V;| from Output Case 2. Recalling (4.11), we

irreg

therefore conclude

4.3)

- 1
[Ka(Q)l 2 150:01Ks(P)] > 4 [Ks(P),
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as desired.

Returning to (4.13), the r-witness (ﬁy,gy) for y € Yir:eg, ensures (recall (4.10)) that

dr,(A,, B,) < d,(1—4.), or equivalently

where we used that y € Y;;eg C Vlnice is a nice vertex. Thus, from (4.13), we have

HOK(G)l = Y |Bu, [4,.B)]]

(4.15) 1 — §2 .
< a— = |K3(0_
< oy ka9

< a1 = 87)(1 + 253 ) |KC5(Q-)|

(4.8)

< a(l - 83)(1+6%)|Ks(8-)),

where the last inequalities hold with e < 3dy3/2. As such,

CHNKs(S)]

d(Q-) = <ol —6)(1+4)

Ks(Qo)
4.3)

(
=a(l-6) <a-6 < a— Oy,

as desired. This concludes our proof of correctness for the algorithm Aj;y.
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Chapter 5
The Algorithmic Link-Regularity Lemma

In this chapter, we prove Theorem 1.4.3 in a precise sense. However, this requires some investment
in nomenclature and auxiliary concepts that we will introduce first.
For a 3-graph G, the algorithmic link-regularity lemma will partition both the vertices V' = V (G)

and the pairs (‘2/) . The basic structure of these partitions is described in the following definition.

Definition 5.0.1 ((¢,t)-partition). Let ¢,¢ € N be positive integers. For a set of vertices V, an
(¢,t)-partition of V is a pair of partitions IT = (IT)) TI?) so that

G W : vV =1,UVU. ..UV, is a partition of V/,

(i) TI?® is an edge partition of K[V;,..., V] with classes given by, foreach 1 < i < j < ¢,
bipartite subgraphs
K[V, Vil =R/ UP’0U...UF!

where 0 < /;; < ¢ is an integer depending on ¢, j.

Remark. Pairs {u, v} € (%) not belonging to any class P/, where 1 <i < j < tand0 < a < {;;,

constitute their own class which we disregard in application.

Observe that an (¢, t)-partition IT = ([T T1(?)) of V defines a family of triads

Pk .= Py pPF U P

abc

where P/, P/* P ¢ TI) are classes of 11 for some 1 < i < j < k < t. We define the

following notation.
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Definition 5.0.2 (Triad(IT)). Let IT = (II)  T1?)) be an (¢, t)-partition of V. Define
g t
Triad(II) = {P =PI Li k) e ([3]),(a,b, c) € [0,4;5] x [0, €] x [O,Eik]}
to be the family of all

Z (i + D)+ D) (i + 1) < (é)a +0)% < 2033 (5.1
{igkye(y)

many triads of II.

We establish some related notation. Since

U k(P c @)

PeTriad(IT)

is a disjoint union, every {x,y, z} € (‘g) admits at most one triad P = P7* € Triad(TI) so that
{#,y,2} € Ks(P) = Ks(Py U R UP).

For simplicity of notation, we denote this triad by P = P, . and say that x, y, 2 belongs to the triad
P,y..
In context, we will want (¢, t)-partitions IT = (II"), II?)) to be equitable and regular, in the

following sense (see Figure 7).

Definition 5.0.3 (¢, t, v, ¢)-partition). Let V have (¢, t)-partition IT = (II'¥), TI®)) and let e,y > 0

be given. We say that IT is an (¢, ¢, v, €)-partition if the following conditions are satisfied:
() OV =15UViU... UV, is t-equitable, ie., |[Vo| < tand |Vi| = ... = |Vi|;

(ii) II® is (¢,v)-equitable, meaning that for all but (%) pairs 1 < i < j < ¢, we have |Py| <

v|Vi|V;| and forall 1 < a < ¢;; < {, we have

1 g (1
(7<) mmit <12 < (G <) wmit
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(iii) All but |V|? pairs {z,y} € (') belong to a class P/ € II®), where P is c-regular.

Figure 7.: An (¢,t,,e)-partition where ¢ = 6 and ¢ = 3 is the number of colors (red, blue, green),

and where v, > 0 are some positive constants.

We continue with some related terminology. For an (£, t,+, €)-partition IT = (II"), TI®?)) of V/,
we shall say a triad P = Pir € Triad(II) is (4, ¢)-typical if 0 & {a,b, c}, each of P, PJ*, Pi* i

e-regular and if

1 1
Z —e< dPéj(‘/’L.J ‘/j>7dpgk(V77 ‘/k:>7dPC1k(‘/;7Vk:) < Z + €.

In other words, PiJ" = P U PJ* U Pi* is (1, ¢)-typical if and only if 0 ¢ {a,b,c} and the pair
(Pijk ViuV;UVy)is ((f, ¢)-regular where d= (dij, dji, di) satisfies d;; = dj, = di, = % For an

abc?

(¢,t,7,¢)-partition IT of V', we write

Triady, (IT) = {P € Triad(II) : Pis (%, 5) -typical} (5.2)

for the family of all (7, ¢)-typical triads P € Triad(IT).
The set V' above will be the vertex set of a 3-uniform hypergraph G. In context, we will want the
(¢,t,7,¢)-partition IT of V' to be ‘link-regular’ with respect to G, in the sense of Definition 3.3.5.

In the following definition, we describe this condition precisely.
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Definition 5.0.4 (J-link regular partition). Let G be a 3-uniform hypergraph with vertex set V' =
V(G), and let IT = (TIV, 11®) be an (¢, t,, ¢)-partition of V. For ag,§ > 0, we say that G
is (v, 0)-link regular with respect to II if all but 6|V |> many triples {z,y, 2} € G satisfy the

following property: If {x,y, 2} belongs to a triad P,,. = P%* € Triad(IT) where

abc

(i) Py € Triadg,(IT) is (,)-typical, and
(1) Hay = G N K3(Pyy.) has density agy. = dy,,. (Pry.) > ao,

then (Hauyz, Pryz, Vi UV; UV) is 6-link regular.  In other words, whenever the .-
triad  (Hayz, Poyz, ViUV, U VL) IS an (0., J: e)-triad where d = (%, %, %), then
(Hayzy Pryz, Vi U V; U V) is 0-link regular.

We now proceed to the promised theorem.

Theorem 5.0.5 (ALGORITHM Ajipkreg: LINK-REGULARITY LEMMA). There exists an algorithm
Ajinireg Which, for all oy, 0,y > 0, for all integers Uy, ty > 1, and for all functions € : N — (0, 1),
determines positive integers Ly = Lo(ag, 9,7, o, to,€), To = To(w, 9,7, bo, to, €), and Ny =
No(aw, 6,7, o, to, €) so that the following holds.

Let G be a 3-uniform hypergraph with vertex set V, where |V| = N > Ny. Then, in time
O(N?), the algorithm Ajpeq constructs an ({,t,7, e(f))-partition TI = (TIV 1)) of V, where

by < €< Lo, tg <t <Toy and where G is (o, 0)-link regular with respect to I1.

5.1 Proof of Theorem 5.0.5
We first collect some more notation and terminology that we use in our proof.

5.1.1 Notation and terminology

For a fixed P € Triad(II), recall that Gp = G N KC5(P) has density dg,.(P) = |Gp|/|K3(P)|

(which could be zero). For oy > 0, we define

Triadyp (ap, IT) = {P € Triady,(II) : dg,(P) > ag} (5.3)
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to denote those triads P € Triady, (IT) which are (1/¢, ¢)-typical and which also have ‘non-trivial’
density dg, (P) > .

Continuing, we define the index of IT with respect to G by

ind(l'[):% > g, (P)|Ks(P)]. (5.4)

PeTriad(IT)
It is easy to see that ind(IT) < 1 never exceeds one. Indeed, the densities dg, (P) < 1 never
exceed one for all P € Triad(IT), and 3 peyiaqcm [Ks(P)] < (“;‘) < N3
Finally, we now define some important classes of triads P € Triad(IT) of an (¢, ¢, 7, €)-partition

IT of V. To begin, for 6 > 0 and an integer r > 1, define
Triad s,y (IT) = {P € Triad(IT) : Gp = G N KL (P) is (6, r)-irregular w.r.t. P} . (5.5)
In the definition above, the triads P € Triads - (IT) need not be (1/¢, €)-typical.

5.1.2 An outline of the proof of Theorem 5.0.5

The proof of Theorem 5.0.5 follows the well-known lines of Szemerédi [33] and Alon et al. [1].
The proof uses Lemma 4.1.1 above, and the upcoming Lemma 5.1.1 below, which was originally
due to Frankl and R&dl [9] (but which had roots in Szemerédi [33], and which is taken here from
Haxell, Nagle, and Rodl [15]). Since this lemma is somewhat technical in appearance, we wish
to motivate it by showing how we will use it within a sketch of the proof of Theorem 5.0.5. In
this sketch, we will assume (for convenience) that all constants have been chosen suitably. Later,
when we give all real details of the argument, we will describe precisely how such constants are
determined.

For an N-vertex 3-uniform hypergraph G, let IT = (IIV) TI®)) be an (¢, t,, )-partition of
V =V(G), where n = | N/t| = |Vi| = --- = |V;]. For a fixed triad P = P* € Triady, (o, IT),
we apply Lemma 4.1.1 to (Gp, P, V; U V; U V}), where in time O(n?),

(i) either Ajiykreg confirms that (Gp, P, V; U V; U V},) is 6-link regular,
(i) or Ajiskreg cOnstructs a witness Op = Q} p of the (04, r)-irregularity of Gp w.r.t. P.
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In the former case, we have confirmed that P € Triadyy, (o, IT) is at least one triad which would
be desirable in the conclusion of Theorem 5.0.5. In the latter case, we learn that Gp is not (6, )-
regular with respect to P, and Ajipiee builds a witness Q p to this effect. In the latter case, we
record this witness Qp, and we maintain ép with P. We now repeat the procedure above for
every P € Triady, (o, IT), of which there are at most 2/3t3 many (cf. (5.1)). Since ¢ and ¢ will be
constants not depending on N, Lemma 4.1.1 determines the outcome of (i) or (ii) above for every
P € Triadyy,(ap, IT) in time O(N?®).

Continuing, we count how many triples {z,y,z} € (%) belong to triads P € Triady,(av, IT)
where (i) occurred. If (i) occurred for nearly all {z,y,z} € (‘g), then IT will be the partition
sought in Theorem 5.0.5. However, if some non-negligible portion of triples {z,y, z} € (‘g)
belong to triads P € Triady, (v, IT) where (ii) occurred, then IT will not be the partition sought
in Theorem 5.0.5. In this case, we will replace IT with a new partition IT" of V', which we build
from II and the collection of witnesses Q p constructed in (ii). The mechanism for building IT' is

precisely due to Lemma 5.1.1 below.

Lemma 5.1.1 (ALGORITHM Aj,4ex: INDEX-PUMPING). There exists an algorithm Ai,qex Which,
for all constants 04 and ~y, integers loq and toq, and functions € : Nt — (0,1) and r : Nt — NT,
determines integer constants Ly = Lo(d4,7,€,7,loa, tora), To = To(dx,7,€, 7, loid, toa), and
No = No(04,7,€,7,loa, toa) so that the following holds:

Let G be a given 3-graph on N > Ny vertices with given ({4, towa, 7, €(loa))-partition 1,4
of V.= V(G). Let Ty C Triad(s, r(t,q))-ir(Ilowa) be a given subfamily of the collection of all

(04, 7(Loa))-irregular triads, which satisfies the following properties:

(i) eachtriad P € Ty is equipped with a given witness Qr(gol O,p of the (84,7 ({oa))-irregularity
of Gp = G N K3(P) with respect to P;

(ii)
Z KCs(P)] > 64N>,

PcTy

Then, in time O(N?), the algorithm Aj,qex constructs (from Tl and the given collection of wit-
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nesses {Q_'T(gdd%p : P e Ty})an equitable (Cnew, toew, Vs € (Unew) )-partition I,ey, of V' for which
ind(Ilyey) > ind(Tgq) + (6%/2),
for some integers loq < lnow < Lo and toq < thew < To.

We now conclude our outline of the proof of Theorem 5.0.5. Set 7 to be the collection of triads
P € Triadgy, (v, IT) for which the algorithm Ay e, of Lemma 4.1.1 constructed a witness Ql P
of the (04, r)-irregularity of Gp with respect to P. If 7 claims many triples {z,y, 2z} € (g)
meaning ZPeT# IIC3(P)| > 04N?, then we submit IT (as IT.q), 7%, and {Q}p : P e Ty} to
Lemma 5.1.1, all of which we have in hand. Algorithm Aj, 4, constructs, in time O(N?), the new
partition Il ., where ind(I1,cy,) > ind(Ilyq) + (6;& /2). We now repeat all the steps above from
this subsection on IT,.,. However, this procedure can be repeated at most 2/ 5;%é many (constantly

many) times, since the index function never exceeds one. Thus, some iteration of this procedure

arrives at a partition 11 as desired in Theorem 5.0.5.

5.1.3 Formal proof of Theorem 5.0.5

It remains only to fill in a few formal details of the outline above. We begin with a precise descrip-

tion of all parameters used above in the argument.

Constants of Theorem 5.0.5

Let o, 0,7 > 0 be given as well as function € : N — (0,1). Let integers ¢o,t, > 1 be given,
where for simplicity we take {; = 1. We now consider several auxiliary constants. For « and ¢

given above, let

O = O Lema1.1(0,0) (5.6)

be the constant guaranteed by Lemma 4.1.1. It follows from the proof of Lemma 4.1.1 that

b4 < 6. (5.7)
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Let ¢ € N be an integer variable. In the context of Lemma 4.1.1, set dy = do(¢) = 1/¢ and let

ELem41.1(1/€) = erem.41.1(0,9,04,1/¢) and  7(€) = rLemari (o, 9,04, 1/€) (5.8)

be the functions (of the variable dy = 1/¢) guaranteed by Lemma 4.1.1. We may assume, without

loss of generality, that the given function € satisfies, for every integer ¢ € N,

5(6) S 8Lem.4A1.1(1/€)' (59)

Theorem 5.0.5 promises integer constants Ly, 7 and Ny, which we now formally describe (but
which will be more easily understood in context). With v > 0 given above, 4 given in (5.6),
functions €(¢) and r(¢) given in (5.8) and (5.9), and for arbitrary integer variables (o4, tolq > 1,

Lemma 5.1.1 guarantees integer functions (of the variables ¢4, to1q)

Lo(Cowa; toia) = Lo(7, 64, €,7, loa, toa),  To(lolds tora) = To(7, 04, €, 7, loid, towd),

and  No(Cow, tola) = No(7, 04, €,7,lowa; toia). (5.10)

We successively define constants L(()i), To(i) and Néi), foreach0 < <2/ 54, as follows: with given

integers /o = 1 and ¢, let
LY = Lo(ly = 1,t0), T\" =To(lo = 1,t0), N§* = No(lo = 1,t0)
be given by the functions in (5.10). For 1 < <2/ 54#, let
1) = Lot T, T =R, N = N s

be given by the functions in (5.10). Then, the constants Lg, T and /Ny of Theorem 5.0.5 are given
by

Lo= Ly, Ty=Ty", No=N), where i.=|2/6%]. (5.12)

Y

This concludes our discussion of the constants.
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The argument

With the constants chosen above, we continue to fill in a few further details of the earlier outline.
Let G be an N-vertex 3-graph with vertex set V' = V(G), where in all that follows, we assume that
N > Ny (from (5.12)), and more generally that NV is sufficiently large whenever needed. (Thus, L
and Tj from (5.12) are constants which are independent of N.) We will construct, in time O(N?),
an ({,t,,e(()) partition IT = (IIM TI?)) of V' with respect to which G is (y, §)-link regular,
where 1 =0y < ¢ < Lgand ty <t < T (cf. (5.12)).

We start by taking Hgl) to be any vertex partition V- = Vo U V] U --- UV}, satisfying |Vp| < to
and |Vi| = --- = |V,,|. Let HSQ) be the partition of K[V,..., V] where, foreach 1 < i < j <,
K[V;, V;]isits own class, i.e., £;; = 1and P,/ = K[V;, V;]. Then, IT, = MY, 1) is an equitable
(o = 1,t0,7,€(ly))-partition because complete bipartite graphs K[ X, Y] are always o(1)-regular
with density 1.

For an integer 1 < s < 2/ 64, assume IT, ... I, are inductively constructed, where II; is an

equitable (¢, t,,, e({,))-partition of V', and where
_ (s—1) (s—1)

for the constants L") and T3* " defined in (5.11). Now, for each P%¥ € Triad,y, (v, IL,), we

apply algorithm Ajjpye, of Lemma 4.1.1 to (Gp, P,V; U V; U V), where ny = |N/t,| = |V;| =
\Vi| = |Vi|. In time O(n?),

(i) either Ajiykreg confirms that (Gp, P, V; UV, U V},) is 6-link regular,
(ii) or Ajipkreg cONStructs a witness QHT(ZS% p of the (04, r({s))-irregularity of Gp w.r.t. P.

We repeat algorithm Ajjyeq over all triads P € Triady, (v, IT;), which takes time O(N?), since
by (5.1), (5.11) and (5.12) there are < 2633 < 2(LY VT3 < 2(LyTy)® = O(1) many
such triads. Now, let 7 = Tx(s) be the collection of those triads P € Triadiy, (v, IT;) for

which Ajipiee reports outcome (ii), where we also collect the corresponding system of constructed
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witnesses {Qr(gs), p: P € Ty}. Finally, in time O(N?), we greedily compute

> IKs(P

PeTy

‘We now consider two cases. On the one hand, if

> IKs(P)| < ON?,

PeTy

then I, is the desired partition. Indeed, the inequality above says that all but N3 triples
{z,y,2} € () belong to triads P,,. = P%¥ € Triady, (o, IL;) which are (1/4,, e(£))-typical,
which have density dgpzyz (Ppy:) = g, and for which (Gp,, ., Pyy., Vi U V; U V;) is é-link regu-
lar. By Definition 5.0.4, this precisely means that G is («y, d)-link regular with respect to I, as
desired. On the other hand, if

Z IKC3(P)| > 6N?,  then by (5.7) we also have Z IK3(P)| > 64N> (5.14)

PeTy PeTy

Now, the constructed collections 7 and {Qr(gs), p: P € T.} and the condition in (5.14) precisely
meet the hypothesis of Lemma 5.1.1. As such, Aj,qex constructs, in time O(N 2), an equitable

(lsi1,tss1,7, €(lsy1))-partition IT, | of V for which
ind(ILy ) > ind(I1,) + (65/2), (5.15)

and for which

(5.13)
oy < Lo(ly,ty) < Lo(LEY, 11y A0 10

(5.13)

and  to <t < To(lo,ty) < To(Ly D, T3y =)

3.

Thus, we have completed an inductive construction for partition II,, which by (5.15), can only

be done at most 2/ 5;; many times. Thus, on some iteration, we must construct an equitable
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(¢,t,7,e(f))-partition TT = (I TI?)) with respect to which G is (g, §)-link regular, where
fo < 12 < LO and to <t < TO (Cf (512))
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Chapter 6

A Transference of Regularity

The goal of this chapter is to prove a transference lemma which allows us to infer the notion of
regularity of Theorem 1.4.2 from that of Theorem 1.4.3.

Suppose (H,P,V) is a d-link regular (a,d,e)-triad, where d = (dig,dys,das), V =
ViUVaU Vs, and P = PjoU Pj3U Py3. Our transference lemma says that when ‘large’ subsets

U; CV;, 1 << 3, are given, they must induce close to the ‘expected number’ of triples from .

Lemma 6.0.1 (Transference Lemma). For all wg > 0, there exists 0 > 0 so that, for all dy > 0,
there exists ¢ > 0 so that the following holds. Let (H, P, V') be a d-link regular, («, J: £)-triad,
where o > 0 is arbitrary, d = (dya, dy3,do3) has dya,dys,dag > do, V = V1 UVo U V3 has each
Vi Vi| sufficiently large, and P = Pio U Pi3U Py3. Let subsets U; C V;, 1 < i < 3, be

‘/2 b

»

, 1 < <3. Then Uy U Uy U Us induce

given satisfying |U;| > wo|V;

|H[Uy, Uz, Us]| = (1 + wo)adiadyisdas|Uy||Us||Us|

many triples from H.

Remark. Note that the lemma above is trivial when o« = 0. Moreover, when o = 0, the conclusion

holds with no hypothesis on P = Py U P53 U Py3.

Proof. Let wy > 0 be given. Set
2

Wo
=0 6.1
144 ©1)
Let dy > 0 be given. Set
1.1
=min < —dy, =0 ¢ . 6.2
SR o
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Now, let (H, P, V') be a 6-link regular, («, cf, e)-triad, where o > 0 is arbitrary, d= (di2, dy3, da3)
has dyo,dy3,das > do, V. = V3 UV, UV; has each Vi, |Val, |V3| sufficiently large, and P =
Pio UPi3U Py3. Let U; C V; be subsets, 1 < i < 3, satisfying |U;| > wo|V;|. For simplicity, we

show the lower bound only:
(H[U1, Uz, Us]| > (1 — wo)adyadizdas|Us||Us||Us|. (6.3)

(In most applications, only the lower bound is needed.) The proof of the corresponding upper
bound follows from symmetric arguments. Now, the main idea for proving (6.3) is not difficult.

First, we use the identity

H Uy, Uz, Us]| = Y | Ly [Npr2(u) N Uy, Nprs(u) N Us]|. (6.4)
ueU;
Second, we use the hypothesis that all but 6|V} | many vertices u € U satisfy that L, is (adss, 0, 1)-

regular. We denote these vertices by UL, where
UE| > |Uy] — 6|VAl. (6.5)

Then,
|7‘[[U1, UQ, U3]| Z Z |Lu [NplQ(U) N UQ, NP13<U) N Ug” .

uEUlL

Third, to use the (adys, d, 1)-regularity of each link L,, where u € UL, we use the following

standard properties of the (d, ¢)-triad P: All but

2e|Vi| vertices u € Uy satisfy | Npiz(u) N Us| = (di2 £ €)|Us|;

2e|Vy| vertices u € Uy satisfy [Npi2(u)| = (dip £ €)|Va

’

2e|V4| vertices u € Uy satisfy | Npis(u) N Us| = (di3 £ €)|Us|;

2e| V1| vertices u € U, satisfy | Npus(u)| = (di3 )| V3.
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Thus, all but 8¢|V;| vertices u € U, satisfy

\Nplz(u)ﬂU2| d12—€ ’UQ‘ 1—€/d0 1—1/2 wWo
> . > . > — . > — 6.6
Npz(w)]| = diste Vol = 1te/dy °=111/2 "= (6.6)

and similarly, | Npis(u) N Us| > (wo/4)|Npws(u)|. (In the calculations above, we used dyp > dy >

2¢ from (6.2) and |Uy| > wy|V2|.) We denote these vertices u € U, by U, where we have
UF| > U] — 8¢Vl (6.7)

and we set U"" = UL N UL, where (6.5) and (6.7) give

U] = | = 0[] = 8e[VAl. (6.8)
Now,
|H[U1, UQ, Ug” Z Z ’Lu [Np12<u) N Uz, NplB(U) N U3H . (69)
uGUlL’P

where the properties of UlL ¥ will allow us to bound each term above. Fix u € UIL ¥ In (6.6) we

Saw

W
|Nprz(u) N Uy| > ZO|NP12(u)]

and

W
|Npis(u) N Us| > Z°|Nplg<u>y

In the setting of Definition 2.0.1, set

A = Np12<u) N Us, A= Np12(u),
BI:Npla(u)ﬁUg, B:NPIB(U,).

Then, the properties above imply that

2
|K(A',B)) > 20| 4||B],
16
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so the (audag, 6, 1)-regularity of L, implies that
adys(1 —0) < dp, (A, B') < adys(149),
or equivalently
|Lu[Npz(u) N Us, Np1s(u) N Us]| = adas(1 £ 0)|Npi2(u) N Us||Npis(u) N Us|.
Thus, we conclude from (6.9) that
[H[U1, Uz, Us]| = adas(1 = 6) Y [ Npiz(u) N Us||Npis(u) N Us|

uEUlL’P

2 Oédlgdlgdgg(l — (5)(1 — 6)3

U | 1l s,

where we used the properties defined by U[”. Recalling (6.8), we further conclude

% V;
’H[Ul, UQ, Ug” 2 @d12d13d23<1 — 6)(1 — 8)3 <1 — (SM — SM) ‘UlHUQHUZS’
U 1%
Then |U;| > wp|V1| ensures
o 8
U0 U ] > a1 = )1 =2 (1 2 = ) sl
0 0

20\°
> adiadysdas 1_w_ |U1||Us||Us],
0

where we used 8¢ < ¢ from (6.2). Since ¢ < wy/144 from (6.1), we have
26\° b & 5 b
(1——) >1-10——-80—5 — 32— >1-122— > 1 — wy,

wo Wo Wo Wo Wo

which proves (6.3).
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Chapter 7
Proof of Theorem 1.4.2

In this chapter, we prove Theorem 1.4.2, which will give the algorithm A,,,;, for constructing, in
time O(n?), an w-weakly regular and ¢-equitable vertex partition IIV) : V' = V... UV, of an
n-vertex 3-uniform hypergraph G. The algorithm A, is precisely given by Ay, 0f Theorem
5.0.5, which provides the stronger partition IT = (II), TI?)) described in Chapter 5. It will be
easy to show that the vertex partition IT1(") of II is, in fact, w-weakly regular. We proceed to the

details, and begin by discussing the constants involved.

7.1 Constants

Let w > 0 and integer ¢, > 1 be given. We define a collection of auxiliary constants as follows:
p=%5, ap=wy="7y=10 =&, t{):to[g—‘. (7.1)
Now, with wy > 0 above, let
Otranst = Otranst(Wo) (7.2)
be the constant guaranteed by Lemma 6.0.1. Set
d = min{d1, Ouanst } - (7.3)
For an integer variable ¢ € N, set
doy(0) = ng and define £(¢) = eqyanst(do(¥)) (7.4)
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to be the function (of ¢ € N) guaranteed by Lemma 6.0.1. Now, with the integer ¢, > t, from
(7.1) and ¢y = 1, with constants o,y > 0 from (7.1) and 0 > 0 from (7.3) and with the function
e:N— (0,1) from (7.4), let

LO = Lo(Oé(),’}/,(S, t67€0 = 178)7
Tg = To(ao,’y,(s, ti),fo = 1,5),

NO - N0<a07’7767 tz]ago = 1a5) (75)

be the positive integer constants guaranteed by Theorem 5.0.5.

7.2 The Algorithm Apain = Ajinkreg

Let G be a given 3-uniform hypergraph on N vertices, where whenever needed, we assume N
is sufficiently large. (In particular, we assume N > N, from (7.5).) The algorithm A, is the
algorithm Ajpes Of Theorem 5.0.5. In particular, and in time O(N?), an (¢, ¢, ~,=(¢))-partition
II = (H(l),H(z)) of the vertex set V' = V(G), for some integers 1 = 4 < ¢ = (g < L and
ty <t =tg < Tp, where G is (o, d)-link regular with respect to II, we claim that the vertex
partition IIM : V = V4, U. ..UV, is w-weakly regular, and the remainder of this chapter is devoted
to these details. In particular, the remainder of this section is devoted to proving the following

proposition.

Proposition 7.2.1. With the constants ji,w > 0 in (7.1), there exists a subhypergraph G, C G of
size |Go| > |G| — uIN?3 with the property that, for every 1 < i < j < k < t, Gy is (2wg)-weakly

regular with respect to (V;, V;, V).

Observe that Proposition 7.2.1 implies Theorem 1.4.2. Indeed, we infer from Proposition 7.2.1

that

S G\ Go) Vi, Vi, Vill 16\ Gol < uN?. (7.6)

1<i<j<k<t
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Thus, all but 1/8ut? triples of indices 1 < i < j < j < t have

N |3
G\ Go) Vi, Vi, Vll < V/BalVi Vi Vel = v/Bu| 7| a7

since otherwise we would have

G\ Gl = X 10\ G0) Vi ¥y, Vll = VEut® - VBu| o ||

1<i<j<k<t

> 8ut’(N/(2t))° = pN?,

contradicting (7.6). Now, we shall say that {i, j, k} € ([g]) is G-loyal if (7.7) holds, and we denote
by ([é])loyal the set of all G-loyal triples of indices 1 < i < j < k < t. Theorem 1.4.2 is now

concluded by the following fact.

Fact 7.2.2. For each {i,j, k} € ([t] we have that G is w-weakly regular with respect to

3)loyal
(V;, V;, Vi.). Consequently, since all but \/8ut® < wt* (cf. (7.1)) elements i,j,k € ([g]) are G-

loyal, we have that V = Vo UV, U. ..UV, is an w-weakly regular partition of G.

Proof of Fact 7.2.2. Fix {i,j,k} € ([é])loyal and fix V/ C V, Vj’ C Vj, and V/ C V, where

.1 (7.1) (1.1) .
(Vi > wlVi| > 2wo|Vil, [V]] > w|V;| > 2wo|Vjl, and |V]| > w|Vi| > 2wo|V}|. Since

)

GV, Vi Vil = 190V, Vi, Vil + (G \ Go) [Vi, Vi, Vil

and similarly

‘Q[VZ, V;'/? VkIH = ‘gO[VZ? V}/’ Vk/H + ‘(g \ gO) [V;/? V;‘/’ Vk/H )

we infer

dg(‘/h ‘/}7 ‘/k:) - dgo(‘/i)‘/}v ‘/;C) + dg\go(‘/;, V}’ V;ﬂ)

and

dg(Vi, Vi, Vi) = dg,(Vi', V], Vi) + davg, (Vi V7, V).

1 70 7 70 7 70
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Subtracting, we obtain

dg(‘/h ‘/}7 ‘/k) - dQ(‘/;,7 V;'/’ Vk:)
= [dgo(‘/h ‘/;-, Vk) — dgo(‘/i/, ‘/j/’ Vk/):| + [dg\g()(v;la ‘/}7 Vk) - dg\go(vl V, ‘/;C/)} '

VR B
Thus, the triangle inequality gives
|dg(Vi, Vi, Vi) — dg (V] V], Vi)
= |dg, (Vi, Vi, Vi) — dgo (Vi V], Vi) | + |davge (Vis Vi Vi) — davg, (Vi Vi, V)|
< 2wp + max {dg\go(‘/;v Vj> Vk?)a dg\go (Vz‘/v lev Vlé)}

< 2w + max { g, dg\g, (V/, V], Vi) } (7.8)

where we first use the (2w,)-weak regularity of G, with respect to (V;, V;, Vi), and second, used

the G-loyalty of {4, j,k} € <[§])loyal' Moreover, again using the G-loyalty of {i, j, k} € ([é])loyal, we
see
G\ Go) V7, Vi VI < 16\ Go) [Vis Vi, Vil < V/BulVil[V; Vi,
and so
VillVi Vil v/8Bu
d VI VIV < /8 | J )
g\go( iV k) M|V/||V;|Vkl| w3
Returning to (7.8) we conclude
V81
|dg (Vi Vi, Vi) — dg(wa lev Vk/)| < 2w + 3 <w,
as desired. [

It only remains to prove Proposition 7.2.1

Proof of Proposition 7.2.1. The subhypergraph G, C G is obtained from G by deleting triples

{z,y, 2} € G which meet any of the following conditions (which will be enumerated in a moment):

() {z,y,z} NV £Dor |{x,y,z} NV;| > 2 forsome 1 <i <t
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(ii) At least one of {z,y}, {y, 2z}, or {z, z} belongs to a class P/ € I1®;

(iii) At least one of {z,y}, {y, 2}, or {z, 2}, e.g. {z,y} satisfies x € V; and y € V; where the
indices 1 < i < j < ¢ fail to satisfy |Py| < ~|V;||V}| and |P¥| = (1 £ &) |Vi||V] for all
1<a< fij;

(iv) At least one of {x,y}, {y, 2z}, or {z, 2} belongs to a class P € TI® which is not (¢)-
regular;

) {z,y,2} € Ks(Pyy.) for a triad P,,. = PY* = P Pp*UP* ¢ Triad(IT) for which

abc

g:pyz = g N ]C?)(nyz) satisfies ’gmyz’ < OCOUCS(P:EyzN;

(vi) {2,y,2} € K3(Py,.) fora (1, ¢)-typical triad P,,, = P%* € Triady,(II) (recall (5.2)) with

abc

density dg,,. (Pyy-) > o, but where (Gy2, Pyy2, V; UV; UV} is not 6-link regular.

Conditions (i)-(vi) define the family G \ G, of triples that we delete to produce the desired subhy-
pergraph Gy C G. Now, it is easy to bound the number |G \ Gy| of triples that were deleted. Indeed,

by Definition 5.0.3, condition (i) deletes fewer than

7.1) HNg

(
TN
0 6

N2 N? 1
|VO|N2+th N SIN?+ == STyN?+ N <
0

triples. By the same definition, condition (i1) deletes fewer than

t\ | N |2 t N (2 1. gy
—|'N {—J < N3 < EN3
7<2MtJ +(2>7 tl =77 =%

more triples. Again using Definition 5.0.3, condition (iii) similarly deletes fewer than

additional triples. Using the same definition a final time, condition (iv) deletes fewer than

(71.1)
AN2N < %N3
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more triples. Now, trivially, condition (v) deletes

> K{w,y,2} € Gp: Gp = GNKs(P) has |Gp| < aolKs(P)[}|

PeTriad(IT)

(7.1
< ap Z KC3(P)| < apN® < %NS
P€Triad(II)

more triples. Finally, by Definition 5.0.4, condition (vi) deletes fewer than
.1
SN® < %N?’

additional triples. Thus, conditions i)-vi) deleted a total of |G \ Go| < 6 - (1/6)N? = uN? triples
from G so that the remaining subhypergraph G \ Gy has the desired size |Go| > |G| — uIN3.

It remains to show that G, C G, defined above, satisfies that, for every fixed 1 < < j < k <,

the triple (V;, V;, Vi) from IV is (2w, )-weakly regular with respect to Gy. For that, we note the
basic identity

bij ik Ly
GolVi, Vi, Vill = 3D D 6o n ks (PO RFU R (1.9)

a=0 b=0 c=0

However, by conditions i)-vi) above, non-zero terms in the sum occur only when their indices
(a,b, c) satisfy 0 ¢ {a, b, c}, and when P%*, and when P%* is (4, ¢)-typical (because each of P,

ijk , P**is (4, ¢)-regular), and when

abc

(go (Pijk> — GoN Ks (Pj,{’j) PR V0V, Vk>

is an <af£, cf,g> -triad which is d-link regular, where 2% = dgy( pity (P;if) > ap and d =
(.7, ). For simplicity of terminology and notation, we refer to such indices (a,b,c) € [(;] X
[ix] % [Cix] as the Gy [V;, V;, Vi]-support and denote the set of them by

suppg, ({i. . kY) = {(a,b,) € [6] x 6] x 6] : Go (Piik) # 0}
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Thus, (7.9) reduces to

GVivvill= Y e (P (7.10)

(avbvc)esuppgo ({Zvjvk})

abc

Moreover, since Gy (Pij y ) = () on every (a,b,c) & suppg, ({i, J, k}), the analogous identity

G ViviVll= X [be (P VsVl (7.11)
(a,b,c)€suppg, ({i,5,k})
holds for all subsets V' C V;, V/ C Vj, V)/ C V.. By the definition of suppg, ({7,7,k}), and
by our choice of constants (see (7.1)-(7.4)) we may apply Lemma 6.0.1 to each term (a,b,c) €
suppg, (17,7, k}) whenever |V/| > wo|Vi|, |V]| > wo|Vj|, and |V}/| > wo|V}|. Doing precisely this
to (7.10) (with |V/| = |V{|, [V]| = |V}, and |V}/| = [V}|) yields

1Go [Vi, Vi, Vil | = (1 £ wo) WAV V] > oIk (7.12)

/3 abe?
(a:bvc)GSuPPgo ({Zvjvk})

)

while doing this to 7.11 with fixed subsets V; C V;, V' C V;, V[ C V, with |V/]| > wlV;
[Vi| > wo|Vjl, and [V}| > wo|Vi| yields

VIV

1Go [V/ V! V]| = (1 £ o) g > oIk (7.13)
(a,b,c)esuppgo({i,j,k})
We infer from (7.12) and (7.13) that
EBdQO(Vi, Vi, Vi) = (1 £ wo) Z a%ﬁ?
((l,b,C)ESprgo ({ZJ’k})
and
€3dg0(‘/;/, V}/’ Vk,) = (1 + WO) Z Offfb}z

(a.b.c)Esuppg, ({i.j:k})
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Subtracting and using the triangle inequality gives

0 |dgy (V/, V], Vi) = diy (Vi Vi, Vi) | < 2wg > ap (7.14)

i Vg abc®
(a,b,c)€suppg, ({i,5,k})

However, every o/2° < 1 over all Isuppg, ({i,4,k})| < Gjlwly, < €3 terms (a,b,c) €

abc
suppg, ({1, 7, k}), and so (7.14) implies
|dg0(V/ % V;c/) - dgo(‘/;, ‘/}; Vk)l < 2wy

7 VR

as desired. ]
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Chapter 8

Conclusion and Future Work

The techniques in this dissertation prompt several interesting questions which we shall consider in
the near future. Since it is not clear whether or not the following questions admit positive answers,
we shall refrain from discussing potential applications of these problems. (Applications would
ensue any confirmations below.)

The most natural question concerns whether or not Theorem 1.4.2 can be extended to k-uniform

hypergraphs, for an arbitrary uniformity k£ > 2.

Question 8.0.1. Does there exist an algorithm which, for an arbitrary integer k > 2, a real € > 0,
and a given n-vertex k-uniform hypergraph H*) = (V, E), constructs in time O(n*) an -regular

partition V.=V, U --- UV, for some integer t = t(k, ) depending on k and ¢ but not on n?

Similarly to our approach with Theorem 1.4.3, we believe confirming Question 8.0.1 may involve
proving an algorithm for a stronger notion of hypergraph regularity. This theme prompts our
remaining questions.

Recall from the Introduction that we discussed the existence of strong hypergraph regularity and
counting lemmas, which were established among the works [9, 11, 12, 23, 24, 25, 26]. In particular,
Nagle, Rodl, and Schacht [25, 26] established an algorithmic strong hypergraph regularity lemma
which, for a given n-vertex k-uniform hypergraph H*) = (V, E), constructs in time O(n**) a
‘strongly regular’ partition of H*). It is likely that their running time O(n3*) can be improved, at

least some. Perhaps it can even be reduced to an optimal order of magnitude O(n*).

Question 8.0.2. Does there exist an algorithm which, for an arbitrary integer k > 2 and a given
n-vertex k-uniform hypergraph H*) = (V, E), constructs in time O(n*) a ‘strongly regular’ par-

tition of H*) ?
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The proofs in [25, 26] are lengthy and very technical, so a positive answer to Question 9.2 is
far from clear. It would be of significant interest to determine the outcome of Question 8.0.2 even

when k = 3.

Question 8.0.3. Does there exist an algorithm which, for a given n-vertex 3-uniform hypergraph

HO) = (V, E), constructs in time O(n?) a ‘strongly regular’ partition of H® ?

We mention that our Theorem 1.4.3 is a step in the direction of Question 8.0.3.
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