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Abstract

In chapter 2, we study two Kaup-Newell-type matrix spectral problems, derive their soliton hierar-
chies within the zero curvature formulation, and furnish their bi-Hamiltonian structures by the trace
identity to show that they are integrable in the Liouville sense. In chapter 5, we obtain the Rie-
mann theta function representation of solutions for the first hierarchy of generalized Kaup-Newell
systems.

In chapter 3, using Hirota bilinear forms, we discuss positive quadratic polynomial solutions to
generalized bilinear equations, which generate lump or lump-type solutions to nonlinear evolution
equations, and propose an algorithm for computing higher-order lump or lump-type solutions. In
chapter 4, we study mixed exponential and trigonometric wave solutions (called complexitons) to
general bilinear equations, and propose two methods to find complexitons to generalized bilinear
equations. We also succeed in proving that by choosing suitable complex coefficients in soliton
solutions, multi-complexitons are actually real wave solutions from complex soliton solutions and
establish the linear superposition principle for complexion solutions.

In each chapter, we present computational examples.

il



Chapter 1

Intruoduction

1.1 Background

It was Scott Russell in 1834 who observed the solitary waves at a canal. Sixty yearys later, the
Korteweg-de Vries (KdV) equation [37] was derived by D. Korteweg and G. de Vries in 1895 to
describe surface water in long, narrow and shallow rivers. In 1965 N. J. Zabusky and M. D. Kruskal
[80] found “‘solitary-wave pulses”, for which they named them “‘solitons”, in their numerical analy-
sis for the KdV equation. Thereafter in 1967, the inverse scattering method (IST)[16] was proposed
by C. S. Gardner, J. M. Greene, M. D. Kruskal, and R. M. Miura to solve initial value problems
for the KdV equation with fast-decaying initial data. In 1968, P. Lax [38] introduced a whole hier-
archy of KdV equations by introducing the concept of the Lax pairs. There exist many interesting
soliton hierarchies, which consist of commuting evolution equations, and the celebrated examples
include the Korteweg-de Vries hierarchy [38], the Ablowitz-Kaup-Newell-Segur hierarchy [2] and
the Kaup-Newell hierarchy [36], the Wadati-Konno-Ichikawa hierarchy [77], the Boiti-Pempinelli-
Tu hierarchy [8], the Dirac hierarchy [26] and the coupled AKNS-Kaup-Newell hierarchy [58].
Spectral problems associated with matrix Lie algebras are a starting point in generating soliton hi-
erarchies (see, e.g., [1, 2, 3,9, 12, 19, 36, 58, 74]). Not long ago, the three-dimensional Lie algebra
so(3,R) has been introduced in producing soliton hierarchies. The first few examples of soliton
hierarchies associated with so(3,R) are the AKNS, the Kaup-Newell, the WKI, and the Heisenberg
type soliton hieiarchy [45, 46, 54, 49].

1.2 Integrable systems

Integrable systems are nonlinear differential or difference equations which in some way can be
solved analytically. This means that we can solve these equations by finite steps of algebraic oper-

ations and integrations. In this section, we sketch some of the concepts of integrability, important



theorems that we will use in this dissertation. In the finite dimensional situation, for the classical
theory of Hamiltonian dynamical systems, the Liouville integrability is widely accepted and the key
result is the Liouville-Arnold theorem [4]. A finite-dimensional Hamiltonian system is completely
integrable in the Liouville sense, if there exist canonical coordinates on the phase space known as
action-angle variables, such that the transformed Hamiltonian systems depend only on the action
variables. As a result, the action variables are conserved. Meanwhile, the angle variables evolve
linearly in the evolution parameters, therefore one can explicitly solve (or integrate) Hamiltons
equations.

However, in the infinite-dimensional systems, there is no unify accepted integrable concept. We
will concentrate our discussion on the integrability in the Liouville sense. The main references for

this section are [4, 42, 67, 68].

1.2.1 Lax pair
The Lax Pair and the zero curvature equation

We consider a spectral problem first. Let L be a function or an operator of time ¢, A € C be the

spectral parameter, and ¢ be the spectral function (eigenfunction). Suppose
Ly = Ay, v = Agp. (1.2.1)
Then

oLy = Lip+ Loy = Lyp + LAy

0
= a)\tp =M+ Ao = g + AL

Since ¢ is general, we obtain
oL
— + LAl =) 1.2.2
ot +[ ) ] ty ( )

which means that the eigenvalues of L are independent of ¢ if \; = 0, we call the spectral problem

(1.2.1) isospectral.

Definition 1.2.1 (Lax pairs). A Lax pair is a pair of matrix L(t) and A(t) of functions or operators

satisfying Lax equation:
dL
o +[L, A] =0, (1.2.3)



where [L, A] = LA — AL = —[A, L] is the matrix commutator.
Lax found that when L = 92 4  (a Sturm-Liouville operator), A = —40% — 6ud — 3u, where

d
0:= P the Lax equation is equivalent to the KdV equation
x

ug + 6uty + Uger = 0. (1.2.4)

The crucial importance of Lax’s observation is that any equation that can be cast into the Lax
equation for operators L. and A has shared many of the features of the KdV equation, including an
infinite number of local conservation laws.

In general, the spectral problem with potential v can be written as
¢$ = U(x7 t? u? )\)¢7 (1'2‘5)

¢t = V(.’L‘,t,u,)\)¢, (126)

where U, V' € C™*" are matrix functions, u(z, ) is a given vector function, ¢ is an n-dimensional
spectral function.

We arrive at the zero curvature equation by the compatibility condition ¢, = @y
Ui —Vy+ U, V] =0. (1.2.7)
A pair of matrices (U, V) is also called a Lax pair if they satisfy the zero-curvature equation (1.2.7).

Example 1.2.2. If we introduce a vector ¢ = [¢, )T, and matrices

0 1 Ug —(4X + 2u)
U — s V =
A—u 0 Uge — (A — w) (4N + 2u) —Uy

Then the zero curvature equation of U and V' is equivalent to the KdV equation.

1.2.2 Generalized vector field and symmetry

Let p and ¢ be two positive integers. Suppose independent variables z = (z1, - - - ,wp)T e X=NR?
and dependent variables u = (uy,--- ,u,)’ € U = R% The open set M C X x U. Ais the
algebra of differential functions P[u] = P(z,u(™) over M, where n is a positive integer and P

depends only on spatial variables x and spatial derivatives of u up to n-th order. We define F to be
the quotient space of .A by the subspace of total divergence {f : f = div P, 3P € A} and denote
its element by P = / Pdx.



Definition 1.2.3. A generalized vector field

& ) I )
V2=:j{:fjhdgg;'+‘§£:¥M{U}5a*,
j=1 I k=1 k

in which (&1, ,&,)T € AP and (1, -+ ,4)" € A% are all smooth differential functions.
When &1 = --- = &, = 0, the vector field (denoted by v) is called an evolutionary vector field,
where Q = [p1[u], -, @q[ul]T is called its characteristic.

Definition 1.2.4 (Total derivative). Ler P(z,ul™) € A. For any given j : 1 < j < p, the total

derivative of a function P with respect to x; is defined by

ug,
: (12.8)
D;P 8x] k:zl#;n 0z aukj

where the multi-indices J = (j1,- -+ ,jm) with 1 < j; < pfor1 <i < kand #J := m. And

O™y,
= _— 1.2.
k. Oxj, - - 0xj,, (1.2.9)

Definition 1.2.5 (Prolongation). The prolonged generalized vector field is defined by

where the coefficients goi are determined by

p p
Pllu] = Dylpr =Y Gurg)+ > &un () (1.2.10)

j=1 j=1
Definition 1.2.6 (Symmetry). Let a generalized vector field v de called a generalized infinitesimal
symmetry of a system of differential equations
Ajlu] = Aj(z,u™) =0, je{l,-- 1}, (1.2.11)
if and only if the prolonged generalized vector field satisfies
prv[A;] =0, je{l,---,r} (1.2.12)
for every smooth function u = f(x) satisfying (1.2.11).

4



Definition 1.2.7. A system of evolution equations reads
u = Klu], K& A9, (1.2.13)
where K[u] = K (z,u™) does not depend on t.

Definition 1.2.8 (Recursive operator). Let A = 0 be a system of differential equations. A linear
operator R : A1 — A% is called a recursive operator for A if whenever v is an evolutionary

symmetry of A = 0, so is VR.

Definition 1.2.9 (Pseudo-differential operator). A differential operator is given by
D:=) Plu(5-).
Jj=1 l[U](ax)

If P, Z 0, then n is the order of D.

A (formal) pseudo-differential operator is defined by

D=y Pi[u](%)j.

j=—00
The calculus of variations

Let 2 C RP be an open, connected subset with smooth boundary 0€2. Finding the extrema of a

functional
E[u]:/L(m,u(”))dx
Q

in functions v = f(z) € R? defined on €2 is named a variational problem and the integrand

L(z,u™) € Ais termed the Lagrangian of L.

Definition 1.2.10 (The variational derivative). Let function uw = f(x) be a smooth function defined

on Q). The variational derivative of L is tagged as 0 L[u] with the property that

d q
e e = [ et n@de = [ Y sci@mei a2
€ le=0 Q Q =
whenever n = (11, - ,14) is a smooth function with compact support in Q. The component 0;L£ =
—— s the variational derivative of L with respectto uj,j =1,--- ,q.

(511,]'



Definition 1.2.11 (The Euler operator). Let 1 < n < q. The n-th Euler operator is defined by

0
Oy’

E,=Y (-1)"D, (1.2.15)

J
where the sum over all J = (ji,--- ,jx) with1 < ji, < p, and Dy := Dj, --- D, with D; being
the jth total derivative.

Itis shown in [68] that for 1 < n < gq
6L[u] = BE(L) = [Ey[L],--- , B,[L]])". (1.2.16)

Note: There are only finitely many terms in the summation for any given L.

1.2.3 Hamiltonian structure and integrability
Hamiltonian operator

Definition 1.2.12 (The Hamiltonian operator). Suppose that D : A? — A9 is a linear operator

such that the Poisson bracket
{P,Q} = /573 -DéQdx, VP,Q¢€e F (1.2.17)

satisfies

a) the conditions of skew-symmetry
{P,Q} =—{Q,P}, VP, Qe7F, (1.2.18)
b) the Jacobi identity
HP, QL R+ {{R, P}, Q)+ {{QR}EPH=0, VP,QREF. (1.2.19)
Then D is called a Hamiltonian operator.

Proposition 1.2.13 ([68]). If D is a Hamiltonian operator, then it is skew-adjont: D* = —D, where

the adjoint operator D* is determined by

/P-Dde:/Q-D*de, VP,Q € A. (1.2.20)
Q Q



Proposition 1.2.14 ([68]). A skew-adjont differential operator D is Hamiltonian if and only if
/[P -prvpr(D)Q + R - prvpg(D)P + Q - prvpp(D)Rldz =0 (1.2.21)

for all g-tuples P,Q, R € A“.
A Hamiltonian system of evolution equations reads

ou
5 = D - 6H, (1.2.22)

where D is Hamiltonian operator and H = [ Hdxz € F is a Hamiltonian functional.

Definition 1.2.15. A conservation law is of the form

T
%t + DivX =0, (1.2.23)

in which Div is the spatial divergence of X. T is called conserved density and X the associated

Sflux.
I= /Tda: (1.2.24)

is said a constant of motion, or an integral of the differential equation, since I; = 0.

Definition 1.2.16 (Liouville integrability[49]). The evolution equation (1.2.22) is call to be Liou-
ville integrable, if it admits infinitely many conserved functionals {H : n = 1,2, - -} which are in
involution in pairs

(Mo, Hmt =0,  n,m>0, (1.2.25)

and the characteristic of whose associated Hamiltonian vector fields

5%71
>
su’ 7 0,

K, :=D (1.2.26)

are independent.

Definition 1.2.17 (Bi-Hamiltonian pair). A pair of skew-adjoint q dimensional differential operators
D and & is called to form a Hamiltonian pair if aD + b€ is a Hamiltonian operator for any a,b € R.

If a system
up = Kiu] = DéH1 = ETHy. (1.2.27)

with D and &€ being a Hamiltonian pair, and Ho and Hy are Hamiltonian functionals. Then it is
said a bi-Hamiltonian system.
The concept of the bi-Hamiltonian systems was introduced by F. Magri [63] and the following

theorem was extracted from the book of P. Olver.



Theorem 1.2.18 ([68]). Let a bi-Hamiltonian system of evolution equation be
Ut = Kl [U] = D(S?’[l = 857‘[0 (1.2.28)

Assume that D is nondegenerate (i.e.,iff) D =0then D =0). Then R = E - D~ is a recursive
operator of (1.2.28), and let Ko = DdH and for eachn = 1,2, - - - we can define

K,=RK,_1. (1.2.29)
Then there exists a sequence of functionals {H,, : n = 1,2, -} such that
a) for eachn > 0,
up = Kp[u] = DdH, = EdHp—1 (1.2.30)

is a bi-Hamiltonian system;

b) the corresponding evolutionary vector fields v, = v, ,n > 0, all mutually commute:
Vi, Vin] =0, n,m > 0; (1.2.31)

¢) the Hamiltonian functionals H,,n > 0, are all in involution with respect to either Poisson
bracket

{Hna Hm}D = {HTL)HW}(‘: - 07 n,m > 07 (1232)

and hence provide an infinite collection of conservation laws for each of the bi-Hamiltonian systems

ina).

1.3 The Hirota method

We give a short introduction to the Hirota direct method. We want to solve a nonlinear partial

differential or difference equation
Flu] = F(u,ug,ug,---) = 0.

One of the central ideas of the Hirota method is bilinearization of above nonlinear equations.
There are many types of dependent variable transformations, but the most common examples are
rational, logarithmic and bi-logarithmic transformations.

As the first step we transform F'[u] to a quadratic form in the dependent variables by using a

transformation u = T'(f, g). We call this new form as a bilinear form of F'[u]. We should note that



for some equations we may not find such a transformation. Another remark is that some integrable
equations like the Korteweg-de Vries (KdV), Kadomtsev-Pethviashvili (KP) and Toda lattice (T1)
equations can be transformed to a single bilinear equation but many of them like the modified
Korteweg-de Vries (mKdV), sine-Gordon (sG), and nonlinear Schrédinger (nlS) equations can only
be written as combination of bilinear equations. Now we introduce the Hirota D-operator which is

the key object in Hirota method.

1.3.1 Hirota derivatives

Let f, g be differentiable functions of x. The D-operator is a bilinear binary differential operator,

acting on f and g, which was introduced by R. Hirota in 1971:

(Daf - 9)a) = (o = TN pg(a)| = F@le) ~ f)d @) a3

r'=x

The D-operator is now called the Hirota derivative.

It is easy to see that the D-operator has an equivalent definition:

(Do f -9)(x) := %f(:c +a)g(x —a) o (1.3.2)

The D-operator possesses the following properties.

1. The D-operator is bilinear: for any constants c; and cg it is true that

D.(cifi +cafz)-g=c1Dyf1-g+ 2Dy fo- g,

D,f - (cig1 + cag2) = c1Dof - g1 + c2Dof - go.

2. The D-operator is asymmetric:

especially
Dyf-f=0.

3. When g = 1, we have
Dyf-1=0f,

where 0, := —



4. The exponential identity: if a is a constant, then
exp(aDy)f - g = f(z + a)g(z —a).

In general, we can extend the definition of D-operators to high dimensional spaces. Suppose the
integer M > 1,2 € RM. Let 0 = (01,02, ,0pr)T with 0; = 86% andlet D = (D1, Do, - -,
DM)T, where D;,1 < j < M, are D-operators with respect to z;,1 < 5 < M, which are defined
as follows.

Let f, g be infinitely differentiable functions in RM, z = (x1, 9, - ,zp7)T and 2’ = (), 2, - -,

zh,)T. Then

(Djf-g)(x) = (Dg;f-g)(x)

= (50~ 50 )@t
J

= fo, (@)g(@) — f@)gs(2). (133)

r'=x

The higher order D-operator is defined by

(D' D3 -+ D' f - g)(x)
M

= T1@., =) f(2)9(a")

j=1

r'=x

M

DT DY I LR | (Zj)af]f(x)aj] “g(), (1.3.4)
j=1

k1=0 kar=0

|

where n1,no, - - -, njs are nonnegative integers, ( k:) = m is the binomial coefficient.
I(n—k)!

One of the important properties of the Hirota derivatives is that when interchanging the functions
f and g, we have
DYDY .. .DWMf.g=(—1)mtnmttnupmpie... piMg. f (1.3.5)

which implies that if n = ny + na + - - - + nyy is an odd number, then

DMUMDy DM f . f . (1.3.6)

10



Example 1.3.1. Examples of the Hirota derivatives:

Difg = fez9 = 2f292 + [Guzs
Dif - f = 2fef — D),
D.Dif g = DiDof 9= ferg — ft9z — 29t + f9ats

Dg%f g = fcc:crg - 3fzmgss + 3fzgm:c - fgxmfm

Dthf g = fa:actg - 2fwtgac - f;mgt + zfxgact + ftgaca: - fg:m:t7
D;l:f ) f = 2(f:czxxf - 4f$xzfa: + 3f£m)7
DnyDthf : f = 2(fxyztf - fxytfz - f:cyzft - fxztfy - fyztfx + fa:yfzt

+fa:zfyt + f:z:tfyz)- (137)

1.3.2 The Hirota method
In the following discussion, we will consider the KPII equation for o = 1.
(ug + 6uLy + Uggs ) + OUyy = 0. (1.3.8)

In order to solve the KP equation, we apply the transformation v = 2(In f),, from equation

(1.3.8) to get the bilinear KP equation
(DoDy+ Dy + D) f - f =0, (1.3.9)
and we define the polynomial corresponding to the bilinear KP equation by
Py(x,y,t) := 2 + y* + xt. (1.3.10)

Now we consider travelling wave solutions to the KP equation (1.3.9). For any positive integer j,

define the function
nj(x,y,t) == kjo +w;t + Ly + 77;-], kj,wj, lj,n? eC. (1.3.11)

Consider

f=fotefi+tefot . (13.12)
It is easy to check, for any integers 7, 7/ > 0 and m, n,r > 0, we have
DDy Dy exp(n;) - exp(n; ) = (kj — k)" (1 — )" (w; — wyr)" exp(n; +nj),  (1.3.13)

11



and thus

D' Dy Dy exp(n;) - exp(n;) = 0, (1.3.14)

ifm+n+r>0.
In order to get the one soliton solution, suppose fo = 1 and f; = exp(n;) for some j € N.

Substituting the above expansion into (1.3.9) and collecting terms of each order of £, we have

e (DeDi+Dp+D2{fi-1+1-f1} =0,
€2 :(DeDy+ D+ D2){fo-1+ f1- fr+1- fa} =0,

e (DoDi+ Dy + Do {fs-1+ fo- i+ fi-fa+1-f3} =0,

We denote d = [, 0y, 0;]T. The coefficient of ¢ is equivalent to
Pl(a)fl = Pl(kj, lj,wj)fl = 0. (1.3.15)

Therefore, we have the dispersion relation

Ozpl(kj,lj,wj) :k;1+l]2+wjk], (1.3.16)
or (if k; # 0)
ki + 1
w; = ————=. (1.3.17)
k;j

From the coefficient of 2, we have
2P (0)f2 = —P1(D)f1- f1 = 0. (1.3.18)

We can choose fo = 0 and f can be truncated as f = 1 + ¢f;. Taking € = 1, we get an exact

solution of (1.3.8)

k2 .
w=2(In f)ge = ?jsechQ%J. (1.3.19)

For the two soliton solution we set f; = exp(n;1) + exp(nz) with the coefficients of 7; and 7

satisfing (1.3.16). Setting the coefficients of €2 to 0, we get

2P1(0)f2 = —Pi(D)f1- f1 = —2P1(D)exp(n1) - exp(n2)

= —2P1(k1 — k2,11 — l2, w1 — w2) exp(n1 + n2),

(1.3.20)
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and then we can take fo = a12 exp(n1 + 12) where
Pi(k1 — ko, li — I, w1 — wo)
Py (k1 + k2,1 4 2, w1 + wo)
B 4(]45%]{52 + k‘lk‘g) — 6]45%/{7% + 21115 + k1w + kowq
4(1(5%]{32 + klk‘g) + 6]43%/{3% + 201l + k1ws + kowq '

a2
(1.3.21)

Calculating the coefficient of &3 tells

2P1(0)f3s = —2P1(D)f1- f2
= —2Py(k2,lo, w2) exp(2n1 4 12) — 2P1(k1, 11, w1) exp(ny + 2n2) (1.3.22)
=0.

We take f3 = 0 to have a finitely truncated function f = 1 + ef; + €2 fs. Lete = 1. Then

f=1+exp(m)+exp(n2) + a1z exp(n1 + n2). (1.3.23)

The two soliton solution reads

u =2(In f)rg
k%em + k3e™ + {(k1 — ko) + ara|(k1 + ko)? + k2™ + k3em]}emtn  (1.3.24)
(14 em + e + ajgem+n2)2 ’

In general, according to [32], the /N-soliton solution of the KP equation can be written as

f= ZGXP ZNJUJ"‘ZAMNJW@ —1"‘2 Z €exp Z#JﬁJ+ZA]kMJNk )

i<k n= 12 Hij=n i<k
(1.3.25)

where the first sum means a summation over all possible combinations of y1; = 0, 1, the functions
7, are defined by (1.3.11) and the coefficients of 7); satisfy the dispersion relation (1.3.16) for j =
1,2,--- ,N,andfor1 < j,5' < N,j # 4

(k3k v+ kj I<:3 ) — 61{:]2»1{?, + 20l + kjwj + kjrw;
A(K3kjr + kj k;’?,) + 6kFkS, + 20515 + kjwjr + kjrw;|

Ajit — .
et = aj =

(1.3.26)

For example, when NV = 3,

(1.3.27)

+a23€772+773 + a12a13a236771+772+773

is a three-soliton solution if ;, j = 1, 2, 3, are all real.
In general, formula (1.3.25) presents the [N-soliton solution of the bilinear KP equation for real

njvjzlavN
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1.3.3 Generalized bilinear derivatives

Let p € N be given. For f,g € C®°(RM), let D, = (Dy1,Dp2,--+,Dp1)T, the generalized

bilinear derivative or the D,-operator is defined as follows [44]:

(DpiDp% -~ Dyl f - 9)(x)

M
= H(axj + Oépax;)njf(.%‘)g(.%/) ,
ni na M
iy (ng—k;) 75\ Ak; —k;
= Z Z ap j=1\"j H <k]>ajgf(x)aj"3 Jg(ac), (1.3.28)
k1=0  kp=0 j=1 V7
where n1,n9,- -+ ,n)s are nonnegative integers , and for any integer m, the mth power of «, is
defined by
at o= (—1)"m), (1.3.29)

where 7(m) = m mod p with 0 < r(m) < p.
When p = 2k (k € N), all the general bilinear derivatives become the Hirota derivatives, since

m — r(m) is even, we have a;' = (=1)(m) = (—1)™. Therefore Doy j = D; for j = 1,--- , M.

Now we consider p = 3, we have
ad=-l,ai=ai=1,05=-1,a3=a5=1, - (1.3.30)
It is easy to get

Example 1.3.2. Examples of the general bilinear derivatives

Dsof-9 = Duof 9= fug— f9a:
D3 oDsyf -9 = DiDyf 9= foyg — fy9c — [29y + [Gzy,
D3:D3yDs.fg = feyz9— fey9e = fezGy + foGyz — fy292 + fyGez + foGuy + fGuyz,
D3 :D3yD3.D3if g = foyzt9 — foy=9t — foyt9z + fey9zt — fozt9y + fozgyt
+fatGyz + feGyst — fyst9z + fyz9ut + fytGuz + fyGuzt

+fztgxy + fzga:yt + ftga:yz - fgzyzh

Remark 1.3.3. When p = 3, (1.3.6) is not true.
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Let M be a natural number and we will discuss the following general Hirota bilinear equation

where P is a polynomial of M variables. Since the terms of odd powers are all zeros, we assume
that P is an even polynomial, i.e., P(—z) = P(x), and to generate non-zero polynomial solutions,
we require that P has no constant term, i.e., P(0) = 0.

Moreover, we set

M M
P(x) = Z Pijxixj + Z DijklTi T jT 2T + other terms, (1.3.32)
1,j=1 i,5,k,l=1

where p;; and p;;x; are coefficients of terms of second- and fourth-degree, to determine quadratic
function solutions.

For convenience’s sake, we adopt the index notation for partial derivatives of f:
ok f

6a;i1 (%ciz ce 8ka

o1 <iyig, e, ip < M. (1.3.33)

fi1i2"'ik =

Using this notation, we have the compact expressions for the second- and fourth-order Hirota bilin-

ear derivatives:
DiDjf - f=2(fijf — fif;), 1 <4,5 < M, (1.3.34)
and
DiD;DyDi(f - f)
=2(fijurf — fijifi — fijife — firfi
—fiwfi + fijfua + fiefio + fafie), 1< 14,5,k 1 < M, (1.3.35)

Motivated by Bell polynomial theories on soliton [47], we take the dependent variable transfor-
mations:

u=2(Inf)z,, u=2(Inf)z,2, (1.3.36)

to formulate nonlinear differential equations from Hirota bilinear equations. Many integrable non-
linear equations can be generated this way [9, 32].

We will also consider a generalized bilinear equation
P(Dp)f - f=P(Dp1, Dy, Dpm)f - f=0. (1.3.37)

In this situation, we do not assume that P is even.
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Example 1.3.4 (The KdV equation [32]). Let us consider the KdV equation
up + 6uty + Uprr = 0.
We can use the transformation w = 2(In f),, to get the bilinear KdV equation
(DuDy+ D) - f =0,
On the other hand, the partial differential equation
8wy + 3wt + 12w?w + 12w? = 0,
can be changed to the generalized bilinear KdV equation
(D3uDsi+ D3,)f - f=0
under the transformation w = 2(In f),.

Example 1.3.5 (The modified KdV equation [32]).

U + 6u2u$ + Upyr = 0.

(1.3.38)

(1.3.39)

(1.3.40)

(1.3.41)

(1.3.42)

We can use the bi-logarithmic transformation v = i(ln f/g), to get the bilinear form of m-KdV

equation
(Di+D3)f-g = 3AD2f g,

where \ is an arbitrary function.

16
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Chapter 2

Soliton hierarchies with bi-Hamiltonian structures

2.1 Introduction

In this chapter, we would like to consider two generalized Kaup-Newell spectral problems possess-
ing two unknown potential functions associated with sl(2,R) and so(3,R) respectively. They are
reduced spectral problems of the two D-Kaup-Newell spectral problems associated with sl(2,R) and
so(3,R), which are presented respectively in [19, 74] and possess three dependent variables.

A standard procedure for generating soliton hierarchies [40, 76] is stated as follows. Let g be
the matrix loop algebra associated with a given matrix Lie algebra g. We first introduce a spatial

spectral problem

¢ =Ugp, U=U(u,\) € g, (2.1.1)

where u denotes a column vector of potential functions and A is a spectral parameter. Then we take

a solution of the form

W =W\ =Y W\, Wicg,i>0, (2.12)
>0

to the stationary zero curvature equation
W, = [U, W]. (2.1.3)

Then, we try to determine Lax matrices
vim =y, x) = V™MW + A, €8, m >0, (2.1.4)

(P)4 denoting the polynomial part of P in A and f being an appropriate function from N to N, to

formulate the temporal spectral problems
b1, = VMo, m > 0. 2.1.5)
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The modification terms A,, € g should be selected such that the corresponding zero curvature
equations

U, — Vv 4o, v =0, m>o, (2.1.6)

will produce a hierarchy of soliton equations:

ut,, = Kp(u), m > 0. (2.1.7)

m

A soliton hierarchy usually possesses Hamiltonian structures

0Hm >0

(7 :Km(u):JW,m_ N

m

(2.1.8)

where % is the variational derivative, J is a Hamiltonian operator, and H,,, m > 0, are common

conserved functionals. Such Hamiltonian structures can often be generated by applying the trace

identity where g is semisimple [40, 76]:

e Y _ v Y\ Y _ = 2
5 tr( 3 W)dz = A )\)\ tr( " W), ~v= 5 I\ In [tr(W7)], (2.1.9)

and the variational identity where g is non-semisimple [43, 52]:

1) oU 0 oUu 2 d
- —_— — Y\ - _2

where (-, -) is a non-degenerate, symmetric, and ad-invariant bilinear form on the underlying matrix
loop algebra g.

The three-dimensional real special linear Lie algebra sl(2, R) has the basis

1 0 0 1 00
€1 = , €2 = , €3 = s (2.1.11)
0 —1 0 0 10
whose commutators are
[e1, €2] = 2e2, [e2, €3] = €1, [e3,e1] = 2e3; (2.1.12)
whereas the special orthogonal Lie algebra so(3,R) has the basis
0 0 —1 00 O 0 -1 0
e1=100 0 |,e2=]00 -1 |,e3=]1 0|, (2.1.13)

0
10 0 01 0 0 0 O
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whose commutators are
[617 62] = €3, [627 63] = €1, [637 61} = €2. (2114)

We will adopt the following two matrix loop algebras associated with s1(2, R) and so(3, R):

S1(2,R) = {Z M | M; € s1(2,R), i > 0andn € Z}, (2.1.15)
i>0
and
50(3,R) = {Z MY | M; € 50(3,R), i > Oand n € Z}. (2.1.16)
>0

Those are spaces of all Laurent series in A with coefficients in sl(2, R) or so(3, R) and with a finite
polynomial part.

The rest of the chapter is structured as follows. In sections 2.2 and 2.3, we will introduce two
general Kaup-Newell spectral problem associated with s1(2, R) and so(3,R) and then generate the
corresponding soliton hierarchies of bi-Hamiltonian equations, respectively. In section 2.4, we
introduce the gauge transformation to transform above two spectral problems to their equivalent

spectral problems. In last section, we will make a conclusion and a few remarks.

2.2 A generalized Kaup-Newell soliton hierarchy associate with §1(2, R)

In this section we will derive a soliton hierarchy associate with the matrix loop algebra 51(2, R). We
begin with a spectral problem and let e;, e, e3 be defined by (2.1.11) with commutators introduced
in (2.1.12).

2.2.1 Matrix spectral problem I

Let o be an arbitrary real constant. Let us introduce a spectral matrix

9 A +a Ap
U=U(u,\) = (A + a)er + A\pea + A\ge3 = , (2.2.1)
Aq e —
and consider the following isospectral problem
Nta p ¢1
Ag =N —a q o
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associated with sI(2, R).

It is known [19] that the D-Kaup-Newell spectral problem associated with s~1(2, R) refers to

p
)\2-1—7“ )\p gbl
¢I:U¢: ¢’ u = q ) ¢: )
Ag =N b2
T

which possesses three potentials: p, ¢ and r. The new spectral problem (2.2.2) is just a reduced case
of the above D-Kaup-Newell spectral problem under r = «. It is, actually, also a generalization of
the standard Kaup-Newell spectral problem [36], which corresponds to the case of oz = 0. There
is another interesting reduction » = apq of the D-Kaup-Newell spectral problem associated with

sl(2,R), which generates an integrable hierarchy (see [19, 55] for details).

2.2.2 Soliton hierarchy

We define a matrix

a b ~
W = aey + bes + ce3 = € sl(2,R), (2.2.3)
c —a
and then, the stationary zero curvature equation W, = [U, W] turns out

az = A(pc — qb),
by = 2(A\% + )b — 2)\pa, (2.2.4)
ce = 2X\qa — 2(\? + a)c.

We further assume that

a=Y aX T b= bAH T e=) A (2.2.5)

i>0 i>0 i>0
and take the initial values
ap = 1) bO =p, ¢ —=4(g, (226)
which are required by
ap,. = pco — qbo, bo — pag =0, gag — co = 0. (2.2.7)

Now based on (2.2.4), we have

iz = pc; — qb;,
biz = 20ab; + 2011 — 2paiy1, =0 (2.2.8)

Ciw = 2qait+1 — 20¢; — 2¢i41,
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From this, we can derive the recursion relations for 7 > 0,

Git1,e = aqb; — apc; — 3b;x — Leig,

1
biy1 = 5biz — ab; + pa;i1, (2.2.9)
1

Ci+1 = qa;+1 — 5Cix — QC4,

since (2.2.8) tells
Ait1,0 = PCiy1 — qbit1

= p(qais1 — 3¢ip — ac;) — q(3biz — ab; + paii1)

= agb; — apc; — %bzx - %Ci,xa 1> 0.

)

We impose the conditions for integration:
ailu=0 = bilu=0 = Cilu=0 = 0, 1 > 1, (2.2.10)
to determine the sequence of {a;, b;, ¢; : i > 1} uniquely. We list the first two sets as follows:

a1 = —3pq,

b1 = 3p. — ap — ip’q,

o1 = —34x — aq — 3pg*;
az = apq + %(pr - pasQ) + %p2q2,
by = 0®p — aps + jPaa — §PP20 + 500°0 + 3070,

2 =0%q+ 0y + 10ae + §P40x + 3000° + 07

Based on the recursion relations (2.2.9), we obtain

C 1
e | T i, 2.2.11)
bit1 b;
where the recursion matrix
1 -1 1 -1 —1 1 -1
—a— 0 —aqd — g0~ 'pd aqdtq — 50 1q0
- 20— g0 p = 3q97p 9 4T 210 . Q212
—apd~tp — %pa_lpf) —a+ %3 + apd~lq — %p@‘lqa

in which 0 = %. We will see that all vectors [c;, bi]T, ¢ > 0, are gradient, and will generate
conserved functionals.
From the first three sets of {a;, b;, ¢; }, we know they are all local. Now we show all the a;’s, b;’s

and c;’s are local for any j > 0.
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Proposition 2.2.1. The functions a;,b; and c; determined by the recursive relations (2.2.8) are all
local for 7 > 0.
Proof. Since W, = [U, W], we have
d 2
%tr(W ) = 2tr(WW,) = 2tr(X[U, W]) = 0,

and so, due to tr(W?) = 2(a? + be) and the initial data (ag, bo, co) = (1,p, q) we have

2(a” +bc)|,_, = 2.
Using the Laurent series of A gives for k£ > 0
k k—1
> ajap_j+ Y bicr_1-j =0. (2.2.13)
j=0 =0
Then
L= k—1
ay = —§(Zajak_j+2bjck_1_j), k>0.
j=t 7=0
Our conclusion follows from (2.2.9) by the induction. O]

Now for each m > 0, we introduce

V[m] _ )\()\2m+1W)+

= (N"PPW) 4 = amier

m
= (@ ey 4 p A2 ey N2 ], (2.2.14)
i=0
and the corresponding zero curvature equations
U, — v 4o, viml) =0, m > o, (2.2.15)

engender a hierarchy of solution equations

b — 2ab c
w, =Kn=| " =g ™|, m>o0, (2.2.16)
Cmyz + 20C, bm
where
0 0 — 2«
J = . (2.2.17)
0+ 2« 0



It is obvious that J is a Hamiltonian operator by Proposition since it is skew-adjoint and does not
depend on the potentials. We can get the adjoint operator of W using integration by parts.

o — —a+ %(9 + apd—lq — %6p8*1q apd~lp — %Bp(?*lp

—aq0~lq — %aqﬁ_lq - — %8 — g0 p — %3(]8_1]9.

It is easy to compute that

ou |22 p | au |0 X| au |00

oA | g a7 foo| 9 ol
and so, we have
tr(ng) — 4Xa + gb + pe, tr(Waag) = Ac, tf(W%@ = Ab.

By the trace identity (2.1.9), we get

6/(4)\ b+ peydz = a1 2y |
5U “ q pejar = 8)\ Ab

Balancing coefficients of all power of A in above equality tells

1) c
Su /(4am+1 + gbm + pem)dz = (y—2m) | |, m>0.
u bm
Taking m = 1, we obtain v = 0, and further, we arrive at
) 4 b c
O [(LRemit Dm POy, | s (2.2.18)
ou 2m by,

Therefore, we get Hamiltonian structures for the generalized Kaup-Newell soliton hierarchy (2.2.16)

associated with sl(2, R):
uy, = Ky = J =g >, (2.2.19)

where the Hamiltonian functionals are given by

Ho = / pqdz,

4 b
N = /( Am+1 +23nm + pem

(2.2.20)

)dx, m > 1.
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Now we introduce an operator
M=JVv=9"]= ) (2.2.21)
M1 Mas
where all elements can be explicitly worked out:
M1 = 2a2p0~p + apd~1pd — adpd—1p — %apaflp(?,
Mo = %82 — 200 + 202 — 20%p0~ g 4+ adpd~q + apd~lqd — %Op(?_lq@,
Moy = —%82 —2a0 — 2a? — 2a2¢0~'p — a0q0'p — agd'pd — %8q8_1p8,
Moy = 202q01q + a0q0~'q — aqd~'q0 — %8618*1(18.

(2.2.22)

It is easy to verify that M is skew-adjoint. By a long and tedious computation with Maple, we can
verify that J and M constitute a Hamiltonian pair [15, 63] , i.e., any linear combination N of J and

M is skew-symmetry and satisfies the Jacobi identity:
/ KT N'(u)[NS|Tdz + cycle(K,S,T) =0
for all vector fields K, .S and T'. Thus, the operator
O =U" (2.2.23)
is hereditary, that is, it satisfies that
O (u)[PK]|S — @' (u)[K]S = &' (u)[@S]|K — &' (u)[S]|K

for all vector fields K and S (see [14] for definition of hereditary operators). Here ®’ denotes the
Gateaux derivative of ® as usual.

The above condition for the hereditary operators is equivalent to
Log® =PLKP (2.2.24)
for any vector field K. Here L ® is the Lie derivative defined by
(Lg®)S := 9[K, S| — [K,®S],

where [-, -] is the Lie bracket of vector fields. Note that for any autonomous operator ¥ = W (u, uy, - - - )

is a recursion operator of a given evolution equation u; = K (u) if and only if ® satisfies
Lg®=9'[K] - [K',®] =0,
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S’ denoting the Gateaux derivative operator of a vector field S (see [68] for more details).

For the hierarchy (2.2.16), it is direct to show that
Lk, ® = ®'[Ky] — [K|, ®] = 0. (2.2.25)

Thus, it follows now that the hierarchy (2.2.16) is bi-Hamiltonian:

Uty = Ko = J ou ou

m > 1, (2.2.26)

and & is a common hereditary recursion operator for the whole hierarchy (2.2.16). All this implies
that the hierarchy (2.2.16) is Liouville integrable [49]. We point out that no bi-Hamiltonian structure
was presented for the D-Kaup-Newell soliton hierarchy in [19], though the hierarchy was shown to
have infinitely many symmetries.

When m = 0, we get a linear system:

— 2« 0H
T e A JTO. (2.2.27)
q], @z + 20q b
0
When m = 1, we have a nonlinear system of bi-Hamiltonian equations:
p
utl = = K1
L q t
| 20%p+ ap’q + gpue — 2aps — 59700 — Pape
| —20%¢ — apg® — 204, — 50ue — PY4x — 5P
OHy 0Ho
=J—=M——, 2.2.28
ou ou ( )
where 1 can also be explicitly given by
Hi= [ [~apg— P — gz — p2q)]|d. (2.2.29)

2.3 A generalized Kaup-Newell soliton hierarchy associate with so(3, R)

In this section, we will construct the second soliton hierarchy based on the 3-dimensional orthogonal

Lie algebra so(3, R). The basis of so(3, R) consisting of e1, e2, e is defined by (2.1.13).
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2.3.1 Matrix spectral problem II
Let us introduce the spectral matrix with a real constant a:

U =U(u,\) = (A% + a)er + Apea + Ages

0 -\¢ N —a
(2.3.1)
= Aq 0 —Ap )
N+a Mp 0
and consider the following isospectral problem
0 -A¢ N —a
¢r=Ug¢ = g 0 —Ap ®,
Nta Mp 0
(2.3.2)
b1
p
U = ’ ¢ = (252 ’
q
?3

associated with so(3, R).

The D-Kaup-Newell spectral problem associated with so(3, R) was studied recently in [74]:

0 =X —N-—r p b1
Oz =Uo = )\q 0 —)\p Ou= q | o= ¢)2 )
N +ro Ap 0 r b3

which possesses three potentials: p, ¢ and r. The new spectral problem (2.3.2) is a reduced case of
the above D-Kaup-Newell spectral problem under » = «. In fact, it is also a generalization of the
standard Kaup-Newell spectral problem in [46], which corresponds to the case of o« = 0. Another
interesting reduction r = a(p? + ¢?) of the D-Kaup-Newell type spectral problem associated with

s0(3,R), generating an integrable hierarchy, has been proposed and studied in [39].

2.3.2 Soliton hierarchy

Define
0 —c —a
W =ae; +bea+ces=| ¢ 0 —b | €s50(3,R), (2.3.3)
a b 0
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and then, the stationary zero curvature equation W, = [U, W] becomes

Ay = )\(pC - qb)v
by = Aga — (A% + a)e, (2.34)
cz = (A2 4+ a)b — \pa.

We further assume that

a=> aXP b= BAT =D Al (2.3.5)

i>0 i>0 i>0
and take the initial values

ay=1,bg=p, co=gq, (2.3.6)
which are required by
ap,z = pco — qbo, —co + qag = 0, —pag + by = 0. 2.3.7)
Now based on (2.3.4), we have

Qie = pCi — qb;,
biz = qaiy1 — ciy1 —aci, 2 0. (2.3.8)

Ciz = bit1 + ab; — paii1,

From this, we can derive the recursion relations

i1z = —pbix + aqb; — qc; » — apc;,
biy1 = Cix — abj + pay1, i 20, (2.3.9)
Cit1 = —biz — ac; + qaiy1,

since (2.3.8) tells

Qiylz = PCiy1 — qbiy1
= p(=bir — aci + qait1) — q(cig — ab; + paiq1)

= —pb; z + aqb; — qc; » — apc;, © > 0.

We impose the conditions for integration:
ailu=0 = bilu=0 = Cilu=0 = 0, 1 > 1, (2.3.10)
to determine the sequence of {a;, b;,¢; : @ > 1} uniquely.
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It follows directly from the recursion relations (2.3.9) that we have

b; b;
e iz, 2.3.11)
Ci+1 Ci
where
—o — pd~pd + apo~t 0 —apd~tp —po~1lqo
v p0~ p p0~q p0~'p—pd~q . 23.12)
—0—q0'p0 +aqd'q —a—aqdp—q01q0
We will see that all vectors (b, ci)T, 1 > 0, above are gradient, which will generate conserved
functionals.

Similar to the previous section, {a;,b;,c; : j > 0}, are all local.

Proposition 2.3.1. The functions a;, b; and c; defiend by (2.3.9) are all local for j > 0.

Now for each m > 0, we introduce

V[m] — )\()\2m+1W)+

= (N"PW) 4 — ameren
= f:[ai)\Q(m_i)+261 + hA2m=H ey e \2mmi e (2.3.13)
i=0
and the corresponding zero curvature equations
U, —vm 4o, vim =0, m>o, (2.3.14)

engender a hierarchy of solution equations

bm o + ac b
u, =Kp=1| " "l=J] " |, m>o0, (2.3.15)
Cm,x — abp, Cm
with J being defined by
0 «
J = . (2.3.16)
—a 0

It is direct to check that J is Hamiltonian.

It is easy to see that

0 —q -2\ 0 0 O 0 -1 0
or | 1 Pl ap T | ag ’
2A p 0 01 0 0 0 0



and so, we obtain

oU oU oU
W—)=—4Xa — 2pb—2 W—)=-2 W—)= -2\
tr( )\) Aa — 2pb qe, tr( ) Ab, tr( " ) Ac

By the trace identity we obtain Hamiltonian structures for the reduced D-Kaup-Newell hierarchy

(2.3.15) associated with so(3, R):
U, = Ky =J =J——, m>0, (2.3.17)
Cm

where the Hamiltonian functionals are given by

1
Ho = / 5(1?2 + ¢*)dz,

2.3.18)
2 b (
H,, = /(_ Am+41 + P m+qcm)dl" m> 1.
2m
Introduce a second Hamiltonian operator
My M
M=Jo=vtg=| "+ 72| (2.3.19)
My Ma
where all elements can be explicitly worked out:
( My = —2a0 + o?q0~ ¢+ adp0~tq — agd~1pd — Opd~1p0o,
Mis = —a? + 0% — a?q0'p — aqd~1qd — adpd~'p — Opd~1q0,
12 qo °p q q po °p p q (2.3.20)

My = o? — 0? — &?p0~ g+ adqd~ g + apd~1pd — g0~ po,
Moy = —2a0 + o&?p0~'p — g0~ p + apd—'qd — 0q0~1¢0.

\

A direct computation by Maple can show that J and M constitute a Hamiltonian pair. Thus once

proving Ly, ® = 0, we can show by the same argument as in the previous section that the operator
—a—0p0~lp—aqgdlp 0 —0pdtqg—agd g

d=0* = (2.3.21)
—0+apd~lp—0¢0~'p —a+apdlq— 090 ¢

is a common hereditary recursion operator for the whole hierarchy (2.3.15), and the hierarchy
(2.3.15) is bi-Hamiltonian:

OHm OHm—
Ut = K = J ou =M ou 17

m > 1. (2.3.22)

All this shows that the A generalized Kaup-Newell hierarchy (2.3.15) associated with so(3,R) is
Liouville integrable [49].
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When m = 0, we get a linear system

+a OH
Uy = Pl gy=| P27 | 2 J(S—O. (2.3.23)
q —ap+ gz Y
to
When m = 1, we obtain a nonlinear system of bi-Hamiltonian equations:
p
utl = = K1
L q t1
| —®q—20aps + gue — (g + pe)(P* + ¢°) — (PP + 942)
| ®p—20q; — puw + 5(ap + @) (0 + ¢*) — a(pp + 942)
0 )
_ g0t 0 (2.3.24)
ou ou
where H; can also be explicitly given by
1 1
Hi = /[2(—ap2 — aq® — peq + pgz) — é(p2 + q2)2]dm. (2.3.25)

We point out that no bi-Hamiltonian structure was presented for the two D-Kaup-Newell soliton
hierarchies associated with so(3,R) [74]. Only quasi-Hamiltonian strcutures were established for

the second D-Kaup-Newell soliton hierarchy in [74].

2.4 Concluding remarks

We have studied the two generalized Kaup-Newell spectral problems associated with §1(2, R) and
s0(3,R) and generated their hierarchies of bi-Hamiltonian equations via the zero curvature formu-
lation. The Liouville integrability of the resulting soliton hierarchies has been shown upon estab-
lishing the bi-Hamiltonian structures through the trace identity.

Unlike the D-Kaup-Newell soliton hierarchies [19, 74], the two soliton hierarchies we obtained
present bi-Hamiltonian structures, though our spectral problems involve less potentials. More-
over, the newly presented Hamiltonian pairs display extended recursion operator structures from
the known Kaup-Newell recursion operators associated with sl(2, R) and so(3,R) [36, 46]. Our

spectral problem differs from that discussed in [78] and also soliton hierarchies are dissimilar.
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Chapter 3

A class of lump and lump-type solutions of evolution equations

3.1 Introduction

The Hirota direct method [32] is one of the most powerful approaches for constructing multisoli-
ton solutions to integrable equations. Its successful idea is to use a transformation of dependent
variables to convert nonlinear differential equations into bilinear forms defined in terms of Hirota
bilinear derivatives.

In recent years, there has been a growing interest in rationally localized solutions in the space [7,
25, 33, 65], particularly lump solutions, localized in all directions in the space (see, e.g., references

[1, 24, 35, 73] for typical examples). The KPI equation
(g + 6UUy + Upgpa)r — Uyy = 0 (3.1.1)

has the following lump solutions [64]

—[z + ay + (a® — b*)t]? + b (y + 2at)? + 3/b?
{[x + ay + (a? — b?)t]2 + b2(y + 2at)? + 3/b2}2’

(3.1.2)

where a and b # 0 are two free real constants. More generally, the KPI equation (3.1.1) admits the
lump solution [50] with the six free parameters.

In this chapter, we would like to consider Hirota bilinear equations and generalized bilinear equa-
tions, and focus on some classes of generalized bilinear differential equations involving the gener-
alized bilinear derivatives with the prime number p = 2, 3 presented in Ref. [44]. We will search
for their positive quadratic and quartic function solutions by symbolic computation with Maple.
Further, we will present lump-type solutions to the corresponding nonlinear differential equations
generated by u = 2(In f),. The nonlinear differential equations can be achieved by rational trans-
formation u = f/g, the bi-logarithmic transformation v = 2(In f/g),, etc [32]. We also have

a short discussion on higher-degree polynomial solutions. It is hoped that the study will help us
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recognize characteristics of integrability more concretely. A few concluding remarks will be given

at the end of the chapter.

3.2 Non-negative quadratic functions and solutions to bilinear forms

We consider real polynomials on R in this chapter.

3.2.1 Non-negative quadratic polynomials

Definition 3.2.1. Assume that f is a polynomial on RM . Then f is positive if f(z) > 0, Vo € RM;
[ is non-negative or positive semidefinite (PSD) if f(x) > 0, Vo € RM,

A quadratic polynomial f : R — R can always be expressed as
f(z) =27 Az — 2bTz + ¢, (3.2.1)

where A € RM*M i5 a symmetric matrix, b € RM denotes a column vector, ¢ € R is a constant and
T denotes matrix transpose. A, b, ¢ are uniquely determined by f under the condition of A = AT
We introduce the the Moore-Penrose pseudoinverse [70] of a matrix to describe the non-negativity

(or positivity) of a quadratic function.

Definition 3.2.2. Ler a matrix A € RY*M_ We call a matrix AT € RM*N the Moore-Penrose

pseudoinverse of A if it satisfies

AATA=A, ATAAT = AT, (AAD)T = AAT, (ATA)T = ATA. (3.2.2)

We denote that a positive-semidefinite matrix A € RM>*M by A > 0 and positive-definite by
A > 0. Namely, A > 0 means that 2T Ax > 0forall z € RM and A > 0iff 27 Az > 0 for all non-
zero © € RM . The following theorem gives a description of non-negative and positive quadratic

functions.

Proposition 3.2.3. Let a quadratic function f be defined by (3.2.1). Then f is non-negative if and
only if A >0, b € range(A) and
d=c—b"ATH>0. (3.2.3)

Moreover; f is positive if and only if A > 0, b € range(A) and d = ¢ — bT ATb > 0.
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Proof 1f b € range(A), then there exists a vector o € RM such that Ao = b. We get

fz) = 2TAAz—bTz —2Tb+c
= (z-a)lA(z—a)+c—alAa

= (x—a)TA(x —a)+c—bl AT (3.2.4)

The sufficiency is immediately implied by (3.2.4).
The necessity. Suppose that A > 0 is false. Then there exists a vector 5 € RM such that
ﬁTAﬁ < 0, and further for r € R, we have

f(rB) =r*BTAB = 2rbT B+ ¢ — —o0, asr — oo.

This is a contradiction to the assumption that f is non-negative. Therefore, we have A > 0.
Now let b = b)) 4 b2 with b() € range(A) and b?) € range(A)*. Assume that « € RM

satisfies Aov = b(1). Consider = = o + rb(?), with r being a positive number. Then we can have
f(z) = 2T Az — 20T Az — 26Tz 4 ¢
=z —-a)TA(z —a) =207z 4+ ¢ — T Aa
= 20T Ap?) — 26T — 2rpATH2) 4 ¢ — o Ac
= —2rb@TH2) — 26T 4 ¢ — T Ao — —00, as T — o0,

if () = 0. Therefore b® = 0, since f is non-negative. This implies b € range(A). Further,

d = f(a) > 0. The last conclusion is obvious. O

Corollary 3.2.4. If function f(x) = 27 Az — 2b" 2 + c is bounded below. Then d = ¢ — bT A% b is
the largest low bound.

Next, we will explore relations between quadratic function solutions and sums of squares of linear
functions, and discuss quadratic function solutions which can be written as sums of squares of linear

functions.

Proposition 3.2.5. Let a non-negative quadratic function f be defined by (3.2.1). Suppose r =
rank(A). Then there exist bi) € RM, c; € R, 1< j <, such that

r

fla)=> 09Tz + ;) +d (3.2.5)
j=1
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with d > 0.

S
Moreover, if f(x) = Z(B(j)Tx + éj)2 + h, where b9 € RM, GER, 1<j<s5 h € R, then
j=1
s>

Proof. By proposition 3.2.3, we know A > 0. We consider the singular value decomposition of the

matrix A:

A=V 7 (3.2.6)

where V € RM*M s orthogonal and

S = diag(dy,- - ,dy), di > -+ > d, > 0.

Upon denoting V = (vM, v, ... (M) and setting
bV = \/dj v, ¢; = —aTb9) 1< j <, (3.2.7)
we have

r

A =3 dp 00T = Sy oD (/a5 0T = 3T 00T,
j=1 j=1

Jj=1
and thus

f@) = D (@—-a)bI7(z —a)+d

Note that we can rewrite

fla) = Z([)(j)Tx +¢))2 4+ h=aTAz — 20Tz + ¢,
j=1

Therefore A =%, VDB Set B = (bW, 52, ... b)), Then A = BBT and so
r = rank(A) = rankB < s.

This completes the proof. 0
Based on Proposition 3.2.3, and noting that constant functions are particular linear functions, the

following result is a direct consequence of Proposition 3.2.5.
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Corollary 3.2.6. Any non-negative quadratic function can be written as a sum of squares of linear
functions.
This corollary guarantees that completing squares can transform non-negative quadratic functions

into sums of squares of linear functions.

3.2.2 Positive quadratic function solutions to bilinear forms

Leta = (g, ,ap)’ € RM be a fixed vector. Consider following quadratic function:
fl@)=(z—-a)l Alz — a) + 4, (3.2.8)

where the real matrix A = (a;j)amxm is symmetric and d € R is a constant. Proposition 3.2.3
implies that when A > 0 and d > 0, this presents the class of positive quadratic functions.

We will discuss the following general Hirota bilinear equation

where P is a polynomial of M variables © = (x1,--- ,xp) and D = (Dy,Da,--+, Dyy) is a
vector of Hirota operators. Since the terms of odd powers are all zeros, we assume that P is an even
polynomial, i.e., P(—z) = P(z), and to generate non-zero polynomial solutions, we also require

that P has no constant term, i.e., P(0) = 0. Moreover, we set

M M
P(x) = Z PijTiT; + Z PijkiTiT; 22 + higher order terms, (3.2.10)
i,j=1 i,5,k,l=1

for p;; and p;;; are coefficients of terms of second- and fourth-degree, to determine quadratic
function solutions. Without loss of the generality, we require p;; = pj;, 1 <,7,5 < M. We denote
the coefficient matrix of the second order Hirota bilinear derivative terms by P(?) = (pij)MxM €
RM*M then it is symmetric: P(?) = (P2)T,

Obviously, we have

for any quadratic function f. Moreover, because all odd-order Hirota bilinear derivative terms in

the Hirota bilinear equation (1.3.31) are zero, the bilinear equation (1.3.31) is reduced to

QD)f-f=0, (3.2.11)
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where

M M
Q(x) = Y pijaimj+ D> Pyl e, (3.2.12)
t,j=1 4,5,k 0=1

since Q(D)f - f=P(D)f - f, where f is quadratic.
Now we compute the second- and fourth-order Hirota bilinear derivatives of a positive quadratic
function defined by (3.2.8). Note that
M
fi= ZZaik(wk —ag) = 2AiT(m — ), fij =2a;5, 1 <i,5 <M,

k=1
where A; is the ith column vector of A for 1 < ¢ < M. We denote y = x — . Then using (1.3.34),

we have

M M M
> piDiDif - f =4 pijaiif -8 piy AiAly
ij=1 ij=1 ij=1

M M
= 4d Z Pijaij + 4yT[ Z pij(aijA — AiA? — AjAZT) 1. (3.2.13)
ij=1 ij=1

By (1.3.35), the fourth-order Hirota bilinear derivatives of f in (3.2.8) read

DiD;Dy.Dif - f = 2(fij fra + fan St + fafir) = 8(aijan + amaj + agajr), (3.2.14)

wgere 1 < 1,7, k,1 < M. Thus, if (3.2.8) solves the Hirota bilinear equation (1.3.31), i.e., the

reduced Hirota bilinear equation (3.2.11), then we have

M M
8 > pimlaijam + awaj + agaje) +4d Y pijai;
igkl=1 ij—1
M
T[S pislagA — 44T — A;4T) |y =o. (3.2.15)
2,7=1

Note € RM is arbitrary, and so is y = = — a. Therefore, we obtain the following result.

Theorem 3.2.7. Let A = (aij)vxm € RMXM b symmetric and d € R be arbitrary. A quadratic

function f defined by (3.2.8) solves the Hirota bilinear equation (3.2.11) if and only if

M M
2 Z pijkl(aijakl + apaj + ailajk) +d Z pijai; =0 (3.2.16)
i.3,k1=1 ij=1
and
M M
> pijlaiA— AAT — A;AT) = > pijaiA—2APP A =, (3.2.17)
i,j=1 i,j=1

where A; denotes the ith column vector of the symmetric matrix A for 1 <i < M.
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Corollary 3.2.8. If f(x) = 27 Az + d solves the Hirota bilinear equation (1.3.31), then for any

a € RM, f(z — a) solves the Hirota bilinear equation (1.3.31), too.

Proof. This is because (3.2.16) and (3.2.17) only depend on the matrix A and the constant d, but do
not depend on the shift vector a. O
When P() = 0, the matrix equation (3.2.17) is automatically satisfied and the scalar equation

(3.2.16) reduces to
M

> pimlagar + airaj + agage) = 0. (3.2.18)
4,7,k 1=1

If M > 2, for a fixed matrix A, obviously there exists infinitely many non-zero solutions of
Pijkis 1 <1,7,k,1 < M, to the equation (3.2.18).
Let us now consider quadratic function solutions with |A| # 0.

If M =1, then aq; # 0. Therefore, (3.2.16) and (3.2.17) equivalently yield

p11 = p1111 = 0.

This means that a bilinear ordinary differential equation defined by (1.3.31) has a quadractic func-
tion solution if and only if the least degree of a polynomial P must be greater than 5.

If M = 2, we have following example in (1+1)-dimensions. Consider the function f(z,t) =

2
222 — 2xt + 2t% 4+ 4, then A = > 0 with |A| = 3 > 0. This quadratic polynomial is
-1 2

positive, and solves the following (1+1)-dimensional Hirota bilinear equation:
(D} — 2D —2D,D, — 2D5) - f =0,

-2 -1
where the symmetric coefficient matrix P(?) = is not zero. This function f leads to
-1 -2

lump solutions to the corresponding nonlinear equations under © = 2(In f), or u = 2(In f) 5.
When M > 3, there is a totally different situation. What kind of Hirota bilinear equations (1.3.31)
can possess a quadratic function solution defined by (3.2.8) with |A| # 0? The following theorem

provides a complete answer to this question.

Theorem 3.2.9. Let M > 3. Assume that a quadratic function f defined by (3.2.8) solves the Hirota
bilinear equation (3.2.9) with P defined by (3.2.10). If |A| # 0, i.e., A is non-singular, then
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which means that the Hirota bilinear equation (3.2.9) doesn’t contain any second-order Hirota

bilinear derivative term.
Before we prove the theorem, we introduce a lemma as follows.

Lemma 3.2.10. Suppose that A = (a;;), B ) € RMXM - Eor any orthogonal matrix U =

= (bi;
(uij) € RMXM Jet A = (4;;) = UAUT, B = (bij) = UBU”. Then

M M
Z ai;bi; = Z a;;b;j. (3.2.20)
ij—=1

ij=1

Proof. It is easy to see

M
azy = Zuzk Zaklujl = Z ALl Ui Us] -
=1 k=1

Similarly we have

S
I
M=

britik .-

Il
—

k.l

Since matrix U is orthogonal, we have forany i : 1 <:¢ < M,

M .
1, k=j,
Zuikuz‘j = ]
i=1 0, k#j.
Then

M
Z a;jbi; = Z AR Uik Uj] Z A Uik Uj1
ij=1 =1 k=1

M M

2.9
- Z Z arbrugus, + Z Z gt br v Wik g g
1,7=1k,l=1 1,5=1 kLk'l'=1
(kD) (K1)
M M
2
= Z aklbkl<Zu ) (Zuﬂ>
k=1 j:1
M
+ Z aklbk/l/(zuikuik/> X (Zuﬂuﬂ’)
kLk'l'=1 i=1 J=1

(kDKL)

M
= ) ambu.

k=1
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Proof of Theorem 3.2.9. First, assume that P(?T = P(2)_ Then, (3.2.17) becomes

M
aA—24APP A =0, where a = Z Dpijaij. (3.2.21)

ij=1

Since A is symmetric, there exists an orthogonal matrix U € RM*M guch that

A=UTAU = diag(ay, - -, an).
Set P2 = UT PA)U, and by (3.2.21), we have
A —2APPA = 0. (3.2.22)
~1 and further P is diagonal.

Since |A| # 0, we have | A| # 0. Thus, (3.2.22) tells that P?) = A

Therefore, we can express
P = diag(p, -, pum)-
Plugging the two diagonal matrices A and P@ into (3.2.22) engenders
(3.2.23)

a=2aipr, 1 <k < M.
a;;p;j 1s an invariant under an orthogonal

On the other hand, lemma 3.2.10 shows that a = Z%Zl
similarity transformation, and thus, from A=UTAU and P@ = pyTpQ@y , we have
M
i=Y_ axpr- (3.2.24)
k=1

Now a combination of (3.2.23) and (3.2.24) tells that Ma = 2a. Since M > 3, we see a = 0,

and so, P2 = 0, which implies that P® =,
Second, if P(?) is not symmetric, noting that
P TPy << M.

N N D
Z PijTiTj = Z Pijitj, Pij = — 5

i,j=1 i,j=1
we can begin with a symmetric coefficient matrix of second order Hirota bilinear derivative terms,
O

P2 = (Pij) mx M to analyze quadratic function solutions. Thus, as we just showed, P = .
This is exactly what we need to get. The proof is finished.
Theorem 3.2.9 tells us about the case of |A| # 0, which says that if a Hirota bilinear equation
admits a quadratic function solution determined by (3.2.8) with | A| # 0, then it cannot contain any

second-order Hirota bilinear derivative term.
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For the KPI and KPII equations, since the corresponding symmetric coefficient matrix P(?) is not
zero, Theorem 3.2.9 tells that any quadratic function solution f cannot be expressed as a sum of

squares of three linear functions and a constant: f = g% + g% + gg + d, where
gi = ci1® + oy +cigt + ¢, 1 <1 <3,

with (¢;;)3x3 being non-singular, which will also be showed clearly later.

The other case is |A| = 0, for which there is no requirement on inclusion of second-order Hirota

bilinear derivative terms. Obviously, when A = diag(ay,--- ,ap—1,0) # 0, (3.2.21) has a non-
zero symmetric matrix solution pP@ = diag(0,---,0,1) # 0 witha = 0, and (3.2.16) has infinitely
——
M—1

many non-zero solutions for {p;;x| 1 < 4,7, k,1, < M?}. Therefore, we can have both second- and

fourth-order Hirota bilinear derivative terms in the Hirota bilinear equation (1.3.31).

3.3 Applications to generalized KP equations
Let us first consider the generalized Kadomtsev-Petviashvili (gKP) equations in (N +1)-dimensions:
(ut + Guuibl + uxwlwl)wl + U(ufmm + Uggpy + - ul“Nl"N) = 07 (3-3-1)

where 0 = F1 and N > 2. When 0 = —1, it is called the gKPI equation, and when o = 1, the
gKPII equation.

Denote = = (21,2, ,xn,t)T € RVF1, Take a positive quadratic function:
f(z)=a2TAz +4d (3.3.2)

with A = AT ¢ RINHDX(N+1) " A > 0 and d > 0. For any x € RN*!, the rational function

u=2(Inf)p,z = W

is analytical in RNV*!. Substituting it into (3.3.1), we have

N
(ut + 6uug;1 + Umlxlml)ml +o Z ijxj
=2
02 2/ yd - 2
— (%c%[f (D7 +D1DN+1+UZDj)f'f} =0, 0=71,

=2
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where Dy is the Hirota bilinear derivative with respect to time ¢. Therefore, if f solves the
bilinear gKPI or gKPII equation:
then v = 2(In f)4,», solves the gKPI or gKPII equation in (3.3.1). Such a solution process

provides us with lump or lump-type solutions to the gKPI or gKPII equation.

Theorem 3.3.1. A positive quadratic function f defined by (3.3.2) solves the bilinear gKPI or gKPII
equation by (3.3.1) if and only if

6a3, +da =0, (3.3.3)
and
N
QA — (M AL+ An i A]) = 20> AAT =0, (3.3.4)
1=2
where
N
a:=aiN+1 + O'Z ai; < 0. (3.3.5)
=2

Proof. An application of Theorem 3.2.7 to the bilinear gKPI and gKPII equations in (3.3.1) tells

(3.3.3) and (3.3.4). The property a < 0 in (3.3.5) follows from (3.3.3) and d > 0. The proof is

finished. O
If a = 0, then we have a1 = 0 by (3.3.3). Since A > 0, we have a1 y41 = 0. Further

N

UE aii=d—a1N+1=0.
=2

However, 0 # 0 and a;; > Ofori = 1,--- , N + 1. Thus, ass = --- = ayny = 0, and there
exists only a non-zero solution A = (aij)(n+1)x(nv+1) With all a;; = 0 except a1 n+1. The
corresponding solution is v = 2(In f),,,, = 0, a trivial solution.

Now let us introduce

0 0 1
B=2P% =10 2y 0 : (3.3.6)
1 0 0

(N+1)x(N+1)
where I_; is the identity matrix of size N — 1, and then the algebraic equation (3.3.4) can be
written in a compact form:

GA — ABA =0, (3.3.7)

where ¢ is defined by (3.3.5).
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Corollary 3.3.2. If a positive-semidefinite matrix A satisfies the condition (3.3.7), then |A| = 0.

Proof. If |A| # 0, then aly,1 — AB = 0, and so A = aB~!. The matrix B has two eigenvalues +1
(and an eigenvalue 20 of multiplicity N — 1), and thus B~ also has two eigenvalues +1. Therefore,
A is not positive-semidefinite unless @ = 0. In this case, ABA = 0, and then |[ABA| = |A|?|B| =
0, which leads to | A| = 0. A contradiction!

This corollary is also a consequence of Theorem 3.2.9. For the (N 4-1)-dimensional KP equations,
since the corresponding symmetric coefficient matrix P® is not zero, their corresponding Hirota
bilinear equations do not possess any quadratic function solution which can be written as a sum of
squares of IV + 1 linearly independent linear functions.

We remark that it is not easy to find all solutions to the system of quadratic equations in (3.3.7).
The following examples show us that the gKPI equations have lump or lump-type solutions. It is
also direct to observe that any lump or lump-type solution to an (/V + 1)-dimensional gKPI equation

is a lump-type solution to an ((INV 4 1) + 1)-dimensional gKPI equation of the same type as well.

Example 3.3.3. Let us consider the simplest case: N = 2. This corresponds to the (2+1)-

dimensional KPI and KPII equations:
(ut + 6uty + Uggy)z + oty =0, 0 = F1, (3.3.8)
where we set x1 = x and x9 = y.

By using Maple, we can have

a b o(ac —2b%)/a
A= b c —abe/a witha > 0, ¢ > 0, ac — b* > 0.
o(ac —2b%)/a —obc/a o%c?/a
This leads to
fz,y,t) = ax® 4+ cy* + JZCQtQ + 2bxy — QUabcyt + %Tg(ac —2b%)xt +d
ac — b 20b

= alr + gy + %(ac — 261t + (y — 775)2 +d, (3.3.9)

which reduces to

o?c?

t
f(z,y,t) = az® + cy? + —t> + 20cat + d = a(z + £)2 + ey + d,
a a
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when b = 0. The condition (3.3.3) now reads

_ 92 12
[U(aca 27) 4 od = 6a? + 2da(aca ) o,

6a> + d

which yields

3a?
= —— . 3.1
d a(ac—b2)>0 (3.3.10)

By Corollary 3.2.8, for any constants vy1,v1,7v3 € R, we have the following quadratic function

solutions:

Pl t) = al(e — 1) + 2y —2) + Flac — 27)(t — 73)]
ac — b? 20b

+ [(y =) = =—(t— )" +d

a
b o 9 9
:a[x—i—ay—l—g(ac—% )t—él]

— b2 20h
«“ (y— %t — 82)% +d, (3.3.11)

+
a

with 41 and 02 being defined by
b o 20b
01 =y + =72 + —z(ac — 26%)y3, 02 = 72 — —s.
a a a
Because 1, y2,y3 are arbitrary, so are 41 and ds. Furthermore, the corresponding lump solutions to

the (2+1)-dimensional KPI equation in (3.3.8) read

u(z,y,t) =2(In f) s

4{ — a2[m + 5y + %(ac — 2b2)t — 51]2 + (ac — bz)(y - %t - 52)2 + ad}

- —b? 20h ’
Tyt =0 +d}

b o
{alz + . + ﬁ(ac —26H)t — 61]% +

where d is defined by (3.3.10), a,b,c € R satisfy a > 0, ¢ > 0, ac — b*> > 0, and §; and &, are
arbitrary. When taking

1 1
a=1,b=+v3a, c=3(a®+b?), d:b—Q, 0 =6=0, y%%y,
the resulting lump solutions reduce to the solutions in (3.1.2).
Remark 3.3.4. The condition in (3.3.10) implies that 0 = —1 in order to have lump solutions

generated from positive quadratic functions. This shows that the (2+1)-dimensional KPI equation
(0 = —1) possesses the discussed lump solutions whereas the (2+1)-dimensional KPII equation

(o0 = 1) does not.
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The gKP equations in (N + 1)-dimensions with N' > 3 have no lump solutions generated from

quadratic functions.

Theorem 3.3.5. Let N > 3. Then there is no symmetric matrix solution A € RWNHDXN+1) 1 1o
matrix equation (3.3.7) with rank(A) = N, which implies that the (N + 1)-dimensional gKP equa-
tions (3.3.1) have no lump solution generated from quadratic functions under the transformation

U= 2(111 f)xa:

N+Dx(N+1) which solves the equation

Proof. Suppose that there is a symmetric matrix A € R(
(3.3.7) and whose rank is N. Then, since A is symmetric and rank(A) = N, there exists an

orthogonal matrix U € RIV+1X(N+1) gych that

A A 0
A=UTAU = , Ay = diag(A1, -+, M),
0 0
where A; #0, 1 <¢ < N. Set
) B, B, 5 i
B=U"BU = = (bij)nxn € RV,
Bs By

Upon noting that & is an invariant under an orthogonal similarity transformation, it follows from

(3.3.7) that
N+1

aAy — A B A, =0, Z aijpij = ZAkbkk

i,j=1
Then, based on this sub-matrix equation, using the same idea in the proof of Theorem 3.2.9 shows
that N = 24, which leads to @ = 0 since N > 3. Further, we have B; = 0, and thus, rank(B) < 2,
which is a contradiction to rank(B ) =rank(B) = N + 1. Therefore, there is no symmetric matrix
solution A to the equation (3.3.7) with rank(A) =
Finally, note that the existence of a non-zero (N+1, N+1) minor of A implies that rank(A) > N,
and thus, by Theorem 3.2.9, we have rank(A) = N. Now, it follows that there is no symmetric
matrix solution A to the equation (3.3.7) with a non-zero (N + 1, N + 1) minor. This means that
the gKP equations, defined by (3.3.1), in (N 4 1)-dimensions with N' > 3 have no lump solution,
which are generated from quadratic functions under the transformation v = 2(In f),,. The proof is

finished. O

Generalized KP and BKP equations with general 2nd-order derivatives has been studied in [59].
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3.4 Generalized bilinear equations

3.4.1 Generalized bilinear equations and polynomial solutions

Let P(z) be a polynomial in z € RM with degree dp and P(0) = 0 (P may not be even). Suppose

that p > 2 is an integer. Formulate a generalized bilinear equation as follows:
P(Dy)f - f =0, (3.4.1)

where D), = (Dp1,Dp2, -, Dp m).
We consider polynomial solutions f(z) with the independent variable € R™ . For a monomial

Py(z) = " ---2{})", noting that (i) deg(f) = 0 if and only if f = const. # 0 and (ii) deg(0) =

—00, we have
deg(Pe(Dypy) f - f) < 2 deg(f) — deg(Pr),
since
o §im oni—i onm—im
Pk(Dp)f. f= Za‘] g1 JM x ni—ji Ny —Jjm
- Oxy Oy Oy Oxy;
for some real constants .y with J = (j,--- , jar). As a corollary, for a linear or quadratic function
f G.e., deg(f) < 2), we have
Py(Dyp)f - f =0, (34.2)

when deg(Py) > 5.
In general, if f is a polynomial solution to the generalized bilinear equation (3.4.1), then the
coefficients of f satisfy a group of nonlinear algebraic equations. For example, if f(x,t) = az? +

2bxt + ct? + dx + et + g is a solution of the bilinear KdV equation (1.3.39), then we have
ab=ac = ae = be = cd = 124> + 2bg — de = 0, (3.4.3)

which leads to the following three classes of solutions:
() f(x,t) = 2bxt + dx + et + de/(2b), (i) f(x,t) = ct® + et + g, (iii) f(z,t) = dz + g.

However, if f is quadratic, then we can easily find that
Dyif-f=Di'f-f,n=1, (3.4.4)

where 1 < ¢ < M and p > 2, and thus, the same quadratic function f can solve all generalized

bilinear differential equations with different values of p > 2, (see Example 1.3.1 and 1.3.2 for
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p = 2,3). For k < p, the following equality holds for p > 4:

Dnm T Dpynkf f = D27n1 e 'DQ,nkf f
We list this result as follows.

Theorem 3.4.1. The generalized bilinear equations (3.4.1) with a given polynomial P and different

integers p > 2 possess the same set of quadratic function solutions.

Let us consider a quadratic function f defined by (3.2.1) and write the polynomial P(x) defining

the generalized bilinear equation (3.4.1) as follows:

N M
Pa)=>"" > pieiyTi, e iy, (3.4.5)

k=1 i1, ix=1
where N = deg(P) > 1 is an integer, and p;,...;,, 1 < i1,---,ip < M, 1 < k < N, are real
constants.

Noting the properties in (3.4.2) and (3.4.4), we can see that only the coefficients p;; and p;;; take
effect in computing quadratic function solutions. Necessary and sufficient conditions on quadratic
function solutions to Hirota bilinear equations have been presented in the Theorem 3.2.7, indeed.
Based on Theorem 3.4.1, we can have the same criterion on quadratic function solutions to gener-
alized bilinear equations.

We point out that for distinct p, the generalized bilinear equations by (3.4.1) may have different
polynomial solutions of higher order than two. For example, any C3-differentiable function is a

solution to the equation D2 f - f = 0. Butif f = f(x,t) = 2% + ¢2, we can have
D3, f - f =48z(z* + %) #0,

which means that this quartic function f does not solve ng f-f=0.

In general, it is difficult to find rational function solutions to nonlinear differential equations.
But using Mathematical software such as Maple, we can find polynomial solutions to generalized
bilinear differential equations.

In this section, we’ll try to search for positive quadratic or quartic polynomial solutions to gen-
eralized bilinear equations. From those polynomial solutions f, we will be able to construct lump-

type solutions to nonlinear differential equations, via the transformation of dependent variables

u=(2Inf),.

46



3.4.2 A class of nonlinear equations
Example 3.4.2. Let us begin with the following polynomial (see formula (18) in Ref.[44]):
P = 01335 + 02x3y + 03332,2 + cyxt 4+ c5yz,

where the coefficients c;, 1 < 1 < 5, are free real constants. The associated generalized bilinear
differential equation with p = 3 reads (see (19) in Ref.[44]):

P(D34,D34y,D3.,D3)f - f

= 2¢1(favaaacf — Bfazvafo + 10 foze foa) + 6¢2 fon fay
+2¢3 foonf + 2¢a(furf — fuft) + 2¢5(fy=f — fyfz) = 0. (3.4.6)

Taking v = 2(In f), generates the corresponding nonlinear differential equation:

:?7})<l)&zvl)&yvl)&zal)3¢)f)'f

Oz IE
= Cl(%“i + gu?’um + 1§5u4um + 10ugpUgpps + %u%ﬁ + 15Uty
+10u2, + uxmm) + co [gqﬁuy + gu:ﬁumy + ZU%LW + ;umuy
+%uuxuy + %(SUQUQC + 2UUyy + 2ui)v] + c3 [uum + Uy
—i—%umuz + %uzuz + %(um + uum)w] + izt + csuy; =0, (3.4.7)

where u, = v, and u, = wy. Therefore, if f solves the generalized bilinear equation (3.4.6), then

u = 2(In f), solves the nonlinear differential equation (3.4.7).

Quadratic function solutions

Let us first consider quadratic function solutions to the generalized bilinear equation (3.4.6), which
involve a sum of two squares. Based on the discussion in the aforementioned section, we know
that such solutions have nothing to do with ¢; and c3. Therefore, the coefficients c¢; and c3 will
be arbitrary real constants. Three cases of such solutions by symbolic computation with Maple are
displayed as follows.

(1) When ¢4 # 0, but ¢o and c5 are arbitrary, we have

aqa7agcCs
fe (R

2

arasg 2
t+ agx — ——y + a4z + as)
ag*cy as

asagc asa
+(—&t+a7m+agy+ i

4 2
z+aw)” +an,
ascy as
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where a9, ay4, as, a7, ag, a1p and aq1 are arbitrary real constants satisfying as # 0 and a1 > 0.

(2) When cacy # 0, but ¢5 is arbitrary. we have

2 3
asg(as”aiics — 3ar’ages)c

5 2
f=1 n t+asy + asz + as)
3artcocy
3
asay4 (3 ar’co + agaiics) c; a3a4a11Cs 2
I ( - ) t+arr — ——5—y + agz + aw]” + a1,
3a7 CoCy 3(17 C9

where as, ayq, a5, a7, ag, a1p and aq1 are arbitrary real constants satisfying a7 # 0 and a1 > 0.

(3) When c4c5 # 0, but ¢ is arbitrary, we have

2
f=[- (azazas — azagag + azazag + asazag) dit + azx + azy + asz + as|

2
+[ — (azazag + azasas — asasar + azagag) dit + arx + agy + agz + ao)” + do

with
Cs 3(az? + ar?)?(azas + azas)cs
di =55, da=— ;
2 2
(ag? +a7?)cy (agag — asar)(azas — agar)cs
where a;,7 = 2,---,5,7,---,10 are arbitrary real constants satisfying asag — aqa7 # 0 and

asag — agay # 0.
The discussion of lump and lump-type solutions to another class (2+1) of nonlinear PDE can be

found in [61].

Quartic function solutions

Let us now consider quartic function solutions to the generalized bilinear equation (3.4.6). A direct
symbolic computation with Maple tells us seven classes of positive quartic function solutions.

(1) Solutions independent of y:
f = (agx + asz + as5)* + (a7x + agz + a10)* + (a1az + a1s)* + a6,

where ag, a4, as, ar, ag, aig, @14, a1s and ajg > 0 are arbitrary real constants.

(2) Solutions independent of z:

arag

2
f=(-—"—z+asy+as) + (arz+asy +aip)* + (a13y + a15)* + as,

az
where a3, as, ar, as, a0, a13, a15 and a1g > 0 are arbitrary real constants.

(3) Solutions independent of x and y:
f= (alt + aqgz + a5)2 + (aﬁt + agz + CL10)2 + (ant + a14z + CL15)4 + aig,
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where a1, a4, as, ag, ag, @19, 11, @14, a15 and a;g > 0 are arbitrary real constants.

(4) Solutions independent of x and z:
f = (a1t + agy + as)® + (agt + agy + a10)” + (a1t + a13y + a1s)* + ase,

where a1, a3, as, ag, ag, a10, 11, 13, a15 and a;g > 0 are arbitrary real constants.

(5) When c¢5 # 0, but ¢, 1 < k < 4, are arbitrary, we have

aragall arag a2a11C4 2 agaiit
f= (-——t+a— y— z+as)” + ( + arx
asa13 ag a13Cs5 ais
a7a11C4 2 4
tagy — - ——z+ a10)” + (a11t + a13y + a15)" + ass,
13C5

where aga13 # 0, a1 > 0 and all other involved parameters are arbitrary real constants.

(6) When ¢4 # 0, but ¢, 1 < k < 3, we have

aqa13cC
f=(- %x taaz a5)2 + (a11t + a13y + a15)* + ase,

where a11 # 0, a1 > 0 and all other involved parameters are arbitrary real constants.

(7) When ¢4 # 0, but ¢, 1 < k < 3, we have

azagcC
F= (=222 4 agy+as)” + (arz + agz + ax)?
arcy
ag9ai13Cs 4
%—(——4———447t-+-algy-+-a15) + aig,

arcq

where a7 # 0, a1 > 0 and all other involved parameters are arbitrary real constants.

Discussions

Lump solutions are rationally localized in all directions in the space. For the exact solutions we

discussed above, this characteristic property equivalently requires

lim u(z,y,z,t) =0, Vt € R,

224y2+22—00

where u = 2(In f),, and obviously, a sufficient condition for u to be a lump solution is

lim f(x,y,z,t) =00, Vt € R. (3.4.8)

224+y2+22—00
We claim that all the above solutions do not satisfies the critierion (3.4.8), but function f(z, y, z, t)

does go to oo in some directions, and thus functions u(x, y, z, t) are lump-type solutions.
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Figure 1.: Plots of (3.4.9) att = 0 with (a)x =0, (b)y = —1 and (c) z = 1.

We consider a special case of the parameters and coefficients for the class of solutions in the case
(5). Choose as = a1 =ai3=aig=1,a5 =aj0=a15 =0,a7 = —1, ag =2and cy = c5 = 2,.
Then, we have the following positive quartic function solution to the generalized bilinear equation
(3.4.6):

f=@t4r+2y— 22+t —z+2y+2)>+(t+y)*+1,

and the corresponding lump-type solution to the nonlinear differential equation (3.4.7):

_ _ 8(z — 2)
w=2n /) = 2t+a+2y—224+2t—a+2y+2)2+(t+y)*+1 (349)

The figure 1 shows three 3d plots of this lump-type solution at ¢ = 0 with x = 0, y = —1 and

z = 1, respectively.

3.5 Higher-degree polynomial solutions and Hilbert’s seventeenth problem

Suppose f is a polynomial on RM with deg(f) = 2N. We know when f is quadratic (i.e. N=1),
f is non-negative if and only if it is a sum of squares of polynomials (SOS). Is it true for a general
case? Unfortunately, in 1888, D. Hilbert proved [30] the existence of a real polynomial in two
variables(M = 2) of degree six (/N = 3) which is nonnegative but not a sum of squares of real
polynomials. Hilbert’s proof used some basic results from the theory of algebraic curves. Five
years later, in 1893, the second pioneering paper of Hilbert [31] in this area appeared. He proved that
each nonnegative polynomial f with two variables is a finite sum of squares of rational functions.
Afterwords he posed it in his famous 23 problems at the International Congress of Mathematicians

in Paris (1900):
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Hilbert’s 17th problem:
Suppose that f is a nonnegative polynomial. Is f a finite sum of squares of rational functions?

Hilbert’s 17th problem was solved in the affirmative by E. Artin [5] in 1927.

Theorem 3.5.1 (E. Artin). If a polynomial f is nonnegative on RM, then there are polynomials

¢, D1, > pr on RM with q # 0, such that
f@=pi+- +pi (3.5.1)

In 1967, T. S. Motzkin [66] gave the first explicit example of nonnegative polynomial in two
variables

fz,y) = zty? + 2%y* +1 — 3222 (3.5.2)
which is not a sum of squares of polynomials. However, it can be represented by the sum of four
squares of rational functions of (z, y):

x2y2(x2 4 y2 + 1)(x2 + y2 o 2)2 + (l‘Q o y2)2

f(x,y) = ($2+y2)2

In Motzkin’s example, f is a two variables polynomial of degree 6. f-(22+%2)? can be expressed
as sum of 4 squares of polynomials. Let z = (23, 2%y, zy?, y3, 2%, 2y, 3%, x,y,1)7, then f(x,y) =

2T Az, where A is a constant matrix of order 10:

0 0 e 000 O0O0O 0O O

0 1-2a 0 B 0 0 0 0 a O

o 0 1-28 0 0 0 0O b 0O

0 B 0 000 O0O0O 0O
Ao 0 0 0 000 cO0O0OO ’ (3.5.3)

0 0 0 0 0dO0OO0O0O0

0 0 0 0 ¢c 00O0O0O

0 0 b 000 0O0O OO

0 a 0 000 O0O0OO 0O O

I 0 0 0 000 O0O0O01 |

where d = —3 — 2a — 2b— 2¢, o, 3, a, b, c are arbitrary real numbers. We claim that matrix A is not

positive semidefinite for any parameters «, 3, a, b and c. Otherwise, if A > Othena = § = a =

b = ¢ = 0 and thus d = —3, a contradiction!
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Therefore, a nonnegative polynomial may be not a sum of squares of polynomials. However, its
multiplication by a square of some polynomial can be a sum of squares of polynomials.

We have the following result for a polynomial to be a sum of squares of polynomials.

Proposition 3.5.2. Suppose f is a polynomial on RM of degree no large than 2N for integer N > 0.
Let y = (x]lv,lev_lxg, e ,x%,x{v_l,w{\[—%g,u- 22,21, V)T Then f is a sum of

squares of polynomials if and only if there exists a matrix A > 0 such that f(x) = yT Ay.

Proof If: Let f(x) = Py(x)? + --- + P.(x)? where deg(P;) < N,j = 1,---,r. Obiously P,
must a linear combination of components of y, that is, Pj(z) = b;‘-Fy for some column vectors b,

3 =1,---,r. Therefore

r

fl@)=>Y "Pi@)* =) _(bfy)?>=> vy bbly=y"> (b;b])y.
=1

J=1 J=1 Jj=1

We can simply take A = >"_, (b; b]T) which is non-negative.

Only if: If A > 0 then there is a matrix B such that A = B” B and B is of full row rank. So
f(z) = (By)"(By) = y" B"By = y" Ay. O

We now consider a special case when M = N = 2. By [30], we know in this class, a polynomial
is nonnegative if and only if it is a sum of squares of polynomials.

Let f(x,t) be a quartic polynomial, and then it can be written as y” Ay, where A € R6%6 ¢ =

(1’2, xt, t?, x, t, 1)T. Note for a given f, A is not unique even if we require that the matrix A is

symmetric.

Example 3.5.3. Let f(x,t) = 2%t> + 1 and then f(x,t) = y* Ay for

0 0 a 000
0 1-2a 0 0 0 0
a«a 0 0000

A=
0 0 0000
0 0 0000
0 0 000 1

and o € R. When o = 1, the matrix A is not positive semidefinite whereas when o = 0, the matrix

A is indeed positive semidefinite.
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When f(z,t) is nonnegative, it is a sum of squares of polynomials with degree no large than
2. Thus we have a matrix A > 0 such that f(x,t) = y” Ay. Consider a given bilinear equation
(3.2.9) with an even polynomial P satisfying P(0) = 0. Substituting f(z,t) = y* Ay into (3.2.9),
we will get a system of quadratic equations. If we can get an nonnegative solution of A, then by
the logarithm transformation, v = 2(In f), or u = 2(In f),,, we get a lump or lump type solution

provided that f is positive, and otherwise w is a rational solution with singularity.

An algorithm

In general, we propose an algorithm for finding rational solutions to an evolution equation.

Step 1: Suppose (3.2.9) is the bilinear form of a nonlinear PDE which we are considering.

By proposition 3.5.2 we know that any polynomial f of degree no more than 2N being a sum of
squares of polynomials can be written as a quadratic form which is parametrized by a symmetric
matrix A.

Step 2. Solve a matrix A by substituting f into the bilinear form.

Step 3. Check the positivity of A, and note for a fixed function f such a matrix A is not unique.
If we can find some A > 0 then f is non-negative. Since f can be decomposed as finite sum of
square of some polynomials, f is positive if there is no common zeros of these polynomials.

Step 4. Computer v by the logarithmic or rational transformation. We usually get a rational
solution. When f is positive, then « is a lump or lump-type solution. When f is nonnegative but
not positive, then u is a rational solution with singularity.

For a more general nonnegative polynomial solution f, we may not be able to find A > 0 like
the example provided by T. S. Motzkin. We need to develop some algorithm to check the positivity
of a polynomial. We will discuss it in the future to study quartic and higher order nonnegative

polynomial solutions to the bilinear KdV and KP equations.

3.6 Concluding remarks

In this chapter, we studied positive quadratic function solutions to Hirota bilinear equations. Suffi-
cient and necessary conditions for the existence of such polynomial solutions were given. In turn,
positive quadratic function solutions generate lump or lump-type solutions to nonlinear partial dif-

ferential equations possessing Hirota bilinear forms. Applications were made for a few generalized
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KP and BKP equations. We also considered quartic function solutions.

Proposition 3.2.3 provides a criterion for the positivity of quadratic functions. It, however, still
remains open how to determine the positivity of higher-order multivariate polynomials. It should
be also interesting to look for positive polynomial solutions to generalized bilinear equations [44],
which generate exact rational function solutions to novel types of nonlinear partial differential equa-

tions [75, 82, 83] .
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Chapter 4

Complexitons to nonlinear PDEs

4.1 Introduction

It is always of great interest to find exact solutions to nonlinear partial differential equations, espe-
cially soliton equations. The Hirota direct method [10, 32] is a powerful tool of finding exact soliton
solutions to nonlinear partial differential equations, which takes advantage of bilinear derivatives.
There are also some other works successfully extending the direct method [29, 44, 47, 48]. For
some kind of soliton equations like the KdV equation, mKdV equation, sG equation, etc. [80],
Hirota established nonlinear superposition principles to find multi-soliton solutions and the method
was extended to find multi-complexiton solutions [86].

The linear superposition principle is very important in studying differential equations. However,
solutions to a nonlinear differential equation do not form a linear space. It is valuable that we
can find some subset of solutions to a nonlinear differential equation which forms a linear space.
In the references [53, 57] , the authors discussed the linear superposition principle of exponential
traveling waves. Recently the papers [69, 84] extended the results to a special hyperbolic function
(cosh(n)) waves and a trigonometric function (cos(n)) waves under certain conditions. Complexiton
solutions, which are combinations of trigonometric function waves and exponential traveling waves,
are introduced by W. X. Ma in 2002 [41]. The Wronskian technique is an effective method to
find complexitons [56]. However, the complexitons obtained by the Wronskian technique are very
complicated and for high dimensions and for general nonlinear differential equations we do not
know how to find Wronskian solutions. In this chapter, we first propose an algorithm [85] to find
complex valued multi-solitons and the result turns out to be multi-comlexitons or mixed solitons
and complexitons when suitable coefficients are chosen. We then establish the linear superposition

principle [86] for complexitons which is a generalization of [69, 84].
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4.2 Using the Hirota method to find complexitons

4.2.1 General bilinear equations

In this section, we apply the Hirota method to solve nonlinear PDEs based on bilinear forms.
Suppose P is a real polynomial of M variables with the properties that P(0) = 0 and P(—x) =

P(z) and functions f is differentiable on R . We consider the following bilinear equation
P(D)f-f=0. (4.2.1)

In order to find traveling wave solutions of (4.2.1), let

M
n="P0+ > Bk, (4.2.2)

k=1
where 5, € C,k=0,---, M.

Applying the Hirota method, we consider the expansion

f:1+5f1+52f2+"" 4.2.3)

For one soliton solution, suppose f; = exp(n). A complex function f = 1+ exp(n) is a solution

to (4.2.1) if and only if the following nonlinear dispersion relation holds:

P(B1,---,Bm) = 0. (4.2.4)

Since P and z are real we have (the bar denoting complex conjugation)

m:])(ﬁla 76M)

Therefore, the functions 1 and 7 satisfy the same dispersion relation.
By the same approach as that in chapter 1, we have if n; = S0 + Z]kvil Bjrxk,J = 1,2, satisfy
the dispersion relation (4.2.4) and P(B21 + 511, - - , Baar + Biar) # 0, then the (complex) function

f=1+exp(m) +exp(n2) + a2 exp(m + n2), (4.2.5)
P(B21 — P11, , Banr — Bim)

where a0 = — , 1s a solution of (4.2.1). Takin = 71, we get
2 P(B21 + P11, -, Bams + Binmr) g1 =1 g
f = 1+exp(n) + exp(n) + ai2 exp(n + 1)
= 1+ 2Re(exp(n)) cos(Im(exp(n))) + a12 exp(2Re(n)) € R, (4.2.6)
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since P is a real and even polynomial,

0y, — D@, 200m(Bar) 4.2.7)

B P(2Re(B1),-- - ,2Re(Bm))

Now we consider N > 3, according to [32], N—soliton solutions can be written as (1.3.25) where

eAik 1= a,, denoted by

_ P(Br1 — Bj1 - Bem — Bim)
P(Br1 + Bj1, -+, Brm + Bijnr)

ajp = =ag;, 1<j<k<N 4.2.8)

However, the polynomial P must satisfies the Hirota condition to have N-soliton solutions:

N N
ZP(ZUjﬂjl, e aZUijM) 1] PowBrr — 0,851, ,okBrnr — 0iBinr)oro =0,
j=1 j=1 k<j

(4.2.9)
where the summation over all possible combinations of 0; = £1,j,k =1,2,--- | N.

We have the following result.

Theorem 4.2.1. Let P be a real coefficient polynomial on RM satisfying P(0) = 0, P(—z) =
P(z), and N be an positive integer. Assume that the complex functions n; = [jo + Zl]\il Bjixi,
7 = 1,3,--- ;2N — 1, satisfy the dispersion relation (4.2.4) and the Hirota condition (4.2.9).

Suppose n2; = 12j-1,7 = 1,--+ , N. Then the function

2N 2N
F=1+> > exp (> mimi+ > Arjper | (4.2.10)
n=1 232£1 Hj=n j=1 k<j

where pij = O or 1 for j = 1,2,--- 2N, and ayj; = eAki, j k =1,2,--- 2N, dertermined by

(4.2.8), presents a complexiton solution to (4.2.1).

Proof. We only need to show that function f given by (4.2.10) is real and we use the mathematical
induction. We have proved the case of N = 1. Suppose N’ > 1 is an integer and we assume for

1<n<2N/,
2N’

> exp [ D i+ Y Amjpimpy | € R (4.2.11)
j=1

When N = N’ + 1, for any fixed n : 1 <n < 2N, we want to show

2N'+2
S oexp | D mmi+ > Amjpunps | €R. (4.2.12)
douj=n j=1 m<j
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For fixed n > 1, the sum in (4.2.12) consists of three parts: Z?N/ i = n,n—1,n— 2. Inthe
first case pon’+1 = pan’+2 = 0, by induction we know the sum is real.
In the second case pion/11 = 1, pianr12 = 0 or ponry1 = 0, pons12 = 1. Since we take all the

possible sum, this part of sum equals

2N’ 2 2N’
Z exp Z pinj + Z Amjfimit Z exp | MN’'+m + Z 1 Aj 2N +m
SN n 1 j=1 m<j m=1 j=1
(4.2.13)
By (4.2.8) wehavefor 1 < j < k < N’ + 1,
a2j-1,2k—1 = 4242k, a252k—1 = A2j—1,2k (4.2.14)
and
P(2:1 _ <211 _
(2iIm(Bo—1,1), -, 2Im(Bog—1,01)) cR. 42.15)

a2k — =
2k—1,2k P(2Re(Bak-11), - »2Re(Bak_1.11))

We introduce amap x : N — N
(25 —1D)*=2j5, (2j)"=2j-1, Vj € N.

This map has the property
(") =4, VjeN

and
2N 2N
j=1 j*=1

Case L If (1, pax, - -+ phanr—1y%» anry) = (1, p2, - -+ pan'—1, pant), then g1 = pia;
forl <j <N/,

p2j—1M2j—1 + p2iM2; = p2j—1(n2j—1 + M2j—1) € R. (4.2.16)

When pi9; 1 = pop—1 = 1, we get

agj—12k—1 + 2512k + A2j2k—1 + G252k = 2Re(agj_12k—1 + a2j—1.2k). (4.2.17)
Therefore
2N
exp | Y uini+ > Amjpmp; | €R. (4.2.18)
j=1 m<j
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On the other hand

2N N
M2N'+m + Z i AjaN" +m = NoN'+m + Z p2j—1(A2j—12N"4m + A2j2N"4m) (4.2.19)
=1 =1
implies
2N’ 2N
exp | nen41 + Z piAjoni41 | = exp | nanryo + ZH;’AJ‘,QN/+2 (4.2.20)
=1 i=1

and this concludes

2 2N
Z exp | MmN/ 1m + ZMjAj,2N'+m €R
m=1 j=1

and hence (4.2.13) is real.

Case IL If (p1s, pox, -+, anr— 1)+, fiannys) 7 (11, 12, 5 Jany—1, pane ), then poj 1 # po;
forsome 1 < j < N’. Because we have pj«1;+ = ;7. Suppose fi,, = pj = landm < j, j # m*
then by (4.2.14) and (4.2.15) we have

ajje = jrj €R, Gmj = Amejr,  Gmgs = Gme 5. (4.2.21)
Therefore
2N/ 2Nl
exXp Z g 1) + Z Am*J*um*,uj* = exp Z H]ﬁ] + Z Am]um,uj . (4222)
j*=1 m*<j* j=1 m<j

In the same way, it is east to see

2N/ QN/
Z exp | NeN'+m)x + Z fjx Ajx (2N 4m)* Z exp | MeN'+m + Z ;A 32N'+m | >
m=1 j*=1 m=1 j=1
which means
2N/ 2 2N/
exp Z P + Z A j* o pj* Z exp | MmN’ +m + Z pjx Ajx aN"4m
j*=1 m*<j* m=1 =1
2N’ IN’
= exp ZILL]T]J + Z Amj/,bm/J,J Z exXp | M2N’+m + Z :u‘] 3,2N'+m | - (4223)

J=1 m<j 7=1

So we know (4.2.13) is real.

In the third case pons 1 = ponr4+2 = 1. Let
Co = exp (Nanr41 + Man'42 + Aanry1onr42) = aani41,28+2 €xp(2Re(nanr41)) € R.
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And we have also

2N/ 2N’
exp Z o (A 2N 41 + A 2n7) = €xp Z pm(Aman'1 + Amant).
m*=1 m=1
Therefore
2N/ 2N/
exp Z o Mjix Z Apr j* i fhj* | €xp Z Hg* (Aj*,QN’-H + Aj*,2N'+2)
jr=1 mx<j* ;
2N’ 2N
=exp | D wini+ Y Amjimity | exp | D ui(Ajona + Ajonrya) | -(4.2.24)
j=1 m<j j=1

This tells us

2N’
S exp (Do wmi+ D Amjimpty | exp (Z TN’ +m

Z?Q{ pj=n—2 7=1 m<j m=1
2 2N
+AoNr 112N 42 + E E :NjAj,2N’+m
m=1 j=1
2N’ 2 2N
= Co > exp E ng Attt | exp | DD piAjonrim
Z? | p=n—2 m<j m=1 j=1

is real.
Combining with the above proofs, we get (4.2.12) is real for any n > 1, that concludes the
function f is real for N = N’ + 1. This completes the proof by the induction. O

In general, we can reformulate Theorem 4.2.1 to get N-complexiton solutions.

Theorem 4.2.2. Let N be a positive number. The real function nj, j = 1,2,--- 2N, are defined
by (1.3.11) and complex valued functions 7j2;_1 = m2j—1 + 025,725 = TN2j—1 — N2 for j =
1,2,---,N. Assume that the dispersion relation (4.2.27) is true for 1;,1 < j < 2N. Then the

function
2M 2N
F=14), > exp| D omiit Y Amjpimpty | (4.2.25)
n=1 221\’1 Hi=n 7j=1 m<j

where p; = 0or 1 forj =1,2,--- 2N, a,,; denoted by (4.2.31) and an,; = eAmi for 1 < m <

j < 2N, presents a complexiton solution to (1.3.9).

60



4.2.2 Example: the bilinear KP equation

It is well known that KdV, KP, sG, nlS equations possess multi-soliton solutions. In this section,
we will apply Theorem 4.2.1 to multi-complexiton solutions to the bilinear KP equation. By the
references [32, 29], we know that the bilinear KP equation satisfies the Hirota condition.

We use the notation ¢ := +/—1. Suppose the function
n(z,y,t) = kx + ly + wt + 770 =1 + in2, (4.2.26)

where k, [, w, 1 are constants and ; = Re(n), 2 = Im(n). Then f := 1+ €" is a complex valued
solution to (1.3.9) if and only if the following dispersion relation holds (recall for the KP equation,
P(z,y,t) = 2* 4+ 3 + xt)

P(k,1,w) = P(k,l,w) = 0. (4.2.27)

Let k1 := Re(k), ko := Im(k), {1 := Re(l),l2 := Im(l), w; := Re(w), ws := Im(w). Under
the condition k7 + k3 > 0, equation (4.2.27) is equavalent to
k(13 —13) + 2kalylo
kT + k3 ’
kg(l% — l%) + 2kqlq1lo
ki + k3

wy = —k} + 3k1k3 —

(4.2.28)

wy = ki — 3kky —

Now suppose 7 stisfies (4.2.27) or (4.2.28). By the two solition formulation and the above dis-

cussion, we get a one complexiton solution to (1.3.9):
f=1+e"+e" 4 apee™ =14 2™ cos(nz) + arze®™, (4.2.29)

where
P(2ik‘2, 2i12, Q’iwg) . 4/6% — l% — /€2w2
P1(2/€1, 214, 2’LU1) N 4]{:411 + l% + k1wq

The solution for the KP equation reads

eR.

a12 =

u =2(In f)ye
1

= (7 207 conty) T argezn 2 " [0k = k) cos(a) = 2hkasin()] - (4.2.30)

+8e?M (a1k? — k3) + dajoe3[(k? — k3) cos(n2) + 2k1ko sin(n2)]}.
Due to the relation (4.2.28), we have four free real parameters in this simplest complexiton solution,
whereas the solutions in [79] only possess two parameters « and 5. Our solutions can’t be covered

by those solutions.
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Now we consider N = 4. Suppose that the dispersion relation (4.2.27) is true for 77 = 1 +
in2, 72 = m —1in2 and 7j3 = N3 +1in4, N4 = 13 —in4, Where n; = n?+ij+ljy+wjt,j =1,---,4,
are all real.

Let

P(ky — kj, Ly — 1, wyr — ;)

Qs — — AR AL 12 1<j <j<N. (4.2.31)
7 P(kj/+kj,lj/+lj,wj/+wj)

Then we have

—4]41% + l% + kows
= € R,
M2Z RN Y B T ko

. P(ky — ks +i(ka — ka),l1 — I3 +i(la — lu), w1 — w3 + i(w2 — wy))
9 " P(ky+ ks +i(ko + ka), ly + 13+ i(lz + 11), wn + ws + i(wy + wy))’
a _P( /€3+Z(k2+k4),ll —l3+i(lg+l4) w3+z(w2+w4))
4= P(k‘l + ks + Z(kg — k4), i +13+ i(lg — 14) w1 —|— ws + Z(’wg — w4))’
G — P(kl ks — Z(kz + k4), 1 — 13— i(lg + l4) w) — w3 — Z(wg + w4))
BT TPk + ks — i(ky — ka), b1 + I3 — i(l2 — L1), w1 + w3 — i(wy — wy)) (4.2.32)
= a14,
a _ _P(kl — k3 — i(kg — k4),ll — 13 — i(lg — l4),’Ll)1 — w3 — i(’wg — w4))
2 P(kl + kg — i(kQ -+ k’4), i +13— i(lg -+ 14),11)1 + w3 — (U)Q + w4))
= a3,
—4]4:3‘ + lz + kqwy
asqy = 7 3 € R.
4]{33 + l3 + k3w3
Let the function f be defined by
f =1+ e + el + el + el + a126ﬁ1+ﬁ2 + a136ﬁ1+ﬁ3 + a146ﬁ1+ﬁ4
+a23eﬁ2+ﬁ3 + a24eﬁ2+ﬁ4 + a346ﬁ3+ﬁ4 + a123eﬁ1+ﬁ2+ﬁ3 + a1246ﬁ1+ﬁ2+ﬁ4 (4.2.33)
+a134eﬁ1+ﬁ3+ﬁ4 +a234€ﬁ2+ﬁ3+ﬁ4 + a1234eﬁ1+ﬁ2+ﬁ3+ﬁ4
with
1234 = A12013014023024034 = 112024023023024034 € Ra
a123 = (12013023 = (12024014 = G124, (4.2.34)
a134 = Q13014034 = (24023034 = A234.

Then it is a two complexiton solution to (1.3.9).
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The function f can be simplified as

f =1+ 2eMcos(na) + 2€™ cos(ny) + aj2e®™ + azqe®

+oRe{ajzemtmtilntny) 4 g emtnsti(nz—na)
o h ' (4.2.35)
+2Re{a12362771+773+“74 + a1346771+2773+i772}

+a1234€*M 25
In particular, if n4 = 0 then 73 = 74 = n3. By (4.2.31) we get agq4 = 0. Itis clear a1y =

a13,a134 = a1234 = 0. Therefore (4.2.35) can be written as

[ =1+2eMcos(n2) + 2e™ + a12e?™ + 2Re{2ay3eM T2}

+2Re{a12362’71+’73 }

(4.2.36)
This is a mixed one-soliton and two-complexiton solution.
In general, we can have a mixed N;-soliton and 2 /Nz-complexiton solution for the KP equation.
Remark 4.2.3. In this section, we study Hirota bilinear forms. For generalized cases (i.e. p =

3,5, -+ ) the problem is still open.

4.3 Applications of linear superposition principles to complexitons

4.3.1 Exponential wave solutions and linear superposition principle

In this section, suppose that P is a real polynomial in M variables. We will study the bilinear

equation with D,,-operators:

P(Dy)f-f=0. (4.3.1)
Let N be a positive integer. We define N-wave variables
Mm = Pm,o + Bm1T1 + Bm2r2 + - By, 1<m<N (4.3.2)
and exponential wave functions
fm=¢€em™, 1<m<N, (4.3.3)

where 3, ;,1 <m < N, 0 < j < M, are all real constants.

It is not difficult to prove that for any positive integer k, we have
13}66771 . 6772 = (5173‘ — 5273')166771—’—772, (4.3.4)
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where D is a Hirota derivative. Therefore

P(D)e™ - €™ = P(B11— Bo1, , Bim — Bam)e™ . (4.3.5)

In particular, we have

P(D)e™ - e™ = P(0,---,0)e?n. (4.3.6)

Hence function f; = e with arbitrary constant coefficients 51 ;,0 < j < M, is a solution to a

bilinear differential equation

PD)f- f=0, 4.3.7)
provided that P(0) = 0.
Similarly, for D,,-operators, we have
P(Dy)e™ - €™ = P(B11+ apBai, -, Pim + apPor)e . (4.3.8)

Therefore f; = e solves (4.3.1) if and only if

P(Bi1+apBia, -, Bim + apbi) =0.

Our problem is: assuming f; = e and fy = € are all solutions of (4.3.1), is any linear
combination of f; and f5 still a solution? We are going to answer the question later.

From the previous discussion, we know the bilinear equation (4.2.1) possesses infinitely many
exponential function solutions. We are interested in constructing some subset of such solutions
which forms a nonzero linear space. The idea is to find certain conditions such that for some given
solutions, their linear combinations will still be solutions.

Suppose that P(x) is a polynomial in z € R (P may be not an even function). Assume that p is
a positive integer.

We are interested in finding the conditions for a linear combination of functions

f=efi+eafo+ - +enfn, 4.3.9)

where €,,,, 1 < m < N, are arbitrary real constants, and f,,,,1 < m < N, are solutions of bilinear

equation (4.3.1).
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As in [44], we can compute that

p)f - f

gjexP(Dp)e’ - e

[l
: <
NEES

2
T

1

I
M) =

eiekP(Bjn + @B, Bjm + abpar)e™
1

ESP(Bja+ afia, -, B +afin)e? + > gjepe T [P(Bi1 + o,
=1 1<j<k<N

o Bim +aBear) + P(Bra + B, B + aBjar)]

I
(=%

<
Il

Because €5 and €, 1 < j,k < N are arbitrary constants, the function f, defined by (4.3.9), solves

bilinear equation (4.3.1) if and only if for 1 < j < k < N, it is true that

P(Bj1+aBri, -, Bjm+ b))+ PBri+abji, -, Bem +afin) =0,  (43.10)

The above conditions are a collection of nonlinear algebraic equations, solving these equations
paves a way of finding exact solutions by solving a group of algebraic equations rather than a group
of nonlinear partial differential equations.

We now summarize our discussion as follows.

Theorem 4.3.1 (Linear superposition principle[44]). Let P(x) be a polynomial in x € RM and
M

Mm, L < m < N, be the N-wave variables 1n,, = Z,Bm7j:cj, 1 <m < N, where B, j’s are all
j=1
constants. Then any linear combination of the exponential waves f,, = e, 1 < m < N, solves

the bilinear differential equation (4.3.1) if and only if the conditions in (4.3.10) are satisfied.

Remark 4.3.2. In the above linear superposition principle if 3., ;’s are complex, then linear com-
binations provides a large class of complex valued function solutions.
In the situation of p = 2, the conditions (4.3.10) can be simplified. We list the related results in

the following two corollaries.

Corollary 4.3.3 (Linear superposition principle I[53]). Let P(x) be a polynomial satisfying P(0) =
0 and the wave variables 1y, 1 < m < N be defined by (4.3.2). Then any linear combination of
the exponential waves f,, = e 1 < m < N, solves the bilinear differential equation (4.2.1) if

and only if
P(Bj1 = Bras- Bjm — Bem) =0, (4.3.11)
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for1<j<k<N.

Corollary 4.3.4 (Linear superposition principle II). Let P(x) be a polynomial satisfying P(0) = 0
and the wave variables 0,1 < m < N be defined by (4.3.2). Then any linear combination of
the exponential waves f,, = €™, fan = e 1 < m < N, solves the bilinear differential

equation (4.2.1) if and only if

P(Bj1 £ Bk, Bim £ Brem) =0, (4.3.12)

for1 < j<k<N.

The prove is apply the Corollary 4.3.3 for 2V exponential waves. Note

2N N
Z Emfm = Z [(5m + 6m—i—N)Ch(Um) + (em — 5m+N)Sh(77m)] (4.3.13)
m=1 m=1

The condition is the same as that in the Theorem 1 of [84] and we have much strong results: any
linear combination of ch(7,, ), sh(n,,),1 < m < N solves the bilinear differential equation (4.2.1).

By the proved linear superposition principle, we know for some bilinear partial differential equa-
tions under certain conditions, there exist some infinite dimensional linear subspaces of solutions
although all the solutions do not form a linear space. Such a kind of examples can be seen in the
works [53, 57]. In subsets of the solutions to bilinear PDEs (4.3.1), we are particularly interested in

that spanned by f,,, = e with

Nm = blkﬁija:l + bgk%zl'g —+ -+ kaﬁlMa;M, 1<m<N, 4.3.14)
where b; € R,a; € Z, for j = 1,---, M, are fixed numbers, and k,, € R,m = 1,--- , N, are

arbitrary.

Theorem 4.3.5. Let P(z) be a polynomial in x € RM and n,,,1 < m < N, be the N-wave

M

variables 1, = Z bjkf;lj xj, for 1 < m < N, where b;’s are all real constant. Then any linear
Jj=1

combination of the exponential waves f,, = e" 1 < m < N, solves the bilinear differential

equation P(D,)f - f = 0 if and only if

P(bl(k]qzl + Ozk‘%l), R ,bM(k?M + ak%ﬂl))
+P(by (kg + akS), -+ by (kGM + k™M) =0,

4.3.15)

for1 <j<m<N.
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Moreover, (4.3.15) is true for arbitrary ki,ko € R if and only if it is also true for arbitrary

constants ki, ko € C.

Remark 4.3.6. Theorem 4.3.5 works also for complex k,,’s, which leads to complex-valued linear
combination. However, we are interested in only real solutions. Is it possible for us to choose
suitable coefficients to get real solutions?

From the second part of the Theorem 4.3.5, we see if (4.3.15) is true for arbitrary k1, ks € R.
Then N can be any positive integer and k,,,, 1 < k,,, < N are arbitrary complex numbers.

Let N € N,i = +/—1. Suppose k, = Y + 10 Yims Oms Om € R,m = 1,2,--- , N. Suppose
that (4.3.15) is satisfied for any ki, ky, € R. Let the functions np, = Y_10, bjkni 2, fn = € ti0m,
form =1,2,---, N. Itis easy to check that P(D,) f,, - fm = 0if and only if P(Dy) fm « f = 0.

By the superposition principle, we know

N N
€ Em 7
S (S o+ L) = D 2w cos(tm(n) + 6n) (4.3.16)
2 2
m=1 m=1
is a real valued solution to (4.3.1) for arbitrary £,,, € R,1 < m < N. Forsomem € {1,2,--- , N},

it may happen that §,,, = 0. This implies that k,,, € R and 7, is a real wave function. Then we have

a real solution of equation (4.3.1):
eme ) cos(Im (1) + Om) = €l e, (4.3.17)

where ], = £, cos(6,,) is a real constant.

In general, we have following result.

Theorem 4.3.7 (Linear superposition principle for complexitons). Let P(x) be a polynomial in x €

RM . Suppose that N € N, bj e R,aj € Zforj=1,---, M, are all fixed. The 2N -wave variables
M M

Nm = ijszﬁij, MmN = ijl;:?f{:cj,nm,l =Re(Mm), Mm2 =Im(nm,), 1 <m < N.

J=1 J=1
If (4.3.15) is true for arbitrary kj, ky,,,1 < j,m < 2N. Then any linear (real) combination of

the waves €1 cos(n,2), €1 sin(m2), 1 <m < N

N
Z e'tm-1 [am coS(Mm,2)Cm SIN(Nm 2) | - (4.3.18)

m=1

solves the bilinear differential equation (4.3.1) with arbitrary am,,, ¢, € R;1 <m < N.
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Proof. From the Theorem 4.3.5, we know any linear combination of f,, = e, 1 < m < 2N,

with complex coefficients is a complex solution to the bilinear differential equation (4.3.1)

2N N 3 B
Z Smfm = Z |:(5m + 8m+N)@ + (5m - 5m+N)@}
m=1

3
I

I
WE

[(5m + emin )€™ cos(m,2) + i(em — Eman)em™? Sin(’f]mvg)} .

3
Il

The algebraic equations

Em t+ &€ =a,
mEmEN (4.3.19)

i(em — Emt+N) = b,
has a unique (complex) solution (&,,, 4 ) for any fixed real numbers a and b. Our theorem

follows. [

Remark 4.3.8. For any fixed m, 1 < m < N, ifk,, € R or Im(n,,,) = 0 then f,, = fmin is an
exponential wave.

Suppose p = 2 and Re(n,,) = 0,1 < m < N. We have a linear combination of cos(nm,2) and
sin(nm,2), 1 < m < N. Obviously, this is a generalization of Theorem 2 of [84].

When 0, 1Mm,2 # 0, we get at least a complexiton.

In general, we may have a linear combination of exponential waves, trigonometric waves and

multiplication of exponential and trigonometric waves.

4.3.2 Some examples

First, we consider Hirota bilinear equations.

Example 4.3.9. We consider the bilinear KdV equation
D.(D3 4+ Dy)f-f=0. (4.3.20)
For a fixed positive integer N > 2, consider
n; = kjr + wjt, 1<j5<N. (4.3.21)
then by /NV- wave solution condition in the Theorem 4.3.1,
(kj — km)[(kj — km)® + (wj —w)] =0,  1<j<m<N. (4.3.22)
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The only nontrivial solution is in the case of N = 2 and (k1 — ko)3 + w; — we = 0. Let
ki=k+4+a, ko=k—a, wiy=w+b, wo=w—>b. (4.3.23)

Then we have

(2a)® 4 2b = 0, (4.3.24)
therefore b = —4a3. By Theorem 4.3.1, we know for any k,a # 0,w € R,

f= €1€(k+a)z+(wf4a3)t + 626(lcfa)a:Jr(w+4a3)t (4.3.25)

is a solution to the bilinear KdV equation for any real coefficients €; and 2. We get a solution to

the KdV equation from f:
2 2kz+2wt
u(z,t) = 2In(f(@,1))ae = [515(k+a)x+(w8—61a83;ff52e(k—a)z+(w+4a3)t]2
2
- [Eleax—4a3t8j ;216—ax+4a3t]2’ (4.3.26)
which is just a one-soliton solution.
Now we turn to find complexitons. Suppose that ko = k1 and wy = 101, then
k1 + ko = 2k = 2Re(k1), k1 — ko = 2a = 2iIm(ky). (4.3.27)

Hence k = Re(ky),a = Im(k;) = a/i. With the same discussion, we have w = Re(w;),b =
Im(w;) = b/i. By (4.3.24) , we get b = 4a°. Fix 0 € R, define
f _ E[e(k+a)x+(w—4a3)t+i9 +e(k—a)x+(w+4a3)t—i9]
(4.3.28)
= 2eeM T cos(ax + 4a’t + 6).
Then f is a solution to the bilinear KdV equation for any real coefficients €. The solution to the
KdV equation reads

—2a?

[cos(ax + 4adt + 0)]2 4.3.29)

u(z,t) =2In(f(z,t))pe =

In this example, we proved that there are no vector spaces with dimension large than two which

can be subset of solutions to the bilinear KdV equation.

Example 4.3.10. We study the bilinear KP equation
(D3 +DyDy+ D2)f - f = 0. (4.3.30)
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For a fixed positive integer N > 2, let
N = kmt + b1k y +bok3t, 1 <m < N.

Then by the linear superposition principle, we get

(kj — k) [(kj — k) + b (k3 — k3)] + 01 (k] — k2)* =0, 1< j <m < N.

The parameters by and bs should satisfy

b2 +by+1=0,
—by—4=0.

Therefore, we have solutions b; = \/3, by = —4and b; = —\/§, by = —4.

4.3.31)

(4.3.32)

(4.3.33)

Suppose N € N. The N-wave variables 7, = knx + blk:?ny + bgk,?;zt, 1 < m < N with

parameters k,, = Yy, + 10m, 1 < m < N. Moreover, for 1 < m < N, we have

Nm = kmT + blk:?ny + bgk:glt
= Ym@ + (Y2, — Sm)b1y — 4(73, — 3YmOo, )t
i[O 4+ 29mOmb1y — 4(372,0m — 05)t].
Therefore
M1 = Ym® + (Yo, — )01y — 4(75, = 3705 )t,
Nm2 = Om® + 29mOmb1y — 4(3v2,0m — 05,)t

(4.3.34)

(4.3.35)

with b; = +/3. By Theorem 4.3.7, any linear (real) combination of the exponential and trigono-

metric waves (4.3.18) solves the bilinear KP equation.

If 9,1 = O then 7, = 0, = 0 and thus n,,, = 0, f, = 1. If 9, 2 = 0 then d,, = 0, vy, is

arbitrary and f,,, = exp(ymz + 12,b1y — 47v2,1).
Example 4.3.11. We introduce a polynomial

P(x,y,z,t) = 1zt 4 coxy + c3xz + caxt + csy?
and define weights of the independent variables:

(w(x), w(y)v ’LU(Z), w(t)) = (17 2,3, 3)'
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The corresponding Hirota bilinear equation reads

P(beaDyaD27Dt)f'f
— 2Cl(ff4a: - 4fxf5:c + 3fg%x) + 203(ffa:z - facfz)

(4.3.38)
+264(ffa:t - f:cft) + 205(ffyy - fg)
= (ClDi + C3Dsz +c4 Dy Dy + C5D§)f : f =0.
Let us take the wave variables
N = b + bik2y 4 bok3 2 + bgk3 t, 1 <m < N. (4.3.39)
Suppose that a linear subspace of N-wave solutions is given by
N N
F= emfm=>_ eme™, (4.3.40)
m=1 m=1

Since the solutions of (4.3.38) do not depend on c3, taking P(:z, Y, z,t) = crrt+cgrztcqxt+csy?,

applying Theorem 4.3.5 for P, b,,, m = 1,2, 3, are need satisfy

csb? = 3¢y,
o (4341)
c3bs + c4by = —4c;.

We know if cic5 > 0, c3, cq not all zero, then (4.3.41) has real solutions. Thus the corresponding
equation (4.3.15) is satisfied. Suppose that k,, 1, 1 < m < N are defined by the Theorem 4.3.7.
Moreover, for Ny < m < N, we have
Nm = km® + bik2y + bak3 2 + b3kl t
= YmZ + (Y2, — 62)b1y + (Y, — 37m02,) (baz + bst) (4.3.42)
+i[0m® + 29mOmbry + (372,0m — 65,)(baz + bst)].

So we get
M1 = Ym@ + (V2 — 62)b1y + (73, — 37m02,) (baz + bst),
Nm.2 = Om® + 2¥mOmb1y + (372,0m — 03,) (baz + bst)

(4.3.43)

We can apply Theorem 4.3.7. Any linear (real) combination of the exponential and trigonometric
waves (4.3.18) solves the bilinear differential equation (4.3.38).

Note this example comes from [53] with co = 0.

This example shows that there are infinite (actually uncountable) dimensional vector spaces as

subset of solutions to the bilinear KPI equation.
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Example 4.3.12. In this example, we have weights (w(x), w(y), w(z),w(t)) = (1, -1, -2, 3) with

negative weight components. Then, consider a homogeneous polynomial of weight 2

P =city + czm?’y + 03x4y2 + 04:642 + 0522t2 + 06x2. (4.3.44)

This example is similar to but different from Example 5 in [53]. Let us take the wave variables

N = km@ + bik Ly + bok 22 + b3k t, 1 <m < N. (4.3.45)
The corresponding Hirota bilinear equation reads

P(DvayaDZaDt)f : f

2Cl (ffty - ftfy) + 202(ff3xy - 3fzfa:zy + Sfxzfa:y - fa:ma:fy) + 263(ff4a:yy (4 3 46)
_4f:vf3ac2y + 6fzzfzzyy - 4f3xf:]cyy + f4xfyy - 2fyf4my + 8fzyf3:vy - 6fa;ajy)
+265(ffttzz - 2fzfttz + fzzftt - 2ftfzzt + 2ft2z) + 206(ffa:a: - f;?)

It possesses an N-wave solution

N N
f= Z Emfm = Z 5menma
m=1 m=1

(4.3.47)
where €,,’s and k;,,’s are arbitrary, and b;, 1 < j < 3, satisfy
3caby = —cg,
c1b1bs + cobp = 0, (4.3.48)
c3b? = c5(babs3)? = 0.
We have a solution b; = —3%62, by = —i—f and by is an arbitrary real number when c3 = ¢5 = 0 and
ci1co # 0. (Note C4D;‘;DZ f - f = 0) The equation (4.3.46) reduces to
(c1DyDy + caD3Dy, + cD2)f - f = 0. (4.3.49)

Suppose that k,,, 7, 1 < m < N, are defined by the Theorem 4.3.7. Then for Ny < m < N,
we compute

Nm = kmx 4+ bik,ly + bok 22 + b3k> t

2 2
_ Ym Tm — (5m 3 2
=Mt e Wt e P2 F O = Bm )bt (4.3.50)
m m
» ) 29m0,
+i[0mx — 5 = mCn

2 3
oY T g ez, BhmOm = m)bst]
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We use Theorem 4.3.7. Any linear (real) combination of waves (4.3.18) solves the bilinear differ-

ential equation (4.3.49).

Now we consider two examples of generalized bilinear equations with the D,-operators under

p=3.
Example 4.3.13. We consider a polynomial
P(x,y,z,t) = 12° 4 coxy + 32’z + caxy® + ezt + coyz (4.3.51)

with weights

(w(z),w(y),w(z),w(t)) =(1,2,3,4). (4.3.52)

This example is similar to but different from Example 1 in [44]. The corresponding Hirota bilinear
equation is
P(D3,x7 D3,y7 D3,Z7 D3,t)f : f
= 2c1(fsaf — B faafe + 10 30 for) + 6¢2 fox fay + 263 fanzf + 2¢4fryy (4.3.53)
+205(fxtf - fa:ft) + 206(fyzf - fyfz) = 0.

Let us take the wave variables
N = km@ + bik2y 4+ bok3 2 + bkt 1< j < N. (4.3.54)

Suppose that the linear subspace of /N-wave solutions is

N N
F=2 embm=_ eme™, (4.3.55)
m=1 m=1

where €,,, 1 < m < N, are arbitrary constants. The parameters by, b2, b3 satisfy

cgb1ba — 3coby = 10c¢q,
csbs = —bcq, (4.3.56)
C4b% 4 c5b1b9 + c3bo 4+ c5b3 = —cy.

By symbolic computation, we get the following result.

1. If ¢; = 0, then we have the solution

0, if e3 40, 0, if e5 0,
fes# by = fes# (4.3.57)

arbitrary, if c3 =0, arbitrary, if c5 =0,

b1 =0, by =
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Moreover, when ¢g # 0 and A = 903 — 12¢9c3¢4/cg > 0, we have another solution

3 0, if s 40,
b17 b2:ﬁa b3: f 53&
C

6 arbitrary, if cs =0,

where b; is a real solution to the quadratic equation
645% + 3coby + 36263/66 =0.

2. If ¢ycqac5c6 # 0, then we have the solution

. 3cab1 + 10¢q b Yl

y U3 — — )

bo
ceb1 cs

where b; is a real solution to the equation
cacex’ + 3cacer® + (3cacs + 6c1c6)x + 10cic3 = 0.
3. If c1cacses # 0, and ¢g = 0, then we have the solution

by = —

10¢; 4e; 100c3cy 5¢1
S e

ey 3 93 s
Moreover, for N7 < m < N we have
N = km® + bk my + boki,z + bkt
= Y& + (Y = O )01y + (Vi — 3 b22z + (Y, + 6, — 677,07, )bst

+i[0m® + 29mOmb1y + (3770m — 65, )b22 + 4(Y5,6m — Ymdiy)bst].

(4.3.58)

(4.3.59)

(4.3.60)

4.3.61)

(4.3.62)

(4.3.63)

We can apply Theorem 4.3.7. Any linear (real) combination of waves (4.3.18) solves the bilinear

differential equation (4.3.53).

Note We have more examples in [86].

4.4 Concluding remarks

In this chapter, we presented a general scheme for constructing multi-complexitons to Hirota bilin-

ear equations satisfying the Hirota condition. We also established the linear superposition principle

to solitons and complexitons of both Hirota and generalized bilinear PDEs. The key is to take pairs

of conjugate complex wave variables in formulating real solutions.
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Chapter 5

Algebro-geometric solutions to a soliton hierarchy

5.1 Introduction

The modern theory on the integrability of evolution systems was greatly developed after the inverse
scattering transform (IST) method been invented. However, IST requires that the potential func-
tions be spatially fast decaying. In the middle of 1970s, with the study of periodic, quasi-periodic
and almost periodic solutions to the KdV equation, the new approach to obtain solutions based on
algebro-geometric data [6, 11, 13, 22] was developed by B. A. Dubrovin, A. R. Its, I. M. Krichever,
V.B. Matveev, S. P. Novikov and others.

There are many discussions about quasi-periodic solutions of different soliton hierarchies [17,
21, 23, 62, 71, 72, 81] for associate with elliptic and hyper-elliptic curves. Recently, explicit quasi-
periodic solutions of the entire Kaup-Newell hierarchy were constructed [18]. There are also many
researches for quasi-periodic solutions on trigonal curves [20, 27, 28, 51].

In the paper [60], we considered a generalized Kaup-Newell spectral problem possessing two
potential functions associated with sI(2,R). In this chapter, we will construct algebro-geometric

solutions to the corresponding soliton hierarchy.

5.2 Riemann Surfaces

We need some preliminary knowledge of Riemann surfaces. In this section we will list the most im-
portant definitions and theorems about Riemann surfaces. For details, readers can check references
[6, 11,13, 34].

A Riemann surface is a one complex dimensional connected analytic manifold C. The simplest
Riemann surfaces are C and C = C U {oc}. In what follows, we introduce a special class of

Riemann surfaces called algebraic curves.

75



Definition 5.2.1 (Algebraic curve). Suppose F(-,-) is a nonconstant irreducible polynomial on C2.
Equation F(\,y) = 0 defines a Riemann surface K := {(\,y) : F(\,y) = 0}, which is also called

an algebraic curve. It is nonsingular at Py = (Mo, yo) € K if

(8F OF

E(A()? yO)? aiy(A(h yO)) 7é 0. (5.2.1)

The algebraic curve K is called nonsingular, or smooth, if it is nonsingular at every point of K.

grad(F) ‘ (Aoso)

Example 5.2.2 (Elliptic and hyperelliptic curve). For any integer N > 1,

N

v =[[0-E), Ej#Enj#kjk=12-- N, (5.2.2)
j=1

defines a quadratic algebraic curve IC. It is called an elliptic curve for N = 3,4 and a hyperelliptic
curve for N > 4.
The nonnegative integer g = [(N — 1) /2] is called the genus of the algebraic curve, where [x] is

the integer part of x.

N
In this example, F(\,y) = > — H()\ — Ej). When Fy(\,y) =0, we havey = 0,A\ = Ej,j =
j=1
1,--+, N. The algebraic curve is nonsingular if and only if E;,j = 1,--- , N, are distinct.

Forany z = e’ € C,0 < 0 < 21,7 > 0, we define \/z = \/re'?/%. Then \Jr # —\/7
and z = (£/2)% Let \ € Cand \ # Ej,j = 1,---, N, then there are exact two points
P = (\+y2z) € Kwithz = Hj-vzl()\ — Ej). However, for each A\ = Ej,j = 1,--- | N, there is
only one point (E;,0) € IC. We call (E;,0) a branch point of K, j =1,--- , N.

We will only study the compact Riemann surface and we will compactify an algebraic curve
by joining some points at infinity. For the quadratic algebraic curve, there are one such point for
N = 2g + 1, and two points denoted by co®™ when N = 2g + 2, here positive integer g is the genus
of IC.

We use a biholomorphic map (holomorphic map with holomorphic inverse map) (A, y) — (1, 2)

in a neighbourhood of infinity Uss = {(A,y) € K : || > max |E;}:
j=1,,

Y 1

The image will be a punctured neighbourhood of the point (u, z) = (0,0) of the curve when N =

29 +1
2g+1

Z=p[[Q-Ep), (5.2.4)
j=1
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or two punctured neighbourhoods of the point (u, z) = (£1,0) of the curve when N = 2g + 2

2g+2
22 = H (1 — E;p), (5.2.5)

Jj=1

Usually, we can distinguish the two points oo™ by
P=(\y) = 0ot & X = o0,y ~ENTL (5.2.6)

Definition 5.2.3 (Holomorphic and meromorphic function). A function f : K — C on a Riemann
surface is said a meromorphic function if the local notation f(z) = f o p~1(2) is a meromorphic
Sunction of z = p(U).

A holomorphic function is a meromorphic function with range in C.

By Liouville’s theorem, a holomorphic function on a compact Riemann surface must be a constant
and also a meromorphic function on a compact Riemann surface can not have infinitely many poles

and thus a meromorphic on a compact Riemann surface is a rational function.

Definition 5.2.4 (Abelian differential). An Abelian differential on Riemann surfaces is a meromor-
phic 1-form w on X, namely, w = f(z)dz locally for a meromorphic function of z.

A holomorphic 1-form is called a differential of the first kind, a meromorphic 1-form with all of
its residues vanishing is called a differential of the second kind, and a meromorphic 1-form whose
poles are all simple is called a differential of the third kind.

A fundamental property of an Abelian differential w on a compact Riemann surface is [34,

Lemma 5.3.1]
Z res(w) = 0. (5.2.7)

all poles
Theorem 5.2.5 (Riemann). Let K be a Riemann surface of genus g. Then
a) the dimension of the space of differentials holomorphic on IC is equal to g;
b) for any finite set P := {P; € K,j = 1,--- ,k}, there is an Abelian differential which is
holomorphic on K\ ‘P and has the poles at Pj,j = 1,--- , k, with arbitrary preassigned principal
parts satisfying (5.2.7).

Since any Abelian differential w on a Riemann surface is closed. Then a primitive function for w

Q(P) :/ij.
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Moye=1 Moy =-—1

An oriented closed curve on a Riemann surface is called a cycle. At each intersection point of
cycles 1 and 792, we define the intersection number 7; o y9 = %1 according to above figures. We
assign y; oya = 0 if cycles ~y; and 2 do not intersect. Note that we always have y; oy2 = —7vy207;.

A canonical basis of the cycles of a Riemann surface K of genus g consists of cycles: ag, b1, - - , ag,

by with the intersection numbers
ajoak:bjobkzo, ajobkzéjk, j,k:1,2---,g.
Let Q(P) be a holomophic function. Then we have A-periods and B-periods of differential d2:

A; ::/ aQ, B ::/ dQ, 1<j<g. (5.2.8)

J bj

Ify=3>.(nja; +m;bj), mj,n; € Z,is a cycle then define
/dQ = (njA; +m;B;). (5.2.9)
’ i
Basically, we have the Riemann bilinear relation

Theorem 5.2.6 (Riemann’s bilinear identity). Let aq,b1,- - ,aq, by be a canonical basis of the cy-
cles of a Riemann surface IC of genus g. For any two Abelian integrals Q2 and ', let A;, B;, A;-, B},
7 =1,--- g be their periods. We have

g
/ VdQ = (A}By — ApBy). (5.2.10)
8X\Ui:1(akubk) k=1

Further more, if Q and Y are all holomorphic. Then

g
> (A}Bi — ApBy) = 0. (5.2.11)
k=1

We select a basis for Abelian differentials

Nt
wj = _— 1<75<g. (5.2.12)
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Then the period matrices A = [A};]yx4 and B = [By;],x, have the following entries:
Ay = / @k, Bij= / D (5.2.13)
aj b;
Since A is invertible [6], set

C = A" = [Ckjlgxgs (5.2.14)

let B := C'B. We normalize w; with

g
wj=) Ok, 1<j<y, (5.2.15)
k=1
and then we have
g
/ wj :ZCﬂ/ @ = Ok, / w; = Bjp. (5.2.16)
ak =1 ag by,

We can choose a basis for Abelian differentials w1, - - - , wgy such that the period matrix are I, and

B. The period matrix B has following properties.

Theorem 5.2.7 ([34]). The period matrix B is symmetric (B = BT) and the imaginary part is
positive definite (Im(B) > 0), i.e. 7 Im(B)z > 0,Yx € RI, x # 0.

Based on the period matrix B of the Riemann surface X, we define a lattice in CY
Ly:={N+BM:N,MeZ%,
and propose an equivalence relation in C9
xwx’@x—x’GLQ.

The g-dimensional torus J(K) := C9/L, is named as a Jacobian variety.

Let Py € K be a base point. The Abelian mapping is defined by

P P P r
A(P) ::/ w= (/ Wi, / wg) e J(K). (5.2.17)
P Py Py

Definition 5.2.8 (Divisor). A divisor on a Riemann surface K is a formal finite sum of points on it

D= Z ng Py, Py € K, ny, € Z. The number deg(D) := an is called the degree of D.

k=1 k=1
It is not difficult to show that the divisors on K form a group under pointwise addition denoted

Div(K).
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m
The Abelian mapping of a divisor D = Z ny Py is defined by
k=1

A(D) = " npA(Py).
k=1

A positive divisor

m
D=> mP>0&n>0k=1- g,
k=1
and a partial order of divisors is determined by

D<D <D —-D>0.

The divisor of a meromorphic function f on K is denoted by (f) := >, ny P, where n, > 0 if
Py is a zero of f with multiplicity of ng and ng < 0 if Py is a pole of f with multiplicity of —ny.

A divisor D is said to be principal if D = (f) for some function f on K.

Theorem 5.2.9 (Abel’s theorem). Suppose D is a divisor of K with deg(D) = 0. Then the divisor
is principal if and only if A(D) = 0.

Theorem 5.2.10 (Riemann-Roch theorem). If K is a Riemann surface of genus g and D € Div(K).
Then

dim F_p — dim(dQp) =1 — g + deg(D), (5.2.18)
where Fp is a linear space of meromorphic functions f on K and divisible by D (i.e. (f) > D);

dQp is a linear space of meromorphic differentials w on K and divisible by D (i.e. (w) > D).

Definition 5.2.11. The divisor D > 0,deg(D) < g, is said special if dim F_p > 1. Otherwise
dim F_p =1, it is called non-special.

Suppose that the matrix B satisfies B = BT and Im(B) > 0. A Riemann theta function is
defined by its Fourier series for z € CY

0(z;B) := Z exp {m’(Bm,m) + 27i(z, m>}, (5.2.19)

meZ9d

g
where (x,y) = Z x;y; is the inner product in CY.
j=1
The Riemann theta function satisfies following properties

9(21, e ,Zj_l, —Zj, Zj+1, s ,Zg; B) = 9(2, B), (5.2.20)
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forj=1,---,9,2=(21,--+,25)T € CY, and
0(z +n+ Br; B) = e T<Brr>=2mi<zr>g .. By (5.2.21)
for n,r € Z9.

Theorem 5.2.12 (Riemann Theorem). Let a Riemann surface K of genus g be equipped with a

canonical basis ay,b1,- - - ,aq, by and a vector of Riemann constants K with components
2mi+ Bj; 1 P ,
K=" ( wi(P) wj), i=1,---.g. (5.2.22)
2 2w~ \ J, P
k#j k 0

Let ¢ = (C1,+++ ,¢y)T € J(K) such that

P
F(P) ::9(/ w—(—K;B)

I0)

does not vanish identically on K. Then

a) the Riemann theta function F' has exactly g zeros Py,--- , Py that solve the Jacobi inverse
problem
g P,
Z/ wi =G, Jj=1-".g (5.2.23)
k=110

b) the divisor D = Py + - - - + P, is non-special;

c) the points P;,j = 1,--- , g, are uniquely determined up to a permutation.

5.3 The general Kaup-Newell hierarchy from sl(2,R)

In this section we will derive a soliton hierarchy from the matrix loop algebra §1(2, R). We begin
with a spectral problem and let ey, es, e3 be defined by (2.1.11).

Let o be an arbitrary real constant. Let us introduce a spectral matrix

A« Ap
U=U(u,\) = (A a)er + pea + qez = , (5.3.1)
q “-A—«a
and consider the following isospectral problem
p ¢1
¢$ = U(b: u = ) ¢ = ) (532)
q ®2

associated with sI(2, R).
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Define

a b ~
W = aey + bea + ce3 = €sl(2,R),
c —a
and then, the stationary zero curvature equation W, = [U, W] becomes
ag = Apc — qb,

by = 2(A + a)b — 2Apa,
cx = 2qa — 2(\ + a)c.

‘We further assume that

a=3ax b= bx T e=Y aal

i>0 i>0 i>0
and take the initial values

ap =1, bop =p, cog = q.

Now based on (5.3.4), we have

Qi = PCj — qbi,
biw = 2ab; + 2bi41 — 2paiy, = 0.

Cip = 2qai+1 — 20&61' — 2CZ'+1,

E

From this, we can derive the recursion relations for ¢ > 0:

_ q p
ai1,2 = agb; — apc; — 5b; x — 5C; 4,
1
biv1 = 5biz — ab; + paii1,

1
Ci+1 = qai+1 — 5Cip — QG

Note The recursion relations (5.3.7) we derived here is the same as that in [60].

We impose the conditions for integration:

@ilu=0 = bilu=0 = ¢ilu=0 =0, i > 1,

(5.3.3)

(5.3.4)

(5.3.5)

(5.3.6)

(5.3.7)

(5.3.8)

to determine the sequence of {a;, b;, ¢;|i > 1} uniquely. Based on the recursion relations (5.3.7),

we can have
Ci+1 & .
=V , 12> 0,
bi+1 b;
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where

—a— 30— aqd'p— Lq07po aqdlq— Lq071q0
- a—35 aqo "p— 340 °p q0 "q— 3490 ¢ , (5.3.10)
—apd~'p — 1pd~'pd —a+ 30+ apdtq— Lpo~1qo

in which 0 = a%' We will see that all vectors (c¢;, bz-)T7 ¢ > 0, are gradient, and will generate
conserved functionals.

Now for each m > 0, we introduce
VI — (AW, + epmes
m . . .
= Z[ai)\m_z+1€1 + bi)\m_Z—HGQ + Ci/\m_zeg}, (5.3.11)
i=0
and the corresponding zero curvature equations
U, — VM 4 [o, v =0, m > o, (5.3.12)

engender a hierarchy of solution equations

bz — 2ab,, Cm
uy,, = Ky = ’ =J ,m >0, (5.3.13)
Cm,z + 20Ch, bm
where
0 0 — 2«
J = . (5.3.14)
0+ 2« 0

It is obvious that J is a Hamiltonian operator, since it is skew-adjoint and does not depend on the

potentials [68]. When m = 0, 1, 2, we have the systems

p Dz — 20p
uto = = y
q 4z + 2aq
L d L
y p 202p + ap?q + 3Pee — 2002 — PAPr — 3P’ G
tl pr— p— ;
L a |, | —20%—ap® = 36e — 200 — page — 3P4
- -
—203p + 3ap®py — 3APes + §Pwzs + PP + 3ap’qs — 25 pq
B 7 2
y p —30p3¢% + 3(p2q + PPacd + PPoz) + B2 (3p2q + 2p4z)
t2 pr— p—
[ a ], 203 + 36%¢ + 32 que + 10z + 3090 + 32pad® + 22pg?
2
I +30°¢% + 3 (poqdz + Pa? + Paax) + B (2p2q + 3pgz)
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5.4 Hyperelliptic curve and Baker-Akhiezer functions

5.4.1 Hyperelliptic curve

For a fixed integer m € N, let us introduce a Lax matrix (see [17]) W = satisfying
H -G

W, =[UW], W, =[VM wl. (5.4.1)

Lemma 5.4.1. Suppose U(z) € C"*™ is continuous on (a,b) and W (x) is a matrix solution of

W, = UW — WU. Then det(W), = 0.

Proof. Take x¢ € (a,b). Let X1 (x, z0), X2(x, o) be the fundamental solutions of linear equations
%y(m) = U(xz)y(z) and %y(:c) = —y(z)U(x) respectively. Let A € C"*" be a constant
matrix. Then it is easy to verify that X (z) := X (z, z9) AX2(x, xg) solves W, = UW — WU with
X (zp) = A. By the Liouville’s formula

x T

tr(U(s))ds), det(Xg(a:,acg)):exp(/ tr(=U(s))ds). (5.4.2)

1

det(Xq(x, z0)) = exp(/

1

T T

tr(U(s))ds) det(A) exp(/ tr(=U(s))ds) = det(A). Since A

1

Therefore det(X (z)) = exp( /
1
is a constant matrix, we get

[det(W)], =0, (5.4.3)

and thus det(7V) is independent of z. O
Similarly, we have

[det(W)];.. = 0.

Therefore, when (5.4.1) is true, then det(W) is a function of A, which is independent of (z,t).
By (5.4.1), we have
Gy = ApH — qF,
F, =2(A+a)F — 2XpG, (5.4.4)
Hy =2¢G-2A+a)H.
Let n € N also be fixed in this section, and assume that

G= zn:gjx”l*j, F= Zn: fiA g = zn: hjA".
=0 =0 =0
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We denote

W, 9i fi =01
hj —g; |
It is easy to see
L p
Wy = ag (5.4.5)
L q _1
and
+ 871 67204:)3 o 62&:1: €2ax
W, — B (B3p B2ge=>?) B2  (546)
Bge 2w —B1 — 071 (B3pe™20T — Byge?oT)

where 3,7 = 1,2,3, are arbitrary constants. Without loss of generality, we take oy = 1 and we

obtain from (5.3.4) and (5.4.4),

k
Wi=> a;jVij, 0<k<n, (5.4.7)
7=0
aj bj . .
where V; = and o, - - - , a, are integration constants.
Cj —a;
) J

Since — det(W) = G2 + F H is a polynomial of \ with degree 2n + 2 and leading coefficient 1.

We denote
2n+1 2n+1
RN =G+ FH=X[ (A =x) =[O =), (5.4.8)
j:l j:O

where Ay = 0. Consider the characteristic function of W
lyl, = W| =y* - G? — FH = y* — R()\). (5.4.9)
We introduce the algebraic curve of genus n
Kn={\y): v* —R(\) =0} (5.4.10)

with Py = (0,0) € K, and the curve is compactified by joining two distinct infinity points Pao
and P,_. We further assume that \;,j = 0,--- ,2n + 1, are distinct and thus /C,, is non-singular.
For notational simplicity, the Riemann surface after compactification is still denoted by KC,,. The set
of branch points of /I, is given by {(\¢,0) : k =0,1,--- ,2n + 1}.

The branch of y near P+ is fixed, according to

lim y(P)

——— = F1. 54.11
P—Psot G(P,x,tm) :F ( )
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We define the holomorphic sheet exchange map (involution)
x: K = Ky P=(\y)—P" =\ —y), Potr— Py = Per. (5.4.12)

We define the Baker-Akhiezer (BA) function W (P, z, zg, tm, tm0) to be the spectral function
satisfying

Vo (P, x, 20, tm, tmo) = Ulu(z, ty), A(P))¥ (P, z, 20, tm, tm0), (5.4.13)

Uy, (P, 0, by timo) = VI (u(a, t), A(P)W(P, &, 20, b, tmo),  (5.4.14)

W(u(z,tm), A\(P))¥ (P, z, 0, tm, tmo) = y(P)¥(P,z, 20, tm, tmo). (5.4.15)

Since the above three equations are all linear, we assume that the first component of U = (31, 12)”

satisfies
Y1 (P, 0, 20, tm,0,tm,0) = 1

for fixed (0, tm,0) € R? to achieve the uniqueness.

5.4.2 Characteristic variables and Dubrovin type equations

By the initial conditions, we introduce the elliptic variables {y; : j = 1,--- ,n} and {v; : j =
1,---,n} and take
n n
F=pA[[(A\ =), H=q[[x-v). (5.4.16)
j=1 j=1
We can lift the elliptic variables to /C,, by

iz, tm) = (i, tm), —G(pj(z, tm), z,tm)), (5.4.17)
vi(x,tm) = (vi(z,tm), Gj(z, tm),z,tm)) (5.4.18)

forj =1,2,--- ,nand (z,t,) € R% Hence by (5.4.8)

G‘/\:Nj = \/R(uj), G’)\:zzj = \/R(l/j). (5.4.19)

Now we study the dynamics of elliptic variables {y; : j = 1,--- ,n}and {v; : j =1,--- ,n}.
Theorem 5.4.2. The elliptic variables satisfy the Dubrovin-type equations for j = 1,--- ,n:
2v/ R(p4 2v/ R(v;
Hjz = —"0p (15) y Vjg = ——Fx ) ) (5.4.20)
(15 — k) (vj — vk)
k=1,k#j k=1,k+j

86



and

26 (1) /R (1 2c™ (1) /R(v;
Wi = (n,u]) (15) L Vi, = — n( 5) (v5) ‘ (5.4.21)
pi [T (uj— ) g [T wi-w
k=1,k#j k=1,k#;j

Proof. Taking derivative with respect to x, we get

n

Fila=p, = —Pljltjz H (15 — k) = —2ppGla=p; (5.4.22)
k=1,k+j
n
Ho—y, = -z [[ (i —w) =200Glam,. (5.4.23)
k=1,k=]
We can easily get (5.4.20)

With the same approach and by

Gy, = AMH — ™ F,
Fy,, =2(a™F —plmM@), (5.4.24)
H;,, =2(c™G —a™H),

we have (5.4.21) ]

In order to straighten out of the corresponding flows, we equip KC,, with the canonical basis cycles:

ai,--- ,ap;by, -+, b,. We can select a basis wj, j = 1,--- ,n such that
/ Wi = (5jk7 / wj = Bjk, (5.4.25)
ak b

where B = (Bjy,) is a period matrix. By section 5.2, we know when the period matrix A is defined
by (5.2.13), we define matrix C'is inverse of A. We can define the period lattice A, and the Jacobian
variety of J(ICp,).

We choose a branch point )y = (Ajo, 0) for some 1 < jy < 2n + 1 as a base point, and assume

that A(Qo) is its local coordinate.

Denote the Abel map for P € IC,;:

A(P) = Div(Kn) — J(Kn), (5.4.26)
P
AP) = / w mod Ay. (5.4.27)
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For two special divisors ) ;'_; P,El),l =1,2,k=1,---,n, with P( ) = fu (2, tm) and PIEQ) =

Ui (z, tm), we define the Abel-Jacobi coordinates as

n (l)
=A (Z P,E”) ZA P(l Z / (5.4.28)
k=1
Theorem 5.4.3. Assume that ; # ju, and vj # vy for j # k,1 < j, k < n. Then

PN = 20,2 + Ut + oY, (5.4.29)

p@ = —2Cz — Ut + P2, (5.4.30)

where p[() ),,0( ) ¢ R"™, and Cj, = (Cig,- -+ ,Cni)',1 < k < n, with components Cjy, defiend by
(5.2.14) and

m
Q=23 %Cnomst, 0<m<n—1, (5.4.31)
7=0
with
Yo=1, M= =Y e (5.4.32)

Proof. Since for 1 <[ < n itis true that

n -1
7
L S
LT G — )
r=1,r#k
we then have
n o n -1 n o n -1
1 o, ik, 2C511 .
17— k 1 e
Er=
r=1,r#k

By the relation f; = Z ajb,@j and g = 1, we have (which can be verified by mathematical
j=0
induction)

k
o ="y (5.4.34)
=0
with v; = 1,0 < j < k are defined by (5.4.32).
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Since fy = b([)m] =p,wegetforl <j<mn,

2plm]
o, = zzcﬂ e 3

k=1 1=1 =1 k=1 r=1,rk (10 = o)

chlu’ [m] m+1 i
- ¥y " Zb
pIl;

=1 k=1 Tlr#k“k_mzo

= Zzpn - Z(Z%ﬁ > prrt

I=1 k= r=tazk (b = fir) S5 \ =
m
= 2> %Cjn-mii- (5.4.35)
1=0
Similarly
n n 1—1 n n
2C
ang): le’/k Vka _ . i = —2C;,, 1<j<n, (54.36)
k=11=1 VI I=1 k=1 H Uk — Uy
r=1,r#k
and
n n I— n [m]
(2) . Vk thm_ QC]ll/k b
Oy = ZZ NGO Sy
= ST e
r=1,r#k
"< 2C; 11/1 ! u
=1 k:lq H (Vk_l/r) i=0
r=1,r#k
m
= =23 %Cjn-m4i- (5.4.37)
1=0
The proof is finished. O

5.4.3 Algebro-geometric solutions

In this subsection, we will find quasi-periodic solutions to the gKN hierarchy.
By y? = G?+ FH, we have (y — G)(y+ G) = FH, and we consider the meromorphic function
¢('7 xz, tm) on Cp,

¢2(P, T, X0, tﬂ% tm 0)
Pz ty) = ’ 5.4.38
¢( ) wl(P7x7x07tM7tm,0) ( )
By (5.4.15), we have
y—G H
tm f e ,
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where P = (\,y) € K, \ { Pot, Poo—}-

It is easy to verify the following lemma.

Lemma 5.4.4. Suppose that (p, q) satisfies the nth generalized KN (gKN) equation (5.4.4), and let

P=(\y) € Ky \{Po, Pxot, Poo—}. Then ¢ satisfies the Riccati-type equation

G2(P, 2, b)) = (2, ) — 20\ + @) (P, 2, tm) — AD(@, tin) b (P, @, b)),

and
AP tm)OlP ) =~
AP tn) + S(P" rty) = Tt
O(P,x,tm) — ¢(P*, 2, tm) = F()‘Zytm)

Now we discuss the asymptotics of the function ¢ at Py, P4 and Poo—.

(5.4.39)

(5.4.40)

(5.4.41)

(5.4.42)

Theorem 5.4.5. Suppose that (p, q) satisfies the nth gKN equation (5.4.4), and let P = (\,y) €

Kn \ {Po, Pxot, Poo—}. Then

2 . 2
(3BT, P P (=7
D 2 p P/,
4 (G PPN 2 0 e
b= 2+< S+ 8)§ YO, P Pe_, (=2,
@e—mg—l +0(1), P Py, (2=
L\ 5

Proof. Firstly, we consider P — P,,1, and let ¢ = 1/,
y=FVRO) =FC" 1+ ai¢+ax® + 0(¢%), as P — P,
and
F7Uo= "o+ ACHOE) T =y = fo P he +0(¢%),
G = (" Ngo+ gi¢ + 926+ O(C*)).

Then when P — P, we have

_y-G
¢ = F
= —((go+1)+ (g1 +a))C+OC))(fy ' = f 2 /1L +O(¢P))
- 2 q Pz 2«
= —5+(—§+P—?>C+O(C2).
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When P — P,,_, we get

_ y=G
¢ = F
:(@rﬂm«u2—mx+m@mm*—ﬁ%m+m&»
_ _gc+<7+z+7>g2+o(g3) (5.4.46)

When P — Py = (0, 0), take the local coordinate (? = \. We have

ycicmh+mﬁw26< 0(¢%)

- C(fn+0O)
_ | g +O(1) =22 B e~20e =1 1 O(1). (5.4.47)
2
Proof finished. 0
Since the divisor of ¢
(P x,tm)) = Doy oy (w,tm), o (@stm) — PPy (tm) sfin (k) - (5.4.48)

In order to represent the functions p and ¢ in terms of the Riemann theta function, we denote
g’) P, as the normal differential of the third kind being holomorphic on £, \ {Px—, Po} with

simple poles at P,,_ and P, and residues 1 and —1, respectively. Then

n

3 _ 1
Wy = —ﬁd)\ ~ 3y [T = d0)dx, (5.4.49)
j=1
where ; € C,j = 1,--- ,n, are constants that are determined by
/ W) p(P)=0, j=1,-,n (5.4.50)
aq

J

If the local coordinate near P, is taken by ¢ = A~!, then the asymptotic expansion

1

(01 + D28 +0(Q))dC, as P Pay,

W) g = fZI n (5.4.51)
[C_lfg(a1+z5j+0(§h))}d(, as P — P _.
j=1

We use the local coordinate (? = \ near Py, and then

W) g = (¢ H0)dC,  as P — Py (5.4.52)
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Therefore, we get

In weot + O(C), as P — Py,
/Q wgolﬂpo(P) =19 In¢{+Inwe,- +0(Q), as P — Po_, (5.4.53)
0
—In¢ + Inwy + O(Q), as P — Py,

where w4+ and wg are integration constants.
Let the Riemann theta function 6(z) [6, 11] associated with C,, equipped with homology basis

and holomorphic differentials be defined by
0(z) := Y _ exp{2mi(z, N) + mi(BN, N)}. (5.4.54)
Nezn

Our main result of this chapter is the following theorem.

Theorem 5.4.6. Let P = (\,y) € Ky, \ {Poot, Poo—}, (T, tm) € M, where M C R? is open and
connected. Suppose p(x,ty,),q(x,ty,) € C°°(M) satisfies the hierarchy equation. Assume that
Aj; 1 < j < 2n + 1 are none-zero, distinct complex numbers. Moreover, suppose that Dy, .\ or

equivalently, Dy, 1,.), are nonspecial for (z,tm) € M. Then p, q admit the following expression

L 6(A 420 + Q tm)0(Ag — 200z — Qutm)

P (A —2Cx — Qutm)0(As +20n:c+Q t) (5:4.55)
B 9(A4+2Cx+Q ti)0(A5 — 200z — Qutm)

T = YAy — 2007 — Qnt)0(Dg + 200z + Q) (54.56)

where

A=K +p)) — A(Pas), Da=K +p — A(P), Az =K + o5 — A(Pocy),

Ay=K+p) —ARy), As=K +pf) — A(Px-), Ag=K +pi) — A(Ps),
_ Ba\s W0  9as B3\ 2 Woom _2ag
m=-2(3) =2(5) e

—€ N2 =
B3/ Woot ' B2/ wo

where K is the vector of Riemann constants defined by (5.2.22).

Proof. Let us define a function z : IC;, X K, — C

2(P,Q) =K - AP)+ Y D@)AQ), (5.4.57)
Q'eq
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whree 0" /C,, denote the g-th symmetric power of K”. Then we get

0(2(P, i, tm))) = O(K — A(P) + pV),
0(2(P,o(x,tp))) = 0(K — A(P) + p). (5.4.58)

By the Riemann vanishing theorem and the divisor of meromorphic function ¢

z(P,0(x, ty, P
N ([ ).

where N (z, t,,) is independent of P € IC,,.
Let us assume that ji;(, t,,,) are distinct for j = 1,--- ,n and (z,t,,) € M then consider the

expansion near Py, Poot.

hn 0(Ay — 2Chx — Qi)

— = N(z,tm ) 5.4.60

f (0 g R 2w + thm) (.4:60)
2 ( 3 — 2C’na: - tm)

—Z = N(x,tm)weo , 5.4.61
p (&t oot GR 2 Ca + Q tm) G460
q 0(As — 2Chx — Qntim)

—= = N(x,ty)Weo 5.4.62
2 (@t oo G R 2C T ontn)” (5:4.62)

Theorm 5.4.6 follows by solving functions p and q. O
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