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Abstract

The theory of thermodynamic phase transitions has played a central role both in theoretical physics
and in dynamical systems for several decades. One of its fundamental results is the classification
of various physical models into equivalence classes with respect to the scaling behavior of solu-
tions near the critical manifold. From that point of view, systems characterized by the same set
of critical exponents are equivalent, regardless of how different the original physical models might
be. For non equilibrium phase transitions, the current theoretical framework is much less devel-
oped. In particular, an equivalent classification criterion is not available, thus requiring a specific
analysis of each model individually. In this thesis, we propose a potential classification method
for time-dependent dynamical systems, namely comparing the possible deformations of the original
problem, and identifying dynamical systems which share the same deformation space. The specific
model on which this procedure is developed is the Kuramoto model for interacting, disordered
oscillators. Studied in the mean-field limit by a variety of methods, its associated synchronization
phase transition appears as an appropriate model for cooperative phenomena ranging from coupled
Josephson junctions to self-ordering patterns in biological and social systems. We investigate the
geometric deformation of the dynamical system into the space of univalent maps of the unit disk,
related to the Douady-Earle extension and the Denjoy-Wolff theory, and separately the algebraic
deformation into the space of nonlinear sigma models for unitary operators. The results indicate
that the Kuramoto model is representative for a large class of non equilibrium synchronization

models, with a rich phase-space diagram.
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Chapter 1
The Kuramoto Model

1.1 Introduction

Synchronization of a large population of mutually coupled oscillators is an ubiquitous phenomenon
in the universe. It is observed in many complex biological, chemical, physical, and sociological
systems with different origins of periodical activity and different mechanisms of coupling. This
phenomenon brings up many mathematical and physical challenges to our understanding of col-
lective phenomena, as they emerge in complex systems, either at equilibrium or dynamical. The
Kuramoto model [1] is successful in describing how coherency emerges in complex systems. The
model is based on several assumptions, including, that the oscillators are coupled, that they are
identical or closely identical, and that the interactions depend sinusoidally on the phase difference
between each pair of the oscillators. Note that, depending on the field, the term oscillator may
refer to different systems, such as a neuron in the neural system, a cell in yeast cells, a Cooper pair
in superconducting Josephson junctions, etc [2]. The model can describe many synchronization
phenomena. Also, it has proved to be useful in designing artificially networked systems capable
of self-organization in the absence of any centralized control mechanism, such as wireless sensor

networks, and smart power grids [3-6].

1.2 Kuramoto’s Model

The Kuramoto model [1] consists of N coupled oscillators, 6;, ¢ = 1,2, ..., N, with natural frequen-

cies w; € R and whose dynamics is given by the system of coupled, ordinary differential equations
) KX
0; :wﬁN;sm(ej—ei), where i = 1,2,..., N. (1.1)

Kuramoto assumed that the frequencies, w;, are distributed according to some probability distri-

bution density g(w). He further assumed that g(w) is unimodal and symmetric about its mean



frequency Q, i.e. g(2 —w) = g(Q + w) where the domain of definition of g, is symmetric with
respect to  [7]. Due to the rotational symmetry of the model, we can set the mean frequency
Q) = 0 by redefining 6; — 6; + Qt Vi, this is equivalent to a rotating frame with frequency 2 which
leaves g(w) = g(—w).

1.2.1 Mean-Field Approach

Eq(1.1) can be rewritten in a more convenient way by introducing the order parameter r(¢) defined

as

N
r(t)expi(t) = % Z exp (16;). (1.2)
j=1

where 1(t) is the phase of the complex order parameter. Multiplying both sides by exp (—i6;) we
get

N
(1) expi(u(t) — ) = -3 exp (i(6; — ) (1.3)
j=1

equating the imaginary parts, one gets
1
r(t)sin (P(t) — 0;) = N Z sin ((0; — 6,)), (1.4)
j=1
therefore we can rewrite Eq(1.1) as
0; = wi + Kr(t)sin(yp(t) — 6;), (1.5)

where Kr is the effective coupling, and r by itself is proportional to the coherency of the oscillators.
We can assume without loss of generality that the average phase, v, is equal to zero, therefore
Eq(1.5) can be written as

0; = w; — Kr(t)sin(6;), (1.6)

where the mean field signature is superficial, and the collective effect of the coupled oscillators is
represented by two parameters r and . Each oscillator appears to be uncoupled from the other
oscillators. Notice that r is a measure of the coherency of the system. The interplay between
the coupling and coherency creates a self-driven process, meaning, as the oscillators become more
coherent, r grows and the effective Kr(t) coupling increases which leads to more oscillators to join

the synchronized oscillators. If the coherence is increased by a new oscillator, the process will



continue, or it becomes self-limiting [8].

1.2.2 Kuramoto’s Analysis

We can write the order parameter equation in Eq(1.2) as

s N s0—0.
exp(if) =20 4 (1.7)

—

one way of thinking about the Dirac delta function is that it is is a Gaussian random variable
centered at 0;, with infinitely small standard deviation. Then, in the limit N — oo, the order

parameter amplitude 7(¢) and phase v (t), defined by Eq(1.2), can be written as

rexp (i) = /_7; /_O:o (6, w, t)g(w)dbdw. (1.8)

This equation explicitly shows that the order parameter r is a measure of the oscillator synchroniza-
tion (phase coherence), and the interaction between oscillators of different frequencies occurs solely
through the order parameter. Note that, when K — 0, Eq(1.5) yields 6; = wt + 6;(0) which means
the oscillators rotate at angular frequency equal to their own natural frequencies. On other hand,
if # = wt then, in Eq(1.8) the integral [°7 ep(0,w,t)dw — 0 as t — oo by Riemann-Lebesgue
lemma (the extension of this result to the case K > 0 still questionable), therefore when r — 0
the oscillators become less and less synchronized [9]. In the case of strong coupling, K — oo, the
oscillators are synchronized to their average phase and Eq(1.8) implies 7 — 1. Now the question is
when the oscillators start to synchronize? In other words, at what value of the coupling parame-
ter, K, the system started to experience phase transition from the completely random to partially
synchronized oscillators? In Eq(1.1) the oscillators density, p(6,w,t) can be found by noting that
the oscillators rotate with angular velocity 6;. Therefore, the one-oscillator density must satisfy the
continuity equation

dp

at—i—(%([w—l—f(rsin(aﬁ—&)]p) =0, (1.9)

subject to normalization condition

/ p(O,0,8)d0 = 1, ¥ w, . (1.10)

—T



In the long term, the system converges to a steady state system. Therefore, the first term in Eq(1.9)
vanishes, and we get
C

p(0,w) = o= Krem(@)]’ (1.11)

which is the density of incoherent oscillators, conventionally called drift group. Eq(1.10) determines

the normalization constant

C= o w? — (Kr)2. (1.12)

Also, it follows from Eq(1.6) that the dynamics of oscillators with |w| < Kr approaches w; =
Krsin(6;) as t — oo, where |0;] < . This group of oscillators is "locked” or synchronized, and has
distribution

p(0,w) = §[Krsin(f) —w)|H(cos(d)) where |w| < K, (1.13)

where H(x) is Heaviside step function. By using Eq(1.8,1.11& 1.13) we can calculate the order

parameter r. Using Dirac’s bra-ket notation, we can rewrite Eq(1.8) as
<expifl >=rexpith =< expil > + < exp il >qrifi, (1.14)
the drift group term
™
< expif >gqrif1= / / p(0,w)g(w)dwdd = 0
—7 J|w|>Kr

vanishes, since g(w) = g(—w). From Eq(1.11), we have p(0,w) = p(6 + 7, —w). In the lock term, or

synchronization term, the imaginary part disappears; since p(6,w) = p(—0, —w) and g(w) = g(—w),

< exp(if) >jock= /5 / cos(0)d[w — Krsin(f)]g(w)dbfdw,
—z )0

r= /_72' cos(0)g(Krsin(0))Kr cos(0)do, (1.15)

INJE]

this equation has the trivial solution at r = 0 valid for any value of K, corresponding to incoherent
phase with
1
f,w)=—V 0 and w, 1.16
p(0.0) = 5V 0 and w (1.16)

which has a second branch of solutions, when r # 0, corresponding to partially synchronized phase

Eq(1.13), therefore



1= _’2‘ K cos?(0)g(Krsin(0))do. (1.17)

g
This solution bifurcates continuously from r = 0 at the value K = K, obtained by setting » — 0T

in Eq(1.17), thus

1= Kg(0) /5 cos®(6)d#,
-3
and
P (1.18)
© mg(0) '

This formula and the arguments leading to it were suggested by Kuramoto [1]. The system when
K < K. is in incoherent state in which the oscillators exhibit independent oscillations, while when
K > K, is in coherent state in which part of oscillators population is synchronized. By expanding

the integral in Eq(1.17) with respect to r,

Jus / . " . 2
1= K/2 cos®(0) (g(()) + 2 (O)Il('r sin 0 +2 (O)(I; sin 6) + ...)d&, (1.19)

after taking the integral,

19 (0)(Kc7“)2ﬂ>
1~K(— 1.20
(& + 25, (1.20)
we can rearrange the terms,
K.— K g (0)K3r?m
=~ —— 1.21
o 16 (1.21)
o8 /
For the Lorentzian distribution (smooth, unimodal, and even) densities, g(w) = 2T g (0) =
m(w? + v
" 16
0and g (0) = 5 < 0. For all K > K. = 2 we get

c

T:\/ﬁ:\/K;{Kc. (1.22)

Thus, the system bifurcation is supper-critical for K > K, if g”(O) < 0 and sub-critical for K < K,
if ¢"(0) > 0.



1.3 Stability of Solutions and Open Problems

Notice that Kuramoto’s calculations for partially synchronized phase does not indicate whether
this phase is stable, either globally or locally. The linear stability theory of incoherence has been

investigated by Strogatz [8].

1.3.1 Synchronization as N Approaches Infinity

Strogatz [10-12], presents the first rigorous stability analysis of the incoherent solution for the
infinite oscillators system. When the order parameter r = 0 the system is incoherent, linearly
stable, and non-unique (there is an infinite number of K’s that satisfy Eq(1.15)). The state is
neutrally stable if K < K. and has equiprobability Eq(1.16). When K = K. a new stationary
solution (the partially synchronized state) bifurcates from Eq(1.16). If the coupling exceeds the
critical value, K > K, the incoherent state becomes unstable and a synchronization state bifurcates

from it [13].

1.3.2 Synchronization at Finite N

The finite size effect is an issue with a kinetic equation that describes populations of infinitely many
elements, which exists in Kuramoto’s model. The Lyapunov function argument was used to point
out that a population of finitely many Kuramoto oscillators reach a stationary state as t — oo
[14]. In this work, we present a rigorous analysis for large finite-N of Eq(1.1), and then prove
the convergence as N — oo. However, [7, 15, 16] have investigated the problem using computer
simulation and physical arguments. It appears that the fluctuations are indeed O(N _%) except
very close to K.. To the best of our knowledge, no progress has been made in this problem at the

time of writing this paper.

1.4 Noisy Kuramoto Models

Kuramoto’s analysis of the infinite-N limit is successful in many ways, but it has peculiarities
that have been discussed earlier. The Kuramoto model does not have phase transition such as
phase transition occurs in thermodynamics or statistical physics in which fluctuations play a major
rule. However, for noisy dynamics, a phase transition has its usual meaning as in thermodynamics

[17, 18]. The effect of noise on the collective properties of phase oscillators can be modeled by



adding stochastic fluctuations (white noise to each oscillator) to Eq(1.6) [19],

where dW; = &;(t)dt is the increment of Wiener process and < &;(t) >= 0, < &(t)&(t) >=
2D6(t — t'), where D is the noise strength. Such noise can be interpreted as thermal fluctuations
or rapid fluctuations of interstice, closely spaced, frequencies of the oscillators [13]. This model
was suggested first by [19] and later used by Strogatz ([10]) to explain anomalous properties of
Kuramoto model. The probability density of the process Eq(1.23) is a solution of one-dimensional
Fokker-Planck equation:

9 0

2
5 =~ 59 <(wZ + Kr sin(@i))p) + D@ (1.24)

062’
Note that Eq(1.8, 1.24) govern the evolution of the density p(f,t,w). The stationary solution of
Eq(1.24) satisfying the periodic boundary condition p(6,w) = p(0 + 27, w) is given by [19]
—Kr +wbh + Krcost
p(8,w) = exp ( D )p(0;w)

(1 n (e_zﬂw/D — 1) fﬂe e(—wt' —Kr cos@’)/DdGI)
fOZﬂ' e(—wb/'—Krcost)/D qg! )

(1.25)

where p(0,w) is determined by the normalization condition Eq(1.10). Substituting of Eq(1.25) into
Eq(1.8) we obtain

r= /oo g(w)dw /7r p(0,w) expifdd, (1.26)

—00 —m

to find the critical coupling K. and a small amplitude solution near K,.. Since g(w) is symmetric
about w = 0, the imaginary part on the right-hand side of Eq(1.26) is always zero. The real part
on the right-hand side may be expanded in powers of Kr/D as [19]

D=

Kr(
r=—

/OO g(w) K22 /00 1—2w?/D?
2D

o L+ w?/D? " 2D? | o1 +w?/D22(4 + w?/D?
o).

)g(w)+
(1.27)



according to the implicit function theorem, r» = 0, the critical strength coupling as a function of D

is determined from Eq(1.27), and we obtain [19]

K, = 2(/0o g(w)dw)l. (1.28)

oo w?+1

As K increases, a nontrivial solution branches off the trivial zero solution at K = K.

1.4.1 Incoherent Solution

We would like to analyze the evolution of the probability density p(,¢,w) in the neighborhood of

the incoherent solution, namely

1
po= 5 V0, t,and w, (1.29)

This solution corresponds to a state in which, for each w, all the oscillators are uniformly distributed

around the circle. Note that, this solution is a solution to Fokker-Planck Eq(1.29).

1.4.2 Linear Stability Analysis of the Incoherent Stationary State

The stability analysis of the incoherent state Eq(1.29) is done by investigating the linearized Fokker-
Planck equation obtained from Eq(1.24) as

1
plbw, 1) = o +n(f,w.1); 0] < 1, (1.30)

the normalization condition Eq(1.10) suggests that n(6,w,t) satisfies
™
/ n(0,w,t)dd = 0; V w,t, (1.31)
—Tr

and Fokker-Planck Eq(1.24) implies

877 0%n

_ 9 1

where v; = w; + Krsin ;. Thus, the order parameter becomes

rexpip = 6/ / n(0,w, t)g(w)dfdw = 61" expi¢ (1.33)



where

r'expi¢p = / / n(0,w,t)g(w)dddw, (1.34)
substitute Eqs(1.5,1.30, and 1.34 ) into Eq(1.9), we obtain its linearized form

on 9% 817 Kr'cos(¢p — 0)
oo Yoot a2 (1.35)

to analyze Eq(1.35) it is convenient to use Fourier series. Since the function n(f,w,t) is real and

2m-periodic in 6, we look for a solution of the form
n(0,w,t) = c(w, t) exp(if) + c*(w, t) exp(—if) + 7 (0, w, 1), (1.36)

where 1 (0, w,t) represents the higher Fourier harmonics. By combining Eq(1.34) and Eq(1.36),

one gets
" expi(¢ — ) = exp(—if) / / (z,w,t)g(w)dwdr = 2me™" /_O:O c(w,t)g(w)dw, (1.37)
similarly
¥ expi(e + 0) = 2me? /_ o; c(w, £)g(w)deo. (1.38)
Combining Eq(1.37) and Eq(1.38) we get
r’ cos(¢p — 0) = w(e_w /o:o ¢ (w, t)g(w)dw + % /O:o c(w, t)g(w)dw), (1.39)

the amplitude equation for ¢(w, t) is obtained by substituting Eq(1.36), Eq(1.37) into Eq(1.35), and

comparing the coefficients of term e, one gets
0 t K [
cdwt) _ —(D + iw)c(w, t) + —/ c(v,t)g(v)dv. (1.40)
ot 2 )

Note that, ¢* is the complex conjugate of Eq(1.40), and r(t) is determined by ¢ via Eq(1.38).

1.4.3 Discrete Spectrum

Eq(1.40) has both discrete and continuous spectra. To find the discrete spectrum, we can seek a

type of solution of the form

c(t,w) = blw)e™, (1.41)



where A is independent of w, then Eq(1.41) becomes

Ab(w) = —(D + iw)b(w) + g [ O:O b(0)g(v)dv. (1.42)

K
Eq(1.42) can be solved in a self-consistent way. Let A = 5 J20, b(v)g(v)dv, solving Eq(1.42) for

b(w) we get
b(w) A (1.43)
W)= ——"— .
A+ D +iw’
substituting this back into the expression of A, we obtain
o0
1= K 79@) dv. (1.44)

2 —ooA—FD‘f‘ZU

Note that Eq(1.44) relates A to the coupling strength K. Then Eq(1.44) can be transformed into

A+ D
_2/ Ot Dy (143)

which shows how the eigenvalue A depends on the noise strength D, the coupling strength K,
and the frequency density g(w). If g(w) is even, we further assume that g(w) is non-increasing on
[0,00) in the sense that g(w) < g(v) Vw > v which holds for Gaussian, Lorentzian, and uniform
distributions. Therefore Eq(1.44) has at most one solution for A > —D, and if such a solution
exists, it must be real [20]. Obviously, K. correspond to A = 0. When A > 0 the fundamental mode
is unstable, and the coherence grows like 7(t) =~ r,e[10]. By using Eq(1.27) the critical condition

r =0, implies

K, — 2(/_0; D;jqﬂg(v)dzol, (1.46)

Eq(1.46) is the same as Eq(1.28), thus K, corresponding to A. For the noise-free case, the incoherent
solution goes unstable for K > K, = 2/(mg(0)) as suggested by Kuramoto. To prove this, let us
consider D = 0 in Eq(1.46) and take the limit A — 0F. The kernel function \/(A? 4 v?) becomes
more and more sharply peaked about v = 0, simply we can write 7§(0) = lim,_,o+ A\/(\% + v2).

Thus Eq(1.46) becomes K, = 2/(mg(0)) so we recover the results in Eq(1.18).

10



1.5 Continuous Spectrum

To find the continuous spectra we apply the operator £ to the Eq(1.41) as follows
cb:—uuwmb+§/’b@m@mu (1.47)

the continuous spectra of £ is defined as the set of complex numbers A such that the operator

L — M is not surjective, i.e. det|L — M| = 0. Now, adding —\b at each side of the equality we get
4D+A+mw+§[>mwgwm:fw% (1.48)

where f(w) is an arbitrary function that satisfies (£ — AI) = f(w). If A+ D 4w = 0 for w in the
support of g(w), then the equation is not solvable in general [10]. Hence, the continuous spectra
contains the set

{-D — iw : w € support(g(w))}, (1.49)

the last set is all of the continuous spectra just assuming that A is not in the support of g(w). Then

Eq(1.48) is solvable

_ 1.50
A+ D+iw’ ( )

where A is the integral in Eq(1.48) isolating b(w) and replacing again in the A equation we get

A(é( /_Z A —i—gl()w—)&— iw dw) - g /_O:o )\gj—wl))f—(i-wi)w du. (1.51)
By assumption, A is not in the discrete spectrum, and A # 0 (we do not consider the trivial
solution). Thus, Eq(1.51) can be solved for A. Hence, the set considered before is the continuous
spectrum. We notice that for D = 0, noise-free case, the spectrum lies in the imaginary axis, the
fundamental mode for K > K, is unstable and for K > K, is neutrally stable. Continuous and
discrete spectrum for the linear operator Eq(1.47), for the noisy case D > 0, can be summarized as
follows: when K > K, the fundamental mode is unstable since A > 0, and the continuous spectrum
lies in the left-plane. When K = K., we are at the critical point, so A = 0. When K* < K < K,
the fundamental mode is stable since A < 0. When K* < K, the discrete value is absorbed by the

continuous spectrum.

LK™ is the value of K when A = —D
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1.6 Non-Uniform Coupling Constant

Daido has considered the general mean-field model [21]

N
0; =w; + Y Kijsin(0; — 0; + Ayj) + &(t), i=1,...,N, (1.52)
i=1
where N is the size of the system, A;; € [—m 7| is a random phase shift, disorder factor, acting
like potential vector differences between sites which is assumed to produce frustration. wjs have
g(w)—distribution and ¢ is Gaussian noise. K;; = Kj; are independent random variables with
normal distribution, N(0, K2/N) where K is control parameter, denoted by P(kK;;) and is given
by

2rK? 1 NK?2
P(Kij) = (=) * exp(—5x7)- (1.53)

The interest of this model lies in the fact that the coupling term in Eq(1.53) vanishes when 6; —6; #
0, i.e. the system is in an incoherent state which is called frustration. The model when A;; =0 in

Eq(1.53) has been subject to a recent work [21, 22]. The model equation is

N
0; = w; + Z K;j sin(éj —0;)+ &), i1=1,...,N, (1.54)

i=1
where K;; are given by Eq(1.53). Kirkpatrick & Sherrington [23] have studied the model, Eq(1.54),
when w; = 0 to mimic the behavior of frustrated magnets. Most studies were done without noise
and for Gaussian frequency distribution g(w). In two different studies, Daido [21] and Stiller [24]

have conducted numerical analysis but, unfortunately, with contradicting results.

1.7 Numerical Simulations

In part for pedagogical reasons we have conducted a numerical investigation for Kuramoto model.
The language used is C++ . A sample of 1500 oscillators is implemented in this numerical
simulation. The oscillators frequencies are randomized using a function that generates normally
distributed random numbers from a built-in uniform random generator, centered at zero with a
user-defined standard deviation. The oscillators phases are initialized with uniform phases over
a unit circle. A numerical integration of equation Eq(1.5) has been performed by implementing

Euler’s method. The order parameter versus coupling constant are recorded and plotted in Fig(1),

1Please see Appendix
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which shows a clear signature of phase transition, below K = 3 no significant synchronization is

noticed, and the predicted critical coupling is K. = 4.

The bifurcation diagram
T T

1 T

09 b

0.8 b

0.7 b

0.6 - b

04 r b

03 b

02 b

0.1 _

Figure 1.: The bifurcation diagram of Kuramoto model with 1500 oscillators
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Chapter 2

Stochastic Dynamics

2.1 Brownian Motion

LA probabilistic model is often used when the problem of interest lacks sufficient information
to determine how the system behaves, or the system is so complex that an exact description of
it becomes impossible. Many important real-world systems are subject to random events, which
could be referred to as noise or fluctuations caused by the interaction between the system and its
environment. Such systems are best understood in the context of Stochastic Dynamics. In the
real world there is no noise-free system. Deterministic dynamics works very well if the noise scale
is negligible compared to the scale of the system. Yet the interactions that are eliminated from
large-scale (macroscopic) models make themselves felt in other ways: The most famous example of
observable fluctuations in a physical system is Brownian motion where a continuous random mean-
dering of a pollen grain suspended in a fluid. In 1827, R. Brown discovered under the microscope
the continuous and irregular motion of small pollen particles suspended in water. He also remarked
that small mineral particles behave exactly in the same way (such an observation is important
since it excludes the biological nature of the motion). In a general way, a particle in suspension
in a fluid performs a Brownian motion when its mass is much larger than the mass of one of the
fluid’s molecules. The idea according to which the motion of a Brownian particle is a result of the
motion of the lighter molecules of the surrounding fluid became popular during the second half of
the nineteenth century. This explanation was introduced by A. Einstein in 1905, which marked the

beginning of the theory of stochastic processes.

2.2 Basic Concepts on Stochastic Processes

A stochastic process is a term that refers to any collection of random variables { X (t,w)}! depending

on time t, defined on the same probability space (2, F,P). For fixed w € Q, X(¢,.) is a sample

'The discussion of this chapter follows the chapters (1-4)[25], (1-5)[26],(1-3)[27], and (1-6)[28].
!X (t,w) and X;(w) will be used in the text interchangeably
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path of the process. At a fixed time ¢, properties of the random variable X (.,w) are described by
the probability distribution of X (.,w).

DEFINITION 2.2.1 [Stochastic Process| Suppose that for each ¢t € RT there is a random variable
X; : © — R defined on (2, F,P). The function X; : T'x  — R defined by X (t,w) = X;(w) is

called a stochastic process with indexing set ¢ and written as X = {X;,t € T}.

2.2.1 Gaussian Process

A stochastic process determines a probability distribution of the form

P(Xy, (w) < zp, Xiy (w) < 29,y ., Xy, () < ) (2.1)

where n € N, t1 < to,...,< t,, and z1,T9,...,x, € R. If the probability distribution is Gaussian
(multivariate distributions), then the process is called a Gaussian process with mean given by

m(t) = E(X;) and covariance function (¢, s) = cov{ Xy, Xs}.

DEFINITION 2.2.2 The stochastic process is Gaussian {X;}+>o if it is Gaussian for any choice of

{t:}.

2.3 Brownian Motion

Brownian motion is the most fundamental stochastic process in continuous space and time. Much
of the stochastic dynamics Mathematics was developed for studying Brownian motion. It is merely
a simple mathematical illustration and formalism that provides a direct and concrete connection
to physical reality. However, in its own right is not physical 2 but it can be used to model physical
systems by employing assumptions that suited for each phenomenon. The limitations of the various
assumptions, employed in the modeling of physical phenomena, are made obvious due to simplicity
of the Brownian motion. The first mathematical construction for Brownian motion was proposed by
N. Wiener in 1923. He used a random Fourier series to construct Brownian motion. Our treatment
follows later ideas of Lévy and Kolmogorov. We start by giving a formal definition of the stochastic

process.

2Since the energy of such system diverges as the time goes to infinity.
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DEFINITION 2.3.1 [Wiener Process] Let W = (W;)>0 be a stochastic process in RY. We say that

W is a Wiener process in RV if

e W(0)=0as.

e W has independent increment for any finite time sequence 0 < ty < t1 < to < ... < t, the
increments Wy, — Wy, Wy, = Wy, Wiy — Wiy, ..., Wy, — Wy, | are independent random variables.

o W, — Wy~ N(0,(t —s)), for all s <t.

e The sample path Wi (w) are a.s. continuous for ¢ > 0

THEOREM 2.3.1 (Wiener Theorem) There exists a Brownian motion on some probability space.

We will show that such a process exists by explicitly constructing one.

2.4 Mathematical Construction of Brownian Motion

2.4.1 The Lo—space Theory

We need to show that Brownian motion 4AYexistsaAZ in the sense that we have a Gaussian process
W (t)! with the right covariance function. Let {¢;} be a complete orthonormal basis of L»[0, 1] and
X1, Xo, ... be a sequence of independent identically distributed random functions defined on the

probability space (2, F,P), with X; ~ N(0,1). For n = 1,2, ... define
n t
W => X, / bi(s)ds (2.2)
i=1 0

THEOREM 2.4.1 For each t,W[" is a Cauchy sequence in La(Q, F,P) whose limit, Wy, is a normal
random variable with mean zero and variance t. For any two times t, s, E[W,Ws| = tAs, where tAs =

min(t, s).

Proof. Define

1 ,x<t
It(S) =
0 ,s>t
Then
t o] o0
/0 gi(s)ds =< I, ¢; >, Iy = < Ij,¢; > sand ||L]|* =D < L, ¢; >*. (2.3)
7 1

YW (t) and W; are used interchangeably.
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since ¢; is a complete orthonormal basis. Thus for n > m
n

n t
E(W;" — th)2 = E( Z Xi/o qbi(S)ds)Q = Z < I, ¢ >2— 0 as m,n — 00
t=m+1 i=m+1

Thus W}" is a Cauchy sequence in Ly(2, F,P). From Eq(2.3) we obtain
Var(W (t)) = lim Var(W") =t.

n—o0

We have

(o]
EW W =Y <1l ¢i >< L, ¢i >=< Iy, Iy >=t N\ s.
1

O

2.5 Properties of Brownian Motion
The following properties of Brownian motion will be used a lot

e Continuous-time Brownian motion is a martingale.

e Any sample path of a Brownian motion is nowhere differentiable.

e Law of asymptotic sub-linear limit, lim;_, = 0 almost surely.

Wit Wit
o Law of iterated logarithms lim sup,_, ., ®) = l.a.s. liminf, , ®) = —1 almost

V2tinlnt V2tinlnt

surely.

(W(t) - W(s)|

e Local Hoélder continuity for any 0 < a < %, SUD, < s<n+1 P @
—"r = J— 8

<oo,n=0,1,2, ...

e N-dimensional Brownian Motion W (t) ~ N(0,tIy), the probability density function the density

of the Gaussian random vector W (t) — W (s) is

x%—l—x%—i—...—i—x?\,
2t

P(x,t) = ). (2.4)

1
(27Tt))N/2 eXp(_

e A Brownian motion is almost surely not a path-wise monotone on any time interval.

Let us step back and look at some technical points. We have defined Brownian motion as a stochastic

process W(t) : t > 0 which is merely a collection of uncountably many random variables w —
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W (t,w) defined on a probability space (QAn; F;P). At the same time, a stochastic process can also
be interpreted as a random function, normally called a sample path defined by t — W (¢,w). The

sample path properties of a stochastic process are the properties of these random functions.

DEFINITION 2.5.1 If W (t);>0 is a Wiener process, fixing w € Q, we get a function of time X;(w) =

X (t,w), called a sample path of the process.
2.5.1 W,; is Gaussian

If the process is started at =, then Wy ~ N(x,t). This can be written as

b1 (y—a)?
e 2 dy,

P(W(t) € (a,b)) = / NeTT

consequently, Brownian motion is a Gaussian process where cov(W; — W) =tAs for s,t > 0. Now
we need to show that W; is normal. Note that W/ is a finite sum of normal random variables and
is therefore normal, with variance 0% = Y1 < I}, ¢; >2. Hence the characteristic function of W}
is xn(u) = E(exp(iuW}*)) = exp(—o?u?/2), which converges as n — oo to x(u) = exp(aLStu?/2).
Now W;* — W, in Ly implies that there is a sub-sequence W;"* such that W;"* — W; almost surely
as k — oo. It follows from the bounded convergence theorem that E(exp(iuW;"*)) — E(exp(iuW}))

and hence that E(exp(iuW;)) = x(u). Thus Wy ~ N(0,¢).

2.5.2 W,; is Continuous

Our next step to construct the Brownian motion is to define a special orthogonal normal basis. We
will make use of Haar wavelets to construct Wiener process. The idea is to construct a standard

Brownian motion on [0, 1], so that for each 0 < ¢ < oo, we can get W(t) by setting
W(t) = W £ 3" W®(1) for t € [n,n+1).
k=1
We define the Haar functions as

Ho(z) = 1,

Hl(m) =



if 2" < k < 2" where n = 1,2, ..., then, we get

2 k—2m k—2241/2
2n/ ) g S U<
Hi(t) = _2n/2, %ZA/Q <t< %;A/Q (2.5)
0, elsewhere,

then from this H(t), we define a sequence of functions
Vix(t) = H(27t — k) for 0<5,0<k<2.
The sequence 1)1, is called Haar wavelet and from the wavelet we define the Haar function

Ho(t) =1

H,(t) = Q%wj,k(t),n =2 +k where >0 and 0<k < 2.

The set { H,,} forms a complete set in Ly, and we are going to use this fact to construct the Brownian

motion.
THEOREM 2.5.1 The Haar functions are a complete orthonormal basis in Lo[0, 1].

First, we prove that the set is orthonormal and then we prove that it is complete.

Proof. Let [t/,t]] be the interval on which H;(z) is nonzero. For j < i the interval [t!,¢i] is
either disjoint from [t',#!] which implies H;(z)H;(z) = 0 or contained in it, which is equal to
constant H(x), thus

/01 Hi(e)H;(x)dz = 0

when i = j we get
1 o1 1
/0 Hyw) Hy(@)de = 2"(g + o) = 1.

O

Thus, the Haar function forms an orthonormal system of functions. Now we have to show that
they are complete, i.e. that if f € Lg[0,1] we have < f, Hr >= 0 for all k£ then f = 0 almost
everywhere. Suppose f satisfies these conditions,

Proof. If n = 0, we have fol fdx = 0. Let n = 1, fol fHy(z)dr = 0. Then f01/2 fdx = f11/2 fdx
and both are equal to zero, since fol fdx = 01/2 fdx + f11/2 fdxr = 0. Continuing in this way, we
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k+1

deduce f”,:ﬁ fdx =0 for all 0 < k < 2", Thus [ fdx = 0 for all dyadic rationals 0 < s <r < 1.

on+1
Since for any real number r there is a sequence r, of dyadic rational numbers r,, converging to r,

[ fdx = 0 for all real numbers 7, s. This completes the proof. O

We define another sequence of functions, {U;:(t)} by

k(t) = /Ot Vjk(s)ds

similar to the way we constructed {1;;(t)}, this sequence can also be represented as the wavelet
by defining a tent wavelet and constructing another function from the tent wavelet. Let us denote

the tent function ¥(¢) defined as

<t <10 elsewhere

and from the tent wavelet function we define another sequence of functions
U, (1) =0(2t—k) for 0<5,0<k<2

Now, let us define {A,(t)} as Agji(t) = ¥, k(t) and {A,} as

)\n:2*21'/2 where n>1 and n=2'+k with 0<k < 2.

Then we can define,
DEFINITION 2.5.2 [Schauder function] For k = 0,1,2, ..., s,(t) = \yA, = [5 Hy(s)ds.

The Schauder functions are ”little tents” of height maxo<i<i |sk(t)] = 2-(+2)/2  lying above

k—=2" k—2" k—2"+41
on s on > on

the interval | |, as shown in Figure (2). Now, we have all necessary background
material to construct a standard Brownian motion for ¢ € [0,1]. The idea is to show that W;}* — W}

uniformly almost surely when we take the orthonormal basis to be the Haar functions.

LEMMA 2.5.1 Suppose that, forn=1,2,..., f, : [0,1] = R is a continuous function, and that f,(t)
converges uniformly to a function f i.e. given € > 0 there is a number N such that n > N implies

|fn(t) — f(t)] <€ foranyt € [0,1]. Then f is continuous function.
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Graph of S,

Width=2"

Figure 2.: Schrauder Function

Proof. Forany t,s € [0, 1] we can write |f(t)— £(5)] < |f(t) fu(t)|+1fa(t)— Fa(3)|+ | fuls)— F(5)].
Given € > 0 we can find n such that the first and third terms on the right are each less that

€/3 (whatever t,s). Now f, is continuous, so for fixed ¢ we can choose ¢ so that the second term

is less than €/3 for all s such that |t — s| < §. Consequently, f is continuous at ¢. O
We define
= Z AnZnSn(t)
n=0

for t € [0, 1], where the coefficients {Z,, }5° , are independent, normally distributed, N (0, 1), random
variables defined on some probability space. We will prove the lemma by showing that W (t) satisfies
the required properties of a standard Brownian motion. First, we have to check whether this series

converges. To do that, we first prove the following lemma,

LEMMA 2.5.2 Let {Z, : 0 < n < oo} be a sequence of independent Gaussian random variables with

mean 0 and variance 1, then there is a random variable C which is finite with probability one and

|Z,| < CVlogn for alln > 2.

Proof. For all x > 0 and n > 2, we have

2 [ u? 2 )2
> <3 /= N = S DAY
P(|Z,| > ) \ﬁ/ exp(— )du < 7T/;c uexp( 5 )du = exp( 5 )/ -

Thus, for any o > 1, we have

™

2
P(|Z, > V2alogn) < exp(—alogn)\/> NS
™
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Note that for a > 1, we have
oo
Z n~% < oo
n=1

Using Borel-Cantelli lemma, we get

P(|Z,| = v2alogn

Therefore, the random variable defined by

Z
sup |2l =C
2<n<oco IOgn

is finite with probability one. O

Now we are ready to prove that W (t) converges uniformly on [0, 1] with probability one. Notice
that for n € [27, 2711] the function s, () has disjoint support and logn < j+1. From Lemma(2.5.2)
|Z,| < Cy/logn where C' is a finite random variable and n > 2, therefore, for any J > 1, if we let
M > 27, we obtain

[o'e) [e’e} 2J 12 j/Q
Z M| Znlsn(t) < C Z Viogns,(t <C’Z Z Vi + 1895 x(t)
n— j=J k=0
oo 9—i/2
C’jZJ > Vi+1,

and note that 3322, 2_21/2 Vj +1 < co. Therefore, we have

92— J/2

J—oo

lim CZ

Since Apsy(t) is a bounded continuous function on [0, 1], W (t) converges uniformly on [0, 1] with
probability one, and since s,(t) is a continuous function then W (t) is also continuous with prob-
ability one. We have proven that W (t) is continuous and also we have proven that the Brownian
motion does exist by constructing it. Now, we need to prove that W (t) has independent increments.

We begin by proving the following Lemma,

LEMMA 2.5.3 320° 0 A25,,(s)s,(t) =t A s.
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Proof. Let s € [0,1],

Then if s < ¢, the completeness and the orthonormality of Haar function, Theorem (2.5.1), implies

Gedsdr = agby,

Il
o—

and, if t < s

PrpsdT = Z agbi,

O\H

Then, we have
oo
Z Msn(8)sn(t) =t As,
n=0

where

1 t 1
ap = /¢tde7_ = /deT = Sk(t), bk = /¢5deT = Sk(S)
0 0 0

Next will show that W (t) has independent increments by proving that W (t) satisfies
cov(W(t),W(s)) =tAs forall 0<s,t<T.

LEMMA 2.5.4 If a process {W(t),0 <t < T} is Gaussian and has E(W(t)) =0 for all0 <t <T
and if coo(W (), W (s)) =sAt for all0 < s,t <T, then {W(t)} has independent increments, and

if this process has continuous paths and W(0) = 0, then it is a standard Brownian motion on [0,T].

Proof.

E(W(t)W(s)) = E( i AnZnsn(t Z A Zm Sm (L > Z A2 ssn(t)sn(s) =t As,
n=0

We make use of Lemma (2.5.3) and Theorem (2.5.1) for the second part of above equation.
It is sufficient to show that the characteristic function of the multivariate (Xy,, Xt,, Xy, .o, Xt,,)

matches the characteristic function of a multivariate Gaussian with mean zero and covariance
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matrix, ¥ = min(¢;, ¢;)

E(exp(i Y 0;W(t;))) = E(exp(i Y 0; Y AeZysi(t;)))
j=1 k=0

j=1

= ﬁ E[exp(i/\kzkiejsk(tj))] = ﬁ eXP(—éki(zn: 051 (t5)))
k=0 j=1

k=0 j=1

o0 n n

- exp(—igxz@eﬁk@j)) — exp( —% LN IO

k=0 i=17=1

Using Lemma (2.5.3) we get

E(exp(iZGjW(tj))) = exp < - % Z Z ;6 min t],tk)>
j=1 J=1k=1

and the last expression is the characteristic function of a multivariate function of a multivariate
Gaussian with mean zero and covariance matrix, ¥ = (min(¢;,¢;)), and, therefore, by uniqueness

of characteristic functions, W (t) is indeed a standard Brownian motion. O

2.6 Properties of Brownian motion

2.6.1 Invariance Properties

LEMMA 2.6.1 (Scaling Lemma) If W, is a Brownian motion and ¢ > 0 then X; = %W(C%t), for t >

0, s a Brownian motion.

Proof. X; is a continuous function of a Brownian motion; obviously, it has continuous paths.

E(X;) = 1E(W(c*t)) = 0 since W is a Brownian motion. Let s < ¢, then

1

E(X,X,) = E(%W(CQS)%W(C%)) = JEV(E)W () = Cizc?t Ns—t,

N N A )
S oONXy, =D W ()
k=1 =1 €

which is a sum of Gaussian random variables, hence it is a Gaussian. ([l
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LEMMA 2.6.2 (Time Inversion) If Wy is a standard Brownian motion then the process

w(L 0
X, = tW (%) t#

0 t=20

1s also a standard Brownian motion.

Proof. For any finite 0 < t; < tg,... < t,, the marginal random variable W (t1), W (t2), ..., W (t,,) is

a Gaussian multivariate random variable with
W(tz) =0 and E(W(tz)W(tJ» = COV(W(ti)W(tj» = ti A tj.

We can check X (0) = 0, X (¢) — X (s) is still a normal random variable with mean zero and variance
BIX (£)= X (¢-R) 2 = BIX (1) P+ X (4+h)2—2E| X (0)X (4-R)| = 2(3)+(t+h)? 1y —20(t+0) iy =
2t +h — 2t = h for any ¢t > 0 and h > 0. Moreover, the independent increments condition is also
satisfied by X (¢) and the sample paths are continuous on (0, c0) almost surely. Finally we need to

show that ltif{)l X(t) = 0 almost surely. This follows from the following asymptotic limit property

w(t)

;—~ = 0 almost surely. ]

that lim
t—o0
LEMMA 2.6.3 (Translation Invariance Lemma) For any fized tg > 0, the process

W(t) = W(t+to) — W(to)

1s also a Brownian motion.

Proof. W (t+s)—W(s) =W (t+s+to) —W(to) —W(s+to)+W(tg) = W(t+s+tg) — W(s+to)
which is by definition normally distributed with mean 0 and variance t. W (tj;1) — W(t;) =
W(tjs1 + to) — W(t; + to) are independent for all j = 0,1, ..., by the property of independence
of disjoint increment of W (t). W (0) = W (ty) — W(to) = 0, as the composition and difference of

continuous functions, W is continuous. The proof is completed. ]

2.6.2 Asymptotic Limit Properties

THEOREM 2.6.1 (Law of iterated logarithm) For a Brownian motion W (t) satisfies

, W (t) 1
im sup ——=— =
100 P Vv2tloglogt

25



almost surely.

Before proving the theorem, we state an elementary lemma

LEMMA 2.6.4 Let X ~ N(0,1) be standard normally distributed. Then, for any x > 0,

L 1 —§<P[X> ]<1—§ (2.6)
———e¢ x] < —e .
V2ra+ 1 - T T
Proof. Let ¢(t) = —2 — be the density of the standard normal distribution. Partial integration

V2me 27

yields the second inequality in Lemma (2.6.4),

MXzﬂ:/whW®Mhaiwﬂfi[:M@ﬁ§;ﬂﬂ

xT

Similarly,

L pix > 4.

22 =

PLY > 0] > () - [ o)t = () -

This implies the first inequality in Lemma 2.6.4. g
LEMMA 2.6.5 (Reflection Principle) For m > 0 we have that P(sup W (s) > m) = 2P(W (t) > m).
s<t

Proof. Let {sup;<; W(s) > m} be the event that the Brownian motion exceeds m before time ¢.

The sets {W(t) > m}, {W(t) = m},{W(t) < m} from a partition so

]P’({SSggW(S) >m}) =

P({sup W (s)} = m} 1 {W (1) > m}) + B{sup W ()} = m} 0 {W(1) = m})+

P({sup W(s) = m} n{W(t) <m})

s<t
But P({supW(s)} > mnN{W(t) = m}) = 0 and P({W(t) > m}{supW(s)} > m) = P{W(t) <
s<t s<t
m}|{sup W(s)} > m) since there are the same number of paths ending above m as there are below
s<t
m, this gives us P({sup W(s)} > mnN{W(t) > m}) =P({sup W(s) > m} N{W(t) < m}) so indeed
s<t s<t

we have that
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Proof. [Law of the iterated logarithm]

Let 1(t) = \/2tlog(log(t))), by symmetry of W it suffices to show just the first limit hm sup 1%) =

1. We will show that hm sup w <1 and then hm > 1.

oow()
Step 1: hm sup w() < 1

W(t)

T < 1 + € for sufficiently large t. By using Lemma

This equlvalent to say that for € > 0 we have

(2.6.3) we have

N

x

BW (1) > (1+ (1)) = /( i)w) aeda

o~ (1402 log(log(1))

<
~ (14 ¢€)y/4mlog(log(t))

Let « > 1, and define t,, = a™for n € N.

e~ (1+€) log(log(a™)) e~ (1+4€) log(nlog(a))

(1+ €)\/4rlog(log(a™)) B (1+ €)\/4mlog(log(na))

B(W(a") > (1+ epb(a”) <

< C(a, e)n*(HE)Q,

o
where C' is some constant depending on e, . C(a,e)n~ (179 < oo, by Borel-Cantelli we have
n=1
that P(W(a™) > (1+4¢€)y(a™)i.o.) = 0, hence the Brownian motion will almost surely reach a last n
such that at o™ it exceeds the bound. We need to show that the process will not exceed the bound

between o, o for sufficiently large n.

P(sup W(s) > (1 +e)yp(a™)) =2P(W(a™) > (1 + €)y(a™)) < QC(a,E)n—(1+E)2

s<a™

So by Borel-Cantelli there are almost surely only finitely many intervals [, o™ 1), for which the

Brownian exceeds the bound. We therefore have for t € [a",a" 1) :

W (t)
ﬁ <(l+e)

bt Va”ﬂlog((nﬂ)log(a)) wog ((n +1)log(a))
Y(am) =(1+¢) a™log(nlog(a)) (1+)va log(nlog(«))

1 1)1
and lim og((n + 1) log(a)) = 1, we can choose ¢ arbitrarily small and « arbitrarily close to 1
w5\ " log(nlog(a))

hence indeed we have that W) < 1 almost surely.
»(t) W
t
Step 2: We need to show that lim w(()) > 1, similar to what we have done in step 1, the
t—00

inequality is equivalent to saying that for € > 0 we have ((t)) > 1 — € for sufficiently large ¢t. Again
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let t, = a"™,a > 1 then

P(W (") (1 —€) > C(a, e)n~ =9
Let A, = {W(a") — W(a™ 1) > ¥(a"™ — o™ 1)}, which are independent by construction, also for
sufficiently large n

n n—1 e~ log(log(a™—a™~1)) 1

>
= \/W) ~ 2log(log(a™ — an—1)) ~ nlog(n)

[e.e]
and, therefore, Y P(A,) diverges, so for infinitely many n
n=1

W(a") > W(a"™) +p(a" — o)

and from the upper bound (step 1) W(a" 1) < 2¢p(a™!) and symmetry of the standard Brownian

motion, we get W(a" 1) > —2y(a”!), therefore we can rewrite the above inequality as

W(a™ 2 W(a™™) +(a" — a"Y) > —2(a"Y) +p(a” — amh).

Thus, almost surely, for infinitely many n

W(a™) _ =2¢(a™ ) + (o™ — a7t 2 a” — a1 B 2 1
ofan) = 9fa) vl Ve a

as % is increasing in t for sufficiently large ¢, but @

is decreasing, and, therefore, we have

t 2 1
limw> - =

Pl © 0 Va a

and since our choice of o > 1 was arbitrary, we get the almost sure lower bound lim sup VJT%) > 1,
t—o00

and combining it with the upper bound, we know that

, wit)
hgrisoljp 0 =1.
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2.6.3 Nowhere Differentiability

Almost every sample path W(t),0 < t < T is not differentiable at any point and this can be shown

by proving the following theorem,

THEOREM 2.6.2 For every tg,

lim sup \—W(t) — Wito)

| =00 almost surely
t—sto t—1o

which implies that for any ty, almost every sample path W (t) is not differentiable at this point.

Proof. Without loss of generality, we assume tg = 0. If one considers the event

W
A(h,w) ={ sup \ﬁ] > D},
0<s<h S

where D is constant, then for any sequence {h,,} decreasing to 0, we have

A(hy,w) D A(hpy1,w)

and
A(hp,w) D {\Wf(bil”)\ > D}.
So,
W (hn)
P(A()) = B~ > DV/he) = BW()]) > DV) 1 as n - o0
Hence,

P12, A(hy)) = lim P(A(hy)) = 1

n—o0

It follows that

w
sup | () | > D almost surely for all n and D > 0
0<s<hy S
Hence
Wi(t)— Wit
lim sup \M| = oo almost surely
t—sto t—to

O

It is worth to mention that the nowhere differentiability implies that the Brownian motion is not

monotone in any interval, no matter how small the interval is.
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2.7 Stochastic Calculus

2.7.1 The It6 Integral

Suppose that g € £2[a,b](Q) = La([a, b, L2(2, F,P)), which is a Hilbert space with the Ly—norm,

b 1/2
Hwhz(/mgmme

b
Note that [ g(s)dWs,g(s,w), and the integrator W; are stochastic processes. In order to define
a

J g(t,w)dW (t), we approximate g(t,w) by simple processes.
0
DEFINITION 2.7.1 [Simple Stochastic Processes] A simple stochastic process is defined by

ng 1 1[tk 1,tk]

where ¢}, is F;, measurable and E|§kl2 < 0.

The stochastic integral of the simple stochastic process is given by

b

Ign) = [ o(t,)iwi = zxkl (Wi - ) (2.7)

a

LEMMA 2.7.1 The integral (2.7) has the following properties

b
B([ g(t.w)dW () =0
b
/ g(t,w)dW (t) is Fp, — measurable random variable
a

b b
Bl [ gtt)aW @) = llgll2 = [ Blg(t.w)d.
a a
The last property is often called Ito isometric identity.
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Proof. The first property:

By using the tower property of conditional expectation, we get

E(&p—1 (W (ty) — W(ti—1)) = E<E(§k—1(W(tk) - W(tk—1)|Ftk—1)>

and implementing the product property of conditional expectation

E(&_1 (W (ty) — W(tp_1)) = E@_lE«W(tk) - W(tk_l)m“))

using the independent increment property of the Brownian motion

B(61 (W () ~ Wilti—1)) = E(§B(0V (0) = Witi1)) ) = B(Gi-1) ~ .

The second property:

b n
I = t,detZ 1w Wt—Wt,1
()= [ o) () = 3 i) (W = W00

for k < n, W (ty) is Fi, = F: measurable. Thus I(g) is F; measurable.

The third property:

n n

b
E| /g(tjw)dW(tﬂQ =Y Y E(&a&a(W(te) = W(t1) (W (t;) — W(tj-1)))

k=1j=1

for any k < j, by the tower and product properties of the conventional expectation, and by the
mean-zero property of the Brownian motion as treated before, E(&—1&;—1(W (t5) —W (tx—1) (W (t;)—
W(tj-1)) =0
n n b
> E(G- 181 (W (1) — Wt 1)?) = 3 Blée )t — ti1) = [ Elglt,w) P
k=1 k=1 a

O

We denote by S2 the subset of all step functions in La((0, T'), Lo (€2, F,P)) = £2, which is a Hilbert

space with the £2—norm
T
lollor = llalleg, =/ [ B/t 23

Therefore, we can approximate any function in £% by step functions in 82 to any desired degree of
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accuracy. Thus, it is possible to choose a sequence g, (t,w) of simple processes such that as n — oo

these processes converge to continuously varying g(t,w) € EQT.

LEMMA 2.7.2 8% is dense in (L%, HHﬁZT)

Proof.  Let us consider the partition of [0,7] of the form 0 =ty < t; < ... < t, = T with
t; —tj—1 — 0 as n — oo. when E(f(t,w))? is mean-square continuous, we define a sequence of step

functions f, by fu(t,w) = f(tn,w),wp.1,int, <t <t for j =1,2,...,nand n = 1,2,3,....

j+1

Clearly then f,, € 8% for each n =1,2,3,... and

E(]fn(t,w)—f(t,w)]2) —0 as n— o0

for each t € [0, T]. Hence by the Lebesgue Dominated Convergence Theorem® applied to
Ly([0,T],F,P) we have

/OTE<|f”(t’w> - f(t,w|2>dt —0 as n— o0

In general, since f € EQT is not mean-square continuous, we can approximate it arbitrarily closely

in the norm Eq(2.8). We approximate g by a bounded function gy € £2 defined by
g (t,w) = max{—N, min{g(t,w), N}}

for some N > 0. gy (t,w) = g(t,w) when gn(t,w) = g(t,w). Moreover

T T
/E(ygN(t,w) gt w)|?)dt < 4/E(\g(t,w)\2)dt < o0,
0 0

so by the Dominated Convergence Theorem applied to the function E(|gn(t,w) — g(t,w)[?) €
Li([0, T],F,P) consequently

T
/ E(lgn(t,w) — g(t,w)[*)dt =0 as N — oo
0

“Suppose that f,g € L1(Q, F,P) where P < oo and that fi, fa, ... is a sequence of F— measurable functions with
|fa(@)] < |g(w)| for almost all w € Q and n=1,2,3,... Then lim [ fo(w)dP = [ fdP if lim f, = f(w) for
n—>ooﬂ n—oo

almost all w e 2 and n=1,2,3,....
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Then for such an fix(t,w) = ke ¥ [} eFgn(s,w)ds from the integral above it follows that f; is

jointly measurable F x F, and that f(t,.) is J;—measurable for each t € [0, T], then
T T
| fr(t,w)| < ke_kt/eks|gz\/(s,w)|dt < Nk:e_kt/eksdt
0 0

Thus,
| fi(t,w)| < N(1— e

therefore E(fx(t,w)?) < oo and integrable over 0 < ¢t < T’; hence gy € £2. It is straightforward to
see that

[fr(t,w) = fr(s,w)| < 2NE[t — 5]

which implies that gy is continuous. In fact this bound also implies that E(fx(¢,w)) is continuous.
Therefore we can approximate it by step function g, € S#. Thus, for any € > 0 we can choose

gn, fr and g, successively so that

€ €
lg —gnllez <3, v = fullz < 5
€

1k = gnllez < 3
Then by the triangle inequality we have

lg = gnllcz <e
what was required to prove. O
Thus, Lemma (2.7.2) provides a sequence of step function, g, € Egtep dense in ,C%O’T) such that:

T
. 2 _
JLII;OE/‘g(t,w) —gn(t,w)[*=0
0

Note that for any given g € E%, by the It6 isometry, the simple stochastic process {g,}5° as an

T
approximate of g on £2((2) are such that {[ g,(t)dW ()} is a Cauchy sequence in the Hilbert
0
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space Lo (92, F,P). Therefore, we define the It6 integral
T

T
Joaw®) = tim_ [ gunaw
0

0

which is well-defined.

2.7.2 Stochastic Integral Properties

THEOREM 2.7.1 For any g € E%loc)(Q), the Ito integral driven by the standard Brownian motion,

T
X(t) = /g(s)dW(s),T >0
0

is a mean-zero stochastic process and a martingale with respect to the filtration {Fi}i>0. The Ito

isometric identity holds,

t
2 _ 200 11402
EIX()F = [EIX(s)Pds = llgliZs, @) t20. (29)
0
Here L3, .(Q2) = Lo (10c) ([0, 00), Lo (2, 7, IP)). Linear properties and additivity hold for the integral.

¢
Proof. Let {gm} be sn approximate sequence of simple process so that X,,(t) = [ gm(s)dW (s) —

0
X(t) in Lo(92,F,P). Then Eq(2.9) holds because

X layz = Jim Xm0 By = Jim_lloml 22 ) = 1912 (q)-

O

To prove that {X(t) = fg(s)dW(s)}tZO is a martingale, we can verify three conditions 1- X (¢)
is adapted to F,t > 0, lgecause Xn(t) = f(f gm(s)dW (s) is adapted to F; and o—algebra F is
closed with respect to the pointwise limit operation. Hence X,,(t) — X (¢) in Lo(2,F,P) implies
that there is a subsequence of X,,(t), which converges to X (¢) pointwise with probability almost
everywhere in ).

2-E| X (t)] < oo meaning X (¢) is integrable due to the Cauchy inequality,

E|X(1)| < VELEIX(#)]? = (EIX(1))? < 0o
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3-The martingale property: E(X (¢)|Fs) = X (s), almost surely for 0 < s < ¢,
t s

I(s) = E(J g(u)dW (u)|Fs) for s < t,I(s) =0 and I(s) = E([ g(u)dW (u)|Fs) =
0 0

E([ g(u)dW (u)) = X(s) for s > t. Then, we can define the Itd integral for the continuously varying
0
integrand g(t,w)

t

/tg(s,w)dW(s) = lingo/gn(u,w)dW(u).
0

n—
0

This integral will have the same properties of It0 integral of simple process.

DEFINITION 2.7.2 Let W (t),t > 0, be a Brownian motion, and let F(¢),t > 0 be an associate

filtration. An Itd process is a stochastic process of the form

X(t) = X(0) + /0 " (s)ds + /0 ()W (s)

where X (0) is nonrandom and p and o are adapted stochastic processes, and unique almost surely.

Proof.
X() = 20+ / u(s)ds + / o (s)dW (s) = a2 + / 1 (s)ds + / o (5)dW (s)
0 0

since xg = x{, we get

¢
let M(t) = [(u(s) — p/(s))ds. It follows that M is a martingale with finite variation since
0
on T T
S M) - M@ < [ 6)ids+ [ als)lds < o
=1 0 0
where t7' = (i;,})t,i =1,2,...,2" Note that for 0 < s <t < o0

E[(M(t) — M(s))*] = E[M?(t)] — 2E[M (s)M (t)] + E[M?(s)]

= E[M?(¢)] — 2E[M (s)M (t)| F] + E[M?(s)] = E[M?(t)] - E[M?(s)]
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using the last result and the monotone convergence,

. n 2 2
E[nhjologl |M(t;") — M(t;_1)|7],

— 1i ny _ 2 2
—nlgrgO;E(lM(ti) M (1)),

~ lm 3BV - BOM(E.,))? = BT =0,
=1

it follows that M(T) = 0 almost surely and M (t) = E(M(T)|F;) = 0 almost everywhere for all ¢.
t

So p = p’ almost everywhere and it follows that [(o(s) — o'(s))dW (s) = 0 for all t. Hence
0

t ) t
IE[(O/(J(S) o (s))dW(s)) } _ O/E(U(s) — o'(s))%ds

and this implies o = ¢’. O

2.7.3 It6 Formula in Stochastic Calculus

If {X(t),t > 0} is a real valued process, describing the state of a system at anytime. The stochastic

differential equation (SDE) governing the time evolution of this process X; is given by

dX (t) = p(X (1), t)dt + (X (), )dW () (2.10)

or stochastic integral equation (SIE)

X(t) = /,u(X(s),s)dS+/U(X(s),s)dW(s) (2.11)
0

0
here the first integral is pathwise Lebesgue integral and the second integral is interpreted as the ito
integral. Now our goal is to find a way to evaluate an SDE for a stochastic process f(X(¢),t) and
if we have an SDE how to find the corresponding f(X (t),t) solution. The definition of 1t6 integrals
is not very useful when we try to evaluate a given integral. That is similar to the situation for
ordinary Riemann integrals, where we do not use the basic definition but rather the fundamental
theorem of calculus and the chain rule in the explicit continuations. We don’t have differentiation

theory, only integration theory. However, it turns out that it is possible to construct an It6 integral
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version of the chain rule, called the It6 formula.
LEMMA 2.7.3 Let f:]0, T] x R — R have continuous partial derivatives %, gi, dg;. Then for
any t,t + At € [0, T] and z,x + Az € R

of 10%f

Fltt+ Atz x4+ Az) — f(t,x) = 8—f(,x)At+8—( )Az+ 355 (Ar)” (2.12)

Proof. The proof of the lemma is a direct result of Taylor’s expansion and 2 B> gi{ is continuous

w.p.1. ]

THEOREM 2.7.2 (The 1-dimensional It6 formula) Let Xy be an Ité process given by Eq(2.10). Let
f(t, Xy) € CH2([0,00) x R). Then
10%f

(1, X0)dX (1) + 5 55 (t Xo) (£, X0) (dX0)?

of
ot

of

df(t, X0) = S (8 X)dt + 5

where (dX;)? is computed according to the rules dt*> = dtdW (t) = 0,dW (t)? = dt, therefore, we can

rewrite Itoé formula for an autonomous system as follows

0% f 1 o

of
%(t’Xt) 27

(Xi) 522 Ox?

(t, Xt))dt +o(x) 2L aw,

af (t, Xy) = (%{(t,Xt) + u(Xy) B

w.p.1 for any 0 < s <t < T,u(Xy) € L& and o(Xy) € L%, X; is a separable, jointly measurable

version of X; — X with almost surely continuous sample paths.

Proof.

Let s =t <ty < .. <tpy1 =t with At; =11 —t;. Then f(t, X;) — f(t, Xs) = zn: A f; where
Af; = f(t ~+1,th+1) — f(tj, X;) for j = 1,2, ...,n. Applying Lemma 2.7.3 on eachjt:i;ne interval,
we obtain Af; = at (t],x])Atj + 8:1{ (tj, xj)Ax;+ 5 10? f(Aacj)2 w.p.1, where AX; = X,

2 8z o th and
AW; =Wy, ., — Wi,. As n — oo and using the rules (At)2 =0, AW;At = 0,and(AW})? = At, we

J+1
Jj+1

get

2
X — (‘2{@ Xt)‘FM(Xt)%f(t X)L 2(Xt>aan (t,Xt))dtJra(Xt)gith
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2.7.4 Itb6 formula in Vector Case

Let W = W, = (W}, W2, ..., W/™) >0, where m = 1,2, ..., with independent components associ-

ated with increasing family of o-algebra {F;,¢ > 0}. Thus each W} is F;-measurable with,
E(W{|Fo) =0,  EW] - W{|F)=0

w.p.1, for 0 < s <t and j=1,2,...,m. In addition,

E(W; = WH(W] — W{)|F) = (t — 5)di

w.p.1, for 0 <s <tandi,j=1,2,..,m, Let b:[0,T] x Q2 — R? be d-dimensional vector function
and b® € £2, and o : [0,T] x Q — R¥*™ with components ¢/ € £2.. Thus a multidimensional SDE

in R™ can be written as

dX(t) =b(X)dt + o(X)dW. (2.13)
Let f(t,z) be a give C1? function. Let the Hessian matrix be denoted by

_( Of )
N 81720113] nxn

D*(f)

the generator of the solution process of 2.13 is then A : D(A) = CZ(R") — Cy(R"™),

o, 00f 1S 7, O
A5 = S g S e g 2.1
— w(2).Vf+ %Tr(a(x)aT(x)DQ Iy (2.15)
the multidimensional Itd formula
of 1 T 2
(6. X)) = (57 + D00V S + STr(o(X)o™ (X)DPF )dt + V £.o(X,)dW;

2.7.5 The Stochastic Rule and the Stochastic Integration by Parts

An application for It6 formula is integration by parts. Let Xy, Y; be respectively solutions of two

scalar SDE. Applying the vector 1t6 formula to g(x,y) = xy, we get the stochastic product rule
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2

0%g 10%g
dX;dY; + ——=
oxoy + 2 Oy

dg dg 19%g
d(X,Y;) = %dXt + c‘Tdet + 5@(dxt)z +

(dYy)?
= XdY; + YidX; + dX,dY,

then, the corresponding integral by parts is the in the form

T T T
/ X,dY; = X(T)Y(T) — X(0)Y(0) — / YidX, - / dX,dY;
0 0 0
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Chapter 3

Complex Deformations of The Kuramoto Model

3.1 Complex Deformations and Embedding of Dynamical Systems

This section is concerned with the core result of our investigation, namely the embedding of the
original stochastic Kuramoto model (regarded simply as a system of coupled nonlinear stochastic
differential equations) into a larger class of dynamical systems, for the purpose of a more complete
characterization of the nonequilibrium synchronization phase transition.

We start from the first-order Kuramoto model with uniform coupling and generic frequency
distribution in the presence of external driving (including the stochastic case). The (classical)

dynamical system is given by:

n
db) = widt + 20> _sin(0; — Op)dt + dWi, A€ER, 0, €T, k=1,2,....n, (3.1)

j=1
where the proper frequencies wy, are characterized by a probability distribution g(w), and the
external driving Wy (t) can be chosen to be either deterministic or stochastic. In the latter case,
it is assumed to consist of n independent, identical Wiener processes, with correlation functions
E[n; ()i (t))] ~ 028;,0(t — t'), where dW}, = nydt. The (complex) order parameter of the model is

provided by the collective mode
> e, (3.2)

with the fully-synchronized state and the unsynchronized state corresponding to |r| = O(1) and
|r| = O(1/n), respectively. Characterizing the phase transition |r|(n, A, o2, g) beyond the mean-field
approximation is the main goal of this study.

We introduce the complex variables
2k (t) = ()0, (3.3)

and R(zk) = gk, S(2k) = pr, with the obvious constraints r(t) =1 = p} +¢2, k= 1,2,...,n. The
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system (3.1) can then be written as

dz, = i(wg + Nk ) zrdt + 1A Z[z,%éj — zj|dt. (3.4)
j=1

As explained in the preceding chapters, when taking the limit n — oo, A\ — A, the onset of
the phase transition is signaled by the non-analytic behavior of the function |r|/n(\). However,
for a full characterization of the critical behavior, what is truly required is the proper limit of the
counting measure .

dmy = nh_)Irolo% Z 02 (85 (3.5)
k=1
where §,, ;)(2) is the singleton supported at z;(t) € OD. Then for any properly chosen function
f: D — C, we have

B ()= [ FEdmz) = Jim, 3 (o)
k=1

in particular r(t) = E,,,(z) is the first moment of the measure m,.

We mention here an observation which will be discussed in much more detail later in this section.
Denote by B(T) the set of probability measures defined on T = 9. Then to each element p € B(T)
we can associate a vector field V,, on D, defined by

z = Cdu(z)
z—( =z

V)= (1=1¢P) |

9

so that V,(0) = E,(z). The conformal barycenter of the measure pu, B(u), is then defined by
Vu(B(p)) = 0. Douady and Earle have shown [29] that if 1 has no strong atoms (i.e. no singletons

with mass at least 1/2), then the conformal barycenter is uniquely defined.

Using this notion, Douady and Earle [29] discovered a naturally conformal extension of any
circle homeomorphism f : T — T to a disk homeomorphism @ : D — D, which is furthermore real-
analytic on D. The Douady-Earle map f — & is conformally natural and preserves quasi-conformal

extensions of the circle homemorphism.

The Douady-Earle extension is given through the conformal barycenter of the harmonic measure
associated to the homomorphism f, pu,[f](A) = w.(f~1(A)), for any Borel set A C T, where z € D
and w, is the harmonic measure with source at z. The disk homomorphism is given by

®[f](2) = B(p:[f])-
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The connection to the original Kuramoto model has its origin in the iterative algorithm developed
by Milnor and (independently) by Abikoff and Ye [30], [31], known as the MAY algorithm, which
computes the conformal barycenter by iterative compositions of self-maps of the unit disk. In recent
works, Jacimovic [32] and Chen et. al [33] have linked the infinite-size limit of the Kuramoto model
to fixed points of iterative compositions of maps under hyperbolic geometry of the unit disk. The
limit behavior of this iterative scheme is described by the classification of iterative compositions of
unit disk univalent maps, and rests on the theorem of Denjoy and Wolff. We present a summary

of this theory in the next section, which follows closely the exposition given in [34].

3.2 Evolution Families and Herglotz Vector Fields

We start with the notion of an evolution family. Let us consider a semigroup P of conformal
univalent maps from the unit disk D into itself with superposition as a semigroup operation. This

makes P a topological semigroup with respect of the topology of local uniform convergence on D.

DEFINITION 3.2.1 An evolution family of order d € [1, +0o0] is a two-parameter family
(¢s,t)0<s<t<+oo Of holomorphic endomorphisms of the unit disk from P, such that the following

three conditions are satisfied.
b ¢s,s = idp;
® G5t = Pui 0 sy forall 0 < s <u <t < 4005

e for any z € D and T > 0 there is a function k, 7 € L%([0, T], R) such that

t
Bua() = Gua(2)] < [ B (@i
u
foral0<s<u<t<T.
An infinitesimal description of an evolution family is given in terms of a Herglotz vector field.

DEFINITION 3.2.2 A (generalized) Herglotz vector field of order d is a function G : D x [0, +00) — C

satisfying the following conditions:
e the function [0, +00) 5 t — G(z,t) is measurable for all z € D;
e the function z — G(z,t) is holomorphic in the unit disc for ¢ € [0, +00);
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e for any compact set K C D and for all 7" > 0 there exists a non-negative function kx 1 €
L([0,T],R) such that
G(z,0)] < kxr(t)

for all z € K and almost every ¢ € [0, T];

e for almost every t € [0, 4+00) the vector field G(-,t) is semicomplete.

By semicompleteness we mean that the solution to the problem

is defined for all times 7 € [s, +00), for any fixed s > 0, fixed ¢t > 0 and fixed z € D.
An important result of general Lowner-Kufarev theory is the fact that the evolution families can
be put into a one-to-one correspondence with the Herglotz vector fields by means of the so-called

generalized Lowner-Kufarev ODE. This can be formulated as the following theorem.

THEOREM 3.2.1 ([35]) For any evolution family (¢s+) of order d > 1 in the unit disk there exists
an essentially unique Herglotz vector field G(z,t) of order d, such that for all z € D and for almost

all t € [0, +00)
Ods(2)
ot

== G(¢57t(z), t)

Conversely, for any Herglotz vector field G(z,t) of order d > 1 in the unit disk there exists a unique

evolution family of order d, such that the equation above is satisfied.

Herglotz vector fields admit a convenient representation using so-called Herglotz functions.

DEFINITION 3.2.3 A Herglotz function of order d € [1,+00) is a function p : D x [0, +00) — C such
that

e the function ¢ — p(2,t) belongs to LY ([0, +00),C) for all z € D
e the function z — p(z,t) is holomorphic in D for each fixed ¢ € [0, +00);

e Rp(z,t) >0 for all z € D and for all ¢ € [0, 400).

Now, the representation of Herglotz vector fields is given in the following theorem.
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THEOREM 3.2.2 ([35, Theorem 1.2]) Given a Herglotz vector field of order d > 1 in the unit disk,
there exists an essentially unique (i.e., defined uniquely for almost all t for which G(-,t) # 0)
measurable function 7 : [0,+00) — D and a Herglotz function p(z,t) of order d, such that for all

z € D and almost all t € [0, +00)

G(z,t) = (z—=7(t)(T(t)z — 1)p(z, t). (3.6)

Conwversely, given a measurable function 7 : [0,4+00) — D and a Herglotz function p(z,t) of order

d > 1, the vector field defined by the formula above is a Herglotz vector field of order d.

According to Theorem 3.2.1, to every evolution family (¢, ) one can associate an essentially unique
Herglotz vector field G(z,t). The pair of functions (p, ) representing the vector field G(z,t) is
called the Berkson-Porta data of the evolution family (¢ ;).

To explain the geometrical meaning of the function 7(¢) we need first to remind of the notion of
the Denjoy-Wolff point of a unit disk endomorphism.

A classical result by Denjoy and Wolff states that for a holomorphic self-map f of the unit disk D
other than a (hyperbolic) rotation, there exists a unique fixed point 7 in the closure of D, such that
the sequence of iterates (f,(z)) converges locally uniformly on D to 7 as n — oo. This point 7 is
called the Denjoy-Wolff point of f and it is also characterized as the only fixed point of f satisfying
f/(r) € D. In other words, 7 is the only attractive fixed point of f in the above multiplier sense.
It follows from the hyperbolic metric principle that, if f is not the identity, there can be no other
fixed points in D except the Denjoy-Wolff point but, nevertheless, f can have many other repulsive
or non-regular boundary fixed points.

If 7 € D, then the endomorphism f is called elliptic. Otherwise, the angular limit Zlim,_,, f(2)
= 7 exists as well as the angular derivative Zlim,_,, f'(z) = ay. If the value ay € (0,1], then the
map f in this case is said to be either hyperbolic (if ay < 1) or parabolic (if oy = 1) (for details and
proofs see, e. g., [36]).

Now, let (¢5) be an evolution family with Berkson-Porta data (p,7). In the simplest case when
neither p, nor 7 changes in time (i. e., the corresponding Herglotz vector field G(z,t) is time-
independent), 7 turns out to be precisely the Denjoy-Wolff point of every endomorphism in the
family (¢s+). Moreover, for any 0 < s < +o00, we have that ¢s;(2) — 7 uniformly on compacts

subsets of D, as ¢ — +o00. By this reason, we call 7 the attractive point of the evolution family

(Qbs,t)'
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In the case when the Herglotz field G(z,t) is time-dependent, the meaning of 7 is explained in

the following theorem.

THEOREM 3.2.3 ([35, Theorem 6.7]) Let (¢st) be an evolution family of order d > 1 in the unit

disk, and let G(z,t) = (z — 7(t))(7(t)z — 1)p(2,t) be the corresponding Herglotz vector field. Then
for almost every s € [0,4+00), such that G(z,s) # 0, there exists a decreasing sequence {t,(s)}

converging to s, such that ¢4, (s) # idp and

T(s) = ni_}ngoT(s,n),

where 7(s,n) denotes the Denjoy- Wolff point of ¢y, (s)-

3.2.1 Generalization of Lowner chains and Lowner-Kufarev PDE

We follow now the exposition [37] of the generalization of the classical notion of Lowner chains.

DEFINITION 3.2.4 A family (ft)o<t<+oo 0Of holomorphic maps of the unit disk is called a Léwner

chain of order d € [1,4o0] if
e each function f; : D — C is univalent,
o fi(D)C fi(D) for 0 <s <t <400,

e for any compact set K C D and all 7" > 0 there exists a non-negative function kg1 €

L4([0,T],R) such that
1) = £ < [ kr(€)d

forall ze Kandall 0 <s<t<T.

Every Lowner chain (f;)o<t<4oo Of order d generates an evolution family ¢, of the same order
d defined by ¢s; = f;l o fs. This correspondence is, however, not one-to one, there may be many
different Lowner chains associated to the given evolution family. Fortunately, they are unique up

to normalization and composition with a univalent function, as the following theorem states.

THEOREM 3.2.4 ([37, Theorems 1.6-1.7]) For any evolution family (¢s) of order d, there exists a

unique Lowner chain (f) of the same order d, such that
(i)  ¢st= f{l ofs forany 0 <s <t;
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(it)  f(0) =0 and f'(0) =1;
(iii)  Q:=U>ofi(D) ={z: |z| < R}, where R € (0, +oc].

Any other Lowner chain satisfying the condition (i) is of the form (g;) = (F o fi), where F : Q@ — C
s univalent.

The number R is equal to 1/, where

~ |60.4(0)]
t=+oo 1 — | (2)[*

Bo

It was also shown [37] that every Lowner chain (f;) of order d satisfies the generalized Lowner

PDE
0fs(2)

95 —G(z,8)fi(z) (for almost all s > 0),
s

where G(z, s) is the Herglotz vector field generating the associated evolution family (¢ ;).

3.2.2 Generalized Lowner-Kufarev Stochastic Evolution

In order to extend this formalism to the case of stochastic maps, we consider a setup [38] in which
the sample paths are represented by the trajectories of a point (e.g., the origin) in the unit disk
D evolving randomly under the generalized Léwner equation. The driving mechanism differs from
the famous Stochastic Lowner Equation (SLE). In the SLE case the Denjoy-Wolff attracting point
(0o in the chordal case or a boundary point of the unit disk in the radial case) is fixed. In our case,
the attracting point is the driving mechanism and the Denjoy-Wolff point is different from it.
Let us consider the generalized Lowner evolution driven by a Brownian particle on the unit circle.
In other words, we study the following initial value problem.
Son(z,w) = b (4 (2,0), t,0),

7(t,w)

t>0,zeD, we . (3.7)
¢0(Z,W) =%,

The function p(z,t,w) is a Herglotz function for each fixed w € Q. In order for ¢;(z,w) to be an
Itd process adapted to the Brownian filtration, we require that the function p(z,t,w) is adapted to
the Brownian filtration for each z € D. Even though the driving mechanism in our case differs from
that of SLE, the generated families of conformal maps still possess the important time-homogeneous

Markov property.
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For each fixed w € , equation (3.7) similarly to SLE, may be considered as a deterministic
generalized Lowner equation with the Berkson-Porta data (7(-,w),p(+,,w)). In particular, the so-
lution ¢(z,w) exists, is unique for each ¢ > 0 and w € €2, and moreover, is a family of holomorphic
self-maps of the unit disk.

(tw) ik By (w)

Ttw)—z — ekBrw)_4° It makes

In order to give an explicitly solvable example let p(z,t,w) =
equation (3.7) linear:
d

&Qﬁt(?ﬁ,&)) = 6ikBt(w> - ¢t(2§,(ﬂ),

and a well-known formula from the theory of ordinary differential equation yields

t )
bi(z,w) =€ " (z +/ eSeZkBS(“’)ds) .
0

Taking into account the fact that EetkBir(w) — e_%th, we can also write the expression for the
mean function E¢(z,w)
e_t(z + t)? k? = 2,
Epi(z,w) = ) (3.8)
—t e—th?/2_—t .
e 'z + EREEE otherwise.

Thus, in this example all maps ¢; and E¢; are affine transformations (compositions of a scaling

and a translation).

In general, solving the random differential equation (3.7) is much more complicated than solving
its deterministic counterpart, mostly because of the fact that for almost all w the function ¢ +—

7(t,w) is nowhere differentiable.

If we assume that the Herglotz function has the form p(z,t,w) = p(z/7(t,w)), then it turns out

that the process ¢¢(z,w) has an important invariance property.

Let s > 0 and introduce the notation

e
RO

Then ¢;(z) is the solution to the initial-value problem



where 7(t) = 7(s+1)/7(s) = e*(Bs+:=B5) ig again a Brownian motion on T (because B; = By, — By
is a standard Brownian motion). In other words, the conditional distribution of by given ¢, r € [0, s]

is the same as the distribution of ¢;.

1
7(t,w)

By the complex It formula, the process = e~ "Bt gatisfies the equation

2
de™"*Pt = —ike P dB, — %e—ikBtdt.

Let us denote % by W¢(z,w). Applying the integration by parts formula to ¥y, we arrive at the

following initial value problem for the Itd stochastic differential equation

AW, = —ikWdBy + (— 50, + (U, = 1)2p(0,e B ¢, w)) dt, 59)

\I’Q(Z) =Z.

Analyzing the process % instead of the original process ¢;(z,w) is in many ways similar to

one of the approaches used in SLE theory.
The image domains ¥, (ID, w) differ from ¢;(ID,w) only by rotation. Due to the fact that |U;(z,w)]
= |¢¢(2z,w)|, if we compare the processes ¢:(0,w) and ¥;(0,w), we note that their first hit times of

the circle T, with radius » < 1 coincide, i. e.,
inf{t > 0, (0,w)| = r} =inf{t > 0,|V(0,w)| = r}.

In other words, the answers to probabilistic questions about the expected time of hitting the circle
T,, the probability of exit from the disk D, = {z : |z| < 7}, etc. are the same for ¢(0,w) and
\I’t (O, LL)) .

If the Herglotz function has the form p(z,t,w) = p(z/7(t,w)), then the equation (3.9) becomes

dV; = —ikVdB; + (_%2\Pt + (W~ I)Qﬁ(qlt)) at, (3.10)

Uy(z) = =,

and may be regarded as an equation of a 2-dimensional time-homogeneous real diffusion written in
complex form. This implies, in particular, that W; is a time-homogeneous strong Markov process.

By construction, ¥;(z) always stays in the unit disk.

We now have a family of stochastic dynamical processes of maps on the unit disk, which is the
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proper setting for an embedding of the original Kuramoto model, in the limit n — oo. Before
describing this embedding, we make a few considerations on possible Poisson structures compatible

with the model.

3.3 Constrained Hamiltonian Structure of the Kuramoto Model

As a dynamical system, the Kuramoto model can be represented as the nonlinear restriction of a
quadratic Hamiltonian system. For the purpose of characterizing stochastic perturbations of the
deterministic model, this allows a canonical approach and provides a purely geometric interpretation

of the synchronized state, in the infinite-time limit.

Consider the Hamiltonian dynamical system on R?", given by the Hamilton function

H({pk,qr}) = —% i {wkzkik +A Z {(Ejék_l + z;Zk) + c.c.} } , (3.11)

k=1 j#k

for which the Hamilton equations

OH OH
=gt Pp= g 3.12
Opy, Oqx, (3.12)
are equivalent to
O0H . OH
e = —20—,  Zp = 2i—. 3.13
“k Z@Zk “k Zazk ( )

Obviously, the system (3.4) is equivalent to (3.13), subject to the nonlinear constraints z;z; = 1,

and in the presence of Langevin forces driven by the stochastic terms dWj(t) = ny(t)dt.

3.4 Embedding Into the Boundary of the Polydisk and Collective Variables

The mechanical state of the original Kuramoto model, {2 (t)}}_; is a point on the n—dimensional
torus T™, or the boundary of the polydisk dD". Topologically, this is equivalent to the direct
product of compact groups U(1)" C U(n). In this section, we investigate the embedding of the
Kuramoto model into the unitary group U(n), and formulate the synchronization phase transition
through symmetric homogenous polynomials of eigenvalues of a matrix U € U(n).

Introducing the matrix-valued function ¢(t), with diagonal elements U;;(t) = z;(t) and vanishing

off-diagonal elements, and denoting by D the diagonal n X n “gauge” matrix D;; = w; + n;, the
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Kuramoto model (3.1) can be expressed as

VU = iNUTe(U) — Te(U)T], V = 1[% —iD, (3.14)

Introduce the homogenous symmetric variables
op=TrU*, ke Z, (3.15)

and use (3.14) to derive the evolution equations in collective variables space:

—i% = k[D % ¢p + Nd_1a" — d1a)¢r] = [H, dx]p, k €N, (3.16)

where D x ¢, = Tr (D - U*), H is a Hamilton operator (generator of time shifts), and a,al are the

lowering and raising shift operators,

agr = ¢p—1, @ Gp = Py (3.17)

Equations (3.15) provide an embedding of the original model into the algebra of homogenous
trigonometric polynomials on T'. The dynamical system is governed by a Hamilton operator and

commutator as shown in (3.16). In this formulation, full synchronization is equivalent to
d. g
a[% o] =0, Yk € Z. (3.18)

3.4.1 Time Evolution and Generators of Mébius Group

Using the fact that z; = 2. ', we obtain for any differentiable function f({z(¢)}) the following

form of the generator of time evolution:

df & k o (k k
~i% = ;Wg Y AR AR (3.19)

where L((fz’ 4 are the generators of the Lie algebra sf(2,C), in differential operator form for the

variable zj, in the absence of randomness. Since we assume the stochastic terms to be independent
Wiener processes, by applying the Feynman-Kac theorem, we can identify the correlation functions
for the solutions of the stochastic Kuramoto model to expectation values of normal-ordered operator

products of polynomials in (non-commutative) variables {zx, zx}, k = 1,2,...,n. This happens to
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be entirely consistent with the identification z — % provided by (3.19), which means we have the

following result:

THEOREM 3.4.1 Let p : s¢(2,C) — L(H) be a Lie algebra representation into the space of linear

operators on a Hilbert space with inner product (,). Denote by t§ = p(L((f)), where a« = 0, +, —,

such that
19, ) = £6i5t7, [t5, 6] =20451), 4,5 =1,2,...,n. (3.20)
Then the expectation value of the operator ®p_ it , J~ = (v| ®}_; t;. |v), where v is a cyclic vector

for the representation p, minimizing the energy functional
v=arg{ inf (VHV)}, H= Z2wkt2 — )\Ztgtj_,
(%=1 k k,j
satisfies J~(t) = nr(t), where r(t) is the Kuramoto order parameter defined in (3.2).

The averaged dynamical system is obtained by replacing the commutators by canonical Poisson
brackets,

{s2, 87} = 2778755, (3.21)

where S; = 2(t;) are smooth functions of time. In this limit, the problem can analyzed with tools
of classical integrable systems, and the solution is known to be exact as n — oo. This problem
was solved [39] by Sklyanin algebra techniques, and the solution provides us with the following
dynamical phase transition picture:

Richardson showed [40] that the exact eigenvectors of his Hamiltonian is given by application
of operators bL => % to the cyclic vector v. The unnormalized n—pair eigenvector reads

Ur(e) =115 bL\v). The eigenvalues ey, satisfy the self-consistent (algebraic Bethe Ansatz) equa-

tions

2

er — ep

1

1 p—
N 2w —ep’

A Z

p#k

2

l

(3.22)

and $(eg) # 0. Notice that the onset of synchronization corresponds to a single eigenvalue pair
ep = —€p = 2iD, and therefore we retrieve equation (1.44), where we have replaced summation
over the frequencies wy, by distribution average with distribution function g(w).

The solutions found in [39] and later expanded upon include the uniform solution |r(t)| =const.

(which corresponds to the mean-field solution of Kuramoto), but also time-dependent solutions
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expressed through hyperelliptic theta functions, and which we identify to the “chimera” states

observed in experiments.
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Appendix A

Kuramoto Model Simulation

//This program calculates the order parameter vs
//the coupling constant for Kuramoto Model
//Written by Wael Al-Sawai, 04—-03-2017

#include <cstdlib>

#include <iostream>

#include <math.h>

#include <fstream>

using namespace std;

const int N=1500;

double theta [N];

double thetalnit [N];

double omega[N];

double Pi=3.14159265;

int nstep=7000;

double dt=0.01;//time step

// Coupling constant

double psi=0.0;

double r=0.0;//coherence coefficient

void Sum(double theta[],double & , double &);

double mu=0.0;

double sigma=2.0;

double gSampler(double ,double );

//int main(int argc, char xargv|[])

int main ()

{
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double K=0.0;
srand ((unsigned) time (NULL));
ofstream myfile;

// generate thetalnit & omega

for (int i=0;i<N;i++){

//Initialize oscillators phases
thetalnit [i]=(Pi)*xdouble(i/(N-1));
theta[i]=thetalnit[i];//intial condition
//omega[i]=1+2%((double)rand()/(double ) RANDMAX);
omega [ i]=gSampler (mu, sigma );

}//end initializing for—loop

myfile.open (”Kuramoto.txt”);

while (K<8.6){

//Integrate the differentail equations

for (int i=0;i<N;i++){
for (int j=0;j<nstep;j++){
theta [i]+=(omega[i]+ (K«r)*sin (psi—theta[i]))xdt;
} //nstep loop

}//N Toop

Sum(theta, r, psi);

myfile << K<<’ "<<r<<’\n’;

cout <<K<<’ '<<r<<endl;

// Copy the initial arrays

for (int i=0;i<N;i++){
theta[i]=thetalnit [i];

H/
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K+=0.1;
}//While loop
myfile. close ();
system ("PAUSE” ) ;
return EXIT_SUCCESS;

//
void Sum(double theta[], double & r, double & psi){

double rr;

double sumcos=0;

double sumsin=0;

//

for (int 1=0;i<N;i++){
sumcost+=cos (theta [i]);
sumsint+=sin (theta[i]);

}//sum loop

//
rr=pow (sumcos,2.0)+pow (sumsin ,2.0);
r=pow (rr ,0.5)/N;
//
psi=atan (sumcos/sumsin );
if (sumcos<0){
psi=psi+Pi;
}//end if statement

} //end function Sum
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//Normally distributed random number

//generated using the Polar method

double gSampler(double mu, double sigma){
double U1, U2, W, mult;
//The variables X1 and X2 are made static so that it
//can hold the values from the previous call
static double X1, X2;

static int flag = 0;

if (flag = 1)

{
flag = !flag;
return (mu + sigma * (double) X2);

}

do

{
Ul = -1 + ((double) rand () / RANDMAX) x* 2;
U2 = -1 + ((double) rand () / RANDMAX) x 2;
W = pow (Ul, 2) + pow (U2, 2);

}

while W>=1 || W= 0);

mult = sqrt ((—=2 % log (W)) / W);
X1 = Ul *x mult;

X2 = U2 * mult;

flag = !flag;

return (mu + sigma * (double) X1);
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}// End of gsampler function
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