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ABSTRACT

Quandles are distributive algebraic structures that were introduced by David
Joyce [24] in his Ph.D. dissertation in 1979 and at the same time in separate work
by Matveev [34]. Quandles can be used to construct invariants of the knots in the
3-dimensional space and knotted surfaces in 4-dimensional space. Quandles can also

be studied on their own right as any non-associative algebraic structures.

In this dissertation, we introduce f-quandles which are a generalization of usual
quandles. In the first part of this dissertation, we present the definitions of f-quandles
together with examples, and properties. Also, we provide a method of producing a new
f-quandle from a given f-quandle together with a given homomorphism. Extensions
of f-quandles with both dynamical and constant cocycles theory are discussed. In
Chapter 4, we provide cohomology theory of f-quandles in Theorem 4.1.1 and briefly
discuss the relationship between Knot Theory and f-quandles.

In the second part of this dissertation, we provide generalized 2,3, and 4-

cocycles for Alexander f-quandles with a few examples.

Considering “Hom-algebraic Structures” as our nutrient enriched soil, we
planted “quandle” seeds to get f-quandles. Over the last couple of years, this f-
quandle plant grew into a tree. We believe this tree will continue to grow into a larger

tree that will provide future fruit and contributions.



1 INTRODUCTION

In this chapter, we give a brief review of quandles, their history, connections to knot
theory, and motivation towards f-quandles. After briefly discussing the history, we
will give an overview of the structure and organization of this dissertation. We also

state the definitions that we use throughout this dissertation.

It is well known that quandles are strongly related to knot theory while Hom-
type algebras which led to f-quandles have their origin in physics and they are related
to quantum deformations of some algebras of vector fields like Virasoro and oscillator

algebras.

To answer natural questions like “what is a quandle?” and “who invented

quandles?” or “what is the history behind quandles?”, we will go back to the 1880s.

1.1 History

The term quandle first appeared in the 1979 Ph.D. thesis of David Joyce, which was
published in 1982, [24]. It also appeared in a separate work by Sergey V. Matveev
[34]. David Joyce introduced the knot quandle, as an invariant of the knot as well
as a classifying invariant of the knot [24]. It has been found that quandles appeared

earlier in history with different names:

e In 1942, Mituhisa Takasaki [45] used the word kei as an abstraction of the notion
of symmetric transformation. (“Kei” are called “involutory quandles” in David

Joyce’s work.)



e In 1950, Conway and Wraith discussed similar structures called “wracks” [14].

e In 1982, motivated by colorings of knots, Matveev used “distributive groupoids”

to construct invariants of knots [34].
e Later, Louis Kauffman used the word “crystal” [25].
e In mid 1980s, Brieskorn named the structures as “automorphic sets” [5].

e In 1992, Roger Fenn and Colin Rourke used the word “racks” [19] in their gen-

eralization of the quandle idea.

The concepts of “Hom-Lie algebras, quasi-Hom-Lie and quasi-Lie algebras,
and Hom-algebra structures” were introduced by Hartwig, Larsson and Silvestrov, in
[20, 26, 27]. This is in order to provide general frameworks to handle g-deformations of
some Lie algebras of vector fields such as deformations and quasi-deformations of the
Heisenberg Lie algebra, sly(K), oscillator algebras and other finite-dimensional Lie al-
gebras and infinite-dimensional Lie algebras of Witt and Virasoro type. These algebras
play an important role in Physics within the string theory, vertex operator models,
quantum scattering, lattice models and other contexts, as well as various classes of
quadratic and sub-quadratic algebras arising in connection to non-commutative ge-
ometry, twisted derivations and deformed difference operators and non-commutative
differential calculi. The main initial motivation for this investigation was the goal
of creating a unified general approach to examples of g-deformations of Witt and
Virasoro algebras constructed in 1990-1992 in pioneering works by physists, where
in particular it was observed that in these examples the Jacobi identity is no longer
satisfied, but some g-deformations of ordinary Lie algebra Jacobi identities hold. Mo-
tivated by these examples Hartwig, Larsson and Silvestrov introduced Hom-Lie al-
gebras which generalize usual Lie algebras. In fact they introduced a more general
class called quasi-Lie algebras including quasi-Hom-Lie algebras and Hom-Lie alge-
bras as subclasses. In the subclass of Hom-Lie algebras skew-symmetry is untwisted,
whereas the Jacobi identity is twisted by a single linear map and contains three terms

as in Lie algebras, reducing to ordinary Lie algebras when the twisting linear map is



the identity map. Later, Makhlouf and Silvestrov introduced Hom-associative alge-
bras in [30], generalizing associative algebras. They proved that the commutator of
a Hom-associative algebra defines a Hom-Lie algebra with the same structure map,
showing that there is a functor between the category of Hom-associative algebras
and the category of Hom-Lie algebras. The adjoint functor leading to the enveloping
algebra of a Hom-Lie algebra was constructed by Yau. Various algebraic structures
and results have been extended to this Hom-type framework. The main feature of
Hom-type algebras is that the usual defining identities are twisted by one or several
deforming twisting maps. Notice that a significant research activity was developed

about Hom-type algebras in the past few years.

Quandles are very useful structures not just in Mathematics, but also in con-

necting Mathematics with Physics [49, 50].

Since quandles are algebraic structures, one can think of applying the algebraic
“Deformation Theory” to it. Twisting quandles with linear maps gives the notion of

f-quandles.

This dissertation mainly consists of two parts: From chapters one to four,
we introduce generalized quandles, which we call f-quandles, their extensions and
cohomologies. In the second part, we give an application of f-quandles to Alexander

f-quandles by computing low dimensional cocycles.

In Chapter 2, we introduce generalized quandles, f-quandles, and give ex-
amples of f-quandles. Furthermore, we provide a method for constructing a new
f-quandle using a given f-quandle and an f-quandle morphism. Extensions of f-
quandles with dynamical cocycles and with constant cocycles are presented in Chap-
ter 3 together with modules. Chapter 4 is devoted to the Cohomology Theory of
f-racks and f-quandles. We give a couple examples of f-rack cohomologies. At the

end, we give some remarks on the relationship between f-quandles and Knot Theory.

In Chapter 5, we give some generalized computations on 2, 3, and 4 dimensional
cocycles of Alexander f-quandles and provide some examples if the given conjectures

hold.



In Appendix A, we present a useful computer code, the Maple program code

we used to verify the cohomology of the f-racks in Example 4.1.5.

1.2 Knot Diagrams

In this section we will review some basics about knots.

Definition 1.2.1 A knot is an embedding of the circle S* into R® or S®. In other
words, it is a simple closed curve. A link is a finite, ordered collection of disjoint

knots.

Two knots K and K’ are equivalent if they are ambient isotopic, that is, K can be

deformed continuously to K’. Precisely, we have the following definition.

Definition 1.2.2 [16] K is ambient isotopic to K' if there is a continuous map H :
R? x [0,1] — R? such that H(K,0) = K, H(K,1) = K' and H(z,t) is injective for

all t € [0,1]. Such a map is called an “ambient isotopy.”

One way of changing a knot K in R? is to consider a projection of the knot on to a
plane; p : K C R®* — R2. A point € R? is called a double point of R?. A double
point is called a crossing. When considering projections of knots on to planes, we

require that the projection has only finitely many double points.

We usually indicate over crossings and under crossings by drawing the under

strand broken on the projected diagram. Figure 1.1 shows some knot diagrams.
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Figure 1.1: Some knot diagrams *

Recall that an orientation of a knot is defined by choosing a direction to travel
around the knot. So we have two different crossings; called positive crossing and

negative crossing as shown in Figure 1.2 below.

KX

-1
Figure 1.2: Positive and negative crossings
Obviously a knot has many diagrams. So mathematicians had to figure out

a way to distinguish knots apart using diagrams. To overcome this situation, they

came up with “knot invariants”.

*Appendix (I), [37]



A knot invariant is an object (number, group, etc.) of a knot that does not
change under ambient isotopy. So in order to show that a given object of a knot is a
knot invariant, one must show that it is invariant under any ambient isotopy. In 1927,
Reidemeister proved that any ambient isotopy can be achieved via a finite sequence

of three moves that we call the “Reidemeister moves”.

Definition 1.2.3 [2] A Reidemeister move is one of three ways to change a projection
of a knot that will change the relation between the crossings. The first move allows us
to put in or out a twist in the knot, the second move allows us to add two crossings
or remove two crossings, and the third move allows us to slide a strand of the knot

from one side of a crossing to the other side of the crossing as in the diagram below:

e <ok

Figure 1.3: Reidemeister move type I

\ S

> -~ :) OR > -

Figure 1.4: Reidemeister move type II



X =SR2

Figure 1.5: Reidemeister move type III

Definition 1.2.4 Two knot diagrams, K1 and K, are ambient isotopic if and only
if one can be changed into the other by a finite sequence of planar isotopies and

Reidemeister mowes.

As an example in [16], we can transfer the following given knot diagram into a standard

diagram of the unknot by using a sequence of Reidemeister moves as follows:

8) - &m&&@

Figure 1.6: Sequence of Reidemeister moves transferring a given knot into an unknot

In order to construct invariants of knots, the notion of quandles was introduced by
Joyce and Matveev [24, 34]. How quandles relate to knots will be investigated in our

next section.

1.3 Quandles

In this section, we will show a bridge between knot theory and quandle theory via
algebraic structures. Moreover, in this section we will review the notions of shelves,
racks, and quandles and give some examples. For future convenience, we will use the

following notation:



Notation 1.3.1 Throughout this dissertation, we use the notation > to denote the
binary operation on “quandles” and * to denote the binary operation on “f-quandles”

unless otherwise stated.

Recall that, an algebraic structure is a set X with one or more operations defined on
it that satisfies a list of axioms.

In order to build up a bridge relating knot theory to quandle theory, let X be a set of
labels and > and >"! be two binary operations. We consider the following labeling

scheme convention:
Y \ >y zo "ty / )
Figure 1.7: Positive and negative crossings.

According to this labeling scheme, the Reidemeister moves can be labeled as follows:

o - $\ ) T Y

Figure 1.8: Relationship between the quandle axioms and the Reidemeister moves.



From Reidemeister move III, we obtain the following equation

(zy)>z=(x>2)> (y>2)
allowing the following definition.

Definition 1.3.2 [}/ A shelf is a pair (X,>), where X is a non-empty set with a

binary operation > satisfying the following identity:

(a>b>c=(a>c)> (b>c), VYabce X. (1.3.1)
Reidemeister move II gives the equation (z > y) >~! y = x. This gives the notion of

a rack.

Definition 1.3.3 [}/ A rack is a shelf such that, for any b,c € X, there exists a
unique a € X such that
a>b=c. (1.3.2)

Allowing Reidemeister move I gives the equation x > x = x giving the notion of a

quandle.

Definition 1.3.4 [}/ A quandle is a rack such that, for each a € X, the identity
a>a=a (1.3.3)

holds.

Together with an extra condition, we will get the notion of a crossed set.

Definition 1.3.5 [4] A crossed set is a quandle (X, >) such that a > b = a whenever
b>a=0 for any a,b € X.

Remark 1.3.6 Using the right translation R, : X — X defined by R,(a) = a > z,
the identity (1.3.1) can be written as R.(Ry(a)) = Rpsc(Rc(a)) for any a,b,c € X.

9



The extra condition in crossed sets can be written as Ry(a) = a whenever R,(b) =b

for any a,b € X.

Definition 1.3.7 Let (X,>1) and (Y,>2) be two racks. Let ¢ : (X,>1) — (Y,D>2)
be a function. Then ¢ is a morphism of racks if ¢(x >1 y) = ¢(x) >2 d(y) for all
x,y € X.

Typical examples of quandles include the following:

e Given any non-empty set X with the operation z > y = x for any x,y € X,
then (X, >) is a quandle called the trivial quandle.

e A group X = G with n-fold conjugation as the operation:
at>b=>b"ab".

Then (X, ) is a quandle.

e For a,b € Z, (integers modulo n), where n be a positive integer, define
a>b=2b—a (modn).

Then the operation > defines a quandle structure called the dihedral quandle,
R,,. The reason it is called “dihedral” is that this quandle can be identified
with the set of reflections of a regular n-gon with conjugation as the quandle

operation.

e Any Z[t,t ']-module M is a quandle with the operation a > b = ta + (1 — t)b,
a,b € M, called an Alerander quandle.

Sometimes quandles can have some additional properties.

Definition 1.3.8 A quandle is Latin if for each x € X, the map L, : X — X (we
use L for left multiplication) defined by L.(a) = x > a is a bijection.

10



Definition 1.3.9 A quandle X is medial if for all x,y,u,v € X, we have
(x>y)> (u>v)=(z>u) > (y>v).

1.4 Cohomology Theory of Quandles

In this section, we will review the definition of quandle homology and cohomology for
quandles, a new invariant introduced by Carter, Jelsovsky, Kamada, Langford, and

Saito [10], and provide formulas which are useful for later chapters.

Notation 1.4.1 In the following, the subscripts/superscript R, @Q, and D represents
rack, quandle, and degenerate cochain complexes respectively and W can be any of

them.

Let CE(X) be the free abelian group generated by n-tuples (zi,...,z,) of
elements of a quandle X. Define a homomorphism 9, : C*(X) — CI | (X) by

n

&L(:cl, Ce ,.Tn) = Z(—l)l [(:1:1, Xoyeoo sy Lj 1, L5415 - - ,.13”) (144)
=2
— (T1 > T, o D> Xy Wiy D Ty, Tigs e, )]

for n > 2 and 9, =0 for n <1 1in [10] .

Then CE(X) = {CE(X),0,} is a chain complex.

Let CP(X) be the subset of C(X) generated by the (n)-tuples (z1,--- ,x,) where
z; = miq for some i € {1,--- ,n—1} if n > 2; otherwise let CP(X) = 0. The
subcomplex CP(X) is called the degenerate subcomplez. If X is a quandle, then
O, (CP(X) c CP (X) and CP(X) = {CP(X),0,} is a sub-complex of CE(X). By
taking CY(X) = CE(X)/CP(X) and C2(X) = {C2(X), .}, where &/, is the induced

homomorphism. Therefore, all boundary maps will be denoted by 0,,.

11



For an abelian group A, define the chain and cochain complexes

CV(X;A) =0V (X)®A, 0=0®id
Co(X; A) = Hom(CY (X), A), 6 = Hom(d,id)

in the usual way. The groups of cycles and boundaries are denoted by ker(d) =
ZW(X;A) Cc CV(X;A) and Im(9) = BY (X; A) C CV(X; A).

The cocycles and coboundaries are denoted by ker(d) = Zj},(X; A) C Cf,(X; A) and
Im(0) = By}, (X; A) C Cl (X A).

Definition 1.4.2 The nth quandle homology group and the nth quandle cohomology
group of a quandle (X, >) with coefficients in group A are as follows:

HP(X;A) = H,(C(X; A)) = Z9(X; A)/BE(X; A)
Hi(X; A) = H'(CH(X; A)) = Z5(X;5 A)/Bo (X A).

1.5 Quandle Cocycles

Let us consider low dimensional cocycles. Given an abelian group A, a 2-cocycle with

coefficients in A is a function ¢ : X x X — A satisfying the following equations:

¢(z,y) + oz > y,2) = ¢(z,2) + Pz > 2,y > 2).

This equation can be obtained from Reidemeister moves. First color the arcs of

crossing as in the following figure.

12



N N
v/ N S

+ ¢(z,y) - ¢(z,y)

Figure 1.9: Quandle Cocycle Coloring.

Then ¢(x,y) can be thought of as a weight at the crossing as shown in Figure 1.9

above.
Using this labeling scheme, we can color the three Reidemeister moves and obtain the

2-cocycle condition as follows:

\

+ ¢(z,x)

Figure 1.10: Reidemeister move I on cocycle coloring.

and results

o(z,x) = 0.

In a similar fashion, Reidemeister move Type II can be labeled and notice that the

two crossings below cancel each other out as follows:

13



N + ¢(z,y)

Y
- ¢($?y)

Figure 1.11: Reidemeister move II on cocycle coloring.

Finally, the Reidemeister move Type III yields the following diagram and the

equation that we call the 2-cocycle condition:

Figure 1.12: Reidemeister move III on cocycle coloring.

oz, y)+ oz >y,2) = oz, 2) + ¢(z > 2,y > 2), (1.5.5)

where ¢ gives an invariant sum called the Boltzmann weight together with ¢(z,z) =0
for all z € X.

In a similar way, a 3-cocycle 6 : X x X x X — A satisfies the equation:

O(p,q,r)+0(pr>r,qg>rs)+0(p,rs) =

Opr>q,r,s)+0(p,q,s)+0(pr>s,q>s,1>8) (1.5.6)

14



where 6(p,p,r) = 0 and 0(p,q,q) = 0 for all p,q € X.

1.6 Hom-Algebras

In this section, we recall the definitions of Hom-Lie algebras which were introduced by
Hartwig, Larsson and Silvestrov [20, 26, 27] and Hom-associative algebras, introduced
by Makhlouf and Silvestrov in [30]. In particular, they showed that there is a functor
from the category of Hom-associative algebras into the category of Hom-Lie algebras.
The adjoint functor corresponding to enveloping algebra was given by Yau who defined
also a free Hom-associative algebra.

We will take K to be an algebraically closed field of characteristic 0 and V' to
be a linear space over K. An Algebra is a pair (V, «), where V' is a linear space and
« is a linear self-map of V. A Hom-algebra is a triple (V, u, ) consisting of a linear

space V', a bilinear map p: V x V — V., and a linear transformation o : V" — V.

Definition 1.6.1 ([30]) A Hom-associative algebra is a triple (V, u, ) consisting of
a linear space V, a bilinear map p: V x V. — V, and a linear space homomorphism

a:V =V satisfying

plalz), ply, 2)) = plp(e, y), a(2)).

We recover associative algebras when the structure map « is the identity map. Recall
that an associative algebra is a pair (V, i) consisting of a linear space V' and a bilinear

map p: V xV — V satisfying

u(z, py, z)) = p(p(@,y), 2). (1.6.7)

This equation can be written as p(id ® p) = p(p ® id), where id is the identity
map. Similarly, one obtains Hom-Lie algebras which are natural generalization of Lie

algebras.
Definition 1.6.2 ([20]) A Hom-Lie algebra is a triple (V,[-,-], ) consisting of a

15



linear space V, bilinear map [-,-] : V. xV — V. and a linear space homomorphism
a:V =V satisfying

L [z,y] = —[y, ],

2. [z, yl, a2)] + [ly, 2], ()] + [[2, 2], a(y)] = 0.
Remark: One recovers Lie algebras by taking o being the identity map. Recall that

a Lie algebra is a pair (V,[-,-]) consisting of a linear space V over a field K and a

bilinear map [-,:] : V' x V' — V, that we call the “Lie bracket”, satisfying

L. [ZL’,y] = _[yer

2. [l,], 2 + [ly, 2], 2] + [[2, 2], ] = 0.

Proposition 1.6.3 (Functor Hom-Lie, [30]) To any Hom-associative algebra de-
fined by the multiplication p and a homomorphism o over a K-vector space A, one

may associate a Hom-Lie algebra defined for all x,y € A by the bracket

[ZL’,y] = u(x,y) - ,u(y,x)

The enveloping algebra was studied by D. Yau.

Example 1.6.4 [31] Let {x1,x9,23} be a basis of a 3-dimensional vector space A
over K. The following multiplication p and linear map o on A = K3 define a Hom-

assoctative algebra over K:

,LL($1,.T1) = axry, ,LL($2,.’,U2) = axo,
M(l‘hxz) = M(I%xl) = axa, M($27$3) = bxs,
p(xy,x3) = p(rs,x1) = bs, (s, x2) = p(rs,z3) =0,

alry) = axy, a(xe) = axy, «frs) = bxs
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where a,b are parameters in K. This algebra is not associative when a # b and b # 0,

since

p(p(z, 1), 23)) — plz, plae, 23)) = (a — b)bws.

Example 1.6.5 (Jackson sly, [29]) The Jackson sly is a g-deformation of the clas-
sical Lie algebra sly. It carries a Hom-Lie algebra structure but not a Lie algebra
structure by using Jackson derivations. It is defined with respect to a basis {1, xs,x3}

by the brackets and a linear map « such that

(21, 20] = —2q,, a(x) = qwx,
(21, 23] = 213, a(ze) = ¢,
(22, 25] = —2(1+q)1, a(rz) = qus,

where q is a parameter in K. If ¢ = 1 we recover the classical sls.

Hom-analogues of various classical structures and results have been introduced
and discussed by many authors. For instance, representation theory, cohomology and
deformation theory for Hom-associative algebras and Hom-Lie algebras have been
developed. Moreover, the dual concept of Hom-associative algebras, called Hom-
coassociative coalgebras, as well as Hom-bialgebras and Hom-Hopf algebras, have
been introduced and studied. Furthermore Hom-Lie bialgebras have been studied

using a dual version of Hom-Lie algebras.

These “Hom-algebraic structures” motivated us to define and explore f-
quandles, a generalized version of quandles. We attach a map f : X — X to a
quandle (X, ) which results in a triple (X, x*, f) that satisfies certain conditions

twisting the usual conditions.
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2 f-QUANDLES *

Motivated by Quandles and Hom-algebras, it is naturel to address the question about
Hom-type quandles. In this chapter we introduce so called f-quandles, which are a
twisted version of quandles. Indeed, we give the definitions of f-quandle, f-quandle
morphism, and f-crossed set. Also, we provide some of their properties. This chapter
is divided into two sections: In section one, we give the definition of an f-quandle, state
some properties, and give some examples. Proposition 2.2.1 in section 2.2 provides a
method to construct a new f-quandle when an f-quandle and an f-quandle morphism

are given. This provides a way to produce examples.

2.1 Definitions and Properties of f-Quandles

Definition 2.1.1 An f-shelf is a triple (X, *, f) in which X is a non-empty set, x is
a binary operation on X, and f: X — X is a map such that, for any x,y,z € X, the
identity
(xxy)* f(z) = (z*x2)*(yx*2) (2.1.1)
holds. An f-rack is an f-shelf such that, for any x,y € X, there exists a unique z € X
such that
zxy = f(x). (2.1.2)

An f-quandle is an f-rack such that, for each x € X, the identity

rxx = f(z) (2.1.3)

*Sections of this chapter are taken from [12], which has been published in the journal “J. of Algebra and
Its Applications”, Vol.16, no.11, 2017.
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holds.

An f-crossed set is an f-quandle (X, *, f) such that f : X — X satisfies xxy = f(z)
whenever y x x = f(y) for any z,y € X.

Remark 2.1.2 Notice that a quandle (resp. rack, shelf) may be viewed as an f-
quandle (resp. f-rack, f-shelf) when the structure map f is the identity map.

Remark 2.1.3 Using the right translation R, : X — X defined as R,(x) = = * a,
identity (2.1.1) can be written as

Ry Ry = Rpg.y)R-

foranyy,z € X.
The extra condition in the f-crossed set definition means that, for any xr,y € X,

R.(y) = f(y) is equivalent to R,(x) = f(z).
The notion of homomorphism of f-quandles is given in the following definition.

Definition 2.1.4 Let (X1, *q, f1) and (Xa, *o, f2) be two f-quandles. A map ¢ : X1 —
Xy is an f-quandle morphism if it satisfies ¢(a %1 b) = ¢(a) *2 ¢(b).

Note that ¢ o fi = f3 0 ¢ is automatically holds from the definition.

Here we will give some examples of f-quandles:

Example 2.1.5 Given any set X and an injective map f : X — X, then the opera-
tion xxy = f(x) for any x,y € X gives an f-quandle (X, x, f).
One can check the conditions as follows:

The left-hand side of equation (2.1.1) gives us
(@ y)* f(2) = f(zxy) = f(f(2)).
The right-hand side of equation (2.1.1) gives us

(% 2) % (y x2) = f((2x 2)) = f(f(2)).
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Therefore, equation (2.1.1) is satisfied. To check the second condition, assume there
exists z, 2 € X such that z xy = f(zx) and 2 *y = f(x). By definition, z xy = f(z)
and 2 xy = f(2), thus f(x) = f(2) = f(2') implies that z = 2, so that the uniqueness
requirement is satisfied. The third condition is straight forward since x x x = f(x).

We call (X, %, f) a trivial f-quandle structure on X.

Example 2.1.6 For any group G and any group endomorphism f of G, the operation
rxy= f(y)zy~ ' defines an f-quandle structure on G.
To check the first condition: Let x,y, z € G. Starting from the left-hand side of (2.1.1),

Left-hand side = (zxy)* f(2)
= ff)@=y)f ()
= Wy ()

Right-hand side = (x*z)* (y* z)
= flyxz)(zx2)(y*2)"
= f(f(2yz ) (f (222 ) (f(2)yz"")

= ) fyay )]

To check the second condition, assume there exist z1,zy € G such that zy xy = f(z)
and zy xy = f(x). By definition, f(y)z1y~" = f(x) = f(Y)zy™' = 21 = 2.

To show that condition (2.1.3) holds, we have x * x = f(z)xzxz~' = f(z). Therefore,
(G, *, f), where x is defined by x xy = f(y)xy™", is an f-quandle.

Example 2.1.7 Consider the Dihedral quandle R,, where n > 2, and let f be an
automorphism of R,. Then f is given by f(x) = ax + b, for some invertible element
a € Zyn, and some b € Zy,, [17]. The binary operation x xy = f(2y — ) = 2ay — ax + b
(mod n) gives an f-quandle structure called the f-Dihedral quandle.

20



We wverify condition (2.1.1):
The left-hand side of this condition is given by:

(xxy)x f(z) = 2af(z) —a(zr*xy)+b mod (n)
= 2a(az+0b) —a(2ay —ax +b)+b mod (n)
= 2a*z +2ab—2a*y +a*z —ab+b mod (n)

= 20’z —2a*y +a’*xr +ab+b mod (n)
While the right-hand side is given by:

(rxz)x(yxz) = 2a(y*xz)—alz*xz)+b mod (n)
= 2a(2az —ay +b) —a(2az —ax +b)+b mod (n)
= 4da’z — 2a*y + 2ab — 2a°z + a*x —ab+b mod (n)

= 20’z —2d*y+a’r +ab+b mod (n)

Thus (zxy) * f(2) = (z*x z) * (y * 2).

To show the existence, given y, there exists an element z such that z = a~*(b—k)+2y,
where k = ax + b so that z xy = ax + b = f(x).

To verify condition (2.1.2), assume there exists z,2 € X such that condition (2.1.2)

holds. Then
zxy=2ay—az+b=f(x)=2ay —az +b=2 xy

which shows that z = 2. It is straight forward that xxx = f(x). Therefore, (Ry, *, f),
with the binary operator % defined by x *xy = 2ay — ax + b (mod n), is an f-Dihedral

quandle.

Example 2.1.8 Any Z[T*', S]-module M is an f-quandle with x x y = Tz + Sy,
z,y € M, with TS = ST and f(x) = (S +T)z, called an Alezander f-quandle.
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The left-hand side of (2.1.1) is

(xxy)* f(z) = T(xxy)+5(f(2))
= T(Tz+ Sy)+S(S+1T1)z)
= TTx+TSy+ SSz+ STz

and the right-hand side of (2.1.1) is

(xx2)x(yxz) = T(rxz)+S(y=*z)
= T(Tx+ Sz)+ S(Ty+ Sz)

= TTex+TSz+ STy+ SSz

which confirms that (2.1.1) holds under the condition 7S = ST.

Assume there exist z,2° € M such that zxy =Tz + Sy = f(x) =T2 + Sy =2 *y
which implies z = 2. It is straight forward that z * x = Tao 4+ Sz = f(z). Hence,
(M, *, f), with the operation defined above together with the condition ST = T'S, is
an Alexander f-quandle.

To give a slightly different interpretation to equation (z *y) * f(z) = (x * 2) * (y * 2),

we need to recall that a quandle (X, >) is medial if,
(x>y) > (u>v)=(x>u)>(y>0v), Vo,y,u,v € X.

Remark 2.1.9 Azioms (2.1.1) and (2.1.3) of Definition 2.1.1 give the following equa-
tion:

(xxy)*(zx2) = (x*2)*(yx*2).
We note that the two medial terms in this equation are swapped (resembling the medi-
ality condition of a quandle). Note also that the mediality in the general context may

not be satisfied for f-quandles.
For example, we can check that the f-quandle given in Example 2.1.6 is NOT medial:
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(wry)*(zx2) = (zx2) (wxy)flzxz) = 2y "af(y)z

18 not equal to
(wxz)x(yx2) = (y*2) " (wx2)flyxz) = [ (2)y  af(y)(f o f)(2).
On the other hand, one can check that Example 2.1.7 is medial.

Remark 2.1.10 Let (X, x*, f) be an f-quandle. Then f is a homomorphism since

J@)* fy) = (xxa)xfly) ((213))
= (@xy)x(ary) (- (211))
— flrxy). (-(2.1.3))

2.2 Construction of new f-quandles

In this section, we provide a method that shows how to construct a new f-quandle
with a given f-quandle and an f-quandle morphism. We give a couple of examples
before we finish this section. At the end, we discuss a functoriality property between

f-racks and groups; see [4, 19] for the classical case.

Proposition 2.2.1 Let (X, %, f) be a finite f-quandle and ¢ : X — X be an f-
quandle morphism; that is, (p(x xy) = o(x) *x ¢(y)) for all x,y € X. If ¢ is an
automorphism with a %, b = ¢(a * b) and fs(a) = ¢(f(a)) then (X, x4, fp) is an fy-

quandle.

If (X, %4, fs) is an fs-quandle where f is injective then ¢ is an automorphism.

We will refer to (X, %4, fs) as a twist of (X, *, f).
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Proof. Assume that ¢ is an automorphism. Let a,b,c € X.

(a4 b)*g fo(c) = (axsb)*yd(f(c)) = Plaxb) s d(f(c))
= ¢laxb)*y f(c)] = ¢*((axc)x (bxc))
= ¢lp(axc)xg((bxc))] = ¢l(axyc)* (bxsc)]

= (axgc)*g (bxyc).

Obviously a *x a = f(a) implies fs(a) = ¢(f(a)) = ¢(a * a) = a *4 a. Now given
a,b € X there exists a unique ¢ € X such that ¢ b = f(a); therefore,

crpb=g(cxb) = o(f(a)) = fo(a).

Hence (X, %4, fy) is an fy-quandle.

In oder to show ¢ is an automorphism, assume that (X, 4, fs) is an fy-quandle with

@b = dlaxb) and fo(a) = 6(/(a))
Assume ¢(a) = ¢(b). Then there exist a unique element z € X such that zxa = f(b).

Then, ¢(x * a) = ¢(f(D)).

rxpa = f

I I
S
—~ —~ —~ —
©-
—~
IS
SN—
~— ~— ~—

That is = %5 a = a x4 a = f(¢(a)) implies that x = a.
Thus zxa = f(b) = f(a) = f(b) = a =bif f is injective. Since X is finite and

¢ is an injective homomorphism, ¢ is an automorphism.
]

Corollary 2.2.2 In the case where f is the identity map, Proposition 2.2.1 shows

that any usual quandle along with any automorphism gives rise to an f-quandle.
Example 2.2.3 Recall from [17] that any automorphism of the dihedral quandle Z,, is
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of the form ¢qp(x) = ax+0b for some a,b € Z,,. Using Proposition (2.2.1), we recover
the Dihedral f-quandle in Example 2.1.7. To see this, let (X, *, f) = (Zy,*,id), so
that (Zy,*) is a quandle, where vy = 2y —x (mod n) and define x %45y = ¢(r *y).

It 1s easy to see that
rxpy=¢(xxy) =02y —x) =2ay —ar+b (mod n).
Therefore, (Zn, *4, @) is the ¢p-quandle given in Example 2.1.7.

Example 2.2.4 Let S3 =< s,t: 52 = t3 = e,ts = st? > be the symmetric group on
three letters. Let x be conjugation on Ss. We know that (Ss,*) is a quandle ( so that
(S3, %, id) is an f-quandle where f = id). Let ¢ be the group automorphism on Ss
defined by s — st, t — t*. Then (Ss, %4, @) is a p—quandle where the operator 4 is
defined by x x4,y = ¢(y) ' d(x)d(y). For convenience, we give the Cayley table below:

For example:

txsst = o(st) " d(t)e(st)
= ot s Hot)o(st) (. dis a homomorphism)
= G(E)PN)o(st) (T =57 =)
= (tst) () (stt?)
= thstdst?
= ts?

= 1

The Cayley table of the ¢-quandle (Ss,*4, @) is given by:
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O* | e S t 2 st st?

Table 2.1: Cayley Table for x x4y = ¢(y) Lo (x)d(y)

We now define the concept of enveloping groups of f-racks.

Definition 2.2.5 Let (X, *, f) be an f-rack and let F(X) denote the free group gen-
erated by X. Then there is a natural map ¢ : X — Gx, where Gx is called the

enveloping group of the f-rack of X, and is defined as

Gx=F(X)/<x*xy=fy)ay v,y € X >. (2.2.4)

In the following, we discuss a functoriality property between f-racks and groups.

Proposition 2.2.6 Let (X, x*, f) be an f-rack and G be a group. Given any f-rack ho-
momorphism ¢ : X — Geonj, where Geon; is a group together with an f-rack structure
along a group homomorphism g, where the operation is defined as a xg b = g(b)ab™!,
there exists a unique group homomorphism ¢ : Gx — G which makes the following

diagram commutes:

(Gconja *G>g> id

Proof. Let ¢ : F(X) — G be an f-rack homomorphism extension of ¢ to the free
group F(X). Then
plyz f(y) (xxy)) =L
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Indeed,

Plyz " fly) Nz xy) = oW e(f(y) el *y)

= oo e(f) glew)e(x)ely) ™
— 1

since p o f = g o ¢ (f-rack morphism). It follows that ¢ factors through a unique

homomorphism ¢ : Gx — G. The commutativity of the diagram is straightforward.
]

Corollary 2.2.7 The functor (X, *, f) = Gx is left-adjoint to the functor G — Geon;
from the category of groups to that of f-racks. That is,

Homgroups (GX7 G) = Homf—racks (X, Gconj)

by the natural isomorphism.
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3 EXTENSIONS OF f-QUANDLES AND MODULES *

In this chapter, we investigate extensions of f-quandles motivated by the work of
[7]. We provide a general construction, as showed in [4], for an extension of X by a
dynamical cocycle «, denoted by X x, A. We define generalized f-quandle 2-cocycles
and give examples. We give an explicit formula relating group 2-cocycles to f-quandle

2-cocycles when the f-quandle is constructed from a group.

3.1 Extensions with Dynamical Cocycles and Extensions with Constant

Cocycles

Let (X, *, f) be an f-quandle and A be a non-empty set. Let av: X x X — Fun(A x
A, A) be a function, g : A - A a map, and F(z,a) = (f(x),g(a)). Our aim in this
section is to give conditions on « that guarantee that (X x A, %, F') is an F-quandle.
To come up with such conditions, we begin with the given condition that (X, x, f) is
an f-quandle where a(z,y) : A x A — A is defined by a(z,y)(a,b) = o, ,(a,b).

For (z,a), (y,b),(z,¢) € X x A, the operation * is defined as

(z,a) * (y,b) = (z * y, oz y(a,b)).

In order to prove that the operation * satisfies the condition (2.1.1) of Definition 2.1.1,

we need to show that

[(z,a) % (y,b)] * F(z,¢) = [(z,a) * (2, )] * [(y,b) * (2, c)]. (3.1.1)

#Sections of this chapter are taken from [12], which has been published in the journal “J. of Algebra and
Its Applications”, Vol.16, no.11, 2017.
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The left-hand side of (3.1.1) can be written as

(2, a) % (y,0)] x F(z,¢) = [(z,a) * (y,0)] * (f(2), 9(c))
= (zxy, auyla, b)) * (f(2), 9(c))

= [(z*xy)* f(2); a(m*y),f(Z)(aa:,y<a7 b),g(c))]

The right-hand side of (3.1.1) is given by

(2, a) % (z,0)] % [(4,0) % (2,0)] = [(2%2), azz(a, ) *[(y*2), ay.(bc)l)

= [(x*x2)*(yx*2); a(x*z)7(y*z)(az7z(a, c), oy (b, c)]

Equating the right-hand side and the left-hand side forces the following condition:

Ay, f(2) (ax,y(av b)? g(c)) = Oéﬂf*%y*z(ax,z (aa C)? ay,z(bv C))

for all z,y,z € X and a,b,c € A.
For the operation * to satisfy condition (2.1.3), we need to show that (z,a) * (z,a) =

F(z,a). So we have

(z,a) * (x,a) = (z*xz, ay.(a,a))

= (f(2); wula,a)).
On the other hand, F(z,a) = (f(x), g(a)) by definition. So the result is
0 (a,a) = g(a).

For the bijectivity of the map in (2.1.2), we need to show that given (y,b) and
(x,a) there exists a unique (z,¢) € X x A such that (z,¢) * (y,b) = F(x,a). The
left-hand side can be simplified to (z,¢) *r (y,b) = (2 * y; a,,(c,b)). By defini-
tion, F(z,a) = (f(x),g(a)). Therefore, we get the two equations z x y = f(z) and
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azy(c,b) = g(a). Thus the uniqueness of z and ¢. This result is better stated in the

following proposition:

Proposition 3.1.1 Let (X,*, f) be an f-quandle and A be a non-empty set. Let
a: X XX — Fun(Ax A, A) be a function and g : A — A a map. Then, (X x A, x, F')
is an F-quandle where F(x,a) = (f(z),g(a)) and the operation is defined as

(z,a) * (y,0) = (z *y, azy(a,b)), (3.1.2)

where xxy denotes the f-quandle operation in X, if and only if a satisfies the following

three conditions:
1. agz(a,a) =g(a) forallz € X and a € A;
2. For all x,y € X and for allb € A, a,,(—,b) : A — A is a bijection.

3. Qs (2) Az y(a,0),9(c) = Oguzysz(az2(a, c),ay.(b,c)) for all x,y,2 € X and
a,b,c e A.

If (X, %, f) is a f-crossed set, then (X X A,x, F) is a f-crossed set if and only if the
map « further satisfies a,(a,b) = g(b) whenever y*x = f(y) and oy, (b, a) = g(a).

Such a function « is called a dynamical f-quandle cocycle or dynamical f-rack cocycle

(when it satisfies the above conditions).

The F-quandle constructed above is denoted by X x, A, and it is called the extension

of X by a dynamical cocycle a.

Remark 3.1.2 When x =y in item (3) in Proposition 3.1.1, we have

Af(x),f(z) (ax,x(aa b), Q(C)) = ax*z,x*z(am,z(aa C); Oéz,z(ba C))

= Q;.(a,c) %4y 0y (b, ), VYa,b,ce A
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When f and g are both the identity map, we have

ax,z(am,m(aa b)v C) = Ogxzz*z (ax,z(aa C); aw,z<b7 C))

Qo (a%, 0, ¢) = Qpar(a, €) *guz 0 2 (b,¢) Va,b,c€ A
and thus it reduces to the classical case where
(€)1 (A %) = (A pas)
is an isomorphism as in [7].

Now, we discuss extensions with constant cocycles.

If for all z,y € X, the map o, : A x A — A is a constant map where o, ,(a,b) =
a+ ¢(x,y). Then equation 3.1.2 of Proposition 3.1.1 can be written as (x,a) * (y,b) =
(x*y,a+ ¢(x,y)). Recall that this situation was discussed in [9].

When ¢(z,y) = [, then we have the following.

Definition 3.1.3 [}/ Let (X, >) be a rack and 5 : X x X — Sx. [ is a constant rack

cocycle if

6x|>y,zﬁm,y - ﬂxbz,ybzﬁm,z'

If X is a quandle, then [ is called a constant quandle cocycle if B further satisfy
By = id.

Definition 3.1.4 Let (X, x*, f) be an f-rack and X : X x X — Sa, where Sy is the
group of permutations of A. If,

)\I*%f(z)/\ﬂﬂ,y - Ax*z,y*z/\x,z

we say A is a constant f-rack cocycle.
If (X, %, f) is an f-quandle and further satisfies A\, = g for all x € X , then we say

A is a constant f-quandle cocycle.
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3.2 Modules over f-Racks

In this section we will provide an equation for generalized f-rack cocycles and provide

a couple examples.

Definition 3.2.1 Let (X,x*, f) be an f-rack. Let A be an abelian group and let g :
A — A be a homomorphism. A structure of an X-module on A consists of a family
of automorphisms (1;;)ijex and a family of endomorphisms (7;;)i jex of A satisfying

the following conditions:

Nexy, f(2) e,y = Noxz,yxzllz,z (3.2.3)
nx*y,f(z)Ta:,y = Taxz,yx2Tly,z (324)
Towy,f(2)9 = NaxzyseToz T TowzyreTy,z (3.2.5)

Remark 3.2.2 If X s an f-quandle and we set x = y = z, then the f-quandle

structure of the Z(X)-module on A is a structure of an X -module that further satisfies

Ti@).4@9 = (5@).1@) + Ti(@).f@) Te,e-
Furthermore, if f and g are identity maps, thenn and T satisfy the following condition:
Now + Top = id
as shown in [7].

Recall that « is called a dynamical cocycle if it satisfies the conditions in
Proposition 3.1.1. Assume that oy ,(a,b) = 1., (a) + 754(b) + ks, then let Q(X) be
the free Z-algebra generated by 7, ,, 7., for z,y € X, where 7, , is invertible for every
z,y € X. We define Z(X) to be the quotient Z(X) = Q(X)/R where R is the ideal
generated by the above relations given in the definition 3.2.1. The algebra Z(X) is
called the f-quandle algebra over X.
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Recall from [7], a generalized rack 2-cocycle condition is given by

nmby,z(’ix,gﬂ + Rasy,z = 77xl>z,yl>z<’fx,z> + Tmbz,ybz("iy,z) + Raszy>z
for any z,y, 2 € X, where k,, means x(x,y) for (z,y) € X%

Example 3.2.3 Let A be a non-empty set, (X, f) be an f-quandle, and k be a gen-
eralized 2-cocycle. For a,b € A, let

QU y(@,0) = Ny y(a) + Toy (D) + Koy

We substitute o, (a,b) in item (3) of Proposition 3.1.1 to obtain

Left-hand side = gy 52y (azy(a,b) , g(c))
Xzxy, f(2) (nw,y(a) + Tuy () + Kay g(c))

Naxy,f(2) (nx,y(a) + Ty (b) + “w,y) t Tuxy,f(2) (9(c)) + Kaxy, f(z)-

Right-hand side = 0z yiz(2(a,¢) , ay.(,c))
= Qpargir (N0,2(0) + 702 () + Kae s My2(a) + 7y2(c) + Ky.2)
= Moz (M0,2(@) + Tu(€) + Kae) + Towz g (My,2(@) + 7y () + Ky )

+ Rgsxz,yxz-

By comparison, it can be verified directly that o is a dynamical cocycle and the fol-

lowing relations hold:

My, f(2) Ty = Towz sl = (3.2.6)
Naxy,f(2)Tay = TaxzyxzTly,z (3.2.7)
Toxy,f(2)9 = NaxzyszTa,e T TaxzyxzTy,z (3.2.8)
Nusy, f(2) Ry T Baxy, f(z) = NaszyrzRaz + Toxzyseby 2 + Kaszyez (3.2.9)
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where k., means k(z,y) for (z,y) € X x X, as in [7]. The condition in (3.2.9) is

called the generalized f-rack 2-cocycle condition.

Definition 3.2.4 When k further satisfies k. = 0 in (3.2.9) for any z € X, we call

it a generalized f-quandle 2-cocycle.

Example 3.2.5 Let (X, *, f) be an f-quandle and A be an abelian group.
Set Nyy =id, Tpy = 0,k = O(2,y).
Then ¢ satisfies the following condition:

o(x,y) + o(x 5y, f(2)) = bz, 2) + ¢(x %5 2,y %5 2).

If f further satisfy f = id, then ¢(x,y) + ¢(z > y,2) = ¢(x,2) + ¢(x > 2,y > 2) as

in [9].

Example 3.2.6 Let T’ = Z[T*!, S] denote the ring of Laurent polynomials. Then any
[-module M is a Z(X)-module for any f-quandle (X,x*, f) with ST =TS where

Nuy(a) =Ta, T,,(b)=Sb and f(c)=(T+ 5)(c)
for any x,y € X.
Example 3.2.7 For any f-quandle (X, *, f), the enveloping group
Gx =<z Xlrx*xy=f(y)ay ' >

with 1, 4(a) = f(y)a and 7,,(b) = f(b) — (x * y)(b) where z,y € X and a,b € G, is

an X -module.

Example 3.2.8 Here we provide an example of an f-quandle module and the explicit

formula for the f-quandle 2-cocycle obtained from a group coboundary.
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Let G be a group and A be an abelian group. Let 0 - A - E — G — 1 be a
short exact sequence of groups where E = A x9 G is an extension of G by A with a
group 2-cocycle 0. Note that 0 is a coboundary as well.

The group multiplication in E is given by
(a,2) - (b,y) = (a + x(b) + 0(x,y), vy),

where x(b) means the action of A on G. Recall that the group 2-cocycle condition is
0(z,y) + 0(zy, 2) = 20(y, 2) + 0(x, yz).

So we obtain that

(b,y) " =(=y ') =0y "),y )

Now, let X = G be an f-quandle with the operation xxy =y 'z f(y) andletg: A — A
be a map on A so that we have a map F : E — E given by F(a,z) = (g(a), f(x)).

Therefore, the group E becomes an f-quandle with the operation

(a,2)  (b,y) = (b,y) " (a,2) F(b, ).

Then one can compute,

(a,2) % (by) = (b,y)" ' (a,2)F(b,y)
= (0,y) " a,2)(g(0), [ (y)).

Ezxplicit computations yield
nx,y(a) =y a
Toy(0) =y 2 f(b) —y~'b
and

boy = =00y " y) + 0y a) +0(y 'z, g(y)).
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4 GENERALIZED COHOMOLOGY THEORY OF f-RACKS AND f-QUANDLES *

In this chapter, our aim is to introduce a generalized cohomology theory of f-quandles
and give some examples. Quandle cohomology groups will be computed for some
Alexander f-quandles. We first start by giving the general formula of the boundary
map 0" showing that we obtain a cochain complex. Then we will give the formula
of the boundary map in the simplest case when 7 is the identity map and 7 is the
zero map as in Example (3.2.5). We will also give the formula in the case when 7 is
multiplication by 7" and 7 is multiplication by S as in Example (2.1.8).

In the second half of this chapter, we make a short comment on some connections to
Knot Theory. We will give a diagrammatic notion for the twisted operator and then

show how it relates to the Reidemeister moves.

4.1 Cohomology Theory of f-quandles

Let (X, %, f) be an f-rack where f : X — X is an f-rack morphism. We start by
introducing some notation so that we can define the most generalized cohomology
theories of f-racks as follows.

For a sequence of elements (1, xs, T3, T4, ...,2,) € X", define

(21, To, T3, Ty, ) = (o0 (21 % 22) * f(23)) * f2(m4)) % ... ) % [ (2n).

Notice that, for i < n, by applying the first axiom of f-racks (n — i) times, first

grouping the first (i — 1) terms together, then iterating this process, again grouping

$Sections of this chapter are taken from [12], which has been published in the journal “J. of Algebra and
Its Applications”, Vol.16, no.11, 2017.
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and iterating each time, we obtain the following formula which we will use in our

computations.
(21, T9, 03,24, ..., Tp] = [T1, .o, Biy oo, ] * R [, T

Let CE(X| f) be the free abelian group generated by n-tuples (1, ..., x,) of elements
of an f-quandle (X, f). Define C%((X, f), A) := Hom(CE(X, f), A).

The following theorem provides a cohomology complex for f-racks.

Theorem 4.1.1 The following family of operators 6 : C%((X, f), A) — CET((X, f), A)

defines a cohomology complex:

(Sn(b(ﬂfl, Ce ,.I‘nJrl)

n+1
= (_1)n+1 Z<_1)Z (77[11 ,,,,, ZTiyeresTrt1)s [T 2[Tisenny xn+1]¢<$17 s aaAjia s axn-i-l)
=2
— A(w1 *x wy, wy ¥ 1y, Tk Ty, f(Tig), . f($n+1)))
+(_1)n+17-[a:1,a:3 ..... Tn41],[T2;-0s xn+1]¢(x27 cee 7xn+1)

forn > 2 and 6" = 0 for n < 1. Then CR(X, f) = {CR(X, f),0"} is a cochain

complez.

For n > 2, let CP(X, f) be the subgroup of C(X, f) generated by (n + 1)-tuples
T = (x1,22,...,%n41) Where x; = z;41 for some 2 < i <n.

Define P"(X, f, A) = {¢ € C&(X, f,A) | ¢(T) = 0,VZ € CP(X)}, otherwise define
CB(X, f) = 0. Then §*(CH(X, f)) C CH™ (X, f) and thus C} (X, f) = {CB(X, f), 5"}
is called degenerate subcomplex of C}(X, f). The cohomology H} (X, f, A) is called

as degenerate f-quandle cohomology of X with coefficients in A.

Before we give the general proof of the above theorem, we would like to show a low
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dimensional case, that is for all z1, z9, 23 € X,
52(51¢<I1, 9, .Tg) =0

which will help to understand the general proof. For ¢y : X — A, according to
Theorem 4.1.1, we have the map d'¢ : X x X — A given by

5" (w1, 22) = Mgy gLy (1) — (21 * T2) + Ty o) (22).

Now for a map ¢ : X x X — A, we have the map 6%¢ : X x X x X — A such that

52¢(x17 X2, x3) = _n[mhl‘g],fo[xg,xg}gb(xl? x3) + 7][$1,$2],f[$3]¢('r17 x2)

+ Cb(ifl * T, f(l"s)) - ¢(931 * T3, To * $3) - T[zl,zg],[xQ,x3]¢(x27 $3)-

Now taking the composition 6261 ¢(z1, zo, x3), we get the following:

5251w($17 X2, 333)

= ey 23], /0 e2.03] (U[zl],fom}@/)(%) — (w1 * x3) + T[I1},[:v3]w(x3)>

Hwr 2], f 3] (U[ml],fO[xQW(iUl) — (21 * 22) + T[xl],[mﬂ/)(%))
+(77[xl*x2],f0[f(x3)}¢($1 * 1) — (21 * 22) * f(23)) + T[xl*xz},[f(;ps)]7/J(f(333))>

~ (Morensh otravas (@1 % 25) = (01 5 2) # (22 % 23)) + Ty azoe ¥ (72 * 75)

—Tlz1 23], [2,3] ("{mLfO[mW(@) — (x2 x x3) + T[mL[mW(“”?’))'
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Notice that the coefficient of 1 (z) is

“Ne1,xs], 0 ez,es] M), fO[xs] T NMar,@a), flas) Nan], Olea]

which can be rewritten as

Nxysxz,zoxzs e,z + nxl*xg,f(xg)nx1,x2 =0

which follows from (3.2.3). Similarly, the coefficient of ¢(x2) is

Nz1,@2), flws) T[z1],[z2] = Tlw1,2s],[w2,28] Naa], fOlxs] = Twisas,f(zs) Te1,m2 — Toixas,zo*zsloe, o3

= 0 from(3.2.4)

and the coefficient of 1(x3) is

“Mw1,@3],f0[x2,3] Tlz1) 2] T T[rl*m],[f(ws)]f = Tz1,@3],[w2,23] Txa], [23]

T Nzixxs,zoxas Tey,xs + Tﬂc1*x27f(x3)f = Txixxs,zoxas Tro,xs

=0 from(3.2.5)

The coefficient of 1(x; * x3) is given by

Ma1,x3],f0x2,x3] — Mwrxas), fOlzoxas] = 0

since [r1,x3] = x1 % w3 and [xe,x3] = 3 * x3. The rest of the terms cancel out by
(2.1.1) and we see that §26'¢(xy, zq, 23) = 0.

Now we will give the general proof that, for all n > 1, §"*1§" = 0.

Proof. In order to prove that §"*16" = 0, we use the linearity of  and 7, and break

the composition 616" = 0 into two pieces.

First, for i < j, we will show that the composition of the i** term of the first summand
of 6" with the j*" term of the first summand of §"** cancels out with the composition

of the (j+ 1) term of the first summand of 6" with the i** term of the first summand
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of 6", As the signs of these terms are opposite, we need only to show that the
compositions are equal up to their signs. Now, we can see that the composition of the
it" term of the first summand of 6" with the j** term of the first summand of 6"+

can be rewritten as follows:

77[331,...,aﬁ"i,...,mwrl],fi*l[mi,...,szrﬂn[ml,...,:%i,...,ij+1,...,mn+1},fj [@jg1seerTnsi]
= n[xl,‘..,ii,,..,@#l,...,xn+1]*fj—1[zj,...,xn+1],fi—1[zi,...,ijJrl,..,,xn+1}*fi—1fj—i+1[xj+1,..,,xn+1}
M@ seeestyeres b1 yeney Trg1], ST T 150 Tng1]
= Mty 1o Bp 1 )5 LT B 1@ 1 [y FI [T 15Tt
n[:cl,...,ii,...,ijJrl,...,:L‘n_;,_l},fi—l[:r:z-7...,:?:j+1,...,xn+1]

= Mot eijirsens1 7 @41t ] 1@ 1o 1 ], (@ B 1T ]9

which is precisely the (j + 1) term of the first summand of 6" with the i** term of
the first summand of §"*!. For the simplicity, let’s denote this by

mn; = MNj+17i-

Similar computations show that for i < j, the composition of 7 from 6™ with the
it" term of the first sum of §"™! cancels out with the composition of the (i + 1)
term of the first sum of 6" with 7 from §"*! (with the same relation holding for the

compositions of 7 and the second summands). That can be abbreviate by

T = Thit1-

The composition of the i term of the second summand of 6 with the j** term of
the second summand of 6"*! cancels with the (j + 1) term of the second summand
of 6™ with the i** term of the second summand of §”*!, the composition of the it"
term of the second summand of §" with the j* term of the first summand of 6"+
cancels with the (j + 1) term of the first summand of 6" with the i"* term of the

second summand of 6" for ¢ < j. For the sake of brevity we will omit showing these
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computations.

All these relations leave three remaining terms, which cancel via the third axiom in

Definition 3.2.1.

The Table below presents all the above relations in an easier to read manner. In the
table n; represents the 7" summand of the first sum, o; represents the i summand

of the second sum, with order of composition determining its origin in 6" or §**!.

mn; = M+
Ni%; = 9417
mT = TTi+1
TO; = 01T
0;0; = 0j41109;.

Now we will give some examples of f-quandles when n and 7 are precisely defined.

Example 4.1.2 Let (X, %, f) be an f-quandle where n is the identity map and T is

the zero map. For n > 2, we compute 6™ :

5n¢(x17 Lo, ... 7xn+1)
n+1
= (_1)n+1 Z(—l)qu {(ZL’l, Loy e ooy Lj—1, Ljg1y-- - ,l‘n+1)
1=2
- (951 * Ly X * Ly o ooy, Timq * Ty, f(%’ﬂ), e f($n+1)>} :

Example 4.1.3 Let n be multiplication by 7" and 7 be multiplication by S as in
Example 2.1.8 with T'S = ST and f(z) = (S + 1)z for all z € X. Then for n > 2,

the map 0" is
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(5”@25(1’1, Lo, ... ,$n+1)
n+1

= (_1)n+1 Z(—l)lT(ﬁ(fEl, T2y e ooy Lj 1, Ljg1y-- - ,.Z'n+1>
=2
n+1

- (_1)n+1 Z(—l)%(?ﬁ * Ti, To ¥ Tiy oo, Tim1 ¥ Ty, f(Ti1), o5 [(@ng1))

=2
+ (_1)n+15¢(x27"'7xn+1)'

In particular, the 1-cocycle condition is written for a function ¢ : X — A as

T(x) + SY(y) —Y(zxy) =0

Note that this means ¢ : X — A is a quandle homomorphism.

For ¢ : X x X — A, the 2-cocycle condition must be written as

To(x1,2) + G(11 % T2, f(23))

= T¢(xq1,x3) + Sp(x2, x3) + P21 * X3, T2 * T3).

Remark 4.1.4 Suppose that the coefficient group of A is written additively as Z or

Zy,. Define a characteristic function

1, ife=y
0, fz#y

Xo(y) =

from the free abelian group generated by X™ to the group A. The set {x, : v € X"}
of such functions spans the group C(X, f, A) of cochains. Thus, if h € Ch(X, f, A),
then

h = Z )‘zX:c

rzeXn

where A\, € A are the coefficients of ..
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Stmilarly, define a characteristic function

Xi,j(k,l) =

from the free abelian group generated by X™ to the group A. The set {x;; : (i,j) €
X" x X"} of such functions spans the group C*(X, f, A) of cochains. Thus, if g €
C%(X, f, A), then

9= > NiXis

(,)eXm

where \;; € A are the coefficients of x; ;.
Now we will give an explicit example.

Example 4.1.5 We compute the first and second cohomology groups H' and H?,
with coefficients in the abelian group Zs, of the f-quandle X = Z3, T = 1,5 = 2.
Notice that then f(z) = 0. A direct computation shows H}(Zs,Z3) is 1-dimensional
with basis {x1+2x2}. Now consider the 2-cocycle ¢ = 3, .7 Ai.jXij) where x(i,7)
denotes the characteristic function. Then, for all (i,7,k) € Zs, ¢ satisfies: [p(i,7) +
o(i+25,0) — (i, k) — 2¢(j, k) — p(i + 2k, j + 2k) = 0.] Therefore, a direct computation
shows that H*(Zs, Z3) is 1-dimension with basis {x(1,2) — X(21)}-

Proof. The f-rack Zs3 has the operation
ixj=1i+2j (mod 3).
First, note that h € Z'(Zs, f,Z3). Then the 1-cocycle condition is
h(i) +2h(j) —h(ixj) =0
which can be rewritten as

h(i) + 2h(j) — (i + 2j) = 0.
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This implies

By taking h(1) = 3, we get h(2) = 20.
A direct computation shows Z(X = Zs, A = Z3) is 1-dimensional with basis {x; +

2X2}
Now let g € Z%(Zs, f,Zs3) be expressed as

9= MNij)Xi)

i,JEL3

Then, the two cocycle condition can be written as

AGg) T A fk)) = Ak) = 2AGk) — Aink,juky = 0 for @, j, k € Zs.
It simplifies to the equation
Alig) T A+25,0) = Aik) = 2AGk) — Atangrar = 0 for 4,5,k € Zs

and

)\(’L,Z) =0 for i € Zg.

Recall that the f-rack Zs has the operation
ixj=1+2j (mod 3).

Substituting the elements for all possibilities for the variables 7, j in the above expres-
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sion: as ¢ and j vary over all values of Z3, we get the following simplified equations:

Aeo) + Ay = 0

A02) ~ Aoy —Aeo = 0

Ao = Aao) — Aoz = 0

A2 T Ao T Ay — Aoy = 0

Ay Ao +Aa2 = Aoz = 0
Aiiy = 0forie{0,1,2}.

Therefore, by taking A\ 2) = a, A20) = f and A21) = 7, we get

Aooy=0, Aon=a+B+7, dopy=a—-B+7,

/\(1,0) =03, >\(1,1) =0, >\(1,2) =a,

>\(2,0) =03, )\(2,1) =7, >\(2,2) =0.
Then

g =alxo1 +Xx02 + X2 +BX01 — X02) — X1,0 + X0l +YX01) + X0.2) + X))

Since

OXo = X(,1) T X0.2) — X(1,0) — X(2,0)

OX1 = —X@©1) — X002 T X1,2) T X1

dim(H?) = dim (Ker §*)— dim(Im ') = 3—2 = 1. Second cohomology has the basis
{xa2 — xen}

4.2 Relation to Knot Theory

The relationship between quandles and knots leads to the natural question of whether

f-quandles could be used to define similar knot invariants. However, the introduction
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of the f-map in the axioms causes the standard labeling schemes for the crossing
diagrams to fail to produce labeling invariants under the Reidemeister moves. Instead,
we found the following crossing diagram to be of greater interest if we consider the

crossing to be as follows:

f(b)

F(b) a*bh

fla) f(b) f(a) f(b)

f(a) f(a) \

Figure 4.1: Relationship between f-quandle axioms and Reidemeister move I (a) and II(b)

fifia))  fifib))  f(f(c) fifta))  ffb))  f(fc))

Y)*ﬂb)

ff
fib)*fic)  (a*b)*fc) fb)*fic)  (a*c)b*c)

Figure 4.2: Relationship between f-quandle axioms and Reidemeister move III.
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Unfortunately, we see that change-of-label at an under crossing is not a closed oper-
ation unless the f-map is bijective. That is, for an f-quandle (X, x*, f), the label of
the arc entering a crossing must be an element of f(X), while the label of the out
going arc need not be. Indeed, to ensure a consistent labeling, it is clear one must
only use labels from f™(X), where n is such that f"(X) = f"*™(X) for every m, to
ensure one may return to the same labeling upon completing a circuit of the knot. If
a particular subset is selected though, one is restricted to a sub-f-quandle on which

the f-map is bijective.

While these issues are resolved when labeling via an f-quandle with a bijective f-
map, it appeared that this reduces the labeling by the f-quandle to precisely that of

a standard quandle.
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5 PoOLYNOMIAL COCYCLES OF ALEXANDER f-QUANDLES *

In this chapter, we focus on Alexander f-quandles introduced in the previous chapter
and their f-quandle cohomology groups, particularly their low dimensional cohomol-
ogy groups. Precisely, we determine the second, third, and fourth cohomology groups
of Alexander f-quandles of the form F [T, S]/(T — w,S — (), where F, denotes the
finite field of order ¢, w € F,\{0,1} and 8 € F,. Throughout this chapter, as in stan-
dard quandle cohomology theory, we will factor by the degenerate subcomplex and
call it the f-quandle cohomology of X and denote it by H*(X, *, f) (See the precise

definition below).

5.1 Preliminaries

We first recall the definition of Alexander f-quandles. Any Z[T*!, S]-module M with
the binary operation xxy = Tx+Sy for z,y € M, with T'S = ST and f(z) = (S+7T)x,
is an Alexander f-quandle.

In Example 4.1.2 of the previous chapter, when n = id and 7 = 0, we obtained a

cohomology theory where the differential is given by

5n¢(x17 s 7$n+1)
n+1

= (1Y (1O, Tas) (5.11)
.
- (—1)n+1 Z(—l)%(ﬂ?l * Ljy Lo * Ty ooy Ti—1 * Ty, f(l’z'ﬂ)a e 7f(37n+1))-

1=2

*Sections of this chapter are taken from [13], which has been submitted to “J. of Knot Theory and Its
Ramification”, 2017.
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As in standard quandle homology theory, the degenerate subcomplex is given by
CP = {(xy,29,......1,) € X"; 2; = 254 fori > 2}. A similar degenerate subcomplex
appeared in the work of Niebrzydowski and Przytycki, [39] under the name late degen-
erate complez. Also, recall Example 2.1.8: Any Z[w*!, B]-module M is an Alexander
f-quandle when

rxy=w-r+p0-y

for x,y € M and wf = fw. Notice that f(z) = (w+ f)z.

Remark 5.1.1 When f is the identity map and B = 1 — w above, then (X,*) is a

quandle and (M, *) is an Alexander quandle as usual.

We obtain similar results as in [3]: Consider X = Z,[T*!',S]/h(t) and A =
Z,|T*',S]/g(t) are module rings where h(t), g(t) € Z,[T*",S] and g(t) divides h(t).

Also there exists a quotient homomorphism X — A.

Proposition 5.1.2 Let a; = p™ fori=1,--- ,n— 1, where p is a prime and the m;

are non-negative integers. For a positive integer n, define ¢ : X" — A by
G122, -+, wn) = (21 — @2)" (w2 — 23)" -+ (X1 — 2) "2,

where the x; € A via the quotient map. Then

1. If a,, = 0, then ¢ is an n-cocycle in Z™(X, *, f; A) where f(x) = (w + f)z.

2. If a, = p™, then ¢ is an n-cocycle if g(t) divides 1 — w®, where a = a; + as +

..._{_a/n'

Proof. 1. By definition of §" on the function ¢, we obtain,
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5n¢(x17 s 7xn+1)

= (- nzﬂ(—l)i[dxla e L1, Tig 1y Tigs -+ oy Tng)
=2
— P * @iy i x @, [(@ig), [(@iga), o f(Tng1))]
=%
* = (-1 f}—l)i(xl —2)™ o (Tic1 = Ti) " (T — Tig2)”

=2

e (@ = ) (1) (g — )™ (g — )

— (=t i(—l)i(% k0 — Xk 1) e (v kg — f(wig))"
=2

(f(zig1) = f@ig2)™ - (f(@n) = f(@ng2)) " " (Tng1)
— (=12 (g % gy — T2 K Tpg1) ™ (Lot * Tt — T ¥ L) (T * )

(5.1.2)
By substituting y; = 2; — 2,41 and f(z) = (w + )z, we have
Fo= ) (1) (g +y) Y e
+ (D)"Y
- Z (wyn)™ (wy2)™ - - {wyir + (0 + By} H{(w + B)yis }*

AW+ B Yt O (Tng)

— (=)™ (wy) ™ (wy)® -+ (W) H{wyn + (w0 + B)wpra}*
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Since each a; is a power of p, and the coefficients are in Z,, we obtain
n
0 Q§($1, s anJrl)
n
_ i .a1 . .as a;—1 _a; Ap—1 .0n n+1l_ a1 as an—1_.a
= (1) yirys eyt Tl e (<L) Ry e
i=2
n
i,,a1,,02 ai—1, a; an—1 .0
HY (L) sy T g
i=2
n
i a1t+ag+-+a;_1 a;++an—1,,a1,,02 a;—1  a; An—1 an
- E :(_1> w (w+B8) "y Y Y Y f (T
i=2
n
i a1t+ag+-+a;— a;_1+-+apn—1,,a1,,a2 a;—1_ a; Ap— an
=) (—1)wmte 2w+ B)t WYty Yy f ()
i=2

. (_1)n+1wa1+a2+..-+an,2y%1ygz . _yzvfll {wyn T (w 4 ﬁ)xn+1}an~

(5.1.3)

By changing the indices in the second and fourth sum we obtain

6" P(w1, ., Tpy)

ai—1, a; An—1 .0n

n
_ i,,a1, a2
= (1) yiys? gy e
i=2
n—1
i..a1,,a2 a;—1 _a; Ap—1 .0
D G D R T Ve PR i
i=1
n
1, ,a1+a2+4a;_1 a;+-+an,,a1,,a2 ai—1, a; an—1 1.0
— E (—1)'w (w+PB) Yi Yo Yisy Yidr Y TR
1=2

n—1
i, a1+az+-+a;—1 a;+-+an,,a1,,a2 ai—1, a; An—1 ,.0n
- E (—)'w T w+B)" "Y1 Y2 Yot Yigr Y T
=1

+ (=) s -y e

_ (_1>n+1wa1+a2+---+an—1y?1ygz . _y;llri—ll {Wyn + (w 4 5)xn+1}an

o1



which can be simplified to

6" p(x1, - )
= (-1

n, .a1+as+-+an—1 a ai, a2 an—1 _.a
1 e+ B) Y e ey

n, ai, ag An—1 _.anp
Y1 Y™ Ypa xn+1

+

)
— (-1
(1)
~(-1)

ntl ja1tasttan— Lytg2 . yn THwyn + (w+ B)zpeq }o

Notice that when a, = 0, then the term (w + 8)° = 1, and therefore
0"¢(xq,...,2ye1) = 0 which implies ¢ is an n-cocycle.

2. If a, = p™», then

6" P(x1, ., Tpy1)
= (D)™t ys? -yt oy — (—1)twm e () 4 B)tnytyge g tatn

n+1l, ai az an—1 _.a n+1, ai+as+-+an,,a1,,a2 an—1_.a
+ (D)"Yt ey e = (=) w YL Ys” Y Y
An—1 _.Gn

_ (_1)n+1wa1+a2+---+an_1(w + B)anyiuytzzz eyt

n+1, a1+as+---~+an, a1 ,,a2 an—1, an

(D)™ ygtys? -y (= )™ — (1) Yi¥a o Yn-1 Yn
( 1) ( a1+a2+'~~+an)yaly“2 yn” llyg”
(1-

()" (1 —wytys gy =0 €A

by assumption. Hence, ¢ is an n-cocycle.

For convenience of calculations, we will reformulate the f-quandle cohomology as

follows: For i =1,--- ,n, let U; = x; — x;11. Then (5.1.1) becomes
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5"d(Uy, ... Uni1)

n

= (_1)”"!‘1 Z<_1)l¢<U17 ) Ui—la UZ + U’i-‘rl) Ui+2; ) Un+1)
=1

— (_1)n+1 Z(—l)z¢(w Ul,w UQ, e, W Ui_l,w UZ + (w + ﬁ) Uz‘+1; f(UZ‘+2)7 PR f(Un—H))

=1

(5.1.4)

The following formula is a generalization of [41, Eq. (3)] when n =id and 7 = 0. We
will decompose the complex C™(X) by the homogeneous degree as in [35], that is,

CHX) = A iy, U Ui € CX) | Y i =,

1<k<n

Since 6"(C%(X)) C C3™(X), we obtain a direct sum decomposition of the com-
plex as (C™"(X),d") = (®CH(X),0"). Also we will decompose ¢ € C7(X) as ¢ =
Zogagp_1 ¢a(U1: e 7Un—1) ’ Uﬁ and degree(¢a) = da-

S (O) Uty Un Unpr) = > 8" ¢ (Us, ., Un) - Untyy

0<a<p—1
+ (D" Y Ga(Urs e Unet)(Un + Ungr)*
0<a<p—1
— (D" Y Ga(Urs - Une) ™ (w4 B) ™ (WU + (w + B) Unsa)™
0<a<p—1

(5.1.5)

5.2 The 2-cocycles

In this section, we investigate the 2-cocycles by using equation (5.1.5). More precisely,

we provide a basis for the second cohomology Hé((X, *, f);Fy).

Proposition 5.2.1 Ifw”+?" =1 and (w+B)" " =1, where s and t are non-negative

integers, then U{’t UL is a 2-cocycle.
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Proof. By (5.1.4), we have

S(UPY = (Uy + U — (wU; + (w+ B) Us)”'.
Then it follows from (5.1.4) and (5.1.5) that
SUYUL) = s(UPUY — UV (U + Us)”

+UP Wl (w + B) = (w Uy + (w + B) Us)”" 020
1 2 3 .

Also, note that d, = p',a = p*, and d = p" + p*. Then, we have from (5.2.6),

JUTUS) = (U + U)P' UL = (w + B) (wUi + (w+ B) D) UF — UT (Up + Us)¥*
U W (w+ B)(wUs + (w+ B) Us)P"
= (1= W+ AP UE + (1= (w+ By UF UY
— (1= (w+ B UPUY — (1= Y URUY .
(5.2.7)

Since w?' " = 1 and (w + B)P'*7° = 1, the right-hand side of (5.2.7) vanishes. This

completes the proof.

We have the following:

Conjecture 5.2.2 Fizw, € F, withw # 0,1. Let X be the corresponding Alexander
f-quandle on F,. Then the set

{UPUY | PP =1, (w4 B =1, 0<v<u<m}

is a basis for the second cohomology H3((X, *, f);Fy).
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Example 5.2.3 Let p be an odd prime and u,v be non-negative integers. Let w = —1
and B = 2. Then we have wP " =1 and (w+ B)P"*?" = 1. Hence, the set defined in

Congecture 5.2.2 is a basis for 2-cocycles.

Let us recall the definition of a primitive element.

Definition 5.2.4 Let F be a finite dimensional extension field of K. An element o
such that F' = K(«) is said to be primitive.

Example 5.2.5 Let f(z) = 2* + x + 1 € Fa[z] and consider Fy = Fa[z]/(f). Let w
be a primitive element of Fy. (Then the order of w is 3). Let B = w?. Note that
w? = w +1 and that w? is also a primitive element of Fy since it is a conjugate of w

with respect to Fy. We have

w20+21 = 1 and (W + /6)20+21 = ]_

If Conjecture 5.2.2 true, then {UfOUgl} will be a basis for the second cohomology
HE((X,*, [); Fa).

5.3 The 3-Cocycles

In this section, we give a basis for the third cohomology group H%((X ., f); F,). For

positive integers a and b, let

pa(z,y) = (x +9)* — 2" —y*

and define
U(a,b) = (1a(Ur, Us) — pa(w Uy, (w + B8) Ua)) - Us.

Then we have the following proposition.

Proposition 5.3.1 If w*™" =1 and (w + B8)*™" =1, then ¥(a,p*) is a 3-cocycle.
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Proof. Define
h(Ur, Us) = pa(Ur, Uz) — pra(w Uy, (w + B) Ua).

Note that
Y(a,b) == h(U,Uy) - UL,

Then by equation (5.1.4), we have
o(U7) = (Ui + Us)* — (wUi + (w + B)U2)%,
which implies the following equality.
h(Uy, Uz) = 6(U7) — (1 —w®) - Uy = (1 = (w+ B)*) - U3
Also, from equation (5.1.4), we have

d(h(Uy, Us))

= —h(Uy + Uy, Us) + h(wU; + (w + B)Us, (w + B)Us) + h(Uy, Us + Us)

— h(wUy,wUs + (w + B)Us) (5.3.8)
= (L =w") h(U,U2) = (1 = (w + B)*) h(Us, Us)

= (MU, Us) = h(Us,U3)) — (0" B(U1, Us) — (w + B)" h(Uz, Us)).

Since
¥(a,b) = h(Uy,Us) - U3,
from equations (5.1.5) and (5.3.8) we have
5(¥(a,b))
[(h U, Uz) — h(Us, Us)) — (w + B)" (w* h(Ur, Ua) — (w + B)* h(Us, U3))} A

— (U1, Us) (Us + Us)® = w* (wUs + (w + B) Us)").
(5.3.9)

o6



Let b = p®. Then, from equation (5.3.9) we obtain

6(¥(a,p%))
= (1 —w (w+ B )WU, U) UY — (1= (w+ B) ) (U, T5) UY (5.3.10)
— (1 =P ) W(U, Up) UY" — (1 — w® (w + B)P°) h(Uy, Uy) UY"

Since W™ = 1 and (w + B)*™" = 1, the right-hand side of (5.3.10) is zero. This

completes the proof.

—_

.
Let x(z,y) = ) (=1)'7 a7t -al™ -yl =
1

((z+y)? — 2 — y?) (mod p). Define

Sl

]

Eo(a-p,b) = (x(U1, )" = (@ + B) x{w Uy, (w+ B) Ua)*) - UL,

Also, define h(Uy, Us) := x(Ur, Uz)* — (w + B)" x(w Uy, (w + 3) Us)".
Then we have

Eo(a -p,b) = h(Un, Uz) : U:?-

Hence, we have the following proposition:

Proposition 5.3.2 If w? " =1 and (w+ )" +" =1 with s > 0, then Ey(p*,p") is

a 3— cocycle.

Proof. We compute the following coboundary of Ey(a - p,b).

§(Eo(a-p,b)) = 6(h(Uy,Us)) - Uy — h(Uy,Us) §(U3)
= (1 —w™ (W +B)") (U, Ua) Uy = (1= (w+ B)™*") h(Usz, Us) Uy
— WU, Us) (Us + Uy)® — w™ (wUs + (w + B) Us)”).
(5.3.11)

Let a = p*~! and b = p". Then from equation (5.3.11) we have
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(1= (w+ B ) WUy, Us) - UT
— (L= (w+ 87" h(Us, Us) - UY (5.3.12)
— (1=t )Up h(Uy,Us)
(

1—w? (w+ B)") h(UL, Uy) - U

Since w?" " = 1 and (w4 B)?"7" = 1, the right hand side of (5.3.12) is zero. This

completes the proof.

p—1

Again, let x(x,y) = 2Pyt = —((r 4+ y)P — 2P —yP) (mod p)
p
i=1
Define
Bi(a,b-p) = U - (X(Us, Us)" = x{w U, (w+ ) Us)").
Also, define

h(Us,Us) = x(Uz, Us)" — w* x(w Vs, (w+ B) Us)".
Then we have the following proposition.

Proposition 5.3.3 If w? ™" =1 and (w + B)P" " =1 with s > 0, then E1(p',p®) is

a 3—cocycle.

Proof. Note that
Ei(a,b-p) = Uy h(Uz, Us).
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We have

6<El(a’7 b p))
= (U - h(Us, Us))
= 0(UY) h(Us, Uy) — UL 6(h(Us, Us))

(5.3.13)
= ((Ul + Ug)a — (w + ﬁ)p.b (w U1 + (w + 6) Ug)a) h(Ug, U4)
— U (WMUs + Us, Uy) — w* h(wUs + (w + B) Us, (w+ B) Us))
+ Uf (h(UQ, U3 + U4) — w“ h(w Ug,w U3 + (w + ﬁ) U4))
Let a = p' and b = p*~!. Then from (5.3.13) we have
O(E1(p', p%))
= 0 [(1 = " (w4 B)") h{Us, Us) = h(Us + Us, Ui)
(5.3.14)

+w” h(wUs + (w+ B)Us, (w+ B)Uy) + h(Usy, Us + Uy)
— W h(wUs,wUs + (w + B) U4)] + (1= (w+ ﬁ)ptws) Ugt h(Us, Uy).

Since h(U;, Uiy1) = X(U¢7Uz’+1)p57l — W xX(wUi, (w+ B) Ui+1>p5717 W = 1 and
(w + B)P" " = 1, straightforward computation yields that the right-hand side of
(5.3.14) vanishes. This completes the proof.

Let p be a prime and let u, v, and ¢ be non-negative integers. Define F'(p, p*, p') =
UY' U3 US € O where p*,p*,pt < q.

Proposition 5.3.4 1. If w?" "t =1 and (w + B)P" "' = 1, then F(p*,p*, p")

s a 3-cocycle.

2. If wP" ™" =1 and (w + B)P" 7" =1, then F(p’,p*,0) is a 3-cocycle.
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Proof. We first prove (1).

S(F(p°,p",p"))

=5t Uy'UY)

= (U1 + Ua)”" = (w+ B 7 (s + (w+ B)UR)) - US" - UT

— U (Us + Us)?" — o (w + B (WU + (w + B)Us)P") - UY

+ UF - US (Us + Un)”" — w47 (wUs + (w + B) U)") (5.3.15)
= (1w (w+ APV ULUY + (1 — (w+ QPP+ s Uy

— (L= WP (w4 BPUP U U — (1 — W (w + B U U Y

(1 — P+ HYUP U UL + (1 — " (w + 8P UP UE UY

+

0.

Since w? TPt =1 and (w4 B)P "+ = 1, the right hand side of (5.3.15) is 0. In
(2), by taking p as zero in (5.3.15), and with w?’*P" = 1 and (w + B)P"*P" =1, it can

be shown in a similar manner that 6(F(p”, p*,0)) = 0.
n

As in [33, 35], let @ be the set of all tuples (p”, p*, p', p°) where p is a prime,
v<tu<s,u<t and W TP = PP = (W4 BT = (w+ B)P"TP° =1, and where
one of the following conditions hold:

Case . wP' ™" = (w+ B)PF' " =1.

Case II.  wP"*P" (w+ B)P" " £ 1 and t > s.

Case III. wP" ™" £ 1 (w+ B)P" " £ 1,t =5, and p # 2.

Case IV. wP' " £ 1 (w4 BP P £1lLu<v<t<s wl =wl, and

(w+ B = (w+ A" when p £2.

Case V. WP P £ 1 (w+ PP £lLu<v<t<s, WP =wP, and

(w+ B)P" = (w+ B)P" when p = 2. Moreover, if p = 2, we need u < t as well.

For each (p¥, p*, pt, p*) € @, we denote a cocycle by I'. We have the following propo-

sition related to case I, wP' ™" = (w + B)P" 7" = 1.
Proposition 5.3.5 T'(p*, p*, p*, p*) = F(p¥, p* + p', p°) is a 3-cocycle.
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Proof. We compute §(F(p*,p" + p', p®)).

S(F(p,p" +1",p%)

= s(Ur'uyT Uy

= ST UT — U S(UETUT 4+ U US S(UY)

= ((Uy + Ua)"" — (w+ B+ (WU + (w+ B) )P UF ' U

= U (U + Us)"7 — " (w + B) (w + B) (U + (w + B)Us)P ) UY

U UET L (Us + Ug)?” — P77 (w4 B4 (WU + (w + B)ULP).
(5.3.16)

Note that (z+y)?*?" = (27 +y?")(2?' + "), in which case the above can be reduced

to

ST UL Y

= (L= (w+ B PIUTUT UL 4 (1= (w o+ By Uy Uy Uy
= (L= P o B UY UF UL — (L - W (w o BT UY U O
— (L= w+ BT VS US U — (1= W w o+ B UL U U U
N

(1 . wpv_,'_pu_i_pt_;'_ps)U{)v U5u+pt Ugs + (1 i wpv+pu+pt (W + B)pS)U{)U U§u+pt Ufs

(5.3.17)

For case II, where we have the following proposition w? 7", (w + B8)P" 7" # 1 and

t>s.

Proposition 5.3.6

L(p’,p",p',p°) = F(p",p" + p',p°) — F(p",p" + p°,p")
— (W (W B = 1) = WP (w + B E(p, pt pt + p°) + F(p + pt,p%, 1Y)
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1s a 3-cocycle.

Proof.

O(F(p”,p" +p',p%) = 0(F(p",p" +p°,p"))
— (@ (w+ B = D)L= W (w+ BN (F (", p", p + D)
+0(F(p* +p*,p°,0")))
= —(1 =" (w+ BT VS US U + (1= 7" (w + gy UF U Uf U
— (@ (w+ B = D)L = WP (w + B [(1 — W (w4 B U U U U
— (1= (w+ B UP UF U UY
= 0.
(5.3.18)

For case III, where we have the following proposition, w? ™" (w + B)P" 77" £ 1,t = s

and p # 2. In [42], it is shown that we can present this as follows:

Proposition 5.3.7 T'(p*, p*, p*, p*) = F(p¥, p' + p°, p") is a 3-cocycle.

Proof. 'The proof is similar to that of Proposition 5.3.5.
]

Finally, we have the following proposition concerning the cases IV and V, w?' 7" £
Lw+p)P P £1lu<v<t<sand wP =w’ (w+ B)P = (w+ B)P" when p # 2
and w? P (w4 BPP £ Lu<v <t <sand WP =w, (W B)P = (w+ B

when p = 2.In [42], can be present as:

Proposition 5.3.8 T'(p",p",p',p%) = F(p',p" + p",p%) is a 3-cocycle.

Proof. The proof is similar to that of Proposition 5.3.5.

We will have the following.
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Conjecture 5.3.9 Fizw, € F, withw # 0,%1. Let X be the corresponding Alexan-
der f-quandle on F, where Hgg((X, x, f);Fy) =2 0. Then the set

I={F(p’p",p') | w7 = (w+ B = 1p" <p" < p' < q}
U {F(p",p",0) [ " *" = (w4 B = 1,p" < p* < ¢}

U {Eo(p-p",p") w7 = (w+ B = 1p < p* < g}
ULE(p"p- ") | = (w4 B = 1,p" <t < g}

U AT " p", 0" 0% | (0°,0",0",p°) € Qq)}

is a basis for the third cohomology H%((X, *, f);F,).

Example 5.3.10 Let p be an odd prime and let u,v and t be non-negative integers.
Let w = —1 and § = 2. Then w7 £ 1 and (w + B)P'" 7"+ = 1, and we have

the following:

1. F(p®,p*,p") is not a 3-cocycle.
2. F(p®, p,0) is a 3-cocycle since wP 7" =1 and (w+B)P"+P" = 1. Also, Ey(p*t, p*)
and Ey(p®, p*™) are 3-cocycles. Moreover,
Q(q) = { (", p", 0", p°) | p* < p',p° < p',p" <p°},
and WP TP = (w 4+ BT =1 for any (p¥, p*, p', p°) € Q(q).

Therefore,

{F(p®,p*,0) | 0 < p’ <p* < q} U{E(p"",p") | p" < p" < ¢}
U{E(p", p"*") | p¥ < p" < ¢}

U{F(p",p" + 0", p°) | p* < p',p" <p',p" <p°,p' <gq, for alli € {v,u,t,s}}

is a basis for the cohomology group H%((X, *, f);F,).
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Remark 5.3.11 Ezample 5.3.10 shows that when = 1 — w, the basis for the co-
homology group H%((X, x, f);F,) above is the same as the basis for the cohomology
group H{((X,*);F,) as in [35, Subsection 2.4.1].

Example 5.3.12 Let f(z) = 2% + 2* + 1 € Fy|z] and consider Fg = Folz]/(f). Let
w be a primitive element of Fs. (Then the order of w is 7). Let § = w?. Note that
w? = w?® 4+ w and that w? is also a primitive element of Fg since it is a conjugate of

w with respect to Fy. We have
W 1 and (w4 B)X Y =1,

but w¥*? £ 1 fori,j € {0,1,2}. If Conjecture 5.3.9 is true, then {F(2°,2',22)} will
be a basis for the third cohomology group H%((X, x, [);Fg).

Note: There are many Alexander quandles satisfying the condition H?*(X,F,) = 0
as shown in [40] with F, is an extension of [, of the odd degree with w # —1. Under
the assumption of H%(X, f,F,) =0, basis in Conjecture 5.3.9 is given in the following

remark.

Remark 5.3.13 (Theorem A.2, [1]) Fiz w € F, with w # 0,1. Let X be the
Alezander f-quandle on F, as above. Assume HZ?(X, f,F,) = 0. Then the following
set provides a basis of the third cohomology H (X, f,F,):

{UP UP P | WP T = 1w B =10 <o <u <t <m}.

5.4 The 4-Cocycles

In this section, we present some polynomials and show that they are 4-cocycles. The
main theorem gives a basis for the cohomology group H, é((X ,*, f); F,) under the con-
dition that H, %((X ., f);F,) is trivial. Also we have given some 4-cocycles in Propo-
sitions 5.4.5, 5.4.6, 5.4.7, and 5.4.8 without the assumption of H(%((X, *, f);Fy) = 0.
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Proposition 5.4.1 If w? P77 — 1 = ( + B)P"HP"P'+P°  then the polynomial

Uf”U;”“Ug’th is a 4-cocycle.

Proof.

S(UP U UR UP)

= (UL + Do) — (w+ By 747 (WU + (w + B) V)" U UL U

— U - (Us + U™ — " (w+ B (U + (w+ B)Us)") U UE

+ UV UL (Us 4+ Un)? — o (w + B (wUs + (w + B)Un)P) UE

— UPUE U (Us+ Us)?" = P (WU + (w0 + B)Us))

1— W (w+ B UV UP UY U + (1 — (w+ BP0 Ug U U U

1 — P’ " +pt (w + ﬂ) )UP UP Up UP ( — e (w + /B)ps-‘y—pt)U{JnguUftUgs

(

— (1= (w4 QP HUP U UTUP — (1 — o (w + )PP ur o vt e’
+ (
= (

1 — W PR P Rt R gr — (1 - WP (w4 g UP UR U U
(5.4.19)

Since w?" PP = 1 = (w + B)PHPTPHPT — 1 the right-hand side of (5.4.19) is

zero. This completes the proof.

n
p—1
i1 1 pei i L
We recall x(z,y) = Z (=) i 2Py = (e +y)P — 2P —yP) (mod p).
, p
=1
Proposition 5.4.2 If """ = 1 = (w + BT then the polynomial

(X(Ul, Uy — (w+ B)P 7 x(w Uy, (w+ B) Uz)p">U§t UY" is a 4-cocycle.
Proof. Let

WU, Uy) = x(Uy, Up)?" = (w+ B P x(w Uy, (w+ B) Up)”"

Then we will get the following.
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S(h(Uy, Uy) US UY)

= §(h(Uy, Us) UP'UY*

— (UL, Us) (Us + Up)?" — ™" (w+ B (wUs + (w + B) Uy)"') U

h(Uy, Up) UY (Us + Us)?" — "4 (WU + (w + B) Us)?)

(1= (w+ B ) (U, Un) U U — (1= (w+ B 759" ) (U, U) UY UE

+

u+1

— (1= (w4 B ) (UL, Un) UP UP — (1 — ™" (w+ B)P ) h(Uy, Us) UP UY
(1= WP TP (UL, U UR U + (1 — P (w o+ BYP) (UL, Us) UE UP.
(5.4.20)

Since w? " TP = 1 = (w + )PP = 1 the right hand side of (5.4.20) is

vanishes. This completes the proof.
|

Proposition 5.4.3 If w?" 770 = 1 = (w + BT = 1, then the polynomial
U (X(UQ, Us)?" — w?” (w + B)P x(wlUy, (w + ﬁ)Ug)pt>Ufs is a 4-cocycle.

Proof. Let h(Us,Us) = x(Us, Us)?" — w? (w4 B) x(wls, (w + B)Us)?. Then

s(UY" h(Us, Us) UY')

= (1 + W) = (+B)" " (Wl + (w+ B)Ua)"") W(Us, Us) U

— Ul (MU + Us, Us) = " (w+ B) h(wUs + (w+ ) Us, (w+ B) Us)) UL

+ U (MU, Us + Us) — o (w+ B h(wUsz,wUs + (w + B) Uy)) UL

— U h(Us, Us) (Uy + Us)?" = P (0 Uy + (w + B) Us)”)

— [(1 — W (wt BT h(Us, Uy) — h(Us + Us, Us) + h(Us, Us + Uy)

+ W (W B hwUs + (w+ ) Us, (w+ B) Us)

— W (W B hwUs, wUs + (w+ B)Us) — (1 — w7 (w+ B)) h(Us, Us)| UF

+ (1= (w+ B Y UL h(Us, Un) UL — (1= w0 U (U, Us) U
(5.4.21)
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Since

t

h(U;, Uiy1) = x(U;, Uz'+1)pt — W (w+ 5)pSX(WUi7 (w=+B)Uisr)?,

and WP PP = 1 = (w+ B)PHPTHPT = 1) it can be shown that the right hand side

of (5.4.21) is zero. This completes the proof.

Proposition 5.4.4 If w?" """ = 1 and (w+B)P" 7"+ = 1, then the polynomial
UP'U3" (X(Us, UnY” = 7" (w0 Us, (w+ B) Un)”)

15 a 4-cocycle.

Proof. Let h(Us, Uy) = x(Us, Uy)P" — wP ™" x(w Us, (w+ B) Uy)?". Then

(U U h(Us, Us))
= 5(UT)US" h(Us, Us) — UT"8(US" Yh(Us, Us)) + UY U 6(h(Us, Us))
= (Ui + Do) — (w+ B (wUy + (w+ B) Un)?" ) UY h(Uy, Us)
— U ((Uy + Us)?" — " (w+ B (WU + (w + B) Us)** Y h(Us, Us)
+ U UL (R(Us + Uy, Us) = w7 h(wUs + (w + B) Us, (w+ B) Us))
— U UF" (h(Us, Us + Us) = ™" h(w U, wUs + (w0 + 6) Us) )
= (1 — (w+ B "+ Y Ur U h(Uy, Us) + U U [h(U3 + Uy, Us) — h(Us, Uy + Us)
— (L= (w4 B)) (Us, Us) +6#"" h(w Us, w Us + (@ + ) Us)
— W (W Uy + (@ + B) U, (w + B) Us))
(5.4.22)

Since

]

h(Um Ui+1> = X(Uu Uz‘+1)ps — WP X(W Ui, (W + 5) Ui+1)p
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s+1

and W' PP = 1 = (w4 B)PHP"TP"T it can be shown that the right-hand side of

(5.4.22) is vanishes. This completes the proof.

In following Propositions 5.4.5, 5.4.6, 5.4.7, and 5.4.8), the condition H%((X, *, [);F,) =

0 is not needed.

Proposition 5.4.5 Ifw? tP 0" +0" 07 — 1 (o )PP T 0t — ety — et —
Land (+ B P4 = (w4 B4 = 1, then the polynomial UY U ™" US UY is

a 4-cocycle.

Proof. We will compute 5(UfiU§j+puU§ths).

S(UYUETT Uy Uy

= (U1 + Ua)" — (w + By 4757 (WU, + (w + B U US P UY U2

— U (Ua + UsP*7" — ' (w + B (wUs + (w + B)Us) P+ ) UF UL

+ U{’i _ Ug”rpu (U3 + U4)pt — Wpi+pj+pu(w + B (wUs + (w + 5)U4)pt))U§)S

= UP O U (U U)W U (w0 B)TR)).
(5.4.23)

Note that (z +y)?”' 7" = (#’ 4+ y?’)(z"" + y”"). Hence, from (5.4.23) we have
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5(Ulpz U§j+pu Ué’t Ufg) _ (1 . wpi (w + B)pj-&-P“-l-pt-l-ps)Upi Up]'+pu Upt Ups
+(1—(w+ 5)pi+pj+p“+pt+ps Up“rp Up Up
Up UP]er UP UP
—(1- WP P (w+ 5)p“+pt+pS)Uf Uéﬂ U?I)’ Uf Ug
— (1= W W QP U U U U U
(1w oy gy UL U U T
(L= g g oY U Uy Y
(1 p +pJ +p1L+p +pS ) Uint U§]'+pu Ugt Ufs
= (

)Us
—(1— WP PPt (w+ BP P p“rp Up ur
)

— (1 — W (w+ B

(5.4.24)

L — WP o 4 gy U U U U

Since WP PP = | (w 4 BPEPIIPPR = ] P = PP = ] and (w +
BP PP = (w4 )P 4P = 1 the right hand side of (5.4.24) is zero. This completes

the proof.
|

Proposition 5.4.6 If w?"" """ =1 and (w+ B =1, then the polynomial
(X0, U2 —(@8)"™" w0 U, (@) Ua ) (x(Us, Un =™ Xl Uy, (w+8) Un)"”)

s a 4-cocycle.

Proof. Let h(Uy,Us) = x(Uy, Ua)”" — (w + B)"" x(w Uy, (w + B) Up)?" and

u+1

W (Us, Us) = x(Us, Ug)”” — " x(wUs, (w+ B) Us)?”
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Then

6(h(Uy, Us) b*(Us, Uy))
= §(h(Uy, Us)) h*(Us, Us) — h(Uy, Us) 6(h*(Us, Uy))
= WUy, Us) |h*(Us, Uy + Us) — K*(Us + Uy, Us) + (1 — " (w + B)" YW (Us, Us)

— " W (wUs,wUy + (w+ B)Us) +w” b (wUs + (w + 8) Uy, (w+ B8) Us)

— (1= (w+ B W(Us, Us)h* (Us, Us).
(5.4.25)

Since h(Us, Uit1) = x(Us, U )P — (w + B x(w Uy, (w + B) U,
(Ui, Uisr) = x(Us, Ui+1)ps — W x(wUs, (w+ B) Ui+1)ps, W = 1, and

(w+B)P"" P =1 it can be shown that the right-hand side of (5.4.25) is zero. This

completes the proof.

Proposition 5.4.7 [fwp"ﬂohrzf‘ﬂos+1 =1, (w+5)p"+pj+p“+ps“ =1, WP — Pt —

1, and (w+ B)P" 7" = (w+ B =1, then the polynomial
UfiUéDj—i_pu (X(U37 U4)ps - wpi-‘rpj-i-p“ X(w U37 (W + 6) U4)ps>

15 a 4-cocycle.

Proof. Let h(Us,Uy) = x(Us, Uy)?" — w? 7" +7" \(w Us, (w + ) Uy)”". Then
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S(UT UE " h(Us, Uy))

= §(UY ) UE " h(Us, Us) — UF 8(US ") h(Us, Us) + UY UF 7" 6(h(Us, Uy))
= (U1 + Ua)" = (w+ By "7 (WU + (w+ B)U2)" ) UF P h(Us, Us)

- Upi (U + U3)pj+pu — W (w+ ﬁ)ps+1(w Us + (w+B) U3)pj+pu) h(Us, Us)
+UP U (W(Us + Uy, Us) — WP " h(wUs + (w + 8) Uy, (w + B) Us))
—UP U™ (W(Us, Uy + Us) — w7 h(w Us,w Uy + (w + 8) Us))

=(1- WP (w+ 5)pﬂ'+pu+ps+1) Upi Upj+p“ WUy, Us)

+(1— (w4 B)P +pﬂ+p“+p5+1) Up Up]+p h(Uy, Us)

L— WP (4 BT U UEP (UL, Us)

+1

1 — W' (w4 P UP Ur UP h(Uy, Us)

+1

(
—(
—(
—(

1 — P " (w+ﬂ)p1+p Ufi ur” U;fj h(Uy, Us)

+UP UE ™ (W(Us + Uy, Us) — WP " h(wUs + (w + B) Uy, (w + B) Us))

)
)
)
— (1= w? (w+ B U UP Y (U, Us)
)
—UP U (W(Us, Uy + Us) —

WP B (w0 U, w Uy + (w + B) Us)).

(5.4.26)

Since h(Us, Uisr) = X(Us, Uigr )" =P 442" x(w U, (w+B) Uy )P°, wr' +2/ #7507
(w+ﬁ)Pi+p1+pu+ps+1 _ 1’ (,(_)p +pj — wp +p — 1’ and ((A_)«l»ﬁ)p +ps+1 _ (w+/@)pj+ps+l

the right hand side of (5.4.26) vanishes. This completes the proof.

Proposition 5.4.8 [f w?' 2 T 7" 40" 40" — 1 (w+ B)pi+pf+p”+p“+pt+ps =1,
WP = PP = PP — P = 1 and

(w+ BPHP = (w+ B = (w+ B = (w+ BT =1,

then the polynomial U{’iUg’”vaé’”thfs is a 4-cocycle.
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Proof.

(UYL UE Y

= (U1 + U2 = (w+ B 4057 (WU, + (w + B)UR)") UF U 02

— U (Ua + Us P47 — o (w + B 757 (w Uy + (w + B)U P4 ) U U

FUP L UPT L (Us + U — P (G B (wls + (w -+ B) UL U2

_ U{’i . Ugj+p“ . U§“+pt Uy + Us)?" — WP P HpU 4Pt pt (w Uy + (w =+ B)Us)?").
(5.4.27)

Note that (z + y)?”' 7" = (#’ 4+ y?’)(a"" + y*"). Hence, from (5.4.27) we have

s Uy Uy Uy

= (1- WP (w+ ﬁ)pf+p”+p“+pt+ps) Ufi Ungrpv Ufupt ur
+(1—(w+ 5)pi+pj +p”+p“+pt+p5) Ugi U?z)ﬂ' +p¥ Uf”’pt U5ps
—(1- WP PP (w+ B)P" P U{’i Ugﬂ' +p" Ufu“’t Uy
—(1— WP (w+ ﬁ)pj +p”+p“+pt+ps)U{Ji ngj +pV Uf"+pt Ué’s

—(1- WPt (w+ B)p“+p“+pt+ps)Upi Upj Uy’ Up“+pt uY

pi+pi+pU4pttpt+p®y prp’ 0’ 00 v+t

—(1- P (w+ B)pj+p“+pt+pS)Up ur’ UPJ Ur " pt 4 (5.4.28)
+ (1— P TP AP Pt (w+ B UP Up3+p ur “tpt Up
+ (1— WP P Y (w+ ﬁ)p“+pt+ps) p“rp Up“+p Up
+ (- P TP Pt (w+ 5)ps+p )UP Upﬂ+p Up Up Up
+(1-— WP TP pU 4Pt (w+ By UP Up3+p Up ur" Up
(
(

1 — WP PR (4 gy U{’i Ugj +p" U§“+pt ur.

Since wpi+pj+pv+pu+pt+ps _ 1’ (w+5)pi+pj+pv+pu+pt+ps _ 17 wpi+pj _ wpi+pv _ wpv+pu _
WP =1, and (w4 BP = (w+ PP = (w4 B = (w+ B =1, the
right hand side of (5.4.28) is zero. This completes the proof.
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Let ¢ = p™, where m is a positive integer. Let

A= {U{”UUQPUU?{’thS | WP PR = ] (4 PP = <o <u<t<s<
m}
B = {(X(Ul, Up)P" — (w+ ﬁ)pt+st(w Ur, (w+5) UQ)pu)UgthS | WP — (w+

BT — 1 0<u<t<s< m},

C = {Uf” (X(Uz, Us)P" — wP" (w + B x(wls, (w + B)Us)P YUY | w747 =1 (w +
BT — ] 0<v<t<s< m},

D = {UP'US" (x(Us, U — w7 (U, (w0 + B)U)) | 0™ = 1 (w4
BT — ] 0<v<u<s< m}, and

E = F(pv7pu’pt70) = {vaUgngt | wp“—l—p“—&—pt = 17 ((U + /B)p“—&—p“—i-pt = 170 <v<u<
t < m}.

We have the following Conjecture:

Conjecture 5.4.9 Fizw, 3 € F, withw # 0,1. Let X be the corresponding Alexander

f-quandle on Ty where HE((X, *, f);Fy) 2 0. Then AUBUCUDUE (defined above)
is a basis for the fourth cohomology Hé((X, *, f);Fy).

Example 5.4.10 Let f(z) = 2* +x + 1 € Fqlx] and consider Fig = Fy[z]/(f). Let w
be a primitive element of Fyg. (Then the order of w is 15). Let 8 = w*. Note that
w? =w+1 and that w? is also a primitive element of Fig since it 1s a conjugate of

w with respect to Fy. We have
WY o 1 and (w+ B)THEHEY =

but W22 £ 1 fori, g,k € {0,1,2,3}. If Conjecture 5.4.9 is true, then A is a basis
for fourth cohomology group Hé((X, , [);F16) where A defined above.
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6 CONCLUSION AND FUTURE WORK

The main goal of this dissertation was to generalize quandles. We have introduced a
new hom-algebraic structure on quandles, an f-quandle. In Chapters 2,3, and 4, we
have given definitions, properties, examples, classification, extensions, and cohomolo-
gies. Since Quandles and hom-algebraic structures have been investigated separately
in a thoroughly manner by numerous authors, one can investigate more properties and
connections of f-quandles towards different areas of Mathematics and Physics, such
as the Yang-Baxter Equation, String Theory, quantum scattering, lattice models, and

other contexts.

We have given generalized 2,3, and 4-cocycles on Alexander f-quandles in
chapter 5. Furthermore, we have given three Conjectures, (5.2.2),(5.3.9), and (5.4.9).
We plan to work on their proofs. Also, one can investigate the results of attaching

not only one homomorphism, but several homomorphisms to an f-quandle.

We believe we have opened up a new concept that can be more and more

fruitful in Mathematics and Physics.
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Appendix A - Programming Codes

Here we present a Maple code that we used to double-check our hand calculations on

Example 4.1.5.
Maple Code 1

#clean up everything and initialize used libraries
restart:

with(group) :

with(LinearAlgebra[Modular]):

#gives the dig-th digit of the number a over base pp
used for indexing purposes
digt:=proc(a,dig)
floor(a/pp~(dig-1)) mod pp: end:
pp:=3; # This is ‘‘p’’ of Z_p over which the the twisted quandle
is defined.
SS:=2;
TT:=1;

Zn:=3; #the n of Zn being mapped too

#defines the operation of the twisted quandle
h:=proc(al,a?2)
(TT*al + SS*a2) mod pp : end:
#1-cocycle acting on bl and b2 with phi set to be the characteristic
function for Charic
cycl:=proc(bl,b2,Charic)
local mapil;
mapl:=[seq(0,i=1..pp)];
mapl [Charic+1] :=1;

81



Appendix A (Continued)

(TT*map1 [b1+1]+SS*mapl [b2+1]-mapl [h(bl,b2)+1]) mod Zn: end:

#runs 1-cocycle for all bl,b2 with characteristic function for

cl, output given as a list
Imagl:=proc(cl)
[seq(cycl(digt(i,2),digt(i,1),c1),i=0..pp"2-1)]: end:

#2-cocycle acting on d1,d2,d3, with phi set as the characteristic

function for pair (Charl,Char2)
cyc2:=proc(dl,d2,d3,Charl,Char2)

local mapl:=[seq([seq(0,i=1..pp)],j=1..pp)]:

mapl[Charl+1,Char2+1]:=1:

(TT*map1 [d1+1] [d3+1]+SS*map1l [d2+1] [d3+1]+
mapl[h(d1,d3)+1] [h(d2,d3)+1]-TT*mapl [d1+1] [d2+1]-
mapl[h(d1,d2)+1] [h(d3,d3)+1]) mod Zn: end:

#runs 2-cocycle for all di1,d2,d3 with characteristic function
for (el,e2), output as list

Imag2:=proc(el,e2)

[seq(cyc2(digt(i,3),digt(i,2),digt(i,1),el,e2),i=0..pp"3-1)]:

for i from 1 to pp-1 do
ImgCyc1[i, 1] :=0;
ImgCyc1([i,5]:=0;
ImgCyc1[i,9]:=0;
od:
#Creates a matrix whose i-th row is the values of the

1-cocycle condition acting on the
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Appendix A (Continued)

#i-th characteristic function, evaluated on each pair of
elements in lexicographic order

ImgCycl:=Matrix([seq(Imagl(i),i=0..pp-1)1);

#The above matrix thus gives the image of each characteristic
function, and thus a generating

#set for the Image of the 1-cocycle

#Dimension of Img of the 1-cocycle condition

Rank (pp, ImgCycl);

#Creates a matrix like a above for the second cocycle condition

ImgCyc2:=Matrix([seq(Imag2(digt(i,2),digt(i,1)),i=0..pp"2-1)1):

#implements 2-cocycle secondary condition \xi[i] [i]=0
for i from 1 to pp~3 do

ImgCyc2[1,i] :=0;

ImgCyc2([5,1]:=0;

ImgCyc2[9,1]:=0;
od:

ImgCyc2;

#Dimension of Img of the 2-cocycle condition

Rank (pp, ImgCyc2) ;
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Appendix A (Continued)

#These give the basis vectors for the Img of 1-cocycle and
2-cocycle conditions
Basis(Zn,ImgCycl,row,row,false);

Basis(Zn, ImgCyc2,row,row,false);
#These give the basis vectors for the ker of 1-cocycle

and 2-cocycle conditions

Nullspace(ImgCycl1”+) mod 3; Nullspace(ImgCyc2~+) mod 3;
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