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Abstract

Let p be a prime, ¢ a power of p and F, the finite field with ¢ elements. Any
function ¢ : F, — T, can be unqgiuely represented by a polynomial, f, of degree
< ¢. If the map = — fy(x) induces a permutation on the underlying field we say
fe is a permutation polynomial. Permutation polynomials have applications in many
diverse fields of mathematics. In this dissertation we are generally concerned with
the following question: Given a polynomial f, when does the map = — f(z) induce a

permutation on [F,?

In the second chapter we are concerned the permutation behavior of the poly-
nomial g, 4, a g-ary version of the reversed Dickson polynomial, when the integer n is
of the form n = ¢®—¢?—1. This leads to the third chapter where we consider binomials
and trinomials taking special forms. In this case we are able to give explicit conditions

that guarantee the given binomial or trinomial is a permutation polynomial.

In the fourth chapter we are concerned with permutation polynomials of F,,
where ¢ is even, that can be represented as the sum of a power function and a lin-
earized polynomial. These types of permutation polynomials have applications in
cryptography. Lastly, chapter five is concerned with a conjecture on monomial graphs

that can be formulated in terms of polynomials over finite fields.



1 INTRODUCTION

Let p be a prime and ¢ a power of p (i.e. ¢ = p°, z € N). We use F, to denote the
(unique) finite field consisting of ¢ elements and F, to denote its algebraic closure.
Finite fields are polynomially complete in the sense that any function ¢ : F, — [F, can
be represented by a polynomial. Further, if we require the degree of this polynomial
to be less than ¢, the polynomial representation of ¢ is unique. Given a function
¢ : F, — F,, the unique polynomial of degree less than ¢ representing ¢, fy4, is given
by

fox) =Y d(a)(1-(x—a)""). (1.0.1)

a€F,
The fact that F, is polynomally complete was first noted by Hermite [35] when ¢ is
prime and by Dickson [16] for general ¢. In fact Redei and Szele [79] showed that the
only non zero commutative rings that are polynomally complete are the finite fields;
Heisler [33] obtained the same result without the assumption of commutativity.
A polynomial f € F,[x] is called a permutation polynomial (PP) if the associ-
ated polynomial function ¢ — f(c) from F, into F, is a permutation of F,. Because
of the finiteness of F,, the definition of a permutation polynomial can be expressed in

the following way.

Lemma 1.0.1 ([64]) A polynomial f € F,[x] is a permutation polynomial of F, if
and only if one of the following conditions hold:

(i) the function f :c— f(c) is onto;
(i) the function f:c— f(c) is one-to-one;

1



(i1i) f(x) = a has a solution for each a € F,;

() f(z) = a has a unique solution in F, for each a € F;

fx) = f(y)

(v) The polynomial
X—y

€ Fylx,y] has no roots (z,y) € ¥ with = # y.

The general study of permutation polynomials of the prime fields originates with Her-
mite [35] while Dickson was the first to study permutation polynomials over arbitrary
finite fields [16]. The study of permutation polynomials is a major subject in the
theory and applications of finite fields. In fact, many problems involving finite fields
can be reduced to permutation properties of polynomials. For an early history of the

subject see [18].

The study of permutation polynomials over finite fields is essentially about
relations between the algebraic and combinatorial structures of finite fields. Nontriv-
ial permutation polynomials are often the result the sometimes mysterious interplay
between the two structures. Permutation polynomials have applications in finite ge-

ometries, coding theory, computer science, cryptography, and various other fields.

A main question concerning permutation polynomials is how to recognize them.
To this end we have the following theorem, which was first established by Hermite for

the prime fields and Dickson for arbitrary finite fields.

Theorem 1.0.2 (Theorem 7.4 [64]) (Hermite’s Criterion). Let F, be of charac-
teristic p. Then f € Fy[x] is a permutation polynomial of F, if and only if the

following conditions hold:

(i) [ has exactly one root in F,;

(i) for each integer s with 1 < s < q—2 and s Z 0 (mod p), the reduction of f(x)*
(mod (29 — x)) has degree < q — 2.

The first condition of the above theorem is clearly equivalent to:

Y o f@)rt=g—1

z€ly



While the second is equivalent to:

Zf(x)szo 1<s<qg-—2.

z€ly

Thus a reformulation of Hermite’s Criterion is given by the following theorem.

Theorem 1.0.3 Let f € F [x|. Then f is a permutation polynomial of F, if and only
if
0 ifl1<s<qg—2

> fla)y =

zcF, -1 ifs=q—1.

Another useful result for determining (or constructing) permutation polyno-
mials is the following, which is commonly referred to as the Akbary-Ghioca-Wang

(AGW) criterion.

Theorem 1.0.4 ([1]) Let A, S and S be finite sets such that |S| = |S|, and let
f:A=B, f:S—=S X:A—=Sand )\: A— S be mappings such that X\ and \ are

onto and Ao f = fo\. Then, the following statements are equivalent.

(i) f is a permutation of A.

(ii) f is a bijection and f is one-to-one on A\~1(s) for all s € S.

Permutation polynomials with no additional requirements are not hard to con-
struct, pick your favorite permutation of IF, and construct a polynmomial representing
this permutation using (1.0.1). In general the study of permutation polynomials is
concerned with polynomials that have an especially simple algebraic appearence, for
instance polynomials containing only a few terms, or polynomials that possess other
extraordinary qualities. These extraordinary qualities are usually demanded by the
applications of the permutation polynomial in question. For example, in crypto-
graphic applications we may require a high degree of non-linearity in the permutation
polynomial; for geometric applications we may require both the maps x — f(x) and

1) t4 he permutations on F,.

T

X —



While the criteria listed in Lemma 1.0.1, Theorem 1.0.2 and Theorem 1.0.3
are often useful in proving a given function is indeed a permutation polynomial, the
simple ideas should not be equated with methods. A vast majority of the research on
permutation polynomials is concerned with developing methods to apply the above
criteria in certain situations. The remainder of this introduction is devoted to provid-
ing background and results related to the topics discussed in the following chapters
of this dissertation. Throughout this dissertation, letters in typewriter font, x,y,z
are reserved for indeterminants, while letters in standard font z,y, z are reserved for
elements of a given finite field. We write Nge /g and Ty 4 for the norm and trace

maps from Fee to Fy;.

1.1 Dickson polynomials and their offspring

Let n € N. It is known that the polynomials x1xs and x; 4+ xo generate the ring
of symmetric polynomials in Z[x;, xs] so there is a unique polynomial D, (x1,%3) €
Z[x1, %3] such that

X!+ xh = Dy (%1 + X2, X1X2).
The explicit form of D,,(x1,x2) is given by Warings formula [64], we have
l3]

n (n—j 9
Dy (x1,%9) = n—j( j j) (—x9) %)%, (1.1.2)

0|3

J=0

For a fixed a € F,, D,(x,a) is the Dickson polynomial of degree n and parameter
a over F,. Working over the complex numbers, the Dickson polynomials are closely
related to the Chebyshev polynomials of the first kind 7),(x) = cos (narccos (x)); in
fact D, (2xa,a?) = 2a"T,(x). Notice by (1.1.2) we have

Dn(x,ab2) _ n : (n _ ]> (_a)jbkb—(k—2j)xk—2j _ kan(b_IX,a).
~ J



Thus if ¢ is even then every Dickson polynomial D,(x,a),a € F; over F, can be
expressed in terms of D,,(x,1); if ¢ is odd then every Dickson polynomial D, (x,a),a €
[ can be expressed in terms of D, (x,1) and D, (x,¢c) for a fixed non square c € F}.
Also notice D, (x,0) = x".

The permutation behavior of the Dickson polynomials, D, (x,a), over F, is
completely known. If a = 0, then D, (x,a) = x" so D,(x,a) is a permutation poly-
nomial of F, if and only if ged(n,q — 1) = 1. If a € F}, then we have the following

theorem:

Theorem 1.1.1 (Theorem 7.16 [64]) The Dickson polynomial D,(x,a),a € F;, is
a permutation polynomial of F, if and only if ged(n,q* — 1) = 1.

Dickson polynomials are connected to a famous conjecture of Schur[81] to the effect
that any f € Z[x| that is a permutation polynomial of I, for infinitely many primes p
must be a composition of binomials of the form ax"+b and Dickson polynomials. After
several partial results by different authors, Schur’s conjecture was proved completely
by Fried [27].

The reversed Dickson polynomial is obtained from the Dickson polynomial by
reversing the roles of the variable and the parameter. There is a conncection between

the reversed Dickson polynomial and almost perfect nonlinear (APN) functions (see

Definition 1.3.1).

Theorem 1.1.2 (Hou, Mullen, Sellers, Yucas [49]) Let p be a prime and n be
a positive integer. Further assume that n is odd when p > 2. Then, we have the

following relations:
x" is APN on Fpe = D, (1,%) is a PP of Fpe = x" is APN on Fe.
For the reversed Dickson polynomial we have

0 if n is odd

2(—x)* if n = 2k,



so D, (0,x) is a permutation polynomial of F, if and only if n = 2k and ged(k,q—1) =
1. When a € F}, we have

" X
D, (a,x) = a"D,(1, g),

so we only need to consider D,,(1,x). Unlike the Dickson polynomial, the permutation
behavior of the reversed Dickson polynomial is not completely known. We have the

following conjecture for the prime fields.

Conjecture 1.1.3 (Hou, Mullen, Sellers, Yucas [49]) Letp > 3 be a prime, and
let 1 <n<p?—1. Then, D,(1,x) is a PP on F, if and only if

(

2,2p,3,3p,p+1,p+2,2p+1 ifp=1 (mod 12),
2,2p,3,3p,p+1 ifp=>5 (mod 12),
T 2,2p,3,3p,p+2,2p+ 1 ifp=T7 (mod 12),
\2, 2p, 3, 3p ifp=11 (mod 12).

See [49] for more information regarding reversed Dickson polynomials.

In characteristic 2, the functional equation for D, (1,x) can be expressed as

D,(1,x* —2) =x"+ (1 —x)" = Z(X +a)".
a€lFo
X. Hou [39] introduced the polynomial g, , € F,[x| (where p is the characteristic of
F,) as a g-ary generalization of the reversed Dickson polynomial in characteristic 2.

The polynomial g, , satisfies the functional equation

ng(xT —%) = Y (x+a)".
a€lFy
This family of polynomials is a rich source of permutation polynomials; completely
determining the permutation behavior of g,, is an open and challenging problem.
Results concerning the permutation behavior of the polynomial g, , is precisely the

topic of the second chapter.



1.2 Permutation binomials and trinomials of > taking a special form

An early systematic study of permutation polynomials of the form x?h(x(7=1/t), where
t|g—1,1<d<(g—1)/t and h € F x|, can be found in [83]. A criterion, equivalent
to Theorem 1.2.1, for a polynomial of this form to be a permutation polynomial of
[F, was given in [83]. In fact, this criterion has been rediscovered independently by
several different authors ([73], [84], [88]). Let u; denote the set of t-th roots of unity

in [F,. We have the following theorem

Theorem 1.2.1 ([73],[84],[88]) Let d and t be positive integers with t | ¢ — 1. Let
f= xdh(xq%l), where h € Fy[x]. Then, f is a PP of F, if and only if

i) ged(d, =1) =1 and
t

—1

(ii) x%h(x)"T permutes ;.

The above theorem is actually a special case of Theorem 1.0.4, with A =TF,, S = S =
p, A=A =x@/"and f = x?h(x)@1/* The key step in applying Theorem 1.2.1

q—1

is verifying that x?h(x) & permute the set of t-th roots of unity. Unfortunately this

is not an easy question in general.

The simplest types of polynomials are those involving few terms. While the
permutation behavior of a monomail mapping of [F, is completely understood, x — x"
is a permutation of of F, if and only if ged(n, ¢ —1) = 1, the situation for polynomials
involving more than one term is quite complicated. It is worth mentioning that the
simplicity as a polynomial is not equivalent to simplicity as a permutation on F,.
For example, using (1.0.1), we can see the polynomial f, (a # 0), that induces the

transposition (0a), is given by
— q—2
fa(x) = —d? [((x —a)4+a ! g a] :

Even for permutation binomials the situation is complex. Several authors have
considered permutation binomials, but it seems a complete determination of permu-

tation binomials over finite fields is out of reach for the time being. The following

7



nonexistence result of Niederreiter and Robinson is one of the earliest dealing with a

general binomial.

Theorem 1.2.2 ([71]) Let f = ax™ + x™ € F,[x], where a # 0 and m > 2 is not a
power of the characteristic of F,. If ¢ > (m? —4m + 6)?, then f is not a permutation

polynomials of F,.

For more background and similar results see the survey [46].

Given a binomial f = ax" 4+ x™ € F,[x], we can transform f into the form

f=x"(a+x7)
where ¢ | ¢ —1; (see [46]). Thus for a generic binomial one can use Theorem 1.2.1; the
difficulty lies in verifying condition (ii). Some of the results in chapter 3 are concerned
with a binomial of the form x(a + x"47V) € Fp[x]. In this case, condition (i) of
Theorem 1.2.1 is precisely verifying that the map x — x(a + x")?"! is a permutation
on fi4+1. In this special case, a method of M. Zieve can be used to construct bijective
maps (via degree one rational functions) from 41 — F,U{ooc}. While this idea is not
used directly in chapter 3, these "nice” maps (via degree one rational functions) can be
used to prove nonexistence results for permutation binomails of the form x(a+4x"(@~1)
when ¢ is big enough in relation to r. We refer the interested reader to [89] for more

details.

The trinomial case does not appear to be as well studied as the binomial case.
While there do not seem to be criteria which guarantee a general trinomial is a per-
mutation polynomial, there are still existence and nonexistence results considering
trinomials. While studying hyperovals of projective planes, Cherowitzo ([15]) discov-
ered a class of permutation trinomials in characteristic 2 with additional extraordinary

properties.

Theorem 1.2.3 ([15]) f = x*" + x*"*2 + x¥¥" ™ s an o-polynomial of Foom-1,
that is, f is a permutation polynomial of Fozm-1 with f(0) = 0 and f(1) = 1 and
(f(x+7)+ f(7)) /x is a permutation polymnomial of Fozm-1 for all v € Fozm-1.

8



Ball and Zieve discovered a class of permutation trinomials in characteristic 3 given

by the following theorem.

Theorem 1.2.4 ([2]) Let ¢ = 3*"*", a =3""", and a € F,. Then x***° 4 (ax)® —a’x

is a permutation polynomial of F,,.

A special permutation trinomial was a key ingredient in Dobbertin’s proof the claim

that x> 3 is maximally nonlinear on Fo2m+1 (the Welch conjecture).
Theorem 1.2.5 ([21]) f = x*"" ' + 3 + x is a permutation polynomial of Fozm+.

The results contained in chapter 3 of this dissertation are concerned with
binomials and trinomials of the form x%(a + bx?~! + x"@V) that are permutation
polynomials of F.. Without additional restrictions placed on the coefficients we are

able to produce suprisingly explicit results.

1.3 Permutation polynomials and cryptography

The fundamental objective of cryptography is to allow two people, commonly refered
to as Alice and Bob, to send information over an insecure channel. Ideally this
communication is such that an unknown adversary eavesdropping on the channel
cannot understand what is being said. This information that Alice wishes to send
is called the plaintext. Alice encrypts (using a key known to herself and Bob) this
plaintext and sends the resulting ciphertext over the insecure channel. Bob, who
knows the key, is able to decrypt the message and recover the plain text, while an

adversary with no knowledge of the key is left in the dark.

Often times we may assume the information we wish to communicate is simply
an element in Fyn. Thus the encryption of the plaintext and decryption of the cipher-
text are (invertible) maps of Fon — Fon. Permutation polynomials can be used to
construct cryptographic systems, we refer the interested reader to Levine and Braw-

ley [61].



In an ideal world, the advesary without knowledge of the key would have no
hope of recovering the plaintext. In practice much research is devoted to developing
methods to "break” certain cryptographic systems. For more informtation regarding
cryptographic systems and well known attacks we refer the reader to [82] and the

references there.

In order to prevent against well known attacks, these maps used for encryption
and decryption should have certain desirable properties. The differential properties

of f:Fon — Faon consist of the number of solutions to the following equation
f(x+a)+ f(x) =b a€F}, be Fon. (1.3.3)

Definition 1.3.1 A function f : F, — F, is called almost perfect nonlinear (APN)

if for each a € [y and b € Fy, equation (1.3.3) has at most two solutions in F,,.

APN functions are significant in cryptography as such a function has the highest
resistance to differential cryptanalysis ([74], [3]). The nonlinearity of f : Fon — Fon

is measured through the extended Walsh transformed defined as

WiAy) = > (=) eGl/@) X e Fou, g € Fjn. (1.3.4)

z€Fon

Definition 1.3.2 The linearity of a map [ : Fon — Fon is given by

L(f) = maw{|Wf()‘7fY>| tAE FQ"a’Y € ]F;"}

It is desirable to find mappings f with the minimum possible value for L(f). These
mappings that achieve the minimum possible value for L(f) are called almost bent
(AB) or mazimally nonlinear. Such functions have the best resistance against linear

cryptanalysis ([67]).

When n is odd, the are several classes of APN functions that may be permu-
tations on Fon; when n is even the situation is not so transparent. In fact, it was a

long standing conjecture that no APN permutation can exist when n is even. The

10



conjecture was confirmed true for n = 4 and for a class of permutation polynomials
p(x) = 32 ax’ € Fauelx] ([38]). The only known APN permutation on Fan,n
even, was discovered by Browning, Dillon, McQuistan and Wolfe in 2009 ([9]).

Definition 1.3.3 A polynomial of the form
L(x) = ax" € F,[x]
=0

is called a linearized polynomial over F,. Note the map x — L(x) is a linear function

on [Fy,.

In attempt to construct an APN permutation on Fa» one can start with a non
permuting power function, x? and attempt to find a linearized polynomial L(x) so the
sum x¢ + L(x) is a permutation polynomial. It is quite obvious if the power function
x?is APN on Fyn, then so is the sum x¢ + L(x). In general it is a challenging problem
to take a non permuting function and determine if there is a matching linearized
polynomial so the sum becomes a permutation polynomial. A special case of this
question is considered in chapter 4. We present the proof of a conjecture of Xin Gong

([30]), see Theorem 4.2.1.

11



2 THE POLYNOMIAL g, *

2.1 Background

Let p be a prime and ¢ a power of p.

In F,[x] we have x?—x = [],cp, (x+a). Let t be another indeterminate and substitute

t + x for x. Then we have

q
t'—t4x—x = (t4+%)7— (t+x) = [[(t+x+a) =Y ou((x+a)eer, )t ", (2.1.1)
a€ly k=0

where oy is the kth elementary symmetric polynomial in ¢ variables. A comparison

of the coefficients of t on both sides of (2.1.1) tells that

¢

1 if k=0,

—1 ifh=q—1,
ok (X + a)aer,) = (2.1.2)
xt—x it k=g,

0 otherwise.
\

Let n > 0 be an integer. By Waring’s formula [64, Theorem 1.76] and (2.1.2), we have

Z (x+a)" = Z (_1)aw(_1)a(xq —x)°

alf!
a€lfy a(qg—1)+Bg=n

L n—1(g—1 .
- nggn (lq—n)(‘(n —)l(q_ 1))!<Xq_x) ( ) (l _Oé—i‘ﬂ)

*Portions of this chapter are taken from [25] which is published in the Journal of Finite Fields and their
Applications, and [26] which is published in the Journal of Discrete Mathematics.

12



Set
— n l n—l(g—1)
Gnq(x) = 7 (n —l )>X € Z[x].

(Note that the coeflicients of g, ,(x) are integers since the coefficients in Waring’s

formula are integers.) Then in F,[x] we have

> (x+a)" = gugx? —x). (2.1.3)
a € Fy
In fact, we may take the above functional equation as the definition of the polynomial
Gn,q- Notice when g = 2, g,, 2 is the nth reversed Dickson polynomial over Fy. This is

because in characteristic 2 we have
Gno(@® —z)=a"+(x+1)"=2"+(1—2)" = D,(1,z(1 — x)) = D,(1,2* — 2).

With this observation in hand, Hou introduced the polynomial g, , in [39] as the g—ary
version of the reversed Dickson polynomial in characteristic 2. A main objective of
his study was the following question: When does the map = — ¢, ,(z) permute the

finite field F,? With this in mind, we have the following definition:

Definition 2.1.1 (Desirable triple). If g, , is a permutation polynomial of Fg, we

say that the triple (n,e;q) is desirable.

With the help of a computer it is not difficult to generate all desirable triples for
a fixed (small) ¢ and fixed e. The difficulty of the prolems lies in classifying these
explicit triples. We consider a desirable triple classified if it belongs to a known
infinite family. For the remainder of this section, we gather known results about the

polynomial g, 4, to be used in the upcoming sections.

Like its predecessors, the Dickson and Reversed Dickson polynomials, the poly-

nomail g, , satisfies a recurrence relation.
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Proposition 2.1.2 ([40]). The polynomial g, , satisfies the recurrence relation

9goq = """ = YGq—-2,4 = 07

g(J*Lq = —1’ (214)

Ong = XGn—q,q + Gn—q+1,4»0 1 =4

Using this recurrence, it is possible to extend the definition of ¢, , to n < 0, we have

1
g = 7 (n+aq = n+1a)- (2.1.5)

For n < 0, ¢, 4 € Fplx,x '], the ring of Laurent polynomials in x over F,. Thus the

functional equation in (2.1.1) holds for all n € Z.

Fact 2.1.3 Let e be a positive integer and p be the characteristic of Fy. Every x € Fye

can be written as y? —y with y € Fype.

To see this is the case, define
V={yeFly’ —y €F}.

The map y — y?—y is clearly a [Fj-linear g-to-one onto map from V' to [Fj with kernel
F,. We want to show V' C Fgpe. We can choose a € Fye such that Trye q(a) = 1. Then
we have Trgpe /q(a) = Trge/q(Trgre jge (1)) = Trge/q(p - @) = 0, so there is some € Fype

with 8¢ — 5 = «. It follows that

V= @B+Fy).

u€clfy

Proposition 2.1.4 (i) gynq = gh -

(11) If ni,ne > 0 are integers such that ny = ny (mod ¢?® — 1), then gn, g = Gnoyg
(mod x9° — x).

Proof.

14



(i) We have

gna(® = x) = 3 (x+a)” = (D (x+a)") = g = )P,

acFy acFy

(ii) For all z € Fype, we have

Gt —2)= Y (x+a) = Y (v+a)" = guqla? — ).

a €y a €Ty

In particular, g,, 4(7) = gny4(7) for all € Fye, i.e., gy g = Gnpq (mod x4 — x).

Given two integers m,n > 0, we say m and n belong to the same p-cyclotomic coset
(mod ¢P¢ — 1) whenever m = p' - n (mod ¢?* — 1) for some integer ¢ > 0. If two
integers m,n > 0 belong to the same p-cyclotomic coset modulo ¢ — 1, the two
triples (m, e;q) and (n,e; q) are called equivalent, and we write (m,e;q) ~ (n,e;q) or
m ~(c,q) M. Proposition 2.1.4 verifies that desirability of triples is preserved under the

~ equivalence.

Lemma 2.1.5 ([40]). Let [ and i > 0 be integers. Then

Gi+gig = Ji+1,q T Si - Gug (2.1.6)

i—1

where S; = x + x4+ -+ - + x4

From (2.1.6), we have
(Sa = Sb)Gng = Gntqo.q — Gnigb.gs (2.1.7)

where a,b > 0 are integers. Also note that
Sa— Sy =S, (modx? —x) ifb=0ora (mode).

If a <0, we define S, = Spetq-

15



Given integers d > 1 and a = agd’ + --- + a;d’, 0 < a; < d — 1, the base d
weight of a is wy(a) = ag + - -+ a;. Let n > 0 be any integer and wy(n) denote the
base ¢ weight of n. If the base ¢ weight of n is small, the form of g, , is determined

by the following lemma.

Lemma 2.1.6 ([40]). Letn = apq® + -+ awq¢' , 0 < a; < q—1 and wy(n) be the
base q weight of n,

0 if wy(n) <q—1,
ng = § —1 iqu(n) =q—1,
agz? + (ap+ay)z? 4+ -+ (o + -+ a1)x? +8 if wy(n) = q,
(2.1.8)

where

1 if g =2,
0 o q¢g>2.

5:

2.2 Desirable Triples of the form (¢ — ¢* — 1,¢;q)

A massive computer search suggests that n of the form n = ¢ — ¢® — 1 is special, that
is, the family of polynomials g,_,_1, contains many permutation polynomials.

Assume n > 0 and n = ¢* — ¢ — 1 (mod ¢P* — 1) for some integers a,b > 0.
If a =0ora=>b, then n ~(gq ¢’ — 2, where (¢** 2, e;q) is desirable if and only if
q > 2 [40, Proposition 3.2 (i)]. If b =0 and a > 0, we have n = ¢* — 2 (mod ¢** — 1).
By Proposition 2.1.4 and Lemma 2.1.6,

geo—2,q = (9q’1+q—2,q - gq“—Lq)

S I e A

1

[_1 - ;(gq“—s-q—l,q - gq%q)
Sa

(1439
X
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— xd—2 + Xq2_2 + -4 an71_2‘ (229)

For which a, e and ¢ is gge_24 @ PP of F;e? The complete answer is not known. We

have the following conjecture.
Conjecture 2.2.1 Let e > 2 and 2 < a < pe. Then (¢* — 2,e;q) is desirable if and
only if

(i) a=3 and g =2, or

(i) a =2 and ged(q — 2,¢° — 1) = 1.

Note. When ¢ is even,

1.2 1 a—1

1.1

x29 —|—X§q _|_..._|_X§f1 2
ga_27 :< )
q q x ’

and the claim of the conjecture follows from Payne’s Theorem which says that the
linearized polynomials f(x) € Fan[x] such that f(x) and f(x)/x are permutations
of Fyn and F3, respectively, are exactly of the form f(z) = ar? with a € F3. and

ged(k,n) =1 [36, §8.5], [37, 76, 77).

For a general ¢, the “if” part is obvious. So for the conjecture, one only has to prove

that if ¢ is odd, e > 2, and a > 2, then (¢* — 2, ¢; q) is not desirable.

Now assume n > 0 and n = ¢* — ¢®* — 1 (mod ¢P¢ — 1), where 0 < a,b < pe and
a#b. If a < b, we have

N ~(eq) qpe—bn = qpe—b(qa . qb . 1) = qpe+a—b o qpe—b -1 (mod qpe o 1)7

where 0 < pe — b < pe +a — b < pe. Therefore we may assume 0 < b < a < pe.

17



By (2.1.6), we have

St Gga—gqb—1,4 = 9go—1,¢ — Ygo—gb.q

b
= Ygqo—1,q — (gq“*b—lvq)q

— _Sa + (Sa—b)qb
N X X
S, — S 11
e Ly
X x4 X
_ 5 Sy =S
x qu+1 a—b"

So X \
1 (S —-1Si,
Jgo—gpm1q = ~7 = T . (2.2.10)

(Note that (2.2.10) also holds for b = 0; see (2.2.9).) Assume e > 2. Write
a—b=ag+ are, b="by+ bie,
where ag, ay, by, by € Z and 0 < ag, by < e. Then from (2.2.10) we have

Gga—gb—1,49 = _qu—Q . Xqﬂ—qbo—2(alse + ngo)((blse + Sbo)q_l o 1) (HlOd qu _ X).
(2.2.11)

Corollary 2.2.2 We have

In particular, (¢*—q—1,e;q) is desirable if and only if ¢ > 2 and ged(q—2,¢°—1) = 1.

Proof. 1t follows from (2.2.10).

n
The following theorem is a generalization of [40, Proposition 3.2 (i)].
Theorem 2.2.3 Assumee > 2. Let 0 < b < a < pe. Then
Jgogqr—1.4 = —x7 7% (mod x¥ — x) (2.2.12)
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if and only if a = b =0 (mod e). In particular, if 0 < b < a < pe, anda=b=0
(mod e), then (¢ — ¢° — 1,e;q) is a desirable triple.

Proof. (<) In the notation of (2.2.11), we have ay = by = 0 and 0 < b; < p. So

9go—qb—1,4 = —x? 2 Xq673a15e((b15e)q71 — 1) (mod x? — X)
A !
(2.2.13)
(51— )

=—x""? (mod x? —x).
(=) Assume (2.2.12) holds. Then by (2.2.10),
(qu - X)Sgb_b = (S} — Sb)Saqb_b =0 (mod x? —x).

For f € F,[x], denote {z € F, : f(z) = 0} by V(f), where F,, is the algebraic closure of
F,. Then V(x4 —x) C V(x¢ —x) UV (Say), i.e., Fpe CFyp UV (S, ). Since V(S,_s)
is a vector space over Fy, we must have Fee C Fpp or Fee C V(S5,-5). However, since
0 <a < pe,

Sa—b = Sayerag = @15 + Sy Z0  (mod x4 — X).

So we must have Fge C F». Hence b = 0 (mod e). Now by (2.2.11) and the calculation
in (2.2.13), we have
Suo(ST'—1)=0 (mod x¥ — x). (2.2.14)

If ap > 0, then
deg Sop(SIT = 1) = (g —1)g" '+ ¢ ' =¢ — ¢+ g7 < ¢,

which is a contradiction to (2.2.14). So we must have ag = 0, i.e., a =0 (mod e).
n

Remark. If (¢* — ¢® — 1,2;q) is desirable, where 0 < b < a < 2p and b = 0 (mod 2),
then we must have a =0 (mod 2). Otherwise, with e =2, ag = 1, by = 0 in (2.2.11),
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we have

2

Ggrmgp—1q = =% 2 = (@185 + %) ((015:)™ = 1) (mod x” —x).

Then gyo_g_14(x) = 0 for every x € Fpe with Trg2,(x) = 0, which is a contradiction.

The results of our computer search suggest that when e > 3, the only desirable
triples (¢* — ¢* — 1,e;q), 0 < b < a < pe, are those given by Corollary 2.2.2 and

Theorem 5.5.2. This leads us to conjecture the following:

Conjecture 2.2.4 Lete >3 andn=q¢*—¢*—1,0< b <a < pe. Then (n,e;q) is
desirable if and only if

(i) a=2,b=1, and ged(q — 2,¢° — 1) =1, or

(i) a =b=0 (mod e).

2.3 Desirable Triples of the form (¢* — ¢* — 1,2;q)

In light of Conjecture 2.2.4, we see the permutation behavior of gya_g_q, is fairly
predictable when e > 2. This situation becomes more chaotic when e = 2. A computer
search suggests that desirable triples of the form (¢ —q¢®—1,2;¢), 0 < b < a < 2p, are
quite common (see table 2.1). For the remainder of this chapter, we consider desirable

triples of the form (¢% —¢* —1,2;¢), 0 < b < a < 2p.

Experimental evidence suggests that desirable triples of the form (¢* — ¢? —
1,2; q) are abundant. These triples appear so often, we remove them from Table 2.1,
for convience of reading and in the hope it will allow other patterns to surface. The

following two theorems deal with the case b = p.
Theorem 2.3.1 Let p be an odd prime and q a power of p.

(i) F2 \ F, consists of the roots of (x — x?)?7 ! + 1.
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(it) Let 0 <i < 3(p—1) and n = ¢"™* — ¢* — 1. Then

(2i —1)a9? ifz €F,,

gn,q(l‘) = . .
2t —1 2t .

. +E ifreFp\F,

(iii) For the n in (ii), (n,2;q) is desirable if and only if 41 #Z 1 (mod p).

Proof. (i) We have
(x? — x) [(x — x4 1} =—(x—xN)1+x"—x= x? — x.

Hence the claim.
(ii) Let e = 2, a = p+ 2i, b = p. In the notation of (5.5.45), ag = 0, a1 = 1,
by =1, by = 251, Thus

1 q-1
Ong = —x? 7% jx? a2, [(—552 + X) — 1] (mod x%° — x)

— x?T2 ixq2_q_2(x + x%) [(X —x1)7 1] )

When z € Fy, v — 29 =10, so
Gnq(T) = —2T 72 i (g 4 29) = (20 — 1)t
When = € F2 \ Fy, by (i), (x —29)7! = —1. Thus

Gng(z) = —r 4 Qiqu_q_Q(m + x7)
= L 2T 02

= (2i — )z~ + 2iz7 "

(iii) Since 0 < 2i — 1 < p, (2i — 1)x?72 permutes F,. We claim that (2i —
D)x ! 4 2ix79 maps Fp \ F, to itself. In fact, for € F2 \ Fy,

21— 1 21 21— 1 2i\ 9791 1 1\9¢1 x— xi\e1
P (e ) ()
T x4 T 4 r x4 e+l
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since (z — z9)971 = —1.

Therefore, g, , is a PP of F2 if and only if (2i —1)x '+ 2ix % is 1-1 on F 2 \ F,,
ie., if and only if (2¢ — 1)x + 2:x% is 1-1 on Fp2 \ F,. So, it remains to show that
(26 — 1)x + 2ix? is 1-1 on F2 \ F, if and only if 4é # 1 (mod p).

(<) Assume 47 # 1 (mod p). We claim that (27 — 1)x + 2ix? is a PP of F .
Otherwise, there exists 0 # = € F 2 such that (2i—1)z+2iz? = 0. Then 277! = —21

21
=@yt (<) = ()
= \ZT = —_ = .
21 21

So (2 — 1)2 = (2i)? (mod p), i.e., 4 —1 =0 (mod p), which is a contradiction.

Hence

(=) Assume 4i = 1 (mod p). Then (2i — 1)x + 2ix? = 2i(x? — x), which is

clearly not 1-1 on Fp2 \ F,.

Theorem 2.3.2 Let p be an odd prime and q a power of p.

(i) Let 0 <i < (p—1) and n = "™~ — q* — 1. Then

2(i — 1)292 if v € F,,

90a® =99, 1 99
_|_

x xd

if x € qu \Fq.
(i1) For the n in (i), (n,2;q) is desirable if and only if i > 1 and 4i # 3 (mod p).
Proof. (i) Let e =2, a = p+2i — 1, b = p. In the notation of (2.2.11), ag = 1,

alzi—l,b():l,blzp%l. Thus

q—1

g = —xT 72— xP7072((j — 1)S, + x7) [(—%SQ +x) —1] (mod x —x)

— x?2 quq*Q(i(X +x?) — x) [(X —x9)1t — 1].
When z € Fy, v — 27 =0, so

Gng(®) = =272 4 27712 — 1) = 2(i — 1)2% 2.
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When z € F2 \ Fy, by (i), (x —29)7 ! = —1. Thus

Gng(®) = =27+ 2077972 ((i — 1)z + iz
=2 20 — 1)a? 0 4 2472

= (2i — )z™! + (20 — 2)z7 7

(ii) Since 0 < 2i —2 < p, 2(i —1)x972 permutes F,. We claim that (2i —1)x~' +
(2 — 2)x 9 maps F2 \ F, to itself. In fact, for x € Fp2 \ F,

21—1 212 2t —1  29—2\qp9-1 1 1y\a1 r —xt\a-1
PR A (AT (- ) () -

x x4 T x4 r  xd xatl

since (x — 2?)971 = —1.

Therefore, g, , is a PP of F2 if and only if (20 — 1)x ' + (2i — 2)x % is 1-1 on
Fpe \ Fy, ie., if and only if (20 — 1)x + (20 — 2)x? is 1-1 on F2 \ F,. So, it remains to
show that (2 — 1)x + (2 — 2)x? is 1-1 on F2 \ F, if and only if 4i # 3 (mod p).

(<) Assume 4i # 3 (mod p). We claim that (20 — 1)x + (2¢ — 2)x? is a PP of
F,2. Otherwise, there exists 0 # x € F2 such that (2¢ — 1)z 4 (2¢ — 2)2? = 0. Then

-1 _ _ 2
xr 2%

—. Hence

=@t (=) - (=)
= \Z = — — .
2i — 2 2i —2

So (2i — 1)? = (2i — 2)? (mod p), i.e., 4 —3 =0 (mod p), which is a contradiction.
(=) Assume 4i = 3 (mod p). Then (2i — 1)x + (2i — 2)x? = (20 — 2)(x? — x),
which is clearly not 1-1 on F2 \ F,.

Theorem 2.3.3 Letq=2°, n=¢>—q— 1.

(1) Forx € Fpe,
0 if x =0,

Gnq() =
2972 4+ Trepe(a™h)  if x #0.
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(11) Gngq is a PP of Fp if and only if s is even.
Proof. (i) It is obvious that ¢g(0) = 0. Let 0 # = € F2. By (2.2.11) (with ao = 0,

alzl,b0:1,61:O),

gmq(@ =z '+ x_q_ls2<x) (xq_l +1)
=z '+ a4+ 2% (2 + 1)
=g g2 g

= 2977 + Trpe (7).
(ii) 1° We show that for every ¢ € Fy,, the equation
R (2.3.15)

has at most one solution z € IFZQ.

Assume that z € F}; is a solution of (2.3.15). Then
cx l=3+27 + 27 = Npyp(a7") + Trgzyy(27?) €T,

Let t = ¢z = (ca™¥)7% € F;. Then x = tc?. Making this substitution in (2.3.15),
we have

%(Cq(q_m +c i+ =c

So

t=c 24240

Hence x is unique.

2° Assume s is even. We show that
297 + Trpey(z7') = 0 (2.3.16)
has no solution in ]FZQ. Assume to the contrary that x € FZQ is a solution of (2.3.16).
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Then 2772 € F,. Since s is even, we have ged(q — 2,¢* — 1) = 1. So 2 € F,. Then

Trez/q(271) =0, and 2972 = 0, which is a contradiction.

3° Assume s is odd. We show that (2.3.16) has a solution in F7,. Let x €
Fy2 \ Fy. Then 22 + 2+ 1 =0 and 23 = 1. So

2972+ Trppy(z7!) =292 + a7 4 a7¢
=1+2*+2x (since ¢ =2 (mod 3))
= 0.

The following theorem is particulary interesting as the polynomial g, , acts on

F,2 as a binomial. This observation pays dividends in the following chapters.

Theorem 2.3.4 (i) Assume q¢ > 2. We have

Ggpi—g-14 = (1 — 1)x? 07" —ix%  (mod x¥ — x).

(ii) Assume that q is odd. Then xT~97' 4+ x972 is q PP of Fp if and only if ¢ = 1
(mod 4).

(111) Assume that q is odd. Then (¢"™* — q — 1,2;q) is desirable if and only if ¢ = 1
(mod 4).

Proof. In the notation of (2.2.11), we have e =2, a =2i,b=1,a0=1,a; =1 — 1,
bo = 1, bl = 0. Thus

Gg2i—g-1q4 = —x?2 - Xq2_q_2((i —1)Sy +x%)(x"' = 1) (mod x? — x)
= —xT72 —xTT2((— )x 4 ix?) (xT7L — 1)
= —x072 g0 a2 (—x7— (i — D)x +ix*")

=(i—Dx? 1 —ix7? (mod x? — x).
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(ii) (<) Let f = x9"~9"1 4 972 Then

0 if xt =0,
flz) =

r 942972 ifxe F,.
1° We show that for every c € F o the equation
217t = (2.3.17)

has at most one solution z € IFZQ.

Assume z € I is a solution of (2.3.17). Then
cx =172+ 17" =Trp,(z7%) €F,
Let t = ¢ = (cx™)77 € F}. Then x = tc?. So (2.3.17) becomes
L1y a2y
? (C +c ) = C.

Thus t = ¢ 2 + ¢ %4, Hence x is unique.
2° We show that 279 + 2972 = (0 has no solution x € F;z.

Assume that = € F?, is a solution. Then 2*~* = —1. Since 3(¢g + 1) is odd,

we have —1 = (220-2)2(+D) = 29"~ = 1 which is a contradiction.

(=) Assume to the contrary that ¢ = —1 (mod 4). We show that 279 +2772 =
0 has a solution z € F7,. Since 4(g—1) | q>—1, there exists x € F?, with o(z) = 4(¢—1).

Then 220D = —1, ie., 279+ 272 = (.

(iii) It follows from (i) and (ii).
u

Theorem 2.3.5 Let p be an odd prime and q a power of p. Let 0 < i < p—2 and
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)= (2.3.18)

—1

(22'4_1) 1 if 7 is odd,
(=1)*z if i is even,

where (%) is the Jacobi symbol, then (qPT 1 — ¢**1 —1,2;q) is desirable.

Proof. Throughout the proof, “=” means “= (mod x? — x)”.
Lete=2a=p+1t+1,0=20+1.

Case 1: i is odd.

In the notation of (2.2.11), ag = 0,a; = ’%i, bp=1,by = 1.

Write g = ggptit1_giti_1 4.

g= 2772 g@-az® > ) ((iSs + S1) = 1) (mod x7° — x)

S %xf—q—?(x + a2 [((i + Da + iz?) — 1.
Clearly, g(0) = 0. When x € F,,

(2 + D+ iz — ((i + 1)z + ix9)

g(@) = -2 + 227" (2 4 29)

2 (i + 1)z 4 ixd
=z '+ %(:c*q + Il)(iff)ﬁ
— g %u +a)g fm_ﬂ m
=yt 50 (v=—2")

iy* + 2(i + Dy 4 iy?
20+ 1)yd + 20y

Let w = 2(i + 1)y? 4 2iy. Then y = ((i + Dw? —iw).

2(2 + 1)

Note: 2(i 4+ 1)x? + 2ix is a PP of F2, and 5

m((z + 1)x? — x) is the inverse PP.
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So

1 w4 200 + Dudt! + iu?
(41 + 2)2 w ’

g(z) =

where u = (i + 1)w? — iw.

The proof will be complete if we can show that for ¢ € Fp,

w4+ 2(i + 1u?™ + ju?
w

— ¢ (2.3.19)

i.e.,

i((6 4 Dw? — iw)? + 2(i + 1)((i + Dw? — iw) ! +i((i + Dw? — iw)?

=c (2.3.20)

has at most one solution w € F7, if ¢ # 0 and has no solution w € o if c=0.

First assume ¢ # 0. Let t = we. By (2.3.20), t € F,. Then (2.3.20) becomes

it20% 4 262 (i + 1)v?T + %03
te!

:C7

where v = (i + 1)c™? —ic™t. So

1
t = )
102 4 2(i + 1)vat! + jv?

which is unique. Hence w is unique.
Now assume ¢ = 0.

Assume to the contrary that (2.3.20) has a solution w € Fy,. Then
i((i+ Dw? —iw)® 2 +2(i + 1)((i + Dw? —iw)? ' +4 =0,
Let z = ((i + 1)w? — iw)?" € F,. Then

i2? +2(i+ 1)z +1i=0. (2.3.21)
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Since 7 is odd 2i + 1 is a square in F,. So (2.3.21) implies that z € F,. Then we have
22 = 20t = ((i 4+ D)w? — iw)? ' = 1. So z = £1, which contradicts (2.3.21).
Case 2: ¢ is even.

In the notation of (5.5.45), ag = 1,a; = E=4=L by = 1,b; = i.

2 2 — 7 — 1
g= —a? g “1‘2(%52 + S9)((iSy + 2)7! — 1)

= 724 %xqz_q_2((i + D)z + (i — D)a)[((i + 1)z +iz?)7 ' —1].

Clearly, g(0) = 0. When x € Fy,

((i+ Dz + i) — ((i + 1)z + iz?)
(i + 1)z + iza '

o(z) = —2~' + %x_q_l((i F 1)z (i — 1)a?)

Note that (¢ + 1)x + 29 # 0.

glz) = —27 ' + 1((z’ + )2+ (i — 1);6*1)—‘”‘1 v
2 (i 4+ 1)z + x4
1 xl—
=o'+ —(((+ D9+ (i —Da!
v 2((Z Fhet+(i= e )(i + 1)+ iz1

—y+ 1((2' F 1)yt (i — 1)@&
2 (i +1)ys + iy

D)y 4 20yt 4 (04 1)y?
B 2(i + 1)y + 2iy '

Let w = 2(i + 1)y? + 2iy. Then y = ((i + Dw? —iw).

1
2(2 + 1)

Note: 2(i + 1)x? 4 2ix is a PP of F2, and 5

22+ 1) ((i + 1)x? — ix) is the inverse PP.
i
So

1 0+ Du®?+ 2™ 4 (i + 1)u?
(43 + 2)? w ’

g(x) =
where u = (i + 1)w? — jw.
The proof will be complete if we can show that for ¢ € F,

(i 4+ Du? + 2iudt + (i + 1)u?
w

— ¢, (2.3.22)
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i.e.,

(i + 1)((F + Dw? — iw)2 + 2i((i + Dw? — iw)e + (i + 1)((i + Dt — iw)?

=c
(2.3.23)
has at most one solution w € IE‘ZQ if ¢ # 0 and has no solution w € IE‘ZQ if c=0.

Assume ¢ # 0. Let ¢/ = we. By (2.3.23), ¢’ € F,. Then (2.3.23) becomes

(i + 1)t0% + 20T + (i + 1)t"0?
tlcfl

:c’

where v = (1 + 1)c™? —ic™'. So

1
(i + 1)v2a + 2009t + (i + 1)v?’

!/

which is unique. Hence w is unique.
Now assume ¢ = 0. Assume to the contrary that (2.3.23) has a solution w € Feo.

Then
(i + 1)((i + Dw? —iw)?7 2 +2i((i + Dw? —iw)?” ' 4+ (i +1) = 0.
Let z = ((i + Dw? — iw)?! € F,. Then

(i+1)2%+2iz+ (i+1) = 0. (2.3.24)

21+1 _
Since 7 is even ( Z;_ ) = (1), ie. —(2i +1) is a square in F,. So (2.3.24)
implies that z € F,. Then we have 22 = 2971 = ((i + 1)w? — iw)®" "' = 1. So z = +1,

which contradicts (2.3.24).

2.4 Connection between g, , and PPs of the form f = x(a + x2(471)

Assume that e > 2,n > 0, and n = ¢* — ¢ — 1 (mod ¢?® — 1), where 0 < a,b < pe.

Examining the evidence in the previous two sections we see there is little activity
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when e > 3 (see Conjecture 2.2.4), however when e = 2, the situation appears to
be quite chaotic. In fact, a computer search reveals many desirable triples of the
form (¢® — ¢ — 1,2;¢) which are not covered by results in the previous sections, see
Table 2.1. Based on some of these desirable triples and Theorem 2.3.4 we conjectured

the following, which was later proved by Hou ([41]).

Conjecture 2.4.1 Let f = x972 4+ ¢x9 17! ¢ € Fy. Then f is a PP of Fg if and

only if one of the following occurs:
(i) t=1,¢=1 (mod 4);
(i1)) t = =3, ¢ = £1 (mod 12);
(i) t =3, g = —1 (mod 6).

Suppose a polynomial of the form f = x972 + tx7° 771 ig a permutation polynomial
of Fg2. Noting that the map x x7 71 is a permutation of F,2 and substituting
x?° =971 for x in Conjecture 2.4.1, we see Conjecture 2.4.1 is equivalent to the following

theorem of Hou.

Theorem 2.4.2 ([41]) Let f =tx+x*7"' t € Fi. Then f is a PP of Fp2 if and only
if one of the following occurs:

(i) t=1,¢q=1 (mod 4);

(i) t = =3, = £1 (mod 12);
(i1i) t = 3,9 = —1 (mod 6)
It turns out that when n is of the form n = ¢® — ¢* — 1, the polynomial function g, ,(x)
on F2 can be transfered into the form Ax+ Bx?+Cx*~! through an invertible change
of variables. Using this connection, a theorem of Hou ([42]) can be used to determine
all desirable triples of the form (¢* —¢* —1,2; ¢). This leads to a study of permutation

polynomials over F2 of the form x?(a + bx9~! + x"@=) (for explicit values of d and

r) which is precisely the topic of the next chapter.
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Table 2.1: Desirable triples (¢ — ¢ — 1,2;q), ¢ < 97,0 < b < a < 2p, b odd, b # p,
(a,b) # (2,1)

q=2 10 5 24 13 || 40 7 38 13 || 50 25 || 60 37 || 66 45
- - 13 11 |25 1 40 33 || 40 7 51 27 || 61 39 | 67 47
25 15 || 41 35 || 40 17 (|52 37 |62 1 71 35

q=2%|q="7%126 1 |42 37 |40 31 |54 33 |63 43 |73 59
31 6 1 |27 19 |43 39 |41 3 |[57 7 |64 11 | 74 27
8 1 |28 21 |45 13 | 41 19 |58 41 | 64 45 || 74 61
g=2%8 3 |30 25 41 31 |59 5 |65 49 || 76 51
- - 9 3 |33 5 | gq=291|42 3 |61 47 |66 49 || 76 65
10 5 15 11 || 42 21 |[62 49 || 67 51 | 77 67
g=2*|12 5 ||g=19 |21 3 |46 29 |62 55 (69 3 |78 9
3 1 12 9 |17 9 ||26 21 |49 35|63 39 |70 57 || 78 69
13 11 {23 7 ||30 1 |49 37 |64 39 |[70 65 || 79 65

q=2° 25 11 |31 19 || 49 43 || 64 H3 || 71 59 || 80 47

1 13 3 31 17 || 34 5 95 41 (|70 65 || 78 73 || 8 19
17 13 || 31 23 |34 9 55 47 || 71 67 || 80 5 85 89
qgq=3 18 13 || 33 17 || 36 3 o7 51 (|73 71 || 80 77 || 8 83
- - 19 15 || 34 29 || 36 13 | 58 53

20 5 35 9 41 23 |59 13 =41 =43 || g = 47
q=3%20 17 |36 5 4225 |60 5 12 7 20 11 || 18 3
3 1 36 33 |44 1 60 57 |31 1 21 11 |20 9
4 1 g=13 || 37 35|46 33 |61 39 |31 5 32 13|24 1
5 1 12 1 46 35 42 1 38 31|29 7

14 1 q=23 |47 35 || gq=37 |42 33 |39 11 ||37 31
q=3%|15 3 10 7 52 19 || 19 15 || 44 5 46 5 44 21
- - 18 5 12 1 52 45 || 29 23 || 46 5 46 39 || 45 37

18 9 21 13 || 53 23 |32 19 |46 9 49 11 || 46 1
gq=>5 19 5 22 1 o4 49 || 34 21 || 49 29 |51 15 |49 3
6 1 22 17 |25 3 95 81 || 36 1 52 21 |55 23 |50 5
8 1 25 23 ||26 O 56 5 38 1 53 1 98 29 || 50 29

27 21 |56 53 || 38 15 || 53 23 || 58 41 || 51 7

q=>5%|q=17|32 17 |57 15 |39 3 | 54 25|59 31 | 54 13
4 1 11 1 |34 21 41 7 |55 33 |60 33| 54 51
6 1 15 7 |35 31| g=31[42 5 |57 31|60 39|57 41
7 3 18 1 (|37 3 |22 3 (42 9 |58 15 |61 35|61 27
9 7 18 7 |37 11 (28 21 |43 11 |58 33 | 62 37 || 62 13

22 5 |37 27 (29 21 |[48 21 |59 5 |62 53|62 29
gq="7 |22 9 |39 3135 7 |48 45 |60 27 |65 61 || 64 33
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Table 2.1 (Continued)

98 19| 77 35 115 73 90 39 50 47 | 110 35
98 89| 78 37 116 5 90 57 || 53 47 || 110 85
99 91| 8 7 116 113 || 93 25 70 5 113 91
100 67 || 85 39 94 25 73 17| 115 71
100 93 || 85 51 qg =61 94 65 74 13| 116 29
101 95 || 87 35 38 33 97 73 74 57| 116 97
102 97 | 90 61 52 39 98 51 75 15| 117 23
103 37 || 90 81 59 51 98 73 77 19 | 118 23
103 55 || 91 63 60 1 99 75 79 23| 118 101
103 99 || 92 65 62 1 100 67 | 8 35| 119 23
105 11 |94 69 62 49 100 77 || 8 47| 119 61
94 71 63 3 101 91 8 69 | 119 103
g=>59 |9 71 64 5 102 25 87 17| 120 13
16 13|96 63 64 37 102 81 87 39| 120 105
20 3 |96 73 66 5 103 83 || 88 13| 121 107
23 17|97 75 66 9 109 95 88 41 | 122 63
24 15|98 77 |67 25 110 97 || 89 63| 122 109
30 1 9 79 68 13 111 29 |90 45| 124 99
31 9 101 9 69 15 113 103 || 90 83| 124 113
39 27| 103 87 || 71 19 115 101 || 91 47 | 126 33
50 13| 104 &9 74 25 115 107 || 94 53| 126 117
56 21| 104 101 || 74 55 116 83 || 95 35| 127 113
58 1 105 7 727 116 109 || 95 55| 129 123
61 3 106 51 79 39 117 7 96 57 | 130 125
61 27| 106 93 81 39 118 113 || 97 59 | 131 127
61 33| 107 95 82 41 120 5 98 61| 133 131
63 7 108 83 84 45 120 117 | 98 77
66 13| 108 97 (|84 79 121 11999 77| gq="71
66 19| 109 31 85 47 101 97 || 36
67 15| 110 25 8 17 || g = 67 102 31 || 70
69 19| 110 101 || 8 49 || 40 17 102 69 || 23
73 27| 113 107 || 87 39 |43 11 103 71 || 53
76 33| 114 109 | 89 35 || 48 31 109 83 || 73

W W w = =
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Table 2.1 (Continued)

a b H a b “ a b “ a b “ a b “ a b “ a b
140 5 111 79 73 106 65 108 7 114 69 157 155
131 7 104 81 105 3 107 67 68 9 135 71
103 11 || 113 83 119 3 108 69 52 1195 73 q =3
78 13| 113 85 69 5 109 71 8 11| 118 77
95 13| 114 &85 78 5 92 75 125 11 || 146 81 3 1
47 15| 115 87 98 7 111 75 129 11 || 121 83 4 1
79 15| 120 87 78 9 112 77 43 13| 100 85 5 1
80 17 || 117 91 128 15| 113 79 135 13 || 122 85
81 19 | 118 93 137 15| 114 81 121 15| 123 87 q =83
121 19 || 119 95 108 17 || 116 85 88 17| 126 93 42 1
82 21| 120 97 123 17 94 87 89 19 126 95 82 1
101 21 || 131 97 83 19| 118 89 55 23 || 127 95 68 3
41 23| 107 103 || 8 23| 119 91 59 23 || 129 99 8 3
30 27| 119 103 || 86 25| 112 97 91 23| 136 103 | 8 5
85 27| 123 103 || 87 27 || 122 97 121 27 || 134 109 || 87 7
88 33| 124 105 || 103 29 || 137 99 70 29 || 135 111 || 127 7
99 35| 113 107 || 104 29 | 114 103 || 94 29| 136 113 | 133 7
98 37| 119 107 || 67 31| 126 1051 95 31| 119 115{ 29 9
97 39| 125 107 || 91 35| 135 107 || 96 33| 133 115 151 9
67 41 || 114 111 || 46 37| 128 109 || 98 37 | 134 115 89 11
92 41 || 127 111 | 92 37| 129 111 || 100 41 || 137 115 | 146 11
93 43| 128 113 |99 39| 126 113 | 137 41| 139 119 90 13
78 47 | 130 117 || 81 41| 133 119 || 83 45 || 152 119 || 149 15
88 47 || 131 119 | 94 41 || 134 121 || 110 45 || 141 123 | 28 17
62 51 || 137 131 | 127 41 || 135 123 || 143 45 || 148 123 | 69 17
75 51| 138 133 || 118 43| 139 125 | 95 49| 153 129 | 123 17
106 51 || 139 135 | 59 49 || 137 127 || 137 49 || 145 131 || 40 19
98 53| 140 137 || 98 49 || 142 137 || 105 51| 146 133 | 43 19
102 61 69 51| 145 143 | 106 53 | 148 137 | 136 19
104 65 || q="T73 101 55 107 55 || 1561 137 || 80 21
106 69 102 57 || q="T79 129 55 || 1561 143 || 95 23
118 69 || 13 1 113 57 108 57 || 152 145 || 34 25
130 69 || 72 1 119 57| 156 5 110 61 || 154 149 || 97 27
128 73 || 74 1 104 61127 7 113 67| 155 151 ] 99 31
109 75 || 135 1 97 63|54 7 77 69 | 156 153 || 72 35
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Table 2.1 (Continued)

a b “ a b “ a b H a b “ a b “ a b
112 35 142 117 || 71 17 || 152 83 174 169 || 58 45
95 37 128 119 || 98 17 | 132 85 176 173 || 121 47
127 37 143 119 || 133 17 || 151 85 122 49
109 39 132 121 || 1565 19 || 155 85 q =97 152 49
150 39 145 123 || 77 21| 133 87 81 1 164 49
106 45 146 125 | 100 21 || 135 91 9% 1 124 53
158 49 147 127 || 133 21 || 136 93 98 1 140 53
109 51 163 127 || 102 25 || 138 97 115 1 178 53
75 53 148 129 | 77 27 | 139 99 99 3 147 55
110 53 149 131 |35 29| 121 101 | 102 5 60 57
133 55 156 131 || 163 33 | 124 103 || 167 5 76 61
112 57 150 133 || 109 39| 142 10589 7 128 61
113 59 152 137 || 46 41| 142 107 || 154 7 130 65
152 59 154 141 || 141 43 || 143 107 || 102 9 150 67
115 63 156 145 || 112 45 || 144 109 || 148 9 117 69
115 69 157 147 || 113 47 || 145 111 || 18 11 122 69
155 69 158 149 || 165 47 | 173 111 | 103 11 7T T1
148 71 159 151 || 173 47 || 150 121 || 182 11 134 73
81 73 162 157 || 114 49 || 151 123 || 161 17 135 75
120 73 100 51 || 156 123 || 110 25 170 77
121 75 qg =89 92 53| 159 123 || 50 27 137 79
95 77 41 1 116 53 || 149 125 || 111 27 138 81
126 85 90 1 117 55 || 152 125 || 158 27 105 83
127 87 134 1 139 55 || 132 127 || 53 29 140 85
154 87 139 1 170 55 || 1564 129 || 113 31 133 87
110 89 92 5 118 57 || 155 131 || 114 33 142 89
128 89 94 5 102 61 || 156 133 || 74 35 143 91
131 95 176 5 123 67 || 154 137 || 115 35 144 93
149 95 151 7 150 67 || 159 139 || 138 35 145 95
132 97 166 7 124 69 || 169 141 || 130 37
133 99 94 9 125 71 || 168 143 || 98 39
134 101 || 95 11 161 71 || 166 153 || 123 39
115 105 || 44 13 126 73 || 168 157 || 183 41
136 105 || 127 13 129 79 || 170 161 || 81 43
139 111 | 49 15 130 81 || 173 167 || 119 43
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3 PERMUTATION POLYNOMIALS OF THE FORM f = x%(a + bx?~! 4 x"(@=1) *

3.1 Background

The results of the previous chapter show the permutation behavior of ga_gs_1, on
F,» appears to be quite chaotic. The following lemma shows that ge_.s_;, is a
permutation polynomial of Fgp if and only if a certain trinomial is a permutation

polynomial on F ..

Lemma 3.1.1 ([42]) Assume q > 2. Let n = q* —¢° — 1, where 0 < 8 < a < 2p,
is odd and B # p. Write o — 8 = ag + 2a1,0 < ag < 1, and f =1+ 2b;. Then

Gng(T) = Ap(x) + Bop(x)?! + Cp(x)* " for all z € Fpe,

where ® is a permutation of Fpe and

A = %(—aobl + b1 + al),
B = ag — %
C

—/‘lg(aolh +ag+ay)

Now to determine when the triple (¢® — ¢ — 1,2;q) is desirable, we only have to
determine conditions on the coefficients of f = ax + bx? + x?¢~! € F,[x] that force f

to be a permutation polynomial of F,.. To this end we have the following theorems

of Hou:

“Portions of this chapter are taken from [53] which is published in the Journal of Finite Fields and their
Applications
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Theorem 3.1.2 ([42]) Let f = ax + bx? +x*7! € F,[x|, where q is odd. Then f is

a permutation polynomial of Fp if and only if one of the following is satisfied.
(i) a(a — 1) is a square in F};, and b*> = a® + 3a.

(i) a =1, and b* — 4a is a square in F;.

(ii) a =3,b=0,g = —1 (mod 6).

(v) a=b=0,¢=1,3 (mod 6).

Theorem 3.1.3 ([42]) Let f = ax+ bx?+x*7"! € F[x], where q is even. Then f is

a permutation polynomial of Fp if and only if one of the following is satisfied.

(i) ¢>2,a#1,Trys (;47) = 0,0° = a® +a.

(it) ¢ >2,a=1,b%#0,Trys (1) = 0.
The proofs of the previous theorems are especially interesting in the sense that com-
plicated computations that appear to head nowhere produce suprisingly nice results.

We will see in a later section thats this pleasant suprise appears again relating to

permutation polynomials of the form ax? + bx+?2 4 x2¢+1,

Using Lemma 3.1.1, Theorem 3.1.2 and Theorem 3.1.3 completely determine
desirable triples of the form (¢® — ¢° — 1,2;¢). This is summarized in the following

two theorems.

Theorem 3.1.4 ([42]) Let q be even and n = q¢* — ¢° — 1, where 0 < f < a < 2-2.

Then (n,2;q) is desirable if and only if one of the following occurs.

(i) ¢ =1 (mod 3), (6,a) =(0,2), (1,2), (1,3).

(i) =2, (8,a) =(0,3)

Theorem 3.1.5 ([42]) Let q be odd and n = q* — ¢° — 1, where 0 < f < a < 2p.
Then (n,2;q) is desirable if and only if one of the following occurs.
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(i) ¢ =1 (mod 3),(8,a) = (0,2).
(i) >0,6=a=0 (mod 2).
(iii) (B,a) = (p,p+1),0 <i<p,2i % (—1)" (mod p)

(iv) B#p,=14+2b,0— =ay+2as,ap,a1,b; € N0 < ag <1, and one of the
following 1s satisfied.

(a) (a1 + b1)(2a;y + by) + ag(ay — 2a1b1 — b?) is a square in F} and

1+ 2by + 2a7 + ayby + ag(—1 — 2by + b3 +a;(3+2b;)) =0 (mod p)

(b)
ap+2as +b; =0 (mod p),
(1+01)* — 4a? — ao(5+ 10b; + 4b? + 8a;(1+b1)) =0  (mod p)
(c)
ag = 1,[)1 = O,
4a; +3=0 (mod p),
g=-1 (mod 6)
(d)

aozlaalzoablzo7

¢=1,3 (mod 6).

A method similar to that employed by Hou to prove the previous theorems can be
applied to study polynomials of the form f = x?(a+bx?' 4274~ 1), For the remainder

of this chapter we focus on the following two questions:

1. When does a binomial of the form f = x(a + 2"@~) permute the field F2?

2. When does a trinomial of the form f = x3(a + bx?~! +x2@=1) permute the field
Fp?
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In both cases we are able to give explicit conditions on the coefficients that guarantee

f is a permutation polynomial of [Fg..

We should also note that permutation polynomials of the form f = x%(a +
bx?~! 4 27@1) have been studied by other authors as well ([88], [89]). Our approach
is quite different, as we do not place any additional assumptions on the coefficients of

the polynomial in question.

3.2 PPs of the form f = x(a + x"(@ )

Consider a binomial of the form f = ax + x*~! € F [x], where a # 0. The necessary
and sufficient conditions for f to be a permutation polynomial of F,. are given in
Theorem 2.4.2. The result can actually be extended to allow a € F2 (see [43]). With
this consideration in mind we have a binomial of the above form with a € Fp is a

permutation polynomial of F,. if and only if one of the following occurs:
o a1t =1, (—a)lat/oed2a+l) £ 1.
e a1 £ 1,qis odd, (—a)@tV/2 =3,

In fact, if at! = 1 then the binomial, x(a + x"@Y) | is a permutation polynomial of
F,2 if and only if (—a)@+D/9edra+1) £ 1 and ged(r —1,q+ 1) = 1 [90]. It is natural to
ask if the second case above generalizes to arbitrary values of . The answer to this

question is negative, as we will see from the following theorems.

Remark 3.2.1 [t is interesting to note that the proof of the sufficiency of Theo-
rem 2.4.2 cases (ii) and (iii) led to the discovery of a curious hypergeometric identity.

Surprisingly, this same identity resurfaces in the next section.

For the remainder of this section, our objective is to prove the following theo-

rems:

Theorem 3.2.2 ([47]) Let [ = ax+x*"? € Fp[x], where a € F,. Then, [ is a PP

of Fp2 if and only if one of the following occurs:
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q+1

(i) ¢ = 2%+ and a5 is a primitive 3rd root of unity.
(ii) ¢ =5 and a® is a root of (x + 1)(x +2)(x — 2)(x* —x + 1).
(iii) q = 23 and a® is a root of x> +x + 1.
(iv) ¢ =11 and a* is a root of (x —5)(x + 2)(x* —x + 1).
(v) ¢ =17 and a® = 4,5.
(vi) ¢ =23 and a® = —1.

(vii) ¢ =29 and a'® = 3.

Theorem 3.2.3 Let f = ax +x** € Fp[x], where a € F},. Then, f is a PP of Fy
iof and only if one of the following occurs:

S isa primitive 5th root of unity.

(i) ¢ =2%*2 and a

(i1) ¢ = 3% and a® is a root of (x+ 1)(x* + 1)(x* + x4+ 2)(x* + 2x + 2)(x* + x* + x +
D'+ 23+ 22+ 1)(x* + 233 + x2 + 2x + 1).

(1ii) ¢ =19 and a* is a root of (x+ 1)(x+2)(x+3)(x +4)(x+5)(x + 9)(x + 10)(x +
13)(x + 17)(x* + 3x + 16)(x* + 4x + 1)(x* + 18x + 6).

(iv) ¢ =29 and a® € {15,18,22,23}.

(v) ¢ =T7* and a'® is a root of x* + 4x + 1.

(vi) ¢ =159 and a'? is a rot of (x + 4)(x + 55)(x* + 36).
(vii) ¢ = 25 and a' is a root of (x> +x+ 1)(x> +x+ 1).

Theorem 3.2.4 Let f(x) = ax +x'97% € Fpe[x|, where a € F?2. Then f is a PP of

Fg2 if and only if one of the following occurs:

(i) g =13 and a* is a root of (1+x)(2+x)(3+x)(4+x)(5+x)(6+x)(7T+x)(8+
x)(9+x)(10+x) (11 +x)(124+x+x?) (94 2x + x*) (10 + 3x +x?) (9 + 4x + x*) (12 +
4x +x?)(10 + 5x + x?)(3 + 6x + x*) (1 + Tx + x*) (4 + Tx + x*)(1 + 8x + x*)(12 +
9% +x%)(1 + 10x + x?)(3 + 12x 4+ x*) (4 + 12x + x*)(12 + 12x + x?)
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(ii) ¢ = 3% and a* is a root of (2+x+x*+x3)(1+2x+x* +x%) (1 +x+2x* +x°)(2+
2% + 2x% + x3) (1 + 2x + x? + 2x3 + x? + 2x° + x9)

(iii) ¢ = 41 and a® is a root of (9 + x)(10 + x)(26 + x)(30 + x)(32 + x)(34 + x)(35 +
x)(37 + x)(39 + 2x + x?)(1 + 14x + x%)(20 + 40x + x?)

The above three theorems can all be proved via the same method. We will
only prove Theorem 3.2.3, i.e. we completely determine all PPs of F2 of the form

ax + x°7* € Fe[x].

Computations

Let f = ax+x°7* € F2[x], where a # 0, and let 0 < o, 8 < ¢—1 with («, ) # (0,0).
First suppose ¢ < 5.

e When ¢ = 2, we have f(a™') =0 = f(0), so f cannot be a PP.
e When ¢ = 3, we have f(—a) =0 = f(0), so f cannot be a PP.

e When g = 4, we have f = ax +x! = (a + 1)x (mod x'®> — 1). In this case, f is
clearly a PP if and only if a # 1.

Now suppose ¢ > 5. We compute
a+Bq _ 5¢—4\a( 4,9 5—4q\f
Z f(zx) Zze]Fqg (ax + 2’77 %)%(a%2? + z°7)

mEFqQ
o » i (B N (e
_ Z Z (az)* i Ga=Di (a%2)(P=9) £ (6=10)
z€F 2 iy \ % J
_  atba a\ (B ~i-ia o++5(a-1)(i-7)
a Z] <Z> (j)a ZMQ2$ . (321)

It is clear the inner sum is 0 unless a + f¢ =0 (mod ¢ — 1), that is, a + 5 =¢q — 1.

With 0 <a<¢g—1and =¢g—1— « the right side of (5.2.4) becomes

_gletD0-q) AN fa—L1=ay iy 399
-

—a—1+5(i—5)=0(modg+1
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Since 0 <i<aand 0<j<q—1-—«it follows
da+4-5¢g<—a—-1+5(—-j)<4da-1 (3.2.3)
Define I'(¢, ) :=={n € (¢+1)Z : 4o +4 — 5g < n < 4a — 1}. Now we have

> fla) P = —a DA (g, 0, a) (3.2.4)

xG]FqQ

where

Mpoa= Y | (‘;‘) (q - i - O‘) g-i=i (3.2.5)

—a—1+5(i—j)€l(g,c
Now Hermite’s criterion implies f is a PP of F . if and only if 0 is the only root of f
in Fpe and

A(g,r,a) =0 for each 0 < oo < ¢ — 1. (3.2.6)

Remark 3.2.5 Notice if ¢+ 1 =0 (mod 5), then 0 is the only root of f if and only

g+l

ifa’s # 1.

Lemma 3.2.6 If f is a PP of F2, then ¢+ 1 =10 (mod 5)

Proof. Assume f is a PP and ¢ > 5. First suppose 5 < ¢ < 8. Note that

['(q,0) ={-3(¢g+1),-2(¢+1),—(¢g+ 1}

By (3.2.6) we have
5—1
0=A(5,0,a) = ( ) )a5 =—a’

and

7T—1
0=A(7,0,a) = < . )a_m = —a 2L

In either case we have a contradiction. Now suppose ¢ > 8. In this case notice

['(q,0) = {—4(¢ +1),-3(¢g+1),-2(¢ + 1), = (¢ + 1)}.
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So again by (3.2.6) we have
1 q 1 k(g+1)—1
_ er)—
0= A(g,0,a) E :(k(q-l-l) 1) ~s
k=1 5

where

(n>* (:fl) ifmeZandm>0

0 otherwise

Now if ¢4+ 1 # 0 (mod 5) then exactly one of (k(fﬁ},l)* is nonzero which contradicts
5

(3.2.6). Thus if f is a PP of F 2 we must have ¢ +1 =0 (mod 5).
|

Remark 3.2.7 Assume g+ 1 =0 (mod 5) and o > 0. The previous lemma together
with (3.2.5) imply the sum A(q, o, a) is empty unless a« + 1 =0 (mod 5).

Remark 3.2.8 We note that the proof of Lemma 3.2.6 goes through with 5 replaced
by an odd prime r. Thus if f = ax + x"9~V*1 € F2[x], where a # 0 is a PP of F g,
then ¢ +1=0 (mod 7).

Lemma 3.2.9 Assume ¢+1=0 (mod 5), « >0, a+1=0 (mod 5) and ¢ > 4a+S8.

Set v = a_%q, then

1=0
Proof. Since ¢ > 4a 4+ 8 we have

Using (3.2.5) we see

— 1= o
- X ()
el (g.0) J

—a—1+5(i—j
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« 4

_ (a) Z (1 —1—-a ) gL U@+ —a—1)+ilg
— \i slg+1)—a—1)+i

4

= (=1)% "5 ' (04) Z(_l)Z(%(l(q +1)—a—1)+i+ a) TSR

«
=0

= (—a)"5 1 va (—1)"(?) 24: (Z T 4:_51+l>1}5i+l‘

=0

Between the second and third line we use (7") = (—1)"("'™ ).

Lemma 3.2.10 Assume ¢+ 1 =0 (mod 5), a+1 =0 (mod 5), and o > 0. Then

['(q,«) contains ezactly five consecutive multiples of ¢ + 1 unless a = q;—l € Z,

— ~1
a:qT?’eZ, ora:?’qTEZ.

Proof. Since I'(q, «) is contained in the interval [4a+4 — 5¢q, 4o — 1], which has length
5(¢ — 1), we must have 4 < |I'(q, )] < 5.

Suppose 4 = |I'(¢, «)|. Choose k so {(k—3)(¢+1),(k—2)(¢g+1),(k—1)(¢+
1),k(g+ 1)} = I'(¢,a). Note ¢ > 9 and a > 0 force k € {0,1,2,3}. We have the

following inequalities

da—1<k(g+1)+q

(3.2.7)
(k=3)(g+1) —q<4a+4—5q.
Since 4a — 1,4a +4 — 5¢ = 0 (mod 5) it follows
da—1<k(g+1)+q—14
(@+1) (3.2.8)

(k—3)(g+1)—q+4<da+4—5q

Since a < ¢ — 1 and 0 < k < 3, taking the sum of the inequalities in (3.2.8) reveals
k€{0,1,2}. If k = 0then o = &2, if k = 1 then o = &, and if k = 2 then
3g-1

0[24.
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Lemma 3.2.11 Assume ¢+ 1=0 (mod 5) and y := a's % 1 is a 5th root of unity.
Ifa+1# 0 (mod 5), then A(q,a,a) = 0. Ifa+1 =0 (mod 5), then for1 < a < q—1

we have
( 1
a 51 4y + %+ 97) ifOé:‘ZZ—3, a€Z
—a sy by +y?) fa=9%1 acZ
Aq,a,a) =
—a (i T y) ifa= Ml aeZ
0 otherwise.

Proof. If a+1 # 0 (mod 5), then Remark 3.2.7 gives the desired result. Assume

a+1=0 (mod 5). First suppose o ¢ {%, 13- 1} Lemma 3.2.10 implies we can

find a set, K, of five consecutive integers such that K(q+ 1) = I'(q, «). Now we have

o q— 1 — —i—i
Mgaa)= Y (J( j )a )
—a—1+5(i—j)el(q,00)

—1- L
D> (%) (=)o
[/ J
k€K —a—145(i—j)=k(g+1)
_ Lla414k(g+1)] o qg—1—«
5
“Y > ()0

keK i—j=gla+1+k(g+1)] (3.2.9)
_ ,—i(at1) —k @ ¢—1l-a
a3y > (a _ z) ( j
keK a—itj=L[4a—1-k(g+1)]
 lat1) k< q—1 >
=qa 5 Yy
27 = 1- kg + 1)
e STy g
keK

Now suppose o = &1, By the above computation and the previous lemma we have
D) Yy

K ={-2,-1,0,1}, thus

Mg, o,a) = —a 5@ (5 41 4y 4+ 7). (3.2.10)
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Similarly if a = %, we have

Mg, o, a) = —a 51+ y + % + 47). (3.2.11)
Lastly, if a = 3‘14—_1, we have

Mg a,a) = —a 5D (Y2 4y~ + 14y), (3.2.12)

Proof of Theorem 3.2.3

Proof. (<) Cases (ii)-(vii) are easily verified by a computer. Assume (i), that is
g = 2*+2 and o' # 1 is a fifth root of unity. Lemma 3.2.11 gives A(q, o, a) = 0 for
each 0 < a < ¢—1. Also, by Remark 3.2.5, 0 is the only root of f, so f is a PP of
F, by (3.2.5).

(=) Assume f is a PP. By Lemma 3.2.6 we have ¢+ 1 = 0 (mod 5). Let y := as
If y # 1 is a fifth root of unity then Lemma 3.2.11 implies ¢ must be even. Thus

q = 2*+2 and we have case (i).

Now suppose 1 +y +y? + 32 +y* # 0. The sum in the RHS of Lemma 3.2.9 is
a polynomial in v(= y~9) and can be easily computed for small values of a with the

help of a computer algebra system. For a few values of o we find

/

57 4g4(v) if o =4,qg>24

il 5 0gg(v ifa=9,g>44
Ag, a,a) = (—a)*5 w(1+v+v>+v3+0t) olv) (3.2.13)
57 %g14(v) if a=14,q > 64

5 Bgoy(v) if a=24,q > 104.
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Write R(p1, ps) for the resultant of polynomials py, po, it follows
GCD(R(ga, 9o); R(ga, gra)) = 2173517 (3.2.14)

Thus if ¢ > 64 we must have p (= charF,.) € {2,3}. Since ¢+ 1 = 0 (mod 5) there
are only a few prime powers ¢ < 64 with p (= charFp2) # 2, 3.

e When ¢ = 19, a computer search results in case (iii)
e When ¢ = 29, a computer search results in case (iv)
e When ¢ = 49, a computer search results in case (v)

e When ¢ = 59, a computer search results in case (vi)

When p = 2 we have GC'D(g4, go4) = « thus ¢ < 104. Since ¢+ 1 =0 (mod 5)

and ¢ > 4 we only need to consider ¢ = 64. A computer search results in case (vii).

When p = 3 we have GCD(g4,99) = 1 thus ¢ < 44. Again since ¢ +1 =0

(mod 5) we only need to consider ¢ = 9. A computer search results in case (ii).

Both Theorem 3.2.2 and Theorem 3.2.4 are proved using a similar method. It
seems that such a method can be applied to binomials of the form f = ax + x"(¢~D+!
where 7 is an odd prime. This naturally leads to the following,which was a conjecture

but is now a theorem of Hou.

Theorem 3.2.12 ([44]) Let r > 2 be a fized prime. If both (¢ + 1) = 0 (mod r)
and o= is not an r — th root of unity; we conjecture there are only finitely many
values (q,a) where a € F2, for which f = ax + g"@=V+ € Fo[x] s a permutation

polynomial of IF 2.

We note that based on computer search evidence, it appears the requirement that

r > 2 be a prime in the above theorem can be relaxed to simply r > 2.
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3.3 PPs of the form f = x3(a + x*(@V)

As shown in the previous section, it seems that when ¢ is large enough in relation to
r and a?"! # 1, the binomial f = x(a + 27 V) is not a permutation polynomial of
F,2. In particular, there is no extension of Theorem 2.4.2 cases (4) and (7i1) to values
of r > 2. However, it turns out that we can prove a similar theorem for d = 3. The

purpose of the present section is to prove the following theorem.

Theorem 3.3.1 Let f = 2*(a + 2*97Y) € F,[z], with a # 0. Then f is a PP of F

iof and only if one of the following occurs:

(1) a=1and g =1 (mod 4)
(2) a =% and ¢ = —1 (mod 6)

3

(3) a=—5 and ¢ = —1 (mod 12).

Preliminaries

In order to prove the Theorem 3.3.1 we need a few preliminary results. Let Z, denote
the ring of p-adic integers and Q, it’s field of fractions. For an integer a > 0 and

z € Q,, we define (Z) = (Z_(‘ll—)tl)a If z € Q, we also define

(z)*: () ifzez

0 otherwise.

Lemma 3.3.2 ([42]) Let q be a power of a prime p and a and integer with 0 < a <
q— 1. Let z1, 25 € Z, such that z; = z, (mod q). Then (') = (**) (mod p).

Lemma 3.3.3 Let 0 < s < ¢®*—1. Write s = a+ g where 0 < o, 3 < q—1. Assume
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(3,g — 1) =1, (note that this must be the case if f is a PP). Then we have

0 ifa+BAg—1
m 2 @ = ()RR )R T () (FY e
3 ()T (<] ifa+B=q-t

Z f(x)‘”ﬁq — Z $3(a+ﬁq)(a + x2(q—1))a(a + xQ(I—Q))ﬁ

*
LBEFL]Q .Z’GFq2

=Y e 3 (a) @iz 3 (5) o (5-1) 2(1-0)
1

zeF*, i Y

_ atp a\ (B (i) 3(atBa)+2(q—1)(i—3)
S (5)() e T ‘

erFZQ

Since (3,¢ — 1) = 1, the inner sum is 0 unless « + fg =0 (mod g — 1). This forces
a+ f=qg—1. With 8 = ¢ — 1 — a the above becomes:

— 1= L

= 3 (O‘) (q _ 0‘) (i),

o t J
2(i—7)—3(a+1)=0 (mod g+1)

Since 0 <i<aand 0 <j<qg—1—a we must have
—a—1-2¢<2(i—j)—3a+1) < —a-—3,
or equivalently
a+l—qg<i—73< .

Thus if 2(i—j)—3(a+1) =0 (mod ¢+1) then 2(i—j)—3(a+1) € {—2(¢+1), —(¢+1)}.

Now the sum — 7 i gs(2)**#? becomes
_ <a> (q —1- O‘) a~(i+9) (3.3.15)
=3(a+1)+2(i—j)=—(¢+1),—2(¢+1) ! J
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a\(q—1—« (i+9)
L2 (-)( e
. .gq+2 . ;Qq-&-l
i—jmdemat?
- + q_l_o‘> ~(a=i+J)
a—i—d 304 q+2 OC—Z‘—' 304 2q+1
- o+ ( (aﬂ) 1Yig- (@it
itj=15%-1 Z+J =q—

qto
( >

_1_Z> (_1)u—1 i 22+1+O‘ 9 a+
(6%

a—=1 -\ ¥
Q q-+ o ( 1)q O“"l za2i+°‘T+1—q—a
1 «

Theorem 3.3.4 Let n > be a positive interger. Then

2n+1

2.

k<2n+1

(Qn + 1)
k ,
7j=1

Z <2n]:— 1)

k<2n+1

I @n+1-2k-2j)

ﬁ(2n — 2k — 2j)

Jj=0

20

(3.3.16)



Proof. Define

2n+1

Fi(n, k) = <2n; 1) [J@n+1-2k- 2]')] (—1)* (%)%H

Lj=1

Fy(n, k) = (2”; 1) _ﬁ@n — ok — 2j)] (—1)* (%>2k

Lj=0

k

Now with the help of Zeilberger’s algorithm we find:

27Fy(n+ 2, k) + 8 (36n° + 126n + 113) Fi(n + 1,k) +192(n + 1)*(2n + 3)*Fi(n, k)
=Gi(n,k+1)—Gi(n,k)

where G(n, k) = Fi(n, k)Ri(n, k), and

1
[ ,(2n — &+ j)
(12n® + 48n + 49)k* — 4(n + 1)(2n + 3)(96n° + 468n> + 720n + 343)k

Ry(n, k) = ( ) -(9k(2n — 2k +1)(32(n 4+ 1)(2n + 3)

+ 4(n + 1)(2n + 3)(24n* 4 1561 + 358n* + 337n + 105))).
Using the same algorithm we see:

27F>(n + 2, k) + 8 (36n” 4 126n + 113) Fo(n + 1, k) + 192(n + 1)*(2n + 3)*Fy(n, k)
= GQ(TZ, k + 1) - GQ(TL, ]{?)

where Ga(n, k) = Fy(n, k)Ra(n, k), and

1
H?:Q(zn —k+j)

Ry(n, k) = ( ) “(9k(n —k+1)(64(n+1)(2n + 3)
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(12n* + 48n + 49)k* — 32(n + 1)(2n + 3)(24n® + 141n* + 285n + 200)k

+32(n + 1)(2n + 3)(6n* + 42n® + 10902 + 129n + 62))).
Thus we can conclude both S;(n) and Sa(n) satisfy the same second order recurrence:
2751 (n +2) 4 8 (36n” + 126n + 113) Si(n + 1) +192(n + 1)*(2n + 3)*Si(n) =

2755(n + 2) 4 8 (36n” + 126n + 113) Sao(n + 1) + 192(n + 1)*(2n + 3)*S3(n) =

It is simple to verify that

2
51(0) = -5 = —52(0)
368
S1(1) = o3~ 2(1).
Therefore Si(n) = —S;(n) for all positive integers n, so the proof of the Theorem is

complete.

As per Remark 3.2.1, making the substitution ¥k — 2n+1—Fkand j— 2n+1—j

shows the above theorem is simply a remformulation of [Theorem 1.2 [42]].

Proof of Theorem 3.3.1

Proof. (=) First we show ¢ must be odd. Suppose ¢ is even and let « = 1,5 = g — 2

in Lemma 3.3.3. Notice only the second sum appears since %4 ¢ Z. Then we have

5 sy () (0 ) 0

E]F* =
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Since f(0) =0, it follows f is a PP only when ¢ is odd.
Now assume ¢ is odd. Again take o = 1, f = ¢ — 2, and note g3(0) = 0. From (3.3.15)

we see:

S swre— ()7 (3.3.17)

2€F o 2i—)=—(a+1)+ /

SGIG

2(i—j)=-2(g+1)+6

The above takes value 0 only when

36> +2eca—1=(3a—¢)(a+e)=0 (3.3.18)

i.e. we must have
€

3

1
a=-0r —€ = aE{:I:l,:Izg}.

First suppose a = —e(= £1), then

gt+1

e If =1 (mod 4) then a2z =1, so we must have a = 1. This is case (1)

e If ¢ =3 (mod 4) then a’s = —1 which is impossible (since @ = +1 and < is

even).
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q+1

Now suppose a = £(= +3), and € = 1. It follows that ¢ 2 = (—1)%177(%).
Ife=—1,thenn(3) =1 = ¢= =1 (mod 12) = ¢ = —1 (mod 12), since we
require (3, — 1) = 1. This is case (3).
If € = 1 then there are two possibilites:
o (-1 =1=un(})
In this case we have ¢ = —1 (mod 4) and ¢ = £1 (mod 12) = ¢ = —1
(mod 12)

g+1

o (-)F = —1=n(d)
In this case we have ¢ = 1 (mod 4) and ¢ = £5 (mod 12) = ¢ = 5
(mod 12) = ¢ = —1 (mod 6)

e Both of these possibilities give case (2).

(<) First consider case (1). Then ¢ =1 (mod 4) and a = 1. From Lemma 3.3.3, we
may assume « + = ¢ — 1 and « is odd. By (3.3.16) we have:

(S T ()

J
zG]FQ 7,+j—q a_q i+j=q— a+1

: (é‘l) (o)

Now consider cases (2) and (3). By Lemma 2.2 it suffices to show that for each

odd integer 0 < o < ¢ — 1 we have

L1 [ Tl [ R R

1 q—1 q+1 g-1 . .
In case (2) we have (—1)% (a)'7 = (=1)"% () ® = 1. While in case (3) we have
1 g—1

(—1)%1((1)% = (—1)qT1 (=%) ® = —1. Thus in either case, the first sum takes the
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same value as

SO0 )

)

Now we only have to show that

SO (72O ) () -

)

in F,. Write o = 2n + 1, using Lemma 5.3.5 the LHS of the above becomes
n+1 2i+1
1 o+ 1 o (1
o [§ ( Z, ) (H(2n+1—2z—2])> (1) (g) +

- S (2n¢+1> (ﬁ(gn_gi_Qj)) (1) (%)2]

i 7=0

Thus Theorem 3.3.4 gives the above sum is zero, so the proof of Theorem 3.3.1 is

complete.

At this point, it is natural to wonder if these results can be generalized to
binomials of the form f = x%(a +x*@~Y) where d > 3. Unfortunately continuing with
the current method fails. Notice when d > 3, the sum in (3.3.17) contains more than

three terms, so we are not able to derive necessary conditions from (3.3.17) alone.

3.4 PPs of the form f = x3(a + bx?™' + x?@71)

In this section we wish to completely determine PPs of F2 of the form f = x*(a +
bx?~1 + x2@-V) € F,[x], with b # 0. Notice if b = 0, then f is of the form f =
x*(a + x%9¢7Y) € F,[x] and the permutation behavior of f is completely determined

by Theorem 3.3.1. To this end we have the following theorem

Theorem 3.4.1 Let p be an odd prime and q a power of p. Define f = x3(a+bx?* +
x2@=Y) € F,[x]. Then f is a PP of F if and only if (3, — 1) = 1 and one of the

following occurs:
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(1) a=b=0and 29+ 1,¢*—1)=1
(2) a=1 and b*> — 4 is a square in Fy}.
(8) b= 0 and one of the following occurs:

(i) a=1and ¢ =1 (mod 4)
(it) a = 5 and ¢ = —1 (mod 6)
(i) a = —3 and ¢ = —1 (mod 12).

(4) a =0 and b # £1

(5) a(a—1)b #0, > =3a+1, and 1 — a is a square in F}.

Preliminaries
Before we are ready to prove the above theorem, we need a few preliminary results.

Proposition 3.4.2 Suppose f € F,[z] is an irreducible cubic. Then the discriminant

of f, D(f), must be a square in F,.

Proof. We may assume f is monic. Write f = (z —ry)(z —rg)(x —r3). It is clear that
F 5 is a splitting field for f. It follows that the Galois group of f is Aut (Fs/F,) = As.

Since Aut (Fs/F,) contains only even permutations, D(f) must be a square in FF,.
|

Let f be defined as above and let s € Z with 1 < s < ¢® — 2. Write s = a + 3¢, with

0<a,p <q—1. We compute the power sum

> f)

€F 5
= Z 238D (g 4 bgt! 4 220D (g 4 gl 4 22175
—
_ ; 3(a+Ba) ; (‘Z) (;) 4Ok (a1 (i~ +2k) (f) (;) (Pl (-a)G-1+20)
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- Q i B\ (J atB—i—jpi—k+j—I 3(a4Bq)+(q—1)(i+k—j—1)
X () () ) e

xT

It is clear that the above sum is 0 unless a + ¢ =0 (mod ¢ — 1), or equivalently
S =q—1— a. Using this fact we see 3(a + 8q) = —3(a+1)(¢—1) (mod ¢* — 1),

so the above sum becomes

o « ( g—1l—a\/(J —i—jpi—k4j—1 (g—1)(—3(a+1)+i+k—j—1)
2 ()5 (T |

4 1) \k J [
—3(a+1)+it+k—75—1=0 (mod g+1)

= —S,(a, a,b).

By Hermites Criterion, f is a PP of [F2 if and only if

e ( is the only root of f and

o Sy(a,a,b) =0 for each 0 < v < g — 1.

Proof of Theorem 3.4.1 under the assumption a(a —1)b =0

Recall that ¢ is a power of an odd prime p, and (3,¢ — 1) = 1.

Case (1): We have f = 227" which is clearly a PP of F 2 if and only if (2¢+1, ¢*—1) =
1.

Case (2): We claim f = 2*(1 + bz?' 4+ 22771) is a PP of F 2 if and only if b* — 4
is a square in F . Note that b?> — 4 is a square in 7 if and only if the polynomial
g=2%+bxr+1¢€TF,[z] has two distinct roots in F,.

Proof. (Of the claim) (<) Let € F2 and set y = f(x).

1° Suppose y # 0. Clearly x # 0. Let t = £ = z? + br?™t + 2?1 € F,. Then z = Y, 50

3 q+2 20+1 1
=) +eG) () =m ey,
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Thus 3 is unique and (3,¢ — 1) = 1, so ¢ is unique.

2° Now suppose y = 0. We want to show x = 0 as well. Suppose x # 0. Then we have
14 bat™t 4 2=D = 0,

so 77! is a root of g = ? + bx + 1 € F,[z], thus we can conclude z?~! € F,. This
gives

1= (xq—1)q—1 _ x(q—1)2 _ Iq2—2q+1 _ (xl—q)Q‘

It follows that x97' = +1, so b = +2, thus g = (z £ 1)? which is a contradiction. In
either case z is uniquely determined by y = f(x), so the sufficiency in this case is
complete.

(=) Suppose for contradiction that g = 2?4+ bx+1 € F,[x] does not have two distinct
roots in F,.

1° Assume g is irreducible over F,. Let € € F 2 be a root of g. Then €t = 1, so there

1

is some z; € F2 with 2] = e. It follows that

fla) =231 + 0287+ 220y = 23 f(e) = 0 = £(0)

which contradicts the fact that f is a PP of F..
2° Assume g is reducible. Then we must have g = (z + ¢€)? with € = +1. In either
case we have 9! = 1 so again there is some 2; € Fp with 297" = ¢, which again

gives f(z1) = 0= f(0) a contradiction.

Case (8): This is precisely Theorem 3.3.1
Case IV: In this case we have f = z3(ba?™! + 22(@7V),

First assume b = +1. It is clear f(0) = 0. We claim that there is some z; € F; with

f(z1) = 0. Since (—)?*! = b* = 1, there is some 2, € F}, with 297" = —b. Thus

fay) = 2i(baf ™ + 2707y = 23 (= + %) = 0 = f(0),
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so f cannot be a PP if b = +1.

Now assume b # +1. We use Hermite’s Criterion to show f is a PP. Suppose

for contradiction that f has a root x; in F;z. Then we have
bzt 220 =0 = —b=2" = (D) =1 = P =1,

which is clearly a contradiction. Thus if b # +1, then 0 is the only root of f. Now

we compute the power sum as before to see:

Z f(x)ori‘ﬁq — Z ($3(b$q—1 +$2(q—1))a+5q

*
J:E]qu :L“E]Fq2

_ 3 (j‘) <q —1- O‘) b= (3.4.19)

—a+i—j—q—2=0 (mod ¢+1) J
Letting ¢ run over the interval [0, «] and j over the interval [0,q — 1 — o] we see
—2q—1<-—a+i—j—q-2<—q—2.

Since —2(¢+1) < —2¢ — 1 and —(¢+ 1) > —g — 2, the sum in (3.4.19) is empty,(
i.e. it has value 0). Thus by Hermite’s Criterion, f is a PP. We conclude f =
23(bzt~! 4 2%47V) is a PP of F2 if and only if b # &1, so the proof of this case is
complete.

Sufficiency of Theorem 3.4.1 under the assumption a(a — 1)b # 0.

We use the notation Tr(z) for Tr,/,(2), and N(z) for Nz ,4(2).

Proposition 3.4.3 Assume a(a—1)b # 0. Suppose b* = 3a+1 and 1 —a is a square
in F,. Then we must have f(F2 \F,) CFpe \F,.

Proof. Suppose = # z? and f(z) = f(x)9. We have

ax® + brdt? 4 20t = 30 4 pp?att 4 et
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It follows that
a(z — 29 (2 + 2°7) + (a+ b — 1) (2 — 29)2"! = 0. (3.4.20)
Since x — 27 # 0, (3.4.20) becomes
ax®™ 4+ (a+b— 127" +a=0. (3.4.21)

With b = 3a+ 1, we observe that (a+b— 1) —4a* = (b— 1)?>(1 — a) which is a square

in F,. Thus g = ax?+ (a+b— 1)x + a is reducible over F,, so 24 € F,. Now we have
1= (xqfl)q—l — pla=)? _ P20+ _ 2-2¢ (qu)?_

Since = € F,, we must have z'7¢ = —1 = 277!, With 277! = —1, (3.4.21) becomes

a+1—>b=0. But we also have
(a+1-=b(a+1+b)=(a+1)*-b*=(a+1)>-Ba+1)=ala—1)#0,

which is clearly a contradiction. Thus g(F.2 \ F,) C Fpe \ F,.
m

Corollary 3.4.4 Writey = g(x). Ify € F,, then 2 = 7 and since (3,q—1) =1,

we can conclude T is uniquely determined by y.

Proposition 3.4.5 Assume a(a—1)b # 0. Suppose b*> = 3a+1 and 1—a is a square in
F,. Let v € F2 \F,y, and set y = f(x). Then Tr(x), and N(x) are unqgively determined
by y.

Proof. By definition g(x) = ax® + bx?"? 4 277! Therefore we have

Tr(g(z)) = (az® + br?™? + 22M) + (az® + bait? 4 22111
= aTr(z) + (b + 1)Tr(24+?) (3.422)

N(g([E)) = (ax?’ + bl’q+2 + 5172q+1)(ax3 + bxq+2 + x?q—i—l)q

60



= (a® + b* 4+ DN(z)® + (ab 4 b)Tr(z*+29) + aTr(z9+°) (3.4.23)
Combining (3.4.22) and (3.4.23) gives the following system:

Tr(y) = aTr(23) + (b + 1)Tr(z772)

(3.4.24)
N(y) = (a® + b* + D)N(z)® + (ab + b)Tr(z*+27) + aTr(x75)
It is not difficult to verify the following formulas hold for z € [F 2 :
Tr(2*) = Tr(z)* — 2N(2) (3.4.25)
Tr(29%%) = N(2)Tr(z) (3.4.26)
Tr(2*%) = Tr(2)N(2)* — 20(2)? (3.4.27)
Tr(29%°) = Tr(2)*Nz — 4Tr(2)*N(2)” + 2N(2)? (3.4.28)

Write Tr(z) = t,N(z) = n, Tr(y) = r,and N(y) = s. Making the substitutions (3.4.25)
- (3.4.28), system (3.4.24) becomes:

at? —nBa—b—-1)t=r
(3.4.29)
ant* + (ab+b—4a)n*t? +n3(a — b+ 1) =s

We want to show the system (3.4.29) has at most one solution (t,n) € F, x F,.

Remark 3.4.6 Since x € Fp \ F,, the polynomial f, = 2* — tx +n € F,[z], is
irreducible over F,. Thus t*—4n is a non square in F,, which also implies % (% — 4)

18 a non square as well.

1° Assume r = 0. We claim t = 0 as well. If t # 0, then we have

t? 3a—b—-1

a
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Using the relation b? = 3a + 1, it follows that

N =0b+1)>*1-a) (3.4.30)

a a

1:2<t2 4)3@—()—1 —a—b—1

n n

which is a square in F,. Therefore  must be in F, which is a contradiction.

2° Assume r # 0. It is clear t # 0 as well. Set u = %, and v = %, then system

(3.4.29) becomes:

tlau+b+1—-3a) =1
, (3.4.31)
tQ(au+ab+b—4a+@) — 1.

n2

2

Therefore we have

o2 (au+b+ 1 —3a)2)
Y

) ((au+ab+b—4a)u+(a—b—l—1)2>

u

or equivalently

a’*u® — (6a” —2ab—2a+avy)u® + [(3a — b — 1)* + v(4a — b — ab)| u— (a— b+ 1)’y = 0.

(3.4.32)
Let p(u) € F,[u] denote the LHS of (3.4.32). The problem is now reduced to showing
p(u) has at most one root in F,. With the help of a computer algebra machine we find

the discriminant of p is given by

D(p) = v(y —4)a*(a — 1)*h(y) (3.4.33)
where

h(vy) = —27a* + 18a%V* — 18a*by + 36ab + 18a* + 4ab®y — 8ab® — 24ab® + 12aby

—24ab — 4ay? + 16ay — 8a + b* — 203y + 4b° 4 b2+ — 4b*y + 6b% — 2by + 4b + 1.
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Using the relation > = 3a + 1 gives
h(y) = (1—a)(y+b*—3b—2)> (3.4.34)
Using (3.4.34), (3.4.33) becomes
D(p) = (7 — 4)a*(a — V21 — a)(y + (b + Db — 2))% (3.4.35)

Here we note that y ¢ F, so y(y—4) is not a square in F,. Now if v # —(b+1)?*(b—2),
then D(p) is not a square in F, so (3.4.32) has at most one solution in F, and we are

done. All that remains is to show that (3.4.32) has at most one solution in F, when

v =—(b+1)2(b—2).

Assume v = —(b+ 1)%(b — 2). Now we have
Yy —4)=0+1)*b—2) [(b+1)*(b—2)+4] =27a*(a — 1). (3.4.36)

Since y(y—4) is a nonsquare we must have (3, q) = 1. Using this fact with the relation

b = 3a + 1, (3.4.32) becomes

p(u) = a*v® + 3a*(b — 2)u® + 3a*(b — 2)*u + a*(b — 2)°

=a®(u+(b—2))° (3.4.37)
Clearly p(u) has a unique root in F, so the proof is complete.
Corollary 3.4.7 Assume f(x) =y € Fp2 \F,. Then x is uniquely determined by y.
Proof. Suppose z; € Fp \ F, with f(z1) = y = f(z). Since Tr(z) and N(z) are

uniquely determined by y, we must have Tr(z;) = Tr(z) and N(z1) = N(x). It follows

that z; = x or 27 = x%. Since f(z?) = y? # y, it must be the case that z; = z.
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Neccesity of Theorem 3.4.1 under the assumption a(a — 1)b # 0.

> fay

xGFqQ

_ Z 3(atBa) (& + bt 4 $2(q—1))a(a + bl 4 $2(1—q)),6’

xEIF:Q

:Z$3(a+5q)z a i q®ipi—k g (a=1)(i=k+2k) B\ (J =i =l (=) (G=1+20)
: i) \k VAN

irj
_ O\ (PN (B (I atpizjpizbtit 3(a+Bq)+(q—1) (i+k—j—1)
()G (e e

T

It is clear that the above sum is 0 unless a + f¢ =0 (mod ¢ — 1), or equivalently
f = q—1— . Using this fact we see 3(a + f¢) = =3(a+1)(¢— 1) (mod ¢* — 1),

so the above sum becomes

. Q { q—1—a\ /(] —i—jri—k+j—l (q—1)(=3(a+1)+i+k—j—1)
X () |

SR U 1[G St

—3(a+1)+it+k—7—1=0 (mod ¢+1)

= —S,(a, a,b). (3.4.39)
Now suppose g is a PP of Fj.. By Hermite’s Criterion, we must have
Sy(a,a,b) =0 for each 0 < a <¢g—1.
Set a =0.Since 0<k<i<a,and0<I<j<qg—1-aq,
q—2

—3(a+1)+i+k—j—1=0 (modg+1) = j+l:q—2and0§l§T.

Therefore the sum in (5.5.45) becomes

—1 ] o
I o
i f i ) \J
j—1=0 (mod ¢+1)
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q—1 q—2-1 —(q—2—-1)74—2-21
= bq
- (S n) ()

0<I< 932
a (q —2- l) —2-1 1321
= — (—=1)7=""a'b
b it l
(=)
_a qg—2-1\,
~ T )"

(= (l—-2))

Thus by lemma 3.5.1, the polynomial 22 + z — z has two distict roots in F,. In par-

ticular we have 1 + 4z is a square in F, which gives b* — 4a is a square in F,.

Now take o = 1. In this case the sum in (5.5.45) becomes

B D0

—6+i+k—j—I=0 (mod g+1

IR O

—6—j—l==2(q+1),—(q+1)
3 4= 2\ (T r-iprit 4 3 4= 2\ (7 1-ipi-t
A J ! A J l
—5—j—l=—(g+1) —4—j—l=—(g+1)
q—2\(q—2 —(g—2) q—2 q—5—1 —(q—5-1)1.g—5—21
— bq
(q—Q)(q—Q)a " 25 qg—5-1 l ¢
0<i<9z®
q—2 q—4-—1 —(14q—4—1)11+q—4-21
b q
> (q—4—l>< ! )a
0<i<94t
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Z q—2 =3 =1\ _(14g-3-1)g-3-2
bq
! (q —-3- l) < l )a

- l) CLl+4 b7472l

=~ ot

—4—1
3 s (T e,

0<I<94:t
—3—1
+ Z,(_qusfl(q 2_1)(‘1 ? )al+1b22l
0<i<4;?
(:=-#)
at 4 —1-5\ , -ad l -1 -4\
:a—f—ﬁZ(——) l Z—F?Z(——S) I z
0<l<az5 0<i<4t
A e e ¥
b2 {
o<i< a3
:a+<g)4(—z_5) Z (1—1) - 2
b [—5
5L 4+5
a\ 2 4 -1 I a _3 -1 l
+(5) = Y (l—l)(l_4>z+<ﬁ>( =Y u-n(, )
4<I< 95t 4q 3<I<L2 43

0 (mod p) when £* +i < [ <

We note that (;l) = 0 when £ < 0, and (l:li)
qg—1,1=3,4,5.

- (%)4 (==7) Oq;l(l - 1) (l .
N R IP Ot A RN CATRRUIS ST A

0<i<g—1

Making the substitutions (3.5.43), (3.5.44), and (3.5.45) gives

s (&) (0 (0 o ()
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() - ()

2(a—1)a(3a —b*+1)
= . 4.41
b2 — 4a (3 )

Thus (5.5.47) shows we must have ? = 3a + 1. Since b* —4a = (3a+1) —4a =1—aq,

we can conclude 1 — a is a square in F;. This completes the proof of Theorem 3.4.1.

3.5 Technical Lemmas

Lemma 3.5.1 Let z € F;. Write 2> + x — z = (v —r1)(z — r2). Then

ifri=r
Zf?”l #7"2 EFq

z ifry,re €,

ool

o~~~
L
[\
N——
N\\‘
|
(@]

Proof. Let C[f(z)] denote the constant term in the Laurent series of f in the inde-

terminant . Then we have:

> (5= 2 clamaral

0<i<qg—1 0<li<q—1
_ -
z
= C |z?- (—>
0<§—1 i z(1+ x) |
- . -
2
p— x .
0<§ ) (x(l + x)) ]
_C ;(]2 1 - (m(l—l—z))
L= x(li—x)

1

[ 2314 1) } O{—z_ (1 + ) %C{ (1 + )

x(1+x)—z'1+xq



-C L;i : (x2 +1x — Zﬂ (3.5.42)

Now suppose r; = ro(= —1). Then 3.5.42 becomes

—22 [ =2 1\

=0l -2 Iy
1 \¢ 1

_ 2 22
— (-1 2y —1)(=1)"2 =
gy =
1
-8

22 1
= B |
ry—re \r] r

0 if?’l,TQGIFq
z ifry,re &F,
|

Lemma 3.5.2 Write 2> +x — 2z = (x —r1)(z —r2) € F [z], with r1 # 2. We have the
following

> - 1)<l_l )zl _ 2432 (3.5.43)

o<1z -5 1+4z
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Y -1 <l :14) o= — ilz (3.5.44)

0<i<q—1

> -1 <l :13) 2= 1%:‘42. (3.5.45)

0<i<q—1

Proof. We make use of the following facts:

Ly (1—1)<l_l.>zl= 3 (l+1)<_l>zl—0

0<i<g—1 —J o<tz [ SZSQ—IQ(Z :lj) 2
2. (—éq_—61)) _ (—((;_—51)) _ <_((1q__41)) 0 (o 1)

d d [1—y? 1—ye
o X w5 =g [0

0<i<q—2 0<i<g-1

We proceed as in the previous lemma.

> (l+1)(l:l5)zl:C_x5 > 1+ ($(11$))l

0<i<qg—-1 0<i<qg—-1

- ()
=C |2° vt

i 2
L (1 - :E(1+:r)>

[ @) (G e)
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For the first term we continue exactly as in the previous lemma to see

9,2 1 —222 1 1 1
C[ <<x—r1><x—r2>ﬂ _ch_f) <— —x_m) "=

222 1 1 1 1
ro—ry 90 \r; 1—2% 1y

=C

= (22%)(r? +riry +73)
=22%((ry +79)* — 1172)

=22°(1+ 2).

For the second term we continue in a similar manner to see

|

C =C

x_qi <(90 - Tl)l(x - 7“2)>2

—23 1 1 1
(ri—m9)?2 292 \z—1r1 x—19

(3.5.47)

—2° 1 1 1
= -C — . (3.5.48
1+4z [xq—5 ([B—Tl :r—rQ) ] ( )

Again, working like before we have

= ()0 +78) = 267+ i 1)
=(—4)(14+22)+2(1 + 2)
= —2(1+ 22).
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Combining (3.5.47), (3.5.48) and (3.5.49) we have

-5 144z

0<i<q—1

Computing in a similar manner we also have

2 Yy (l:l5>zl:2(z2+z3).

0<i<q—1

Thus combining (3.5.50) and (3.5.51) gives

> (l_”(l:ls)zl‘%-

0<i<qg—1

The identities (3.5.44) and (3.5.45) are proved in the exact same manner.
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4  PERMUTATION POLYNOMIALS OF THE FORM x'*2" 4 L(x)

4.1 Background

Differential cryptanalysis ([3]) together with linear cryptanalysis ([67]) are considered
as some of the most efficient tools for block ciphers. The security of modern block
ciphers relies on the cryptographic properties of its subsitution boxes, which are nor-
mally the only source of nonlinearity. These substitution boxes are often constructed
by means of power mappings that have desirable cryptographic properties such as high
nonlinearity and good differential characteristics. To satisfy these criteria, a crypto-
graphically strong substitution box can be taken from the class of APN functions.
For more information on cryptographically significant mappings over finite fields see
[74] and [75].

The existence of APN permutations of Fan,n even, has been a challenging
question for quite some time. The only known such APN permutation is the example
in Fys discovered by Browning, Dillon, McQuistan and Wolfe in 2009 ([9]). As a
result there is strong interest in finding APN permutations of Fon for even n > 8. One
attempt to construct such functions is to start with a power APN function x¢ of Fan
and to search for a linearized polynomial L(x) such that x¢ + L(x) is a permutation

of an .

A more general objective has evolved from this line of thought: Determine
permutation polynomials of Fan, of the form x?+ L(x), where d is a positive integer and
L € Fon[x| is a linearized polynomial. Several authors have considered the problem

(see [62],[74], and [75]), some of the results are gathered below.
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Lemma 4.1.1 ([62]) Let L(x) € Fan[x] be a nonzero linearized polynomial. Then

x4 + L(x) is a permutation polynomial on Fon if and only if

) ¢ ot (a1l € Far)

for all p € F3,.

Theorem 4.1.2 ([62, Theorem 1]) Suppose ged(d,2"—1) = s > 1 andw, (¥2) =
k, where wy(t) denotes the number of nonzero terms in the base 2 expansion of t. If
s [ u for all intergers p > 0 with wo(u) < k — 1, then x¢ + L(x) is not a permutation

polynomial of Fon.

Theorem 4.1.3 ([62, Theorem 2]) Letn be odd, L(x) be a nonzero linearized poly-
nomial over Fan. Then x3 + L(x) is a permutation polynomial on Fan if and only if

L(x) = a*x + ax? for some a € Fi,.

Theorem 4.1.4 ([62, Theorem 3]) Suppose n is even and L(x) € Fou[x| is a lin-

earized polynomial. Then x3 + L(x) is not a permutation polynomial on Fan.

The previous two theorems can be extended to power functions of the form x!+2",

Theorem 4.1.5 ([62, Theorem 4]) Suppose gcd(k,n) = 1 and L(x) € Fan[x] is a
linearized polynomial. Then x4 L(x) is a permutation polynomial of Fon if and

only if n is odd and L(x) = o2 x 4+ ax2* for some o € F,.

Motivated the above results, Gong considered the same type of polynomials in The-
orem 4.1.5 but under the assumption that ged(k,n) > 1. The following two classes of

permutation polynomials were discovered.
Theorem 4.1.6 ([30]) Assume the 3|n.

(i) If k =n/3 or2n/3 and k =1 (mod 3), then x* 2" + (x + x2)""" is a permu-

tation polynomial of Fon.
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(i) Ifk =n/3 or2n/3 and k = 2 (mod 3), then x* 2" +(x+x2")2"" is a permutation
polynomial of Fan.

Based on Theorem 4.1.6 and computer search results, Gong conjectured the following:
If k=n/3and k =0 (mod 3) then both x' 2 4+ (x+x%)2""" and x'*+2" + (x+x2+)2""

are permutation polynomials of .. We confirm this conjecture in the next section.

4.2 L(x) = (x+ =¥ or L(x) = (x +x2)2""

Theorem 4.2.1 Assume that 3|n,k = n/3 and k = 0 (mod 3). Then x'*2* + (x +

sz)22k+1 and x't2" + (x+ X2k)2k+l are both PPs of Fan.

Proof. By Lemma 4.1.1, we have x'*2" + L(x) is a PP of Fyn if and only if

L(x)

o "y liyeR) (4.2.1)

for all z € F%,.. From (4.2.1) it follows that x'*2" 4+ L(x) is a PP of Faa if and only if

L(x 0 if n/k is even
Trgn/Qk (%) 7é (422)
* 1 if n/kis odd.

Since n/k = 3 we only have to show
L(z)
Trgn/gk (m) 7£ 1.

We first prove that x'*2" + (x + x2)2*"" is a PP of Fy» when k is even.

Assume that k is even. We show that
T + I2k 22k+1
Tr2n/2k (% 7£ 1 (423)

for all z € Fan.
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Notice for € Fon we have

k 2k+1 2k+1
(z +2%)? ¥+ a?
Tr2n/2k —x1+2k = Tr2n/2k —xl'f‘zk

I22k+1+22k _'_ x2+22k
= Tr2”/2’“ L2k 422k

(Tr2n/2k (% + x1+2k+1>>

N2n/2k (l‘)

Therefore, showing (4.2.3) is satisfied is equivalent to showing
Trgn jor (2% 4+ 2F2) 4 Ny i () # 0 (4.2.4)

for all z € Fan.

Since 6|n by assumption, we have 9|2¥~1. Choose v € Fyr such that v is not a
cube in Fye. Then x* + v € Fye[x] is irreducible. Let a be a root of x* + v. It follows
that Fyn = Far (). Since x3 + v is the minimum polynomial of @ over Fa, it is easy

to see Tron jor (@) = 0 and Nyn o1 (@) = v. Now since a* = awv, an induction gives

k 2.1 02k/2 1ok
o = T — s, (4.2.5)

Write = a + ba + ca® € Fj., with (a,b,¢) € F3, # (0,0,0). We have

Tron jor (2°) = Tron e ((a + ba + ca®)(a® + b’ + Pat)).

Combining the fact that Tron jox(a) = Tr2n/2k(042) = 0 and the reduction o = v, we

see

Tronjor (z°) = a® + b*v + 0. (4.2.6)
Let o denote the Frobenius of Fon /For and set 5 = a?. Then we have
Nan e () = (a + ba + ¢B)(a + ba” + ¢B7)(a+ba” +¢B7)
- a3 + bSNQn/Qk (O[) —|_ CgNQn/Qk (/8) —|_ a2bTr2n/2k (OZ) —|_ QQCTIQn/Zk (5)
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+ bzaTIZn/2k<aC(U) -+ bQCTrzn/Qk(aa”B"z) + CQaTIQn/Zk(ﬁﬁU)

+ chTrzn/Qk (ﬁﬁaa"z) + abcTran jor (87 + a7 B).

Observe that we have

1
Tron jor (”) = Nzn/zk(Oé)Tr2"/2k(a) =0,

Tryn ok (B67) = Tran o (@a”)? = 0,

Trzn/Qk(ao/’ﬁgg) = Non ok (@) Tron sk (B) = 0,

1
Tron /o (ﬁﬁaOﬁUQ) = Nzn/Qk(ﬁ)Trwmk(a) =0,

Tryn jor (87 + 7 B) = Tryn jor(a B+ a? )
= Trgn ok (B(Tron jor (@) — @)
= Tran ok () Tron ok (B) + Trom jor (aff)

=.
Combining the above facts we have

Non jor () = a® + b*v + *v* + abev (4.2.7)
Proceeding as before we also have

Tron o (2" = Tron ok (@ + ba + ) (a® + ba® + 2 %))
= Tronor((a + b + ¢B8)(a® + Fva” + b° 7))
=a® + chUTrQn/Qk (aa”) + b3Tr2n/2k (%)

+ uTTgn o (a7 ) + cb*Tron s (B37)

=a®+ bgTrQn/Qk(aﬁg) + cgvTrQH/gk(oﬂﬁ).
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Using (4.2.5) we have

o « _ligk_
Tr?"/2’“(o‘5 ) = N2”/2’€(04)T1”2n/2k<5> =730 1);

o 050 1ok _
Tron jor (7 ) = Nznm(a)TrQnm(E) — plts@"-1)

Thus

Trgn ok (#2) = @ 4 PPl 4 B2, (4.2.8)

Combining (4.2.6), (4.2.7), and (4.2.8) gives
Tron jor (27 + $1+2k+1) + Non jo (2) = abev + a® + pPol=a D) g By2hs @),

Define

Then

Tron o (2° + 2 4 Ngn o (@) = arbiciv + ai + bijv + v’
= Nou e (a1 + b + c10%)  (by (4.2.7))
# 0.

This completes the proof that x'+2" + (x + x2%)2*"" is a PP of Fy» when k is even.

2k+1

Now we consider x172" + (x+x2*)2""" under the assumption k is even. We note

that to prove that x'*2* + (x 4+ x2*)>""" is a PP of Fyn, we only need to show
Tr2n/2k (iL‘B -+ $1+22k+1) —+ NQn/Qk (.T) ;é O (429)

for all z € Fan.

Equation (4.2.9) can be proved in the same manner as Equation (4.2.4). In

fact, we have:

Ty jor (272) = Trgujoe (0 + b + cB)(a® + b2a” + 257
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= Trynjor (@ + ba + ¢B) (a? + Fva + b*67))
=ad+ bC2/UTr2n/2k(OfO[U2) - bgTrQn/zk(a6”2)
+ c?’UTrQn/Qk (a”zﬁ) + CbQTrZ"/Qk (5502)

=a’ + b3Tr2n/2k (aBUQ) + C3UTr2n/2k (a"Qﬁ).

Using (4.2.5) it follows that

o
Tr2n/2k (OCU ﬂ) = N2n/2k (Od)TrQn/2k (g) = Uli%@kil)
aO’
Thus
Tronjon (2177771) = 63 + PPl +5 (D 4 325200, (4.2.10)

Putting the pieces together we have
Tron jor (2% + 22 o Ny o (2) = abev + a® 4 BP0 *5 2D 4 250 (4.2.11)

Define

1ok __ _liok_
as = a, bgzbw(2 1), Cy = Cv g(2" 1)

Then

Tron jor (2° + 2P 4 Non jor () = asbacav + aj + bjv + v
= N2n/2k (CLQ + bQOé + CQB)
#0

Now assume k is odd. For each = € F,., by (4.2.9), with n replaced by 2n and
k replaced by 2k we have

Tr22n/22k (ZL‘3 + IH—Q%H) + N22n/22k (IL') # 0. (4.2.12)
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For each z € Fon, we have
Troem o2 (2) = 2 + A = P = Tron jor(2)

as well as

Nogn jgar (2) = 2+ 2% - 22" = 2 2% 2% = Now o (2).

Therefore (4.2.12) becomes

TrQn/Qk (x?) + I1+2k+1) + N2n/2k (l‘) 7é 0

k+1

Thus x'*2" + (x + x?)2""" is a PP of Fon when k is odd as well. Using the same

method, we have x' 2 4 (x 4+ x2)2"" is also a PP of Fn.
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5 ON MONOMIALS GRAPHS OF GIRTH E1GHT*

5.1 Background

All graphs considered in this chapter are finite, undirected, with no loops or multiple
edges. All definitions of graph-theoretic terms that we omit can be found in Bollobés
[4]. The order of a graph is the number of its vertices. The degree of a vertex of a
graph is the number of vertices adjacent to it. A graph is called r-regular if degrees
of all its vertices are equal to r. A graph is called connected if every pair of its
distinct vertices is connected by a path. The distance between two distinct vertices
in a connected graph is the length of the shortest path connecting them. The girth of

a graph containing cycles is the length of a shortest cycle.

Let k > 3, and gx(n) denote the greatest number of edges in a graph of order
n and girth at least 2k 4+ 1. The function gx(n) has been studied extensively; see
the surveys by Bondy [6], and by Fiiredi and Simonovits [28]. It is known that for
2 < k # 5, and sufficiently large n,

cﬁcn1+3k—23+e < gi(n) < cpn' ¥, (5.1.1)

where € = 0 if k£ is odd, e = 1 if k is even, and ¢} and ¢ are positive constants
depending on k only. The upper bound was due to Bondy and Simonovits [5], and
the lower bound was obtained via an explicit construction by Lazebnik, Ustimenko
and Woldar [55]. (For many prior related results see the references in [5, 55].) For

k = 5, a better lower bound is known, and it is of magnitude n'*'/5. The only known

*This chapter is the paper [48]
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values of k for which the lower bound for g;(n) is of (maximum) magnitude n'+/*

are
k = 2,3, and 5. Several graphs of such extremal magnitude were constructed using

polynomials over finite fields as we describe below.

For each k = 2,3,5, consider a bipartite graph I'y(q) with vertex partitions
P, = IF’; and Ly = IF’;, and edges defined as follows.

For k = 2, a vertex (p) = (p1,p2) € P is adjacent to a vertex [l| = [l1, 2] € Lo
if and only if
p2 + 12 = pily.

For k = 3, a vertex (p) = (p1,pe2,p3) € P3 is adjacent to a vertex [I] =
[l1,1s,13] € L3 if and only if the following two equalities hold:

P2+l =pili, p3s+l3= pﬂ%

For k = 5, a vertex (p) = (p1,p2,P3,P4,p5) € Ps is adjacent to a vertex
(] = [l1,12,15,14,15] € Ls if and only if the following four equalities hold:

p2 +1lo=pili, ps+ls= pll%, pa+ 1y = plli” D5 + ls = paly — 2psla + pals.

It can be shown that for £ = 2,3 and 5, the graph ['x(q) is ¢g-regular, and it
can be shown that the girth of I'y(¢) is 2(k + 1) (for £ = 5 we have to assume that
q is odd). For the origins and properties of these constructions, and their relation to
generalized polygons, see Lazebnik and Ustimenko [54], [55], Lazebnik and Woldar
[56], and the references therein. The graphs described above are also related to Moore

graphs and cages; see Miller and Siran [69] and Exoo and Jajcay [23].

Similar constructions of hypergraphs turned out to be useful for some extremal
problems for hypergraphs; see Lazebnik and Mubayi [57] and Lazebnik and Verstraéte
[58].

In what follows we concentrate on a generalization of the construction of

I's(q) above. Let f,g € F,[x,y]. The graph G = G,(f,g) is a bipartite graph
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with vertex partitions P = IFg and L = Fg, and edges defined as follows: a ver-
tex (p) = (p1,p2,p3) € P is adjacent to a vertex [l] = [l1,[2,l3] € L if and only
if

p2t+l=f(p1,li) and p3+13=g(pi, L)

It is clear that I's(q) = G,(xy,xy?), and as we already mentioned, the girth of this

graph is eight. If f and g are monomials, we refer to G,(f, g) as a monomial graph.

For certain questions in extremal graph theory and finite geometry, it is desir-
able to have examples of graphs G,(f, g) containing no cycles of length less than eight
and not isomorphic to the graph G,(xy,xy?). Do they exist? So far, no such graphs
G,(f,g) have been found for odd ¢. For even ¢, such examples exist, in particular,
among monomial graphs. This motivated Dmytrenko, Lazebnik and Wiliford [20] and
Kronenthal [52] to study monomial graphs G,(f,g) of girth at least eight for odd g.
We encourage the interested reader to see these papers for more details and related

references.

The results from [20] and [52] suggest that for odd ¢, monomial graphs of girth
at least eight are isomorphic to I's(¢). The main conjecture of [20] and [52] is the

following.

Conjecture 5.1.1 Let q be an odd prime power. Then every monomial graph of girth

eight is isomorphic to I's(q).

In an attempt to prove Conjecture 5.1.1, two more related conjectures were proposed
in [20] and [52].

For an integer 1 < k < q—1, let
Ay = xF [(X + 1) — xk] € F,[%] (5.1.2)

and

By = [(x+1)* = 1]x7 " —2x97" € F,[x]. (5.1.3)
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Conjecture A. Let q be a power of an odd prime p and 1 < k < q— 1. Then Ay is
a PP of F, if and only if k is a power of p.

Conjecture B. Let q be a power of an odd prime p and 1 < k < q—1. Then By, is
a PP of F, if and only if k is a power of p.

The logical relation between the above three conjectures is as follows. It was
proved in [20] that for odd ¢, every monomial graph of girth at least eight is isomorphic
to G,(xy,x"y?*), where 1 < k < ¢ — 1 is an integer not divisible by p for which both
Ay and By are PPs of F,. In particular, either of Conjectures A and B implies
Conjecture 5.1.1.

In [20] and [52], the above conjectures were shown to be true under various ad-
ditional conditions. The main objective of this chapter is to confirm Conjecture 5.1.1.
This is achieved by making progress on Conjectures A and B. Our results fall short of
establishing the claims of Conjectures A and B. However, when considered together,
these partial results on Conjectures A and B turn out to be sufficient for proving

Conjecture 5.1.1.

Throughout this chapter, most equations involving integers should be treated

as equations in the characteristic of [Fy, i.e., in characteristic p.

Prior Status of Conjecture A

The proof of [20, Theorem 1] implies that Conjecture A is true for ¢ = p.

Prior Status of Conjecture B

For each odd prime p, let a(p) be the smallest positive even integer a such that

(aC/Lz) =(-1)**2* (mod p)

The proof of [52, Theorem 4] implies the following.
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Theorem 5.1.2 Let p be an odd prime. If Conjecture B is true for ¢ = p°, then it s

€M

also true for g = p®™ whenever

p—1
= 1o-D/a®)]

m

Unfortunately, unlike Conjecture A, Conjecture B has not been established for

5.2 Power Sums of A, and B;

Let ¢ be any prime power (even or odd). For each integer a > 0, let a* € {1,...,q—1}
be such that a* = a (mod ¢ — 1); we also define 0* = 0. Note that for all @ > 0 and
v e€F, 2% =2%. We always assume that 1 < k < ¢ — 1; additional assumptions on

k, when they apply, will be included in the context.

Lemma 5.2.1 For1<s<gq—1,
Y Aula) = (~1)°H i(—ni (f) (g;’z)) (5.2.4)

Proof. We have

Z Ap(z)® = Z " [(x+1)F —2*]°

z€F, z€FY

-y ksz()ﬁm kot

J:EIF*

~Y 31 <)2k Ly

1S

=Y (-1 ( ) 2ho—ki § ((kf;) ) (ki) —j

a:EIF* 7

-z ()
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1 ifz=1,
Bi(z) = (z 4+ 1)20Y -1 =
0 ifzelF,\ {1},
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so the left side of (5.2.5) is 1. On the other hand, the right side of (5.2.5) equals
, i
i=1

and hence (5.2.5) holds.

Now assume that 1 < k£ < ¢ — 1. The calculation is identical to the proof of
Lemma 5.2.1. We have

> Bile)y = 3 ([@+ 1™ + 1))

z€lFy z€lFy

=Y e[+ )% 1)

z€FY

%5 ()

0.5, 00
If ks 20 (mod ¢ — 1),

S o= (0) (G )
If ks =0 (mod ¢ — 1),

S-S ) (-0

z€lFy )
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(ii) We have

Y Bia) =Y ([(:c 1) 1]a k- 2)8

z€lF, z€Fy

DN WICEEEERFTS

1S

—2)" Yy Z(—z)—i( Yy (;) (z + 1)@k (—1)=3

S yeer())
o R T
(

oy ZQ—i(_l)g‘ (Z)

1,9,

oy 5 ()0

4,j [=ki(modg—1

Note that if I = ki (mod ¢ — 1) and 0 <1 < (2kj)*, then either [ = (ki)* or i = 0,
j >0 and [ = q — 1; in the latter case, (;) = 0. Therefore, we have

e - o) () ()

z€lFy

Theorem 5.2.3 (i) Ay is a PP of F, if and only if gcd(k,q — 1) =1 and

Z(—Ui(j) (<;]ZS)>) —0 foralll<s<gq-—2 (5.2.7)
(ii) By is a PP of F, if and only if ged(k,q — 1) =1 and
3 (1) (‘j) (((QIZ?:) = (=2)* foralll<s<gq-—2. (5.2.8)

i

We remind the reader that according to our convention, (5.2.7) and (5.2.8) are

to be treated as equations in characteristic p.
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Proof. [Proof of Theorem 5.2.3] We prove the claims using Hermite’s criterion.

(i) Clearly, 0 is the only root of A in F, if and only if ged(k,q — 1) = 1. By (5.2.4),
> ver, An(z)* =0 for all 1 <s < ¢ —2if and only if (5.2.7) holds.

(ii) We consider even and odd ¢’s separately.

Case 1. Assume that ¢ is even. We have By = [(x + 1)?F — 1]x4717F,

If ¢ =2, then k = 1 and By, = x?, which is a PP of F,. In this case, (5.2.8) is

vacuously satisfied.

Now assume that ¢ > 2. Clearly, 0 is the only root of By in F, if and only if
ged(k,q — 1) = 1. By (5.2.5), erwq Bi(x)* =0 for all 1 < s < ¢ — 2 if and only if
(5.2.8) holds.

Case 2. Assume that ¢ is odd.

1° We claim that if By is a PP of F,, then ged(k, (¢ — 1)/2) = 1. Otherwise,
ged(2k,¢—1) > 2 and the equation (z+1)** —1 = 0 has at least two roots 1, x5 € F}.
Then By(x1) = —2 = By(x3), which is a contradiction.

2° We claim that By is a PP of F, if and only if ged(k, (¢ —1)/2) = 1 and
(5.2.8) holds.

By 1° and (5.2.6), we only have to show that under the assumption that
acd(k, (g - 2)/2) = 1.

ZZ:Q_i(—l)j (f) (;) (((2:5)) LRI ETEYEE 520,

1 fors=q—1,

if and only if (5.2.8) holds. Set

Si=27"3 (-1 <;) (%{’3) 0<i<qg—1.

J

88



Then (5.2.9) is equivalent to

1 ifs=0,
s
Z(i)&: 0 if1<s<q—2, (5.2.10)
1 ifs=q—1.

Equation (5.2.10) is a recursion for S;, which has a unique solution

—1) f0<i<q-2,
g = (1)
2 ifi=qg—1.
Therefore, (5.2.9) is equivalent to
(0N ([ (2k5) (—2) f0<i<q-2,
1y _ 5.2.11
S () (G (5.211)

j J 2 ifi=q—1.

It remains to show that when i = 0 and ¢ — 1, (5.2.11) is automatically satisfied.

When i = 0, (5.2.11) is clearly satisfied. When i = ¢ — 1,

S () - 5, )

. g—1
J j=%5=,q-1

3° To complete the proof of Case 2, it remains to show that if By, is a PP of [,
then ged(k,q — 1) = 1, that is, £ must be odd. This is given by Lemma 5.3.7 later.

[
5.3 Facts concering A, and B,
Assume that ¢ > 2 and 1 <k <g¢g—1, and let
q—w
= | —. 5.3.12
a:= |12 (5.3.12)
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When ged(k, g —1) =1, let ¥/,b € {1,...,q — 1} be such that

k=1 (modq—1), bk=-1 (modq—1), (5.3.13)
and set
¢ = {q = 1J. (5.3.14)
Note that X X
Z; L <k< q; (5.3.15)
and
Z;id@’gq;l. (5.3.16)

The following obvious fact will be used frequently.
Fact 5.3.1 A is a PP of F, if and only if Ay« is. The same is true for By.

Lemma 5.3.2 If1 <k <q—1 and Ay is a PP of F,, then

<q _ llm_ ka) =0 (mod p), (5.3.17)
(zcc) =0 (modp). (5.3.18)

Proof. 1° We first prove (5.3.17). By Theorem 5.2.3 (i), ged(k,q— 1) = 1, and hence

(5.3.15) becomes
-1 —1
a <k<i™2 (5.3.19)

Therefore
g—1<k(a+1)<2ka<2(q-—1),
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which implies that (2ka)* = 2ka — g + 1. By (5.2.7),

-2 () -, 2 () )

i 20— 41 <i<a
u ka " ka
=yt Y= ).
2ka —q+1 qg—1—ka
(Note: in the above, 2a — (¢ — 1) /k < i < a implies that i = a.)

2° We now prove (5.3.18). If ¢ > (¢ — 1)/2, (5.3.18) is automatically satisfied.
So we assume that ¢ < (¢ — 1)/2. Since ged(k',q — 1) =1, (5.3.16) becomes

—1 —1
a <k <1 )
c+1 c

(5.3.20)

If ¢ = (¢ —1)/2, then (5.3.20) implies that &' = 1. It follows that k£ = 1, which is a
contradiction. Thus ¢ < (¢ —1)/2. Set s = (¢b)*. Then

s=q—1—ck, (5.3.21)
and
(2ks)" =q—1—2c (5.3.22)

By (5.2.7),
() S0 S e

For each 0 <1 < 2¢, let i(l) € {0,...,q—1} be such that (ki(l))* = ¢—1—1. Because
of (5.3.20), we have

qg—1—1F if 0 <l <e,
i(l) =
20q—1) =1k ifc+1<1<2e

When 0 <[ < ¢,
i)=q—1—1lk>q¢—1—ck =s.
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When ¢ < [ < 2¢, we also have
i()=2(q—1) =l >q—1—ck =s.

When [ = ¢, i(l) = s. Therefore (5.3.23) becomes

0— (_l)s(qq_—ll_—;c) _ (_1)s<q - i - c) _ (_1)8(—16— c) _ (1)t (26(;).

]
Corollary 5.3.3 Conjecture A is true for g = p.
Proof. Let 1 <k <p—1.Since 0 <p—1—ka <ka <p-—1, we have
ka
0 d p).
(5 Yoo
By Lemma 5.3.2, Aj is not a PP of IF,.
]

Remark 5.3.4 Equation (5.3.17) is contained in [20, Theorem 1], and Corollary 5.3.3
is implied by the proof of [20, Theorem 1].

Lemma 5.3.5 Assume that Ay, is a PP of F,. Then all the base p digits of k' are 0

or 1.
Proof.  We only have to consider the case when k is not a power of p. By (5.3.18),
we have ¢ > (p —1)/2. Write k' = kjp® + -+ + k._,p®~!, where 0 < k/ < p — 1. Since

—1 ¢ —1
CSQ — < 2,9 I
k ke—lpe

we have

k, jc<p-—

€ - pe—l’
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and hence k._,;c < p — 1. It follows that k,_; < (p —1)/c < 2. Replacing k" with
(pe~17k")* (and k with (p'T'k)*), we also have k! < 2.

Lemma 5.3.6 Assume that q is odd and By, is a PP of F,. Then

(=2)'=1 (mod p).

Proof. We first claim that k # ¢ — 1. If; to the contrary, k = ¢ — 1, since ged(k, (¢ —
1)/2) =1 (proof of Theorem 5.2.3, Case 2, 1°), we must have ¢ = 3 and k = 2. But
then By = (X +1)'—1—-2X? =2X (X +1) (mod X?— X), which is not a PP of F3.

Since By is a PP of Fy, f := [(x + 1)** — 1]/x" is one-to-one on F;. Since
By(0) = 0, we have f(z) # 2 for all # € F;. Define f(0) = 2. Then f:F, — F, is a
bijection with f(—2) = 0. Thus

1= J] rf@=2 ]] %:2’““ I[I @+1E"-1).

z€F,\{-2} 2€F,\{0,~2} z€F,\{£1}
(5.3.24)

Case 1. Assume that & is odd. Since ged(k, (¢—1)/2) = 1, we have ged(k,q—1) = 1.
Then,

II «+n= 1] yz—%,

T€F\{+1} y€F\{0,2}
L 1
H (¥ =1) = H y=35-
x€F \{+1} y€Fg\{0,—2}

Therefore (5.3.24) gives

1\ 1
1= 2k+1 <__)_
2/2’
that is, 2= = 1.

Case 2. Assume that k is even. Then (¢ — 1)/2 is odd and ged(k,q — 1) = 2.
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Let S denote the set of nonzero squares in F,. We have

H(X —a)=xV2_1

aesS

Setting x = —1 in (5.3.25) gives [] .g(a + 1) = 2, that is,

[ e+n=1

aeS\{1}
By (5.3.25),
[M x+1-a)= (X+1)( /2 e 1)/z(qr—]t/2) i1
X — .
aes\{1} i=1

Setting x = 0 in (5.3.27) gives

By (5.3.26) and (5.3.28),

[ «*+vy= T]] (x2+1):< I1 (a+1)> ~1,

zelF \{£1} zelF \{£1} aeS\{1}

1 «-v=(T1I (a—1)>2:%.

z€F\{£1} aceS\{1}

Thus (5.3.24) becomes 2¥~1 = —1.

Lemma 5.3.7 Assume that q is odd, 1 < k < q—1, and By, is a PP of F,,.

1 odd, a and c are even, and
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(5.3.26)

(5.3.27)

(5.3.28)

Then k

(5.3.29)

(5.3.30)



(a - 1> (k;) _ (C1)iiget, (5.3.31)

(L) = (-1, (5.3.32)
¢=1—ck' \ _ o \ersloar
(%((] —1— C/{:’)) - ( 1) 2 ) (5.3.33)
Fer (%[qq_—lf—((cc__lz))kz;']) = (CDFEE (5.339)

Proof. 1° We first show that k is odd. This will imply (5.3.29) through Lemma 5.3.6
and also complete the proof of Theorem 5.2.3, Case 2, Step 3°. Recall from the proof
of Theorem 5.2.3, Case 2, Step 2°, that ged(k, (¢ — 1)/2) =1 and (5.2.8) holds.

Assume to the contrary that k is even. Equation (5.2.8) with s = (¢ — 1)/2

Z(_l)i(]f_-l) ((q?lii)l*) _(—2)5" (5.3.35)

i

gives

Since ged(2k,q — 1) =2, (¢ — 1)/2 is odd. In the above,

()0 #0

only if i = (¢ — 1)/2. Hence (5.3.35) gives 2("1/2 = 1. So the order of 2 in F} is odd.

However, by Lemma 5.3.6, 2°~! = —1 has order 2, which is a contradiction.

2° We now prove that a is even and (5.3.30) and (5.3.31) hold. Since ged(k, (¢—
1)/2) =1 and k is odd, we have ged(k,q — 1) = 1. Thus (5.3.15) becomes

By (5.2.8),

S e

)

In the above, (2ki)* > ka only when i > a/2. When a/2 < i < a, (2ki)* = 2ki — (¢ —
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1) < ka. Therefore, a must be even and (5.3.36) becomes

which is (5.3.30). Also by (5.2.8),

Z<_1)i(“ ; 1) (k((iki)n) = (=2)*"L, (5.3.37)

i

In the above, (2ki)* > k(a—1) only when i > (a—1)/2, i.e., i > a/2 (since a is even).
When a/2 <i<a—1, (2ki)* =2ki— (¢ — 1) < k(a — 1). Hence (5.3.37) becomes

03" ) () =2

which is (5.3.31).

3° Next, we prove (5.3.32). By (5.2.8),

rper () () o

7 7

()(22) 7

only if i = (¢ — 1)/2. Hence (5.3.38) gives

e () ()

which is (5.3.32).

In the above,

4° Finally, we prove that ¢ is even and (5.3.33) and (5.3.13) hold.

In (5.3.16), if ¥ = (¢ — 1)/c, since ged(k',q — 1) = 1, we must have k' = 1.

Then k = 1, which is a contradiction. Therefore (5.3.16) becomes

-1 -1
a <k <d )
c+1 c

(5.3.39)
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Let s = (¢b)*. Then we have

s=q—1—ck,

(ks)*=q—1—c

By (5.2.8),

3 (-1 (j) (q <_2k1@)_ C) = (—2)". (5.3.40)

)

For 0 <1<¢/2 let i€ {0,...,q— 1} be such that (2ki)* = ¢ — 1 — 2. By (5.3.39),
. / ]- /
i=q—1—1kK or E(q—l)—lk.

Ifi=q—1—1IK, theni >qg—1—ck' =s. Ifz’z%(q—l)—lk’,thenigs
only if | = ¢/2. In fact, %(q—l)—lk':igs:q—l—ck’ implies that

K <
~ 2(e=1)’

which, by (5.3.39), implies that 2(c — 1) < ¢, i.e., [ > ¢/2.

Therefore, the ith term of the sum in (5.3.40) is nonzero only if i = (¢ —1) —

$k'. Hence ¢ must be even and (5.3.40) gives

1 / -1 —Ck'/ ’
_q)a—1-ak [ 4 _ (_o)ck
( )2 %(q—l—Ck/) ( ) )

which is (5.3.33).

To prove (5.3.34), we choose s = ((¢ — 1)b)*. We have

s=q—1—(c— 1)K,

(k’S)*:q—l—<C—1),

and (5.2.8) gives

Z(—l)i(j> (q B 1<2_ki();_ 1>> = (—2)*. (5.3.41)

i
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For 0 <l<¢/2—1,letie{0,...,q— 1} be such that (2ki)* = ¢ — 1 — 2l. Then
. / 1 /
i=q—1—=1kK or §(q—1)—lk.

Ifi=g—1-1K, theni>s. Ifi=3(g—1)—IK, theni < sonlyifl =c/2—1.

In fact, ¢« < s implies that

which further implies that 2(c — 1 —1) < ¢, i.e., | > ¢/2 — 1. Therefore, the ith term

of the sum in (5.3.41) is nonzero only if i = $[g — 1 — (¢ — 2)k’]. Hence (5.3.41) gives

e = (T ) ()

_(_1\s1+t q—1—(c—1F —c
=1 (%[q—l—@—zw)( b

which is (5.3.34).

For each odd prime p, let

a(p) = min{u s u is a positive even integer, ( 7;2> =(—1)22" (mod p)}
u
(5.3.42)

Remark 5.3.8 Since

2

(") =07 o)

we always have a(p) < p — 1.

Lemma 5.3.9 Assume that q is odd and 1 < k < q—1. If By, is a PP of F,, then
all the base p digits of k are < (p —1)/a(p).

Proof. By (5.3.30), a = [(¢ — 1)/k] > a(p). Let ¢ = p° and write k = kop° + --- +
ke_1p®!, where 0 < k; < p—1. We first show that k._; < (p—1)/a(p). Assume that
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ke_1 > 0. Since

q—1< pe—1

a < ;
- k - keflpei1
we have
1
ke—la S P — e—1°

Thus k._1a < p—1, and hence k.1 < (p—1)/a < (p—1)/a(p).
Replacing k with (p*~!7'k)*, we conclude that k; < (p —1)/a(p).

We include a quick proof for Theorem 5.1.2.

Proof. [Proof of Theorem 5.1.2] Let ¢ = p°. Assume that 1 < k < ¢™ —1 and By is a
PP of Fym. Write k = kog® 4+ -+ + kpo1¢™ ', 0 < k; < ¢ — 1. By Lemma 5.3.9, all
the base p digits of k are < [(p — 1)/a(p)]. Hence

—11g—1
kiS[p—Jq—, 0<i<m—1.
a(p) lp—1

Since Conjecture B is assumed to be true for ¢, by Fact 5.3.1, we may assume that

k=1 (mod g — 1), that is,
ko+ - +kn1=1 (modgqg—1).

However,
ko—i‘"‘—’—kmfl §m{—)

So we must have kg + -+ + k,,_1 = 1.

5.4 A Theorem on A,
Theorem 5.4.1 Conjecture A is true for q = p°, where p is an odd prime and
gpf(e) <p—1.

Theorem 5.4.1 is an immediate consequence of Corollary 5.3.3 and the following

lemma.
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Lemma 5.4.2 Let q be a power of an odd prime p and 1 < m < p—1. If Conjecture A

is true for q, it is also true for q™.

Proof. Assume that Ay is a PP of Fym, where 1 <k < ¢™—2. Let ¥’ € {1,...,¢™—2}
be such that £’k =1 (mod ¢™ — 1). It suffices to show that £’ is a power of p. Write
K = kyg"+ -+ Kk, 1¢" ', 0 <kl < qg—1. Since A; is a PP of F, and since

Conjecture A is true for ¢, we may assume that £’ =1 (mod ¢ — 1), that is,
ky+---+k, ;=1 (modqg-—1). (5.4.43)

On the other hand, by Lemma 5.3.5, all base p digits of k' are < 1. Hence

R<iTl g<i<mo1
p—1
Therefore,
qg—1

Combining (5.4.43) and (5.4.44) gives kj + - -+ + k!

m—1 —

Remark 5.4.3 In [52], the author commented that an avenue to improve Theorem 77
is to find a more explicit form for the function py in that theorem. By Theorem 5.4.1,

one can choose py(r) =r + 1.

5.5 A Theorem on B,

Our proof of Conjecture B under the condition a(p) > (p — 1)/2 follows a simple line
of logic. Assume to the contrary that By is a PP of F,. for some k € {1,...,p° — 1}
which is not a power of p. Then with the help of Lemma 5.5.1, a := [(p* —1)/k| =0
(mod p). However, (5.3.31) dictates that a # 0 (mod p), hence a contradiction.

Lemma 5.5.1 Letp > 3 be a prime. Lett, j, e be integers such that0 < i < j < e—1,
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and let

k:kopo—i_"'—i_ki—lpi_l—'_pi—i_pj? kOJ"'aki—IE{Ou"wp_]-}J
o= "]
= 2 ,
5=
J—1

Assume that a is even and

e _1 e_1
;erj P — <L (5.5.45)

Then

PEIL =PI 4 (<)) if u is odd,
a= (5.5.46)
Pl —p 4 (=1)"D] =1 if uis even.

Proof. Write e — j =u(i —j)+r, 0 <r < j—i We have

-1 1 1
, - =p - — .
prp L TpT
:p€—J 1 _pl—] +p2(l_J) S — -
| e
et ()
4 (=1 u+1pr+1—] 1 _pl—J _|_p2(z_]) S -
(1 [
[ T e ()] g ()i L1
Pl —p (=1)"p" ] + (=1)"*p T pip
=1 — i (=1 u(i—j) + — (=1 u+1 r+i_ 17,
Pl —p (0PI + S (D ]

Since r 4+ < 7, we have

< — (=)™ — 1] <1 if wis odd,
L (o)

-1<

[(=1)“*'p™™ —1] <0 if uis even.

i+ p
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Thus

{pe ! (5.5.47)

Pl —p I 4 (= 1)upeD)] if u is odd,
W+WJ_

Pl —p ™+ 4 (=) 0] — 1 if u is even.

Note that the right side of (5.5.47) is always even. Then (5.5.46) follows from (5.5.45),

(5.5.47) and the assumption that a is even.
|

Theorem 5.5.2 Conjecture B is true for ¢ = p®, where p is an odd prime such that

a(p) > (p—1)/2.

Proof. Assume to the contrary that there exists k € {1,...,p° — 1}, which is not a
power of p, such that By, is a PP of Fp.. Write

k=kop”+ - +kep™, 0<k<p-—1
Since a(p) > (p — 1)/2, by Lemma 5.3.9, k; < 1 for all 4. Let
"]
a= :
k

By Lemma 5.3.7, a is even, and by (5.3.31),

(Z) 20 (mod p).

In particular, a 0 (mod p).

Let d be the distance in Z/eZ defined by

d(fa], [y]) = min{|z —y|, e = [z —yl}, 2,y €{0,...,e 1}

This is the arc distance with [0],...,[e — 1] evenly placed on a circle in that order.
Let | be the shortest distance between two indices i,j € Z/eZ with k; = k; = 1.

Then 1 <[ < e. The 1’s among ko, ..., k. 1 cannot be evenly spaced. Otherwise,
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ged(k,p¢ — 1) = (p° — 1)/(p' — 1) > 1, which is a contradiction. Therefore, we may

write

where j =e—1—1,i=j5—1l=e—1—2[. We have

e—j l+1 2 ifl=1,
w=|s= =] =
J 1 ifl>2.
Case 1. Assume that [ = 1. Since
. . ‘—1 A
ko -kt <4 =D < P
p—1 p-1

we have

pr-1 p-1
(

1 1
6—1[, _ A }
R T SRSy s QR

p“rpj_ k
1 1
<) ]
A R
1 1
Plp+1 P
pe_l e—j—2
: —1
ppp+1) T

Thus by (5.5.46),
a=p I [1=p 74 (=) D] —1=p?1—p) =0 (mod p),

which is a contradiction.

Case 2. Assume that [ > 2. Since the distance between the indices of any

two consecutive 1’s among ko, ..., k._1 is > [, we have

hop’ 4+ kapt <Pl AP AP T A = p o
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Hence

-1 pr—1 1 1
e U S ]
<00 )
1P +p’
-1 P
P =1 (g +p)) (5 + 1)
pe—i-i
p(p' + 1) (0 + )
< Pt _ pete—1-21-2(e—1-)—1 _ q
P2+l p :

Therefore by (5.5.46),
a=p- [1 S <_1)upu(i*j)] =p" (1 -p =0 (modp),

which is a contradiction.

Many odd primes p satisfy the condition a(p) > (p — 1)/2. Among the first
1000 odd primes p, the equation a(p) = p — 1 holds with 211 exceptions. The first
few exceptions are «(29) = 10, «(31) = 8, a(47) = 18,.... In fact, for any odd prime
p, either a(p) = p —1 or a(p) < (p — 1)/2; this follows from a symmetry described

below.

Note that for integer m > 0,

2~2m (2m> o (2m)! _ (@m-DI

m

2m.ml)2  (2m)!!
Thus «(p) is the smallest positive even integer 2m (< p — 1) such that

(2m — 1!

Gmyn = (DT (mod p). (5.5.48)
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Let 0 <m < (p—1)/2. Since

2m —1—-2m\1-1
9—2m ( > [2,@,1,%) (p - >]
m P —m

@m -1 (p—1-2m)l!  (p—2)I H p—1 (_1)%—1’

l

2m)t (p—2-2m)!!  (p—DI

2<i<p—1
ieven

condition (5.5.48) is symmetric for m and (p —1)/2 — m.

For integers ¢ < j, denote i(i + 1) ---j by [¢, j]. Then we have

(Zm) _ [m+1,2m]

m [1,m]
(p—1—2m>_[1%1—m,p—1—2m] [2m + 1,22 + m)]

ot N
Hence
(2m)<p—1—2m)_ [m+1,m+257] [m+1,m+ )2
m P —m [1,m][m + 22, p — 1] [1,p—1]

— 172
:—[m+1,m+pT] .

Therefore, if (5.5.48) is satisfied, one has

5.6 A Theorem on monomial graphs of girth eight

We continue to use the notation introduced at the beginning of Section 5.3. For
1 <k <q—1with ged(k,g—1) = 1, the parameters k', b and ¢ are defined in (5.3.13)
and (5.3.14).

Assume to the contrary that Conjecture 5.1.1 is false. Then for some k €
{1,...,¢—1} which is not a power of p, both Aj and By, are PPs of F,. We will see that

the same argument as in the proof of Theorem 5.5.2 gives that ¢ := [(¢ — 1)/k'| =0
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(mod p). The purpose of the following lemma is to establish an equation that cannot

be satisfied when ¢ =0 (mod p).

Lemma 5.6.1 Assume that q is odd, 1 < k < q—1, and both A, and By are PPs of

F,. Then c is even and

020k _ (2(2 - 1)_—;?16’) L (1)t <%<q2<_‘1 1‘) 1_) (_EQ_Cﬁ)k) (62;). (5.6.49)

Proof. By Lemma 5.3.7, ¢ is even. Let s = (2¢b)*. Since 2¢b # 0 (mod g — 1), we
have 1 < s < ¢ — 2. Clearly, 2ck’ > ¢ — 1. (Otherwise, 2¢ < (¢ — 1)/k, which implies
that 2¢ < ¢, a contradiction.) It follows that

s=2(q—1)— 2k

Note that ¢ < (¢—1)/2. (Otherwise, since ged(k’,g—1) = 1, we have k' < (¢—1)/2 <
2, which implies that &' = 1, i.e., k = 1, which is a contradiction.) Thus

(ks)* =q—1—2c.
By (5.2.8),

> (1) <f) (q Ezfii*%) = (-2)". (5.6.50)

%

For each 0 <1 <¢,let i € {0,...,q— 1} be such that (2ki)* = ¢ — 1 — 2[. Then
. 3 / / 1 /
z:§(q—1)—lk or q—1—1IK or §(q—1)—lk‘.

In each of these cases, we determine the necessary conditions on [ such that ¢ satisfies

0<1<s.

Case 1. Assume that i = (¢ — 1) — [k’. In this case,

i >

NN GV]

(q—1)—ck' >2(qg—1)—2ck’  (since 2¢ck’ > ¢ —1)
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Case 2. Assume that i = ¢ — 1 — [k’. In this case we always have i > 0.

Moreover,

i<seq—1—1K<2(qg—1)—2ck

q—1
&> 20— =
S >
Case 3. Assume that i = $(¢ — 1) — I[k’. In this case, i > 0 if and only if

[ < ¢/2. Moreover,

1
i§s<:>5(q—1)—lk'§2(q—1)—20k’
3 g—1
> 90— 2.
& 1>2 5

=>l>20—§(c+1)

1>
2

Combining the above three cases, we see that (5.6.50) becomes

o2k _ (2(q -1) - 20k’)

q—1—ck

+4—n%H§H< 2q —1) = 2k ><q_1_2@_10 (5.6.51)

sla—1) —(5—DF qg—1-2c
a1, c(2(q—1) —2ck’ g—1—c
-1 + .
A 2(%<q—1)—§k' g—1-2

In the above,
q—1-2(5-1)\ [—c+1\ [ 2c
qg—1—2c \24c¢c ) \c+2)

(2=

Hence (5.6.49) follows from (5.6.51).

and, by (5.3.18),

Theorem 5.6.2 Conjecture 5.1.1 is true.
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Proof.  Assume to the contrary that Conjecture 5.1.1 is false. Then there exists

1 <k < ¢—1, which is not a power of p, such that both A; and By, are PPs of IF,.

By Lemma 5.3.5, all the base p digits of &’ are < 1. By exactly the same
argument as in the proof of Theorem 5.5.2, with k and a replaced by k&' and c,

respectively, we conclude that we may assume that ¢ =0 (mod p). Then obviously,

(Ci‘é) — 0. (5.6.52)

Since ¢ — 1 —ck' = p —1 (mod p), the sum (¢ — 1 — ck’) + (¢ — 1 — ck’) has a carry
in base p at p', implying that

(2(q —-1)- 2ck’> _0. (5.6.53)

q—1—ck’

Combining (5.6.49), (5.6.52) and (5.6.53), we have a contradiction.
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6 CONCLUSION

This dissertation started with the goal of completely characterizing the permutation
behavior of the family of polynomials g, ,. Unfortunatelty this problem turned quite

challenging and still remains an open problem.

Sticking with the theme of ”discovering” these naturally occuring permutation
polynomials, as opposed to constructing those with desirable properties, leads to a
plethora of permutation polynomials over the fields Fp. In chapter 3 we are able
to completely determine the permutation behavior of polynomails of the form f =
x4(a +bx?~! 4 x"(@= 1) for specific values of d and r. While a complete classification of
permutation binomials and trinomials is still out of hand, we hope that some of the
techniques developed in chapter 3 can be used to address other problems involving

polynomials over finite fields containing only a few terms.

In chapter 4 we confirm a conjecture of Xin Gong related to construction of a
permutation polynomial starting with a non permuting power function and adding a
specific linearized polynomial. Permutation polynomials of this type have applications

in cryptography and APN functions.

In chapter 5 we see how a problem relating to combinatorial structures defined
over finite fields can be formulated in terms of polynomials of finite fields. While we
were able to prove the main conjecture in chapter 5, namely that every monomial
graph of girth eight is isomorphic to I'3(¢), the conjectures regarding the polynomials

Ay and By, still remain open.
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