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Abstract

In this thesis we generalize the problem of phase retrieval of vector to that of multi-vector. The
identification of the multi-vector is done up to some special classes of isometries in the space. We
give some upper and lower estimates on the minimal number of multi-linear operators needed for

the retrieval. The results are preliminary and far from sharp.

il



Chapter 1

Injectivity Results related to phase retrieval

Consider the following problem: Suppose one is given the magnitude of the coefficients of some
vector z € R? against some frame of vectors from R?, & = {gon}ﬁzl. That is, one is given
measurements, {|(z, ¢,)|?>}"_;. Can x be recovered from these measurements? In other words is
the mapping sending x to the magnitude squared of its coefficients against some frame injective?
Since replacing = with —x in {|(z, ©,)|>}_, does not change the measurements, the answer to
the second question can be answered “No”. However, rewording the question and generalizing the
problem to one about the injectivity of the mapping A :RM /{£1}— RY, x — {|{x, ¢n)|*},

changes the answer to “Yes.” Qualifying, the answer is yes if ® is chosen carefully.

o 1 1 101
Let z,y € R* be given, x = ,Y = and ¢ = where ¢, are taken to be

T2 Y2 0 1 1
the column vectors of ®.

Then the conditions {|{z, v,)|?}2_; = {|{y, on)|?}3_; give the following:

x%:y% =1 = Y1

T3=ys = aa = £y
(21 +22)* = (y1 + 12)° = 1172 = Y1y
Together these conditions imply x = +y and so ® gives injective measurements and x may be
recovered from the magnitude of its coefficients against ® up to a multiple of a unit-modular

constant in R.

1 Y1 1 01
In what follows let now xx,yr € C, x = , Y = ,and ¢ = as before.

T2 Y2 011
Then corresponding to the question presented above, we may ask for complex valued vectors: Is

the mapping B :CM/T— RY, y — {|(y, pn)|*})_, injective? In this case one may check that
1 -1

v= () andy = [ ) satisty {I{z, 00) 2o, = {[(y0a)P}3oy as Bla) = (1,1,2) and
(3 1



B(y) = (1,1,2) however « # cy forc € T = {z € C| |z| = 1}. Hence we conclude B is not

1 011
injective. However, if ® = , for example, then x is recoverable from the magnitude

011 ¢
of its coefficients against ® up to a multiple of a unit-modular constant in C (see [3] for a proof).

The problem of characterizing ¢ for which the mappings .4 and B are injective is a problem
related to phase retrieval. In [2], Balan, Casazza, and Edidin asked the following question, inter-
ested in its theoretical implications for phase retrieval, a method by which intensity measurements
{|{y, ¢n)|?}_, may be used to recover signal y up to a unit-modular constant. (For details on how

y may be recovered from these measurements, see the work of Candes, Strohmer, Voroninski, [6]).

What is the minimal size, N, of a frame ® = {cpn}flv:l for which the mapping A or B is injective?
How does one choose {y, } so that ® gives injective measurements, that is, so that the

corresponding mapping .4 or B is injective?

Balan et al in [2], gave an upper bound in the complex case for NV, N < 4M — 2, non-constructively
using methods in algebraic geometry, proving that generically, 4M — 2 vectors suffice for the cor-
responding mapping B to be injective. The term generic is algebraic and in this context means the
frames for which corresponding mapping B is injective, forms a Zariski-open set, that is, they form
the complement of a proper algebraic variety in CM¥ . In addition, for the real case, z € RY, the
authors of [2] solved the problem in full, giving N = 2M — 1. Their argument for this case is
presented in Chapter 2.

Previous work by Heinosaari, Mazzarella, Wolf in [9], used results in differential geometry to
give lower bounds for N, N > 4M — a(M — 1) — 3 (see [9] for exact results), where « (M) is the
number of one’s in the binary representation of M.

Together the results in [2] and [9] gave an asymptotic expression N = 4M + o(n). Influenced
by the authors’ of [2] work, successive researchers Bandeira, Cahill, Mixon, and Nelson in [3] sug-
gesed a precise value of N, N = 4M — 4, this suggestion being coined the “4M — 4 conjecture”.
In [3], the authors verified the conjecture in the cases M = 2,3 and argued via heuristics that in
general N =4M — 4.

One part of the conjecture was later confirmed by Conca, Edidin, and Vinzant in [7], again using
methods in algebraic geometry. Generically, frames of vectors ® of size |®| = N = 4M — 4

suffice for B3 to be injective. (An explicit construction of such frames of size N = 4M — 4 is



presented in a paper of Bodmann and Hammen, [4].) The authors of [7] showed that for M of the
form M = 2™ 4 1 the 4M — 4 conjecture holds, that is they showed for such M that any frame of
smaller size does not give injective measurements.

Recently, Vinzant gave the first bit of evidence against the 4/ — 4 conjecture. In [14], a frame

of 11 vectors in C* (presented here for convenience):

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
1 9¢ —-5—-Tt —6-—71

T'=11 1-¢ -5-2i —1-8i
1 —244i —4-2i 3+8i
1 —3+i 1-8 7—6i
1 3-3i —-8+7i —6-—2i
1 —3+45i 5+6i 2i

1 —34+8 b5—-5 —6-—4i
was verified to give B injective, using computational methods in algebraic geometry, thereby re-

newing interest in calculating explicit values of V.



Chapter 2

Phase Retrieval: Real and Complex

The following examples coming from injectivity results in phase retrieval provide motivation for
the problem which this thesis introduces (see Chapter 3).

First we develop notation. In the following it will be useful to introduce the following term, used
in [2] the characterize injectivity of the mapping A. A frame ® = {,,}_; of real or complex
vectors, ¢, € RM or CM, is said to have the complement property if for any P C [N] = 1,2,..., N
either {¢n }nep or {p, }pepc forms a spanning set for RM or CM respectively.  Recall that the
problem of determining NV in the real case, concerns conditions on ® = {¢,,}_; which guarantee

the injectivity of the mapping A :RM /{+1}— RY, given by:

A@) = {[(z, en) P15
Using the terms and notation developed we introduce the following result from [2], presented here

for convenience.

PROPOSITION 1 A is injective if and only if ® has the complement property.

Proof. (=) Suppose there is a set P C [N] for which neither {¢;, }ncp nor {¢,},cpc spans
RM . Then there exists u # 0 € {¢,} pandv # 0 € {cpn}fbe pc- Consider the two vectors
u+v,u—v € RM. Note that [{u + v, ¢n)|? = [(v,n)|? and |[(u — v, on)|? = [{(v, @n)|? for
n € P. When the corresponding measurements are considered for n € P¢ combined with the
preceding remark, one has A(u +v) = A(u — v). However u + v # £(u — v) for otherwise u = 0
or v = 0, contrary to assumption.

(<) Suppose A(u) = A(v) for u # +w, that is [{u, p,)|? = |(v,on)|? forn = 1,..., N. Since
u, v, and, @, are real valued, (u, ¢,) = £(v, ¢,). Let P be the set of n for which equality holds.
Consider then vectors u +v,u —v # 0. [(u — v, p,)|? = 0 forn € P while |(u+ v, p,)|? = 0 for
n € PY. Hence neither {¢,, }nep nor {¢, },cpc spans RM. So & does not have the complement

property. U



Proposition 1 gives then that if ® is taken to consist of N = 2M — 1 vectors that are full spark,
that is so that every sub-collection of M vectors is linearly independent, the corresponding map A

is injective. Since any frame of smaller size cannot have the complement property, we have:

COROLLARY 2.0.1 In the real case, N(M) = 2M — 1.

As an aside, full spark frames are abundant. A Vandermonde construction of such frames is given
by taking the first M rows of the Vandermonde matrix, for M < N. Such a Vandermonde matrix is

given as follows:

1 1 1
Z1 €2 TN
2 ol 22,

—1 N-1 -1

] T Ty

Full spark frames are well documented, see the paper [1].
The following examples serve to introduce the problem considered in this thesis through its rela-

tion to real and complex phase retrieval.

2.0.1 The Real Case: Example 1

Let v = (u1,...,upr) andv = (vp,...,var) € RM and to each member of ®, split it into M
functions, @, = @, x, k = 1,..., M thereby creating linear functions ¢, ;, : R — R by which one

may rewrite
21N d 21N
A(u) = {[{u, on) "=y = {l kEI ok (ur) [}z
So that A(u) = A(v) if and only if
M M
| nrue* =1 Y pnrvp/* foralln =1,..., N.
k=1 k=1

If @ is taken to be full spark and of size |®| = 2M — 1, A(u) = A(v) = u = +v. Thatis, every
vy, is the image of uy, under either the identity mapping 77 or isometry 75 : R — R, Th(z) = —x.

Of course, if T'uy, = vy, forall k = 1, ..., M, then A(u) = A(v) for,



M

M
Cne(—up) > =1 = 3 onpuel?
=1

M 2 M 2
| > fnpvel® = | 20 enpTour]” = |
k=1 k=1

k=1 k

M M M
| = 3 enwunl® = 1203 pnpwe)* =1 32 onpusl?
k=1 k=1 k=1

So if ® is chosen to be of size N = 2M — 1 and full spark, we have for u, v € RM if

M 2 M 2
| > enpurl? = 30 @npvg|® foralln =1,.., N
k=1 k=1

then there exists isometry 7" = T} or T5, commuting with each ¢, j, for which Tu;, = v, for k =
1, ..., M. Further, the preceding proposition gives that this is the smallest sized collection of linear
functions { apnyk}flv;]\szl with this property.

The next example focuses on the complex case once more.

2.0.2 The Complex Case: Example 2

Consider u = (uy,...,ups),v = (v1,...,vpr) € CM. Each of w and v, up = ag + ibg,vp =
c +idy, where ay, by, cx, dj. € R are in correspondence with members of R?, (ay, b,), and (cy, di)
respectively. This correspondence gives way to a representation of ¢, = Ty + iYp i as linear
operators A,, 1, : R? — R? where

Tnk  Ynk ay T kQk — Yn kb
An,k(u) = =

~Ynk Tnk b T kb + Yn kg

So A, k(u) is computed by carrying out the matrix multiplication presented above.
Note that ,, ., by representation by A,, ., may be viewed as isometries (rotations) A,, ;. : R? — R2.

Then, mapping B :C /T— RY is given alternatively as:
2\N i 2\N
B(u) = {I(u, on)|*tn=1 = {l| kzl An gk} =1
So for generic ® C CM  of size N = 4M — 4, by [7], if
il 21N d 2\N
{HkZ1 An pur|[*tn=1 = {ll kZI A g|[*}p= forn =1,.., N

then there exists a rotation (isometry) 7', necessarily commuting with all A,, j, (as T and A,, j, are

rotations R? — R?) for which Tuy, = vy, fork =1, ..., M.



2.0.3 Introduction of Parameter S(1, N)

Again, we develop terminology for what follows. Let &/ = {(A11, ..., A1.0m), .., (As1,-.s Asm) }

be an ensemble of linear operators A,  : RN — RY. For uand v € (RV)M if
A 2 M 2
|| ZAn,kuk” = H Z An,k”k” fOI‘n:1,...,N
k=1 k=1

then v and v will be said to be .7 -equivalent, denoted by u ~, v. Lastly, isometry 7' : RN — RV
is o7 -admissable if 7' commutes with all members of .o7.
The previous example suggests the following question as a generalization of the one considered by

the authors in [2].

What is the smallest sized ensemble .« = {(A11,..., A1, m1), -y (As1, .., Asm) }s || = S, of

linear operators, such that for any pair of tuples u, v € (RV)M
M M
1> Anguil?> =11 3 Apgvi]? foralln =1,...,N
k=1 k=1

implies u and v belong to the same orbit of some .27 -admissable isometry, T', that is T'u, = vy, for

all k =1, ..., M for some 7 -admissable isometry T?

For M,N given, let S(M, N) denote the size of such <. Then Example 1 of Section 2.2 demon-

strates the following result:
PROPOSITION 2 S(M,1) =2M — 1
While Example 2 yields:
PROPOSITION 3 S(M,2) < 4M — 4

Results in phase retrieval in the complex case give upper bounds for S(M, 2), however the restric-
tion of phase retrieval to linear operators that are rotations only, allows for S(M, 2) to be less than

N (M) theoretically. This is in fact confirmed by results given in the following section.

2.04 S(2,2) Example

x
Letz = [ ,Y = . s Pn = om . where ,y, ¢, € C2. Then N(2) = 4(2) — 4 = 4,

H) Y2 Png
and there exists 1, 2, (3, o4 such that if



() [ pn)* = |218n; + 22Pna]* = 1180y + y2Pns |* = [(y, o) [*
forn=1,..,4, thenz =cyforsomecec T={z€C | |z| =1}

1 011
For instance taking ¢, for n = 1, ..., 4 to be the columns of the matrix & = then

01 1 ¢
o, Will have the property given in (¥).

Instead of members of C2, we take x, i to now be members of (R?)2. A family <7 with less than
3-tuples of linear operators cannot give injective measurements with respect to equivalence class

members. That is, there does not exist &7 = {(A1,1, A1,2), (A2,1, A2,2)} such that the conditions:

|[A1 121 + A1 oma||* = [|A11y1 + A1y
| Az 21 + Az oms||? = [|A2,1y1 + Az 2y

guarantee that there is an isometry 7', commuting with all A; ;, such that Tz}, = y;, for k = 1, 2.
However there is a 3-tuple of linear operators distinguishing two tuples of vectors from R2. Take

o/ ={(1,0),(0,1),(I,I)}. Then

M M
H Z Aj,kmkHQ = H Z Aj;kkaZ fOI‘j =1,2,3, gives
k=1 k=1

[l |* = [l |2

2 [* = [l

ey + 22l [* = [lyr + el

So that (z;,x;) = (y;, yk) forall j, k = 1,2. This last condition by the proposition and its corollary
(to follow) imply that there exists an isometry, 7' : R? — R?, trivially commuting with the members
of o7 (as the members are identity operators hence commuting with all linear operators/isometries)

for which Tz, = yi fork =1, 2.



Chapter 3
Upper and Lower Bounds on S(M, N)

In aims of establishing a general bounds on S(M, N) for N > 2 the following result, phrased in
the context of a separable Hilbert space H, proves useful. By Corollary 3.02 it gives an initial upper

bound for S(M, N) quadratic in M.

PROPOSITION 4 Let u = (uy,...,ups),v = (v1,...,u01) € HM be given with the property:
(uj,ug) = (vj,v), Vj,k = 1,...,M. Then there exists an isometry T : H — H such that
Tuj =wvjforj=1,.., M.

Proof.  The proof proceeds by induction on M. For base case M = 1,
consider u, v € H given such that ||u|| = ||v|| = 1, without loss of generality.

Let A = {¢ }n, and B = {¢, }, be Orthonormal Bases (ONB’s) for # with ¢; = u and ¢; = v.

Consider the mapping, T : H — H,z — > (z,9n)¢,, and note T' is an isometry of H as
IT(@)I13 = X |2a(n)]? = ||z][3. Also, T'(u) =y Y = (w0 + () + o = v as
desired, sincen<u7 ) =0,Vn > 2. '

Suppose the proposition holds for z, yy € H* for k < M. Consider u,v € HM. Without loss of
generality, suppose ||u1|| = ||v1|| = 1. As in the previous case, let A = {t¢,, },,, and B = {¢n, }, be
ONB’s for H with ¢/; = u; and ¢; = v;. Consider the coefficient maps:

Ty H — 2(A) Ty : H — (?(B)
e {{z,n)tn o {2 dn)In

The image of the u}s and v}s under these maps are given as follows:
a= (Ty(u1),....T1(upr)) = ((1,0,...), ({uz, 1), (ug, o), ...), .oy ((unr, 1), (upr, ¥2), -..))
b= (Ta(v1),.... Ta(vm)) = ((1,0,...), ((v2, d1), (v2, P2), -..), ooy ((Onr, D1), (v, B2), -..))

Letting v/, v' € HM~! denote the restriction to the last M/ — 1 entries of a and b respectively, one

notes:



(uf,up) = zl:<uja¢l><uk7¢l> = Zzlxuj,lbﬁwz,%)(uk,?bﬁ

P
=<;<“ja¢l>¢la >k, Yp)tp) = (uy, uk)
P
Similar calculations with (v}, v;) and the assumption (uj,ux) = (vj,vg), give (uj, uy) =

(v}, vy). Hence by the inductive hypothesis, there exists an isometry S : H — H such that Su’; = v/
foryj=1,....M — 1.

Now, since the coefficient maps 77,75 preserve inner products, we have:
(ur,uz) = (T1(u1), T1(uy)) = (uj), (1, 05) = (Ta(v1), Ta(vy)) = (V)1

Using the assumption (u1, u;) = (v1,v;) and Su’; = v, give that S restricted to the first Fourier
coefficient with respect to ONB, A = {1, },, is the identity map. Hence:
(ST1(u1), ..., STi(unr)) = (S(1,0,...),..., Su)y,) = ((1,0,...), .0} )

and so ST} (u;) = Ta(v;) for j = 1,..., M and so by letting U = T, 'ST1, there exists an
isometry U : H — H such that Uu; = v; for j = 1,..., M. ]

COROLLARY 3.0.2 S(M,N) < (M)

Proof. Let u,v € (RV)M be given. Consider the ensemble o7 consisting of M -tuples E; =
(0,..0,1,0,...,0),j = 1,..., M and M-tuples F; ; = (0,...,1,0,....,0,1,0,...,0) where I occu-
pies the ith and jth entry, with all other entries zero in the list of operators.

Combining the operators of type E and F into ensemble o7 give the size of o/ as S = || =
(M1). Suppose || % Ajpugl* = 1| % Aj g for j = 1,...,S. Then {uj, ug) = (v;, v%) V4, k.
Applying the previf;; proposition anéfl:nloting that the members of .o# commute with all linear oper-
ators RN — R, there exists an .«7-admissable isometry, S, such that Sug = v fork =1,..., M.

0

A lower bound for S(M, N) follows, derived using embedding theorems. Let O(NN) denote
the Lie group O(N) = {T : RV — RN |TTT = I}, the Orthogonal group on Euclidean
space. Let O(NN, <) denote the subgroup of O(N) given by, O(N, o) = {T' € O(N) | T A, 1, =
An i T, Ap € o'}

PROPOSITION 5 S(M,N) > MN — (%)
Proof.  Consider the mapping 1 :(RV)M /O(N, o7)— R®

M M
(w1, ooy unr)] = (] ];1 A pugl?, | 1;1 Ag pug|[?)

10



SIM,N) M=1|M=2| M=3 M=4 M=5

N =1 1 3 ) 7

N =2 1 3 5<S5<6 <S5<10 <5<15

N=3 1 3 6 <SK10(12<5<15

N =1 1 3 6 10 14 <5 <15

N =5 1 3 6 10 15

where [u] = [(uq,...,upr)] = [(v1,...,var)] = [v] if and only if there exists an <7-admissable

isometry 71" for which T'u; = v; for j = 1, ..., M. (It should be checked that ) is well-defined. This
step is essentially just handled by checking the fact 7" commutes with the members of .<7)

Letting H = O(N, /), H is a closed subgroup of G = O(N). The Closed Subgroup Theorem
for Lie groups (see Chapter 15 of Lee’s book, [12]) gives that H is an embedded sub-manifold of
G. As such, its dimension is bounded by the dimension of O(N), calculated in [12] (Example 5.26,
see Chapter 4 of this thesis for a similar proof) as (];7 ) . Hence dim(H) < dim(G) = (g ).

Let H act on the manifold M = (]RN )M . By Chapter 4, Theorem 3.8 in Bredon, [5], the
dimension of the quotient space M/ H is given by the highest dimension of an element of the orbit
space. That is the quotient space has dimension equal to the dimension of the principal orbits. So
dim(M/H) = dim(M) — dim(H) > MN — (%).

Note that ¢ is continuous. If v is an injective map, we may use the Invariance of Domain theorem
(see Kulpa, [11], for an elementary proof) in what follows, which states a continuous injective
mapping from R* — R™ must have & < m. The dimension of the image of ¢» must then at least be

that of the pre-image. Hence S > M N — (];[) andso S(M,N) > MN — (]g) O

Setting M = N in the previous proposition and using the upper bound derived in Corollary 3.0.1,

we obtain the following result:
COROLLARY 3.0.3 S(M, M) = (M)

As a final note, any collection of M vectors in RY for M less than N may be embedded into RM

and so our corollary gives one last result.

PROPOSITION 6 S(M,N) = (M) for N > M

11



Chapter 4

Phase Retrieval and Quaternions

Recall that the real quaternions, H, consist of elements of the form = = a + bi + ¢j + dk, with
a,b,c,d € R. The following algebraic relations hold in H, ¢ x j = k, j x k = 4, k x i = 7,
jxi=—k kxj=—i,ixk=—jandi® =j2=k%>=—1.

The conjugate of a quaternion z, is denoted T = a — bi — ¢j — dk, and the norm-squared is
|z|?> = x7. The quaternions are a division ring, and the fact that an inner product with elements
z,y € HM may be defined: (z,y) =7y = % Tryk, will be useful.

A few preliminary considerations precede ZT& main results and help pave the way to a notion of
phase retrieval in the context of quaternions.

Following the authors in [10], we introduce the symplectic representation of a matrix Q € HM*M

or vector ¢ € HM over quaternions. For £ = & +&;j where &1, & € CM | this representation is given

by p(&) = ? and for Q = 'y + I'yj, with ', Ty € CM*M | this symplectic representation is
—&2
r Iy , . .
0(Q) = == . The next lemma proves a fact about this symplectic representation.
=12 14

LEMMA 4.1 The correspondences p(&) and ©(Q), for ¢ € HM and

—T . .
Q € HM*M — [ A c HMXM | A" = A} preserve intensity measurements.

Equivalently, that is, @TG(Q)p(ﬁ) = ETQﬁ .

Proof. The verification of the identity is an elementary computation in quaternions. First note that

since () is taken to be self-adjoint, the quantity ETQg = (£, Q) is real valued. Now,

. Ity T . L _ o o
p(f)T@(Q)p(O = (?1 —52) Fl 1“2 zl =& T8 — & Toby + T8 + T8
—12 1 —Q2

. . =T . . . . . .
while in computing & @€, which is known to be real, we may ignore terms involving a single

multiple of j.

12



£0e= @ ~ NI +To)6 +&)) =& Ti& —& Dol + o6 +ETiE

Hence the two agree, and the lemma is proven. ([l

LEMMA 4.2 If Q € HM*M pas rank n over H, then ¢(Q) has rank 2n over C.

Proof. Let ay, ...,a; € HM be right-linearly independent over H, that is:
a1q1 +aqe + ...+ oqqp =0impliesqg = ¢ =...=q =0
Let ¢, b € C, c1p(aq) + -+ -+ qp(aq) + bip(arj) + - - - + bip(agj) = 0, Then,
plajer + -+ auep + argby + - + agjby) =0
ai(c1 + jb1) + as(ca + jba) + - - + oy + jby) = 0, as p(§) = 0 implies £ = 0.
Hence,c; +jb1=---=¢+jby=0andsoc;=---=¢=b=---=b=0

So p(aq), -+ play), plarj),- -, p(ayj) are linearly independent over C.

Now if Q € HM*M has rank n, there are M — n right-linearly independent over H vectors
in the null space of Q). So to ®(Q) there corresponds 2(M — n) linearly independent vectors over

C in the null space given by the symplectic representation. So the rank of ®(Q) is 2n. U

Noting that for two vectors a,¢ € HY, [(z,0)[* = (z,0)(z, @) = (z,9){¢,2) = (@, 2)(z, ¢) =

T

|2 = can be translated to the condition that %7 (zz! —

= [{y, )
T T

yy! )¢ = 0. Another lemma becomes relevant in the case 27! = g’ .

@l 2z, the condition |(x, @) |2

LEMMA 4.3 For two vectors x,y € HM, if xT7 = yy’, then there exists w € H, |w|?> = 1 such

that © = yw.
Proof. Letx = (x1,x9,....,xn), ¥y = (Y1,Y2, ..., yprr). Consider the matrix representation of the

equality 277 =y’ :

lz1)? =Tz - T1Tar lvil>  wnyz 0 UM
waT1  w2l? o wem || wem |l o weUm
TyTT M@ - |wag? ymyl ymyz o |yml?

13



The matrix equality gives the following equalities: |z;|?> = |y;|? for all i = 1,..., M and more
generally x;7; = y;y; forall 4,5 = 1,..., M. For z # 0, then |z;| = |y;| > 0 for some j. Without
loss of generality, let j = 1. Then x;71 = y;y; forall ¢ = 1,..., M so that z; = y,yT% for all

i=1,...,M. Letting w = ﬁ% gives the desired conclusion. ([l

It now is appropriate to introduce the mappings C, %, along with the equivalence relation , x ~p vy,
defined on members z,y € HM. 2 ~r y means that 2 is a right unit-modular constant multiple of
y, that is 7 = yw for some w € H such that |w|? = 1. For ® = {¢}}Y |, with @), € HY, the two

mappings are defined as follows:
C: HM*M _, RN ¢ HM /~p— RN
C@) =1{@" Qeehily  €([2]) = {I{z, er) P 1L,

PROPOSITION 7 Let & = {gok}fcvzl be given such that the mapping C has no rank 1 or 2 matrices

|2_

Q € HM*M ip its kernel. Then the mapping % is injective, that is, |(z, oz)|> = [(y, ox)|? for

k=1,...,N gives z = yw for some w € H such that |w|? = 1
Proof. Consider the mapping C’s action on matrices 2Z_, 3! € HM*M,
By the previous observation, for z, ), € HM
[z, ) |* = Pr" 2T o
One can translate the statement, for z, y € HM,
(z, 06) > = [{y, ox)|?> forallk = 1,..., N

into a statement about mapping C, namely,

C(zz") = Clyg")
Equivalently, by linearity of C,

Claz —yy") =0

HM>*M of rank 1 or 2, or %" — yg* = 0. So if ® is taken

Now, either 2z’ — yg is an element of
such that C has no rank 1 or 2 members of HM*M in its null space, and C(2Z” — yy’) = 0, it must
be that 277 = y7" . By the lemma, this gives 2 = yw for some w € H such that |w|?> = 1. That is

x ~p vy, and so ¥ is injective. O

14



The mapping C, an analog to the “super-analysis operator” as termed by the authors of [3], readily

allows the introduction of tools from algebraic geometry. Following the arguments in [7], we see

how results in complex phase retrieval can be lifted to ones for phase retrieval over quaternions.
Let (Ci‘gewa , (C%QM , and (C][\fefﬂ% donte the set of M x M skew symmetric, symmetric, and

Hermitian matrices respectively. Let Boyyn = {([U,V],[X,Y]) € P(CHM*N x C2M*NY) x

2M x2M
P(CE%XQM X Cske;j ) ’

(U —iV)T(X +4Y)(U +iV) = 0 and rank(X +iY) < 4}.

Let ry 1 P(C2MXN 5 CHXN) 5 P(C2MXEM o 2V _y p(C2MXN 5 C2M*N) be the pro-

jection of Bojy, v onto its first coordinate. For a complex variety X, let Xr denote the real points of

X.

PROPOSITION 8 Let frame ® = {¢x}Y |, o) € HM, have corresponding complex frame A =
{)\k}]kvzl where A\, = p(pr) € C*M. Let A\, = uy + ivy and U (respectively V') be the real matrix
with columns uy, (respectively vy). Then the map % is injective if and only if [U, V] does not belong
to the projection 71 (B2, N)R)-
Proof. LetA =U +iV, A\, = up, +ivg, up, vy € RM and Q = X +4Y, with X symmetric and
Y skew symmetric, X,Y € RMx*M

Let T = {(A,Q) € C2MXN 5 CEMX2M | (9 £ 0 rank(Q) < 4and A QA = O fork =
1,..,N}.

% R2M><N % R2M><2M

sym X

7 is linearly isomorphic over R to 7, a subset of real vector space R2M*N

2M x2M
Rskew

J={UV,X,Y) | X +iY #0,rank(X +iY) < 4and \;

, given below:

T(X +iY)\, = 0}
% is injective by the preceding proposition if (U, V) is not contained in the projection of 7 onto the
first two coordinates. (Ba2az,n )R is the projectivization of 7, hence (U, V) is not contained in this

projectivization if and only if [U, V] & 71 ((B2m,N)R) O

THEOREM 4.1 The projective complex variety Bay N has dimension
4AMN — N 4 16M — 18.
Proof. Let By, \ be the subvariety of P(C2MXN 5 CEMXNY 5 P(C2M*2M) consisting of

triples ([U, V], [@]) such that
rank(Q) < 4 and (uy, — iv) T Q(uy, + ivy) =O0forallk =1,..., N

15



where uy, and vy, are the kth columns of U and V respectively.
Banr,n and B a,n are linearly isomorphic by the mapping
F o CRMX2M o C2MX2M _, c2M2M (XY 5 X 1Y = Q. FL(Q) = U 4290,
Hence dim(Bapr n) = dim(B§M7N).
Let 71 and 75 be the projections onto the first and second coordinate of 3, M,N-
Using the following formula from Harris, the dimension of 3}, \; may be calculated from dim(72(By, n))
and dim (75 1(Q)) for Q € C*M*2M

dim(Byyy ) = dim(ma(Byyy v) +  min - dim(my(Q))

Qem2(Byyr n)

The image of BY,, , under 7 is the set of rank < 4 matrices in P(C?M*2M)

. To see this, take
u, v such that (u — iv)TQ(u + iv) = 0 (Q has rank < 4 hence take u + iv such that it is in the
kernel of () for instance). Let U and V' be built by repeating column vectors uy = u, vy, = v. Then,
([U,V1],1Q]) belongs to By,  and hence, every rank < 4, Q € C***2M is in the image of 7.

The set of rank < 4 matrices in C2M*2M g an irreducible variety of dimension 16/ — 16, [8].

So the projectivization of this variety in P(C?*2M) has dimension 16/ — 17, so that
dim(7a(Byy, ) = 16M — 17
Fix Q € m2(Bj, x)- Then the polynomial equation holds for @
(urx — ivp) T Q(ug +ivg) =0

For each pair of columns (ug, vy), this equation defines a hypersurface of dimension 4M — 1 in
(C?M)2, So the pre-image of Q, m, '(Q) consists of N hypersurfaces of dimension 4M — 1 in
((C2M)2)N,

After projectivization, 7, ' (Q) has dimension (4M — 1)N — 1.

Using the formula, one obtains

dim(Byy, ) = dim(m2(Byy, v)) +  min dim(m,1(Q))
Qem(BzM,N)

=16M —17+4MN — N -1

Our main result for this section follows.
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THEOREM 4.2 There exists ® = {@p}Y_1, 0 € HM of size |®| = N < 16M — 16 for which
corresponding mapping € is injective.
Proof. By the preceding proposition, A = U +:iV gives [U, V] in w1 ((Baam,v)r) C (71 (Baar,n) )R-

The dimension of the projectivization is bounded by the original dimension, so,
dim(ﬂ'l(BgMJ\[)) < dim(BQMJV) =4MN + 16M — N — 18

when N is 16 M — 16 or higher the dimension of this projection is strictly less than 4M N — 1, the
dimension of P(C2M*xN x C2MxN)y,

Hence, for N > 16 M — 16 there exists [U, V] € P(C2M*N x C2M*N) guch that (U—iV )T Q(U+
iV) # 0 for all rank < 4, Q € C2M*2M Hence, by letting the inverse to mapping p be denoted

(C2M><2M — HMXM

e : C?M — HM and the inverse to mapping ©, 6 : , there exist A with

corresponding ® = {e(A\x)H_, = {¢k }, such that for 0(Q) = W,
PRI W @y, # 0 for some k, for all rank < 2, W € HM*M,

Hence, the mapping ¢ :HM /~r— RY is injective for ®. O

Regarding multiplication on the right by a unit-modular quaternion as an isometry, phase retrieval

over quaternions can be related to the problem of calculating S(M, 4). The previous theorem gives

If |<$790k>’2=‘<y, §0k>|2 fork =1,..., N, then

there exists w € H, |w|? = 1, such that 2w = y.

M M
Using this equality, |[(z, ox)> = | 3 i 2> = | X Bryu51* = (v, ¢x)|?. By splitting 7y, into
j=1 g=1

its components and considering their action on each component of =, we may further consider the

matrix representation of the components ¢y, Ay, ;. Then

A 2 <l /112 M /112 M 2
| 22 Pl =1 22 Awg@ill® = 11 22 Awjyill* =1 22 Pryysl*
=1 =1 =1 =1

Where for instance if g5, j = o — i3 — jy — kd,and x; = a + ib+ jc+ kd

/o
AkJ‘ZEj =



Now, let T, represent the linear operator whose action corresponds to multiplication of an element

r € HM by w on the right. For w = w1 + woi + w3j + w4k

zjw = (awi — bwy — cwg — dwy) + (awz + bwi + cwy — dws )i+

(aws — bwg + cwy — dwa)j + (aws + bws + cwy + dwi)k

W, —W2 —W3 —Ww4 a

w2 w1 wqg —Ws b
Hence, T;,(z;) =

W3 —Ww4g w1 w9 &

w4 w3  —Wwsg w1 d

2

The equality |{z, @1 )|? = |{y, ©1)|? may be reinterpreted

M 2 M 2 M —_ 2 M 2
| > Pryrsl” =1 D0 ryil” = | 20 @rjziwl” = || X2 Ak i Tl
j=1 j=1 j=1 j=1

Mz

M M
M
(X Prjej)wl® = [1 2252 ToAr,ja4]|* = || T ZlAk,jijz = ZIAk,jxjHZ
J= J=

1

j
Above, an implicit argument is given for Ay ;T, = T, Ay ;. By computation each of Ay ;T;, and
T, Ay, ; are given as:
awy + Bwa + 6wy + w3 —aws + Pwr + 0wy —ywy —awz + Pws — dwp +ywr  —awy — Bws + dwi + ywa
aws — Pwi + dws — Ywy awi + Pwe — dwy — Yws awy + Pws + dwy + ywe  —aws + Pwy + dwe — Ywy
aws + PBwy — dwy — Yw1  —awyg + Pws — dwi + Ywe awy — Pwe — dwy + Yws aws + Pwy + dws + ywy
awg — PBwg — dwr +ywe  awz + Pws + dws + w1 —aws — Bwi + 0wz +yws awr — Bwz + dwy — yws
Hence T, is an <7-admissable isometry with respect to ensembles of operators, 7, representing
multiplication of a quaternion by a quaternion on the left. Thus, the results in this Chapter imply an

upper bound on S(M, 4):

PROPOSITION 9 S(M,4) < 16M — 16
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Chapter 5
Appendix

Let F: R"* — R* be a C> map and y € R”.

DEFINITION 5.0.1 y is said to be a regular value for the mapping F' should the following hold: the

derivative D, (z) : R*™* — R is surjective, that is dim(ker Dp,(z)) = n.

THEOREM 5.1 If y € R” is a regular value of a C* map F : R"** — R then F~l(y) is a

C*°-manifold of dimension n.

Let A and T denote linear transformations in what follows.

DEFINITION 5.0.2 The Orthogonal group on Euclidean space R™, denoted by O(n), is O(n) =
{T:R* =R |TTT = I}.

PROPOSITION 10 The Orthogonal group, O(n) = {T : R* — R*|TTT = I}, is a Lie group of
dimension dim O(n) = (4)
Proof. Let M, (R) = {A : R" — R"}, and S,(R) = {4 : R* — R"|A = AT}. Consider the
mapping F : M,(R) — M,(R) given by F(A) = ATA. Let M € S,(R), be a element in the

image of F'. Then the derivative of F' at M is:
Dry(A) = L(M +tA)T (M + tA)|i—o = S MTM + tATM + tMTA+2AT Al =
ATM + MTA
For B € S,(R), there is a transformation H = M B such that:
Dpy(H) = (3MB)'M + MT(AMB) = 4(BTMTM + MTMB) =

$(BT+B)=2B

Consider M € O(n), F(M) = I, where I denotes the identity map. I is a regular value for the
mapping F as the derivative of F, Dp s(A) is surjective. F~1(I) = O(n) by definition, and so

O(n) is a C* manifold of dimension:

19



dim(M,(R)) — dim($,(R)) = n? — 205 = nnzl) — ()

To prove that O(n) is a Lie group, one checks that the mappings m(A, B) = AB and i(A) = AT

are continuous on O(n). O
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