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Abstract

The dissertation studies about the existence of three different types of attractors of three multi-
component reaction-diffusion systems. These reaction-diffusion systems play important role in
both chemical kinetics and biological pattern formation in the fast-growing area of mathematical
biology.

In Chapter 2, we prove the existence of a global attractor and an exponential attractor for
the solution semiflow of a reaction-diffusion system called Boissonade equations in the L? phase
space. We show that the global attractor is an (H, E) global attractor with the L> and H? regu-
larity and that the Hausdorff dimension and the fractal dimension of the global attractor are finite.
The existence of exponential attractor is also shown. The upper-semicontinuity of the global at-
tractors with respect to the reverse reaction rate coefficient is proved.

In Chapter 3, the existence of a pullback attractor for non-autonomous reversible Selkov equa-
tions in the product L? phase space is proved. The method of grouping and rescaling estimation
is used to prove that the L*-norm and L°-norm of solution trajectories are asymptotical bounded.
The new feature of pinpointing a middle time in the process turns out to be crucial to deal with the
challenge in proving pullback asymptotic compactness of this typical non-autonomous reaction-
diffusion system.

In Chapter 4, asymptotical dynamics of stochastic Brusselator equations with multiplicative
noise is investigated. The existence of a random attractor is proved via the exponential transfor-
mation of Ornstein-Uhlenbeck process and some challenging estimates. The proof of pullback

asymptotic compactness here is more rigorous through the bootstrap pullback estimation than a

i



non-dynamical substitution of Brownian motion by its backward translation. It is also shown that

the random attractor has the L? to H'! attracting regularity by the flattening method.
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Chapter 1

Introduction

Dynamical system is a ubiquitous and rapidly expanding area in mathematics since its incep-
tion by the founding work of Henri Pioncaré (1854-1912), Alexander Mikhailovich Lyapunov
(1857-1918) and George David Birkhoff (1884-1944). The well known concepts in dynamical
systems include stability, Lyapunov function, Lyapunov exponents and Birkhoff Ergodic Theo-
rem, to name a few. Dynamical system in its infancy was called the qualitative theory of ordinary
differential equations (ODEs). Along with the development of functional analysis and partial dif-
ferential equations (PDEs), the well-posed problem of parabolic or hyperbolic partial differential
equations formulated as abstract evolutionary equations generates a flow (or semiflow) of solution
trajectories in Banach spaces. It then gives rise to the rich theory of an infinite dimensional dy-
namical system. The principal concept depicting the longtime dynamics of infinite dimensional
dynamical system is global attractor of a semiflow.

The first construction of a global attractor for some dissipative PDEs was in the seminal work
of Ladyzhenskaya [28] in 1972, then the theory of global attractors was developed by Foias and
Temam [20], Babin and Vishik [3] and Hale [22]. Generally speaking, global attractor is a com-
paratively smaller and coherent subset in phase space and it captures all the important permanent
structure of the concerned infinite dimensional dynamical systems, including all steady states, pe-
riodic orbits, homoclinic and heteroclinic orbits, and unstable manifolds. In particular, the fractal
dimension of an attractor estimates the number of degrees of freedom for an infinite dimensional
dynamical system. The rigorous definitions of global attractor and relevant concepts are given in

Chapter 2.



Global attractor is an instrumental tool in the theory of infinite dimensional dynamical sys-
tems to characterize the long-term and asymptotical behavior of the underlying PDEs, delay dif-
ferential equations or lattice equations, such as Navier-Stoks equations, reaction-diffusion sys-
tems and nonlinear wave equations. The existence theory of global attractors for a series of
multi-component reaction-diffusion systems such as the Brusselator equations, Gray-Scott equa-
tions, Schnackenberg equations and Oregonator equations has been established recently by Y.

You [42,43,45,47].

The theory of non-autonomous dynamical systems attracts much attention as it synergizes the
developments on time-dependent differential equations, control systems, random and stochastic
differential equations. In the study of the asymptotical behavior of non-autonomous dynami-
cal system, the concept of pullback attractor was introduced by H. Crauel, F. Flandoli [15] and
B. Schmalfuf3 [35] to study the dynamics of certain stochastic differential equations within the
framework of the random dynamical systems. The general theory of pullback attractor could
be phrased in the language of cocycles, which will be defined in Chapter 4. The term pullback
attractor became widely accepted after its use by P. Kloeden [26]. For more discussion about
non-autonomous dynamical system, see the recent books by P. Kloeden and M. Rasmussen [27]

and by Alexandre Carvalho, José A. Langa and James Robinson [11].

Global attractor of an autonomous dynamical system is invariant with respect to time transla-
tion. But for time-dependent systems, the starting time is as crucial as the elapsed time. Thus
for non-autonomous dynamical systems we could generalize the concept in two directions. One
is forward attraction, which is less applicable as shown in [11]. The other is pullback attrac-
tion, which means attracting by freezing final time while pulling back the initial time as early as

possible. For more comparison of these concepts, readers are referred to [11].

Since Itd’s stochastic integral was invented in 1944 [23] and stochastic analysis was developed
in 1970s, it is natural to ask how to generate a random dynamical system from stochastic dif-
ferential equations. The theory of random dynamical systems was developed mainly by Ludwig
Arnold and his Bremen Group around 1980s. As L. Arnold pointed out in [1], one of the histor-

ical gates in the development of the theory of stochastic differential equations was the discovery
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that their solution is a cocycle over an ergodic dynamical system which models randomness, i.e.,
a random dynamical system. Since L. Arnord’s classical book [2] appeared in 1998, there have
been rapid progresses in various aspects of random dynamical system in the last two decades, see,
e.g., [4,5,13,25,41,48,49]. One important and fruitful aspect is the theory and applications of

random attractors generated by stochastic/random ordinary/partial differential equations.

In a nutshell, random dynamical system is defined in an environment described by another
metric dynamical system modeling the noise, usually the white noise. The concept of random
attractor was first introduced by H. Crauel and F. Flandoli [14], B. Schmalfuf} [35] to study the
asymptotic behaviors of Navier-Stokes equations with multiplicative and additive white noise. For
various stochastic PDEs there have been a great deal of results addressing the random attractors,

see, e.g., [5,34,41,48,49].

The main contributions of the dissertation can be summarized as follows. In Chapter 2, we
analyses a new reaction-diffusion system called Boissonade equations from biology, and show
the existence of a global attractor and an exponential attractor for the solution semiflow in the L?
phase space. The challenge includes the proof of the H? regularity and the proof of the upper-
semicontinuity of the global attractors with respect to the reverse reaction rate coefficient. These
results could be useful in explaining the stability and robustness of the underlying models in the

lab of biology.

In Chapter 3, the existence of the pullback attractor for non-autonomous reversible Selkov equa-
tions in the product L? phase space is proved. The method of grouping and re-scaling estimation
is used to prove that the L*-norm and L®-norm of solution trajectories are asymptotical bounded.
The new feature of pinpointing a middle time in the process turns out to be crucial to deal with the
challenge in proving pullback asymptotic compactness of this typical non-autonomous reaction-

diffusion system.

In Chapter 4, the asymptotical dynamics of stochastic Brusselator equations with multiplicative
white noise is investigated. The existence of random attractor is proved via the exponential trans-
formation of Ornstein-Uhlenbeck process and some challenging estimates. The proof of pullback

asymptotic compactness here is more rigorous through the bootstrap pullback estimation than
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a non-dynamical substitution of Brownian motion by its backward translation. There are some
novelties in this chapter such as:

First, it is new to use the exponential transformation of Ornstein-Uhlenbeck process to convert
the stochastic terms to random coefficients for reaction-diffusion equations in the multiplicative
white noise case.

Second, we use the rigorous pullback estimates other than the shortcut many authors did by
the non-dynamical substitute of noise shift. The bootstrap method is applied in the light of the
decomposition method used initially for deterministic Brusselator equations in [42].

Next we introduce some common notation in this dissertation.

LetI' C R™"(n < 3) be a bounded domain with a locally Lipschitz continuous boundary. Define

the product Hilbert spaces as follows,
H=L*T)x L), E=H;T)xH;T), II=HyI)NH*T)x HyT)NH*T).

These product spaces are the phase spaces of different regularity for the component functions
u(t,-),v(t,-) . We denote the norm and inner-product of H or any component space L*(T') by
| - || and (-, ), respectively. The norm of L?(T") or the product space LP(I") = LP(T") x L*(I)
will be denoted by || - ||z», if p # 2. By the Poincaré inequality and the homogeneous Dirichlet

boundary condition, there is a constant v > (0 such that
IVEl* = ylIgll*,  for & € Hy(T) or E, (1.0.1)

and we take || V¢|| to be the equivalent norm [|£||z or [|€][ g2 (r)- We use | - | to denote the Lebesgue
measure of sets as well as the absolute value and the vector norm in Euclidean spaces.
By the Lumer-Phillips theorem and the analytic semigroup generation theorem [37], the linear

operator

diA 0
A= :D(A)(=11) — H (1.0.2)
0 dA

where dy, dy are positive constants and A is the Laplacian operator, is the generator of an analytic

and exponentially stable Cy-semigroup on the Hilbert space H, which will be denoted by {e?} ;.
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Consider an Initial Value Problem for an abstract nonlinear evolutionary equation of the form

O = Au+ F(u,t), t>t,
(1.0.3)
U(tg) = Ug € H.
on the Hilbert space H. Let [ = [to, ty + 7) be a time interval on R.
A pair (u, I) is said to be a mild solution of (1.0.3) in the space H on I, provided that u €
C(I, H) and u is a solution of the integral equation
t
u(t) = ety +/ eAI P (u(s),s)ds, tel (1.0.4)
to
A pair (u, ) is said to be a strong solution of (1.0.3) in the space H on I, provided that
u € C(I,H) , u(ty) = up , u is strongly differentiable almost everywhere with d,u and Au
in L}

loc

(I, H), and u satisfies the differential equation

Owu(t) = Au(t) + F(u(t),t), ae. inH, onl.



Chapter 2

Global attractor of Boissonade system

2.1 Introduction

Turing pattern is mathematically demonstrated by systems of partial differential equations called
reaction diffusion systems [30, 39]. The chemical reaction kinetics is controlled by two antago-
nistic feedback loops, an activation process and an inhibitory process. The experimental evidence
of Turing pattern was observed in the so-called chlorite-iodine-malonic acid (CIMA) reaction af-
ter almost 40 years since Turing’s paper was published in 1952 [39]. In experimentation, it is a
3D reactor and the Turing structures are found to form one layer after the other, there is a single
layer called “monolayer” beyond the pattern onset [17]. In order to clarify the relation between
the genuine homogeneous 2D systems and the monolayers, V. Dufiet and J. Boissonade studied
the selection of patterns close to onset for the same model in both geometries. They introduced a
simple appropriate reaction-diffusion model that exhibits Turing pattern in [17]. In this chapter,

we explore the long-time global dynamical behavior of this model, which we call the Boissonade

equations,
ou 3
a:dlAu—l—u—aij’yuv—u , (2.1.1)
0
8_:5) = dyAv +u — B, (2.1.2)

for (t,x) € (0,00) x I', where I' C R™(n < 3) is a bounded domain with a locally Lipschitz
continuous boundary, and the coefficients d;s, (i = 1,2), a, 3,y are positive constants. Given the

homogeneous Dirichlet boundary condition

u(t,z) =v(t,x) =0, t>0, zedl, (2.1.3)
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and an initial condition

u(0,z) = up(x), v(0,2) =vo(x), z €T, (2.1.4)

we shall study the long-time and asymptotical dynamics of semiflow of the weak solutions to this
initial-boundary value problem (2.1.1) — (2.1.4). Specifically, we prove the existence of a global
attractor and show some important properties of it.

Note that the Boissonade system is different from the FitzHugh-Nagumo equations [12] in the
quadratic term v instead of u2. This difference makes the nonlinear term of Boissanade system
disqualify the dissipative condition, on the other hand it is also the main merit of our work.

First we formulate the Boissonade system into an evolutionary equation in the abstract func-
tional space. By Sobolev embedding theorem, H}(T") < LS(T) is a continuous embedding for

n < 3. Invoking the generalized Holder inequality, we have
1
luvll < Tl ullzsllvllzs, I’} < llullzs,  foru,v € LY(T).
From these facts we can verify that the nonlinear mapping

u— v+ yuv — u?
flg) = E— H, (2.1.5)
u— fv
where g = (u,v), is a locally Lipschitz continuous mapping defined on E. Thus the initial-

boundary value problem (2.1.1)—(2.1.4) of this Boissonade system is formulated into an initial

value problem in H:

d
—g:Ag—l—f(g), t>0.
dt (2.1.6)

g(O) = (go = (Uo,’Uo) < H.
We consider the weak solutions to the initial value problem (2.1.6), as defined below.
Definition 2.1.1. A function g(¢, ), (t,z) € [0, 7] x I, is called a weak solution to the IVP of the

parabolic evolutionary equation (2.1.6), if the following two conditions are satisfied:

(i) £(g,m) = (Ag,n) + (f(g),n) is satisfied for a.e. ¢ € [0, 7] and any n € E;

7



(i) g(t,-) € L*(0,7; E) N C([0, 7]; H) such that g(0) = go,
where C,, ([0, 7]; H) denotes the space of weakly continuous functions on [0, 7] valued in H, and

(+,-) stands for the (E*, F) dual product.

Next we recall some basic concepts and facts in the theory of infinite dimensional dynamical

systems, cf. [12,37,38].

Definition 2.1.2 (Semiflow). Let X be a Banach space, a semiflow in X is a family of maps

S(t) : t > 0 such that the following holds:

1. S(0) = Id,

2. S(t+s)=2S5(t)S(s), forallt,s € RT,

3. (t,z) — S(t)z is continuous with respect to t and x, where t > 0,z € X.

Definition 2.1.3 (Absorbing Set). Let {S(t)}:>0 be a semiflow on a Banach space X. A bounded
subset By of X is called an absorbing set in X if, for any bounded subset B C X, there is some

finite time ¢, > 0 depending on B such that S(t)B C By for all t > t,.

Definition 2.1.4 (Asymptotic Compactness). A semiflow {S(¢)}:>o on a Banach space X is called
asymptotically compact in X if for any bounded sequences {x,} in X and {¢,,} C (0,00) with
t, — 00, there exist subsequences {z,, } of {z,} and {t,, } of {t,}, such that limy_,o. S(t,, )Zn,

exists in X.

Definition 2.1.5 (Global Attractor). Let {S(¢)};>0 be a semiflow on a Banach space X. A subset
o/ of X is called a global attractor in X for this semiflow, if the following conditions are satisfied:

(i) <7 is a nonempty, compact, and invariant set in the sense that
S(t)o/ = o/ forany t > 0.
(ii) < attracts any bounded set B of X in terms of the Hausdorff distance, i.e.

dist(S(t)B, /) = sup inf [|S(t)z —y||lx — 0, as t — oo.
zeBYEY



Definition 2.1.6 ((X, Y) Global Attractor). Let {3(¢) };+>0 be a semiflow on a Banach space X and
let Y be a densely and compactly imbedded subspace of X. A subset A of Y is called an (X,Y)
global attractor for this semiflow if A has the following properties,

(i) A is a nonempty, compact, and invariant set in Y.

(i1) A attracts any bounded set B C X with respect to the Y-norm, namely, there is a time

7 = 7(B) such that 3(¢t)B C Y fort > 7 and disty (X(t)B, A) — 0, as t — oc.

Definition 2.1.7 (Upper Semicontinuity). Suppose that there is a family of semiflows
{{Sx(t) }+>0}rea on a Banach space X , where A C R is an interval, and that there exists a global
attractor .¢7) in X for each semiflow{Sy(¢) }+>0, A € A. If A\ € A and

dist(e?y, ,) — 0, as A — Agin A,

then we say that the family of global attractors {A },ca is upper-semicontinuous at )\, , or that

A, has the robustness at \g.

The following proposition states the basic result on the existence of a global attractor for a

semiflow, cf. [33,37,38].

Proposition 2.1.8. Let {S(t) };>0 be a semiflow on a Banach space X. If the following conditions
are satisfied:

(i) {S(t) }+>0 has an absorbing set By in X, and

(ii) {S(t) }1>0 is asymptotically compact in X,

then there exists a global attractor ./ in X for this semiflow, which is given by

o =w(By) = () Clx | J(S(t)By).

72>0 t>1

Note that a global attractor .2# does not depends on the particular choice of absorbing set B,.
First we state the main results of this chapter. We emphasize that these results are established
unconditionally, neither assuming initial data or solutions are nonnegative, nor imposing any re-

striction on any positive parameters involved in the equations (2.1.1)—(2.1.2).
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First Main Theorem. For any positive parameters dy, ds, «, 3, 7y, there exists a global attrac-
tor <7 in the phase space H for the semiflow {S(t)}+>o of the weak solutions generated by the
Boissonade evolutionary equation (2.1.6). Moreover the following properties hold:

(i) A is a bounded set in II N IL>°(T"), and it is an (H, E') global attractor.

(ii) A has a finite Hausdorff dimension and a finite fractal dimension.

(iii) There exists an exponential attractor for this semiflow {S(¢) }+>o.

Second Main Theorem. Given any positive parameters dy, ds, o, 3, the family of global attrac-
tors o7,y > 0, has the upper semi-continuity in £ with respect to v > 0 as it converges to zero,
that is

distp(,, ) — 0, as ~v— 0.

The rest of the chapter is organized as follows. In Section 2 we shall prove the global existence
of the weak solutions of the Boissonade evolutionary equation (2.1.6). In Section 3 we show
the absorbing property. In Section 4 we prove the asymptotical compactness of this solution
semiflow. In Section 5 we show the existence of a global attractor for this semiflow and its
properties as being the (H, E) global attractor and the .>° and H? regularity. We also prove that
the global attractor has finite Hausdorff dimension and fractal dimension. In Section 6 we show
the existence of exponential attractor. In Section 7 and 8 we prove the upper-semicontinuity of

the global attractors with respect to the reverse reaction rate coefficient as it tends to zero.

2.2 Global Existence of Weak Solutions
We write u(t, x),v(t, x) simply as u(t), v(t) , or even as u, v, etc.

Lemma 2.2.1. For any given initial data gy € H, there exists a unique local weak solution g(t) =
(u(t),v(t)), t € [0, 7] for some 7 > 0, of the IVP of the Boissonade evolutionary equation (2.1.6),
which satisfies

ge C([0,7]; H)n C*((0,7); H) N L*(0, 7; E). (2.2.1)

The proof of this lemma is by using Galerkin approximations and the Lions-Magenes type

of compactness treatment involving the following a priori estimates for the weak solution. The
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process is standard and can be found in [46].

Lemma 2.2.2. For any initial data gy = (ug,vg) € H, there exists a unique global weak solution
g(t) = (u(t),v(t)), t € [0,00), of the IVP of the Boissonade evolutionary equation (2.1.6) and it

becomes a strong solution on the time interval (0, 00).

Proof. Taking the inner products ((2.1.1), u(t)) and ((2.1.2), cv(t)) where c is a positive constant

to be determined later, and summing them up, by Young’s inequality we get

1
( ul? + 4 ||v||2)+d1||w||2+cd2||wu2

/(u2—|— c— uv+7uv—u4—aﬁv) x
, (c—a) ch 2
u A+ + 1 —l—z—l—vv —ut — ¢Bv? (2.2.2)
— 3
/( (c=a) u2—1u4—(cﬁ—%—72)v2>dofc
1 2
(—i—( ))|F|—/—u4dx—l/v2dx.
r 2 2 Jr
where we take c = %
It follows that
2y 2 1 2 Ve d 2 d 2
|| [ ||v|| + g llull” + ol + di[Vu|” + cdz | Vo]

1 d 1 1 2
<5 ( [ll® + e ||v||2) +/§U4d$+§|F|—I—%/UQd:r+d1||Vu||2+cd2||Vv||2 (2.2.3)
I Iy

(c—a)?, 1
<(1+———)*I'| + =1|T"|.
<(1+ e )7IT[ + SIT]
Let by = min{1, 2}, M; = 2(1 + “Z25)2|7] + L[|, we end up with
d 2 2 2 2
= (lll® +ellvll®) + by (lull® + ellol) < M, (2.2.4)

Thanks to the Gronwall’s inequality, we have

. M
lull® + elloll® < e (lluol* + ellvoll®) + - (2.2.5)
1

11



Let ¢; = min{1, ¢}, co = max{1, ¢}, we get

M,

226
be, (2.2.6)

Cy _
lull* + lol* < ie " (lluol® + llwoll*) +

From (2.2.6) we conclude that for any initial data gy € H, the weak solution g(t) = (u(t), v(t))
is uniformly bounded in [0, 7,42 ) if T}z 18 finite. Therefore, for any gy € H, the weak solution
g(t) of (2.1.6) will never blow up in H at any finite time. Moreover, by the regularity of weak
solution (2.2.1), any weak solution turns out to be a strong solution on the time interval (0, c0).

The proof is completed. [

By the global existence and uniqueness of the weak solutions and their continuous dependence
on initial data, the family of all the global weak solutions {g(¢;go) : t > 0,90 € H} defines a
semiflow on H,

S(t):gorg(t;g0), go€ H, t>0,

which will be called the Boissonade semiflow associated with the Boissonade evolutionary equa-

tion (2.1.6).
Lemma 2.2.3. There exists a constant /X; > 0, such that the set

By={g€eH: g’ <K} (2.2.7)
is an absorbing set in H for the Boissonade semiflow {S(#) }+>o.

Proof. From (2.2.6) we obtain

2M,
blcl ’

timsup (u(t)[* + [[o(2)[*) < K1 = (2.2.8)

For any given bounded set B = {g € H : ||g]| < R} in H, there exists a finite time 7 =
% In % such that ||u(t)]|* + ||v(¢)||* < K forany gy € B and all t > Tj. O

Note that for any ¢ > Tj, integration of (2.2.3) implies that

t4+1
/ 2(d1||Vu(s)H2ds + cdgHVU(s)||2)ds
¢

< My + [[u(®)[? + clv(®)]? (2.2.9)
< My +max{l,c} K,

12



which is useful later.

Next we show the absorbing properties of the (u, v) components of the Boissonade semiflow in

the product Banach spaces [L??(T")]?, for integers p = 2, 3.

Lemma 2.2.4. For p = 2, 3, there exists a positive constant /{;, such that the absorbing inequality

limsup || (u(t), v(t)||%%, < K, (2.2.10)

L2»
t—o00
is satisfied by the (u,v) components of the Boissonade semiflow {S(t)}:>o for any initial data

gOEH.

Proof. According to the solution property (2.2.1) with 7,,,,, = oo for all solutions, for any given

initial status gy € H there exists a time ¢, € (0, 1) such that

S(to)go € E = [HI(I)]? — LS(T) — LY(I). (2.2.11)

Then the weak solution g(t) = S(t)go becomes a strong solution on [t,, c0) and satisfies

S()g0 € C([to. 00); E) N L*(to, 00; IT) € C([to, 00); L(T)) C C([to, 00); LYT)),  (22.12)

for n < 3. Based on this observation, without loss of generality, we can simply assume that
go € L5(T") for the purpose of studying the long-term dynamics. Then by the bootstrap argument,
we can assume that go € T C L¥(T") so that S(t)go € IT C L8(T"), ¢ > 0.

For p = 2,3, we take the L? inner-product ((2.1.1),u**~1) and ((2.1.2),v*~!) and sum them

13



up, by Young’s inequality we obtain

i (a1 + o)1)
+(2p = Dullu(®)™*Vu(t)[|* + (2p — 1)da[lu(t)**Vu (1)

= / (u® + uwo® ™" — avu® ! + yutPo — uP T — fo) da
T

< /( 2p+ 1 (2(2]9 1))210 1 2p_i_ﬁ 2p+5 2p+2p 1( 2 )2plla2p 1u2p> dr
r 2p° pp 4 4 2p pp

1 4p 1
+ p p+lvp+1 + _u2p+2 2p+2 U2p
/ (p +1 (p + 1> Y 4 —8
= / Au®P + AquPTt — §u2p+2 — EUZP dz
r 4 2

1 4dp 1 6]
< _ = (T Np APH 2p+2 %) 4
_/p(p—l-l(p—i-l) LR K
—1 4 1 p+1 3
+/ poL APt Y e et 3 e B gy
r\ 2p 2pp 4 2

1 4 —-1,4 1) prr 22 1
= (—(_p)pAIIJ+1+p ( (p+ ))p-‘rlA51> |F| o —/U,2p+2dl‘— é/UQPdZL',
p+1p+1 2p 2pB 2 Jr 4 Jr

(2.2.13)
where
1 22p—1 Ww—1,2 1 2
Al—l _( (p ))Qp 1 4 ( )2p 1a2§ ’
2p° pp 2p "pB
1 ( 4p JPaPHL,
p+1p+1
It yields,
1d 3
32 (O + 1oO1%) + [ e+ 5 [ oo
Ld 1 2 1 i
§2p ()17, + lo(®)lI75,) + +1(p+1)p!F|+—/Fu2p+2dx+z/rv2pdx (2.2.14)
1 4p p—14(p+1) »+ p 2p
< | ——=(—=)rA" + ( JPTAL ) 0]+ ( )PIL.
p+1p+1 2p ~ 2pp I'p+1
Putting b, = min{2p, %B}, and
1 4p p—14p+1) err 22 2p
My =2 (o Pt ¢ P LR 4 (i
p+1lp+l 2p © 2pp p+1
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we get

d
= llult 7 + ||v( s + bl + 0pllo (O 2 < My (2.2.15)

Applying the Gronwall inequality, we have

()12 + Il < e (luoll 3, + ol 2,) + M. (2.2.16)
It follows that
tmsup ([[u(t) [, + [o(0) ) < K = 2M,. (2.2.17)
—00
The proof is completed. [

2.3 Asymptotic Compactness

In this section, we show that the Boissonade semiflow {S(%) }+>¢ is asymptotically compact through

the following lemma. We shall use the notation ||(y1, y2)||* = ||y1]|* + ||y2||? for conciseness.

Lemma 2.3.1. For any given initial data g € By, the (u, v) components of the solution trajecto-

ries g(t) = S(t)go of the IVP (2.1.6) satisfy
IV (u(t), o(®)|I* < @i, for t > T, (2.3.1)

where (); > 0 is a constant depending only on K and |I'| but independent of initial data, and

Ty > 0 1s finite and only depends on the absorbing ball B,

Proof. Taking the inner-products ((2.1.2), —Auv(t)) to obtain
1d 9 9
S IVl + dal| ]

= / (—ulAv — B|Vol?) dx
r

2 2
< / (Q_dQ+_|AU|> z— BVl

It follows that

lul?

d 2 2 2
— A <
IVl + dall Al 4+ 28] Voll* < T

15



Next, taking the inner-products ((2.1.1), —Au(t)), we obtain
2 A 2
= IVul? + dy
- / (|Vul® + avAu — yuvAu — 3u?|Vul?) dx
r

2,2 d 2U2U2 d
< 2,0 L WA 4T B iAu?) d
_/F(|Vu\+d1+4|u|+dl+4|u| .
2,2 d 2 d
< 2 QW DAy2 4+ 4, 4 A ul2) d
_/F(|Vu|—|— i +4| u|—|——2d1(u +v)—|—4| ul x

It follows that

d
IVl + dif| Aul®
2042 ,72
<2[Vul* + =—[lvl* + — (lullzs + [lvlLs) -
dy dy
Adding up the two components gives

d
Z(IVull® + IIVUHQ) + leAUH2 + dof| A + 28| Vo |

el
<2 Vull* + 5o~ || I* + <||u||L4 +lvlzs) -
2

(2.3.2)

Note that we have taken ||V|| as the norm of E and there is a positive constant 7 > 0 associated

with the Sobolev imbedding inequality

lellzay < nllelle = nl|Vel, forany v € E. (2.3.3)

Since By in (2.2.7) is an absorbing ball, there is a finite time 7, > 0 depending only on Bj such
that S(t)By C By for all t > Tj. In other words, we have the finite time 7j > 0 depending only
on By such that

lu(@®)|]* + [lv(t)]|* < Ky, foranyt > Ty, go € Bo. (2.3.4)

Then (2.3.2) along with these facts shows that for any initial datum gy € B one has

d
(T, Vo)
72 1 2a?

—n'(|[Vu]* + Vol * )+2HVUH2+maX{2d i — (2.3.5)
2,4 1 2
< ||(Va, Vo) |2 (2 Vd" (Vu, w>||2) + max{s -, = o o > T
2
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The differential inequality (2.3.5) can be written as

d
Eﬁgpﬁ—i_h’ for t > To, go € By,

where
2 72774 2
B = T, Vel ple) = (24 509 Vo))
and
1 2a?
h(t)—maX{Q—dQ,d—l} 1-

From (2.2.9) we see that, for any given initial data gy = (ug, vo) € Bo,

/t+1 B(s) ds < M + max{1, ¢} K;
. 2min{d,, cdy}

Hence,

G nt (M + max{1,c} K
d <M é ) YN 1 ) 1 '
[ p(S) 5= + dl ( 2 min{dl, CdQ}

Then we apply the uniform Gronwall inequality, cf. [37,38], to (2.3.6) to get

I(Vu(t,-), Vo(t, )|
M, + max{1, c} K, 1 2a?
< S
_( 2min{d;, cds} max{2d2, dy

}Kl) exp M.

forany t > Ty + 1, gy € By.
Thus we complete the proof by setting 77 = T + 1 and

0, = M, + max{1, c} K;
e 2min{d,, cdy}

1 2a?
2dy" dy

+ max{

2.4 Global Attractor and Its Properties

fort > Ty, go € By.

}K1> exp M.

(2.3.6)

(2.3.7)

(2.3.8)

(2.3.9)

In this section we reach the proof of the First Main Theorem on the existence of a global attractor,

which will be denoted by 7, for the Boissonade semiflow {S(¢)}:>o and we shall show several

properties of this global attractor <7, namely, the regularity of .o, the property of being an (H, )

global attractor, and the finite Hausdorff and fractal dimensionality.

17



Proof of the Existence of Global Attractor. In Lemma 2.2.3 we have shown that the Boissonade

semiflow {S(t)}+>0 has an absorbing set By in H. From Lemma 2.3.1 we have that
1S(t)go0ll% < Q1, for t > T, and for gy € By,

which implies that {S(¢) By : t > T, } is a bounded set in E and consequently a precompact set in
H. Therefore, the Boissonade semiflow {S5(t) };>0 is asymptotically compact in H. Thus we can
apply Proposition 2.1.8 to reach the conclusion that there exists a global attractor .2/ in H for this

Boissonade semiflow {S(t)}:>o. O

Next we show that the global attractor </ of the Boissonade semiflow is an (H, E') global

attractor with the regularity 7 C II N LL>°(T"). First we have

Lemma 2.4.1. Let {g,,} be a sequence in £ such that {g,, } converges to gy € E weakly in £ and

{gm} converges to g strongly in H, as m — co. Then

lim S(t)gm = S(t)go strongly in E,

m—r0o0
and the convergence is uniform with respect to ¢ in any given compact interval [t, t1] C (0, 00).

The proof of this lemma is seen in [45, Lemma 10].

Theorem 2.4.2. The global attractor .7 in H for the Boissonade semiflow {S(t)}:>o is an (H, E)

global attractor and <7 is a bounded subset in L.°°(T), i.e.
|gllLe < C, forany g€ o/ (2.4.1)

Proof. By Lemma 2.3.1, we can assert that there exists a bounded absorbing set B; C FE for the

Boissonade semiflow {S(t)};>0 on H and this absorbing is in the £-norm. Indeed,

Bi={g€E:|gllz =Vgll* < Qi}.

Now we show that this semiflow {S() };>¢ is asymptotically compact with respect to the strong
topology in E. For any time sequence {t,},t, — 0o, and any bounded sequence {g,} C FE, there

exists a finite time t, > 0 such that S(¢){g,} C By, for any ¢t > t;. Then for an arbitrarily given

18



T >ty + Ty, where T7 is the time specified in Lemma 2.3.1, there is an integer ny > 1 such that

t, > 2T for all n > ny. According to Lemma 2.3.1 ,
{S(t,, — T)gn}n>n, is a bounded set in E.

Since E is a Hilbert space, there is an increasing sequence of integers {n;}32; with n, > ng, such
that

lim S(t,, —T)gn, = g* weakly in E.

j—o0
By the compact imbedding £ — H, there is a further sebsequence of {n;}, but relabeled as the

same as {n;}, such that

lim S(t,, —T)gn, = g* strongly in H.

Jj—00

Then by Lemma 2.4.1, we have the following convergence with respect to the £-norm,

lim S(t,,)gn; = lim S(T)S(tn, —T)gn, = S(T)g" strongly in E.

J—00 oo
This proves that {S(¢) };>¢ is asymptotically compact in E.

Therefore, by Proposition 2.1.8, there exists a global attractor <7 for the semiflow {S(¢)}:>0
in E/. According to Definition 2.1.6 and the fact that B attracts B, in the £-norm due to Lemma
2.3.1, we see that this global attractor <7 is an (H, E) global attractor. Moreover, the invariance

and the boundedness of .« in H and in F imply that

/g attracts o7 in E, so that &/ C o/g;

&/ attracts o/p in H, so that &/ C <.

Therefore, o/ = /g and we proved that the global attractor .o/ in H is indeed an (H, E') global
attractor for this Boissonade semiflow.

Next we show that .27 is a bounded subset in .>°(I"). By the (L?, L) regularity of the analytic
Co-semigroup {e“!} ;> stated in [37, Theorem 38.10], one has e : LP(I") — IL°°(T") for t > 0,

and there is a constant C'(p) > 0 such that
le?|| g oy < Cp)t™ 2, t >0, wheren =dimT. (2.4.2)
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By the variation-of-constant formula satisfied by the mild solutions (of course strong solutions),

for any g € o/ (C E), we have

t
1S()glli~ < neAﬂnxLaLwnun|+&/"neA“—anxLaquuf<s<a>gn|da
.00 (2.4.3)
scmrwm+/6@m—wwu@mammwatzm
0

where C'(2) is in the sense of (2.4.2), and L(Q)) is the Lipschitz constant of the nonlinear map f
restricted on the closed, bounded ball centered at the origin with radius (), in £. By the invariance

of the global attractor <7, we have
{S(t)«7 :t >0} C By(C H) and {S(t)o/ :t>0} C B, (C E).
Then from (2.4.3) we get

wwmmschwﬁﬁécmu@ww—wfw

(2.4.4)
= C(2)[Kit™ 1 +4L(Q1)Q1t3], fort > 0.
Specifically one can take ¢ = 1 in (2.4.4) and use the invariance of <7 to obtain
gl < C(2)(Ky +4L(Q1)Q1), foranyg € .
Thus the global attractor 27 is a bounded subset in L>°(T"). O

Now we show the global attractor .7 is bounded in H?(T") x H*(T").

Theorem 2.4.3. The global attractors .27 for the Boissonade semiflow {.S(¢)};>¢ is bounded in
H*(T') x H*(T).

Proof. Due to the homogeneous Dirichlet boundary condition and the fact that C§°(I") is dense in

H?(T') as well as

Vel = (e, Ap)| < S (1A]* + llell)

1
2

we have a constant p > 0 such that

lellze < e(lAel® + llel®)
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Since . is bounded in H, we only need to estimate || Au||? and ||Av||%. Below we write u; to be
the partial derivative with respect to time ¢ of u(t, z), etc. Taking inner-product ((2.1.1), u;) and

((2.1.1), v;) respectively and summing up, we get

1d
lel® + lloell* + 57 ([ Vel + o[ Vol?)

:/ (uut — awv + yuvu, — udug + uv, — 5@%) dx
r (2.4.5)
< / (C+aC +~C? + C?) Juy|dz + / (C + BC) |vy|dz
r r
1 1 1 1
=5 (C+aC +1C* + C*)? 10| + Sluell® + 5 (C+ BO)? Q| + 5l
where C' comes from (2.4.1).

It follows that

d )
lwe||? + |Joe||* + p (di[|Vul]® + da|| V|]?) < (C+aC +~C* + 05)2 Q| + (C + BO)* Q.
(2.4.6)

Integrating (2.4.6) over time interval [0, 1], we have, for (u,v) € <7,
1
/O (el * + [oel*)ds < dal[Vu(O)]* + daf Vo (0)J*

+(C+aC ++C2+ C*)2 10| + (C + aC)? Q)] (24.7)
<(dy + do)Q1 + (C + aC +~C? + C*)? 9] + (C + aC)* Q.
Differentiate (2.1.1) and (2.1.2) to obtain

Uy = diAuy 4wy — avy + y(wv + uvy) — 3uuy, (2.4.8)

Vit — dzA’Ut + Uy — th. (249)

Taking the inner products ((2.4.8), t?u;) and ((2.4.9), t*v;) and adding up, we have

1d
=t = thodl® + 5= (] + [tv]®) + Edil|Vael* + s Vou |

= / 12 (ut2 — UV + YUVU + YUV U — 3u2u? + wupvy — ﬁvf) dx
p (2.4.10)

2 2

a 3C a C
= (24 54 250 i+ (14 5+ 1)l

C
< [ (+ %2 4 o2) + Oy + a4 02) + (2 +v2>) da
I

2 2 2
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Integrating the above inequality on [0, ¢], we have

1 t a 3C
5 (HtutH2 + ||tvt|]2) < / 52 (2 + 5 + 77> || (s)?||ds
0
t . o t 24.11)
b [ (1054 D) bRl + [ st + o) s
0 0
Putting t = 1, we have
[ (1] + o (1)
! 3C t C
§2/ (2 + i + —7) | (s)?||ds + 2/ (1 + @ + i) v (8)?||dz
0 2 2 0 2 2 2.4.12)

+2/0 (lue()1* + [lve(s)[*)ds
§M4.

where

My =2(4+a+207) ((C +aC +7C? + %)’ 0] + (C +aC)’ |

Next, due to the invariance of <7, for any g € <7, there exists a § € <7, such that ¢ = S(1)g, thus
from (2.1.1) and (2.1.2) we have

di[| Aull + dof| Avl] <[Juell + [Jvell + ull + Bllvll + lull + allvll + vllwol| + [lu?]]

=[la M + oD + (2 + %)Hull +(a+ %)Hvll +llulis  @413)

§M4§—|—(2+%+a+%)Kf + K2.
Therefore <7 is bounded in H*(T") x H*(T). O

Next we consider the Hausdorff and fractal dimensions of the global attractor .o#. The back-

ground concepts and results can be seen in [38, Chapter V]. Let ¢,,, = limsup,_, ., ¢ (t), where

1 t
qm(t) = sup sup <¥/ Tr[(A+ f'(S(7)g0)) Prn(7)] dT) : (2.4.14)
goes/ gi/?:Hl,'-‘.g.i’ﬂn:l 0

in which Tr [(A + f'(S(7)g0))'m(7)] is the trace of the linear operator (A + f/(S(7)g0)) P (7),
f'(g) is the Fréchet derivative of the Nemytskii map f in (2.1.6), and P,,(t) stands for the orthog-
onal projection of the space H on the subspace spanned by G (), -+ , G,,(t), with
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Here f'(S(7)go) is the Fréchet derivative of the map f defined by (2.1.5) at S(7)go, and L(S(%), go)
is the Fréchet derivative of the map S(t) at gy, with ¢ fixed.
We use the following proposition [38, Chapter V] to show the finite upper bounds of the Haus-

dorff and fractal dimensions of this global attractor .o7.

Proposition 2.4.4. If there is an integer m such that g, < 0, then the Hausdorff dimension dy (%)
and the fractal dimension dp(.%7) of o7 satisfy

dy(«/) <m, and dp(«/)<m max <1+<qi)+> < 2m. (2.4.16)

1<jsm-1 ||
It can be shown that for any given ¢ > 0, S(t) is Fréchet differentiable in H and uniformly
Fréchet differentiable in o7 Its Fréchet derivative at gy is the bounded linear operator L(.S(t), go)
given by

def

L(S(t),90)Go = G(t) = (U(t), V(1)),

for Go = (Uo, Vo) € H, where (U(t),V(t)) is the weak solution of the following extended

Boissonade variational equation

%—[Z = dlAU+U—aV+fva+’tu—3u2U,
aa—‘t/ = AV — pV +U 2.4.17)

U(0) = Uy, V(0)="V.
Here g(t) = (u(t),v(t)) = S(t)go is the weak solution of (2.1.6) with the initial condition ¢(0) =
go- The initial value problem (2.4.17) can be written as

T (A4 T(S(eC, C0) =Gy @4.18)

As we have shown, the invariance of <7 implies .« C By N By, so that

sup ||S(t)gol* < K1 and  sup ||S(t)gol|% < Q1. (2.4.19)
goEA o€

Theorem 2.4.5. The global attractors .27 for the Boissonade semiflow {.S() },>¢ has a finite Haus-

dorff dimension and a finite fractal dimension.
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Proof. By Proposition 2.4.4, we shall estimate Tr [(A + f'(S(7)go)) P (7)]. At any given time

7> 0,let{(;(7):j=1,---,m} be an H-orthonormal basis for the subspace

P, (7)H = Span {G+(7),--- ,G (1)},

where G1(7),- -+, G,,(7) satisfy (2.4.18) and, without loss of generality, assuming that the ini-

tial vectors G, - -, G are linearly independent in H. Let dy = min{d;,d>}. Denote the

components of (;(7) by (}(7),7 = 1,2. Then we have
Tr{(A + f'(S(7)g =Y ((AG (1), (7)) + (' (S(7)g0)¢(7), G (7))
7j=1
< —dy Z VG + T+ o + s,

where

leg;/r(\c;w%c;v) C(r) — aC(r)CH(r) — BICE(T)P) da

<2+a+p)m

/ (1)) 4 yu(r)CHr)CE () da

/ ()P do

52 )
<
2
i () zalle(m) G (P zall G ()] za) -

(2.4.20)

(2.4.21)

(rlzello N zsllG (O zaliG (Dl + I zallul) iz llG (Ol zalIG () 24) -

By the generalized Holder inequality, the embedding H}(T') — L*(T) (for n < 3) and (2.4.19),
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we get

Jo+ J3

m

<Z<7|F| o 2GR+ AT )G () s 1) 2 )
+ > GlumzaNG )
Jj=1
(2.4.22)

< 3 (2T IS0l allGs (7)1 + 1S (g0l 1G5 )

=1

<.

<

/N

2Tl VS (m)goll + 3n°[IVS(7)go )ZHCJ s

7j=1

(2777’“ Q1 + 31 Q1) ZHCJ HL47

where 7) is the embedding coefficient given in (2.3.3). Now we invoke the Garliardo-Nirenberg

interpolation inequality for Sobolev spaces [37, Theorem B.3],
I¢llwrs < ClICHRmallCllz?,  for ¢ € W), (2.4.23)

provided that p, ¢, > 1,0 < # < 1, and

<40 (m— g) - (1- 9);, where n = dimI.

Tilﬁ

Here with W*P(T') = L4(T), W™4(T") = H}(T), L"(T') = L*(T"), and § = n/4 < 3/4, it follows
from (2.4.23) that

IG (D lee < CUVGEIENGIITT = CIVGIE, =1 m, (2.4.24)

since ||¢;(7)|| = 1, where C'is a universal constant. Substitute (2.4.24) into (2.4.22) to obtain

T+ J5 < 2T1EQ7 +37°Q1)C2 Y IVG ()15, (2.4.25)

j=1
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Substituting (2.4.21) and (2.4.25) into (2.4.20), we obtain

Tr[(A+ f'(S(7)go) T (7)] < —doZHV@ )12

+ 2mTEQF +3°Q1)C* Y IVG()E + (2 +a + B)m

j=1
(2.4.26)
By Young’s inequality, for n < 3, we have
1 1 =~ - n d -
milHQr + 3@ 3 IVGIE < D ITGOI +mQsn)
=1 j=1
where (3(n) is a universal positive constant depending only on n = dim (I"). Hence,
Tr [(A + [(S()go)Twn(7)] < =5 Z VGO +m(Qs(n) +b+ k), 7>0, g0 €

According to the generalized Sobolev-Lieb-Thirring inequality [38, Appendix, Corollary 4.1],
since {C1(7), -+, n(7)} is an orthonormal set in H, there exists a universal constant Q* > 0

only depending on the shape and dimension of I', such that

mits

IV¢()|* > :
Z \Frn

Therefore,
d
Tr[(A+ f/(S(7)go)Tim(7)] < % mita +m(Qs(n)+b+k), 7>0,go€ . (24.27)
Then we can conclude that
G = limsup ¢, (¢)
t—o0
lim sup s 5 (1/tTr[(A+f’(S() )T ()]d)
= l11msu u u —_ T m (T T
tﬁoopgoeg gieH,HgH:l tJo Jo (2.4.28)
i=1,--m
doQ*

|F|2 20% it +m(Qs(n) +b+ k) <0,

if the integer m satisfies the following condition,

n/2
m—1< (2(Q3(”)+2+0‘+5)) IT| < m. (2.4.29)
oL
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According to Proposition 2.4.4, we have proved that the Hausdorff dimension and the fractal

dimension of the global attractor .o/ are finite and their upper bounds are given by

where m satisfies (2.4.29). [l

2.5 Existence of An Exponential Attractor

In this section, we show the existence of an exponential attractor for the Boissonade semiflow

{S(®) }izo-

Definition 2.5.1. Let {S(¢)};>0 be a semiflow on a Banach space X. A subset & of X is called

an exponential attractor in X for this semiflow, if the following conditions are satisfied:

e & is a nonempty, compact, and positively invariant set in the sense that

S(t)s/ C o/ forany t > 0.

e & has a finite fractal dimension, and

e & attracts any bounded set B of X exponentially, in other words, there exist positive constants

p and C'(B) which depends on B, such that

dist(S(t)B,&) < C(B)e ™, for t > 0.

The basic theory and construction of exponential attractor was established by A.Eden, C.Foias,
B.Nicolaenko and R.Temam in [18] for discrete and continuous semiflows on Hilbert spaces.

Another important concept in the area of infinite dimensional dynamical systems is the inertial

manifold .# defined as follows.

Definition 2.5.2. Let {5(¢) }+>( be a semiflow on a Banach space X . An inertial manifold .# for
this semiflow is a subset in X such that the following conditions are satisfied:

(i) . 1is a finite dimensional Lipschitz continuous manifold.
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(ii) . 1is positively invariant under the semiflow S(t).
(iii) . attracts all the trajectories of the semiflow at a uniform exponential rate, i.e., there exists

a positive constant v such that for any bounded set B in X, there exist a constant /K (B) such that
dist(S(t)B,.#) < K(B)e ™, fort>0.

For a continuous semiflow, if all the three objects(a global attractor .27, an exponential attractor
&, and an inertial manifold .# of the same exponential attraction rate) exist, then the following
inclusion relationship holds,

o CEC M.

Here we prove the existence of an exponential attractor for the Boissonade semiflow by using
the following lemma, which is a modified version of the result shown in [46, Lemma 6.3], whose
proof was based on the squeezing property [18,29] and the constructive argument in [29, Theorem
4.5]. This lemma provides a way to directly check the sufficient conditions for the existence of
an exponential attractor of a semiflow on a positively invariant cone in a Hilbert space. First we

introduce the concept of squeezing property.

Definition 2.5.3. Let ¥ : D(¥) — 3 be a nonnegative, self-adjoint, linear operator with a
compact resolvent, let Py be a spectral (orthogonal) projection with respect to W, in other words,
Py maps the Hilbert space H onto the /V-dimensional subspace J{ spanned by a set of the first

N eigenvectors of the operator W, we defined a cone

Cry = {y € (= Pn) Wl < 128 (W) lac} -

A continuous mapping S, satisfies the discrete squeezing property relative to a set B C H if there
exist a constant k € (0,1/2) and a spectral projection Py on H such that for any pair of points

Yo, 20 € B, if
S* (?Jo) - S* (ZO) ¢ (gP]\m
then

155 (40) = S (20)llsc < % llyo = zollyc
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The following lemma and its proof can be seen in [46, Lemma 6.3].

Lemma 2.5.4. Let X be a Hilbert space and X C X be an open cone with the vertex at the origin

and X, be the closure of X in X. Consider an evolutionary equation

d
d—f T =d(p), t>0, 2.5.1)

where ¥ : D(¥) — X is a nonnegative, self-adjoint, linear operator with compact resolvent,
and ® : Y = D(¥'/?) — X is a locally Lipschitz continuous mapping, where Y is a compactly
imbedded subspace of X. Suppose that the weak solution of (2.5.1) for each initial point ¢(0) =
o € X, uniquely exists and is confined in X, for all ¢ > 0, which turn out to be a strong solution
for t > 0. All these solutions in X, form a semiflow denoted by {3(¢)};>0. Assume that the

following conditions are satisfied:

(i) There exist a compact, positively invariant, absorbing set B, in X, with respect to the topology

of X.

(ii) There is a positive integer [V such that the norm quotient I'(¢) defined by

vy = 127200 — )l .

2
le1(2) — @2(t) I
for any distinct trajectories ¢ (-) and () starting from the set B.\€p, satisfies

dl’
E S p(Bc) F(t)v t> O,

where p (B.) is a positive constant only depending on B...

(iii) For any given finite 7" > 0 and any given ¢ € B, 3(-)p : [0,7] — B, is Holder continuous
with exponent § = 1/2 and the coefficient of Holder continuity, Ky(p) : B, — (0,00), is a

bounded function.

(iv) Forany ¢ € [0,7] where T' > 0 is arbitrarily given, ¥(¢)(-) : B. — B.. is Lipschitz continuous

and the Lipschitz constant L(t) : [0, 7] — (0, c0) is a bounded function.

Then there exists an exponential attractor & in X, for this semiflow {3(%)};>0.
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Using this lemma, we can prove

Theorem 2.5.5. Given any positive parameters in the Boissonade system (2.1.1)—(2.1.2), there

exists an exponential attractor & in H for the Boissonade semiflow {S() }+>o.

Proof. By Theorem 2.4.2, there exists an (H, F) global attractor .o for the Boissonade semiflow
{S(t) }+>0. Hence by Corollary 5.7 of [46], there exists a compact, positively invariant, absorbing
set Br in H, which is a bounded set in £ for this semiflow.

Secondly, we prove that the second condition in Lemma 2.5.4 is satisfied by this Boissonade
semiflow. Consider any two points ¢;(0), g2(0) € Bg and let g;(t) = (w;(t),vi(t)), i = 1,2,
be the corresponding solutions of (2.1.6) , respectively. Let y(t) = g1(t) — ga(t), t > 0, where
91(0) # ¢2(0). The associated norm quotient of (gl( ), g2(t)) is given by

F()—H Ay ’ t> 0.
Hy( >||2 B2
For ¢t > 0, we can calculate
200 = o (A 2y(0). (~ ) 2l 7 — [~ 4)2(0) |2 ((e) )]
2 dt POk :
1
||y( NE {(=A)y(t), y) — T (&) (y(t), ye)]
Hy(l)nz (= A)y(t) — D), Ay(®) + f (9:) — f (g2(1)))
||y<1>||2 (= A)y(t) = T(By(t), Ay(t) + TRyt +  (9:(1)) — f (02(1))
- ||y<1>||2 [~ Ay(®) + Ty @) 12 = (Ay(t) + @), £ (1) — £ (9:0)))]
1 1 1 2
<o |2l 4v® + Ty + 3 1F (@ (0) - £ (e:0)]
@) = f (g2(1))]>
- IOIE

(2.5.3)
where we used the identity —(Ay(t) + I'(t)y(¢), '(¢)y(t)) = 0. Note that the compact, positively

invariant, H-absorbing set B described earlier in this proof is a bounded set in £ . Hence there

is a constant R; > 0 only depending on By such that
|(u,v)|| < Ry, forany (u,v) € Bg. (2.5.4)
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We have

1 (g1(2)) = f(g2(8))l

= |[(u1 = u2) — a(vr — va) + Y (wrvr — ugva) — (uf — u3)|| + [|(ur — uz) — Blvr — va)]]
< 2flur — ol + (v + )1 — val| + Al|ur(vr = va) | + y[va(ur — uz) || + 3RE[|ur — us
< (24 a+ B+ 29R +3R7)|y(t)]|

<A2+a+ B+ 2vR + 3R} Vy(t)],

(2.5.5)
fort > 0. Let
N(Ry) = A2+ a+ 8+ 2yRy + 3RY}). (2.5.6)
In view of (1.0.2), from (2.5.3) and (2.5.5) it follows that
_ 2
4y < @O =@ _ o 1950
dt ly(@)] ly(®)]]
(=AY 2yl 227
< (B =p(Bp)l'(t), t>0,
where
N?(R
p(Bp) = a(l 23
0

where dy = min{dy, ds}. Thus the second condition in Lemma 2.5.4 is satisfied.
Thirdly we check the Holder continuity of S(-)g : [0, 7] — Bg for any given g € B and any

given compact interval [0, 7). Pick any 0 < t; < ¢, < T, we have

to
IS (t2) g — S (t1) g|l < ||(eX*2") —I) eMtrg]| +/ [e2=) £(S(0)g)]| do
“ (2.5.8)

“ e 1) A (o)) | do
0

Since By is positively invariant with respect to the Boissonade semiflow {S(¢)}:>o and B is

bounded in E, there exists a constant K3, > 0 such that for any g € B, we have
1St)gllp < Kg,, t20.

Recall that f : £ — H is locally Lipschitz continuous, there is a Lipschitz constant Ly, > 0 of

f relative to this positively invariant set Bz. Moreover, by [37, Theorem 37.5], for the analytic,
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contracting, linear semigroup {e“*},~, there exist positive constants Ny and N; such that
A 1/2
He 1tg—gHH < Not*?||g|lg, fort>0, g€ E,

and

™|y < Na V2, fort > 0.

It follows that
l (GA(tQ_tl) —1) €At19H < N (ty — 1,)"? Ky,

and
"2 o 2 NiLg, K
/tl |42 £(S(0)g)|| do < : ﬁ do = 2Ky, Ly, Ny (ty — t1)"*.
Moreover,

" NiLy, Ks, o
o Vti—o
= 2K, Ly, NoNi VT (ty — t1)"?.

t1
/ H(eA(trtl) _ I) eA(tlfa)f(S(J)g)H do < N, (t2 —t1)1/2
0

Substituting the above three inequalities into (2.5.8), we obtain

for 0 < t; < ty < T'. Thus the third condition in Lemma 2.5.4 is satisfied. For the forth condition,
we can use Theorem 47.8 (specifically (47.20) therein) in [37] to confirm the Lipschitz continuity
of the mapping S(¢)(-) : Bp — Bg forany t € [0,7] where T" > 0 is arbitrarily given. Finally,
we can apply Lemma 2.5.4 to reach the conclusion that there exists an exponential attractor & in

H for the Boissonade semiflow {S(¢)}+>o. O

2.6 Uniform Dissipativity and Uniform £-Bound of Global Attractors

In the section, we shall prove the upper semi-continuity(also called robustness) of the global
attractors for the family of Biossonade semiflows with respect to v as it converges to zero. Let
{{S,(t) }+>0} denote the weak solution semiflow of (2.1.6) with v > 0 and {{Sy(t)}+>0} denote

the solution semiflow of (2.1.6) with vy =0 .
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Definition 2.6.1. A family of semiflow {{S\(¢) }+>0}rea on a Banach space X is called uniformly
dissipative at \y € A, where A is an interval of R, if there is a neighborhood U of )\ in A and

there is a bounded set B C X such that B is an absorbing set for each semiflow S\ (¢), A € U.

Lemma 2.6.2. The family of semiflow {{S,(¢)}+>0},>0 on H is uniformly dissipative at v = 0.
Specifically, there exists a constant K > 0 such that the ball By (0, Ky) in H is a common

absorbing set for the semiflows {.5,,(¢) };>o for all v € [0, 1].

Proof. Taking the inner products ((2.1.1), u(t)) and ((2.1.2), zv(t)) where z is a positive adjusting
parameter to be determined later, and summing them up, by Young’s inequality and y € [0, 1] we

get

( Jull? + 24 HMP>+dﬂva+w¢mVMF

:/ (v + (z — a)uv + yu’v — u* — zBv%) da

u2+%+25 2+Z+7?} o —zﬁv)
: 2.6.1)

where the uniformly adjusting parameter z = =

It follows that
1 9 5 d 9 1 5 1 9 5 Ddy 9
il - d 2
3 (Gl o5 I} + SlulP + S0lP + | vul? + 52wl

1 1 1 5d
24 2 “utdr + <7 +—/v2d;1:+d Vul? + 22| Vol?
<y (Gl + s ol ) + [ Gutao e+ § [ o+ divul? + 52100l

gu+«%—an|m+§wy

(2.6.2)
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Putting b = min{1, 3%}, M = 2(1 + (5 — a@)*)?[T| + §|T'|, we obtain

d 2 2 T 2 5 2
Bl = b =
ﬁ(mu+3ﬂwu)+<mu+35mm
< & (Il + ol )+l + Sl
= dt 33 2

M.

IN

Applying the Gronwall’s inequality, we have

5 ; M
2y P <e™ 2 —. 2.6.3
Jall + 5ol < e (ol + 5 el + 2.63)
which implies
ax{l, 35} M
Jul + ol € ——e (ol + o) + == (264)
{ ’ 35} mln{L 35}
From (2.6.4) we obtain
: 2M
lim sup (|lu(®)[|* + lv()|I*) < K = ~————~. (2.6.5)
t—00 bmin{1, 5}

Now K is a universal constant independent of both v € [0, 1] and initial data. In other words,
for any given bounded set By = {go : ||go|]| < R} in H, there exists a finite time 73 =
%ln% such that |Ju(t)||* + ||v()]|> < K% for any gy € By and all t > Ty. There-
fore, we have shown that the ball By (0, Kf) is a common absorbing set for the semiflow {5, }

for each v € [0, 1].

Let

U o

0<y<1

The following corollary shows that the bundles of trajectories through U = | J, <1 </, under the

semiflows {5, } for any € [0, 1] are uniformly bounded in H.

Corollary 2.6.1. There exists a constant My > 0 such that

sup sup S, (t)U C By (0, My),

0<<1 >0

where By (0, My) is the closed ball in H centered at the origin with radius My.
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max{1, Sﬁ}KH 4o 2M ]

Proof. From (2.6.4) we have MIQJ win{l, 5} mm{l B

Next we show that the family of global attractors .7, are bounded in E.

Lemma 2.6.3. There is a constant Xz > 0 such that
U o c Bu(0,Kp),
0<y<1

where B (0, Kg) is the closed ball in £ centered at the origin with radius K.

Proof. For any t > 0, (2.2.3) implies that

5d 5
. + @Hv(t) I”
(2.6.6)

< M 4 max{1, B}KIQJ

t+1 ~
/t 2(da||Vuls)|*ds + o 5 IVols )*)ds < M+ [[u(t)||*

Since any trajectories started from any (ug,vo) € W C E are strong solution in £, we have
[Vu(s)||? + || Vo(s)|]? € C([t,t + 1];R), for any ¢ > 0. By (2.6.6) and the Mean Value Theorem,

for any given ¢ > 0 there is a time 7 € [t, ¢ + 1] such that

155(7) (wo, vo) 72 = [Vu(T)I* + | Vo (7) ||
M + max{1, %}K%I (2.6.7)

)
2min{dy, 53 Sdy

for any (ug,vo) € U and any A € [0, 1].
By the invariance of every global attractor <7, for v € [0, 1], namely, S, (¢)<7, = <7, for any

t > 0, we have proved that
o, € Bg(0,Kg), forally e |0,1]

where B (0, Kg) is the closed ball in E centered at the origin with radius

- 1
Ko (M—kmax{l,%}l(?{ )2
E — ) .

2min{d,, 34

So the union of 7, where v € [0, 1], is bounded in By (0, Kz). O
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2.7 Upper Semi-continuity of Global Attractors

We have shown in Lemma2.6.3 that the union of the family of global attractors U = [, <1 o, 18

bounded in £, but it does not automatically imply that the trajectories S, (¢)U, ¢ > 0, are uniformly

E-bounded with respect to all v € [0, 1], since the union set U is not an invariant set with respect

to each particular semiflow {5, }for a given .

The following theorem shows that the bundles of trajectories through U = [ J, << </, under

the semiflows {5, } for any v € [0, 1] are uniformly bounded in E.
Theorem 2.7.1. There exists a constant M > 0 such that

sup sup S, (t)U C Bg(0, ME),

0<y<1 20

where Bg(0, M) is the closed ball in F centered at the origin with radius M.

Proof. Taking the inner-products ((2.1.2), —Auv(t)) to obtain

Ld

2dt

= / (—ulAv — B|Vol*) dx
r

U2 dg
< — + —|Av]? - 2
< [ (57 + G180 do = gv

Vo]l + da| Av]f*

It follows that

w2 + dy | Ao + 28 w2 < LI
dt 2 = 2d,

By the Gronwall inequality and uniform boundedness of U in H and E, we have

— 1 Co 2M1
\V4 2 < 23t \V4 2 _ _K2 <D,
Vel < el + oo (2054 20 < by

forany t > 0, go € Uand v € [0, 1], where

2M
A
2d2 C1 bl C1

1
D1=K§+—(—
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Next, take the inner-products ((2.1.1), —Awu(t)), we obtain

1d
2dt

= / (IVul® + avAu — ywwAu — 3u*|Vul?) d
r

2,,2 d 2,,2,,2 d
< / (|Vu|2 + 2y —1|Au\2 + 1224 —1|Au|2) da
I dl d1 4

2,2 1 d
- ,  a?v Aul? + L YAu?) d
_/F(|Vu| +_d1 | |* + 2 (u* +0*) + 4| ul T

where note v € [0, 1]. It follows that

—AIVull* + di || Aulf?

d
ZIVull® + dif| Aul® (2.7.3)
p 227 5 1 4 4
<2 Vull® + —IlwlI* + — (lullzs + vl14) (2.7.4)
dy dy
Now we use the Garliardo-Nirenberg interpolation inequality again [37, Theorem B.3],
I¢lhwes < CICIGmallCE?, for ¢ € W™I(D), (2.7.5)
provided that p, ¢, > 1,0 < # < 1, and

Bl Se(m—ﬁ) —(1—0)2, where n = dimT.
p q r
Here with W’“’p(l“) = L4(F), Wma(T) = HQ(F) N H&(F), L"(T) = L2(F), 0 =3/8and n < 3,
we have
3 5
lellzs < Callel frappm llell® (2.7.6)

where C'y > 0 is constant. Due to the Dirichlet boundary condition and the operator interpolation

property, we can take the equivalent norm
191 Fr2nmy = 11801 + IVo|* for ¢ € H* N Hy,.
Thus we deduce that
Tl < A Ol Il B
— 4Gl iwuurr%

3d
< —1|| llbzemy + 7 Ol

3d 1
= (IAull® + | Vul®) + dy 7O ul|
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From the embedding H} (T') — L*(T") (for n < 3), we get
lvll7: < n*||Vol|*, since wv(t) € E t>0.
Substitute the above two estimates into (2.7.3), we have

d
vl +d1HAuH2

1 n*
<2||Vul* + H " + (\!AU\\2+\!VU\! )+—d17056|\UHw+—1HWH4
8+ 3d 2 3d
<=L 1”Vu||2 diMH L A + iy 7016MH+Z D?
1

To proceed, we note that

| (8 + 3d,)
2 _ < 2 2
|V ull /F|uAu|dx < /1“ <2(8 n 3d1)\Aul + 5 U > dx

Hence we have

d 2 dy 2
— —||A
Zlvul? + L
§(8+3d1)Mz 2iM2 4= d 7016M5 L D2
2 d1 dl
Thus we get

d 2 2
CIVul + vl < 2

where D5 is universal constant given by

d 8+ 3d 2
Dy = glMH %M@ ; MH+ d TCI M, +
1

n* 2

— D7
dy
Apply the Gronwall inequality to (2.7.7), we have

—dyt 4D 4D
[VulP < ™5 [ Vuoll* + =% < Ky + =2

forany ¢t > 0, 9o € Uand y € [0, 1]. Sum up (2.7.2) and (2.7.8), we conclude that

4D
HSv(t)!Jo”% <D+ K]%; + d_2 t>0,90 €U, €0,1]
1

Therefore, (2.7.1) is valid with My = (D; + K% + 22 )1/ 2. The proof is complete.
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Corollary 2.7.1. The global attractor <, for the Boissonade semiflow {Sy} attracts the union set

u= J

0<~<1

with respect to E-norm.

Next we present the Gronwall-Henry inequality [37] in detail, which will be utilized to prove

the uniform convergence theorem in the next step.

Lemma 2.7.2. Let ¢)(¢) be a nonnegative function in L3°.([0,T), R) and ((-) € L}, .([0,T)) such

loc loc

that the inequality
t
WS¢0 +u [ (= sy (s, te (07)
0
where 0 < T" < oo and r > 0 is satisfied. Then it holds that

B(t) < () + R / (w(t - ))(s)ds, t € (0,T)

where & = (u'(r))+, I'(-) is the Gamma function, and the function ®(¢) is given by

1) = r(ylw)w_1

n=1

Theorem 2.7.3. For any given ¢ > 0, it holds that

sup 1S, (#)go — So(t)gollz — 0, as ~v— 0" (2.7.10)
goe€

where U = Uy <) 9 -

Proof. For any given gy = (ug,v9) € U C By (0, My) () Be(0, MEg), let (u(t), v(t)) = S, (t)(uo, vo)
and (a(t), 0(t)) = So(t)(uo, vo) be the two trajectories starting from the same initial point g under

the semiflows {5, } and { Sy}, respectively. Define
w(t) = 55(t)go = So(t)go, 120,

and we have w(0) = 0. Since both S, (t)go and Sy(t)go are strong solutions in £, they are the

mild solution, so that they satisfy the integral equation

w(t) = / A fo(S, (0)g0) — folSo(@)go))dor + / AIN(S, (0)go)do, > 0,
’ " (2.7.11)
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where et > 0, is the Cy-semigroup generated by A : D(A) — H,

u—ow—u3 uv

Jolu,v) = ;and  h(u,v) =
u— fv 0

(2.7.12)

Obviously fo(u,v) : E — H is locally Lipschitz continuous. Thus there is a Lipschitz constant

L(Mpg) > 0 depending only on M given in (2.7.1), such that

1 fo(g1) — fo(g2)ll < L(MEg)||g1 — g2||g, forany gi,9> € Be(0, Mg).

By Theorem 2.7.1 we see that sup<.,<; sup;>q S, (t)U C Bg(0, ME). Hence,

t
[w(®)]] S/ el (1.5) L(ME) 1S (0)go — So(o)golldo
0

t
7 1A e IS, () o, 22 .
0

where, we have, cf. [37, Theorem 38.10],

N|=

||€A(t_g)||L(H7E) S M5 (t — 0'>_ , t>o Z 0,

and

1 1
1448, = ( [ ato vt pde)” < S0l + 1of?) < 5K, 20,
for any gy = (ug, vo) € U. Substitute these two inequalities into (2.7.13) to obtain
Y t 1 t 1
lw)lle <MKn [ (6= 0) o+ [ (¢ o) FL(ME) (o) |ado
0 0
t
—y M5 K yt? +L(ME)/ (t— o) 2||lw(o)|pdo, t>0.
0
To apply the Gronwal-Henry inequality (Lemma 2.7.2), put
1 1
W(t) = ||lwt)||lg, ¢(t) = yMsKyt2, u = L(Mg),and 7 = 3

it yields the estimate

(2.7.13)

(2.7.14)

(2.7.15)

(2.7.16)

15, (£)90 — So(B)goll e = w(®)lls < 7 (g(t) o / Dkt — s))&(s)ds) Ste(0,7). 27.17)
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Here we have £(t) = MsKyt2, o = (L(Mp)['(1))? = L*(Mg)7, and

=1 . 1 4 . 2 .
O(t) = 2l =t 1+ Yy —— 12,
D v AP Ficy

thus we conclude that

/0 B(k(t — 5))E(s)ds = MKy /0 B(k(t — 5))sbds

is a nonnegative continuous function of ¢ € [0, 00).
The inequality (2.7.17) confirms that, for each fixed ¢ > 0, the uniform convergence (2.7.10)
holds:

sup [[S,(t)go — So(t)gollp — 0, as v — 0"
go€lU

The proof is completed. []
Finally we come to the second main theorem.

Theorem 2.7.4. Given any positive parameters d1, do, c, 3, the family of global attractors .7, v >

0, has the upper semi-continuity in £ with respect to v > 0 as it converges to zero, that is
distp (<, o) — 0, as G — 0.

Proof. Given an arbitrarily small ¢ > 0, by Corollary 2.7.1 the global attractor .o, attracts the

union set

u= J

0<y<1
with respect to the Hausdorff semi-distance in £-norm under the action of the semiflow {Sy}. In

other words, there is a finite time ¢, > 0 such that
€
So(to)U C A (e, 5), (2.7.18)

where .4 (o), §) is the neighborhood of .27 in the space E. Then by Theorem 2.7.3, there exists
avo € (0, 1] such that

£
155 (t)go — So(t)goll & < 5 forany € (0,7). (2.7.19)
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Since every global attractor .27, is an invariant set, from (2.7.18) and (2.7.19) one has
€
oy = 5, (10) %, © 8, (1)U C N (So(to)ll 5) C A (),

for any 0 < v < 7. Therefore, the upper semi-continuity of this family of global attractors in the
space E, which is

distp(,, o) — 0, as ~v— 07",

is proved.
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Chapter 3

Pullback attractor of non-autonomous Selkov system

3.1 Introduction

The Selkov system was originally a system of ODEs proposed by E.E. Selkov [36] as a simplified
model of a biochemical process called glycolysis, through which living cells get energy from
breaking down sugar. It is a prototype of cubic-autocatalytic chemical and biochemical reactions
that include the chlorite-iodide-malonic-acid (CIMA) reaction. The reversible cubic-autocatalytic

Selkov equations can be derived from the following schemes of reversible chemical reaction:
Asp S, S+2PsP 3P, PSP B (3.1.1)

These reactions involve non-zero reaction rates, which implies “reversible”.
In this chapter, we are concerned with the following non-autonomous reversible Selkov system,

ou

T i Au+ p — au + u*v — Gu® + h(t, z), (3.1.2)
% = dyAv + B — bv — u?v + Gu® + k(t, x), (3.1.3)

for (t,z) € RxT', where I' C R"(n < 3) is a bounded domain with a locally Lipschitz continuous
boundary, and the coefficients dy, ds, p, 5, a,b are positive constants. h(t,z), k(t,x) are time-
dependent perturbation terms. We shall study the asymptotic dynamics of the weak solutions to
this reaction diffusion system (3.1.2) — (3.1.3) coupled with the homogeneous Dirichlet boundary
condition

u(t,x) =v(t,z) =0, teR, ze€dl, (3.1.4)
and an initial condition at 7 — ¢t € R,
U(T —t, .CL') = u'r—t('r)v U(T —t, .23) = UT—t(:B>7 (3.1.5)
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The existence and properties of global attractors for the autonomous reversible Selkov system
was studied by Y. You [47]. The main difficulty of proving the absorbing property and asymptotic
compactness lies in the signed quadratic =uv and cubic terms £=Gu3. It is nontrivial to generalize
the autonomous system to the non-autonomous case. The challenge includes carefully handling
the initial time and pinpointing a middle time in the process in order to prove the pullback asymp-
totic compactness.

First we formulate the problem into mathematical setting. By Sobolev embedding theorem,
H}(T') < L5(T) is a continuous embedding for n < 3. Via the generalized Holder inequality, we

have

lu®oll < flullZsllvllze, [Pl < llullzs, foru,v € LY(T).
Hence the nonlinear mapping

p — au + u*v — Gu?
flg) = E—H, (3.1.6)
B —bv —u?v + Gu?
where g = (u,v), is a locally Lipschitz continuous mapping defined on E. Thus the initial-

boundary value problem (3.1.2)—(3.1.5) of the non-autonomous Selkov system is formulated into

an initial value problem:

dg =Ag+ f(g9)+ P(t), teR.
dt (3.1.7)

9(7' - t) =0r—t = (qutv UT*t) S H7

where P(t) = (h(t), k(t)). We have the standing assumptions for the non-autonomous perturba-

tion terms:
1.
| oS m@ I + k)7 < 00, vreR G.19)
2.
t+1
sup [ ()P + () )i = H < o, 319
t t
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where p = 1,2, 3 and v = min{a, b}.

We point out that the second assumption is necessary to prove the asymptotic pullback compact-
ness, which needs additional treatment than the reaction diffusion equation in [40]. The second
assumption implies the first one for p = 1. It is not uncommon to impose the second assumption
since it was assumed in proving the existence of uniform attractors [12].

The rest of the chapter is organized as follows. In Section 2 we shall prove the global existence
of the weak solutions of the non-autonomous reversible Selkov equation (3.1.7). In Section 3
we show the pullback absorbing property of this non-autonomous reversible Selkov process. We
show the pullback asymptotic compactness and the existence of the pullback attractor for this

process in Section 4.

3.2 Preliminaries and Formulation

In this section we present some basic concepts in the theory of pullback attractors of non-autonomous

dynamical systems. The readers are referred to [11] for a detailed introduction.

Definition 3.2.1. Let X be a Banach space, a process in X is a family of maps S(t, s) : t > s such
that the following holds:

1. S(t,t)=1,forallt € R,
2. S(t,s) = S(t,7)S(r,s), forallt > 7 > s,
3. (t,s,z) — S(t, s)z is continuous with respect to t, s, =, where t > s,z € X.

In the sequel, we shall denote a process by {S(7,7 — t) }rer t>0 or simply by {S(7,7 — ) }+>0
to highlight the “pullback™ action. In other words, we freeze the final time at 7 and pullback the
initial time as early as possible by sending t — +o00. For simplicity, we write “ the process S(-, -)”

if the time parameters are not stressed.

Definition 3.2.2. Let S(-,-) be a process on X. A bounded subset By of X is called a pullback

absorbing set in X at time 7 if, for any bounded subset B C X, there is some finite time ¢, > 0
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depending on B such that S(7,7 — t)B C By for all t > t,. A family of bounded subsets B(-)
pullback absorbs bounded sets if B(7) pullback absorbs bounded set for any time 7 € R.

Definition 3.2.3. A process {S(7,7 — t) };>¢ on a Banach space X is called pullback asymptot-
ically compact in X if for any bounded sequences {z,} in X and {¢,} C (0, 00) with ¢,, — oo,
there exist subsequences {z,, } of {z,} and {¢,,} of {t,}, such that lim;_,., S(7,7 — t,,)%n,

exists in X.

Definition 3.2.4. Let S(-, -) be a process on a Banach space X. A family {./(7) : 7 € R} in X
is called a pullback attractor in X for this process, if the following conditions are satisfied:
(i) <7 (7) is nonempty, compact for each 7 € R,

(ii) <7 (-) is invariant in the sense that
S(1,8)e(s) = /(r) forany T > s.

(iii) For each fixed 7 € R, 7 (7) pullback attracts any bounded set B of X in terms of the

Hausdorff semi-distance, i.e.,

dist(S(r,s)B, /(1)) =sup inf ||S(r,s)x —yllx =0, as s— —oc.
zeB YEA (1)

(iv)Z(+) is the minimal family of closed sets with property(iii).

The following proposition states the basic result on the existence of a pullback attractor for a

process, cf. [11,40].

Proposition 3.2.5. Let {S(7,7 — t)};>¢ be a process on a Banach space X. If the following
conditions are satisfied:

(i) {S(7, 7 — t) }+>0 has a family of absorbing sets B(7)in X, and

(ii) {S(7,7 — t) }+>0 is asymptotically compact in X,
then there exists a pullback attractor .7 (7) in X for this process, which is given by

(r)=(Clx | JS(r.7 = t)B(r — 1.

1>0 t>1
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3.3 Pullback Absorbing Property

In this section we prove the global existence of weak solution to (3.1.7) and the pullback absorbing

properties of the generated process.

Lemma 3.3.1. For every 7 € R and any initial data go = (uo(7 —1),vo(7 —1)) € H, there exists a
unique global weak solution g(7, 7—t, go(T—t)) = (u(7, T—t, up(7—1)), v(T, T—t, up(7—1))), t €
[0, 00), of the IVP of the non-autonomous reversible Selkov equation (3.1.7) and it becomes a
strong solution on the time interval (7 — ¢, 00). Moreover, there exists a constant &, > 0, such

that the set

B, ={geH:|g|* <K} (3.3.1)

is a pullback absorbing set in H for the non-autonomous reversible Selkov process {S(7,7 —

t)}e>0-

Proof. The proof of the local existence of weak solution is similar with the autonomous case by
conducting a priori estimates on the Galerkin approximations of the initial value problem (3.1.7)
and the argument of the weak/weak™® convergence, see [47] for details. We conduct a priori
estimates as follows.

Multiplying (3.1.2) with Gu(t), (3.1.3) with v(t) respectively, integrating on I', and summing

them up, we get

1d
2t |

:/ (pGu + Bv) dz — (aG||ul|* + bljv[|*) — / (G*u* — 2GuPv + uv?) du
r r

Gllull® + [[v]*) + di Gl Vul]® + dof|Vu]*

+/(Ghu+kv) dx
r (3.3.2)
<,0G|F|§Hu|| +B|F|§||v|| - (aGHuH2 T bllol2) + Gl el + k] o]
<O oGy BT e
- a

1 b
_ 2 bl 2 el 2 - 2 e 2
(aG|full +b||v|| )+ 1 < 2+ a||h|| + IR 4 ol
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It follows that

d
— (Gllull® + [[v]]*) + 2d: G| Vul|* + 2| Vol|* + (aGlull* + bjv]|*)

dt
(3.3.3)
20°GIT| 2821  2G 2
< 2GI L 2PI 2G e 2 e
a b a b
Let v = min{a, b} , dy = min{dy, do}, M; = @ + @, we end up with
d
pr (Gllull® + 10]1?) + 2do(G[[Vull® + [Vol*) +~ (Gllul® + [Jo]]?)
e 9 (3.3.4)
< My —|[n]* + Z[Ik]*.
a b
Multiplying by e, then integrating over [ — ¢, 7| where ¢t > 0, we have
Gllu(r, 7 = t,uo(r = O)|I° + [[o(r,7 — t,v0(T — 1)) ||?
+2d0wr/ (GIIVu(r, 7 — t,uo(r — DI + [IV0(r, 7 — t,uo(r — )[|?) €*ds
T—t
< e (Glluo(r — )2 + [luo(7 — D|2) + 77" M / ¢rds (33.5)
T—t
T [(2G 2
+e—W/ <—|]h|]2+—|]k|]2> 15 ds
T—t a b
M T [2G 2
< (Glunlr — O+ ol = OF) + 2+ e [ (22 a2+ el ) s
It follows that
lu(r, 7 = t,uo(T — O)|* + [[o(r, 7 — t,00(7 — 1)) |]?
maz{l,G} _, 2 2 My ||
2 —t —¢ Sl b B
< iy Uuolr = Ol + leo(r = I7) + e (33.6)
maz{2¢, 2} T
a’b —T h 2 L 2 V5.
B [ (P k) s

The inequality (3.3.6) shows that the weak solution g(7, 7 — t) will never blow up as long as we
pullback the initial time. The family of all the global weak solutions {g(7, 7 — t; go(T — t)) : t >
0,90 € H} defines a process on H,

S(TJT_t>:g0'_>g(TvT_t;QO)7 gOEH7tZO7

which will be called the non-autonomous reversible Selkov process associated with the evolution-

ary equation (3.1.7).
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Moreover, the inequality (3.3.6) shows that the ball B(7) shown in (3.3.1) with

K, =

M| mazx{%€, 2 T
1| ‘ {a b}e'yT/ (HhH2+HkH2) e’ysds

min{1, Gy |+ min{l, G}

—0o0

is a pullback absorbing set. Indeed,

limsup [Ju(r, 7 — t, ug(T — £))[|> + [[v(T, 7 — ¢, vo(T — 1))]?

t——+o0

3.3.7)
M,|T o . (
<1 A e oo [ e 7 s
min{l,G}y = min{l,G} o
and for any ball B C H centered at the origin with radius R, there is a finite time
1. R?mazx{l,G}
to(R) = Zlog——> 2
o(F) v °d min{l,G}
such that S(7,7 — t)B C B, for any t > t,. The proof is completed. O

Integrating (3.3.4) over [T —T', 7 — T+ 1] where 0 < T' < ¢, we have an instrumental inequality

to prove the pullback asymptotic compactness as follows,

T=T+1
/ (IGVu(s)|* + [Vo(s)[*)ds
o (3.3.8)

M max{2Ga~!, 2b7!
< My, max{ L+ Gllug(r = ) + o = T
2d0 2dO

Note that we use the second standing assumption on perturbation terms h(¢, ), k(t, x) above.
Next we show the absorbing properties of the (u,v) components of the non-autonomous re-

versible Selkov process in the product Banach spaces [L?P(T")]?, for any integer 1 < p < 3.

Lemma 3.3.2. For any given integer 1 < p < 3, there exists a positive constant K ,, such that the

absorbing inequality

limsup ||(u(7,7 — t,uo(T — 1)), (7, T — t,00(T — )))|| 72 < Krp (3.3.9)

L2r
t—o00

is satisfied by the (u, v) components of the non-autonomous reversible Selkov process {S (7, 7 —

t) }+>0 for any initial data gy € H.
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Proof. The case p = 1 has been shown in Lemma 3.3.1. According to the smoothing property of

parabolic PDEs [47], for any given initial data gy € H there exists a time ¢y € (0, 1) such that
S(r,7 —t+to)go € E = [Hy(I)]* — L) — LYT). (3.3.10)

Then the weak solution ¢g(7,7 — t) = S(7,7 — t)go becomes a strong solution on [T — ¢ + t¢, 7]
and satisfies

S(-,)go € O([r —t +to,7); EYNL*(7 — t + to, 7 1) C C([r — t + to, 7); L)) G3.11)

C C([r —t + to, 7); LYT)),

for n < 3. Based on this observation, without loss of generality, we can assume that gy € ]Lﬁ(F)
for the purpose of studying the long-time dynamics. Thus parabolic regularity (3.3.11) of strong
solutions implies the S(7,7 — t)go € E C L%(T),¢ > 0. By the bootstrap argument, we can
assume that go € TI C L3(T) so that S(7,7 — t)go € I C L¥(T"), ¢ > 0.

Now we use another rescaling to conduct estimate. Let &« = u,? = v/G. Then the original

system (3.1.2)-(3.1.3) becomes a rescaled system(we omit the tilde for brevity):

% = diAu+ p — au + Gu*v — Gu® + h(t, r), (3.3.12)
%:@mwg—m+ﬁwmﬂf%ﬁ. (3.3.13)
Take the L? inner-product (-, -) of (3.3.12) with u3, we obtain
1d 4 9
a7 LY (t,x)dx + 3dy||u(t) Vu(t)||
. (3.3.14)

= /F (pu?(t,z) — au’(t, ) + Gu’(t, 2)v(t, x) — Gub(t,z) + h(t, z)u’(t, z)) dz.

Then taking L? inner-product (-, -) of (3.3.13) with Gv?, we get
Gd
1dt -

= / (BV*(t, ) — bGV*(t, z) — Gu’(t, 2)v*(t, z) + Gu’(t, 2)v*(t, z) + k(t,2)v° (¢, x)) da.
r

vi(t, x)dx + 3Gdy||v(t) Vo (t)|?

(3.3.15)
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Recall dy = min{d;, d»}, add up the above two equations (3.3.14) and (3.3.15) to obtain

1d

17 (Jlull 24 + Gllv||14) + 3do (J[uVul]® + GllvVol?)

:/ (pu® — au* + v° — bG?) dx + / (hu® + kv) da
r

r
—G/ (u6 —uv — P + u204) dx
r
—/ (pu® — au® + Bv® — bGv*) dx + / (b’ + kv®) da
r

r

+G / u? (—u4 + udv + uv® — v4) dz.
r

Thanks to the Young inequality, we have

3 1 1 3
—ut v+ ud — ot < —ut+ <ZU4 + ZU4> + (Zu4 + ZU4) —vt=0.

and
: ((p + h)u? — au* 4 (B + k)v* — va4) dx
< 4 (ol +oclolz) + 1 [ (CEE 4 C I a
< —i (allullze + bGlv|72) +/F (Qa—}f + ;]29,) dz + M|T'|,
where
M, = %Tp; + bzsf;

Substituting (3.3.17) and (3.3.18) into (3.3.16), we end up with

(lu@®lzs + Gllv@)N1za) + (lu@®llzs + Gllo@®)l74)
2h* 2k*
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Multiplying by e, then integrating over [ — ¢, 7| where ¢t > 0, we have

lulr, 7 =t uo(m = )15 + Gllv(r, 7 — t,v0(m — 1)) 14

<e (|ug(T — )74 + Gllvo(T — t)||74) + e 7T My|T| / e’ds

+ eifyT /T_t ( HhHL4 _'_ b3G3 HkHLAL e’y.SdS

(3.3.20)
M|
< e ([luo(T = t)lI7s + Glloo(r — t)14) + 2||
v [ (2 + b ) e
e . CL3 LA b3G3 LA e S.
Recall that @ = u, v = v/G, returning to the original u, v, we have
4 1 4
lul7, 7 =, uo(r = ))l[zs + Z5llo(7, 7 =, v0(7 = 1)) || 1s
_ 1 M|
Se“mmv—wmﬁ+5ﬂmv—w%n+—ﬂi (321)

(T (2 )
te” 2Bl + s 4 ) s,
oo \ @ G

which implies,

lu(r, 7 =t uo(r = 1))[7s + llo(7, 7 =, v0(7 — 1)) | s

maz{l, G} et 4 Ms|T|

mant, & 5 —t _, o

< ey elaolr =Dl + lloo(r = )13 + e (3.3.22)
max{a%, %} o T A , )

min{l, G=3} e’ / (HhHL4 =+ Hka) eds.

o0

Lett — +o00, we have (3.3.9) holds for p = 2 with

M2|F| max{ 3 b3G3} _ / 4 4
K T = a YT h ]{j ’st '
2, min{l, G3}y min{l, G- 3} e (“ 74 + |l ||L4) e as
Similarly taking L? inner-product (-, -) of (3.3.12) with «° and (3.3.13) with Gv® respectively,
we get

Sl

(lu@lzs + Gllv(lze) + v (lu@®)llzs + Glo@)lze)

16K 16K°
A:(3a5k3wcﬁ)dx+lwﬂrh
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where

165 . 1635

3a®  3b°G5

Multiplying by e, then integrating over [ — ¢, 7| where ¢t > 0, we have

3:

lu(r, 7 = t,uo(T — 1) ||56 + Gllo(T,7 — t,v0(T — 1)) |96
ge-vt(nuo(f—t)u%+G||UO(T—t)||§6)+e-WM3|r|/ 5 ds
T—t

[T [ 16 16 .
e 2 lhllie + o=z lIklze ) €7°ds
r—t \3a 3b°G

M;|T|

<e "(|luo(r — )76 + Gllvo(r = )llzs) +

[T (16 s
+e s lhllze + o3 5||lf||L6 eds.
e \3a 3bG

Returning to the original u, v, we have

1
Ju(r, 7 — t,uo(1 — 1))[|36 + @HU(T,T —t,u0(T —1))||%
M;|T|

_ 1
<e " ([luo(m = 1)lI7s +@Hvo(7—t)|!ie) +

[T (16 16 .
+el s l1Pl%s + w5 Iklle ) e7ds
o \ 3 3G

lu(r, 7 =t uo(r — £))llzs + lJo(7, 7 — £, v0(T — 1)) 10

Therefore,

maz{l, G} et 6 6 Ms|T|
il Set A § ¢ _y

< in(r.aoy ¢ U = 8)llze + lloo(r = llzs + 2o mmr
max{3a5, 3b5G5} T 6 6 s

+ mfln{l G 5} ! - (HhHL6 + ”kHLG) e’Y ds'

Let t — +o0, we have (3.3.9) holds for p = 3 with
M3|F’ max{ EPER 5 5} _

KT: 3a°’ 3b°G 'yr/ h6 ]{}6 ’st_

T min{l, G}y + min{l, G5} N (12156 + 1klI2s) e7*ds

3.4 Pullback Asymptotic Compactness

(3.3.23)

(3.3.24)

(3.3.25)

In this section, we show that the non-autonomous reversible Selkov process {S(7, 7 — t) }+>0 is

asymptotically compact through the following two lemmas. Note that ||(y1, v2)||* = [|v1[|*+]|v2 ]
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Lemma 3.4.1. For any given R > 0,7 € R, there exists a constant () (R) such that if the initial
data go € F'and ||go||p < R, then (u(7, 7 —t),v(7, 7 —t)) components of the solution trajectories
g(t) = S(1,7 — t)go of the IVP (3.1.7) satisfy

IV (u(r,7 —t,ug(t — 1), v(r, 7 — t,vo(T — ))|* < Q-(R), for t > T, (3.4.1)

where (-(R) > 0 is a constant depending only on R, 7, and 77 > 0 is finite and only depends on

the radius R.

Proof. Taking the L? inner-products of (3.1.2) with —Au(t), we get

1d
2 dt

= / (—pAu — v*vAu + GuPAu — hAu) dx
r

d, d
§(41+Z1

—IVull® + duf| Aull* + o] Vu*

dy 2, 1 42 206 1 2
2)||Au|| —i—dl/r(uv +Gu)dx+2d1(p+h) IT|

1 1
< dy||Aul* + /(2+3G3)u6dm+/v6dx + —(p* + )T
3d T dl
Taking the L? inner—products of (3.1.3) with —Aw(t), we have

290l + dofl Av]? + Vo

2 dt
= / (=BAY — u*vAv — GuPAv — kAv) d
r
dy d 1 1
<(7 1 b 5 )A 1>+ /(u4v2+G2u6) dr + —(B + k)T
4 4 2 T 2d2

1 1
< dy||Av]]* + /(2—|—3G3)u6dx+/vﬁdx + —(B8* + K*)|T.
Sd T T dQ
Adding up the two components gives

d
(Ve Vo)[* + 29| (Vu, Vo)

2/1 1 9
ég(d d)<2+SG2><Hu||%e+HvHi6) 2@+ + (T G42)
1

4 2
< 5 (243G (lullhe + [olfs) + (5 + 6% + 12 + )T
Note that we have taken || V|| as the norm of £ and there is a positive constant > 0 associated

with the Sobolev imbedding inequality
lellizs < nllelle =nllVel, forany ¢ € E. (3.4.3)
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By (3.3.25), for any given gq = (ug(7 — t),vo(T — t)) € E, we have

lu(r, 7 =t uo(r — 1))llzs + lJo(7, 7 — t,v0(T = 1)) 10

6 -5
n°maz{l,G°} ; MsT|
—1 —1 Ll B
m@n{l G_5} e ||u0<7— )7“0(7— >HE+mln{17G_5}'y (344)
max{3a5, 3b5G5} —~T 6 6 s
* min{l, G} ! N (HhHLG + [|E[1F6) e7*ds.
Let

M3‘F| mam{g 59 3b5G5} _ / 6 6
M = a YT h k 'ysd ) 345
4(7) mind{1, Gy | min{1,G 5} N (IRlZs + [1&lZ6s) e*ds.  (3.4.5)

Then (3.4.2) along with these facts shows that for any initial datum ||go||r < R, we arrive at

d
TNV, Vo)II* +29][(Vu, V)|

S RSmaz{1, G~} ot
min{l, G5}

(3.4.6)

<X i3 (”

2
M —(p* + B>+ h* + E?)|T].
- FIT)) 4 6+ 4 1+ I

2t

Multiplying by e*, then integrating over [T — ¢, 7| where ¢ > 0, we have

|(Vu(r, 7 —t,ug(t — 1)), Vo(r, T — t,ve(T — 1)) |?

B 4(2 4+ 3G*)n°RSmax{1,G~°} _ 4
< o2t _ — 2 : ar B
< e (| Vuo(r — 1), Voo(r — 1))[1%) + Sdomin{L, G5} ¢ [4eds

4(2 2 i
+ 672’}'7— ( + 3G >M4(T) | |( + ﬁ2> / 62’7st
3d0 dO T—1
2|F| —2yT

L2 / (112 + [FIP) e**ds
dO T—t

<e 2 ([[(Vuo(r — 1), Vuo(r — 1)) +

4(2 4+ 3G*)n°RSmaz{1,G~°} -
3ydomin{l, G5}

1 4(2+3G2) ’ | 2 | | —2vT /T 2 2\ _vs

o (2w + 2 ) 4 2 e [ e ) s
3.4.7)

Put
B 4(2 + 3G*)n° RSmaz{1, G~} -
Qr(ft) =1+ 3ydomin{l, G}
1 4(2 + 3G2> | | 2 |F| —2vT /T 2 2\ s

b (e + 2w ) 20 [+ o) evas,

(3.4.8)
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and for any ball B C F centered at the origin with radius R, there is a finite time 77 (R) = %logR
such that (3.4.1) holds for any ¢ > Tj. L]

Lemma 3.4.2. For any 7 € R,there exists a universal constant P(7), for any given R > 0 there
exists a constant 7'(R) > 0 such that if gy € H and ||go||> < R, then the weak solution of the

non-autonomous reversible Selkov process satisfies S(7,7 — t)gg € E fort > T'(R) and
IS(r.7 = t)golly < P(7), t=T(R).

Proof. By the absorbing property shown in Lemma 3.3.1, there exists a time 7o(R) > 0 such that
for any gy € H with ||go|| < R we have S(7,7 — t)go € B, fort > Ty(R), where B, is the
bounded pullback absorbing set in /. Thus we have

HS(T - T17 T = Tl - t)gOH2 < KT, t> To(R)
From the inequality (3.3.8), we have

—T1+1
/ (IGVu(s)[* + [IVo(s)[*)ds
T-h (3.4.9)

M 2Ga~t,2b7!
< 14 max{2Ga_, }H—i- max{1, G} K2,
2d 2d

By Lemma 3.3.1, for any gy € H, the weak solution S(7, T —t)go is a strong solution on (7 —¢, 7].

This fact and the solution regularity confirm that

(u,v) € C((t —t,7); YN L (T — t,7; E). (3.4.10)

loc

Via the mean value theorem in calculus, it follows from (3.4.9) that there exists a time T, €

(1 — Ty, 7 — Ty + 1] such that

M, N max{2Ga~1 201}

(IGVUT)|* + [Vo(T2)[*) < H +max{1,G}K?,  (34.11)

2d 2d
that is,
M, max{2Ga~', 201} max{1, G} K?
T T2 < ’ i T 3.4.12
lu(T2), v(T2) |l < 2domin{1, G} | 2dymin{l, G} min{l,G} ( )
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Finally, set
T(R)=T,+T>+ 1.
By (3.4.12), we can apply Lemma 3.4.1 to conclude that, for any gy € H with ||go| < R,

M, N max{2Ga~', 2071} max{1, G} K?
2dy min{1, G} 2domin{1, G} min{l, G}

1S(r.m = t)gollz < Qx( ), t=2T(R)

where @), (+) is the function given explicitly by (3.4.8), which does not depend on R.

Put
M, max{2Ga~', 207"} max{1, G} K?

}%T):C%(Z%nﬂnﬂ,G}+_ 2dy min{1, G} min{1, G’} )

we complete the proof.
Note that we run the process from 7 — ¢, after time 7 — 75, the E-norm of (u, v) can be bounded
in the universal ball, then we can apply Lemma 3.4.1 to reach the conclusion.

O

Finally we reach the proof of main result on the existence of pullback attractor, which will be

denoted by <7 (1), for the non-autonomous reversible Selkov process {S(7, 7 — t) }+>0.

Theorem 3.4.3. For any positive parameters dy, ds, p, 3, a, b, G, there exist a pullback attractor

2/ (7) in the phase space H for the non-autonomous Selkov process {S(7,7 — t) }1>o.

Proof. In Lemma 3.3.1 we have shown that the non-autonomous reversible Selkov process

{S(7,7 — t) }+>0 has a pullback absorbing set B, in H. Via Lemma 3.4.2 we proved that
IS(r,7 = t)gollz; < P(r), t>T(R) andfor [go]* < R,

which implies that S(7,7 — t) is pullback asymptotically compact in H. Thus we apply Propo-
sition 3.2.5 to reach the conclusion that there exist a pullback attractor .27 (7) in H for this non-

autonomous reversible Selkov process {S(7, 7 — t) }+>0. [
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Chapter 4

Random attractor of stochastic Brusselator system

4.1 Introduction

In this work, we shall prove the existence of the random attractor for the following stochastic

Brusselator system with multiplicative noise,
du= (diAu+a— (b+ 1)u+ u*v) dt + puo dW (t), 4.1.1)
dv = (dgAv + bu — uzv) dt + pv o dW (1), (4.1.2)

for (t,x2) € RxI',where I' C R" (n < 3) is a bounded domain with a locally Lipschitz continuous

boundary, given the homogeneous Dirichlet boundary condition
u(t,x) =v(t,z) =0, t >ty x€dl, (4.1.3)

and an initial condition

u(to, x) = up(x), v(te, x) = vo(x). (4.1.4)

All the coefficients dy, ds, a, b and p are arbitrarily given positive constants. {W (t)}cr is a one-
dimensional, two-sided standard Wiener process (Brownian motion) on a probability space which
will be specified later. The term pu o dW (t), pv o dW (t) indicate that the stochastic PDEs (4.1.1)-
(4.1.2) are interpreted as the corresponding stochastic integral equations in the Stratonovich sense.

The original Brusselator equations were proposed in [31] as a system of ODEs and the diffusive
Brusselator equations have been used as a typical mathematical model for morphogenesis and
trimolecular autocatalytic reactions in physical chemistry and mathematical biology, cf. [21] and

the references in [47].
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The concept of random attractor for random dynamical system was first introduced in [14,
19] in the study of the asymptotic dynamics of Navier-Stokes equations and other PDEs with
multiplicative and additive white noise. The fundamental results on random dynamical systems

and related topics have been summarized in [2].

When dealing with random dynamics and the existence of random attractor for stochastic par-
tial differential equations with multiplicative noise, we usually transform the stochastic PDEs
into deterministic ones with random parameters and random initial data through the exponential
transformation of Brownian motion. In this chapter, however, we take the approach of the expo-
nential transformation of the Ornstein-Uhlenbeck process. This transformation does change the
structure of the original equations and produces the non-autonomous terms in (4.2.6) and (4.2.7).
It demands more challenging and sophisticated pullback a priori estimates, other than the non-

dynamical substitution of w by #_,w as in some other publications.

Another notable aspect is that the Brusselator reaction-diffusion system does not satisfy the
usual dissipative condition, cf. [47], and the bootstrap method used here is also different from the
decomposition method for the deterministic global attractors in [47]. The result of this chapter
shows that the approach of the Ornstein-Uhlenbeck transformation unifies the treatment of the
stochastic RDEs with multiplicative noise and with additive noise in regard to pullback asymp-
totic dynamics, especially for the reaction-diffusion systems with some sort of weak and hidden

dissipativity.

As always the initial data or solutions are not restricted to be nonnegative and there are no

restrictions on any of the positive parameters in the equations (4.1.1)—(4.1.2).

The rest of the chapter is organized as follows. In Section 2 we present preliminary concepts on
random dynamical system and random attractors. In Section 3 we prove the pullback absorbing
property of the Brusselator random dynamical system. In Section 4 we show the pullback asymp-
totic compactness. In Sections 5 we reach the main results on the existence of a random attractor

and its L? to H" attracting regularity.
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4.2 Preliminaries and Formulation

In this section, we recall the concepts of random dynamical system and random attractor. We
refer to [2,5, 14, 16] for more details. Let (X, || - || x) be a real separable Banach space with Borel
o-algebra B(X) and let (2, F, P) be a probability space. R™ = [0, c0).

Definition 4.2.1. (2, F, P, {0, }+cr) is called a metric dynamical system (MDS) if 6 : R x  — Q
is (B(R) x F,F)-measurable, 0, is the identity on €, 6, = 6, o §, for all s,¢ € R and ;P = P
for all t € R on ).

Definition 4.2.2. A continuous random dynamical system (RDS) on X over a metric dynamical

system (€2, F, P, (0;)cr) is @ mapping
0 R xOx X =X, (tw,z)— o(t,w,x),

which is (B(R') x F x B(X), B(X))-measurable such that for every w € €, the following
conditions hold:

(1) ¢(0,w, -) is the identity on X;

(ii) Cocycle property: ¢(t + s,w, ) = ¢(t, 0w, p(s,w,-)) forall t, s € RT;

(iii) (-, w, ) : RT x X — X is strongly continuous.

Definition 4.2.3. A continuous stochastic flow on a Banach space X over a metric dynamical
system (€2, F, P, (0;):cr) is a family of mappings S(t,7,w) : X — X fort > 7 € Randw € Q
with the following conditions:

(i) S(t,t,w) is the identity on X;

(ii) S(t, s,w)S(s, 7,w) = S(t,7,w) forall 7 < s < tandw € Q;

(iii) S(t,7,w) = S(t — 7,0,0,w) forall 7 < t and w € Q;

(iv) The mapping S(t, 7, w)x is measurable in (¢, 7,w) and continuous in x € X.

Definition 4.2.4. A random set in X is a set-valued function B(w) : © — 2% whose graph
{(w,2) : z € B(w)} C Q x X is an element of the product o-algebra ¥ x B(X). A bounded

random set B(w) C X means that there is a random variable r(w) € R™ such that || B(w)|| :=
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SUD,ep(w) |[7]] < 7(w) for all w € Q. A random set B(w) is called compact (respectively pre-
compact) if for each w € € the set B(w) is compact (respectively precompact) in X. A bounded
random set is called tempered with respect to (6;);cr on (2, F, P), if for each w and for any
constant ¢ > 0,

lim e=“||B(0_w)|| = 0.
t—ro0

A random variable R : (Q2,F, P) — (0,00) is called tempered with respect to {0;}cr if for
each w ,

.1
hgl n log R(0_w) = 0.

t—too
A collection D of random subsets of X is called inclusion-closed, if D = {D(w)}yeq € D
and D = {D(w) C D(w) : w € Q} imply that D € D. In this case, the collection D is called
a universe. In the paper, we define D to be the universe of all the tempered random sets in a

specified phase space X. Note that all bounded non-random sets are included in D.

Definition 4.2.5. Let D be a collection of random subsets of X. A random set X € D is called
a D-pullback absorbing set with respect to an RDS ¢ over the MDS (Q2, F, P, {0, }1cr), if for any

w € ) and any bounded set B(w) € D there exists a finite time ¢5(w) > 0 such that
o(t,0_w, B(0_w)) C K(w) forallt > tg(w).

Definition 4.2.6. Let D be a collection of random subsets of X. Then an RDS ¢ is D-pullback
asymptotically compact in X if for each w € Q, {¢(t,,0_;, w,x,)}2, has a convergent subse-

quence in X whenever t,, — o0, and x,, € B(0_; w) for any given B € D.

Definition 4.2.7. Let a universe D of tempered random sets in a Banach space X be given. A
random set A € D is called a random attractor in D for a given RDS ¢ on X over the MDS
(Q,F, P,{0; }+er), if the following conditions are satisfied for each w €

(i) A is a compact random set.

(i1) A is invariant in the sense that

o(t,w, Alw)) = A(Ow), Yt >0;
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(iii) A attracts every set B € D in the sense that for every w € {2 one has
tlim distx(p(t,0_w, B(0_w)), A(w)) =0,
—00

where the Hausdorff semi-distance is given by distx (Y, Z) = sup,cy inf.cz ||y — || x for subsets

Y and Z in X.

We have the following proposition on the existence of random attractor due to Crauel and

Flandoli [14, Theorem 3.11].

Proposition 4.2.8. Given a Banach space X and a collection D of random sets of X, let p be a
continuous RDS on X over an MDS (2, F, P, {0, };cr ). Suppose that there exists a closed pullback
absorbing set { K(w)}weq € D and ¢ is pullback asymptotically compact with respect to D, then

the RDS ¢ has a unique random attractor A = {A(w) }wea € D whose basin is D and given by

Alw) =) et b_w, K(0_w)).

>0 t>T1
Let {W (t)}+cr be the standard one-dimensional two-sided Wiener process in the probability
space (2, F, P), where
Q={we CR,R):w(0) =0},

the o-algebra F is generated by the compact-open topology on 2, and P is the corresponding

Wiener measure on J. The shift mapping 6; is defined by
() =w(-+t) —w(t), teR.

Then (2, F, P, {0, }1cr) is the canonical MDS and the stochastic process {W (t,w) = w(t) : t €
R,w € Q} is the canonical Wiener process (Brownian motion).

Consider the Ornstein-Uhlenbeck process

2(Ow) = —/ e’(Biw)(s)ds = —/ e‘w(t + s)ds + w(t), (4.2.1)

which solves the linear stochastic differential equation
dz + zdt = dW (t). 4.2.2)

The following proposition is quoted from [5].
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Proposition 4.2.9. Let the metric dynamical system (0, F, P,0,) and the Ornstein-Uhlenbeck
process {z(0;w) }ier be defined as above. Then there is a 0;-invariant set Q € Q of full P-measure

such that for every w € Q, the following statements hold.

1. The Ornstein-Uhlenbeck process {z(60;w)}icr has the asymptotically sublinear growth prop-

erty, i.e.

0
lim 20 _ 4.2.3)

t—+oo |t’

2. z(Ow) is continuous in t and, for any fixed ty € R,

1 t

lim / 2(0sw) ds = 0, 4.2.4)
t—+oo t — to to

In the sequel we consider w € Q only and will always write 2 for Q.

As the main approach to investigating the random dynamics of stochastic PDEs, we convert
the stochastic Brusselator system (4.1.1)-(4.1.2) to a system of pathwise PDEs with the random

parameter w(t) and random initial data. Make the transformation
U=e 0y =ty (4.2.5)
where z(6,w) is the Ornstein-Uhlenbeck process in (4.2.1). Then

dU = —pe "0y o dz + e P# 0 gy,

AV = —pe "0y o dz 4 P70 gy,

In view of the equation (4.2.2), dz + zdt = dW (t), the system (4.1.1)-(4.1.2) is transformed by
(4.2.5) to the following random PDE problem:

dU
—r = hAU + ae P09 _ (b + DU + 2*OIU%Y 4+ pz(0,w)U, (4.2.6)
AV

i oAV + bU — 22002V 4 p2(0,w)V, (4.2.7)

forw € Q,z € I'and t > t,, with the homogeneous Dirichlet boundary condition
Ult,w,z) =V(t,w,z) =0, t>teR, z€dl, weQ, (4.2.8)
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and the initial condition at t = t; € R,

Ulto,w,z) = Up(w, z) = e POy (), Vtg,w,z) = Vplw,z) = e P*Crolyy(z).  (4.2.9)

For every w € (2, the problem (4.2.6)-(4.2.9) of the pathwise nonautonomous partial differential

equations can be written as

d
_g = Ag+F(g,9tw),

dt 4.2.10)
g(t07w7 l’) =go = (Ug(w,l'), %(W,LE))T,

where g(tv W t07 gO) = (U(ta w; tO? U0)7 V(t, ws th ‘/E)))T and

ae=* ) — (b + 1)U + 22V 4 pz(0,w)U
F(g7 Qtw) -
bU — 2702V 4 2 (0,0)V

for any t > t; with initial data
go(w) = (Up(w, ), Vo(w, )" = (€770 ug (), e oy, ()T

By conducting a priori estimates on the Galerkin approximations of the initial value problem
(4.2.10) and the compactness argument, c.f. [12], but with the extra care on the non-autonomous
terms from the random noise, we can prove the local existence and uniqueness of the weak solution
g(t,w;ito, go), t € [to, T'(w, go)] for some T'(w, go) > to, which depends continuously on the initial
data.

By the parabolic regularity [37, Theorem 48.5], every weak solution turns out to be a strong
solution for ¢ > %, in the existence interval. Similar to Lemma 1.2 in [47], every weak solution

g(t,w;to, go) of (4.2.10) on the maximal interval of existence has the property
g(t, w3 th gO) € C(HO; Tmax>; H) M Cl((tO; Tmam>; H) N LZ([tm Tma:c); E)

Below we shall study the global existence and the asymptotic dynamics of the weak solutions of

the problem (4.2.10).
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4.3 Pullback Absorbing Property

For brevity, we write U (¢, w; to, Up), V (t,w; to, Vo) as U(t,w), V(t,w) or simply as U, V, similarly

we write weak solution g(t,w; tg, go) as g(t,w) or g.

Lemma 4.3.1. For any given tempered random variable R(w) > 0 and any initial data (ug, vo) €
H with ||(ug,v9)|| < R(w), there exists a time —oo < T(R,w) < —1 such that the weak solu-
tion g(t,w) = (U(t,w;ty,Uy), V(t,w;ty, Vo)) of the problem of the random Brusselator system
(4.2.6)-(4.2.9) exists on [tg, 0] for any initial time ty < T(R,w).

Moreover, for terminal time ¢ € [—4, 0] when t; < min{7T(R,w), —4}, there exists a random

variable M (¢, w) independent of initial data such that the weak solution satisfies
||g (t,w;to,e_pz(etow)go) H2 < M(t,w), t>ty, we 4.3.1)

Proof. Taking the inner product of (4.2.7) with V' (¢,w), we get
1d
2dt

2pz(0rw) 1 —2pz(6rw) ? 1 2 —2pz(0w) 2
= —¢ A Uv — Ebe : dx—i—zb IT'le + pz(6w)|| V)%

VP + do [ VV|I?
(4.3.2)

It follows that, in the maximal interval of existence [to, Tinaz)s

d d 1
EHVHQ + 2Mdo||V])? < E||V\|2 +2ds | VV |2 < 2p2(0,w) ||V ||* + §b2\rye*2f)2<9tw>. (4.3.3)

ftto (2pz(0sw)—2Xd2)ds

Multiplying the above inequality by e and then integrating it over [to, | where

to < —4 <t <0, we obtain

[V (1,5 to, o)|[2 < [[Vp|[2efi 26700122ttt

1 t (4.3.4)
+ ~p2 |F| / 6f:(2pz(05w)—2)\d2)ds—2pz(97w)d7_.
2 to

The next step is the key to the pullback estimates. We want to get rid of the initial time and data

by the asymptotic decay of the Ornstein-Uhlenbeck process. The arguments go as follows.
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From (4.2.3) and (4.2.4), for every random variable R(w) > 0, there exists a time 7' (R, w) <
—4 such that for any ¢ty < T1(R,w), and t € [—4, 0], we have

1

t
/ 2p2(0sw) ds — 2Xdy < —Mda,
(t—to) Jig 4.3.5)

e~ Ad2(t—to) ,—pz(01gw) 2 (w) < 1.

Note that the improper integral on the right-hand side of (4.3.4),

¢ ¢
/ exp {/ (2pz(Osw) — 2Adas)ds — 2pz((9Tw)} dr, (4.3.6)

is convergent for the following reason. By (4.2.3) and (4.2.4) there exists T»(w) < —4 such that

for any 7 < Ty(w), we have

exp [ / t(2pz(03w) — 2dps)ds — 2pz((97w)1

t 4.3.7)
202(0,w)d N
— eXp [(t — 7') (M o 2)\d2 . 2102(6 CL)))] S e*)\d2(t*7’)’
t—r1 t—T7
and
T Ty 1
/ e MRy < / e MBIy = M, (4.3.8)
oo o 9

Therefore, we have the following estimates, for to < T1(R,w), and t € [—4, 0],

t
HV(i, w: o, 90)||2 < ||Vb||2€ft0(202(95w)ds—2>\d2(t—t0)

t
+lb2|r|/ ef_:(2pz(03w)—2)\d2)d5—2pz(07w)d7_

(4.3.9)
<14-= b2|F| / o7 (202(0sw)=2Xd2)ds—2p2(0:w) 7.
< 14-= bzm / " (2p2( 0u0)=2Ada)ds ~2pz(07) -
Next we deal with U component through the transformation
y(t,z,w) =U(t,z,w) + V(t,z,w). (4.3.10)
Adding up (4.2.6) and (4.2.7), we get
‘fl@: = di Ay + (dy — d2) AV —y + V + ae ) 1 p2(0,w)y, (4.3.11)
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Take the inner product of (4.3.11) with y(¢) to obtain

1d
Ll + |V
:(dg—dl)/|VV~Vy|dx+(pz(&tw)—1)Hy||2+/Vydac+aepz(e‘“’)/ydl’
r r r
< |d2_d1’2 vV 2 d \VTIE 0 1 2 V112 1 2 2|1~ 2p%(0iw)
< g IVVIE+ZIVYI™ + (p2(0w) = Dllyl™ + IVIE+ Sllyll” + a7[Tle :
(4.3.12)
It follows that
d dy — dy|?
Dol + apoyie < 28 oy
1 (4.3.13)

+ (202(0w) — Dllyll2 + 20V |2 + 202D je= 20,

t
Jig2p2(0s0)=1)ds 14 then integrating it over [to,t], where

Multiplying the above inequality by e
to < —4 <t < 0. Then there exists a time 7T5(R,w) < —4 such that for any ¢ty < T3(R,w),
t € [—4,0], we have

t — —
ly(t, w3 to, go)I* < [lyol?elo 2 0temmto

Lo dy — dy|?
[ ettt [ 2L ygy @y 2yl + 2airie 0 ar
to 1

t . do — d 2
§1+/ 1 p=(0.0)~1)ds {—’ = d HVV(T)H+2A|]VV(T)H2+2a2|r\e—2pz<ew>} dr.
to 1

(4.3.14)

Now we treat the integral term on the right-hand side of (4.3.14). Multiplying (4.3.3) by eJ- (2p2(0sw)=1)ds
and then integrating it by parts on [to, ], where {5 < —4 < ¢t < 0, we find that there exists

Ty(R,w) < —4, such that the following inequality holds,

t t

2d2/ efr(sz(Gsw)_l)dsHVV(T,w; to, go)||*dr

to
t
¢ 1
< [ et @0 W)V (| + S B e 0) dr
fo . (4.3.15)
o CPOTIE (1) |2 / IV (D)I(=2p2(0:) + 1) el G20) Do
to

t t
< % b2|rl / ef:(sz(QSw)—l)ds 6—2pz(67—w)d7_ +14 / ||V<T>H ef:(sz(st)—l)dsdT7
to to
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when tg < Ty(R,w). As for the term ft'; |V (7)||eJr @p2(0s)=Dds g in (4.3.15), from (4.3.4), there
exists T5(R,w) < T1(R,w) such that for ¢y < T5(R,w) we have
/ b CoIE |V (7, s t0, Vo)) P
to

t
< / eft(sz Osw)—1) ds”v H2 ftg(2pz(ﬁsw)ds—2)\d2(7—to)d7_
2
b |F|/ f (2p2(0sw)— / fg 2pz(0sw)—2Xd2)ds—2pz 91,w)d€d7_
S / efto 2pz(0sw)+max{—1,—2Ad2}) ds“%“2d7_

me e [E(2p2(0sw)—1)ds , [T (2p2(0sw)—2Xd2)ds—2pz (0 w)
+ elr (2pz(0sw Sole pz(Us 2 pz\Ug deg
2 ¢ (4.3.16)

S (t . tO)H%HQQIttO (2pz(0sw)+max{—1,—2Xd2})ds

bQ‘F' " JE2p2(0sw)ds+ [ max{—1,—2)d2}ds—2pz(0¢w)
+—2 ele “P#\s ¢ AR PRV drdE
3

t
_ (t . tO)H%"Qefto (2pz(0sw)+max{—1,—2Xd2})ds

bQ‘F| / fgt 2pz(95w)ds+f§t max{fl,fQ)\dg}dszpz(egw)dg
2
<1+ b |F| / f€ 2pz(0sw)ds + max{—1,—2Xd2 } (t—&)— 2pz(6’vw)dé-

Note that the last improper integral above is convergent by the similar calculation as in (4.3.7) and

(4.3.8). The stochastic process given by

0?1 1
Ci(t,w) = f (2pz(0sw)—1)ds—2pz(0rw) d
1( ) ) 4d2 - e’T T+ _2d2
1+ b2|F‘/ f§ 2pz 9w)d8+max{ 1, 2)\d2}(t 6) 2pz(91)w)d£

is tempered by (4.2.3) and (4.2.4).
By (4.3.14), (4.3.15) and (4.3.16), for ty < min{7T3(R,w), T4(R,w), T5(R,w)}, we have

ly(t, w;to, y0))||? < Cao(t,w), for —4<t<0, (4.3.17)
where
|d2 B d1|2 2 ' 1 (2pz(0sw)—1)ds—2pz(0-w)
Co(t,w) = 1+ g +2X\ ) C4(t,w) + 2a el : dr.  (4.3.18)
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Set T'(R,w) = min{T1(R,w), T5(R,w), T3(R,w), Ty(R,w), T5(R,w)}. Then we have, for t, <
T(R,w)and t € [—4,0],

lg(t, w;to, go)|I> = U (£, w; to, go) I + |V (£, w; to, go) I
= |Jy(t,w; to, go) — V(t,w;to, go)||> + |V (t,w; to, go)]|? (4.3.19)

< 2[|y(t, w; to, go)||* + 3|V (¢, w; to, o) ||* < M (¢t,w),

where

VT [f ¢
M(t,w) = 3Cy(t,w) + 3 <1 + —|2 | / efr@fw(@sw)”d?)d”pzwf@dr) .
The proof is completed. O]

If g(t,w; T, go) is the weak solution to problem (4.2.6)-(4.2.9), then
h(t,w; 7, ho) = S(t, 7, w)ho = e g(t,w;T, go), t>T, (4.3.20)

where

hO = (u()a UO)a 9o = 6_pZ(GTW)h(h

is the solution to the original stochastic Brusselator problem (4.1.1)-(4.1.4).
By the uniqueness of weak solution of ¢(t,w; T, go) and the stationary increment of Brownian

Motion, we can verify that S(¢, 7, w) is a stochastic flow on H, namely,
S(t,s,w)S(s,T,w)) = S(t,7,w), forr<s <t,
S(t,s,w) =S5(t—s,0,0,w), for s < t.

The second equality means that

e"z(etw)g(t, w; 8, e‘pz(esw)ho)
(4.3.21)
= P09 g(t — 5 0,w;0,eP*@hy) forall s < t.
Define the Brusselator random dynamical system ¢ : R* x Q x H — H over the MDS
(Qv 9:7 P7 {Ht}tGR) by
ot — 7,0.w, hg) = S(t,7,w)hy = e’ g(t, w; T, go), (4.3.22)
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wheret > 7 € Ryw € Q,hy € H. The cocycle property of the mapping ¢ can be checked by
(4.3.22), (4.3.21) and the properties of stochastic flow in Definition 2.3.

From (4.3.22), we have the pullback relation
P, 0-w, (uo, v9)) = e g(0,w; —t, go), (43.23)

in which ¢(0,w; —t, go),t > 0, can be called the pullback quasi-trajectory from gy, which is not
a trajectory but the terminal values at time ¢ = 0 of the bunch of weak solutions ¢(0,w; —t, go)
starting from gy more and more backward at time —¢. We shall deal with the pullback quasi-
trajectories to investigate the pullback asymptotic behavior of the Brusselator random dynamical

system .

Lemma 4.3.2. For the Brusselator random dynamical system ¢ on H over the MDS (2, &, P, {0; }+cr),
there exists a D-pullback absorbing set By(w), which is the random ball centered at the origin with

the radius My(w) given by
(w) 52|F| O 2p2(0sw)—2Ad2)ds—2pz(0
Mo(w) — ePzw 302(0700) +3(1+ 5 el (2p2(0sw) 2)ds—2pz(0-w) 1 | | .

Proof. This is a direct consequence of Lemma 4.3.1 and the characterization of the pullback
quasi-trajectories of this Brusselator RDS ¢. Note that M(w) is a tempered random variable and

By € D. L]

Furthermore we show the pullback absorbing property of the V'-component of the random Brus-
selator system (4.2.6)-(4.2.9) in the Banach space L°(T"). This is a key step to pave the way toward

the proof of the pullback asymptotic compactness in the next section.

Lemma 4.3.3. For any given initial data (ug, vo) € F, and terminal time ¢ € [—4, 0], there exists a
random time 7T(||gol| s, w) < —4 and a positive random variables P(¢,w) such that for any initial

time ¢ty < T5(||gol|z6,w), we have

IV (t,w;t0, go)lI7s < P(t,w), —4<1t<0, (4.3.24)
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Proof. Taking the inner product of (4.2.7) with V3, we obtain

1d
—— [ VAt 2)dx + 3dy ||V () VV (1) ||?
4dt J;
= / (bUV3 — 22024 1 p2(g,w)V?) da (4.3.25)
T

< / (2[)2 72pz(0tw)v2 ; 2pz(0sw) U2v4 2pz(0tw)U2v4+pZ(0tw)V4> dr.
r

It follows that

d
ZIV(Ol2e +62ds [V () LWL+ 6 TV

174 <
dt (4.3.26)

1 —4pz\UtWw
<2p2(0w)[[V () 114 + 5 e NV (D)),

(2pz(0sw)—6Xd2)ds

Multiply the inequality (4.3.26) by efto and then integrate the resulting inequality

over [to, t], where ¢y < t. By virtue of (4.3.4), we have
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V(i to, )l < Vol elioe(0s=ortns

bQ t

2 /- 2px(Os) O s=20200-) ||/ (7 oo £, Vi) ||2dr
to

+

2 t
b_/ ef_:(2pz(95w)76)\d2)d572pz(97w)H‘/OHZeft:)(QPZ(GSW)—Q)\dz)dsdT

t
< H‘/0"i4eﬁo(2pz(95w)—6x\d2)ds + :

to

4 t T
n b |F| / ef:(2pz(05w)—6)\d2)ds—2pz(07w)/ ef;(sz(Gsw)—2>\d2)ds—2pz(0vw)dvdT
4 to to
2 2 pt
:||‘/O||4L4eftt0(2pz(esw)6Ad2)ds+@/ ef_:(2pz(95w)—6)\d2)ds—2pz(9,.w)eftg(2pz(95w)72)\d2)dsd7_
to
b4|F| ' —2p2(0-w) , [*(2p2(0sw)—6Ad2)d ! [T (2p2(8sw)—2Xd2)ds—2pz(ew)
+4 e PRI gl PRl R 2 PRI dE dT
to to

2 2 t
:H‘/b‘|‘i4€ftt0(2pz(95w)—6)\d2)ds € M/ 6th(2pz(93w)76)\d2)dsf2pz(0Tw)eftg(2pz(95w)—2)\d2)dsd7_
to

AN

A

t t
/ / 6—2pz(97w) ef:(2pz(9$w)—6z\d2)dsefg(2pz(65w)—2)\d2)ds—2pz(6€w) def
to /¢

¢ z w)— S b2 V 2 ¢ t z w)— S
§||VO||4L4€ftO(2P (Bsw)=BAdz)ds H20H / oJio (22(05w)=2rd2)ds —2pz(0rw) .
to

b4|rl L —2p2(0,w) [ 202(0sw)ds— [} 2Xdads—2pz(9ew)
+ v e e’s 3 drd§
to J¢

£ z(Osw)— s b2 1% 2 z(Osw)— s !
<|[Vo[2 e 2re(Ose 07 s |’20|| o (202(0) -20d2)d / o 207(0:) g
to

b4|F| L —2p2(0,w) _ [¥ 2p2(0sw)ds— [} 2Xdads—2pz(ew)
+ — e ele : ¢ drd§.
to Jto

(4.3.27)
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Next we use the bootstrap method to take the inner product of (4.2.7) with V® and obtain

6 2 2
6dt/v (t, z)dx + 5do|[|[V=()VV (1)l
— / (bUV? — 22020 4 p2(0,w) V) da (4.3.28)
I

< / (lb%—?f’z(@tw)v‘* T A2y 20 2y pz(@tw)V6> da.
~ Jr\2 2
r
It follows that

d
TV Ollze + 100V (1) VO + 1049V

|76 <
dt : (4.3.29)
<2p2(0,w) IV (1) ||56 + §b2e*2’”“’t°”||V(7t)\|‘i4-

Then there is a random variable T5(||go|| s, w) < —4 such that forevery w € €2, tg < T5(||go|| s, w)

and t € [—4, 0], we have

1V (¢, w;to, go)|%e

Y (2p2(05w)ds— — v? Lo - -
< ”%”%Geft()@p (0sw)ds—10Ad2 (t—to) + 5/ efn(sz(Osw) 10Ad2)ds ZPZ(GWW)HVO?)H%ACZT]

t
< H‘/O”6L66f:0(2pz(93w)ds—10)\d2(t—t0) + ﬁ/ ef;(2pz(93w)—10)\d2)ds—2pz(9nw).
7 (2p2(0sw)— s
IVl el G0 gy (4.3.30)
t
+ b4||%H2 / ef;(2pz(93w)710)\d2)d372pz(9nw)eftno(2p2(9.sw)—2>\d2)d8 /77 6—2pz(97—w)d7_d7,’
to
b |F|/ f (2p2z(0sw)—10Ad2)ds— 2pz(6’nw)/ 72pz(0-rw)d7__

to

/ f§ 2p2(0sw)ds— f 2)\d2ds—2pz(05w)d£dn
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6 I @pe(osods—10adai—to) | VIVOlLs [* _opionw) fi (2p2(6.)—62dz)as
SH‘/EJHLee to PR 2 0 —|——/ e pz( nw)e to \2PZ(0s 2 dn

2 to
6 2t .
n b ||Vb|| / 6—2pz(9nw) efto (2pz(0sw)—2Ad2)ds /77 6—2172(97-60) den
4 to to

6 t t
+ b ’F‘ / G—QPz(er)dT/ /77 ef;(2,02(050.1)—10)\d2)ds—2pz(6nw)'
8 to to Jto

‘ efén sz(esw)ds_fgl 2Xdads—2pz(0ew) dfd’l]

2

t
+ b6||%||2efttO(ZPZ(@sw)—Q)\dﬂdS/ 6—2pz(6'7,w) /77 6—2pz(97—w)d7_dn

4 to to

6 [ (202(8sw)ds—107d2(t—to) b2||‘/0H%4 [ (2p2(65w)—67d2)ds ! 202(0
< [Wlguelorromrtontio) o PULs ofy oso-vins [* ooy
to

bG ’F‘ t t rt .
+ / 6—2pz(67—w)d7_ / 6—2)\d2(t—77)—2pz(6,,u.1)6f5 (2pz(9sw)—2)\d2)d8—2pz(95w)dndg
8 to to J¢

6 [ (2pz(0sw)ds—10Ada(t—to) b2HV0H44 [ (2p2(05sw)—62d2)ds ! 252(0
< HVOHLﬁe o PEe AT 4 TLQ 1\ TP ? / e~ 2P "w)dn
to
6 2 t t
I b ||‘/0|| eﬁi)(sz(Gsw)—QAdg)ds/ egpz(gnw)dn/ 672pz(9"'w)d7'

to to

4
b6|F| t B t B o t ‘ 3 B
+ e 2pz(9-rw)d7_ e 2Xd2(t—n) 2pz(6‘,7w)d77 . €f5 (2pz(0sw)—2Xd2)ds—2pz(0¢w) dg
8 to to to

< P(t,w),

where

b6|F’ ' —2pz(0,w) ! —2Xda (t—n)—2pz(0nw)
P(t,w):3+T e ) dr e ") dn-

—0o0

t
/ efg(2pz(93w)—2)\d2)ds—2pz(9§w)d€.

Note that the three improper integrals above are convergent by the similar calculations as shown

in (4.3.7) and (4.3.8). The proof is completed. L]

The next lemma is instrumental to the proof of pullback asymptotic compactness in the next

section.
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Lemma 4.3.4. Let (to,t;) satisfy tp < —4 < t; < 0 and (ug,v9) € H with ||(ug,v0)|| <
R(w), where R(w) > 0 is any given random variable as in Lemma 4.3.1. If the weak solution

g(t,w; o, go) satisfies ||g(t1,w; to, go)|| € E with

lg(t1,w;to, go)lle < G(w),

where G(w) > 0 is any given random variable, then there exists a random variable D(t, G,w) > 0

such that

|V (t,w; to, 90)||% < D(t,G,w), foranyt € [t1,0], to < min{T(R,w), -4},  (4.3.31)
where T'(R,w) is the same as in Lemma 4.3.1.
Proof. Fix the initial time ¢y < min{7'(R,w), —4}. Integrate (4.3.26) over [t;, t] to get

t
IV (£, w; to, go)l|5e < |V (t1, w; to, go)|| Laels Be70ss) —BAda)ds

Ly [*
—|—§b2/ e Qox(0s0)=6Ad2)ds—20=(070) |/ (7 o 0. o) |2
t1

< 54G4 (w)efttl (2pz(0sw)—6Ad2)ds

1 . (4.3.32)
—|—§b2/ ef_r(2pz(95w)—6)\d2)d5—20Z(97—w)HV(T’w;t07go)|’2d7'

t1

b2 [t
_/ efT(2pz(93w)76/\d2)d572pz(9-rw)dT

t
§54G4<w)€ft1(2pz(95w)—6z\d2)ds + 5
t1

t T
+ ib4’F| / 6—2pz(9,—w)€f$(2pz(03w)—6)\d2)ds / efg(2pz(03w)—2)\d2)ds—2pz(05w)dé(ﬁ_’
t1

—0o0

in which the last inequality follows from the use of (4.3.4) and ¢ is the constant of the Sobolev

embedding H}(T') — L*(T),
lellziry < llelle, forany ¢ € E.

Put

t
H(tj w) _ 54P4(w)eftt1 (2pz(0sw)—6Ad2)ds + %bQ/ ef:(sz(st)—6)\d2)ds—2pz(97w)d7_

t1

t T
+ ibﬂrl / e—?pz(@-rw)ef:(2pz(95w)—6)\d2)ds / efg(sz(asw)72/\d2)d372pz(0£w)d§d7_'
t1

—00

(4.3.33)
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Fix any initial time ¢, < min{7'(R,w), —4}. By integrating (4.3.29) over [t, t| and using (2.3.3),

we get

IV (¢, w; to, 90) 76

t
<V (1, w; to, go)||Ss et (2r2(Ose)ds 10 {t=t0)

1, [t . (4.3.34)
+§b2/ efT(2pz(05w)—10)\d2)ds—2pz(07w)||V<T)||i4d7_
t1

t
< C6G6(w)eftt1 (2pz(0sw)—6Xd2)ds + %bQ / ef:(2pz(05w)76)\d2)d572pz(9-rw)H<7_, (,U)dT.
t1

Then (4.3.31) is valid with
© ot
5 / GfT (2pz(6’sw)—6)\d2)ds—2pz(0-rw)1—[(7_’ W)dT

t1

.D<t7 G7 w) — CﬁGG (u})efttl (2pz(0sw)—6Ad2)ds +

The proof is completed. ]

4.4 Pullback Asymptotic Compactness

In this section, we show that the Brusselator random dynamical system ¢ is pullback asymptoti-

cally compact in / via the following modified uniform Gronwall inequality, cf. [37].

Proposition 4.4.1. Given a natural number n > 1, let 3, (, and h be nonnegative functions in
L*([=n,0]; RT). Assume that (3 is absolutely continuous on [—n, 0] and the following differential
inequality is satisfied,

dp

pn <(B+h, forte[-n,0].

If
t+1 t+1 t+1
| cnirza [ sma<e [anar<c
t t t
for any t € [—n, —1|, where A, B, and C are some positive constants, then

Bt) < (B+C)e* for te[-n+1,0]

Lemma 4.4.2. For any given random variable R(w) > 0 and any initial data (ug,vy) € H

with || (ug, vo)|| < R(w), there exists a tempered random variable K (w) > 0, and a finite time
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T(R,w) < 0 such that if the initial time t, < T'(R,w), then the weak solution g(t,w; T, go),
where gy = e Pa(0rw) (ug, vp), of the problem of the random Brusselator reaction-diffusion system

(4.2.6)-(4.2.9) satisfies g(0,w; tg, go) € E and
19(0,wito, go)l| % < K (w), to < T(R,w). (4.4.1)

Proof. The proof is divided into three bootstrap steps. First we conduct estimates of the time av-
erage of the H}(T")-norm for both U-component and V' -component solutions on the time interval
[—4, —1]. Second we apply the uniform Gronwall inequality (Proposition 4.4.1) to get the point-
wise estimate of U-component in the time interval [—2,0]. Third we use the results of previous
two steps to get the pointwise estimate of 1/-component in the time interval [—1, 0].

STEP 1. In this step, we establish the time-average estimates of the of £-norm for the weak
solutions (U, V). Note that the estimate of L°(I")-norm of the V-component of the weak solu-
tion has been obtained in Lemma 4.3.4. Since z(6,w) is continuous in ¢, we see that Z(w) =
max_s<,<—1 |2(f,w)| is a positive constant for every given w € (). Fix the initial time ¢, <
min{7'(R,w), —4}, here T'(R,w) comes from Lemma 4.3.1, integrate the second inequality of
(4.3.3) over [t, t + 1], where —4 < ¢t < —1, and by (4.3.9) we have

t+1
| 2l vVt glar
t
Ak b2|r| T ST (2pz(0sw)—2Xd2s)ds—2pz(Oew)
< 2pz(0,w) 1+T ele d¢ | dr
t —o0

p2r| [t
+ —‘2 | / e 220 qr 4 |V (1))
t (4.4.2)

0 2 T
< / 26|Z(97w)| (1 n b ’2F| / ef{‘r(2pz(95w)—2)\d25)ds—2pz(9§w)df) dr
—4 —o00

V0| [°
+ ‘ | / 672pz(07—w)d7_ +1
—4

2

2 t
+ b |F| max ef:(sz(st)—2>\dgs)ds—2pz(97—w)dT'
2 —ast<-1 )

Then for ¢ty < min{7T(R,w),—4} and —4 < t < —1, we have

t+1 K
/ V'V (7, w; to, go)||2dT < M, (4.4.3)
t 2d2
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where

0 52 r T -
K1<w) :/ 2/)|Z<97w)| (1+ |2 |/ €f5 (2pz(€sw)—2)\d23)ds—2pz(9§w)dg) dr

-4

2 0 2 t
+ b |F‘ / G_QPZ(GTw)dT +14 b ’F‘ max / ef_f(2pz(95w)—2)\d25)ds—2pz(97—w)d,]_‘
2 /., 2

—4<t<-1 )
In particular, let ¢ = —4 and we have
/ IVV (,w; to, go)||2dT < 1) . (4.4.4)
—4 2d2

By the Mean Value Theorem, there is a time ¢; € [—4, —3] such that

Ki(w
[V (t1, wito, go)le < iw) (4.4.5)
2dy
Then by Lemma 4.3.4, there is a random variable D(t, K/(2ds),w) > 0 such that
||V(t7 w; to, gO)H%G < D(tv Kl/(2d2)7 W), forany t € [tb 0]7 to < T(R7 (,U). (4.4.6)

Fix any initial time ¢ty < min{7(R,w), —4}. Integrating the inequality of (4.3.13) over [t, t+1],
where —4 <t < —1, in view of (4.3.17) and (4.4.5) we have

t+1
/ 0, [[Vy(r, w; o, go)|2dr
t
|d2 - d1‘2 o . 2 2
< R TN IV V||dr + (2pz(0;w) — Dly(T)[%d7 + [|y(t) ||
t t

t+1
+ 2a?|T| / e=20%0-) g7 (4.4.7)
t

.12 K
S(M+2)\) 21;)—% max C'gtw/ 12p2(0,w) — 1|dT

dy 9 —4<t<0

+ max CQ(t w —|—2a2|F|/ e~ 2050 g,

—4<t<

Consequently, for tg < min{7(R,w), —4} and —4 <t < —1, it holds that
t+1 t+1
| IV UGt = [ IVurwite.g0) = TV (rwito, g0 dr
t t

t+1
< / 2 (|Vy(r, to,w, yo) > + | VV (7, to, w, Vo) ||?) dr (4.4.8)
t

< Kl(w) I 2K2<W)7
T dy dq
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where

dy — dy|? K
Kr(w) = (%—FZ\)#%— max Ch(t,w) / 12pz(0,w) — 1]dT
1

—4<t<0

—4<t<—

+ max Cg +2a2|F|/ ~2px(6rw)

STEP 2. Now we conduct the estimates of H}(T")-norm for the U-component of the weak

solutions. Taking the inner product of (4.2.6) with —AU(t), we get

L LIVUIR + AU + (6 + DV U2

— / (—ae P?PIAU — 22OV AU dx + pz(w)||VU |2
I
d d 2r 1
<(=+= |AU|1* + | |e_2pz(9tw) + —etr#(0w) / UV? dx + pz(0w)||VU .
4 4 dl dl T
It follows that

d
ZIVUIP + d AU + 200+ D VU

2a2|T 2
< adl | ,zpz<atw>+d PO U |16V |26 + 2p2(0:0) | VU ||
1

(4.4.9)
< 261—|F|6—2pz(9tw) + z

< -0 (VU V[ + 202(6)]| VU

1

2a2|T 2
ad| [ g-202(000) (d e0=(0) (4| 7 |2 y|VHL6+2,oz(9tw)> VU],
1 1

After dropping the terms d; ||AU||? and 2(b + 1)||VU]||? from the left-hand side of the inequality

(4.4.9), it can be written as

% < a(OB(t) +1(), te[=3,0] (4.4.10)

where
B(t) = IVU|]%,

2 4
a(t) = 2P O TU |V +292(00), and

2a®|T°
(t) = 2 0,
1
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For ty) < T(R,w) and —3 < t < —1 and, we obtain the following estimates: By (4.4.8),

t+1 t+1
/ B(r)dr = / |VU|]dr < Ki(w) + 2K2(w).
t t d2 d1

By (4.4.8) and (4.4.6)
t+1 t+1 9 4 t+1
[ amar= [ 2t VU s + [ 2ps(.0)ar
t t 1 t

2¢4 K K 2K. 0
< 2 max |DV3 (7, =L, w | e*r#0re) 1) + 2(w) + 2/ clz(0,w)|dr,
< 2d, dso dy _3

and

t+1 2 t+1 2 0
/ ’)/(T)dT _ 2a |F| e—2pz(97w)d7_ < 2a |F| / e—2pz(07w)d
¢ diJy di )3

Apply the Uniform Gronwall Inequality (Proposition 4.4.1) with the above three estimates to get
1U(t,w;to, 9ol < Ks(w), te[=2,0], to < T(R,w), (4.4.11)

where

K 2K, 0 20?1
Kg(w) = 1<W) + 2((4-)) +/ a ’ ‘6—2pz(97—w)d7_ .
d2 dy 3

20 [ K,y . Ki(w) 2K,w) 0
epd X D (7, BL ) camstor 2 / |
exp{ i max { 3 (T, 2d2,w) e 7 + a, + » clz(0;w)|dr

STEP 3. In this step, we wrap up the proof by conducting the estimates of H}(T")-norm for the

V-component of the weak solutions based on the results of Step 1 and Step 2. Taking the inner

product of (4.2.7) with —AV(t), we get

LIV + AV

= / (=bUAV + erZ("f“)UZVAV) dx + pz(0,w)||VV|?
T

dy  d L.
< (42 ) |AV]? + HUH2 i) [+ (00 |V
2 r

It follows that

d
ZIVVIE + &l AV

2b2 2 (o

HUH2 7 PO U LsVIITe + 2p2(00) |V V] (4.4.12)
2b2 2

—llu)* + C D VU VY2 + 2p2(6w0) [V V%

_d2
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After dropping the terms d»||AV||? from the left-hand side, the inequality (4.4.12) can be written

as
dB .
d—f < a(t)p(t) +4(t),t € [—2,0], (4.4.13)
where
Bt) =|IVV]?,
at) = 2—<6e4f’z(9t“’>||VU||4 + 2pz(Hw) d
=0 pz(6w), an
~ 2b?
() = 1011
2

For —2 <t < —1 and ¢, < min{7'(R,w), —4}, we have the following estimates: It follows from

(4.4.3) that
t+1 t+1 K
[ B = [ v < B2
t t 2d2
By (4.4.11),
t+1 9¢6 [t t+1
/ a(r)dr = —/ e4pz(9*°’)]|VUH4dT+2/ pz(0,w)dr
t d2 t t
< 2—66 max (") K2(w) + 2 ’ clz(0,w)|dr
T dy —2<7<0 s -2 ’ 7
and by (4.4.8)
t+1 2b2 t+1 2b2>\2 t+1 2b2>\2 K (w) 2K2(w)
Y(r)dr = = Ul < / VU|? < (1 + )
J R o N L B | e

Apply the Uniform Gronwall Inequality again with the three estimates above to obtain
|V (t,w;to, go)l|% < Ka(w), te€[-1,0], to <min{T(R,w), —4}, (4.4.14)

where

o) = (Mol 2R Hole) 2060 ),

24"6 0
- exp {— max (64’”(9*“’)) K3(w) + 2/ c|z(0Tw)|dT} :

dy —2<7<—1 _9
Finally, put t = 0 in (4.4.11) and (4.4.14). Thus (4.4.1) holds with K (w) = K3(w) + K4(w). The

proof is completed. ]
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4.5 Main Results on Random Attractor

In this section, we finally prove the existence of a random attractor for the Brusselator random
dynamical system ¢ in the phase space H. Moreover, we show that it has the H to F attracting

regularity.

Theorem 4.5.1. For any positive parameters d;, dy, a, b and p, there exists a unique random at-
tractor o7 = {7 (w)},eq in the phase space H for the Brusselator random dynamical system ¢

over the MDS (Q, F, P, (0;)ser)-

Proof. By Lemma 4.3.2, the RDS ¢ has a pullback absorbing set with respect to the universe D,
which is the closed random ball By(w) centered at the origin with radius My(w) in H.

Lemma 4.4.2 and the compact imbedding £/ — H imply that the RDS ¢ is pullback asymptot-
ically compact in H with respect to D.

By Proposition 4.2.8, there exists a unique random attractor &7 = {.%7(w)}weq in H for this

RDS ¢, which is given by

o (w) =) Jelt, 0_w, By(h_w)), weQ

>0 t>7

Therefore, we reach the conclusion. O

Now we show that the random attractor <7 (w) is an (H, E') random attractor. This concept is a

generalization of (H, F) global attractor introduced in Chapter 2.

Definition 4.5.2. Let {3(¢,w)};>0 be a random dynamical system on a Banach space X over a
given metric dynamical system and let Y be a compactly imbedded subspace of X. Let a universe
D of tempered random sets in a Banach space X be given. A subset A € D is called an (X, Y)

random attractor for this RDS, if A(w) has the following properties:

(1) A is a nonempty, compact, and invariant random set in Y.

(ii) A attracts any set B € D with respect to the Y-norm. Namely, there exists 7 = 75 > 0 such

that 3(¢,0_w, B(0_,w)) C Y for t > 7 and

disty (3(t, 0_w, B(f_w)), A(w)) = 0, as t — oo.
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Definition 4.5.3. Let D be a universe of sets in a Banach space X. A random dynamical system
(p,0) on X is said to be D-flattening if for every B € D, ¢ > 0 and w € (), there exists a
To(B,w,€) > 0 and a finite dimensional subspace of X;(¢) (which may depend on €) of X, such
that the following two conditions are satisfied.

1) Upsp, @ (¢, 0w, B(0_w)) is bounded in X,

(i) [[(1 = Q)((t, 0w, B(0-w)))|[x <e.

where @) : X — X/ (e) is a bounded projection.

LetO < A <Ay <--- <Ay <--- = o0as j — oo be the complete set of eigenvalues each
repeated to its multiplicity of the differential operator —A : [H?*(T') N Hg(T)]* — [L*(T")]? defined
by (1.0.2) and {e; }52, be the corresponding eigenvectors. Let (,, : H — Span{ey, - - , e, } be the
orthogonal projection from H onto the subspace spanned by the first n eigenvectors. Then every
u € H has a unique orthogonal decomposition u = u; +ug, where u; = Q uand us = (I —Q,)u
are called low modes and high modes, respectively.

The following proposition is seen in [50].

Proposition 4.5.4. Given a uniformly convex Banach space X and a universe of random sets D
in X, let ¢ be a continuous RDS on X over an MDS (2, F, P, {6, }+cr). Suppose that there exists
a closed pullback absorbing set { K (w) },eq € D and the RDS ¢ is D-flattening, then the RDS ¢

has a unique random attractor A = {A(w)}weq € D in X, which is given by

Alw) =) et b_w, K(6_w)).

T7>0 t>T1

Next we show that the Brusselator random dynamical system ¢ possesses the flattening property
in the more regular space F. The first condition of the flattening property is clearly satisfied due
to Lemma 4.4.2. To prove the second condition, we decompose the weak solution ¢(¢,w; to, go)
of the random Brusselator reaction-diffusion system (4.2.6)-(4.2.9) as the high modes and the low

modes,
g(t7w) = gl(t7w) + 92<t7w>7 where g1 = Qngv go = (I - Qn)g

Then we show the following lemma.
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Lemma 4.5.5. For any given ¢ > 0 and any initial data (ug,vo) € H with |[(ug, vo)|| < R(w),
where R(w) is an arbitrarily given tempered positive random variable, there exists a finite Tx (R, w) =
min{7(R,w),—4} < 0, where T'(R,w) is given in Lemma 4.3.1, and a positive integer N (€, w)
such that the high modes g (t, w; to, go) satisfy

[e7g2(0,wito, go)lls < e, forall to < Tp(R,w), n > N(ew). 5.

Proof. Taking the inner product of (4.2.6) with —AU,(t), we get

1d
2 dt

= / (—ae_pz(etw)AUQ - ezﬂz(etw)UQVAUg) dx + pz(0,w) ||V Uy
r

—IVU|* + di [ AD:|* + (b + D[ V|

4 d 2T 1
< (D DY avyp + T 2o Lo / UV d + p2(6iw0)||[VUs |12
4 4 dq dy r

It follows that for any ¢ty < Tr(R,w) (where T'(R,w) is given in Lemma 4.3.1) and ¢t € [—1, 0],
EHV%II2 + di At [V

2a*|T 2
< a’| ‘672PZ(91&"J) + =0 || U |36 ||V |26 + 2p2(0w) || VUS|
dy d; (4.5.2)

2a2|T 2
<O 0 1 2 00 ) OV + 202(00) V002
1 1

20%|T 2
<= d1| [0 d—164p2(9t”)C6K§(w)K4(w) +2p2(6:w) [ VU |12,

Multiply (4.5.2) by e/s (2=(0sw)=diAns1)ds and integrate the resulting inequality over [, ], for —1 <

o<t<0,

IV U (t, w; to, go)||* < [[VUs(0,w; to, go) HZef;@pz(esw)fdl/\”ﬁ)ds

2 t
n 2(Id|r| / ef:(2pz(93w)7d1)\n+1)d572pz(9.rw)dT

t
+ §C4K§(W)K4(w) / eff(QPZ(Gsw)—dlAn+1)d8+4PZ(9Tw)dT
1 o

(4.5.3)
t
< || VUs (0, w; to, go)||PeloGr2(0sedds=didnin (i=0)

2a2|F|
+

/ f (2p2(0sw))ds—dy Ap41(t—7)— 2pz(97—w)d7_

t
+ d—1C4K§(UJ)K4(w) / 6f7_(2pz(95w))dsfd1)\n+1(t77)+4pz(97—w)d7_’

[

84



where

IV Us (0, w; to, go)||2ef 2200 < [y()el=n 2ele0:lds,

—dl)\n+1(t—0')

e — 0 asn — 0,

2 t 2 0
2ad|F| / ef:(ZPZ(QSM))dS_sz(QTw)dT < 2a'd|r| / ef,ol 2p\z(05w)\d372pz(97.w)d7_7
1

t
/ ot Ans1(t=7) 10 1 (1 — e Brr1lt=9)y 5 0 asn — 0.
o dl)\n—i-l

Consequently, there exists an integer N1 (e, w) > 1 such that for every w € Q and ¢t € [—1,0],

2

€
||6p2(9tw)VU2(t7w;t0790)|| < n[rlal}%} 62p2 (G0) ||VU2<t w; tO?.gO)HZ < 57 (454)

whenever ty < Tr(R,w), n > Ni(€,w).

On the other hand, taking the inner product of (4.2.7) with —AV5,(¢), we get

o AN

= / (=bUAV, + > OIU2V AV,) d + pz(6iw)|| Va2
r

dy d 1
= <ZQ+ZQ> IAValF + —HUIP PR ‘M/U4v2dx+pz<etw>\|m|!2

It follows that

d
ZIVVal + dodnia [ VYA

2
UIP 4+ e UGl VIZs + 202(80)]| V Vol (45.5)

2b2 26
<— t —_—
d, Caolt,w) + dy

262 |

6402(9tw)K§ (W) Ka(w) + 2p2z(6,w) ||V V2] %,

fort € [~1,0] and t, < Tp(R,w). Multiply (4.5.5) by els(@p=(0s0)=d2Ans1)ds apd integrate the
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resulting inequality over [0, t] where —1 < o <t <0,
IV Va(t, w; to, go)lI* < [[VVa(0,wity, go) |2l (2020 d2dna)es

20* [ [H(2pz(0sw)—daAn+1)ds
—i—d— el (2P Ts)= @At O (1) w)d
2 Jo
6

+d2

t
K??(W)K4(w)/ ef,r'(2pz(95w)fd2)\n+1)ds+4pz(97—w)dT

[

(4.5.6)
t
< ||V Va(o, w; to, go)||2els Zr?Oseds—dzAn 1 (t=0)

26° (" t0p(0.))ds—dar
+ d_ efT( pz(0sw))ds—dz n+1(t77)02(7',w)d7'
2 Jo
2% o2 L 202(05w))ds—daAn 1 (t 4p2(0
+ d_K3 (w)K4(w)/ ef-r( pz(0sw))ds—daAn+1(t—7)+4pz( Tw)dT.
2 (o

Similar to (4.5.3) and (4.5.4), there exists an integer Na(e,w) > 1 such that for every w € 2 and
te[-1,0],
2

7V Vat wito, go)|* < | max [ VVa(twito, go)lI” < % (4.5.7)
te[—1,0

whenever tg < Tg(R,w), n > Ns(e,w). Adding up (4.5.3) and (4.5.6), we reach (4.5.1). The

proof is completed. O

Theorem 4.5.6. The random attractor &7 = {o/(w) },eq for the Brusselator random dynamical

system ¢ shown in Theorem 4.5.1 is indeed an (H, F) random attractor.

Proof. Since Lemma 4.5.5 along with (4.3.23) shows that the flattening property with respect to £
is satisfied by the RDS ¢ and Lemma 4.4.2 together with (4.3.23) confirms that there exists a pull-
back absorbing ball centered at the origin with the radius e”*“) K (w) in the space E. Therefore,
by Proposition 4.5.4 with X = F, there exists a unique random attractor <7 for the Brusselator
random dynamical system ¢ in F.

By the mutual attraction and the invariance of both random attractors .7 in H from Theorem
4.5.1 and o7 in E, we see that @7y = o and < is an (H, F) random attractor. The proof is

completed. O]
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