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ABSTRACT

We derive two hierarchies of 1+1 dimensional soliton-type integrable systems from
two spectral problems associated with the Lie algebra of the special orthogonal Lie
group SO(3,R). By using the trace identity, we formulate Hamiltonian structures for
the resulting equations. Further, we show that each of these equations can be written
in Hamiltonian form in two distinct ways, leading to the integrability of the equations
in the sense of Liouville. We also present finite-dimensional Hamiltonian systems by
means of symmetry constraints and discuss their integrability based on the existence

of sufficiently many integrals of motion.

111



1 INTRODUCTION

1.1 Background

One aspect of modern mathematical physics that has been widely studied in the last
few decades is the theory of integrable systems. The origin of the theory dates back
to the 19th century when the Korteweg-de Vries (KdV) equation was derived for the
description of solitary waves in shallow water. The initial observation of a solitary
wave in shallow water was made by John Scott Russell [33, 34], a young Scottish
engineer and naval architect, in experiments to design a more efficient canal boat for
the Union Canal Company in 1834. Russell’s work was not given much attention until
in the mid 1960’s when scientists began to study nonlinear wave propagation using
computers. A major breakthrouh that motivated the revolution in soliton theory was
the work of Zabusky and Kruskal [41] in the discovery of a numerical computation of
solutions for the KdV equation in 1965. In an attempt to resolve the Fermi-Pasta-
Ulam paradox [7], Zabusky and Kruskal obseverd that solitary waves retain their
shapes and speed after collision in a way analogous to colliding particles. Because
of this particle-like behavior, Zabusky and Kruskal called solitary waves “solitons”.
Following this landmark, Gardner, Greene, Kruskal and Miura discovered a method
for finding soliton solutions for the KdV equation. This method, now known as the
Inverse Scattering Transform (IST) [10], is considered one of the most important dis-
coveries of the 20th century. Further work in relation to the IST by Lax [13] in 1968
revealed more remarkable properties of the KdV equation. It turned out that the
KdV equation is the compatibility condition between a pair of two linear operators

which are now called the Lax Pair. In 1974, the work of Gardner et al. and Lax was



extended to an infinite number of integrable equations by Ablowitz, Kaup, Newell and
Surgur [2]. In particular, they showed that one can derive, from a matrix spectral
problem, nonlinear evolution equations that are solvable by the IST. This technique

underscores the importance of spectral problems in soliton theory.

Solitons are known to arise as solutions to integrable systems. There are many
notions of integrability (complete integrability, Liouville integrability, algebraic in-
tegrability, analytic integrability, etc.), but a universally accepted definition does
not exist. Many of these notions of integrability do not involve explicit solutions
since in general, obtaining explicit solutions of integrable systems is a very difficult
task, although many new solution techniques such as the Hirota bilinear method,
the algebro-geometric method and the Lie-algebraic method have recently been intro-
duced. Motivated by the Liouville-Arnold theorem [4], the notion of integrability in
the sense of Liouville (Liouville integrability) is the existence of infinitely many conser-
vation laws and commuting symmetries. There are many effective methods for finding
symmetries and conservation laws, although constructing nonlinear partial differen-
tial systems, especially multi-component ones, possessing this property is not easy.
One such method lies in a result on bi-Hamiltonian systems which is due to Magri
[25]. In his seminal paper, Magri demonstrates that if a partial differential equation
can be written as a Hamiltonian system in two different but compatible ways, then
the system possesses infinitely many conservation laws and symmetries, and thus,
integrable in the sense of Liouville. In this dissertation, we focus on hierarchies of

Liouville integrable Hamiltonian systems.

The dissertation is organized as follows: In Chapter 2, we study a few meth-
ods for constructing integrable systems and illustrate how some well-known equations
such as the KdV equation, the sine-Gordon equation and the nonlinear Schrodinger
equation can be derived from these methods. Further, we introduce a spectral prob-
lem and derive its associated hierarchy of integrable systems using the so-called Tu

scheme. We then provide an extension of this spectral problem and subsequently



construct another hierarchy of integrable systems which contains the earlier hierarchy
as a subsystem. In chapter 3, we focus on Hamiltonian structures and integrability of
nonlinear evolution equations. In particular, we show that the newly constructed hi-
erarchies have bi-Hamiltonian and tri-Hamiltonian structures and are thus integrable
in the sense that they possess infinitely many conserved functionals in involution. The
fourth chapter deals with ordinary differential equations in Hamiltonian form associ-
ated with soliton hierarchies. In this chapter, we derive finite-dimensional Hamilto-
nian systems from a soliton hierarchy by means of symmetry constraint and discuss
their integrability based on the existence of sufficiently many integrals of motion.

Finally, we give some concluding remarks on our results in chapter 5.

1.2 Preliminaries

We now introduce some basic notations and definitions. Let M be an open subset
of X x U, where X is the space of independent variables x = (z!,--- ,2P) and U is
the space of dependent variables u = (u',--- ,u?)?. We denote by A, the algebra
of smooth functions P(z,u™) depending on z,u and derivatives of u up to a finite
order n. The functions in A are called differential functions. For convenience, we will
use the notation Plu] or simply P for the differential function P(x,u(™). We also
denote the quotient space of A under the image of the total divergence by F. This

is the space of functionals P = [ Pdz. In most of our examples, we will assume that

p=q=11e, X =U=R.
Definition 1.2.1 Given
Plu] = P(z,u'™), (1.2.1)

the i-th total derivative of P is defined as

oP < oP
D,P = —— a 7 1.2.2
P gt U i (122)



where J = (51, ,Jjx) with 1 < ji < p, k>0 and

o k+1,,a
0o — oug _ 0"
ST Pat T Qxidxdr - - - Ok

(1.2.3)

If X =R and U = R, then we have the functional Plu] = P(z,u,u,,---). The total

derivative of P is thus

D.P = sy oy =+ (1.2.4)
Example 1.2.2 If
P = zuu,, (1.2.5)
then
D,P = uu, + xui + TUULy . (1.2.6)
Definition 1.2.3 Let
Plu] = P(z,u™) ¢ A" (1.2.7)

be an r—tuple of differential functions. The Fréchet derivative of P is the differential

operator dp : A7 — A" defined as

4r(Q) = PIQ) = | _ Plu+<Qlul (128)
for any @ € A4.
Example 1.2.4 If
P = uuy, (1.2.9)



then

d

dp(Q) = P'[Q] = —

7| (0t eQ)(ue +eD:Q) = ueQ + uD,Q. (1.2.10)

e=0

Definition 1.2.5 For 1 < a < ¢, the a-th Euler operator is given by

E, = Z(—D)J%, (1.2.11)

J J

the sum extending over all multi-indices J = (j, ..., Jx) with 1 < jp < p, k > 0.

If p=¢g =1, we have u as a function of a single variable z and thus

= .0 0 0 0
_ _ J — _ 2 — ...
E E (—=D,) Ju; ~ ou Dxaux + D; D . (1.2.12)

Definition 1.2.6 The variational derivative of a functional
L= / L(z,u™), Qc X (1.2.13)
Q

is defined as

= E(L) = (E\(L), ..., E,(L))". (1.2.14)

If p = ¢ =1, the n-th order variational derivative of the functional

b
E—/ L(z,u™)dx

is given by
5L = 0L 0L oL oL oL
— =E(L)=) (-D,y)5—-=——D D2 — 4 (=1)"D?
ou (Z) (=D.) Ju;  Ou * Ouy, * T OUgy +(=1) ¥ Ouy,



Example 1.2.7 Let

L= /(uix — uuy)dx. (1.2.15)

Then

5L

S E(L) = —uy — Dp(—u) + D (2upe) = 2Usare- (1.2.16)
u

Definition 1.2.8 An evolution equation is a partial differential equation of the form
u = Kul (1.2.17)

where u(x,t) is a dependent variable, and Klu| is a differential function. If K is

nonlinear, the above equation is called a nonlinear evolution equation.

Definition 1.2.9 A differential operator is a finite sum
D =) P[uDj, (1.2.18)
i=0

where the coefficients P;[u] are differential functions. We say that D has order n

provided its leading coefficient is not identically zero: P, # 0.

Definition 1.2.10 A (formal) pseudo-differential operator is a formal infinite series

D= i Pi[u] DL, (1.2.19)

1=—00

whose coefficients P; are differential functions. We say that D has order n if its leading

coefficient is not identically zero: P, # 0.

Example 1.2.11 The operator

2 1
D=D>+ Jut guIDgl (1.2.20)



is a pseudo-differential of order 2.
Definition 1.2.12 If

D=) PjulD;, P;eA (1.2.21)
J

is a differential operator, its (formal) adjoint is the differential operator D* which

satisfies

/ P -DQdx = / Q - D*Pdx (1.2.22)
Q Q

for every pair of differential functions P,Q € A which vanish when u = 0, every
domain Q € R? and every function u = f(z) of compact support in Q. It follows from

integration by parts that

D* =) (=D),Py. (1.2.23)
J
That is, for any Q € A,
D'Q =S (=D)s(PQ). (1.224)
J

Similarly, a matrix differential operator D : A* — A’ with entries D, has adjoint
D* : A — A" with entries D}, = (D,,)*, the adjoint of the transpose entries of D.
Note that (DE)* = £*D*.

Example 1.2.13 If
D = D? +uD,, (1.2.25)
then its adjoint is

D*

(—=D.)* + (—=D)ou = D} — uDy — u,. (1.2.26)



Definition 1.2.14 Let Q[u] = (Q1[u], Q2[u], ..., Q,[u])T € A be a g—tuple of differ-

ential functions. The generalized vector field

d 0
Vo = Zl Qolul 5 (1.2.27)

is called an evolutionary vector field, and @) is called its characteristic.

The space of evolutionary vector fields is a Lie algebra with Lie bracket

VP, Vol = Vipg) (1.2.28)

Thus, the generalized vector field vip g is also an evolutionary vector field with char-

acteristic

[P, Q] = vp(Q) = vo(P) = do[P] — dp[Q]. (1.2.29)

where dp[Q)] is the Fréchet derivative of P in the direction of Q).

Definition 1.2.15 An evolutionary vector field vq with characteristic () is a sym-

metry of the system of evolution equation u, = P[u] if and only if

oQ B
-+ [P,Q] =0 (1.2.30)

holds identically in (z,¢,u™). By abuse of language, we will usually say that Q is a
symmetry of u; = K{ul.
In particular, if Q[u] = Q(x,u™) does not depend explicitly on ¢, then the

above equation (1.2.30) reduces to the condition that
[P,Q] = 0. (1.2.31)
Example 1.2.16 Consider the well-known KdV equation

Up = Upgy + OUU,. (1.2.32)



Denote Klu| = ugpy + 6uu, and let Plu] = u,. Then,

0 0
K'[P] = 5% 5:OK[u +eP| = 72| ((tgzz + EPpys) + 6(u+eP)(uy + €Py))

= P, +6Pu, + 6ubP,

(1.2.33)

Stmilarly,

) 0 0
P'[K] = 5% EZOP[u +eK| = 5% Ezo(uz +eK,) (1230

It follows that [P, K| = 0. Thus, Plu] = u, is a symmetry of the KdV equation. It is
known that the KdV equation possesses infinitely many symmetries and Plu] = u, is

only one of those symmetries.

Definition 1.2.17 A recursion operator for a system of evolution equations u; =
K[u] is a linear operator ® : A7 — A7 in the space of g—tuples of differential functions

with the property that whenever vg is an evolutionary symmetry of u; = Klul, so is

vp with P = Q).

Thus, given a characteristic ()y and a recursion operator ® for a system of
differential equations, one can generate infinitely many symmetries @, = ®"Qo, n =

0,1,2,..., by recursively applying ® to the characteristic Q).
Example 1.2.18 The recursion operator for the KdV equation is
® = D2+ 4u+2u,D, ", (1.2.35)

where D' is the inverse of the differential operator D,. Applying ® recursively to the

symmetry Qo = u, yields infinitely many symmetries Q,, = P"Qq, n > 0, of which



the first two are
Q1 = Qo = (D2 + 4u + 2u, D, My = Upgs + 6ut,, (1.2.36)

and

Q2 = <I>2Q0 =dQ; = (Di + 4u + 2uxD;1)(uxm + 6uuy)
(1.2.37)

= Uppers + 10UUzpy + 20Uptiyy + 30Uy,

In this work, we will often encounter recursion operators that are ¢ x ¢ matrices of

integro-differential operators.

10



2 SPECTRAL PROBLEMS AND SOLITON HIERARCHIES

2.1 Introduction

Searching for new hierarchies of soliton equations remains a very important aspect
of soliton theory. It is well known that systems of soliton equations usually come in
hierarchies which are constructed from spectral problems associated with matrix Lie
algebras (see, e.g. [1, 5]). In their work on the inverse scattering transform, Ablowitz,
Kaup, Newell and Segur introduced the so-called AKNS spectral problem [2] as a
starting point for deriving nonlinear evolution equations solvable by the IST. This has
given rise to several other spectral problems, some of which arise from modifications
of existing ones. Notable examples include the Kaup-Newell spectral problem [12],
the Wadati-Konno-Ichikawa spectral problem [40] and the Dirac spectral problem
[11, 21]. In this section, we introduce a spectral problem as a modification of the
well-known Dirac spectral problem. Our interest lies in real soliton equations and as

a consequence we consider spectral problems associated with the semisimple matrix

Lie algebra so(3, R).

2.2 Methods for Constructing Integrable Systems

In the past few decades, a large number of methods for constructing integrable systems
have been proposed, some of which include Lax pairs, the zero-curvature formulation
scheme, Nijenhuis operators (hereditary symmetries), the Hirota bilinear method and

the Sato formalism and the Gelfand-Dickey approach. We consider a few of them

11



below.

2.2.1 Lax Pairs

The concept of Lax pair nonlinear evolution systems is due to P. D. Lax [13]. Ac-

cording to Lax, completely integrable nonlinear partial differential equations

up = Klu] (2.2.1)

have an associated system of linear partial differential equations:

LU =\, ¥, =M, (2.2.2)

where L and M are linear differential operators and W is an eigenfunction of L cor-
responding to the eigenvalue A. The pair of operators L and M are known as a Lax
pair for (2.2.1). The property that (2.2.1) is completely integrable lies in the fact that
the eigenvalues are independent of time (i.e. A, = 0). In this case, we say that the
eigenvalue problem (2.2.2) is isospectral. The compatibility of the equations (2.2.2)

leads to the operator equation

dL
— =11, (2.2.3)

where [L, M| = LM — ML is the operator commutator. This equation (2.2.3) is

known as the Lax equation. It can easily be derived from the fact that

d dL dL
S = ZW L LU, = =W+ LMY 2.2.4
dt()dt+tdt+ (2.2.4)
and
d dL
%(L\I!) — %(A\IJ) =AU, = M(AU) = MLV, (2.2.5)

12



Example 2.2.1 The KdV equation has the Laz pair

L=-D?+u, M=—4Du+ 6uD, + 3u,. (2.2.6)
One can easily show that the Lax condition (2.2.3) is equivalent to the equation

(Li + [L, M) = (up — 6utly + Ugge) ¥ =0 (2.2.7)
which gives rise to the KdV equation,

Uy — OUUy + Upgy = 0. (2.2.8)

2.2.2 Zero-Curvature Representation

Let U(A) and V(\) be matrix valued functions of z and ¢ depending on the auxiliary
variable A called the spectral parameter. Consider a system of linear partial differential

equations

(2.2.9)

where @ is a column vector whose components depend on (x,t, \). The consistency

condition ®,; = Py, gives rise to the compatibility conditions

%(U(A)@) — %(V(A)(I)) = (%U(A) — 6% AN+ [UN), V()\)]) ® =0, (2.2.10)
which gives rise to the equation
U -V, +[UV]=0. (2.2.11)

13



This equation is referred to as the zero curvature equation and the scheme is known

as the zero curvature representation [37].

Example 2.2.2 [If

i (22N g 1 |cos(u) —isin(u)

Up  —2A A Lisin(u)  —cos(u)

where u = u(x,t), then the zero curvature equation (2.2.11) is equivalent to the sine-

Gordon equation

Uz = sin(u). (2.2.13)

2.2.3 The ZS-AKNS Scheme

Another method for deriving integrable systems is the AKNS scheme [3, 2, 36] which
was introduced by Ablowitz, Kaup, Newell and Segur in 1973 and Zakharov and Sha-
bat in 1972. Integrable systems such as the KdV equation, the sine-Gordon equation
and the mKdV equation can be derived from this method. The method is formulated

by considering the linear systems

¢z = U¢7
¢t = V¢a

(2.2.14)

where ¢ is a column vector and U and V' are matrices. The consistency condition
¢zt = ¢ (under the isospectral condition, A\, = 0) gives rise to the zero-curvature
equation (2.2.11). The matrices U and V which are said to form an AKNS pair
depend on the spectral parameter A. This is in contrast with the Lax method in the

sense that the Lax pair may not depend on .

Example 2.2.3 Using the ZS-AKNS method, we derive the KdV equation from the

14



one-dimensional Schrodinger equation,
Ly = M\, (2.2.15)

where L = —L 4 u(x,t) and A = k2. Letting

- 0 u—A
o= Y| U= , (2.2.16)
Y 1 0
we formulate the linear systems
¢x = U¢,
(2.2.17)
th = V¢7
where V' is assumed to be of the form
a b
V= . (2.2.18)
c d

The entries a,b,c and d may depend on x,t and A\. The zero curvature equation
(2.2.11) yields

(

b= —a;+ (u—MNc

d=a—c,
(2.2.19)

d, = —ay

u— by +(d—a)(lu—XN) =0
\
From the first three equations in (2.2.19), we can rewrite the last equation in (2.2.19)

as

1
uy + 5 oz — UsC — 2c,(u—A)=0 (2.2.20)

15



Assuming that ¢ depends linearly on the spectral parameter A\, we can let ¢ = Aa + 5

and obtain

1 1
20%)\2 + <_axx$ — 20,0 + 2633 - ’LL;BOZ) A+ <ut + §B;czx - 2533“ - uzﬁ) = 0.

2
(2.2.21)
Equating the coefficients of the powers of \ to zero, we have
a = kl?
B = tkiu+ ko, (2.2.22)

1 3 _
U + k1Uzze — Koty — Skiuu, = 0,

where ki and ko are arbitrary constants. Choosing k1 = 4 and ko = 0, we obtain the
KdV equation (1.2.32). From the first three equations in (2.2.19) and the fact that
¢ =4\ + 2u, we have

a = Uy + k37
b= —4N? + 2 u + 2u? — Uy, (2.2.23)
d= k’3 — Uy,

where ks 1s an arbitrary constant. Choosing ks = 0, we find an explicit form for the

matriz'V as

Uy —4NZ 4 2 \u + 2u? — Uy,
V= . (2.2.24)
4\ + 2u — Uy

2.2.4 The Tu-Ma Scheme

One of the most widely used methods for generating integrable hierarchies is the

so-called Tu-Ma scheme [38, 39]. We give a brief outline of this scheme below.

16



Introduce an isospectral problem
0. =Usd=U(u,\)o € g, (2.2.25)

where g is a simple matrix loop algebra based on a given matrix Lie algebra g, u, a

dependent variable, and A, the spectral parameter.

Then, search for a solution of the form

W=W(uX =Y WA W,€g, i>0, (2.2.26)

120

to the stationary zero curvature equation
W, = [U, W], (2.2.27)
and introduce the Lax matrices
Vim = vy \) = (AW, + A, €§, m >0, (2.2.28)
to formulate the temporal spectral problems
b, = VIl = vIml(y X)p, m > 0. (2.2.29)

The term (A\"W), denotes the polynomial part of W in A, and the modification

terms A,, € g guarantee that the zero curvature equations
U, — VI 4 [U, v =0, m >0, (2.2.30)
produce a hierarchy of soliton equations

uz,, = Kp(u), m > 0. (2.2.31)

17



In this dissertation, we will usually take g to be

$0(3,R) = {Z AN A; €50(3,R), i >0,n € Z} : (2.2.32)
>0

This loop algebra so(3,R) [16] is based on the three-dimensional special orthogonal

Lie algebra so(3,R), which consists of 3 x 3 skew-symmetric real matrices. We choose

the matrices

00 —1 00 0 0 -1 0
e1=100 0|,e=1]00 —1|,es=|1 0 0f, (2.2.33)
10 0 01 0 0 0 0

having the commutator relations

[61762] = €3, [62, 63] = €1, [63761] = €3 (2-2-34)

as a basis for so(3,R).

Example 2.2.4 Consider the spectral problem

A2 -
by = Py cier), o= u=|? (2.2.35)
Ag —)\? o5
and suppose W in (2.2.27) is of the form
b ) i>\_2i ) bi)\—Zi—l .
w=|" _ | e A 2eiz0 | e sl(2,R), (2.2.36)
c —a ZZZO CZ')\_QZ_l _ZiZO (J,Z')\_QZ
where
SI(2,R) = {Z ANTA € sI2,R), i >0 ,n € Z} . (2.2.37)
i>0
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Then, (2.2.27) gives rise to the systems

ag = 1,
bo = p, (2.2.38)
Co = ¢,

and

Gtz = _%(qbi,x + pCiz),

bit1 = 3bia + Pais1, i > 1. (2.2.39)

_ 1
Ci+1 = —5Cix + Qi1

The corresponding zero curvature equations (2.2.30) with a modification term A, =

—ams1€1 generate the following hierarchy of soliton equations:
u, =Kn=1 "], m>0, (2.2.40)

This hierarchy is usually referred to as the real form of the Kaup-Newell hierarchy

since its underlying Lie algebra is real. The original Kaup-Newell hierarchy is associ-

ated with the complex Lie algebra sl(2,C). Under the transformations % — —1

0

pom and

% — —i%, (2.2.40) is transformed into the original Kaup-Newell soliton hierarchy

[12]. The first nonlinear system

uy, = =K, = : (2.2.41)

t1

transforms into the derivative nonlinear Schrodinger equation

. 1 L., .,
Wy = — 54 + _Z(q q2>:p (2242)
2 2
- ) ) ) o x
under the transformations - — —iz-, 3l and p = —q*.
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2.3 A Spectral Problem and Soliton Hierarchy

Consider the following spectral problem:

0. =Up =U(u,\)o € g. (2.3.1)
If we define
U = \ey + pes + qes, (2.3.2)
where
1 0 0 1 0 0
€1 = , €2 = , €3 = s (233)
0 —1 00 10

are a basis of the special linear Lie algebra, sl(2,R), then the above spectral problem
(2.3.1), usually called the ZS-AKNS spectral problem [36], generates the real form of
the AKNS soliton hierarchy. If

U = Ne; + \pey + M\ges, (2.3.4)

then (2.3.1) generates the real form of the Kaup-Newell hierarchy. Although, this is
not the original spectral problem introduced by Kaup and Newll, we still refer to it as
the Kaup-Newell spectral problem. Evidently, the matrix (2.3.4) is a modification of
(2.3.2). More precisely, (2.3.4) is the product of (2.3.2) and the spectral parameter \.
This gives rise to a very interesting question: can one generate a new spectral problem
from any of the existing ones by a similar modification? As a consequence, we present

the following main theorem:
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Theorem 2.3.1 [27] The spectral problem

with spectral matrix

U = Ager + (A 4+ Ap)ea + (=A% + Apes (2.3.6)

where ey,es and es are a basis of the Lie algebra so(3,R) given by (2.2.33), and

g = s0(3,R), produces a hierarchy soliton equations

w, = K=o |7 m>o0, (2.3.7)
dx
where the operator ® given by
—Opd~! 10— Lopot
o= po b 20T aobe ,azﬁ. (2.3.8)
—0—0g07'p  —10g07'q Oz

This spectral problem introduced in this theorem is a modification of the well-

known Dirac spectral problem [11, 21]:

b =Ud = Ulu, \)¢ € § (2.3.9)

with spectral matrix

U=ger+(A+plea+ (—A+pes (2.3.10)

where e, e5 and e3 are a basis of the Lie algebra sl(2, R) given by (2.3.3).
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In what follows we employ the so-called Tu-Ma Scheme [15, 38, 39] to prove

the above theorem.

Proof. The spectral problem (2.3.5) associated with the loop algebra (2.2.32) reads

¢1

p
¢r =Ulu,N)p, ¢= |¢o|, u= ; (2.3.11)

q

P3

where the spectral matrix U is
0 A2 —\p —)\q
U=Mer + (N +Apea + (=X + Aples = | —A\2+ \p 0 -\ —\p

Aq A2+ Ap 0
(2.3.12)

If we suppose that W, a solution of the stationary zero curvature equation (2.2.27) is

of the form
0 —a+b —c

W =ce;+ (a+bes+(a—Dbles= |a—b 0 —a—0b| €50(3,R), (2.3.13)

c a+b 0

then, it follows from (2.2.27) that

az = \gb — \2c,
b, = —\ga + \pc, (2.3.14)

ce = 2)%a — 2)\pb.
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Letting

and taking the initial values

ap = p,
b(] = 17
€ = ¢,
obtained by solving the equations
ap — pbO = 07
Co — qu = 07

bo,x = —qag + pco,
we obtain from (2.3.14), the relations
Uiz = gbit1 — Ciy1,

bit12 = —qa;y1 + pCiti,

Ciz = 241 — 2pbiyq,

The first and last equations give rise to

bi+1,z - 9

1> 0.

q .
—5Cie — Plig, 2 0.

(2.3.15)

(2.3.16)

(2.3.17)

(2.3.18)

(2.3.19)

By imposing the following conditions (i.e., choosing constants of integration to be

7Zero):
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CL7;|U:0 == bi|u:0 == Ci|u:0 == O, 1 Z 1, (2320)

(2.3.18) uniquely determines the sequence {a;, b;, ¢;|i > 1}, of which the first two sets

are presented as follows:

_ 1 1,3 1
a1 = 34z — 5P~ — 7P4,

by = —1p? — 12, (2.3.21)

— 2 _ 1.3
C1 = —Px — 390" — 449

and

Uy = —3Pex = 300" — 30°0 + 56°P° + 30° + 5504,

by = —2¢%p* + 2p" — 3qup + Sape + 354", (2.3.22)
¢ = —1Gue + 2po0® + 0.0 + 2°P7 + 2qp* + 240
Now, by virtue of (2.3.18) and the structure of the spectral matrix U in (2.3.12),

we introduce a sequence of Lax operators

Vi = X\ACTOWY, m >0, (2.3.23)

and as a result, the corresponding zero curvature equations

U, — V™ 4 o, v =0, m >0, (2.3.24)
generate the following hierarchy of soliton equations:
Am, @0,z Dz
g, = K = =0 T =9 , m >0, (2.3.25)
Cm,x Cox qx
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with ® determined by (2.3.18), and given as

—0pd~'p 30— Lopo!
po b 20 aob q,azg (2.3.26)

P = ;
—~9—9907'p  —19907'q O

where 9! is the inverse of the differential operator 0.

|
Proposition 2.3.2 The functions a;, b;,c;, © > 1 are local.
Proof. 'The identities
tr(W?) = —4a® — 4b* — 2¢* (2.3.27)
and
%tr(WQ) = 2tr(WW,) = 2tr(W[U,W]) = 0, (2.3.28)
as well as the initial data (2.3.16) give rise to the equation
2a* + 2b% + ¢ = (2a® + 20 + ¢?)]y—o = 2. (2.3.29)

Rewriting this equation (2.3.29) in terms of the Laurent series of the functions a,b

and ¢ in (2.3.15) and balancing coefficients of A\ for each i > 1 gives

1 1 1 .
Y IS (aka,+§ckcl),zzl. (2:3.30)

ktl=ik,i>1 k+l=i,k,1>0

Based on this recursion relation and the first and last relations of (2.3.18), an ap-
plication of mathematical induction shows that all the functions a;,b;,¢;, i > 1 are

differential polynomials in u, and thus are local functions. This completes the proof.
[ ]
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The first system in (2.3.25) reads

zx_32x_l:p2_ x
u = P _ K, — q PP = 3Ped” ~ P4 | (2.3.31)

. —Dae — 30D — qPPz — 3%,

It is worth mentioning that these equations (2.3.25) have very recently been found to
be connected to the original Kaup-Newell system [12] by some gauge transformation,
although, interestingly enough, the newly introduced spectral matrix (2.3.12) cannot
be directly transformed to the Kaup-Newell spectral matrix [12]. In spite of such a
connection, there may still be some remarkable differences between these two spectral

problems. We elaborate this point in the next chapter.

2.4 An Extended Spectral Problem and Soliton Hierarchy

In this section, we present a generalization of the soliton hierarchy (2.3.25).

Theorem 2.4.1 [26] The spectral problem

¢ =Ud=U(u,\)¢ € g, (24.1)
with spectral matrix
¢ q*
U= Age1 + [N+ \p+ a(p® + 5)]62 + [N+ Ap — a(p® + 5)]63, (2.4.2)

where o € R, ey,ey and ez are a basis of the Lie algebra, so(3,R) and g = s0(3,R)

produces a hierarchy of soliton equations

o+ (P + Ce,, + 2a0b,,
ut,, = Km = ’ (p 22) D1 , m Z O, (243)
Cm,:ﬂ - 2a(p2 + %)am - 4apbm+1

26



where the vector components of K,, are determined by the recursion relations

2
bmile = —2Cme — Pl + a(p? + L) (qam — pem),
1 =~ + @1 — (P + L), (2.4.4)

_1 2 4
Am+1 = §Cm,$ +pbm+1 - a(p + ?)amn

with iitial values

ap =P, b0:17 Co = (.

Proof. The spectral problem associated with the loop algebra (2.2.32) reads

¢1
p
¢x = U¢ = U(U, )‘)¢7 U= ) ¢ = ¢2 ) (245)
q
¢3
with the spectral matrix
0 A2 —Ap+ a(p? + %) Y
U= |-X+p—a(p*+2) 0 X2 = p—a(p*+ L)
g /\2—|—/\p+oz(p2+§) 0

If we take W in (2.2.27) to be of the form

0 —a+b —c
W =ce;+ (a+bles+ (a—bles= |a—b 0 —a—0b| €50(3,R), (24.7)
c a+b 0
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then (2.2.27) gives rise to

a; = Aqgb — Nc — a(p? + %)c,

b, = —\qa + A\pc,

Ce = 2)%a — 2\pb + 2a(p* + %)a.

Letting

a4 — Zizo a\"2i=1
b= Zizo b2,

_ —2i—1
c= Zizo Cid g

and taking the initial values

oy =P,
bo = 1,
Co = ¢,

which are obtained by solving the equations,

Qo _pr = 07
Co — qbo = 07

bo,x = —qao + pco,

the system (2.4.8) reduces to

bit1,0 = —QqQit1 + PCit1,

_ 2, ¢
Uiz = qbiy1 — ciy1 — a(p® + L)y,

2
Ciw = 20541 — 2pbiy1 + 20(p* + L )a,.
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The last two equations lead to
2

bi—l—l,m = —gcm — pCi@ —+ Oé(p2 + %)(qal — pCi), 7 Z 0 (2412)

By choosing constants of integration to be zero, (2.4.11) consequently determines

uniquely the sequence {a;,b;, ¢;|i > 1}, of which the first two sets are presented as

follows:
a1 = 3¢, — 3p° — 1pq — ap® — $pg?,
by = —Lp? — 12, (2.4.13)
o = —ps — 3qp* — 1¢° — aqp® — §¢3,
( 1 3 3 3 3 3
a2 = —5pes = 7P’ — @0 + 0P + 20+ 5pgt — agup® — agpps
2 4 8 8 8" 32
2 3 5 3 3 2 4 2.5 2.3 2 ]‘ 2 4
—aq’q + 5op’ + 5’ + capg’ + a’p’ + a’p’¢’ + Ja’pd’,
by = — g% + ' — Squp+ 2qpe + g + ap' + api® — Sgt
2 8 D SRy 4t
Oy = —~os + “pup?® + 2put® + 2P + Zapt + i + dap®p, + apa?
2= =54 21;10 4p3q 8(12; qap’ + 354 P’Pe + OPaq
(0%
+ apqq. + §0qu4 + 5(%192(13 + ga(f + Pqp* + P + Zq5-
(2.4.14)
Now, the system (2.4.11) leads to
a; a;
I s Q= @ Qu : (2.4.15)
bi-‘rl bz QQI Q22
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where

¢

3 2
Qu = —p0~'pd + apd~ (P*q+ L) —a(p* + L),

Qiz = 30 — 807140 — apd L (p* + p%),

(2.4.16)
3
Qo1 = —0 —q0~'pd + aqd0~' (P’q + %),
2 2
Q22 = —507140 — g0~ (P*q + p%§) — a(p® + %)

We now introduce a sequence of Lax operators with modification terms:

Vim = XAC™ WY+ A, m >0, (2.4.17)
where A,, is chosen as

Ay, = 0m(e2 —e3), m > 0. (2.4.18)

Consequently, we obtain

VM [, VI = NP, 4 A+ s (ea — e3) — AU, AT L] — [U, S(ea — e3)].

(2.4.19)

Now, we see that

()‘2m+1Wm)+ - [Ua ()\2m+lw)+]
0 U — a(p® + %)cm —Cmz + 20(p* + %)am
= | e+ a(P* + L) 0 g — (p® + D)y | (2.4.20)
Cmz — 20(p? + %)am Um.z + a(p? + %)cm 0
and also

(U, 0m(e2 — €3)] = Ao (—2pe; + qes + qes). (2.4.21)
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Thus, (2.4.19) becomes

Vi - (v
0 —me — (P*+ 5 —Cpna +2a(p® + %)(lm
=X apme +a(p®+ %)cm 0 — e — a(p* + %)cm
Cme — 20(p* + g)am e +a(p* + L) 0
0 q@0m  —2pOm, 0 dma 0
A =g 0 @ |+ Ome 0 =6l
26, —qby O 0 Spe O
(2.4.22)

and as a result the corresponding zero curvature equations
Uy, = VM + [0, V™ =0, m >0, (2.4.23)

generate the equations:

2

Pty = Omz + Oé(p2 + %)Cm - q(sm
Gt = Cmz — 20(P* + L) + 2D, (2.4.24)

2
5m,:(; = a(pQ + %)tm'

To find ¢,,, we observe that

Oma = (2ppy,, + qat,,)
¢ ¢
= a[2p(amq + Oz(p2 + E)cm — q0m) + q(Cmz — 204(;492 + E)am + 2pdim)]

2 2
q q
= a2p(ame + a(p® + 5 )em) +a(ema — 20(p® + = )am)]

= _2O‘bm+1,$‘
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Hence, upon taking d,, = —2aby, 1., (2.4.24) produces

Pt = Uma + (P* + L) em + 20y 41,
2

’ (2.4.25)
Qt,, = Cmz — 20‘(]02 4 %)am —dapby, i1,
and thus, we obtain the following hierarchy of soliton equations:
Q. + O 2—|—£ Cm + 20qb,,
Ut,, = Km = ’ (p 22) DOm1 ,m > 0. (2426)
Cme — 20(p* + L) an — 4apby, 1
|

It should be noted that when a = 0, we obtain the soliton hierarchy (2.3.25).

Proposition 2.4.2 The functions a;, b;, c;, © > 1 are local.

The proof is similar to that of proposition 2.3.2. We leave out the details.
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3 HAMILTONIAN FORMULATIONS OF SOLITON HIERARCHIES

3.1 Introduction

In the theory of integrable systems, the Hamiltonian formalism, originally introduced
by Gardner [9] and Faddeev and Zakharov [42] in the early 1970’s, is closely related to
the concept of integrability. For a system of first-order ordinary differential equations,
integrability in the sense of Liouville is based on the existence of a Hamiltonian
structure and sufficiently many functionally independent conserved quantities (first
integrals) which are in involution. This is the content of the Liouville-Arnold thorem.
In the case of partial differential equations (evolution equations) in Hamiltonian form,
the phase space is infinite-dimensional and so by extension we would require the
existence of an infinite number of conserved quantities to guarantee integrability in
the sense of Liouville [15, 17, 37, 39] . For systems that can be written in two different
Hamiltonian forms (bi-Hamiltonian systems), integrability is guaranteed by a result
due to Magri [25]. Our goal in this section is to discuss integrability within the

framework of bi-Hamiltonian structures.

Throughout this section, we assume that each function in the potential vector

w is in the Schwartz space (the space of rapidly decreasing functions on R™).

Theorem 3.1.1 /29, 30] Let Plu] € AP be defined over a vertically star-shaped region
M C X xU. Then P is the Fuler-Lagrange expression for some variational problem
L = [ Ldx, i.e. P = E(L), if and only if the Fréchet derivative dp is self adjoint:

dp = dp. In this case, a Lagrangian for P can be explicitly constructed using the
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homotopy formula

Lju] = /01u - PDwld.

(3.1.1)

When Plu] contains irrational terms, the above integral may diverge due to a possible

singularity at A = 0. In this case we evaluate the integral

Lu] = /Alu - P[Au]dA

and take the limit as \g — o0.

Example 3.1.2 Consider the functional

and it’s Fréchet derivative is

d
dP(Q) - P,[Q] - 2d_5 6:0[(uzmxm + 5D§Q)] = 2D§Q
Thus,

dp = 2D,

which 1s obviously self-adjoint.

(3.1.2)

(3.1.3)

(3.1.4)

(3.1.5)

(3.1.6)

On the other hand, given Plu] = 2Uy4.e, we can obtain the functional (3.1.3)
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using the homotopy formula (3.1.1) as follows

L[u] :/{/Olu-P[Au]dA}d:v
:2/{Azrummgw}n (3.1.7)
:/uummdas.

The Lagrangian L = Uz, 1S not the same as the original one in (3.1.3), but the two

are still equivalent since

1
Ullgggz = U2, — Wy + Do (Ullpgy — Ugllyg + §u2) (3.1.8)

Definition 3.1.3 A conservation law of a system of evolution equations takes the

form
D:H + DivP =0, (3.1.9)

which vanishes for all solutions v = f(z,t) of the given system. Here Div denotes
the spatial divergence and the conserved density H(z,t, u(”)) is assumed without loss
of generality to depend only on x—derivatives of u. Equivalently, for 2 C X, the

functional
H:/H@@W% (3.1.10)
Q

is a constant, independent of ¢, for all solutions u such that H(x,t,u™) — 0 as

x — 0.

Example 3.1.4 As an example, let’s consider the KdV equation (1.2.32). This equa-
tion is known to have infinitely many conservation laws. We show how to derive the

first two. In the one-dimensional case, equation (3.1.9) becomes
DH + D,P = 0. (3.1.11)
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Thus, we have

/Dtde - —/Ddex,

which reduces to

Dt/dezo,

due to the boundary conditions. Thus the quantity H given by

H:/de

1s conserved. Now the KdV equation can be rewritten in the form

Dyu+ Dy, (3u® + ugy) =0,
and so we have that the quantity

H1 :/udx

is a conserved functional for the KdV equation.

A second conservation law is derived as
D, (uz) + D, (4u3 + 2Ul gy — ui) =0
and so, we have that the quantity

Ho = /ude

1s also a conserved functional for the KdV equation.

(3.1.12)

(3.1.13)

(3.1.14)

(3.1.15)

(3.1.16)

(3.1.17)

(3.1.18)

Definition 3.1.5 Let D : A? — A? be a linear operator. We define a bracket on F
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as follows

(P, Q}J_/((;—Z>TD(;—§CZJ; (3.1.19)

where P, Q € F.

Definition 3.1.6 A linear operator D : A? — A7 is called Hamiltonian if its bracket

satisfies the condition of skew-symmetry

{P, 0} =—-{Q,P} (3.1.20)

and the Jacobi identity

{{P,Q}, R} + {{R. P}, Q} + {{Q, R}, P} =0 (3.1.21)

for all functionals P, Q,R € F. In this case the bracket (3.1.19) is called a Poisson
bracket.

Definition 3.1.7 A Hamiltonian system of evolution equation is a system of the form

ou OH

— =D— 1.22

ot ou’ (3 )
where H € F and D is a Hamiltonian operator. The functional H is called a Hamil-

tonian functional.

Definition 3.1.8 A nonlinear evolution equation is called Liouwville integrable if it
can be written as a Hamiltonian system with a well defined Poisson bracket {-,-},
such that it possesses an infinite number of conserved functionals, {#,,} which are in

involution in pairs {H,,, Hm} = 0.

Proposition 3.1.9 [29] Let D be a q X q matriz differential operator with bracket
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(3.1.19) on the space of functionals. Then the bracket is skew-symmetric, i.e., (3.1.20)
holds, if and only if D is skew-adjoint: D* = —D.

Corollary 3.1.10 [29] If D is a skew-adjoint ¢ X q¢ matriz differential operator whose

coefficients do not depend on u, then D is automatically a Hamiltonian operator.

Definition 3.1.11 A pair of skew-adjoint ¢ x ¢ matrix differential operators D and
£ is said to form a Hamiltonian pair if every linear combination aD + b€, a,b € R, is

a Hamiltonian operator.

Definition 3.1.12 A system of evolution equations is a bi-Hamiltonian system if it

can be written in the form

oH OH
u = Ky[u] = D(S_ul = eé—u‘), (3.1.23)

where D and £ form a Hamiltonian pair.

Lemma 3.1.13 [29] If D, £ are skew-adjoint operators, then they form a Hamiltonian
pair if and only if D,E and D + & are all Hamiltonian operators.

) )
Theorem 3.1.14 [29] Let u; = Kq[u] = D% = 5% be a bi-Hamiltonian system
u u
of evolution equations. Then the operator R = € - D' is a recursion operator for the

system.
Theorem 3.1.15 [29] Let

) )
u = Ki[ul :Di =& o

—_— .1.24
ou ou (3 )

be a bi-Hamiltonian system of evolution equations. Assume that the operator D of the
Hamiltonian pair is nondegenerate. Let R = £ - D~ be the corresponding recursion

operator, and let Kg = Dé—o. Assume that for eachn =1,2,..., we can recursively
u

define

K,=RK, ., n>1 (3.1.25)
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meaning that for each n, K,_1 lies in the image of D. Then there exists a sequence

of functionals Ho, H1, Ho, ..., such that
1. for each n > 1, the evolution equation

OH, _ ¢ OHn—1

1.2
ou ou (3.1.26)

Uy = Kl[U] =D

15 a bi-Hamiltonian system;

2. the corresponding evolutionary vector fields v, = v, all mutually commute:

n

[V, Vin] =0, n,m > 0; (3.1.27)

3. the Hamiltonian functionals H, are a all in involution with respect to either

Poisson bracket:

{Hn,Hm}D = {Hn,Hm}g = O, n,m > 0, (3.1.28)

and hence provide an infinite collection of conservation laws for each of the bi-Hamiltonian

systems (3.1.26).

Definition 3.1.16 Let D be a skew-adjoint differential operator. We define a func-

tional bi-vector, © associated with D as
1
Op =3 / {6 A DO}dz, (3.1.29)

where 6 is a a “uni-vector” corresponding to the one-form du.

Definition 3.1.17 Let v be an evolutionary vector field with characteristics ). The

prolongation of vq is the vector field, pr vg, defined by

0
prvg = Z DJ(Q)a—uJ (3.1.30)
7
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If D is a differential operator, then the vector field vpg is a formal evolutionary

vector field with characteristic Df, and thus
pr Vpy = E DJ(D@)i. (3.1.31)
7 8uJ

So, if P € A is a differential function, then

pr V(P Z 6—UJDJ (D6). (3.1.32)

The vector field pr vpy, can also act on differential operators (see, e.g., [29]) in such

a way that it acts only on coefficients that are functionally dependent on w.

Example 3.1.18 If D = D3 + uD, and P = u + u,, then

DO = 0,,, + ub, (3.1.33)
and so
pr vpo(P) = pr vpg(u) + pr vpg(us)
= (DY) + (DY), (3.1.34)
Also,

pr vpy(D) = pr vpe(D: + uD,)

= pr vpy(u)D,
= (DO)D

(3.1.35)

= (Opzz + ub,)D,.

Proposition 3.1.19 [29] Let D be a skew-adjoint differential operator. Then D is
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Hamiltonian if and only if the functional tri-vector
v = /{9 A pr Vpg(D) A O} (3.1.36)
vanishes.

Corollary 3.1.20 [29] Let D be a skew-adjoint differential operator and ©p = 3 [{OA
DO}dx be the corresponding functional bi-vector. Then

pr vpe(Op) = %/{pr vpo(0 ADO)}dx, (3.1.37)

where
—pr vpe(0 ADO) =0 A pr vpe(D) A 6. (3.1.38)

Example 3.1.21 From example 3.1.18, we have

ONDPr Vpg(D)ANO =0 N (0ppe Dy +ub,Dy) N6
=0ONOpe NOy +ub N0, AO, (3.1.39)
=—(0 N0 N Opyy).

Here we used the fact that 6 N 0, N\ 0, = 0, by the properties of the wedge product.
Thus,

1
By the following property of the wedge products

(ONOL) N Opw = (ON60,) N DO,y
(3.1.41)
=D, (ONO, NOpy) — Dp(ON6O) N Oy,
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we obtain

pr vpe(Op) = /{me NONO,}dx

1
= —= / D, (0 NO) N Oypdx
2 (3.1.42)

1
- —5/(0mz+9wm)wmdfc
=0

again, by the properties of the wedge products.

Theorem 3.1.22 [29] Let D be a skew-adjoint differential operator and ©p = % [{OA
DO}dx be the corresponding functional bi-vector. Then D is Hamiltonian if and only

of
pr vpe(Op) = 0. (3.1.43)

Example 3.1.23 Let D be given as in example 3.1.18. By proposition 3.1.19, we
only need to show that pr vpy(Op) = 0:

pr vpy(Op) = /{Pr vpo(0 ADY) pdx

1
=3 /{pr Vpg(O A Oppy +ud A 6,) }dx

-2 /((De) A0 AO,)dz

1

=0

(3.1.44)

by previous calculations. Thus we have shown that D = D2 + uD, is a Hamiltonian

operator.
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Corollary 3.1.24 [29] Let D and £ be Hamiltonian differential operators. Then D, E

form a Hamiltonian pair if and only if

pr Vpp(Og) + pr vey(©p) =0, (3.1.45)

where

Op — % / (0 A DOYdz, O — % / (0 A E0}dz. (3.1.46)

Corollary 3.1.25 [29] If P € A" and Q € A?, then

pr vo(P) = dp(Q), (3.1.47)
where dp(Q) is the Fréchet derivative.

J
Lemma 3.1.26 [29] Let P,L, R be functionals with variational derivatives 5—7) =
u

P, (;—Q = Q, (;—R = R € A% Then the Jacobi identity (3.1.21) is equivalent to the
u u
eTPTeSSIon
/ [P pr Vpr(D)Q + R pr vpo(D)P + Q - pr VDP(D)R] de=0.  (3.1.48)

By corollary 3.1.25, this is equivalent to
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which can also be written as
/ [P -D'DR]Q + R-D'[DQJP + Q - D'[DP]R|dx =0 (3.1.50)
or more commonly

(P, D'[DR]Q) + (R, D'[DQ]P) + (Q, D'[DP|R) = (P, D'[DR]Q) + cycle(P,Q, R) = 0.
(3.1.51)

Proposition 3.1.27 [29] Let D be a skew-adjoint q¢ X q matriz differential operator.
Then the bracket (3.1.19) satisfies the Jacobi identity if and only if (3.1.50) vanishes
for all q—tuples P,Q), R € AY.

3.1.1 A Classic Example-The Harry Dym Equation

As an example, we consider the well-known Harry Dym equation

1
Uy = —§u3um. (3.1.52)

Under the transformation v = w2, this equation can written in the equivalent form

1

2 )eae- (3.1.53)

vy = (v
We show that this equation has a bi-Hamiltonian structure
vy = D1—— = Dy——, (3.1.54)
v

where Dy and D, are the Hamiltonian operators and H; and H, are the Hamiltonian

functionals.
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Observe that

v =D3v2) = Dl%. (3.1.55)

Let Ky[v] = v=2. Then by the formula (3.1.1) in theorem 3.1.1, we have

’le/(/olv-f(l[)\v]d)\)dx
:/(/Olvi/\id)\>dx (3.1.56)
:2/fuéda¢.

Also,
Dty — L At = 80, 4 150
8 fU§
2
— (2vD, +vz)< e ”x) (3.1.57)
16vz  4v:
O0H
=Dy—.
> v
502 U :
Let Ks[v] = — — ——. Then by the formula (3.1.2) in theorem 3.1.1, we have
16v2  4v2

Hy = lim (/1U-K2[>\v]d)\)dx

)\04)00 )\0

! 1
:/(hm / )\3<ivivg——vmyg>d)\>dx (3.1.58)
qoes i, " \16 4

5 1
= / ( — gvivfg + 51}30961)7%)6&1’.
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5 1
The differential function — —v2v~3 + —vmv_% can be rewritten as

8 7 2
5) 1 1 1
—gviv_g + avmv_% = —gvfcv_g + Da,< — 51}11)_%) (3.1.59)
Thus, we have
5) 51 1
Ho = / ( — gviv_E + §vmv_%>d:p =3 /U‘gvidz. (3.1.60)

Now we show that the operators D; and D, are Hamiltonian. By formula 3.1.29,

1
@Dl = 5/{9 VAN Dlg}dl’
1
=3 /{9 A D?0}dx (3.1.61)

_ % / (0 A 0,0, )da

and

1
@D2 = 5 /{9 N Dg@}dl’

_ % / {6 A (20D, + v,)0}de

) (3.1.62)
=5 /{9 A (200, + v,0) }dx
1
=3 /{21}0 N0, }dx.
So by corollary 3.1.20, we have
1
pr vp, (©p,) = -pr vp, /{9 A Oy b
2 (3.1.63)

=0

trivially, since there are no terms in v. Thus D; = D? is a Hamiltonian operator.
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Similarly,

pr vp, (©p,) = pr vp, /{219 N6, }dx
_ /{Dz(e) AO NG, }dr
= /{(zvez + 0,0) A O A O, Y (3.1.64)
= /{27}035/\0/\9x+v$9/\0/\0z}dm
—0

by the properties of the wedge product. So Dy = 2vD, + u, is also a Hamiltonian

operator.

Now we show that D; and Dy form a Hamiltonian pair. Due to lemma 3.1.13,
we only need to show that D; + D, is also a Hamiltonian operator. By corollary

3.1.20, we have

pr VD2<@D1) = %pr VD2 /{9 A Q:Jc:mc}dx

(3.1.65)
=0
and
pr vp, (©p,) = pr vp, /{UH A6, }dx
= /{DI(H) ANO A0, dx
= /{em ININBY": (3.1.66)

= /{9 NGy N Oy ydx

=0
by previous calculations. We have thus shown that the Harry Dym equation is bi-
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Hamiltonian.

3.2 Hamiltonian Formulation and Liouville Integrability of the First

Hierarchy

We now present the first hierarchy (2.3.25) in a Hamiltonian form using the identity:

J ou 0 oU Ad
B — —_— — T\ —_— e 2
50 tr (8)\ W) de =\ (‘3/\)\ tr (8u W) , Y 2d)\ln|tr([/v )], (3.2.67)

This identity is called the trace identity [17, 38].

3.2.1 Hamiltonian Structure

Observe that

0 =X 0 0 0 =X 0 2\ —p —q
8—U_ A0 A 8—U_ 0 0 O anda—U_ 2\ 0 2\
op g ox | tp TerTph
0 X 0 A0 0 q 2 +p 0

and as a result, we have

tr (W(z—[)]\) = —4dap — 8bA — 2qc, tr (W%—g) = —4a) and tr (W%—Z) = —2cA\.
Consequently, we have
L / (—dap — 8\b — 2qc) dz = ARl (3.2.68)
du b 1OE=2 "0 | el =
Equating coefficients of A™ in the above equation gives
5 20,
50 /(Qpam + 4by i1 + qep)dx = (v — 2m) , m>0,
Cm
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and considering a particular case with m = 1 yields v = 0, and thus we obtain

ou 2m

5 2ty + by . 2a,,
/(— Pm + Hmi1 + g6 )dx: ,m > 1. (3.2.69)

We have thus proved the following proposition

Proposition 3.2.1 The soliton hierarchy (2.3.25) has the Hamiltonian structure:

U 2am, SHm,
g, = Ky, = Tl =J = Ji, m >0, (3.2.70)
with Hamiltonian operator
19 0
J= |2 , (3.2.71)
0 0

and Hamiltonian functionals

2 2pa,, + 4b,, m

2m

Using formula 3.1.1 in theorem 3.1.1, H, is obtained by direct computation as
follows:

Observing that

) 2
K, = Mo _|P| (3.2.73)
ou q
we have
2p
Ko(Au) = A ) (3.2.74)
q
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Thus,

:/(/01/\- Pl (2P ) dr (3.2.75)

3.2.2 Bi-Hamiltonian Structure and Liouville Integrability

Proposition 3.2.2 The operator D defined by

o Lg2 ' s 190 . —10p0~'pd —10p0~'q0

, (3.2.76)
—30% 0 0 0 —30q0~'pd  —30q0q0

for arbitrary constants o, 5 € R is a Hamiltonian operator.

Proof. 1t is easy to see that D* = —D. Thus we only need to verify lemma 3.1.26:

(P, D'[DQ]R) + cycle(P,Q, R) = (P, D'[DQR) + (Q, D'[DR]P) + (R, D'[DP]Q) = 0
(3.2.77)
for arbitrary symmetries
po [T L Q= @  R= i) (3.2.78)
Py Q2 Ry

Here, cycle(P, @, R) denotes the cyclic permutation of P, @, R.

Let
X = 07 (pPry + qPsa), ¥ = 07 (pQus + qQss), Z = 07 (pRy +qRs) (3.2.79)
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and

2

— 1 ( O'/szﬂm + /BQ17CC$ - apY

2\ ~aQi 40 +26Qs00 — 9qY
Then
DDQ| - 1 OUOpd + 0pdo~tUd 0UO tq0 + 0pd~—tVo
2 10VO~1pd + 8gd~UH OVO g0 + dgd Vo
and
D'DQIR = —

2

So, we have

(P, D'[DQIR)

1
:>_§/{aﬁwa1@ﬁhx+quﬂ+fﬂmﬁ1anﬁx+VRmﬂhm

1
—§/k5wva4@3m+quﬂ+fﬂ&ﬁ4auaz+VRmnMx

o1

U _ DQ _ 1 aQwa + BQLJ}J} - apa_l(pQLx + qQQ,x)
_&Ql,mx + 2/8Q2,CECC - aqa_1<le,a: + qQQ,x)

1 [(OUO (pR1s + qRaz) + Opd " (UR1 . + V Ray)
ava_l(pRl,m +qRy ) + aqa_l(URl,x +VRy,)

|

Y

) |

(3.2.80)

(3.2.81)

(3.2.82)

(3.2.83)



Applying integration by parts to (3.2.83), we obtain
(P, D'[DQIR)
_ % / (~PLU0 YRy + qRo) — Prapd Y(URy + V Ryp)}da
-3 / {(~PyuVO  (pRus + Raw) — Pogd (URy, +VRy)}da
=- % /{_(Upm + VP, )0 (PR + qRoy) — (pPra + qPo2)0 " (URy» + V Ry ) bz

1
= — 5 /{_(Upl,m + VP279:)Z — (pPLx + qu’x)a_l(URLx + VRQJ)}d.Z'

(3.2.84)

Again, applying integration by parts to the second term of the last expression in

(3.2.84), we have
(P, D'[DQIR)
__ % / {(URy, + VRy2)0  (pPrs + qPsy) — (UPy, + VPy,) Z}da
__ % / {(UR1y +VRy)X — (UPyy + VPy)Z)}da
= 3 (@i~ QuaaRan)X — @aeFrv — QuaaPr) 2}
-0 / {(QueRia+ 205 Ro0)X — (QuuPra + 2Q52Poy) Z}da

1
+ 5 /{XYxZw — X, YoZ + (poRig + @uRop) XY — (02 Pr o + o Pon)Y Z}do.

(3.2.85)
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It follows that

/{(QQ,szl,a: = QuaeRo2) X — (Q200Pre — QaxlPa.)Z }dx + cycle(P,Q, R)

= /{(Qz,le,gc = QuacRo2) X — (Ro2e Q1o — R 02Q22) X}z + cycle(P, Q, R)

— [1(QuaRt — Qualfo.) X} + cycle(P.Q. 1)

=~ [(@Fra = Qo) Xo)do + exde(PQ. )

== /{p(PL:cQZ,le,:r — P1oQ12Ro ) + ¢(PoxQouRie — PanQraRoy)bdr + cycle(P,Q, R)

= - /{p(PL:cQZ,le,:r - Rl,xpl,xQ2,z> + Q(PZ,xQQ,le,J; - Q2,xR1,xP2,x)}dx + CyC1e(P7 Qv R)
=0.
(3.2.86)

Similarly, by cyclic permutation, we have

/{(Ql,le,x + QQQ,xRZ,x)X - (Ql,xpl,x + QQQ,xPZ:E)Z}dCE + CyCIe(Pu Qa R)

= /{(Ql,le,x + 2@2,mR2,m)X - (Rl,xXl,:c + 2RQ,mQ2,m)X}d$ + cycle(P, Q, R)

=0
(3.2.87)

and
1

1

= 0.
(3.2.88)
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This implies that the operator M = D(a = 1,5 = 0) given by

—%3}98_1])8 192 — %ﬁpﬁ_lqﬁ

M=2o]= 2 (3.2.89)
—30% —10q07'p0  —30q0'q0
is Hamiltonian, and J + M = D(a = [ = 1) given by
100 —Lopo—1po 19% — Lopo—1q0
J+M=|? + 20P7 P 2 20P 41 (3.2.90)
0 0 —10%—10q07'p0  —10q01q0

is also Hamiltonian. It then follows from lemma 3.1.13 that J and M form a Hamil-

tonian pair. Thus we have proved the following proposition

Proposition 3.2.3 The soliton hierarchy (2.3.25) is bi-Hamiltonian:

) §H
u, =Ky =J Z"‘:M 7?; Lom>1,

(3.2.91)

where J, H,, and M and are defined by (3.2.71), (3.2.72) and (3.2.89), respectively.

It follows from Magri’s result [25] that the bi-Hamiltonian hierarchy (3.2.91) is Liou-

ville integrable. i.e., it possesses infinitely many commuting conserved functionals:

SH\" L OH,
{Hk,Hl}J /< (5u) J(Su dx 0, k,l_O, (3292)
(M, Hi} —/ Ot TM@dx—o k>0 (3.2.93)
ky TLLf M — 5U (S'U, — Y y U Yy sl

and commuting symmetries:

Ky, K] = KL (u)[K)] — Kl(w)[Ky] =0, k,1>0. (3.2.94)
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We present the first nonlinear integrable system in this hierarchy (3.2.91) as follows:

OHo

ou

p Gow = 3P°D2 — 5P20° — P90 | 64

S A ¥
ou

t —Das — 30D’ — qPPx — 207G
1

where the Hamiltonian functional H, is defined by (3.2.72) and H; is given by

1 1 Ly, 1,5 14
STRR S DR S JC IR A 3.2.95
1 /(2(]]7 261]) 4]9 4qp 16q x ( )

3.2.3 Tri-Hamiltonian Formulation

In this subsection, we formulate a tri-Hamiltonian structure [28] for the soliton hier-

archy (2.3.25). We begin with the following proposition.

Proposition 3.2.4 The operator

ad — g0~ 'q —14q0!
L= 10 e (3.2.96)
1+po—tq [BO—2p0 'p

is a Hamiltonian operator for a = g where o, § € R.

Proof. For o = g, denote this operator (3.2.96) by

%8 0 N —%q@‘lq —1+q07p

D=5 (3.2.97)
0 9 L+po~tq —2p0~'p
We similarly verify that (3.2.77) holds for arbitrary symmetries
P R
p=|"1] o= @ CR=1|""]. (3.2.98)
Py Q@2 Ry
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Let

A=0"YqP, —2pP,), Y =07 (qQ1 — 2pQ2), Z = 0 ' (qR, — 2pRy)

and
U _ DO = —Q2 + §Q1,x — %qa_l(qu —2pQ2)
V Q1+ Q2 + pd~(qQ1 — 2pQ2)
. _QQ + g@l,x - %qY
Q1+ Q2 +pY
Then
—Lyo-tg— 1407V Vot o~'U
pipg) = 277 172 et
U tq+po0~tV =200 'p —2p0~1U
and

—%Vﬁil(qu — 2pR2) — %q(?’l(VRl — QURQ)
US ' (qRi — 2pRy) +p0 ' (VR, — 2URy) |

pwan-

So, we have

(P, D'[DQ]R)
= _ %/{Pl[va_l(qu — 2pRy)] + Pilq0~ ' (V Ry — 2URy)] }da

+ / {P[UO " (qRy — 2pRy)] + Po[p0~ ' (VR — 2UR,)]}du.

26
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Applying integration by parts to (3.2.103), we obtain
(P, D'[DQ]R)
! / {—(07'PV)(qRy — 2pRy) — (07 Piq)(V Ry — 2URy) }dx
/ {—(07'PU)(qR; — 2pRy) — (07 ' Pop)(V Ry — 2U Ry) Y
=5 / {(qRy — 2pRy)0™ PV — 2P U) + (VR, — 2URy)0™(Piq — 2P3p) }dx
:% /{(qu —2pRy)O PV — 2P U) + (VR — 2U Ry) X }d.

(3.2.104)

Applying integration by parts to the first term of the last expression in (3.2.104), we

have
(P,D'[DQ]R)
:% / (—(PLV — 2P0~ (qRy — 2pRs) + (V Ry — 2U Ry) X b
—5 [{VR ~2UR)X = (PV ~2P0)Z) o
0 /{(R Qa0 — RoQuo)X — (PQs — PoQ10) Z}d (2109
=9 1&W2.z 21,2 12,2 21,2 X
+ % /{(RlQl —+ 2R2Q2)X — (PlQl + QPQQQ)Z}CZI

1
+ 3 /{(Rlp + Roq)YX — (Pip+ Poq)Y Z}dx.
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It follows that

/ {(R1Qos — RaQu)X — (PiQu — PxQu) Z}da

_ / {(R1Qz0 — RoQ1.2)X — (Q1 Rz — QaR10)X Yo

_ / ((RiQs — RoQ1). X }dz + cycle(P, Q, R)

_ / ((R1Qs — RyQ1) X, }da + cycle(P, Q, R)

_ / {(RiQs — RoQ1)(Pyq — 2Pop)}dir + cycle(P,Q, R)

_ / (2p(PyR1Qs — PyRoQ:) — q( PRy Qs — PuRaQy) Y + cycle(P, Q. R)

= /{QP(P2RlQ2 — Q2PR1) — q(PIR1Q2 — R1Q2P1) }dx + cycle(P, Q, R)

— 0.
(3.2.106)

Similarly, by cyclic permutation, we have

/ {(R1Q1 +2R9Q2) X — (P1Q1 + 2P2Q5) Z}dx + cycle(P, Q, R)
= /{(R1Q1 + 2RyQ5)X — (Q1Ry + 2Q5Ry) X }da + cycle(P,Q,R)  (3.2.107)
=0
and
/ {(Rip + Roq)Y X — (Pip+ Paq)Y Z}dx:
= / {(Pip+ Pyq)ZY — (Pp+ Pyq)Y Z}da (3.2.108)

=0.
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Thus, the operator I = D(f = 0) given by

—3q07'q =140 'p

I= (3.2.109)
1+p0~tq —2p0~'p
is Hamiltonian and the sum J + I = D(f = 1) given by
50 0 —3q07'¢ —1+¢0™"
D=|? | 2 1w (3.2.110)

0 0 1+p0~tq —2p01'p

is also Hamiltonian. So by lemma 3.1.13, J and [ form a Hamiltonian pair. Conse-

quently, we have the following proposition.

Proposition 3.2.5 The Hamiltonian operators I, J and M given by (3.2.109), (3.2.71),
and (3.2.89), respectively form a Hamiltonian triple: Any linear combination of I, J

and M 1is also Hamiltonian.

The proof of this proposition is a little tedious but very similar to the proofs of
propositions 3.2.1 and 3.2.3. We leave out the details.

From the condition that, I1=' = I7'1 = I,, where I, is the 2 x 2 identity
matrix, we obtain, through a simple computation, the inverse operator of I as

| T LepTal (3.2.111)
—1-¢07'p —1q07q

The fact that I and J form a Hamiltonian pair gives rise to a hereditary symmetry
operator ® = JI~!, which is exactly the hereditary recursion operator defined by
(2.3.26). Note also that it is direct to see that J = ®I and M = ®J = ®*]. Tt thus,
follows that the soliton hierarchy (2.3.25) is tri-Hamiltonian:

- . 5%771—1
ou ou =M ou

wy , m>1, (3.2.112)

m

where the Hamiltonian operators I, J and M are defined by (3.2.109), (3.2.71) and
(3.2.89) respectively, and the Hamiltonian functionals by (3.2.72).
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We remark that one can also verify this tri-Hamiltonian structure by direct
computation (e.g. using a computer algebra system). Note that the first Hamiltonian
structure arises as a consequence of the decomposition J = ®I of the Hamiltonian

operator J (see, e.g., [24]).

3.2.3.1 Inverse Soliton Hierarchy

We now present an inverse hierarchy of commuting symmetries by computing the
inverse of the recursion operator ®. Based on the relation ® = JI~!, we present 1

as

go1_ | 900 0T +qdTpd (3.2.113)
20~ + 200~ q0~"  —2pd~'pd~t | o

which is also a hereditary recursion operator (see, e.g., [8]). As a result, we have the

hierarchy

w, =K =& "Ky=a || m> 1, (3.2.114)

4z

with infinitely many commuting symmetries:

K_p, K_p) =K', (u)[K_,] — K, (u)[K_p,] =0, m,n > 1.

The first and second symmetry systems are

—q0 g0 g+ 20" 'p + 2g0 1 po~t
pe| |4 and pe| | 7997790 q p+290""p p. (3.2.115)

& 2p G 2071q + 2p0~1q0 1 q — 4pd~1pd~'p

The equations in this hierarchy are nonlocal and for this reason, it may be difficult

to guarantee Liouville’s integrability based on Magri’s scheme [25].
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3.3 Hamiltonian Formulation and Liouville Integrability of the Second

Hierarchy
3.3.1 Hamiltonian Formulation

We again apply the trace identity (3.2.67) to formulate a Hamiltonian structure for
the extended soliton hierarchy (2.4.26). From the partial derivatives

0 —A+ 2ap 0 0 ag =X\
%—ZI A — 2ap 0 -\ —2ap ,%—gz —aqg 0 —aq| and
0 A+ 2ap 0 A ag O
0 2\ —p —q
L=]-22+p 0 —22-p|,
q 2 +p 0

we easily obtain

aU) = —4ap—8bA—2qc, tr(Wa—U) = —4a\—8apb, and tr(Wa—U) = —2c\—4aqb,

and so the trace identity gives

o _, 0 —4X a — 8apb
— [ (=4ap — 8\b — 2qc)dx = X7 —\" : (3.3.1)
0 oA

u —2\c — 4daqb

Equating coefficients of A" in the above equation, we get

) 2a,, + 4apb,,
— [ (2pay, + 4bymi1 + qcm)dx = (7 — 2m) , m>0
ou Cm + 2aqb,,
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and considering a particular case with m =1 yields 7 = 0. Thus we obtain

5 Dty + dupbyn
2, = Pom | >0, (3.3.2)

Cm + 2aqb,y,
where the Hamiltonian functionals are

. 2pam + 4bm-i—l + qcm
2m

Ydxz, m > 1.

Hy = /(p2(1 + 2a) + q2(% + aq))dr, H, = /(

(3.3.3)

Here, Hg is computed similarly as in (3.2.75).

Now using the relation b, 1 = 0 (pcmi1 — qamy1) from (2.4.11), the system

(2.4.25) becomes

Dty = —Cm+1 + @bmi1 + 200gby 11,

(3.3.4)
Aty = 2011 — 2pbyy 1 — 4Pl 1.
Observing that
A, 2a,, + 4apb,,
N pomi (3.3.5)
b, Cm + 20qby,

where

1 —1 -1
5+ apd —2apd
N |2 pep (3.3.6)
agd~lq 1 —2a0qg0'p

we can easily see that

—(14+2a)q07'¢ =1+ (1+20)g07 'p| |ams1
2+2(1+2a)pd~tq  —2(1+ 2a)pd~'p Crg1
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20,41 + 4apb,,
— g [Tt TR S ) . (3.3.7)

Cmt1 + 20qbp 41
where

—1(1+4a)g0 ¢ -1+ (1+4a)gd'p
1+ (1+4a)p0~tq  —2(1 + 4a)pd~'p

J = (3.3.8)

is a Hamiltonian operator. We have thus, proved the following proposition:

Proposition 3.3.1 The soliton hierarchy (2.4.26) has a Hamiltonian structure:

OHom
u, =K, = Jh, m >0, (3.3.9)
ou
where the Hamiltonian functionals H.,, are defined by (3.3.3).
A direct computation shows
m Ot _
Hmi1 _ g 0H , U =N"TQN, (3.3.10)
ou ou

where the inverse of the operator N is given by

N1 2 —4apd~tq  4apo~lp (3.3.11)
—20q0Yq 1+ 2aq0~p ' -

The expression for ¥ is explicitly given by

Uy, 0
g=| " (3.3.12)
\1121 @22

63



where

/

Uy, = —a(p? + L) + adgd g — (1+ 20)pd~'pd + a(1 + 2a)pd~(p?g + L)

—2a(1 + 2a)pd~pdpd—tq — a(l + 2a)pd~tqdqd~1q — 202 (p* + p%)&‘lq,
Uiy =0 —220q0 p — (1 4+ 2a)pd~1qd — 2a(1 + 2a)pd~1 (p* + p%)

+2a(1 + 20)pd~1qdqd p + da(1 + 2)pd~pdpd~—p + 4a2(p® + p§)8_1p<,3.3.13)
Uy = —20 — adpd~'q — $(1 + 2a)q0'pd + ¢(1 4 20)q0~ ' (p*q + %)

—a(l +20)q0 " pdpd~'q — $(1 + 20)q0 g0 ' q — o (p*q + $)0 g,

Uyy = —a(p® + %) +2a0pd~'p — (1 + 2a)qd~1q0 — a(1 + 20)q0~* (p* + p%)

+2a(1 + 2a)q0 pdpd~—p + a1 + 2a)qd~1qdqd 1 p + 202 (p*q + %)8*1]9.

From the relation K,,1; = ®K,,, m > 0 in (3.1.25), and JU = ®J (see e.g.

[22]), we obtain a common recursion operator for the soliton hierarchy (2.4.26):
= wl = NIV,

where NT, QT and (N~1)T are the adjoint operators of N,Q and N~!, respectively.
The expression for ® is explicitly presented as
Oy Do

, (3.3.14)
@21 q)22

b —
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where

/

Oy = —a(p’ + L)+ agd'qd — (1 +2a)9pd~'p — a(l + 2a)(pq + $)0'p

+2a(1 + 2a)q0 popd~—tp + a1l + 2a)gd~ 1 qdq0 ' p + 2a2q0 1 (p* + p%),
By = 10— agd'pd — L(1 +20)0pd~"q — 2(1 + 20) (p%q + L)'

+a(1 4 20)g0 ™ pdpd~"q + §(1 +20)g9 "' 4090~ q + 0?0~ (v*q + %), (3.3.15)
Dyy = —0 — 2apd~1q0 — (1 + 2a)9gd~'p + 2a(1 + 2a) (p* + p%)‘a_lp

—2a(1 4 2a)pd~"qdgd'p — 4a(1 + 20)pd~ ' pApd~"p — 4a’pd = (p* + pL),

By = —a(p? + %) + 2ap0~'pd — L(1 +20)9q0 ' + (1 + 20) (p* + p% )0\

—2a(1 + 20)pd~tpdpd—q — a(l + 2a)pd~1qdq0 ' q — 2a2pd~* (p*q + %)

3.3.2 Bi-Hamiltonian Structure and Liouville Integrability
Define

My M
M=oj=| " T2 (3.3.16)
My, My

where

(

My = $0 — aqd™'pd + adpd~'q + o*(p*q + %)8‘%]
—2a%q0 ' pdpd—tq — a?q01q0q0 1 q + a*q0~ (p?q + §),

Mz = a(p? + %) — agd~'qd — 2a0p0~"p — 20*(p*q + $)I'p
+402q0~'pdpd~"p + 20%q0 " q0g0 ' p — 2020 (p* + p%), (3.3.17)

Moy = —a(p* + %) + 20p0~'pd + adqd~'q — 20*(p* + p%)I g -
+20%p9 " qdq0 " q + 4a?pd~ ' pdpd~'q — 20%pd} (pPq + L),

Myy = 0 + 2apd~1q0 — 20090 p + 4% (p® + p%)@‘lp

—4a2pd~1qdq0 ' p — 8a*pd~pdpd~1p + 4aPpd~t (p? + p%).
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Proposition 3.3.2 The operator
D=~J+M, veR, (3.3.18)

where J and M are given by (3.3.8) and (3.3.16) respectively, is Hamiltonian.

The proof of this proposition is rather complicated but very similar to the

proofs of propositions 3.2.1 and 3.2.3. For brevity, we leave out the proof.

Choosing v = 0 shows that M is Hamiltonian and v = 1 shows that J + M
is Hamiltonian and so by lemma 3.1.13, J and M form a Hamiltonian pair. Thus we

have proved that

Proposition 3.3.3 The soliton hierarchy (2.4.26) has a bi-Hamiltonian structure

SHm 6,
u, =K, = J% = M?—u, m >0, (3.3.19)

where J, H,, and M and are defined by (3.3.8), (3.3.3) and (3.3.16), respectively.

It follows from Magri’s scheme [25] that the hierarchy (2.4.26) is Liouville

integrable, i.e., it possesses infinitely many commuting conserved functionals:

Sty o OH

{Hm,Hn}s /( S ) J 5 dr =0, m,n >0, (3.3.20)
Mo 6H,

= —— )V M ——dx = > 0. 3.21

(o Hadas = [ M e =0, mon > 0 (3.3.21)

and commuting symmetries:
4]
(K, K, = K (u)[K,] — K (u)[K,,] = J(S_{Hm’H"} =0, myn>0. (3.3.22)
u

We point out that, similar to [22], these commuting relations can also be generated
from the Virasoro algebra of Lax operators [14, 19], which is easier to prove than the

existence of a bi-Hamiltonian structure.
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4  SYMMETRY CONSTRAINTS AND FINITE-DIMENSIONAL HAMILTONIAN SYSTEMS

4.1 Introduction

As mentioned earlier, integrability of finite-dimensional Hamiltonian systems in the
sense of Liouville is based on the existence of sufficiently many functionally inde-
pendent conserved quantities or first integrals which are in involution. This is a
well-developed concept in the theory of ordinary differential equations. In this chap-
ter, we construct finite-dimensional Hamiltonian systems by means of the so-called
Bargmann symmetry constraint [18, 23, 20] from a hierarchy of (1+1)-dimensional
evolution equations associated with the spectral problem (2.3.5), and discuss their
integrability in the sense of Liouville. The Bargmann symmetry constraint method
corresponds to the binary nonlinearization technique [18, 23, 20] in which the Lax
pairs and adjoint Lax pairs of a given soliton hierarchy are “constrained” to a nonlin-
earized system, yielding a finite-dimensional Liouville integrable Hamiltonian system
whose solutions can be presented explicitly. For the sake of simplicity, we will use the

loop algebra in equation (2.2.37) as the underlying loop algebra.

Definition 4.1.1 A Poisson bracket on a smooth manifold M is a bilinear skew-
symmetric operation that assigns a smooth real-valued function {F, H} on M to each

pair F, H of smooth, real-valued functions, with the basic properties:

(a) Jacobi Identity: {{F,H}, P} +{{P, F} H}+{{H,P},F} =0,

(b) Leibniz's rule : {F,H - P} ={F,H}- P+ H -{F, P}.
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Definition 4.1.2 A manifold M with a Poisson bracket is called a Poisson manifold.

The bracket is said to define a Poisson structure on M.

Example 4.1.3 Let M be an even dimensional Euclidean space R*™ with coordinates
(p,q) = (p', -+ ,p%q" - ,¢"). If H(p,q) and F(p,q) are smooth functions, then the
Poisson bracket of F' and H, denoted by {F, H}, is given by

—~ (OFOH  OF 0H
{F, H} _ZZI ( o &]i). (4.1.1)

Definition 4.1.4 The system of ordinary differential equations

dg  OH dp H
¢ _OoH dp  oH ., (4.1.2)
dat  op dt 0q’

is called a finite-dimensional Hamiltonian system, where the function H(p,q) is a
smooth function. We call H the Hamiltonian function of the system. In Classical

Mechanics, the above equations (4.1.2) are referred to as Hamilton’s equations.

Definition 4.1.5 Let M be a Poisson manifold and H a smooth function. The
Hamiltonian vector field associated with H is the unique smooth vector field Xy on

M satisfying
Xu(F) = {F, H} = —{H, F} (4.1.3)
for every smooth function F.

Example 4.1.6 In the case of the Poisson bracket on R®" in equation (4.1.1), the

Hamiltonian vector field corresponding to H(p,q) is the function

"~ /OH 0 OH 0
Xy = Zl ( 5 90 oo W,). (4.1.4)

Definition 4.1.7 A symplectic manifold is a smooth (even-dimensional) manifold,

M, equipped with a simplectic form w. A simplectic form is a closed nondegenerate
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differential 2-form. We say that w is closed if the exterior derivative dw = 0 and non-
degenerate if for all p € M, there exists an X € T, M such that whenever w(X,Y) =0
for all Y € T,M, it follows that X = 0.

Definition 4.1.8 Every simplectic manifold (M,w) is a Poisson manifold with the

Poisson bracket defined by the simplectic form, w as
where Xr is a vector field associated with F.

Example 4.1.9 The most basic example of a symplectic manifold is R®*" equipped

with the form w =Y dp' A dq'. Note that according to equations (4.1.3), (4.1.4) and
i=1

(4.1.5), we have

n

{F.H} = w(Xp, Xp) = Xy(F) =) (

1=

HOF OHOF
OHOF _0HO ) (4.1.6)

op* 0q° B 0qt Op'

Definition 4.1.10 The number of degrees of freedom of a Hamiltonian system is the

number of (p’, ¢') pairs in Hamiltons equations (i.e., the value of n).

Proposition 4.1.11 [29] A function F(p,q) is a first integral (or an integral of mo-
tion) for the Hamiltonian system (4.1.2) with Hamiltonian function H if and only if
F and H are in involution, i.e., {F, H} = 0.

Definition 4.1.12 A Hamiltonian system on the 2n-dimensional symplectic mani-
fold, M is said to be completely integrable or Liouville-integrable if there are n smooth

first integrals in involution which are functionally independent on an open and dense

subset of M.
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4.2 Soliton Hierarchy and Its Hamiltonian Formulation

Theorem 4.2.1 The spectral problem

with spectral matrix
A A+
U= Aer+ (AN +Ap)ex + (=A% + Ap)es = E b , (4.2.8)
~N+Xp =)\

where e1,es and ez are a basis of the Lie algebra sli(2,R) given by (2.3.3) and g =

:97(2,R) produces a hierarchy of soliton equations

tm = Km = ¢m 9 m Z 07 (429)
4z
where the operator ® given by
Opo~1 10+ 0po—! 0
e O L= (4.2.10)
—50+ 090" p 0q0~'q X

The proof begins with W in the stationary zero-curvature equation

W, = U, W] (4.2.11)
defined as
GATETL g AT A
W= N1 _ 2 \-2i-1 €sl(2,R). (4.2.12)
i>0 | @i — b —C;
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Equation (4.2.11) then gives the relations

1
Am = Ecm—l,z +pbm; Cm = qu - §am—1,x and bm,m = PUm—1x + qCm—1,2, M Z ]'?
(4.2.13)
with initial values
apg=p, bp=1, ¢ =q. (4.2.14)

The remainder of the proof follows similarly as in the proof of theorem 2.3.1.

We point out a well-known fact that there is a gauge transformation between
the Dirac and ZS-AKNS spectral problems (see [31] for details). This is the same
gauge transformation [31] that transforms the spectral problem (4.2.7) into the orig-
inal Kaup-Newell spectral problem [12]. However, as pointed out in [31], the ex-
tensions of the Dirac and the ZS-AKNS spectral problems, which are also gauge
equivalent under the same transformation, have different non-dynamical r-matrices
[35] determined by their respective finite-dimensional Hamiltonian systems via some
constraints. Thus, although two spectral problems may be gauge equivalent, they
may possess certain properties that are completely different. We thus conjecture that
our spectral problem and the Kaup-Newell spectral problem may be another gauge
equivalent pair of spectral problems with extensions that have two different pair of

r-matrices determined by their respective finite-dimensional Hamiltonian systems.

Proposition 4.2.2 The hierarchy (4.2.9) has a Hamiltonian structure

OHom
g, = K = Ji, m >0, (4.2.15)
ou
with Hamiltonian operator
0 0
J = , (4.2.16)
0 0
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and Hamiltonian functionals

2 2 —2b
Hom [ (2L )t o [ (220 gyt (aaar

2m

Similar to proposition 3.2.2, one can show that this hierarchy (4.2.9) is bi-
Hamiltonian and thus according to Magri’s scheme [25], each system is integrable in

the sense of Liouville.

4.3 Binary Nonlinearization of Lax Pairs and Adjoint Lax Pairs

4.3.1 Bargmann Symmetry Constraint
We now consider the binary nonlinearization procedure [18, 23, 20].

Proposition 4.3.1 The Lax pairs

O =Ug = U<u7 )\)qb,

(4.3.1)
Ot = (VM) = (VI") (u, N9,
of the the system (4.2.9) have associated adjoint Lax pairs
1/% = _UT¢ = _UT u, A ¢7
(1) (4.3.2)

Vi = = (VI = (VI (u, X)op,

where Y = (1, o)" and VI = XAC™OW) - m > 0, with W given by (4.2.12).

Proof. The proof easily follows from the fact that Uy, — Vi™ + [U, V"] = 0 if and
only if (=UT),,, — ((=VI"hT), + [-UT, —(VI")T] = 0.
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Now recall from [18] that the variational derivatives of the spectral parameter

A = A(u) with respect to the potentials p and ¢ can be expressed as

A S S B D SR UM~

~— = - 4.3.3
5]? - f—oo wT’ 8)\> 5q f @ZJT, a)\ ( )
It follows that
SN 1 [ Ag1ha + Aoty
— == , (4.3.4)
0u B\ Xp1r — Aoty
where
E= _/ (g1 — 2XP109 + P12 + 2APathy — qdarhe)dx. (4.3.5)

Introducing N distinct eigenvalues A1, Ag, ..., Ay, equations (4.3.1) and (4.3.2) yield

the spatial and temporal systems

¢1; b1
N :U(uaA]) N 7j:172a"'7Na
¢2j7 - ¢2j7 (4 3 6)
(O (O
K :_UT(u7)\j) Y ) j:1727 7N7
L 7vb2j7 - w2j7
¢2j7 6 ¢2j7 (437)

wlj
¢2j7

(
b1 b1
? :V(m)(ua)‘J) V ) ]:1727 7N7




Observing that the hierarchy (4.2.9) can be rewritten as

(07 Qo

u =J =JG,, =Jy" , m>0, (4.3.8)

Cm Co
where

po~'pd 10+ po~1qo

U =9 = (4.3.9)
—10+ q0~'pd g0~ 'q0
the Bargmann symmetry constraint
N N
0N 0N
JGy=JY Ej=LorGo=)Y E;=* 4.3.10
0 — Iy OO — T ou’ ( )

E; = —/ (g1 — 2Xj1j025 + PP1U2; + 2N ;2015 — qiobaj)dr, 1 < j < N,

(4.3.11)
gives rise to the constraint
ao _ p _ <AP17 Q2> + <AP27 Q1> (4 3 12)
Co q (AP1, Q1) — (AP, Q)

where -Pz - (¢i17"‘7¢iN)T7Qi - (wila"wl/}iN)Tai - 1727 A = diag(AlvAQW"a)‘N) and

(-,-) denotes the usual inner product on R¥.

4.3.2 Finite-dimensional Hamiltonian Systems

Hereafter, we will denote w by @ under the constraint (4.3.12), to distinguish between

equations.

Substituting equation (4.3.12) into equations (4.3.6) and (4.3.7), we obtain the
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nonlinear Lax pairs and adjoint Lax pairs

P15 B —Aid /\? — Ajp P15 =12 N,
. Gl NTNTAP A P (4.3.13)
(3 _ Ajd PR AN KDY 1.2 N,
\ o N —A? +ANp —Aq Va;
b1 Do GATHIT i@ 2 pprm2=2) | gy
¢25), R e ) = Xt AT o)
j=1,2,--. N,
iy | — D GATTH — S (AN — N2y | [y
Vi), - SO (@ ABT L2 4 AP Do AP V2 |
j=1.2,- N

(4.3.14)

We can easily see that the system (4.3.13) is a finite-dimensional system with respect
to o, where as (4.3.14) is a system of evolution equations with respect to z and ¢,,.
However, this system (4.3.14) can be transformed into a finite-dimensional Hamilto-
nian system under the control of (4.3.13). The system (4.3.13) can be put in the

form

(

P, = (AP, Q1)AP, — (AP, Qo) APy + A2Py + (AP, Q2) AP, + (AP, Q1) AP,

Py, = —A?P (AP, Qo) AP, + (APy, Q1) AP, — (AP, Q1) AP, + (AP;, Q2)AP;,

Q1o = —(AP1, Q1)AQ1 + (AP, Q2) AQy + A*Qs — (AP, Q2) AQs — (AP>, Q1) AQ:,

| Qa0 = —A%Q1 — (AP1, Q2) AQ1 — (AP, Q1) AQ1 + (AP, Q1) AQs — (AP, Q) AQ:.
(4.3.15)

It follows that
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Proposition 4.3.2 The system (4.3.13) has the Hamiltonian form

oOH OH

-Pi - 8_6227622:2 - _a_.Pi7

1=1,2, (4.3.16)
where the Hamiltonian function is

H = SUAP, Qu) — (AP, Qu))? + 5((APL, Qa) + (AP, QU + (A2, Qs) — (A°P3, Qu).
(4.3.17)

In the next subsections, we want to discuss integrability. We will consider two main

cases:

1. When zero boundary conditons are imposed on the eigenfunctions and the adjoint

eigenfunctions and

2. When no boundary conditions are imposed on the eigenfunctions and the adjoint

eigenfunctions.

4.3.3 Involutive and Independent Systems

We begin by deriving integrals of motion for the systems (4.3.13) and (4.3.14). First we
consider the case where the zero boundary conditions, lim; e ¢ = lim|; 100 =0

are imposed. Under these conditions, we obtain the identity

VELASNPCLL

— 4.3.1
ou ou’ (4.3.18)

where U is defined by equation (4.3.9). In this case, the above identity (4.3.18) gives

rise to

~m A2m+lp 7 4 A2m+lp 7
) _ [ 1 Q) 4 2 Q1) ,m > 0. (4.3.19)
Cm (AP Q) — (AP 1Py, Q)
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Observing from equation (4.2.13) that

bz = 2qQm, — pCm, m > 0, (4.3.20)
we obtain
bo =1, by = (AP, Q,) — (A*™Py, Qy), m > 1. (4.3.21)

Corollary 4.3.3 /23] If U and W satisfy the adjoint representation equation W, =
(U, W], then identity

(W?), = [0, W?] (4.3.22)

holds. It follows from the above corollary that

1, - d . -
Fo = 5(@W?), = ——(a" = b* +&) = ulU,W*] = 0. (4.3.23)
xr

Thus, F' is a generating function of integrals of motion for the system (4.3.16).

Now, considering F' = %" . F,A\*", we obtain

i
L
3
i
L

s
Il
o
-
Il
=)
-
Il
=)
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and substituting (4.3.19) and (4.3.21) into (4.3.24), we have the following expressions
for F,,n > 0:

Fy=—1,

Fi = ((APy, Q1) — (AP, Q2))* + ((AP1, Q2) + (AP, Q1))* + 2({(A* Py, Qa) — (AP, Q1))
H

Fn _ [<<A2i+1p1, QQ) + <A2i+1P2, 621»((1427171721"{317 QQ) + <142717172i‘l,327 Ql))

i

I
B

?

3

Il
o

F((APFP, Qo) — (APFIPy, Qo)) (AP 172 P, Q1) — (AP 17 Py, Qo))
n—1

- Z[(<A2iph Q2) — (A% Py, Q1)) ((A*" ¥ P, Qs) — (A* %P5, Q1))

=1

_2( A2HP17Q2> - <A2np27Ql>) ,n 2 2.

(4.3.25)

It should be noted that the above functions are all polynomials of 4N dependent

variables ¢ij s Q/}ij .

At this point, we also want to present the temporal systems (4.3.14) in a

Hamiltonian form. Observing the equality

OF OF\T - OW - OWNN\T
(——) - (tr(W—),tr(W )) , (4.3.26)
oP;" 0Q; op; Q)
we find that
. (W8W) . i 5i)\—2i—1 &i)\—%—l + BL_)\—% i 9 (E}'/\_Q‘j_l a/j/\—?j—l + Bj)\—Qj
T — | =tr - Yol -
0P pre A"H A A2 = 0P, ELj)\—Qj—l _ b]_)\—2j c~j)\—2j—1
. Z A2 a2 4 Ei)f% AZHLQ N2 AZHLQuA"2-1 1 A2IQu\"%
= >0 a@)\—Zi—l _ Ei)\—Zi C~i>\—2i—1 A2j+1Q2)\—2j—1 _ AQ]'QQ)\—Z]’ _A2j+1Ql)\—2j—1
7>0
_ Z[Q&iA2j+1Ql>\—2i—2j—2 + QdiA2j+1Q2>\—2i—2j—2 o QBiAZjQQ/\72i72j]
i>0
7>0
= [26AY71Q) + 26,4771 Qy — 2, AP Qo] ATH Y
i>0
j=>1

(4.3.27)
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Similarly, we have

tr (WG_W> — Z[_2EiA2j_1Q2 + ZdiA2j—1Q1 + 26iA2jQ1]>\—2i—2j'

OP; i>0

j>1

It then follows that

10Fm+41 Q
2 0P _ _(_V[m})T 1
10Fm41 Q
27 0P, 2

laFm+l

2700, _ ylml By
laFm+1 P
2 0Q2 2

Thus we have the following

Proposition 4.3.4 The system (4.3.14) has a Hamiltonian form

o(LF,, O(LF,,
P, = 2zt g, = Aot

where Fp, 11, m >0 is given by (4.3.25).

(4.3.28)

(4.3.29)

(4.3.30)

(4.3.31)

Definition 4.3.5 Asin example 4.1.9, we define the Poisson bracket of two functions

F and H on the Symplectlc manifold (R* w) in terms of local coordinates (i.e.,

w= Z Zdwzj/\d@J Zd@l/\dP) as
=1

i=1j=

OF 0H OF 0H
{F, H} = Z;<3wij 0i; 3¢z’j 81/%’1‘)

-3 () 5~ () 50
-3 (g im) o )
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where (-, -) still denotes the usual inner product on R,

Corollary 4.3.6 [23] If U and V™ satisfy the zero curvature equation Uy, — viml
(U, V] =0, then the identity

W, = [V™ W], m >0, (4.3.33)

holds.

It follows from the above corollary that F; = %(trWQ)tm = 0,m > 0. Thus
F = %(trﬁ/?) is also a generating function of integrals of motion for (4.3.31). Hence

we have the following:

Proposition 4.3.7 The sequence of functions {F,, }°, where F, is given by (4.3.25)

constitutes an involutive system with respect to (4.3.32):

0
{Fn—l—h Fm+1} == 8TFn+1 = 0, m,n Z 0. (4334)

The following theorem concludes that the nonlinearized spatial system (4.3.13)

is Liouville integrable [4] in some region of the phase space.

Theorem 4.3.8 Let F,,1 < k < N, be defined by

2
Fr =) outhue, 1<k <N. (4.3.35)

i=1

Then Fj,1 < k < N, F,,n > 1, constitute an involutive system of which F},, F},,1 <

k,n < N are functionally independent in some open subset of R*V.

Proof. Let V(Ax) = (¢ixjn)ij=12, 1 <k < N. We see that Fy, = tr(V(\;)) and since
V (A\g) satisfies the equation V (\), = [U(@, M), V(M) (see e.g., [20] for details) we
have that Fy, = tr(V(\).) = tr[U(%, A\), V(\)] = 0 which shows that F, 1 <k < N

are all integrals of motion of the nonlinearized spatial system (4.3.13).
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Upon observing that

aFk T GFk T .
= (0, ,0,%, 0, ,0)7, =(0,---,0,0,0,---,007,i=1,2, 1 <k <N,
k—1 N—k k—1 N—k
(4.3.36)
it can be easily shown that
OFN\TOF OFN\T OF; B
{F, R} = Z((ag) (ap) aQ)_O’ (4.3.37)

which implies that the functions Fj,1 < k < N are in involution. It can also be

shown that

(-3 (OB (%) <0 sy

This establishes the involution of F,1 < k < N, F,,n > 1.

Next, we demonstrate that these functions Fj,1 < k < N, F,,n > 1 are
functionally independent in some open subset U C R*". This is equivalent to showing

that the 2N x 4N Jacobian matrix

a(Fb"' JFkth'" 7Fn)

I = TP, By 01, 00)

(4.3.39)

has rank 2N, i.e., the column vectors {VFk,VFn} of J are linearly independent at
each point of U.

8_]51 OF, OF, oF,
oP,’ "OP, 0P’ TP,

Consider only the first column of J: { }, and let

> (i) + 2 (5p) o (1340
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where ag, 8,,1 < k,n < N are constants. Now suppose U contains points such that

P, =P, =0 and Q,Q2 # 0. To this end, we find

OF,
i =(0,--+,0, b, 0,---,0)T,i=1,2, 1<k <N, (4.3.41)
Oiloermo = g
O, OF
— = —2A%Q,, —— = —24%"Qy,n > 2. (4.3.42)
P P=P,=0 P P1=P,=0

Under the condition P, = P, =0, and for 1 < k < N, equation (4.3.40) reduces to

N
athir + (=28, 00"k = 0. (4.3.43)

n=1

It follows that oy, = 5, =0, 1 < k,n < N. The same conclusion can be be arrived
at from the remaining columns in the Jacobian matrix (4.3.39). Thus, all the column

vectors are linearly independent, which completes the proof.

4.3.4 Integrability with No Boundary Conditions

We now discuss the Liouville integrability of the systems (4.3.13) and (4.3.14) in the
case where no boundary conditions are imposed on the eigenfunctions and the adjoint

eigenfunctions.

Now, consider again the spectral and adjoint spectral problems

Op = U(“’? /\)¢7 ¢ = (¢1; ¢2)T’

(4.3.44)
wx = —U(U, )\)T¢7 w = (¢17¢2)T7
where U is given by equation (4.2.8). Then from equation (4.3.4), we have
A + A A + A
P12 a1 _ )2 P12 21 . p ’ (4.3.45)
Ap1h1 — Agaths Ap1h1 — Agaths q

82



where [ is an integral of motion of (4.3.44). Applying (4.3.45) m times under the
constraint (4.3.12) yields

a a m
m = 0 Z
C Co

m =0

<A2m+1—2ipl7 Q2> + <A2m+1_2ip2, Q1>
< , TN 2 07

A2m+172iP1’ Q1> o <142m+172ip27 QQ)
(4.3.46)

where Iy =1 and I;,1 < i < m, are all integrals of motion of (4.3.13). From (4.3.20)

we obtain

l_)m - 2a_l(qam - pém)

—1 , ' (4.3.47)
LA 2P, Qq) — (A% Py, Q1)) + Tpy m > 1,

3

I
o

%

where T, is also an integral of motion of (4.3.13). The first two equations in (4.2.13)
lead to T,, = I,,,,m > 1.

Now, from itr(W?), = (a% — 0> 4 &), = 0 (corollary 4.3.3) and the fact that
(3trW?)[,—o = 1, which imply a* — 0% + & = 1, we obtain the following

2bm = &i&mflfi - Bzgmfz + éiémflfi, m Z 2, (4348)
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in a way similar to (4.3.24). Substituting (4.3.46) and (4.3.47) into (4.3.48), we get

m—1

2 Z LA™ P, Qa) — (AP Py Q1)) + 21,

H

[ ( (A%=2+1p (,) 4 <A2¢—2k+1p2’Q1>>} %

[ml » ((Am2im12py Qo) 4 (AP0, ) )|
- n’l: [kzsz ((AQi‘Q’“Pl, Q) — (AZ2p, Q1>> + L} X (4.3.49)
z— [;_1_ZI(<A2’” HP, Qo) 4+ (AMHEPL Q1) ) o L
+m_1[ ll;@(m” B Q) — (AR IR, Qn) )|
[’;101()1&((/1% MR Qo) — (AR, Q) )|

Interchanging the summation in the above equality in the following way (see,
e.g., in [23, 20]):
m—1 i—1 m—2 m—1 m—1m—i—1 m—2m—1— m—1 i—1 m—i—1 m—2 (m—2)—km—(I4+1)

SIPIDIDIED b o >y

=k+1 =1 [=0 =0 =1 =1 k=0 (=0 k=0 =0 i=k+1
(4.3.50)

we deduce that (see, e.g., in [20]):

m = _% Z idm—i ‘f‘ Z ]k[l —(k+1)- (4351)
=1

k+l<m 1
E1>0

From the expression b; = %(62 +p?), we obtain I; = %Fl, which, together with

84



the above formula (4.3.51) gives

In=Yd, Y  F,.F,m>1, (4.3.52)
n=1 i1+;2+"i+;n1:m

where the constants d,, are given by

3 1
7d2 = gy dn = dnfl + - stdnfs 1 — 5 stdnfs' (4353)

Thus, by direct computation we can verify that

Proposition 4.3.9 The temporal systems (4.3.14) have the Hamiltonian form

0H,, 0H,,
Py, = —,Qu, = ———, 4.3.54
where
H —1§: dn >  F.F,m=>1 (4.3.55)
m =3 nrl | i Fi,,m 2> 1. .3.
=0 tiat. tin=m

The functions H,,,m > 1 are all functions of F;,,m > 1, and since F,,,m > 1 com-
mute, H,,,m > 1 commute as well, which implies the commutability of the Hamilto-

nian phase flows g77* . We thus, have the following theorem on Liouville integrability.

Theorem 4.3.10 The spatial systems (4.3.13) and the temporal systems (4.3.14) un-
der the control of (4.3.14) are all finite-dimensional Liouville integrable Hamiltonian
systems with Hamiltonian functions H and H,, respectively, which are given by equa-
tion (4.3.17) and (4.3.55), respectively. Additionally, these systems possess 2N invo-
lutive and independent integrals of motion: Fy, F,,1 < k,n < N.
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4.3.5 Involutive Solutions

The above theorem leads to the following result:

Theorem 4.3.11 The m-th soliton equation w;,, = K,,, has the following involutive

solution with separated variables x,t,,:

p(z,tm) = (Agh gt P1(0,0), g5957 Q2(0,0)) + (Agf 9% P2(0,0), gf957 Q1(0,0)),

q(z,tm) = (Aghgi P1(0,0), gfrg5. Q1(0,0)) — (Agh g3 P2(0,0), gfr g5, Q2(0,0)),
(4.3.56)

where gf;, g, are the Hamiltonian phase flows [{] associated with the Hamiltonian
systems (4.3.16) and equation (4.3.54) respectively, and P;(0,0),Q;(0,0),i = 1,2, are

arbitrary initial value vectors.

Proof. Define Py(x,tm) = gf97 Pi(0,0) and Q;(x,tm) = g g Q:(0,0), 1 < < 2. Tt
follows that P;(x,t,,) and Q;(x,t,,),1 < i < 2, solve the systems (4.3.16) and (4.3.54).
We know that the system (4.3.54) is equivalent to the nonlinearized temporal system
(4.3.14) under the control of (4.3.13) , This implies that P,(z,t,,) and Q;(z, t,,) should
also solve (4.3.13) and (4.3.14). Thus (3.47) determines a solution to u, = K,,. In
addition, since {H, H,,} = 0, the systems (4.3.13) and (4.3.14) are compatible and
hence the Hamiltonian phase flows g7, g?m commute (i.e., gffg;}”m = g?;”mgf{). This

shows that the solution (4.3.56) is involutive.
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5 CONCLUDING REMARKS

In this dissertation we have presented a spectral problem and its extension based on a
modification of the well-known Dirac spectral problem. Through the so-called Tu-Ma
scheme, we have obtained two soliton hierarchies with one as a subsystem of the other.
We have further expressed all the equations in Hamiltonian and bi-Hamiltonian forms
and have consequently proved the Liouville integrability of these equations over the

real field based on Magri’s scheme [25].

We have also derived a third Hamiltonian structure for the first hierarchy and
shown the compatibility of the three Hamiltonian structures making this hierarchy
tri-Hamiltonian. Although the existence of such a structure is not needed to prove
integrability, it is still interesting due to the fact that not every integrable system is
tri-Hamiltonian. Additionally, we have also derived an inverse hierarchy of commuting
symmetries whose integrability, as remarked earlier, may be difficult to establish due
to the nonlocalness of the equations. The success in obtaining this hierarchy is a
direct consequence of the existence of the inverse of the recursion operator. For
many soliton hierarchies, the inverse of the recursion operator may not exist and as a
result these hierarchies may not have an inverse hierarchy of commuting symmetries.
Examples of such hierarchies include the Wadati-Konno-Ichikawa hierarchy and the

Jaulent-Miodek hierarchy [32].

Furthermore, we have presented finite-dimensional Hamiltonian systems by
means of the Bargmann symmetry constraint and discussed their integrability in terms
of the existence of integrals of motion. Most importantly, we have presented involutive

solutions to the nonlinear evolution equations in the soliton hierarchy based on the
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integrability of the finite-dimensional integrable systems.

Finally, we remark that except for the inverse hierarchy, all equations generated
are local although the recursion operators for the hierarchies involve nonlocal terms.
This is due to the locality property of the functions {a;, b;, ¢;|i > 1}. Nonlocality is
a troubling element in the theory of integrable systems as many recursion operators
usually involve nonlocal terms. One may see the recent paper by De Sole, Kac and

Valeri [6] to realize the disturbing nature of nonlocality.
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