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ABSTRACT

Two of the most well-known nonlinear methods for investigating nonlinear dynamic
processes in sciences and engineering are nonlinear variation of constants parameters
and comparison method. Knowing the existence of solution process, these methods
provide a very powerful tools for investigating variety of problems, for example, qual-
itative and quantitative properties of solutions, finding error estimates between solu-
tion processes of stochastic system and the corresponding nominal system, and inputs
for the designing engineering and industrial problems. The aim of this work is to sys-
tematically develop mathematical tools to undertake the mathematical frame-work
to investigate a complex nonlinear nonstationary stochastic systems of differential
equations.

A complex nonlinear nonstationary stochastic system of differential equations are
decomposed into nonlinear systems of stochastic perturbed and unperturbed differ-
ential equations. Using this type of decomposition, the fundamental properties of
solutions of nonlinear stochastic unperturbed systems of differential equations are
investigated(1). The fundamental properties are used to find the representation of so-
lution process of nonlinear stochastic complex perturbed system in terms of solution
process of nonlinear stochastic unperturbed system(2).

Employing energy function method and the fundamental properties of It6-Doob
type stochastic auxiliary system of differential equations, we establish generalized
variation of constants formula for solution process of perturbed stochastic system of
differential equations(3). Results regarding deviation of solution of perturbed system
with respect to solution of nominal system of stochastic differential equations are de-
veloped(4).

The obtained results are used to study the qualitative properties of perturbed stochas-

iv



tic system of differential equations(5). Examples are given to illustrate the usefulness
of the results.

Employing energy function method and the fundamental properties of Ito-Doob
type stochastic auxiliary system of differential equations, we establish generalized vari-
ational comparison theorems in the context of stochastic and deterministic differential
for solution processes of perturbed stochastic system of differential equations(6). Re-
sults regarding deviation of solutions with respect to nominal stochastic system are
also developed(7). The obtained results are used to study the qualitative properties
of perturbed stochastic system(8). Examples are given to illustrate the usefulness of
the results.

A simple dynamical model of the effect of radiant flux density and C'Oy concentra-
tion on the rate of photosynthesis in light, dark and enzyme reactions are analyzed(9).
The coupled system of dynamic equations are solved numerically for some values of
rate constant and radiant flux density. We used Matlab to solve the system numer-
ically. Moreover, with the assumption that dynamic model of C'Oy concentration is

studied.



1 PRELIMINARY CONCEPTS AND RESULTS

This chapter deals with a basic existing preliminary concepts and tools needed to un-
dertake the study of nonlinear techniques for stochastic systems of differential equa-
tions. Two of the most well known nonlinear methods for investigating nonlinear
dynamic processes in engineering and sciences, are nonlinear variation of constant
parameters and comparison methods[1-4,6-27,30]. Moreover, knowing the existence
of solution process, these methods provide very powerful tools for investigating qual-
itative properties of solution process[14, 15, 16, 19, 36]. Moreover, the qualitative
properties are also used for designing plants. In this chapter, definitions and some

results are outlined.

1.1 Basic Properties of Stochastic Differential Equations

Let us consider a mathematical description of a nonlinear phenomenon under a ran-
dom environmental perturbation described by a complex system of nonlinear nonsta-

tionary Ito-Doob-type stochastic differential equations:

de = f(t,x)dt+ ot x)dw(t),  z(ty) = o, (1.1.1)

where # € R™; f and column vectors of o € C[J x R", R"]; C[J x R™, R"| stands for
the class of continuous functions defined on J x R™ into R"™ for a positive integer n,
and J = [ty,to + a) for some positive real number a > 0; o = [o!,0?,...07...,0™] is

n X m matrix; xy is an n-dimensional random variable defined on a complete prob-



ability space (€,§, P); § is an increasing family of sub-c-algebras of §; w(t) =
(wy(t), wa(t), ..., wn(t))T is an m-dimensional normalized Wiener process with inde-

pendent increments; x and w(t) are mutually independent for each ¢t > t.

Definition 1.1.1 The random process z(t) is said to be a solution of (1.1.1) on J if

it satisfies the following conditions:

1. denoting by ¢, t € J the minimal o-algebra with respect to which the variables
x(s) for s <t and w(s) for s <t are measurable, the process w;(s) = w(t +s) —

w(t) does not depend on §;

2. denoting by H,[J] the space of measurable random functions ¢(t) which, for
each t € J are §-measurable and for which the integral f;”a Y% (t)dt is w.p.1
finite, | f(t,2(t)) |'/? and o(t,2(t)) belong to Hy[J];

3. the process z(t) has on J the stochastic differential dz(t) = f(t)dt + o (t)dw(t),
also, for all t € J we have w.p.1 f = f(t,2(t)), 5(t) = o(t, z(t)).

Let x(t) = x(t,to,zo) be the solution process of (1.1.1) existing for ¢ > ¢,. Let us

modify the stochastic differential equation (1.1.1) as:
de = f(t,x,\)dt + o(t,z, \)dw(t), z(tg, A) = xo(N), (1.1.2)
and the corresponding nominal system,
de = f(t,x, Ao)dt + o(t,z, Ng)dw(t), x(tog) = o, (1.1.3)

where (tg, xg, o) € J X R™ x A, with A being an open system parameter A set in R™.

In the following, we present a very simple result that exhibits the continuous
dependence of solution process of (1.1.2) with respect to (to, zo, Ao) € J X R™ x A.
The proof is given in [15, 17, 19, 20, 21].



Theorem 1.1.2 Assume that
1. f and the m column vectors of o € C[J x R* x A, R"|;

2. There exist positive number M and N such that
1t 2, M+ ot 2, M < N+ M| X]|

for (t,z, A\) € J x R" x A;

3. There exist a positive number L such that
1f (2, ) = f(&y, D+ llo(t 2, A) — oty A < Lllz -y

(t,z, ), (t,y, ) € J x R" x A;

4. x(tog, \) = xo(N) is independent of w(t) and
lim E[||z(to, ) — x(to, Xo)||*] = 0;
)\—))\0

5. El||z(to, N)||* < ¢ for some constant ¢; > 0;

6. €e>0,p>0,
)\li_g\lo P[Sup||a:||<p(‘|f(tux7 >‘) - f(tama/\())” + ||O'<t,$, )‘> - O'(t,l', >‘0)|| > 6)] =0

Then the IVP (1.1.2) admit unique solution processes x(t,t1, zo(N), \) and z(t, to, o, Ao)
through (t1,xo(N\)) and (to, zo), respectively. Moreover, for given € > 0, there exists a

d(e) > 0 such that

(E[Hx(t’tlaxo()‘)> )‘) - x(tatovmm )‘0)"2])1/2 <6, ted,



whenever

[t — to] + (Ellzo (%) = 2ol + [|A = o]l < 8(e).

Theorem 1.1.3 Assume that o, f,xy in (1.1.1) satisfy the hypotheses (1),(2),(4),
and (5) of Theorem 1.1.2. Furthermore, o and f are continuously differentiable with
respect to x for fived t. Let x(t,ty, zo) be the solution process of (1.1.1) existing for
t > ty. Then,

0
(I)(ta th 1'0) - %I'(t, t07 xO)

exists and is the solution of
dy = H(t,ty, zo)ydt + T'(t, 1y, xo)ydw(t)

where ®(tg, to, xo) is the n X n identify matriz, n x n matrices f,(t,x) and ol (t,x) are
continuous in (t,x) forl=1,2,...,m; 0,(t,x) is the n X nm matriz

o.(t,x)=[ok(t, x)o2(t,x)...00(t,x)...c"™(t,x)|; H(t, to,x0) = fult, z(t, to, ) and

[(t, to, zo) =0 (t, x(t, o, z0)).

The proof is given in [15, 17, 19, 20, 21].
Definition 1.1.4 The trivial solution process of (1.1.1) is said to be

i) (SM,) stable in the p-th moment, if for each € > 0, t;, € R, and p > 1 there exist

a positive function § = (o, €) such that the inequality ||z||, < implies
||I(t)||17 <, 13 Z tOv

where [l2(t)]l, = (B[J2(0)]1?)

ii) (SM,) asymptotically stable in the p-th moment, if it is stable in the p-th moment
and if for any € > 0, ty € R, there exists 6y = do(t9) and T' = T'(t, €) such that



the inequality ||zol/, < do implies

e, <e,  t>to+T.

1.2 Nominal System and Error Estimate

Let us consider a nominal system of It6-Doob type stochastic differential equations

dy = G(t,y)dt+ H(t,y)dw(t), y(to) = yo. (1.2.1)

where G € C[J x R",R"] and H € C[J x R", R"*™].
Definition 1.2.1 The two differential systems (1.1.1) and (1.2.1) are said to be

i) (RM,) relatively stable in p-th moment, if for each € > 0, ty € Ry, and p > 1, there
exists a positive function 0 = J(¢,€) such that the inequality ||zg — yoll, < 0
implies

() —y@)llp <&t =to;

ii) (RM>) relatively asymptotically stable in the p-th moment, if it is relatively stable
in the p-th moment and if for any € > 0, t, € R,, there exist dy = dy(ty) and

T = T(tg, €) such that the inequality [|zo — yo|| < Jp implies

lz(@) =yl <€ t=t+T

1.3 Comparison System and Qualitative Properties

Let us consider the following Ito-Doob type stochastic comparison and auxiliary sys-

tems differential equations

du = g(t,u)dt, u(to) = uo, (1.3.1)



and

dz = «aft, z)dt, 2(to) = o, (1.3.2)

where g € C[R; x RN, RN] and a € C[J x R", R"]

Definition 1.3.1 The function g¢(¢,u) is said to possess a quasi-monotone nonde-
creasing property if for u,v € RN such that v < v and u; = v;, then g;(¢,u) < g:(¢,v)
for any ¢ =1,2,..., N and fixed t.

Let V € C[R; x R™ RY] and its partial derivatives V;, V, and V,, exists and are

continuous on R, X R".

Definition 1.3.2 The trivial solution processes z = 0 and v = 0 of (1.2.1) and (1.3.1)

are said to be

i) (JMy) jointly stable in the mean, if for € > 0,y € R, , there exists
81 = 61 (to, €) > 0 such that SN E[Vi(to, z0)] < &, implies

N

ZE[Ui(t,to,V(to,Z(t,to,I‘o)))] < €, t > to;
i=1
ii) (JM>) jointly asymptotically stable in the mean, if it is jointly stable in the mean
and if for any € > 0, tg € R, there exist 6y = do(ty) > 0 and T' = T'(tg,€) > 0
such that the inequality S0, E[V;(to, x)] < o implies

N
> Elui(t,to, V(to, 2(t to, )] <€, t>to+T.

i=1
Definition 1.3.3 The systems (1.2.1) and (1.3.1) are said to be

i) (JR;) jointly relatively stable in the mean, if for each € > 0,ty € R, , there exists
81 = 61 (to, €) > 0 such that the inequality SN, E[Vi(to, 20 — yo)] < &) implies

N
ZE[ui(t7t07 V(to, 2(t, to, o — 40)))] <€, t = to;

i=1



whenever ||yo| is small enough.

ii) (JRy) jointly relatively asymptotically stable in the mean, if it is jointly relatively
stable in the mean and if for each ¢ > 0,ty € R, , there exists 0y = dg(to) > 0
and T = T'(to,€) > 0 such that Zf\il E[Vi(to, zo — yo)] < do implies

N
ZE[ui(t,toa V(to, 2(t, to, xo — 40)))] <€, t = to.

=1

Definition 1.3.4 The differential system (1.1.1) has asymptotic equilibrium if every
solution of the system (1.1.1) tends to a finite limit vector £ as t — oo and to

every constant vector ¢ there is a solution z(t) of (1.1.1) on tg < ¢t < oo such that

limy_yoox(t) = &.

Definition 1.3.5 The differential systems (1.1.1) and (1.2.1) are said to be asymp-
totically equivalent if, for every solution y(¢) of (1.2.1), there is a solution x(t) of

(1.1.1) such that

x(t) —y(t) — 0 as t — oo.

Theorem 1.3.6 If ¢ is a real-valued continuous and concave function defined on a

conver domain D C R™, then

El¢(z)] < ¢(E(z)).

The proof is given in [17, 19, 20].



2 FUNDAMENTAL PROPERTIES OF SOLUTIONS OF NONLINEAR STOCHASTIC

DIFFERENTIAL EQUATIONS AND METHOD OF VARIATION OF PARAMETERS

2.1 Introduction

One of the most well known methods for investigating the nonlinear dynamic processes
in sciences and engineering is the method of nonlinear variation of constant parameters
(14, 15, 16, 19, 36].

Knowing the existence of solution process, the method of variation of parameters
provides a very powerful tool for finding the solution representation of system of
differential equations [14, 15, 16, 19, 36]. The idea is to decompose a complex system
of differential equations in to two parts in such a way that a system of differential
equations corresponding to the simpler part is either easily solvable in a closed form or
analytically analyzable. However, the over all complex system of differential equations
are neither easily solvable in a closed form nor analytically analyzable [14, 15]. The
method of variation of parameters provides a formula for a solution to the complex
system in terms of the solution process of simpler system of differential equations.

In this chapter, an attempt is made to find a representation of solutions of nonlinear
and nonstationary Ito-Doob type stochastic system of differential equations in terms
of solutions processes of smoother system of Ito-Doob type stochastic differentials.
The organization is as follows: In section 2.2, the problem is formulated. In section
2.3, several auxiliary results are established for unperturbed system of nonlinear Ito-

Doob type stochastic differential equations. In section 2.4, a variation of constants



formula is established. In section 2.5, examples are given to illustrate the usefulness of
the methods. The Developed results are a convenient tool in discussing the properties

of solutions of the perturbed system.

2.2 Problem Formulation

Let us formulate a problem. We consider a mathematical description of a nonlinear
dynamic phenomenon under randomly varying environmental perturbations described
by a complex system of nonlinear nonstationary Ito-Doob type system of stochastic

differential equations:

dy = c(t,y)dt + X(t, y)dw(t), y(to) = xo, (2.2.1)

where y € R",¢c € C[J x R*,R",)¥ € C[J x R", R™™]; C[J x R",R"| (C[J x
R™ R™™]) stands for a class of continuous functions defined on J x R"™ into R"
(R™™); n and m are positive integers ; J = [ty, o + a) for some positive real number
a; xo is an n-dimensional random variable defined on a complete probability space
(2,5, P); w(t) = (wi(t),ws(t), ..., w,(t))" is an m-dimensional normalized Wiener
process with independent increments; xo and w(t) are mutually independent for each
t > ty. We decompose complex system of stochastic differential equations (2.2.1) into

two parts. The decomposition of its drift and diffusion rate functions are as follows:

c(t,y) = f(t,y) + F(t,y)

and

Y(t,y) =o(t,y) + L(t,y)

where the rate functions f(t,y) and o(¢,y) are considered to be smooth and simpler

form in the sense of better structure and conceptually smooth. Thus, (2.2.1) can be



rewritten as

dy = [f(t,y) + F(y)ldt + [o(t,y) + T (L, y)]dw(?)

= [f(t,y) + F(t,yldt + 320 [0'(ty) + Yt y)ldw(t),  ylto) = zo.
(2.2.2)

The smoother and simpler form of mathematical model of dynamic process corre-

sponding to (2.2.2) is described by

de = f(t,x)dt + o(t,z)dw(t)

(2.2.3)
= f(t,x)dt+ >0, o (t, x)dw(t), x(tg) = wo.

Moreover, systems (2.2.2) and (2.2.3) are considered to be perturbed and unperturbed

systems of stochastic differential equations, respectively.

Remark 2.2.1 In the absence of any reasonable decomposition of the type (2.2.2), it
is always possible to consider the above decompositions with F(t,y) = c(t,y) — f(t,y)
and Y(t,y) = X(t,y) — o(t,y) for any suitable choice of smoother and simpler rate
functions f(t,y) and o(t,y).

2.3 Auxiliary Results

Our main objective is to develop the variation of constants formula with respect to
(2.2.3) and its perturbed system (2.2.2). For this purpose, first we investigate the
[t6-Doob stochastic partial differentials of solution process z(t, to, xo) of unperturbed
system (2.2.3) with respect to initial conditions (¢, zo).

In the following, under certain smoothness assumption on the rate functions of
unperturbed stochastic system of differential equations (2.2.3), we establish the second
order Ito6-Doob type of differentials of the solution process of (2.2.3) with respect
to (to,xo). In this section, by recalling the existence of It6-Doob type differential

of solution process of unperturbed system of stochastic differential equations with

10



respect to initial state, we first establish the existence of second order differential
with respect to xg. Moreover, as a byproduct, we show that the differentials satisfy
[to-Doob type of stochastic non homogeneous matrix differential equation. In the

following Lemma, we assume that

i) o is B x § measurable, where B denotes the Borel o -algebra on [0,00) and § is
a o -algebra such that for ¢; < t5 §, C &, such that w; is a martingale with

respect to §¢
ii) f; and o, are F-adapted;
i) P[f, o7(s,w) < oo for all t > 0] = 1;
iv) P[[} | fi(s,w) |< oo for all t > 0] = 1;
v) w(t) is §; measurable and x is jointly measurable in (¢, w).

Lemma 2.3.1 Assume that o and f in (2.2.3) are twice continuously differentiable
with respect to x for fivred t, and fr. , 0. are bounded with respect to x for fived t.
Further, assume that the initial value problem (2.2.3) has a unique solution process
x(t, to, xg) existing for t > tg.

Then

0 0?

axoq)(t,to,x0> = a—xgﬂf(t,to,alo> (231)

exists, and is the solution process of the following Ito-Doob type nonhomogeneous
stochastic matriz differential equation:

dY = [H(t, to, 1)V +P(t dt+z (t,to, 20)Y +Q(D)]dwi(t),  Y(to) =0; (2.3.2)

where the nxn matrices H(t, ty, 7o) = fo(t,x(t, to,x0)) and T'(t, to, z0) = oL (t, (¢, o, 7))
are continuous; P(t) = (ang(t z(t)) @Y p_, D(t, to, xo)er)P(L, to, xo);
Qt) = (E)%al(t, ()R p_, Pt to, To)er) P(t, to, x0), P(to, to, xo) is the nxn identity

matriz and @ is the tensor product of two matrices.

11



Proof. From the assumptions of the lemma, we conclude that ®(t, to, x¢) = %x(t, to, o)
exists and is the solution of the Ito-Doob type stochastic matrix differential equations

along the solution process z(t, to, ) of (2.2.3)[15, 27]:
dY = H(t, to, .To)Ydt + F(t, to, Io)de(t), Y(to) = Ian. (233)

In the following, we show that aa—;%x(t,to,xo) exists and it satisfies the stochastic
differential equation (2.3.2). For this purpose, we consider the following: For small
A >0, let Azg = >, Aey ; where e, = (0,0, ...,1,...,0)7 whose k-th component is 1.
Moreover, let ®(t, \) = ®(t, to, zo+Axg) and (t) = O(¢, to, o) be solutions of (2.3.3)
through (to, zo + Axg) and (o, xg), respectively, and z(t, \) = x(t, to, o + Axg) and
x(t) = x(t, to, zo) be solutions of (2.2.3) through (to, zo+Axy) and (to, zo) respectively.

Under the assumptions of Lemma 2.3.1 and applying Lemma 6.1[15] , we conclude

that
iiné O (t, \) = ®(¢) uniformly on J. (2.3.4)
—
We set
AD(t,\) = O(t, \) — D(1), AD(tg, \) = Axy. (2.3.5)

Let R(0) = 2 f(t, z(t, to, T + 0Az0)) with 0 < § < 1. From the assumptions , we

T

note that R is continuously differentiable with respect to 6, and hence

d

@R(Q) = fmx(t, .Cl?(t, to, To + HAZ'Q)) X ((I)(t, to, Xo + GAQZQ)AJZ()) (236)

By Integrating both sides of (2.3.6) with respect to 6 over an interval [0,1], we obtain
1
R(l) - R(O) = / fzx(ta $(t7 to, To + QAZL‘Q)) X ((I)(t, to, Xo + QAI())ACE())dQ
0

This, together with the fact that R(1) = a%f(t, x(t,A)) and R(0) = 8% (t,z(t)), yields

12



%f(t’x(tv /\)) - ({;%f(t,l’(t)) = ‘](t7x(t7 /\)7 CD(t, /\))7

where

1
J(t, .I'(t, )\), (b(t, )\)) = / fxaz(t> .I'(t, to, To + QAQ?())) ® (@(f, to, To + GA.Z'O)A.Z'())CZQ
0
(2.3.7)
Similarly, by setting

G(0) = okt a(t, by, 7o + 0Ax,))
=1

and using the continuous differentiability of G with respect to 6 and chain rule, we

have

m

d
—5G(0) = > " ob(tx(t to, 2o + 0AT0)) @ (D(t, Lo, 70 + HAz) A). (2.3.8)
=1

By Integrating both sides of (2.3.8) with respect to 6 over an interval [0,1], we get
mo el
G(1) — G(0) = Z/ ol (t,x(t, to, mo + 0Axg)) @ (O(L, to, o + OAz) Axg)dh.
=170

This, together with the fact that G(1) = >7%, o (¢, 2(¢, \)) and G(0) = >°)%, ol (¢, z(t)),

yields
D lob(t,x(t, N) — okt (1)) = Y At 2(t, A), B(E,\),
where

1

At 2(t), B( \)) = / oL (b w(t, o, 20 + 0Az0)) @ (B(t, to, 20 + 0Az0) Ao,
' (2.3.9)
Note that the integrals in (2.3.7) and (2.3.9) are cauchy-Riemann integrals. Using the
hypotheses of the Lemma, n x n matrices J(t, z(t, \), ®(t, \)) and Al(¢, x(t, \), ®(¢, \))
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are continuous in (¢, z, A) for = 1,23, ..., m. Furthermore, from (2.3.7), (2.3.9) and

applying the bounded convergence theorem|[34], we obtain

J(t,z(t, N), D(t, \))

lim y = fou(t, 2(t, to, x0)) ZCD (t,to, To)ex) (2.3.10)
and

. Al(t,x(t, )‘)7(1)(t7 A)) l -

lim s = ol (t,z(t, o, 20)) @ (’; ®(t,to, xo)ex). (2.3.11)

From (2.3.5), using the fact that ®(¢, A) and ®(¢) are solutions of (2.3.3), we obtain

d(D(t,\) — D)) = dd(t,\) — dD(t)
= fo(t,x(t, N)D(t, N)dt + Z oL (¢, (t, \) B (L, \)dwy(t)

— [fa(t, z(t) dt+Za (t, () D(t)dw(t)]
[fa(t, z(t, \)®(t,A) — fx(t x(t))®(t)]dt

m

+ Z[o—;(t, c(t, \))D(t,\) — ol (t, 2(t))D(t)]dw,(t).

=1

(2.3.12)

By adding and subtracting f,(t,z(¢))®(¢,A\)dt and > ", ol (t, z(t))®(t, \)dw(t) in
(2.3.12), we obtain

d(D(t,N) — (1) = [fult, z(t,\)B(t,N) — fult, x(t)D(t,N)
Lot () ®(8A) — fa(t, 2(2)) B (2)]dt

[ [oh(t (8, N) (8, A) — ol (t () B (t, )] dwi(t)

=1

+ ) [on(ta(®)D(t,A) — ol (t, (1) @ (1)]duwi(t)]

14



() (@) — B(1)
({6 0) — Fult,2(0)B(0, M)
£ 3k () (,A) — ()
ob (8, 0) = (1 (D))t (1),

(2.3.13)

This, together with (2.3.7), (2.3.9) and the definitions of A®(¢,\) in (2.3.5), yields

a BNy g () B2 TN RN g 10
+3 okt 2 (1)) M)(;’ N At i)’ QA gt A)dun(t).

(2.3.14)

From (2.3.10) and (2.3.11), system (2.3.2) can be considered as the nominal system
corresponding to (2.3.14) with initial data Y'(¢,) = 0. It is obvious that the initial
value problem (2.3.14) satisfies all the hypothesis of Lemma 6.1 [15], and hence by its

application, we have

AP
lim actA) = Y (t) uniformly on J,
A—=0 A

(2.3.15)

where Y (t) is the solution process of (2.3.14). Because of (2.3.4) and (2.3.5), we note
that the limit of w in (2.3.14) is equivalent to Biz()@(t, to, zo). Thus 8%0@(25, to, o)

is the solution process of (2.3.2). Moreover, %fb(t,to,xo) = (f—;%x(t,to,xo).

Example 2.3.2 Let us consider a scalar nonlinear unperturbed stochastic differential
equation:

dr = ax(p — x)dt + frdw(t), x(ty) = wo. (2.3.16)
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where «, 5 and p are any constant. Find a x(t,to, vo) and 7 2ﬂz:(t to, o), if it exists.

Solution: We note that f(t,z) = az(p — z) and o(t,z) = fx are twice continuously
differentiable with respect to x. In fact, 3 ﬁ (t,z) = a(p — 2x), ;—;f(t,:c) = —2aq,
Lo(t,x) = B, and ‘920(15 x) = 0. The closed form solution of (2.3.16) is

t -1
2t to, 20) = |®(t, o)y + a / cb(t,s)ds)] ,

to

where (¢, ty) = exp[—(ap — 3%)(t — to) — B(w(t) — w(to))]. The partial derivative of

solution process x(t,ty, xo) with respect to xy is

P(t,t
—x(t, to, 1) = (t, o) (2.3.17)
dx (D(t,t0) + axg ft (t,s)ds)?
and
2 —2a®(t,tp) (t,s)ds
(o, 20) = 0) Jin @ . (2.3.18)
o (®(t,to) + axg fto (t,s)ds)3

Moreover, 88—;2x(t, to, xo) satisfies the following differential equation:
0

dy = H& (,0 -2 [CID(t, to)rg ! + /t (¢, s)ds] _1)} y — 2a®?(t,t) | dt

to

+Bydw(t),  y(to) =0. (2.3.19)

Example 2.3.3 Consider a scalar nonlinear autonomous differential equation:

1
e = [ —alt)gs® + e a + owdu(t), alto) = 2320)
where a, b, and o are continuous functions defined on R, into R. Find 5> (t to, To)

and a—xgx(t,tg,xo), if it exists.

Solution: We note that f(¢,z) = —a(t)i2®+b(t)x and o(t, z) = oz are continuously
differentiable with respect to z. In fact = f(t,z) = —3a(t)z* + b(?), %f(t,x) =
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—3a(t)z, Lo(t,xz) = o, and %a(t, x) = 0. The closed form solution of (2.3.20) is

cb(t t0)|x0|
\/1—|—x0ft (s)®2(s,ty)ds

(t to, Q?o

where ®(t,tg) = exp[fti [b(s) — 502(3)} ds + fti a(s)dw(s)]. The solution to the IVP
is differentiable with respect to zy except at o = 0. In this case, by the uniqueness of
the solution process of (2.3.20), z(t,ty, xo) = 0. This process is always differentiable

with respect to xg. The partial derivative of solution processes z(t, to, xo) with respect

to xq is
O(t,t
Tt to, m0) = ( 0)39”(%) (2.3.21)
dg [+ 23 [} a(s)®2(s, to)ds]*2
and
02 —3|zo|P(t, to) s)®%(s,tg)ds
Za(t o, 7o) = 7ol L. fo ft (s, to)ds. (2.3.22)
dj 11 —1—.730ft <I>2(s to)ds]>/?

Moreover, 88—;296(15, to, xo) satisfies the following differential equation:
0

—3a(t )@2(15 to)xd 3a(t)®3(t, to)| ol
dy —
Yy [[2 1—{—$Oft (I)Q(S tg)ds t] \/1+xoft @2 S to)d
+oydw(t), Y(ty) =0. (2.3.23)

dt

The following result shows the existence of partial differential of solution process

of (2.2.3) with respect to t.

Lemma 2.3.4 Let us assume that all the hypothesis of Lemma 2.3.1 be satisfied. Let
x(t, to, o) be the solution process of (2.2.3) existing for t > t,.
Then

Oy x(t, to, o)
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exists and:

n

Or(tto 70) — %[(Zzai ot 10,20)0" (10, 70)0' 10, )

nx1

O(t, to, zo) ZU (to, xo)o toa%) [ (to, zo)]]dto

— zm: B(t, Lo, 20)0' (Lo, 20)dw(ty) (2.3.24)
1=1
with
Oy (to, to, 7o) Za to, o) (to, 10) — f(to,wo)]dty — ij o (to, o) dw(to)

=1
(2.3.25)

Proof. Let Aty = X > 0 be a positive increment to ty, and define
Az(t,\) = z(t,to + A\, xo) — x(t, to, x0) (2.3.26)

where z(t,tg+\, zo) and z(t, ty, xo) are solution processes of (2.2.3) through (to+ A\, o)
and (tg, zo), respectively.
Let

AZL’(tO) = ZL‘(tO + )\7 to, l’o) — .Z'(to, to, lL‘()).
Set R(0) = x(t,to+ A, xo+0Ax(ty)). It is obvious that R is continuously differentiable

with respect to 6, and hence

d 0

R(@) axol'(t, to + )\, Ty + QAJ}(to))AZE(tQ) = @(t, to + /\, To + HAJ?(to))AZE(tQ)

(2.3.27)
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By Integrating both sides of (2.3.27) with respect to 6 over an interval [0,1], we obtain
1
R(1) — R(0) / B(t, to + A, o + Az (ko)) A (to)do.
0

This, together with the fact that R(1) = x(t,to + A, x(to + A, to,x0)) and R(0) =
x(t,to + A, o), yields

1

Bt to 4 M 2(to + M to, 70)) — ot o + A, 1) — / B(t, to + A, o + 00z (ko)) Ax(te)db.
0

(2.3.28)

Because of the uniqueness of solution of (2.2.3) we have x(t, to, xo) = x(t, to+ X\, x(to+

A, to, o)) and equation (2.3.28) can be written as
1
2t to + A 29) — 2(t t, 30) — — / Bt 1o + A, 70 + OAT (1)) Ax(to)dd.  (2.3.29)
0

By adding and subtracting ®(t,to + A, xo)Ax(ty) , (¢, to + A, x(to + A, to, xo)) Az (to)
and (t, to, xo) Az (tp) in (2.3.29) and using the fact that

(b(t, to, xo) = (b(t, to + )\, SC(to + )\, to, xo))q)(to + )\, to, .ZC()), (2330)
we have

Az(t,\) = - / 1[<I>(t, to+ A, o + OAZ(to)) — D(t, to + A, 20)] Az (to)dO
+ [clg(t, to + A\, x(to + A, to, x0)) — P(t, to + A, zo)]|Ax(to)
+ [B(E to, zo) — (L, o + N, z(to + A\, to, 20))]Az(t) — B(L, to, mo) Az (to)
= - / 1[<I>(t, to+ A, o + OAZ(t)) — D(t, by + A, 20)] Az (to)dO
+ [(I(;(t, to+ A, z(to + A, to, 20)) — Bt to + A, 20)| Az (o)

+ [(I)(t, t(] + )\, I(to + )\, to, .To))q)(to + /\, to, ZL’())
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—®(t, tg + N\, z(to + A, to, 20))|Ax(ty) — (¢, to, To) Az (to)
= - /1[<I>(t7 to+ A\, zo + 0Ax(ty)) — P(t,to + A, w0)|Ax(ty)do
+ [(Ig(t, to + A, x(to + A, to, x0)) — P(t, to + A, z0)]|Ax(to)
+ [P(t,to + A, z(to + A, to, 0)) (P(to + A, to, z0) — P(to, to, x0))| Az (o)

— B(t, ty, 20) Ax(ty). (2.3.31)

We set G(¢) = O(t,tg + A\, xo + YOAx(tp)) for 0 < ¢p < 1. It is obvious that G is

continuously differentiable with respect to v, and hence

G = 5

By Integrating both sides of (2.3.32) with respect to ¢ over an interval [0,1], we have

/ 580, to X, w0 + V0N (t0)) © (9A(t0))dy.
Zo

This, together with G(1) = ®(¢,t9 + A\, zo + 0Ax(ty)) and G(0) = ®(¢,to + A, o),

yields

1
0
(I)(t,t0+)\,.To—i‘HAZE(tQ))—(I)(t,tO—F)\,J}o):/ 87(1)(75,t0—|—)\,$0+¢9AI(t0))®(9A$(t0))d¢
0 0
(2.3.33)

Similarly, by setting g(8) = ®(t,to + A, xo + fAz(ty)) for 0 < g < 1, and repeating

the previous argument, we obtain

d 0

——9(8) = o0

3 O(t,t0 + A, zo + SAZ(ty)) ® Az(ty). (2.3.34)
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This, together with g(1) = ®(¢,to + A, xo + Ax(to)) and g(0) = ®(¢,t + A, zp), yields

(2.3.35)
Using (2.3.33) and (2.3.35), (2.3.31) reduces to

Aw(t, ) — / / S0t + A+ 09a(t)
2 (OA( to))Ax(to)dwdé’
/ 5t to-+ Ao + a(te)) @ Aa(ta) Aa(t0)d5
o(t, to N 2(to + A to, 70)) (B(to + A, to, 7o) — B(to, to, 20))| Ax(to)

—D(t,tg, x0)Ax(to). (2.3.36)

Adding and subtracting %@(t, to + A, z9) ® (0Ax(ty))Ax(ty) and
3= ®(t, g + A, ) @ (Az(to))Ax(to) in (2.3.36) yields,

1 1
Az(t,\) = — /0 /0 8%[@(1&, to + A, w0 + p0AT(to))
1
o 9o
+[P(t, to + A, z(to + A, to, 20)) (P(to + A, to, 2o) — P(to, to, 70))] Az (to)
1 0

To

Using the bounded convergence theorem[34], the concept of It6-Doob type differential

and sufficiently small increment Aty to ¢y, (2.3.37) reduces to

10
8t0.17(t, to, .To) = [(I)(t’ to, Qfo)d@(to)]diﬁ(f?o) -+ 5%@(@ to, .To) & dﬂf(fo)dl’(to)
0

—q)(t, to, IEo)d.I(to)
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= (I)(t to,xo ZO’ to,xo dwl t(] ZO’I to,l’o)dwl(to>
=1 =1

10 3
+§a_ZL’0(I)(t7 lo, LU(]) ® Z Ul(tO’ SL’Q)d'lU[(tO) Z O'l(t(], .Cl}g)dUJl<t0)
=1 =1

—@(t, to, l’o) to, i) dto + Z to, iL’O dwl to)]

- (ZZ B U t tvao) (tOJO)Ué(to,a’Eo)) dto
nx1

=1 [=1

(t, to, o) ZU to, 20)o (to, zo) — f(to, v0)]dto

m

= O(t, to, 7o) (to, zo)duwy (to) (2.3.38)

=1

This shows that 0y, x(t, to, o) exists and it is represented as in (2.3.24). This together

with t = t, and (2.3.2) yields (2.3.25).
|

Example 2.3.5 Let us consider a scalar linear unperturbed stochastic differential
equation:

dx = f(t)xdt + o(t)zdw(t), x(to) = zo, (2.3.39)

where f and o are any differentiable functions defined on J = [tg, ty+a) into R, where

a > 0. Find 0y x(t, to, xo), if it exists.

Solution: Note that f(¢t,2) = f(t)x and o(t,z) = o(t)z are continuously differen-
tiable with respect to z. Moreover, 2 f(t,z) = f(t) and Zo(t,x) = o(t). The closed

form solution of (2.3.39) is given by

I(t, to, .To) = q)(t, to).’[‘o
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Let us consider the following:

.T(t, o + >\7 .I()) - x(t7 lo, Io)

z(t,to + X o) — x(t, to + A, z(to + A, to, o))

O(t,tg + N)axg — P(t, to + Nz (to + A, to, o)

— D(t,to + N)[z(to + N to, 20) — 2o

— B(t, o + \)Az(ty)

— [D(t by + N) — B(t, to) + (L, to)] Az (to)

— [D(t,to + \) — B(t, to)]|Ax(to) — (L, to) Ax(ty)

[D(t, o) — B(t, to + N Ax(to) — B(t, to) Az (to)

[D(t,tg + N)B(to + N to) — D(t, to + N Az(te) — B(t, to) Az(ty)
D(t, to + N[ (to + A to) — I|Az(to) — (L, to) Ax(ty)

B(t, to + NADB(to, o) Ax(te) — (L, to) Ax(to). (2.3.40)

Using the bounded convergence theorem [34], the concept of Itd6-Doob type differential

and sufficiently small increment A to tg, (2.3.40) reduces to

atol.(t) th i[fo)

= D(t,10)dD(to, to)d(to) — B(t, to)d(to)

= O(t,t0)[f(to)P(to, to)dty + o (to)®(to, to)dw(te)][f (to)zodto + o (te)zodw(to)]
—D(t,t0)[f(to)zodto + o(to)zodw(ty))

= O(t,to)o(to)o(to)zodty — P(t,to)[f (to)xodto + o(to)zodw(to)]

= Bt 1) [0 (to) — f(to)|zodty — B(t, to)o(to)zodw(ty). (2.3.41)

Example 2.3.6 Let us consider a scalar linear perturbed stochastic differential equa-

tion:

dr =

[f(t)z + p(t)]dt + [o(t)x + q(t)]dw(t), x(to) = o, (2.3.42)
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where f, o, p and ¢ are any differentiable functions defined on J = [tg, ¢ + a) into R,

where a > 0. Find 0y, x(t, to, xo), if it exists.

Solution: Note that f(t,z) = f(t)z+p(t) and o(t,x) = o(t)x+q(t) are continuously
differentiable with respect to z. Moreover, 2 f(t,z) = f(t) and Zo(t,z) = o(t).

Using the application of Lemma 2.3.4 we obtain

Onx(t to,mo) = D(t,to)[(0(to) — f(to))zo + o(to)a(to) — p(to)]dto

—®(t,t0)[o(to)wo + q(to)]dw(to). (2.3.43)

In the following, we state and prove the existence of Ito-Doob type mixed partial

differentials of solution process of (2.2.3).

Lemma 2.3.7 Assume that all the hypothesis of Lemma 2.3.1 hold. Let x(t,tg, x¢)
be the solution process of (2.2.3) existing for t > ty. Then the mized It6-Doob type
partial differentials

Ouo (Op,x(t, 10, 20)) and Oy (O, x(t, o, x0)) exists and they are equal. Moreover,

0o (Opox(t, 0, ) = [ (ZZ D2g D;;(t, o, xo)o (toaxo)aj-(t(),l‘o))
nx1

7j=1 [=1
+ Z @(t, to, .%'0)02(250, x0)0'1<t0, xo):| dto
=1
(2.3.44)
With initial condition:
8$0 (8,50 (to, to, JZO Z O' to, I’Q to, Io)dto (2345)

Proof. Let Az(ty) = x(tg + A\, to, xo) — x(to, to, o). Using (2.3.30), Lemma 2.3.1 and

the continuous dependence of solution process of (2.3.1), we examine the following
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differential:

61«01'@, to + )\, ZE()) — (910x(t, to, JIQ)

9 q)(t t() + )\ IL"Q) ® diBo)d$0

0 1
= x(t, to + A\, wo)dxo + = <a

(9960

0 0
—[a—xox(t o, To)dxo + 2(a

1.0
= [(I)(t, to + )\, .730) — q)(t to, .To)]dafo + = 5 [a ((I)(t, to + )\, 1’0) — (I)(t, to, .To)) (059 dxo]dl’o.

(t to, .7)0) ® dl’o)dl’o]

(2.3.46)

Since ®(t, tg, xg) = P(t, to+ A\, x(to+ A, to, o)) P(to+ A, to, o), by adding and subtract-
ing ®(t,to + A, x(to + A, to, zo))dxg in (2.3.46), using generalized mean value theorem

and algebraic manipulations, we get

8x0$(t, to + )\, Z'()) — 8x0x(t, to, x0>

= [(I)(t to + )\, 370) — q)(t, to + )\, ZL’(tO + )\, to, l’o))q)(t[) + )\, t(), ZL’Q)]CZQTO

1.0
+olge !

= [(I)(t, to + )\, l‘o) — @(t, to + )\, ZL‘(tO + )\, to, ZTo ) + (I)(t, to + )\, I(to + )\, to, ZL‘Q))

(I)(t to + A l’o) (I)(t, to, 370)) ® d%o]dl’o

)
—(I)(t t() + /\, .T(t() + )\, t(), .130))@@0 + )\, to, xo)]dﬂfo

1.0
+—= [ ((I)(t to + A l‘o) (I)(t, to, 370)) X dflfo]dl‘o
2 81'0
1
o Oz
—®(t,tg + X, x(to + A, to, 20)) (P(Lo + A, to, o) — Lnxn)dg
1.0
+—[—((I)(t, to + )\, .1'0) — (I)(t, to, 370)) ® diﬂo]dl'o
2 81'0

(2.3.47)
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Again by adding and subtracting 2 3 2t to + A, z0) ® Ax(tg)dzy in (2.3.47), we get

axol’@, t() + >\, CL’(]) — &on(t, to, IL’())

1
9
_ _[/ ({1t + X0 + OA(t0) — Dt to + A, 70)  Aa(to)db]dry
0 0

0
0
1.0

0

For sufficiently small Atg = A > 0, uniform convergence theorem, solution process of
[t6-Doob type stochastic differential equations (2.2.3) and (2.3.3), It6-Doob calculus

and continuous dependence of solutions with respect to initial conditions, we obtain

Ot (Ozg(t, Lo, w0)) = [ (ZZ D2g Di;(t, o, xo)o (750,55'0)0;(7507900)>
nx1

7=1 [=1

+Z(I) t to,.on to,xo) (to,ﬂ?o):| dtg. (2349)
On the other hand, using (2.3.24) we examine the following differential

Oy (t, to, xo + A:z:o) — Oy (t, to, zo)

- (Z Z dzo Dj;(t, to, To + Azo)o "(to, o + A:co)aé(to, o + Aaz‘o)>

+(D<t, to, o + A%o)[z O'i:(to, Zo + A.To)(fl(to, Zo + Al‘o) — f(to, To + Al‘o)“dto

=1
m

— Z (I)(t, to, To + Al‘o)Ol(to, Ty + Axg)dwl(to)

(ZZ@ 7 i (t, to, m0) ' (to, mo)o (to,xo))

7j=1 [=1

D(t, to, o) ZU to, x0)o' (to, w0) — f(to, wo)])dto — ZCb(t;t(J,iEo)Ul(to,ﬂUo)dwl(to)}

=1
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n m 8
— ( Z % 1] t tO; xO + Al‘o) l(to, x(] + Axo)o_é-(to, .CEO + A,Z‘O)>
=11 0

gt

+®(t, to, z0 + Aa:o)[z ol (to, o + Axo)a' (te, To + Axo) — f(to, xo + Axo)]dto
=1

nx1

3

zms i
Q)‘QD

l\DIn—~

0 ®y5(t, to, v0)o <t07x0)0-§'(t07x0)> Jdto
nx1

O(t, o, z) ZU (to, z0)o (to, w0) — f(to, z0)]dto

m m

= O, b, o + Azo)o (to, w0 + Awo)dwi(to) + Y B(t, to, x0)0" (o, xo)dwi(to).

=1 =1

(2.3.50)
By adding and subtracting ®(t, to, zo) Yo 0" (to, o + Azg)dwi(to) in (2.3.50) yields

8t0 (t to,l‘o + AZE()) - 8t0 (t to, Io)

- (Z Z or Dy;(t, to, wo + Axg)a' (to, 7o + Axg)o (to, xo + Axo))
0
nx1

7j=1 1=1

- (ZZ aio ij(t, to, mo)o (tﬂaxo) <t07x0)> Jdto

7j=1 [=1

+(I)(t, to, Zo + AZL‘Q)[Z Ui(to, Zo + Axo)al(to, Xo + Aﬂfo) — f(to, o + Aﬂfo)]dto
=1

—® (2, to, fO)[Z o', (to, 20)a' (to, mo) — f(to, xo)]dto

=1

—[CI)(t, to, o + AZE()) — Cb(t, t[), Io)] Z O'l(to, ZTo + Al’o)dwl (to)
=1

t to, ZEO Z to, To + AIQ) — 0 (to, l’o))dwl(to) (2351)
=1

From the continuity of rate coefficient matrices and the continuous dependence of
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solution process, we have

n

0
Oz (O (L, t0, 20)) = —[ ( Z 3_x0 i(t, o, wo)o (to,xo)aé(to,x0)>
J nx1

=1 =1
+ Z (I)(t, to, xo)O'i(Zfo, SCo)O'l<t0, ill'o):| dtg
=1

(2.3.52)

This establishes the proof of (2.3.44). Since a%oq)(to,to,fo) = 0 and ®(to, to, z9) =

L, at t = ty, we have
8960 8t0 Z O, to, $0 to, l’o)dto. (2353)

This completes the proof of the Lemma.

Example 2.3.8 Let us consider Example2.3.5. Find 0,,(0;,x(t, to, zo)).

Solution: Using (2.3.30), Lemma 2.3.1 and the continuous dependence of solution

process of (2.3.1), we examine the following differential:

axol'(t, to + )\, ZL'()) — ékcox(t, to, [L’())
0 0
= [8_%x(t t() + A l’o) a o

= [@(t, tO + >\) - (I)(t, to)]dl‘o

(t to + A l’(t(] + A to, Sl?(]))]d&?g

= [(I)(t, to + )\) — (I)(t, to + )\)@(fo + )\, to)]dﬂfo
— - (I)(t, to + )\)[(I)(t() + )\, to) — (I)(to, to)]dl’o

Using the bounded convergence theorem[34], the concept of It6-Doob type differential
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and sufficiently small increment A to o, (2.3.54) reduces to

ato (aﬁtox(t> tOv ZL’O))
= - @(t,to)d@(to,to)dl’o
= — (I)(t, to)[f(to)(b(t(h to)dto + U(to)@(to, to)d’(ﬂ(to)] [f(to)l’odto + O'(to)l’od’d)(to)]

= - (I)(t,to)UQ(to)l'odto. (2355)

2.4 Method of Variation of Constants Formula

In this section we shall establish the method of variation of constants formula with

respect to (2.2.3) and its perturbed system (2.2.2).

Theorem 2.4.1 Let the assumption of Lemma 2.5.1 be satisfied. Let y(t,to, xo) and
x(t, to, o) be solution processes of (2.2.2) and (2.2.3), respectively, through the same
initial data (to, o), for all t > t.

Then

<
—
\.@F
~
(e}
8
(=]
N—
|
8
—~
\'PF
~
2
8
(e}
SN—
+
5\“
|
VN

(1, 5,y (DF(s,5(5) = 3 o5, ) T (5. y(5)] ] ds
30 [ 0t o) T (s ), 241)
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Proof. From the application of Lemma 2.3.1, Lemma 2.3.4, Lemma 2.3.7 and the

Ito-Doob differential formula with respect to s for {5 < s < t, we have

dsl‘(t, S,y(S)) = a150‘,5(757 S7y(8)) + a$0x<t7 S, y(8>> + aJt?o (ato‘r(tv S7y(8)))
0,5, 4(5)) © dy)dy

-

- ZZ 0 (t,5,1(3))o <s,y<s>>a§-<s,y<s>>> ds

1
+§(

O(t,s,y(s)(>_ oh(s, (5,y(s)) = f(5,y(s)))ds
d(t, s, y(s Zal s))dwi(s) + (¢, s,y(s))dy(s)

(ZZ oz, Lt 5 y(s))o '(5,y(s))(05(5,5(5)) +T§-(8,y(8)))> ds

7j=1 1=1

O(t, 5,y(s Za 5,y(s))(0'(s,y(s)) + T'(s,y(s)))ds

o'(s,y(s))dwi(s)

Ms

1,0
—|—§(a—<1>ts y(s ®Za s,y(s))dw(s)

N
Il
—

o'(s,y(s))dwi(s)

Ms

1.9 J
+§(a—<1>tsy ®ZT s,y(s))dw(s)

o~
Il

1

T'(s,y(s))dwn(s)

MS

1,0
+§(a—<l>tsy ®Z s))dwy(s)

N
Il
—

T'(s,y(s))dwi(s)

(2.4.2)

Ms

19 ]
+§(a—<l>tsy ®ZT s,y(s))dw(s)

=1
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By simplifying (2.4.2), we get

dalt,s,y(s) = |-

+3D(t, s, y() Y (s, y(s))duwy(s). (2.4.3)

Since the right hand side of (2.4.3) is continuous with respect to s, we integrate from
to to t, and obtain the variation of constant formula (2.4.1).

[
Corollary 2.4.2 Let the assumption of Lemma 2.3.1 be satisfied, except that only
c(t,y) in (2.2.2) can be decomposed. Let y(t,to, xo) and x(t,ty, xo) be solution processes
of (2.2.2) and (2.2.3), respectively, through the same initial data (to, xq), for allt > t.
Then

Yt tom0) = a(tto,z0) + / [% (Z aiq>ij(t,3,y(s))az(s,y(s))g;(s,y(s)))

X
t, 1 0
]—1 =1 nx1

- ( 3 a%w,s,y(s))a%ay<s>>2§<s»y<s>>>

nx1
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m

+0(t,5,5(5)(Y_lon(s.y(s))o' (s,9(s)) — ap(s,9()) ' (5, y/(s))]

=1

+F(s,y<s)))}ds

+3 [ 0D 0060 — s

(2.4.4)

Proof. From the application of Lemma 2.3.1, Lemma 2.3.4, Lemma 2.3.7 and the

Ito-Doob differential formula with respect to s for tg < s < t, we have

ds(t, s,y(s))

8tox(t7 S, y(S)) + axom(t7 S, y(S)) + axo (atox(t’ S, y(S)))

1 0
+§(6_x0q)(t’ 5,9(s)) ® dy)dy

% <ZZaixo@j(t,s,y(s))al(s,y(s))aé(s,y(s))) ds

nx1

_(I)(tv S, y(S)) Z JZ<S7 y(s))dwl(s)

+D(t,5,y())[(f(5,5(5) + Fls,y(s))ds + > 5 (s,y(s))duwy(s)]

=1

- (ZZ %qm(t,s,y<s>>al<s7y<s>>22-<s,y<8>>> ds

nx1

+—(8%0¢’(t s:y(s)) © Y S (s,y(s))dwils) Y S (s, y(s))dw(s)
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By simplifying (2.4.5), we get

datts.(s) = 5 (ZZai%cbij(t,s,y(s))a%s,y(s))a;(s,y<s>>>

j=1 1=1
1 (Z a%%(t,s,y<s>>zl<s,y(s»zz(s,y(s)))
0 (t5,9(5) (Y lob (s 9 (5, 9(5)) = 0% (s, ()= (5,(5)]

(2.4.6)

Since the right hand side of (2.4.6) is continuous with respect to s, we integrate from
to to t, and obtain the variation of constant formula (2.4.4).

[
Corollary 2.4.3 Let the assumption of Lemma 2.53.1 be satisfied, except that only
X(t,y) in (2.2.2) can be decomposed. Let y(t, to, xo) and x(t,to, xo) be solution pro-
cesses of (2.2.2) and (2.2.2), respectively, through the same initial data (ty,xo), for
allt > ty. Then

y(tto,w0) =t to, x0) + / E (Z 8%%@,s,y<s>>rl<s,y(s))a;-<s,y<s>>>
-3 <ZZ 5. Bid (5, 4(5)) l<s,y<s>>rg<s,y<s>>>
(zza it s,y(s >>Tl<s,y<s>>rz-<s,y<s>>>
7j=1 1=1 nx1
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+(t,5,y(s))[c(s, y(s)) — ZU 5,y(s)) T (s, y(s))] | ds

# 3 [ 00t T () (). 247

Proof. From the application of Lemma 2.3.1, Lemma 2.3.4, Lemma 2.3.7 and the

Ito-Doob differential formula with respect to s for t5 < s < t, we have

dsx

(t,s,y(s))

atox(ta S, y(s)) + afﬂox<t7 S, y(8)> + a&fo (atox(t7 S, y(S)))
30t 4(5)  dy)dy

n m

(g (5 9(6) @ZTlsy ))dwi(s) Y o' (s, y(s))dwi(s)
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By simplifying (2.4.8), we get

dsx(ta‘S?y(S)) = [% ( Zaia:oq)l](t? S7y( ))T (3 y )
I [ 0 . .
3 (X gttt )
j=1 I=1
% ( Za%%(t 5,5(s)) T (s, y(s)) (s, y(s )
(5, y(s)) el y(s)) - Zaw’mmwm
+3D(t, s, ()Y (s, y(s))duwy(s). (2.4.9)
=1

Since the right hand side of (2.4.9) is continuous with respect to s, we integrate from
to to t, and obtain the variation of constant formula (2.4.7).

|
Corollary 2.4.4 Let the assumption of Lemma 2.3.1 be satisfied, except that c(t,y)
in (2.2.2) and X(t,y) in (2.2.3) cannot be decomposed. Let y(t,to, xo) and x(t, 1o, xo)
be solution processes of (2.2.2) and (2.2.3), respectively, through the same initial data

(to, o), for allt > ty. Then

“r1
y(t7t07$0) - x<t’t07x0)+/ [_
to 2

n

Ziwmy»wm@mﬂ

j=1 I=1 0o
1 ~\ 0 l l
+J Z%wmmmwmmmm)
(Zzﬁwmm»@wwwm)
7j=1 [=1 nxl
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O(t, 5,y(s Za 5,y(5))(0'(s,y(s)) = X'(5,4(5))) + (s, (5))

)]s+ 3 / Ot 5,y(5)) 5 (5,y(5)) — o' (5,y(s) s,

(2.4.10)

Proof. From the application of Lemma 2.3.1, Lemma 2.3.4, Lemma 2.3.7 and the

[to-Doob differential formula with respect to s for tg < s < t, we have

dsx(tv S, y(S)) = 8tox(ta S, y(S)) + aﬂcom(ta S, y(‘s)) + 8960 (815037@7 S, y(S)))

+%(aiq)(t s,y(s)) ® dy)dy

- (ZZ S Lt s, y(s ><s,y<s>>o§<s,y<s>>) ds

7j=1 =1

O(t, 5,y(s ZJ $,9(5))a (s,4(s)) = [ (s, y(s)))ds

m

=Y o' (s,y(s))dwi(s)]

+0(t,5,y(s))[c(s, y(s) d8+221 s,y(s))dwi(s)]

=1
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By simplifying (2.4.11), we get

3

dsx(t, s,y(s)

l\:)ln—

l

(iiax

j=1 I=1

_<§§:£@me@w%w@EWw@0

(L, s,y(s ZU 5,9(5))(0'(s,9(s)) = Z'(5,4(5))) + (s, y(s))

ai (18, 9(s)) l(s,y(S))Ué(&y(S)))
2

+

N —

0

i(t, 8, y(s ))El(s,y(S))Eﬁ(s,y@D)

nx1

nx1

—[(s, y(S))ﬂ ds + Z O(t,s,y(s))[E'(5,y(s)) — o' (s, y(s)) @uAR)

=1

Since the right hand side of (2.4.12) is continuous with respect to s, we integrate from

to to t, and obtain the variation of constant formula (2.4.10).

Remark 2.4.5 In Corollary (2.4.4), if

1. o(t,x) =0 and c(t,x) = f(t,x), then the variation of constant formula reduces to

y(t, to,v0) = 95<t77507$0)+/t %(ZZ D,5(t,s,y(s ))Zl<87y(8))2§(87y<8))> ds
+30 [ 0t 062 s () dun(s) (2413

2. f(t,x) =0 and X(t,x) = o(t, x), then the variation of constant formula reduces to

y(t,to,z9) = x(t,to,x0)+/ O(t,s,y(s))c(s,y(s))d(s). (2.4.14)

to
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2.5 Examples

Example 2.5.1 Consider a scalar linear unperturbed and perturbed stochastic dif-

ferential equations:
dx = f(t)xdt + o(t)zdw(t), x(to) = o, (2.5.1)

and
dy = [f(t)y + p(D)ldt + [o(t)y + q(t)]dw(t),  y(to) = o, (2.5.2)
where f, o, p and ¢ are any differentiable functions defined on J = [tg, o + a) into R,
where a > 0. Then
t t
y(t, to, o) = x(t,to,:l:g)+/ (¢, 3)[p(s)—a(s)q(s)]d(s)+/ O(t, s)q(s)dw(s). (2.5.3)

to to

Solution: Let z(t) = x(t, ty, xo) and y(t) = y(t, to, zo) be solution processes of (2.5.1)
and (2.5.2) through (%o, x¢), respectively. Since z(t) = x(t, to, xg) = P(t,t0)xo [11],
the partial derivative of x(t, to, z¢) with respect to xy will be a%oaz(t, to, xo) = P(t,1p).
Moreover, 88—;5:6(15, to, o) = 0. From Lemma 2.3.4, the partial differential of x (¢, to, o)

with respect to #j is given by
(3t0x(t, to, 330) = (D(t, to)[O’Z(t(]) — f(to)]l'odto — @(t, to)U(to).ﬁod'LU(tg) (254)
At t = to, we have

8toa:(t0, t(), $0) = [O’Q(tg) — f(to)]ﬁodt() — U(to)l’odw(tg) (255)
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Moreover, from Lemma 2.3.7, the corresponding [to-Doob mixed partial differential

of solution process x(to, to, zo) of (2.5.1) is given by
(9t0,,30x(t,t0,x0) = —q)(t,to)0'2(t0)l‘0dt0 (256)

Using the method of variational constants, Theorem 2.4.1, the solution of (2.5.2) is
given by (2.5.3).

Example 2.5.2 Consider a scalar linear unperturbed and nonlinear perturbed stochas-

tic differential equations:
dr = f(t)zdt + o(t)zdw(t),  x(ty) = o, (2.5.7)

and

dy = [ty = p(t) 5ot + o (Oudu(t),  ylto) =w0,  (258)

where f, o and p are any differentiable functions defined on J into R. Then

y(t, to, xo) = x(t,to, To) +/ %@(t,s)p(t)yi%(s)d& (2.5.9)

to

Solution: Let x(t) = z(t, ty, x9) and y(t) = y(t, to, xo) be solution processes of (2.5.7)
and (2.5.8) through (to, ), respectively. The partial differential of z(¢,ty, zo) with
respect to initial data is given in Example 2.5.1. The closed form solution of (2.5.8)

is
(I)(t to) | Zo |

. (2.5.10)
\/1+x0ft $)®2(1, 5)ds

y(t th CCO
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The partial differential of y(¢,to, zo) with respect to ¢ is

O y(t, to, mo) = ®(t,t0)[(f(to) + 0*(to))z0 — %p(t)xo?’]dto — ®(t, to)o(to)zodw(ty).
(2.5.11)

At t = ty, we have

Oy (to, to, w0) = [(f(to) + o2 (t0))wo — %p(t)xo?’]dto — o (to)zodw(ty) (2.5.12)

Moreover, the corresponding Ito-Doob mixed partial differential of solution process

y(to, o, xo) of (2.5.7) is given by
atozoy(to, to, 1’0) = —(I)<t, t(])O'Q (to)xodto (2513)

Using the method of variational constants, Theorem (2.4.1), the solution of (2.5.8) is
given by (2.5.9).

Example 2.5.3 Consider a nonlinear unperturbed and perturbed stochastic differ-

ential equation:
dr = ax(n — x)dt + Brdw(t),  x(ty) = o, (2.5.14)
and
dy = [ay(n —y) + g(t, y)ldt + [By + o(t, y)ldw(t),  y(to) = o, (2.5.15)

where «, 0 and n are any constant, g and o are differentiable functions. Then

ditstoao) = altito,zo) + [ (G705 0(5)0% 5 0(5) + Blt s 0(5)la(s.0(s)

—ﬁa(s,y(s))]]ds—i—/ O(t, s)o(s,y(s))dw(s). (2.5.16)

to
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Solution: Let z(t) = x(t,t9,xz0) and y(t) = y(t,to,z0) be solution processes of
(2.5.14) and (2.5.15) through (g, x¢), respectively. The partial derivative of solution

processes z(t, to, xo) with respect to zg is

Ot to, 20) = 2(t, to) (2.5.17)
8900 (q)(t, to) + axg fto q)(t, S)d8)2
and
2 —2ad(t, to) (t,s)ds
a—QZE(t,to,xo) = 0 j; (2.5.18)
oxy (B(t,to) + axy [, D(t, s)ds)®

Moreover, the partial differential of z(t,to, z¢) with respect to t; is

—aff%x <I>tt0ft (t,s)ds
(P(t,t0) + axg fto (t, s)ds)?
+,82q)(t, to)ibo — (I)(t, to)al’o(n — xo)dto] — (I)(t, tQ)BZEodw(to).

atox(t7t07x0) =

(2.5.19)

The corresponding Itd-Doob mixed partial differential of solution process z(t, to, xo)

of (2.5.14) is given by

203222 (1, 1) ft (t,s)ds
D(t,t9) + axg LO (t,s)ds)?

8t0$0x(t,t0,x0) = [( + @(t,t0)62l’0:| dto (2520)

Using the method of variational constants method, Theorem (2.4.1), with f(¢,z) =
azx(n —z) and o(t,z) = Pz, the solution of (2.5.15) is given by (2.5.16).

Example 2.5.4 Consider a scalar linear unperturbed and perturbed stochastic dif-

ferential equation as:

dx t)xdt + Z o' (t)xdw(t) x(to) = o, (2.5.21)
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and
dy = [A(t)y + P(t dt+z ty + YO))dwy(t),  ylte) = o, (2.5.22)

where A and ¢! are any differentiable functions defined on .J into R**" and P, Y! are

any differentiable functions defined on J into R™.Then

y(t,to, o) :x(t,to,:cg)—i-/ O(t,s)[P(s)— Z s)Y!(s ds—i—Z/ (t, )Y (s)dw(s).

to =1
(2.5.23)
Solution: Let z(t) = x(t,t9,x0) and y(t) = y(t,to,z0) be solution processes of
(2.5.21) and (2.5.22) through (¢, x¢), respectively. The partial differential of (¢, to, x¢)
with respect to initial data is given in Example 2.5.1. Using the method of variational
constants, Theorem (2.4.1) with f(t,x) = A(t)z, o(t,z) = Y, o'(t)x the solution of
(2.5.22) is given by (2.5.23)
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3 METHOD OF GENERALIZED VARIATION OF CONSTANTS

FORMULA: RELATIVE STABILITY

3.1 Introduction

A closed form representation of a dynamic process of a nonlinear nonstationary solu-
tion process is not always possible or we might not be interested in the closed form
solution [15]. In the absence of this, qualitative or quantitative properties are inves-
tigated for both the ordinary and stochastic dynamic systems [15, 16, 17, 19, 20]. A
well known nonlinear technique [2-30] is to measure a dynamic flow by means of a
suitable auxiliary measurement device, and then to use this measured dynamic flow
to determine the desired information about the original dynamic flow [15, 16, 17, 20].
Employing energy function method as a measurement device and the fundamental
properties of It6-Doob type stochastic auxiliary system of differential equations [40],
we establish the relationship between the solution processes of stochastic perturbed,
auxiliary and nominal systems of differential equations. In addition, several estimates
are obtained with regard to the deviation of solution process of perturbed system with
respect to the solution process of nominal system of differential equations. Moreover,
stability and relative stability results are developed to illustrate the usefulness of the
results. Presented results generalize the existing results in a systematic and unified
way [2-4, 6-28, 31].

Let us consider the following It6-Doob type stochastic perturbed and auxiliary
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systems of differential equations

de = f(t,x)dt+ o(t,x)dw(t)

(3.1.1)
= f(t,x)dt+ >, ot z)dw(t),  x(ty) = o,

and
dz = aft,z)dt + B(t, z)dw(t)

(3.1.2)
= alt,2)dt+ > ", B(t, 2)dw(t), 2(to) = o,

respectively, where =,z € R"; f, «, column vectors of o and § € C[J x R", R"|;
J = lto,to+a), a > 0; a and 3 are twice continuously differentiable with respect to z;
w(t) = (wy(t), wa(t), ..., wn(t))T is an m-dimensional normalized Wiener process with
independent increments; xo and w(t) are mutually independent for each t > to; let
z(t,to, o) be the solution process of (3.1.2) existing for ¢t > ty; furthermore assume

that its second derivative, #Zmz(t, to, xo) is locally Lipschitzian in xq for each ¢, to.

3.2 Energy Function Method and Generalized Variation of Constants

Formula

In the following, by using energy function method as a measurement device and
the fundamental properties of solution of Ito-Doob type stochastic auxiliary system
of differential equations, we develop several basic results in terms of a measure of
solution process of stochastic auxiliary differential equations. The presented results
extend and generalize results [12, 13, 14, 15, 16] in a systematic and unified way.

Examples are given to illustrate the results.

Theorem 3.2.1 Assume that: « and (8 in (3.1.2) are twice continuously differentiable

with respect to z for fixed t > to, o, and B.. are bounded with respect to z. Moreover,

a) z(t,to,xo) is the solution process of the stochastic auxiliary system of differential

equations (3.1.2) existing for t > ty;
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b) V € C[R, x R", RY] and its partial derivatives V;, V, and V,, exists and are

continuous on Ry x R";

c) z(t) are solution processes of (3.1.1).

Then,
V(ta(t) = V(to.=(1) + / LV (s, 2(t, 5, 2(s)))ds
—i—Z/t Vx(s,z(t,s,az(s)))bl(t,s,x(s))dwl(s), (3.2.1)
where

LV (s, 2(t,s,2(s))) = Vi(s,z(t,s,x(s)))

n m

Va0 2[5 (3232 5l 2 (oD 45 205)

- ggqs,m(s))g;(s,x@)1gl(s,x@))g;.(s,x(s))])m

+oals, x(smi (s, ()8 (5, 2(5)) — o' (s, 2())]

- f<s,x<s>>—a_<s,x<s>>1]

e 503 g Vo = D 0, 010)))
(3.2.2)

bi(t, s, x(s)) = ®(t, s,2(s)) [0l (s, 2(s)) — B(s,2(s))], and ®(t,tg, z0) = a%oz(t,to,xo) is

the fundamental matriz solution process of the variational auziliary system [31].

Proof. Let x(t) and z(t) be solution processes of (3.1.1) and (3.1.2) through (tg, x¢),
respectively. Under the assumptions on the rate coefficients of auxiliary system of
stochastic differential equations (3.1.2), we recall [40] the fundamental properties of

solution process z(t,ty, zo). For ty < s <t, we apply It6-Doob differential formula to
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z(t,s,z(s)) and V (s, z(t, s, z(s))) with respect to s for fixed ¢ and ¢y, and obtain

dsz(t,s,2(s)) =

Oy 2(t, 8, 2(8)) + Ouy2(t, 8, 2(8)) + Oy (04 2(t, 8, 2(8)))
1. 02

5[81’08 2(t,s,x(s)) ® dx(s)]dz(s)
(Z Er ®,i(t, s, 2(s)) B (s,x(s))ﬁﬁ(s,x(s))) ds
j=1 1=1 nx1
O(t, s, x( Zﬁl s, x( ,z(s)) — s, z(s))]ds
> Dty s, ()8 (s, (s))duwn(s)
O(t, s, x(s))dz(s)

(ZZ ij(t, 5,2(5)) B (5, 2(s)) é(s,m(s))> ds

nx1

O(t, s, x( ZBZ s, x( ,x(s))ds

—28(s, o(s))0k (5, 2(s)) + o' (s, (s))a;(s,x(s))])

nx1

B, s, o ZBZ (5. 2(s)) [8(s. 2(5)) — o'(s.2(s))]

+f(s,x(s)) — i|dS+Zbl (t,s,x(s))dws).

(3.2.4)
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Similarly, using (3.2.4), we have

dsV (s, z(t, s,2(s)))

= 0.V (s,2(t,5,2(5))) + 0.V (s, 2(t, 5,2(s)))
b5 (Vaals, 2(1,5,2(5))) © daz(t,5,2(s)) ez, 5, 2(5))
= Vils,z(t,5,2(s)))ds
#5200, 33D g, 26 ) 2(5)

7=1 [=1

—2B'(s,2(s))aj(s,2(s)) + 0'(s,2(s))o l~(87»’6(8))])

nx1

O(t, s, z( Zﬁl s, x( L 2(s)) — o' (s, 2(8))] + f(s,2(5)) — afs, 2(s))]ds

—l—Zblts:c ))dw,( )}

1 m
+2<Vm(sztsx ®Zbltsx ))dw,(s )Z (t,s,z(s))dw(s).

(3.2.5)
Simplifying (3.2.5) yields,
dsV (s, z(t,s,x(s)))
- [Vs(s,z(t,s,a:(s)))
Vil 2(05. 2[5 (32 5t 5006 915, (5)) 55 (6)
~25(s,2())a} (5, 2() + (s, 2()oh s 2(3))])
+O(t, 5, 2() Y BL(s, 2()[8'(s,2(s5)) — o' (s,2(s))] + f(5,2(s)) — s, 2(s))]

47



( Z :c&x (s, 2(t, s, x(s )))bl(t,s,x(s))blT(t,3,:10(5)))) }ds

Nx1

m

+ Z Vi(s, 2(t, s, ()b (t, s, 2(s))dw(s)

=1

= LV (s, z(t,s,x(s)))ds + Z Vio(s, 2(t, s, 2(s))b'(t, 5, 2(s))dw(s).

(3.2.6)

Now, using the uniqueness of solution process of (3.1.2) and integrating both sides of

(3.2.6) with respect to s from t, to t, we get

V(t,z(t,t,z(t))) — V(to, 2(t, to, z(to)))
= /LV(s,z(t,s,x(S)))ds—i—Z/ Vi(s, 2(t, s, 2(s)))b'(t, 5, 2(s))dw(s),
1=1 7t

to

where LV (s, z(t, s,z(s))) is defined in (3.2.2). Hence the desired result (3.2.1) follows.

This completes the proof of the theorem.
|

Example 3.2.2 Consider a stochastic perturbed and auxiliary system of differential

equations
dx = [A(t)x + p(t, z)|dt + [B(t)x + q(t, x)]dw(t), x(tg) = wo, (3.2.7)

dz = A(t)zdt + B(t)zdw(t), 2(to) = o, (3.2.8)

respectively, where x,z € R"; A and B are any n X n continuous matrix functions
defined on J; J = [tg,to + a),a > 0; p and ¢ are any n-dimensional smooth functions
defined on J x R"™ into R" that insure the existence of the solution processes of (3.2.7)

and (3.2.8); for each t € J, w(t) is a scalar normalized Wiener process independent

of zo. If V(t,z) = L|z|? then Vi(t,z) = 0, ZV(t,z) = 27} ag&vV(t,x) =1,

n x n identity matrix; 8— z(t,s,z(s)) = ®(t,s); and %z(zﬁ,s,x(s)) = 0 [15]. The
0
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generalized variation of constants formula in Theorem 3.2.1, reduces to a well-known

result [11]

l=@®)1* = 1=

t

+/ (227 (5) @7 (t, 5)@(t, 5)[p(s, 2(s)) — B(s)q(s,x(s))] + lle(s, z(s))|*]ds

to

+2 / ()07 (¢, $)D(E, )q(s, o(s))duw(s),

to

where c(s, z(s)) = ®(t, s)q(s, z(s)).

In the following, we present a few special cases of Theorem 3.2.1. These special

cases exhibit the significance of Theorem 3.2.1.

Corollary 3.2.3 Let the assumptions of Theorem 3.2.1 be satisfied.

a) If =0 1n (3.1.2) [19], then Theorem 3.2.1 reduces to

V(t,z(t)) = V(to,z(t))—i-/t LV (s, z(t,s,xz(s)))ds

+Z/ Vo(s, 2(t, s, 2(s)b' (¢, 5, 2(s))dwi(s), (3.2.9)

=1 7t

where

LV (s, z(t,s,x(s)))

= Vi(s,z(t, s,2(s)))

b V(s 2t s, 2(s))) [% (

n

Zai% it s, x s))al(s,x(s))0§(57$(3)))

7j=11l=1 nx1

+ ‘I’(tasafﬁ(s))[f(saﬂf(s))—Oé(SaI(S))]]
+ % (tr(lzl af—;t\/;(s,z(t,s,x(s)))bl(t,s,x(s))blT(t,s,a:(s)))> :

Nx1
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and

V(t,s, x(s)) = ®(t,s,z(s))0' (s, (s)).

b) Furthermore, if B =0, and o = f in (3.1.1) and (3.1.2), then (3.2.9) reduces to
a well known result [16, 19]

V(t,z(t)) = V(to,z(t))—i—/t LV (s, 2(t,s,xz(s)))ds

# [ Valsialts @)t a(6)dui(s), (3210

where

LV (s, z(t,s,z(s)))

= Vi(s, 2(t,s,2(s)))

—l——V(sztsx (Z

J

> 5yt a(9)o'(s, W#w@)
=1

nx1

+ %(tr(Zaa v;(s,z(t,s,x(s)))bl(t,s,x(s))blT(t,s,x(s)))> ,

htons
Nx1

and

V(t,s, x(s)) = ®(t,s,x(s))d' (s, z(s)).

c) Moreover, if $ =0, and o = 0, then (3.2.9) reduces to a well known result [19, 20]

V(t,z(t)) = V(to,xo)+/t LV (s,z(s))ds

+3 [ Va2

=1

20



where

LV (s,2(s)) = Vils,2(s)) + Va(s,x(s))f (s, 2(s))

+ % <tr<z 8fax‘/;(s,x(s))al(t,s,x(s))alT(t,s,x(s))>>

Nx1

d) If V(t,z) = x, x € R", in (b) and (c), respectively, then equation (3.2.10) and
(3.2.11) reduces to well known Alekseev type nonlinear variation of constants

formula for system of stochastic differential equations(3.1.1) [16, 19, 20]

x(t,to,z0) = =z(t,to,x0)
= (i”f;a%w,s,x(s))a%s,x<s>>a§<s,x<s>>) ds
+ g;/t:@(t,S,x(s))al(s,x(s))dwl(s)
and
Attorz) =zt /t:f<s,x<s>>ds+§ [ st
respectively.

The following presented examples show the scope of Theorem 3.2.1. In fact, The-

orem 3.2.1 extends and generalizes the results [14, 19] in a systematic and unified

way.

Example 3.2.4 Let us choose V(t,2) = 3||z||* in Corollary 3.2.3 (c) and (d). We
note that V;(¢t,z) =0, 2V (t,z) = 2" and 5%V (t,z) = I . In this case, (3.2.10) and
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(3.2.11) reduces to

lz@®]* = =)

—l—Ztr (t,s,x(s l(s,x(s))alT(s,x(s))CI)T(t,s,x(s)))}ds

+2/ 2L (t, s, 2(s))®(t, s, 2(s))o (s, 2(s))dw(s)

to
and
t m
o0 = ol + [ [2676)f(s.0(9) + D ') (. ()| s
to =1
t
+/ 227 (s)o (s, 2(s))dw(s),
to
respectively.

Example 3.2.5 Consider the following stochastic scalar differential equation
L 4
dx = —5% dt + o(t, x)dw(t), x(to) = zo,

where 0 € C[J x R, R], w(t) is defined in Example 3.2.2, and the corresponding
auxiliary system

1
dz = —523dt 2(tg) = wp.

Here, we assume (without loss in generality) that xo > 0, then z(¢, g, o) = ﬁ,
)22

—3(t—to)x
D(t, o, 70) = W and 2-0(t, by, xo) = W Let V(t,z) = x, then

Vi(t,z) =0, 2V (t,x) =1 and aa—;QV(t,x) = 0. Applying Corollary 3.2.3 (b), we have
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Example 3.2.6 Consider a scalar stochastic differential equation

X

dr =
T

dt + o(t, z)dw(t), x(ty) = o,

where o and w(t) are as defined in Example 3.2.5, and an auxiliary system

z

dz —
T

dt Z(to) = Xy.

Here z(t,to, z0) = ﬁmo, O(t,t9) = ﬁ and %@(t,to) = 0. Let V(t,z) = z, then

Vi(t,z) =0, 2V(t,z) =1 and aa—;V(t,m) = 0. Applying Corollary 3.2.3 (b), we have

o) = z(t)—i—/t iiza(s,x(s))dw(s)

1+t /t1+t
= To + o(s,x(s))dw(s).
1—1—1500 o L+ (5, 2(s))dw(s)

In the following, we present another special cases of Theorem 3.2.1. These spe-
cial cases shows the importance of Theorem 3.2.1. Moreover, it extends the results

presented in [15] in a systematic way.

Corollary 3.2.7 Under the assumption of Theorem 3.2.1,
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a) Ifa=01n (3.1.2), then

V(t,z(t)) = V(to,z(t))+/t LV (s,z(t,s,x(s)))ds

+ Z /to Va(s, z(t, s, x<s)))bl(t7 s, x(s))dwi(s),

=1

where

LV (s, 2(t, s,2(s)))

= Vi(s, 2(t, s,2(s)))

Vil 2l0250)) 5 (10 D 515, 0(6)) 915, (5)) 5. (6)

+(t,s,2(5)[D Buls,2(s))[8'(5,2(5)) — o' (s,2(5))] + f (s 1‘(5))]]
1 — 0 ! I
+§ (tr(; &Lﬁxv(s 2(t,s,2(s)))b' (¢, s,2(s))b" (, s az:(s)))>NXl

and

V(t, s, 2(s)) = @(t, s,2(s))[0" (5, 2(s)) — B(s,2(s))]-

b) If a =0 and § = o in (3.1.2), then Corollary 3.2.7 (a) reduces to

V(ta(t) = Vlto.=(t))

+/t Vi(s, z(t, s,2(5))) + Va(s, 2(t, s, 2(s)))P(t, s, 2(s)) f (s, 2(s))]ds.
(3.2.12)

Moreover, if V(t,x) = x, then (3.2.12) reduces to
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x(t, to, xg) = Z(t,to,xo)—l—/ O(t,s,x(s)) f(s,z(s))ds.

to

Remark 3.2.8 We note that the integral equations in Corollary 3.2.7 (b) and (c) are

with stochastic process varying coefficient functions.

3.3 Robustness of Solution Process

Let us consider a nominal system of It6-Doob type stochastic differential equations

dy = G(t,y)dt+ H(t,y)dw(t)

(3.3.1)
= G(ty)dt+ 3% H' (ty)dw(t),  y(to) = w,

with respect to (3.1.1), where G and column vectors of H € C[J x R",R"|, J =
[to, to + a) for a > 0; w(t) = (wy(t), wa(t), ..., w,(t))" is an m-dimensional normalized
Wiener process with independent increments; yo and w(t) are mutually independent
for each t > to. Let x(t, 1, x0) and y(t, o, yo) be the solution process of (3.1.1) and
(3.3.1) existing for t > tg, respectively.

The following theorem provides a deviation of the solution process of perturbed
system of stochastic differential equations(3.1.1) with respect to the solution process of
nominal system of stochastic differential equations (3.3.1) through (o, o) and (to, yo),

respectively.

Theorem 3.3.1 Assume that all the hypothesis of Theorem 3.2.1 hold. Furthermore,
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let y(t) = y(t,to,yo) be a solution process of (3.3.1) through (ty,yo). Then,

V(t,z(t) —y(t)) = V(to,z(t, to,z0) — 2(t, to,y0)) + /tt LV (s, Az)ds

+ Z /to Vi (s, A2)b(t, s, 2(s), y(s))dw(s),

=1

(3.3.2)
where

LV(s,Az) = Vi(s,Az)
b 05,89 [ (00 D 1,58 s, 25, 2(5)

Jj=1Il=1

- q)zj(t s,9(8))B'(s, y(S))ﬁé(SJ/(S))])

nx1

dxo
(0 Dt sy (s)) L5 (5)

a=1 =1
_ 8_%(13”-(15 s,2(s)) ' (s, x(s))al (s, x(s))])

n @Zaio it 5,2(5))0 (5. 2() 7 (5, (5)

j=1 Il=1

nx1

sy (s) H (s, () HiC. y(sm)

nx1

+ Ot s, 2( Zﬂl s, 2( ,2(s)) = o'(s,2(s))] + [ (5, 2(5)) — als, 2(s))]

— O(t,s,y(s Zﬂl 5,9(3))18'(s,y(s)) — H'(s,y(s))] + G(s,y(5)) — als,y(s))]

G b3 ST Vi, A (1,5, 2(5), y ()1, 5,2(5), ()

N><17

b(t, s, x(s),y(s)) = O(t,s,2(5))[0'(5,2(5)) — B(s,2(s))] — @(t,5,y(s))[H(s,y(s)) —
BH(s,y(s))] and Az = z(t,s,2(s)) — 2(t, 5,y(s)).
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Proof. By following the proof of Theorem 3.2.1 with Az = z(¢, s, z(s)) — z(¢t, s, y(s)),

we have

dsV (s, Az)

1
= Vi(s,Az)ds + V,(s, Az)d; Az + §[Vm(s Az) @ dsAz|d; Az

— Vi(s,Az)ds + Vi(s, A2) [ (Zza 3t 5, 2(5))[8 (s, 2(s)) B (5, (5))

Jj=1 [l=1

—28'(s,2(s))aj(s,2(s)) + o' (s, 2(s)) é(Sw(S))])

nx1

(D s )

7j=1 [=1

=25 (s,y(s)Hj(s,y(s)) + H'(s,y(s ))Hé(say(S))])

nx1

O(t, s, 2( Zﬁl s,2( ,x(s)) = o'(s,2(s))] + [ (5, 2(s)) — (s, 2(s))]

D(t, s,y(s Z/J” 5,9(3))[8'(s,y(s)) — H'(s,y(5))] + G(s,y(s)) — a(s,y(s))] | ds

NE

+ Va(s, A2)b(t, s, 2(s), y(s))dw(s)
=1
1 ; n
—1—5[‘/;55(3 Az) ®;b (t,s,z( s))dw(s Z (t,s,z( (s))dw(s)
Hence,

dsV (s, Az) = LV (s, Az)ds + Z Va(s, A2)b'(t, s, 2(s), y(s))dw(s). (3.3.3)

By integrating both sides of (3.3.3) with respect to s from ¢, to ¢, we establish the

result (3.3.2).
|

Example 3.3.2 We consider a stochastic perturbed, auxiliary and nominal system
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of differential equations

dr = [(A(t) + AA(t))z + a(t) + Aa(t) + p(t, z)]dt

+H(B(t) + AB(t))x +b(t) + Ab(t) + q(t, )]dw(t),  x(to) = o,

(3.3.4)
dz = [A(t)z + a(t)|dt + [B()z + b(®)]dw(t),  2(to) = @, (3.3.5)
and
dy = [A(t)y + a(t) + p(t,y)ldt + [B(t)y + b(t) + q(t,y)|dw(t),  y(to) = vo,
(3.3.6)

respectively, where z,y, 2 € R"; A, B,p and q are defined in Example 3.2.2; a,b, Aa
and Ab are any n-dimensional smooth functions defined on J into R"; AA and AB
are any n X n smooth matrix functions defined on J; J,w(t), xo, and yy are defined
in Example 3.2.2. We note that ®(¢,s,z(s)) = ®(t,s,y(s)) = ®(¢,s). We apply
Theorem 3.3.1 to (3.3.4) in the context of (3.3.5) and (3.3.6) with N = 1 ( scalar

function), we have

V(t,z(t) —y(t)) = V(to,2(t, to,z0) — 2(t,to,y0)) + /t LV (s, Az)ds

to

+ /t Vi(s, Az)®D(t, s)[AB(s)x(s)

+q(s,2(s)) — q(s,y(s)) + Ab(s)]dw(s),

(3.3.7)
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where

LV (s,Az)
= Vils, Az) + Va(s, Az)®(1, 5)[(AA(s) — B(s)AB(s))x(s) + p(s, x(s)) — p(s, y(s))
—B(s)la(s, x(s)) — q(s,y(s))] + Aals) — B(s)Ab(s)]

1 0?

+5(tr(F5V (s, Az)elt, s, 2(s), y(9))e" (t, 5, 2(5), y(5)),

c(t,s,(s),y(s)) = @(t,5)[AB(s)x(s) + q(s,x(s)) — a(s,y(s)) + Ab(s)] and Az =
z(t,s,2(s)) — z(t, s,y(s)).

Moreover, in the absence of Aa and Ab, (3.3.7) reduces to

V(t,z(t) —y(t)) = V(to,z(t, to,x0) — 2(t, to,y0)) + | LV (s, Az)ds

to

+/t Vi(s, Az)®(t, s)[AB(s)x(s) + q(s,2(s)) — q(s, y(s))]dw(s),
(3.3.8)

where

LV (s,Az)
= Vi(s,82) + Va(s, Az)®(L, 5)[(AA(s) — B(s)AB(s))x(s) + p(s, z(s)) — (s, y(s))
+B(s)[a(s, y(s)) — a(s, z(s))]]

2

(g V(s A)elt, 5, 2(5), y(5))e" (1,5, 7(5), (5))).

c(t, s,2(s),y(s)) = (L, s)[AB(s)x(s) +q(s, 2(s)) —q(s, y(s))] and Az = z(t, s, 2(s)) —
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Example 3.3.3 For V(t,z) = 1||z||* and imitating the argument used in Example

3.2.2, (3.3.7) reduces to

t
lo(t) = y(@I* = ll2(t,to, 70) — 2(t, to, yo) I + 2/ LV (s, Az)ds

to

+2 / (2(s) — y(5))7 D" (t, 5)®(t, ) [AB(s)a(s)
Tqs,2(s)) — (s, y(s)) + Ab(s)]duw(s),

where

LV (s, Az)
= (x(s) = y(s)) " (t, 5)2(t, 5)[(AA(s) — B(s)AB(s))x(s) + p(s, z(s)) — p(s, y(s))
—B(s)la(s, 2(s)) = q(s,y(s))] + Aa(s) — B(s)Ab(s)]

Felt,s,2(s),y(s)e" (5, 2(5), y(s)),

c(tys,x(s),y(s)) = O(t,s)[AB(s)x(s) + q(s,x(s)) — q(s,y(s)) + Ab(s)] and Az =

z(t,s,2(s)) — z(t, s,y(s)).

Moreover, for Aa =0 = Ab, (3.3.8) reduces to

t
le(®) = g2 = [1(t o, ) — 2(ts to, yo) |2 + 2 / LV (s, Az)ds

to

+2/t (z(s) — y(s))T @ (t, s)D(t, s)[AB(s)x(s)
+q(s, 2(s)) — q(s, y(s))ldw(s),
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where

LV (s,Az)
= (2(s) —y(s)) @ (t, 5)@(t, s)[(AA(s) — B(s)AB(s))x(s) + p(s, x(s)) — p(s,y(s))

—B(s)lg(s, (s)) = q(s,y(s)))] + %C(t s,2(s),y(s))e’ (8, 5,2(s), y(s)),

and c is defined in (3.3.8).
The following corollary provides a deviation of the solution process of the perturbed

system(3.1.1) with respect to the solution process of the nominal system (3.3.1).

Corollary 3.3.4 Under the hypotheses of Theorem 3.3.1 with f =0 in (3.1.2), H =0
in (3.3.1) and G = f, then Theorem 3.3.1 reduces to

V(t,z(t) —y(t)) = V(to,z(t, to,z0) — 2(t, to,yo)) +/ LV (s,Az)ds

to

+IZ/tO Vy(s, Az)B(t, s, z(s))o' (s, 2(s))dwi(s), (3.3.9)

where

LV (s,Az)

3

=1 0

~

— Vils,82) 4 Vals. A9) 5 ( > sl >>ol<s,x<s>>a§<s,x<s>>>

J=1 nx1

+@(t,5,2(5))[f(s,2(5)) — als, 2(s))] — (¢, s,y(s))[f(s,y(s)) — s, y(S))ﬂ
+% <tr< af; Vi(s, AT (, 5, 2 (s ))bl(t,s,x(s))>> ,

Nx1

bi(t,s,x(s)) = ®(t, s, z(s))o(s,2(s)), and Az = 2(t, s, z(s)) — z(t, s,y(s)).

Example 3.3.5 Under the assumptions of Corollary 3.3.4 and V(t,z) = z, (3.3.9)
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becomes

z(t) — y(t)
= z(t,to, wo) — 2(¢, Lo, Yo) +/ [% (ZZ aixo@ij(tv3:$(3>)UZ(S7$(3))U§‘(&95(3))>

to

+ 2_: /to (t,s,2(s))o (s, z(s))dw(s).

The following result provides an expression for the difference between the solution

processes of (3.1.1) with solution processes of (3.3.1).

Corollary 3.3.6 Suppose all the hypotheses of Theorem 3.3.1 hold. Assume that
a=Gand H=0= =0, then

V(t,x(t) —y(t)) — V(to, 2(t, to, xo) — 2(t, 0, %0))
_ / Vis, 2(t, 5,2(5)) — 2(t,5, 4(5)))

+Vi(s, 2(t, s, 2(8)) — z(t, s,y(8)))P(t, s, 2(8))[f(s,2(5)) — als,z(s))]ds.
(3.3.10)

Example 3.3.7 For V (¢, z) = ||z||?, under the conditions of Corollary 3.3.6, (3.3.10)

reduces to
lz(t) =y = 2(t to, 20) — 2(t, Lo, yo) |1
+2/t (2(t,s,2(5)) — 2(t,5,y(5)) ®(t,s,2(5))[f (5, 2(5)) — s, 2(s))]ds.

The following theorem provides another version for a deviation of a solution process
of the perturbed system(3.1.1) with respect to a solution process of nominal system

(3.3.1).

Theorem 3.3.8 Assume that all the hypothesis of Theorem 3.5.1 hold. Furthermore,
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x(t) = x(t,to, xo) and y(t) = y(t, to,yo) are the solution process of (3.1.1) and (3.3.1)

through (to, zo) and (to,yo), respectively. Then,

V(t,n(t)) = V(to,z(t7t0,n0))+/t LV (s,z(t,s,n(s)))ds

—i—Z/tO Vp(S,Z(t,sﬂl(s)))bl(t,s,x(s),y(s))dwl(s), (3.3.11)

=1

where

LV (s, z(t, s,n(s)))

= Vi(s, 2(t, s,n(s)))

ARSI E§ ) De-x HERIE) I CRIE) LA TRIE)

+0(t,5,1(s))Y_ By(s,n(9)[8'(s,n(s)) — o' (s, 2(5)) + H'(s,y(5))]
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Proof. By following the proof of Theorem 3.2.1, we have

dsV (s, z(t,s,n(s)))
= Vi(s,2(t,s,n(s)))ds + Vi(s, 2(t, s,n(s)))dsz(t, s,n(s))

[Via(s, 2(t, 5,(5))) @ ds(2(, 5, 1(5)))lds (2(L, 5, 1(s)))

Vi (s, 2(t, 5, (s) [(ZZ - Bult 5. ()[F (5. m(5)) Bl ()

7j=1 I1=1

—2B'(s,n(s))(05(s, 2(s)) — Hj(s,y(s)))
+W@ﬂw—H%y®M#@ﬂﬂ—Hﬁw@m

nx1

O(t, s, n(s E:ﬁs7l NIB'(s.n(s)) — o'(s,2(s)) + H'(s,y(s))]

+f(s,2(s)) — G(s,y(s)) — a(s, n(s))]] ds

+ Z Vi(s, 2(t,5,n(s)))b'(t, 5, 2(5), y(s))dw(s)

—l—;Vm(s z(t, s,n(s ®Zbl (t,s,z( s))dwl(s)Zbl(t,s,x(s),y(s))dwl(s)

= LV(s,z(t,s,n(s)))ds + Z V(s 2(t, 5,n(5)))b(t, s, 2(s), y(s))dw(s).

(3.3.12)

Integrating both sides of (3.3.12) with respect to s from ¢ to t, we have(3.3.11).
|

The following corollary provides a deviation of the solution process of the perturbed

system(3.1.1) with respect to the solution process of the nominal system(3.3.1).

Corollary 3.3.9 Let the hypotheses of Theorem 3.3.8 be satisfied. If 5 = 0 in (3.1.2),
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H=01in (3.3.1) and G = a, then

(3.3.13)
where
LV (s,z(t,s,z(s) — y(s)))
= Vi(s,2(t,s,2(s) —y(s))) + Va(s, (L, s, 2(s) —y(s)))
503 o) - y(s))a%s,x<s>>a§<s,x<s>>)
+O(t,5,2(s) — y(s)[f (s, 2(s)) — als,y(s)) — a(s, z(s) — y(S))]}
" (m; 85696%(8,Az)bla,s,x<s>,y<s>>b”<t,s,x<s>,y<s>>>>N |

and b'(t,s,x(s),y(s)) = ®(t,s,x(s) — y(s))a(s, x(s)).

Example 3.3.10 For V(¢,z) = ||z||?, equation (3.3.13) in Corollary 3.3.9 becomes

l=() =y = [12(t, to, 0 — o) [I*

= /t LV (s, 2(t,s,z(s) — y(s)))ds
n / 227 (t,5,2() — y($))b(t, 5, 2(5), y(s))du(s),
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where

LV (s, 2(t,s,z(s) — y(s)))

= 257(1,5,2(5) ~ y(s) 5 (Z S 5,(5) = (). 5)) o 5 x<s>>)

+O(L,5,2(s) = y(s))[f(s,2(5)) — als,y(s)) — als,z(s) - y(S))]]

+%b(t s,2(s), y(s))b" (£, 5,2(s), y(s))

and b(t, s, x(s),y(s)) = ®(t, s, x(s) — y(s))o(s, z(s)).

Example 3.3.11 We apply Theorem 3.3.8 to Example 3.3.2, and we have

V(t,n(t)) = V(to,z(t,to,no))+/t LV (s, z(t,s,n(s)))ds

t

+ [ Vi(s,z(t,s,n(s)))P(t, s)[AB(s)x(s)

to

+q(s,z(s)) — q(s,y(s)) + Ab(s) — b(s)]dw(s), (3.3.14)

where

LV (s,z(t,s,n(s))) = Vi(s,2(t, s,n(s))) + Va(s, 2(t, s,n(s)))@(t, s) [[AA(s)
—B(s)AB(s)]x(s)
+p(s, 2(s)) — p(s,y(s)) — B(s)la(s, z(s)) — q(s,y(s))]

+B(s)(b(s) — Ab(s)) + Aa(s) — a(s)]

4 tr(30 S ST Vs, Az)elt, 5, 2(5),u()E (15, 2(5), ().

k=1 j=1

c(t,s,2(s),y(s)) = B(t, s)[AB(s)z(s) + qls,2(s)) — q(s,y(s)) + Ab(s) — b(s)], and
n(s) = 2(s) = y(s)-
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Example 3.3.12 If V(¢,z) = %||z||?, then following the argument used in Example
3.2.2, Example 3.3.11 reduces to

l=(t) —y@OI* = =t to, 70 — yo)|I* + 2/ LV (s, 2(t, s, 2(s) = y(s)))ds

to

+2 / (2(s) — y(5))" D" (£, $)®(t, 5) [AB(s)z(s)

to

+4(s,2(5)) = q(s,y(s)) + Ab(s) = b(s)ldw(s),

where

LV (s,z(t,s,2(s) —y(s)))
= (2(s) —y(s)T@T(t,5)D(t, 5)[(AA(s) — B(s)AB(s))x(s) + p(s, x(s)) — p(s,y(s))
—B(s)[q(s,2(s)) — q(s,y(s))] + B(s)(b(s) — Ab(s)) + Aa(s) — a(s)]

Felt,s,2(s),y(s)e" (5, 2(5), y(s)),

c(t,s,2(s),y(s)) = (¢, ) [AB(s)x(s) + q(s, 2(s)) — q(s,y(s)) + Ab(s) — b(s)].

3.4 Stability Analysis

In this section, stability results are constructed in the context of the method of gen-
eralized variation of constants parameters. For this purpose, it is assumed that f and
o in (3.1.1) satisfy desired conditions to insure that the IVP (3.1.1) has p-th order

solution process.

Theorem 3.4.1 Let the hypotheses of Theorem 3.2.1 be satisfied. Furthermore, we

assume that

a) b(||z||P) < Zf\il \Vi(t, z)| < a(||z]|P) for all (t,x) € Ry x R™ where p>1,b € VK
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and a € CK;
b) f(t,0)=0, 0(t,0) =0, «(t,0) =0 and B(t,0) =0 fort € Ry;
c) B>, Vals, 2(t,s,2(s)))®(L, s, 2(5)) [0 (L, 5, 2(5)) — B(t, s, 2(s))]] exists fort > to;

d) BICL [LVi(s. 2(ts,x(s))]] < As) i, EllVis,a(s)] for ty < s < ¢ and
Elllz(s)|[P] < p, where LV (s,z(t,s,x)) defined in (3.2.2) and z(t,s,x) is the
solution process of (3.1.2) through (s,z), p > 0 and A\ € C[R,, R\ JNL'[R,, R];

e) E[Y, [Vilto, 2(t))[] < u(E]||zo||P]), whenever E[|lxo|[?] < p for some p > 0, where
e CK.

Then the trivial solution process of (3.1.1) is stable in the p-th mean.

Proof.  Let x(t,tg,x¢) and z(t,s,z(s)) be a solution process of (3.1.1) and (3.1.2)
through (o, zo) and (s, x(s)), respectively, for tg < s <t and ¢ty € R,. From hypoth-
esis (b) z(t,t0,0) = 0 and z(t,p,0) = 0 be the trivial solution process of (3.1.1) and

(3.1.2), respectively. From (3.2.1) and assumption (c), we obtain

E[Vi(t, x(t)[] < E[[Vi(to, 2(2))]] +/ E[|LVi(s, 2(t, 5,2(s))) ]ds.

Hence
> BVt a(0)] < LY [Vito, 200+ | BLY |LVi(s, (0,5, 2(5) s

This together with hypotheses (d), (e), and setting

m(t) =y BllVit,«(t))]
yields
m(t) < p(El||zoll*]) + /t A(s)m(s)ds, (3.4.1)
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as long as El||lz(s)||"] < p for to < s < t. By applying Bellman-Gronwell-Reid
Inequality [14,16], we get

() < p(Blleolleap [ As)as]

to

as long as El||z(s)||’] < p for to < s < t. This implies that

ZEW@WMsmmmmmﬂ/Mm% (3.4.2)

to

as long as El||z(s)||P] < p for tg < s < t. From (3.4.2) and condition (a), we have

=z

t
EI=OI) < E(l(®IF)) < 3 BVt (1) 0 < (Bl Dews| [ As)ds],
i=1 to
(3.4.3)
as long as E[||z(s)|?] < p for tg < s < t. First we show that (3.4.2) is valid for all

t > ty. For this purpose, we choose x( such that

u(EllaolPess] [~ A)is] < oip) (3.4.4)

to

We claim that E[||z(t)|[’] < p for all ¢ > ¢, whenever (3.4.4) holds. Assume that
this claim is false, that is, there exists t; € Ry such that t; > ¢y, E[||z(s)|’] < p for
to < s < t; and E[||x(t1)][’] = p. This implies that (3.4.2) is valid for ¢ € [tg, ;]
Hence, using (3.4.3) and (3.4.4) we get

bp) = W) < p(ElaolPDeap [~ As)ds] < b(o).

to

This contradiction establishes the impossibility of the existence of such a ¢;. This

proves the validity of the claim. Hence, (3.4.2) is true for all ¢ > t,. Finally, we need
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to conclude (SM;) of (3.1.1). Let 0 < € < p and t; € R;. Choose x; such that

p(EllalPecs] [~ A)is] < oier) (3.4.5)

to

Under this, we have

lzoll, = (EllaolP)? < 41,

where,

7 b(eP) 1/p

b1 = b (e, t0) = (1 1<exp[f;° A(s)ds])) :
Moreover, from the continuity of V(¢,x) and the fact that V(ty,0) = 0, we can
find a 62 = da(€,t9) > 0 such that |V (to,z0)| < d1, whenever ||z, < d2. We
define § = Min{d,,d2} and B(y/p) = {xo € R" : ||zol|, < ¥/p}. For xy € B(y/p),

|lz(s)||? < p for all {5 < s < t. Therefore, condition (d) is valid for all t > .

Moreover, using (3.4.3) and (3.4.5), we have

b(E[lz(@)[]) <b(e"), =t

Hence ||z(t)]|, < € whenever ||zo||, < J, t > to. This completes the proof.
u

The next theorem provides sufficient conditions for asymptotic stability of the p-th
moment of the trivial solution of (3.1.1) in the context of the method of generalized

variation of parameters.

Theorem 3.4.2 Assume that the hypotheses of Theorem 3.4.1 hold except (d) and

(e) are replaced by

£) B[ ILVi(s, 2(t, s, 2(s))] < Mshn(t — s) L, Bl[Vi(s, )] for tg < s < t,

2]l < p;

g) B[, [Vilto, 2(6)[] < ulllao|”)7(t = to), for Elllao|P) < p, where A and p are as
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in (d) and (e), n, T € L, and n and T satisfy
n(t — s)ni(s —to) < kmy(t — to) for some m € L, k>0
and

tli)rilo(m(t — 1)) /tt k/\éf();—(j ;)to)exp[/: k)\(u)du} ds = 0. (3.4.6)

Then the trivial solution process of (3.1.1) is asymptotically stable in the p-th mean.

Proof. From the proof of Theorem 3.4.1 we have
éE[IW(t,x(t))l] < E[é |Vi(to, 2())]] + /t: E[é |LVi(s, 2(t, s, 2(s)))||ds.

This together with hypotheses (f) and (g) yields

i E[[Vi(t,=(t))]] < u(llxollp)f(t—toH/t A(s)n(t—s) iE[IW(s,x(s))Hd& (3.4.7)

i=1 to i=1

as long as El||z(t)||’] < p. By setting

_ N EVita®)]] _ plzo|”)7(t=to)
m(t) = 1m(t—t0) , n(t) — 1701(1%—150) 0

and v(t) = kA(t), (3.4.7) is rewritten as

m(t) < n(t) +/ v(s)m(s)ds

to
as long as Fl||z(t)|[’] < p. Applying Theorem A.2.5 [19], we obtain
t

m(t) < n(t) + /t V(s)n(s)exp[/ V(u)du} ds. (3.4.8)

to S
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From the nature of functions n, A, and the definitions of v(t), m(t) and n(t), (3.4.8)

becomes
>~ BVt 2)) < llonl et me—ty) | XAy [y

(3.4.9)
as long as E[||z(t)||P] < p. From (3.4.9), condition (a) and properties of functions pu,

A, and the nature of xy and A, we obtain

bEN®)I7) < pllwol) [ 7(t — to)

+m(t —to) /tt kA?ng,:(—S ;;0) exp[/: k:/\(u)du] ds} (3.4.10)

as long as E[||z(t)||’] < p. From (3.4.6), (3.4.10) and the fact that 7 € £, we can
conclude that E[||xz(t)||’] < p for all ¢ > t,. Moreover, from (3.4.8) and (3.4.10),
relations (3.4.2) and (3.4.3) remain true. Moreover, the (SM;) property of the trivial
solution of (3.1.1) can be conclude by the following the argument of Theorem 3.4.1.
To conclude the (SMy), it is obvious from (3.4.10) and the nature of 7, b(E[||z(t)[|"])
tends to zero as t — co. Hence, one can manipulate the technical details to validate

the definition of (SM).

To appreciate the assumptions of Theorem 3.4.2, we present the following result

which is applicable to many problems.

Corollary 3.4.3 Let the hypotheses of Theorem 3.4.2 be satisfied except that (3.4.6)

and the condition on n are replaced by

n(t — s)T(s —to) < k7(t —to), t>to (3.4.11)
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and

lim [T(t — to)exp [k’ /t /\(s)ds” =0, (3.4.12)

t—o00 to

where k is some positive constant. Then the trivial solution process of (3.1.1) is p-th

mean asymptotically stable.

Proof. By following the proof of Theorem 3.4.2, we arrive at (3.4.7). Now, by using
(3.4.11), (3.4.7) can be rewritten as

m(t) < u(llwoll?) + / EA(s)m(s)ds, (3.4.13)

to

as long as El||z(t)]|P] < p, where

_ XL BVt x ()]

By applying Lemma A.2.4 [14] to (3.4.13), we get

(0 < plleol)ean[s [ As)as]

to

which implies

S BVt o)l < allaalP)rte ~ o)eap [k [ Als)ds]

=1 to

Using the properties of b, u and xy, we have

b(E[|zb)|F]) < M(HIEQHP)T(t—tO)exp[k / OOA(s)ds] (3.4.14)

to

Hence, b(E[||z(t)||”]) tends to zero as t — oo. By using the argument used in the

proof of Theorem 3.4.2, we complete the proof of the corollary.
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Example 3.4.4 We consider Example 3.2.2, and assume that p(¢,0) = 0 = ¢(¢,0)

and
Elz"(s)®" (t, 5)®(t, 5)(p(s, 2(s)) = B(s)a(s, x(s)))] < n(t—s)Ai(s)E[|z(s)[|"] (3.4.15)
and
Elg" (s,2(s))®" (1, 5)@(t, s)q(s, 2(s))] < 0t — 8)Aao(5) El||x(s)[|] (3.4.16)
From (3.4.15) and (3.4.16), LV (s, (t, s, 2(s))) satisfies Theorem 3.4.2,

LV (s,2(t,s,2(s))) = 227 (s)®T(t,5)®(t, s)[p(s,x(s)) — B(s)q(s, x(s))]
+q" (5, 2(5)) @7 (t, 5)D(t, 5)q(s, z(s))

< nt—)AS)E[lz(s)°],  to<s<t,

where A(s) = Ai(s) + Aa(s).

Further assume that

E[l[=(t, to, z)I”] < u(E[ll2(s)IP])7(t — to).

Therefore, by the application of Theorem 3.4.2, we conclude that the trivial solution

of (3.2.7) is asymptotically mean square stable.

3.5 Relative Stability

The following result provides sufficient conditions for relative stability of It6-Doob
type systems of stochastic differential equations in the context of method of variation

of parameters.

Theorem 3.5.1 Let the assumption of Theorem 3.3.1 be satisfied. Further assume
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that
a) a(t,0) =0 and B(t,0) =0 fort € Ry;

b) bllall?) < X, [Vilt, )] < a(llelF) for (t,2) € Ry x R® where p> 1, b € VK and
a€CK;

c) B[, [LVi(s, 2(t, s,2(s)) =2 (t, 5, y(s)))[] < n(t=s)A(s) i, E[|Vi(s, 2(s)=y(s))]]
forto < s <t, ||lz(s) —ys)|P < p, lyS)I|P < p for some p > 0, X is locally

integrable function and n € L;

d) Zf\; Vi(to, 2(t, to, o) — 2(t, 0, 40))| < p(l|ro — wol[P)7(t — to), t > to, whenever
Ell|lzo — yo||?] < p and E|||yo||?] < p, where p € CK, T € L;

e) there exists a positive number k such that

n(t — s)1(s —to) < k7 (t — to);

f) E[Zl]\il Va(s, Az)[0(t, 5, 2(s))[0" (s, 2(5)) — B (s, 2(s))] — R(t, 5, y(s)) [H'(s,y(s)) -
Bl(s,y(s))]]] exists for t > ty, where Az = z(t, s, x(s)) — z(t, s,y(s)).

Then

(1) the boundedness of T(t — ty)exp [k fti )\(s)ds] implies relative stability in the p-th
moment, (RM), of (3.1.1) and (3.3.1);

(ii) limy_eo [T(t —to)exp [k j:; A(s)ds” = 0 ¢mplies relatively asymptotically stability
in the p-th moment, (RMs), of (3.1.1) and (3.3.1).

Proof. Let x(t) = x(t, to, xo), 2(t) = z(t, to, zo) and y(t) = y(t, to, yo) be the solution

processes as defined in Theorem 3.3.1. From Theorem 3.3.1, hypotheses (c), (d) and
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(f), we have

N

Do WViltsa(®) =y < ullleo = golP)7(t = to)

=1

+/t n(t —s)A(s) Z Vi(s,z(s) — y(s))|ds.

(3.5.1)

as long as B#(t)|") < p and Elly(t)|] < p. By setting m(t) = S HL0-v(0)

and using hypothesis (e), relation (3.5.1) reduces to
m(t) < R(t) (3.5.2)
as long as E[|[x(t)[["] < p and E[[|y(t)[["] < p, where

R(t) = p(Ellzo — yoll"]) + / kA(s)m(s)ds. (3.5.3)

Therefore,
R'(t) = kEX(t)m(t) < kX(t)R(t) (3.5.4)
with

R(to) = p(Elllzo = oll])-

Solving this differential inequality, we have

R() < p(Ellwo — wolDep[k / As)ds]. (3.5.5)

to
This together with the definition of m(t), (3.5.2) reduces to
N

N B[Vt a(t) — y0)l] < T(t—to)u(E[on—yoHp])ea:p[k/ A(s)ds](3.5.6)

=1 to
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From hypotheses (b), (3.5.6) and by using the argument used in the proof of Theorem
3.4.1, we get

Ella(t) = uOIPD] < 7t~ to)a(Elllco — sl ezp[k | A(s)ds]

to

< Kip(Elllzo = yoll”])- (3.5.7)

for all t > to, where K; > 0 is the bound of (i).
Finally, we need to conclude (RM;) property of (3.1.1) and (3.3.1). For given 0 <

e < pand ty € Ry, we choose xy and y, such that
Ky p(El|o — yol[]) < b(e") (3.5.8)
Under these considerations, we have
lz0 — yollp, = (Elllzo — volPD'? < 4,

where,

01 = 61(€, 1) = (u‘%%))l/p.

From the continuity of V(¢,x) and the fact that V(¢y,0) = 0, we can find a d, =
da(€,tg) > 0 such that |V (tg,xo — yo)| < 61 whenever |[zg — yoll, < d2. We define
d = Min{d1, 62} and hence ||z(t) — y(t)|, < €,t > to whenever ||zg — yoll, < 0.
Similarly, using (ii), we have b(E[||z(t) — y(t)||?]) tends to zero as t — oo and hence

(RM5). This completes the proof.
]

Example 3.5.2 Let us consider Example 3.3.2. We assume AA = AB = Aa =
Ab = 0. Under these assumptions, (3.3.4), (3.3.5) and (3.3.6) reduces to

dr = [A(t)z +a(t) + p(t,x)|dt + [B(t)z + b(t) + q(t, )]dw(t), x(to) = xo, (3.5.9)
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dz = [A(t)z 4+ a(t)]dt + [B(t)z + b(t)]dw(t), z(to) = wo, (3.5.10)

and

dy = [A()y +a(t) +p(t,y)|dt + [B(t)y + b(t) + q(t, y)|dw(t), y(to) = vo, (3.5.11)

respectively. We note that auxiliary system (3.5.10) acts like a nominal system corre-
sponding to a system (3.5.9). Choosing V (¢, z) = 3| z(¢)||* and following the argument

used in Example 3.2.2, Example 3.3.2 reduces to

() = y(®)II?

¢
= ||2(t, to, z0) — 2(, to, vo)|? +/ 2LV (s, Az)ds

to

+2/ (z(s) — y(s))" @7 (t, s)@(t, 5)[a(s, 2(s)) — als, y(s))]dw(s),

to

(3.5.12)
where

LV (s, Az)
= (2(s) = () @7 (t, 5)®(t, 5)[p(s, 2(s)) — p(s, y(s))

—B(s)[p(s, x(s)) = p(s, y(s))]] + %C(t, s,2(s),y(s))e’ (1, 5,2(s), y(s)),

c(t, s, 2(s),y(s)) = (L, 5)[q(s, 2(s)) — q(s,y(s))] and Az = 2(t, s, 2(s)) — 2(t, 5, y(s)).
Further assume that E[LV (s, Az)] < n(t — s)A(s)E[||x(s) — y(s)||?], where n and A
satisfies all conditions in Theorem 3.5.1. Thus, by the application of Theorem 3.5.1,
systems (3.5.9) and (3.5.11) are relatively asymptotically stable in the mean square

sense. In fact, the solution process (3.5.9) has asymptotic equilibrium property [16].
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4  VARIATIONAL COMPARISON METHOD: RELATIVE STABILITY

4.1 Introduction

In general, a closed or exact form representation of time evolution flow described by
a nonlinear nonstationary interconnected system is not always feasible. Having the
knowledge about the existence and in the absence of a closed or exact form repre-
sentation of dynamic flow, the time evolution of flow satisfying a stochastic dynamic
inequality generated by silent or characteristic features of the dynamic system is esti-
mated by the corresponding stochastic comparison dynamic flow [15, 16]. In particu-
lar, it is well known that an arbitrary measure of dynamic flow satisfying differential
inequality is estimated by the extremal solution of the corresponding comparison sys-
tem of differential equations [15, 16, 19, 35]. This technique is referred as the method
of comparison. In the following, we generalize the comparison theorems based on the
ideas of the classical Lyapunov’s second method [15, 16] and its extensions to variety
of systems of differential equations [2, 6, 7, 8, 9, 30]. By employing the concept of
Lyapunov function and random differential inequalities, we present a generalized vari-
ational comparison theorems. These result connects solution processes of the auxiliary
and perturbed systems of stochastic differential equations with the maximal solution
of the corresponding system of comparison dynamic equations. Using the comparison
results, the stochastic stability analysis of perturbed system of differential equations

are investigated.
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4.2 Energy Function Method and Variational Comparison Theorems

We consider the following [to-Doob type stochastic perturbed and auxiliary systems

of differential equations

de = f(t,x)dt+ o(t,z)dw(t)

(4.2.1)
= f(t,x)dt + >0, o (t, x)dw(t), x(tg) = o,

and
dz = «aft,z)dt + B(t, z)dw(t)

(4.2.2)
= a(t,z)dt + Y ", Bt z)dw(t), 2(to) = wo,

respectively, where x, z, zo € R™; f, o, and column vectors of n X m matrices o and (8
€ C[Ry x R", R"]; to € Ry; o and (3 are twice continuously differentiable with respect
to 2; w(t) = (wy(t),wy(t), ..., wn(t))T is an m-dimensional normalized Wiener process
with independent increments; xy and w(t) are mutually independent for each t > to;
moreover, we assume that solutions of (4.2.1) and (4.2.2) exist for ¢ > .

By employing the concept of Lyapunov function and differential inequalities, we
present a generalized variational comparison theorem. This result connects solution
processes of stochastic dynamic system described by (4.2.1) with the maximal so-
lution of corresponding stochastic /deterministic comparison systems of differential
equations and solution of auxiliary stochastic dynamic system described by (4.2.2).
As a byproduct of this, several auxiliary comparison results are formulated. Presented
results generalize and extend the existing results [15, 16, 19, 20] in a systematic way.

Prior to the presentation of comparison results, we assume that V' € C[R; X
R", RN], and its partial derivatives V;, V, and V,, exists and are continuous on R, x

R™. We define the It6-Doob differential of V (s, z(t, s, z)) with respect to (4.2.1) as

dV(s,z(t,s,x)) = LV(s,z2(t,s,x))ds

+ V(s z(t,s,2)P(t, s,z)[o(s,x) — (s, x)]dw(s), (4.2.3)
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where z(t,s,x) is solution process of (4.2.2) with initial value (s,z) € R, x R"

tOSSSta tO)SatER—i—;

LV (s, z(t,s,x))
= Vi(s, z(t,s,2)) + Vi(s, 2(t, s, x) [ ( Za%) it s, x [5l(s,x)5§(s,x)

j=1 [l=1

—28(s,2)0" (s, ) + o'(5, 2)0 (s, x)])

nx1

O(t,s,2)[Y_ Buls, 2)[8'(s,2) — o' (s,2)] + f(s,2) — als, SU)]]

2

+% (tr(é afax‘/i(s, 2(t, s, 2))bl(t, s, )b (¢, s, x)))

)
Nx1

(4.2.4)

bi(t,s,x) = ®(t,s,7)[0l(s,2) — B(s,r)]; and ®(¢t, g, z0) = a%oz(t,to,xo) is the funda-

mental matrix solution process of the variational auxiliary system [38].
Theorem 4.2.1 Assume that

(a) V(s,z(t,s,x)) satisfies the following stochastic differential inequalities

LV (s,z(t,s,x)) < g(s,V (s, z(t, s,))),
Vi(s, z(t, s,2))P(t, s, x)[o(s,x) — B(s, )] = X(s, V (s, 2(t, s,))),

(4.2.5)

where LV (s, z(t,s,x)) is defined in (4.2.4); g and column vectors of N x m

matriz ¥ € C[R, x RN, RN] and satisfy the following conditions

(1) g(t,u) is concave and quasi-monotone nondecreasing in u for each t € Ry ;

(i) 3% (X5t u) — it o)) < hi([lu = v]]) on (t,u), (t,v) € Ry x RY, hy; €

C[Ry, Ry, hi(0) = 0, h; is non-decreasing and [, +%

T(Ss) = oo for each

i=1,2,...N;

(b) r(t) = r(t, to,up) is the mazximal solution of the following stochastic comparison
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system of differential equations

du = g(t,u)dt + X(t, u)dw(t)

(4.2.6)
= g(t,u)dt + 3", St u)dw(t), u(to) = ug,

existing for t > ty;

(c) Let x(t) = x(t,to, o) and z(t) = z(t,to, xo) be solution processes of (4.2.1) and
(4.2.2) existing for t > tq.

Then,
V(t,l’(t,to,xo)) S T(t,to,UQ), t Z to, (427)

provided that
V(to,Z(t,to,JIQ)) S Ug. (428)

Proof. For tg < s <tand 0 < As = ds, using (4.2.3) and (4.2.5), we have
dV (s, z(t,s,2(5))) < g(s,V (s, z(t,s,x(s))))ds+2(s, V (s, z(t, s, z(s))))dw(s). (4.2.9)
Set
m(s) =V (s, z(t,s,z(s))), m(to) = V(to, 2(t, to, zo))- (4.2.10)
From (4.2.10), (4.2.9) reduces to
dm(s) < g(s,m(s))ds + S(s, m(s))du(s),  mlto) = V{to, 2(t,to,0)).  (4:2.11)
From (4.2.11) and application of Theorem 6.4.1 [16], we obtain

m(t) < r(t, to, uo), t > to,
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provided that

V(to, Z(t, to, IO)) S Uug-

Hence

V(t, z(t,t,z(t))) < r(t, to, uo), t > to.

This completes the proof.
|

A few special cases of Theorem 4.2.1 in literature [15, 16, 19] are exhibited in the

following corollary.

Corollary 4.2.2 a) For g(t,u) =0 and X(t,u) = 0 in (4.2.5), the inequality (4.2.9)
reduces to dV (s, z(t,s,x)) < 0. The stochastic comparison differential equation
(4.2.6) reduces to du = 0. Then the function V (s, z(t, s, z(s))) is non-decreasing
in t, and the relation (4.2.7) reduces to

V(t,z(t) < V(ty, 2(t)), >t

b) For g(t,u) = At)u and 3(t,u) = diag|G*(t)u, G*(t)u, ..., G™(t)u] in (4.2.5), the

comparison stochastic differential equation in (4.2.6) is

du = At)u+ Y G'(t)udw(t),
I=1
where X and G' € C[R, R]. In this case, differential inequality (4.2.9) becomes

dV (s, z(t,s,x(s))) < M)V (¢, 2(t, s,2(s))) + ZGl (s, 2(t,s,x(s)))dw(t).

Then relation (4.2.7) reduces to,

V(t,z(t)) < V(to, z(t))exp[/ - %Z (s))ds + Z/t G (s)dwy(s)

to

83



t>t.

Example 4.2.3 Let us consider stochastic perturbed and auxiliary systems of differ-

ential equations

dr = [A(t)z + p(t, z)|dt + [B(t)x + q(t, x)|dw(t), z(to) = o, (4.2.12)

and

dz = A(t)zdt + B(t)zdw(t), z(tg) = xo, (4.2.13)

respectively, where x,z € R"; A and B are any n X n continuous matrix functions
defined on J; J = [to,to + a),a > 0; p and ¢ are any n-dimensional smooth functions
defined on J x R"™ into R™ that insures the existence of the solution processes of

(4.2.12); for each t € J, w(t) is a scalar normalized Wiener process independent of

xo. For given V(t,z) = 1||z||?, we have Vi(t,z) = 0; 2V (t,2) = aT; ;2-V(t,2) = I,

n X n identity matrix; 8%02(25, s,x(s)) = D(t, s); %z(t, s,x(s)) = 0 [15] and
0

dV (s, z(t,s,x(s))) = LV(s,z(t, s,x(s)))ds

+27(s)®T(t, 5)®(t, 5)q(s, x(s))dw(s),
where
LV (s, z(t,s,2(s))) = " (s)@"(t, 5)®(t, 5)[p(s, 2(s)) — B(s)als,x(s))] + %W(QS)Q(S’%(S))HQ-

We assume that

w1 ()27 (t, 5)0(t, 5)[p(s, x(s)) — B(s)q(s, 2(s))] < A(s)5l|D (¢, ) (s)||?,
122, 5)g(s, 2())1* < ()| D(E, 5)a(s)]1%,
e(s) = Als) +7(s);
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and

2T (s)®T(t, 8)D(t, 5)q(s, x(s)) = X(s,V(s,2(t,s,2(s))))

= o) |(t, )a(s)

Under these considerations, we have (4.2.5) with g(s,u) = e(s)u and X(s,u) = v(s)u,

e and v are defined above. Here, a stochastic comparison differential equation is
du = e(s)uds + v(s)udw(s). (4.2.14)

We note that ¢(s,z(s)) = n(s)z(s). Thus, Theorem 4.2.1 is applicable to the stochas-
tic perturbed differential equation (4.2.12). In this case, estimate (4.2.7) on the solu-

tion process of (4.2.12) in the context of V' is
¢

V(t,z(t)) < V(to,z(t))exp[/t(e(s) —1%(s))ds +/

V(s)dw(s)], for t > t,.
to to

From the definition of V', we have

t

Jottto.a0)? < 2t ) Pean] [ (e(s) 2 oas + [

to to

V(s)dw(s)}, t > to.
Moreover, we have the following mean square estimate:

EW@WWWSMMMwm%mUQ@M.

to

Corollary 4.2.4 a) For f = 0 in (4.2.2) [19] the conclusion of Theorem 4.2.1 re-
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mains true. In this case, we note that (4.2.4) reduces to:

LV (s, 2(t,s,2(s)))
= Vi(s, 2(t, 5,2(s)))

+ Vi(s, 2(t, s, 2(s) [

N | —

< Zaixo ii(t, s, z(s))o l(ij(s))aé(s,(%(s)))

j=1 =1

D(t,5,2(5))[/ (5. 2(5)) — als, o(s)]
( Zax8$ s,2(t, s, x(s )))bl(taSaf(s))blT(t,S,x(s)))>

=1

Nx1

and

B(t,5,2(5)) = B(t, 5, 2(5))0 (5, 2(5)).
Thus, Theorem 4.2.1 includes a result [19] as a special case.

b) For § =0, and a = f in (4.2.1) and (4.2.2), LV (s, z(t,s,x(s))) in (4.2.4) is

replaced by

LV (s, 2(t, s,2(s)))

= Vi(s, 2(t,s,2(s)))

+ gl stna() < > oo >al<s,x<s>>o§<“<s))>

=1 =1 0 nx1

1 =92 .
+ 3 (tr(lzz; axaxVi(s,z(t,s,x(s)))bl(t,s,x(s))bl (t,s,:z:(s)))) ,

Nx1

where

V(t,s, x(s)) = ®(t,s,z(s))o' (s, x(s)).

In this case, Theorem 4.2.1 yields a special case [19].
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c) For 6=0, and a =0, LV (s, 2(t,s,2(s))) in (4.2.4) becomes

LV (s,x(s)) = Vils,2(s)) + Vals, 2(s)) f (s, 2(s))
% (tr(; %Vi(s,m(s))al(t,s,x(s))alT(t,s,a:(s))))

Nx1

In view of this, Theorem 4.2.1 reduces to well known results in [16, 19].

Example 4.2.5 Let us choose V(t,z) = ||z||* in Corollary 4.2.4 (c). We note that

Vi(t,2) =0, 2V (t,2) = 2" and 55-V (t,z) = I . In this case, LV, in (4.2.4) reduces

to

0
18[)’20

LV (s, z(t,s,2(s))) = 2'(t,s,x(s (Z

m

—i—Zt’r((I)(t, s,2(5))a' (s, 2(s))0 (s, 2(5)) DT (t, 5, 2(5))).

=1

ij(t, 5,2(s))a' (s, (8))#(8,%(8)))

J= nx1

In this case, Theorem 4.2.1 reduces to a well known result [?, 14].

Remark 4.2.6 Corollary 4.2.2 and several other comparison results play a very im-
portant role in the study of highly nonlinear and nonstationary system of stochastic
differential equations. The use of the deterministic system of differential inequali-
ties [14, 16, 19, 20, 35] and comparison theorems are attractive and computationally
easy to verify. In particular, the condition Vy(s, z(t, s, x(s)))®(t, s, z(s))[o(s, x(s)) —
B(s,z(s))] = (s, V (s, 2(t,s,2(s)))) in (4.2.5) is very restrictive. However, in the
absence of this relation, the comparison results in the context of deterministic sys-
tems of differential inequalities have played a significant role in the theory of stochas-
tic [15, 16, 19, 35] and deterministic [2,6-9, 15-28, 35, 38] systems of differential
equations. In the following, we present a comparison theorem in the frame-work of

deterministic system of differential inequalities [14, 16, 19, 20, 35].

Theorem 4.2.7 Assume that all the hypotheses of Theorem 4.2.1 remain true except
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that stochastic differential inequality (4.2.5) is replaced by the following:
E[LV (s, z(t,s,2(5)))|8s] < g(s, E[V (s, 2(t, s, 2(s)))|§s]) (4.2.15)

where g is defined in Theorem 4.2.1 and E[V (s, z(t, s, x(s)))] exists for t > s > t,.
Then,
EV(t,z(t))] < r(t), fort >t, (4.2.16)

where r(t) = r(t,to, ug) is the maximal solution of system of nonlinear deterministic

comparison differential equations

du = g(t,u)dt, u(to) = uop. (4.2.17)

Proof. Set
m(s) = E[V(s,z(t,s,2(s)[8],  mlto) = E[V(to, 2(t))].

From (b) and assumptions on V' implies that m(s) is continuous for ty < s < t. Let
h > 0 be sufficiently small so that s + h < t. Using (4.2.15), properties of solution

process and sub - g-algebra §, and concavity of g(¢,u), we have

m(s+h)—m(s) = E[V(s+h,z(t,s+ h,x(s+h)))|Fs] — E[V (s, z(t,s,2(5)))|Ss]
_ E[/ LV (u, 2(t, (),

< / SME[LV(u,z(t,u,x(u)))m]du

IN

s+h
/ g(u, B[V (u, z(t,u, x(u)))|Ss]) du.
(4.2.18)
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Therefor, it follows that
D m(s) < g(s,m(s)), ty < s <t.

An application of comparison theorem in [14, 15] establishes the result.

Example 4.2.8 We apply Theorem 4.2.7 to Example 4.2.3, and obtain
E[LV (s, z(t,s,x2(5))|Fs] < e(s)E[V (s, z(t,s,x(s)))|Ss)s (4.2.19)

whenever E[||®(t, s)x(s)|||*T,] exists for t > s > to. Here the deterministic comparison

differential equation is

du = e(s)uds, u(to) = uo, (4.2.20)

where e is defined in Example 4.2.3. From the definition of V' and the application of

Theorem 4.2.7, we arrive at

El||z(t, to, zo)||] gE[Hz(t,to,zo)H?]exp[/ e(s)ds], t> to.

to

Remark 4.2.9 Based on Example 4.2.8, Examples corresponding to Fxample 4.2.5
can be constructed, analogously.
4.3 Comparison Theorems Robustness of Solution Process

Let us consider a nominal system of [to-Doob type stochastic differential equations

dy = G(t,y)dt+ H(t,y)dw(t)
= G(ty)dt+ 337, H(t,y)dwi(t),  y(to) = yo,

(4.3.1)

with respect to (4.2.1), where G and column vectors of nxm matrix H € C[JxR", R"],

J = [to,to + a) for a > 0; w(t) = (wi(t),wa(t), ..., wn,(t))" is an m-dimensional
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normalized Wiener process with independent increments; yo and w(t) are mutually
independent for each t > to. Let x(t,to, o) and y(t, to, yo) be the solution process of
(4.2.1) and (4.3.1) existing for ¢ > ty, respectively.

The following theorem provides an estimate on the deviation of the solution process
of perturbed system of stochastic differential equations (4.2.1) with respect to the
solution process of nominal system of stochastic differential equations (4.3.1) through

(to, zo) and (g, yo), respectively.

Theorem 4.3.1 Let the hypotheses of Theorem 4.2.1 be satisfied except the system

of stochastic differential inequalities (4.2.5) is replaced by

LV (s,Az) < g(s,V (s, Az))

Va(s, Az)[@(L, 5, 2(s))[o (s, 2(s)) — B(s,2(s))] — (L, 5,y(s))[H(s,5(s)) = B(s,y(s))]
= 3(s,V(s,Az))
(4.3.2)

where

n m

0,1, 5,0(s)) (s, () Bl s, ()

LV(s,Az) = VS(S,AZHVQC(S,AZ)[%( 0
0

=1 =1

<

nx1
n

—+ < Z[aixoq)z](t, S’y(s))ﬁl(&y(s))Hé(S,g(S))

3:1 I=1 | |
— a—xocbij(t,s,x(s))ﬁ (5,$<3))0j(87x(5>>]>n><1
- 53 Sl 0o} )
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+ O, s, 2( Zﬁl s,2( x(s)) = o'(s,2(s))] + [ (5, 2(s)) — als, 2(s))]
— P(tsy(s Zﬁ’ s,y(s y(s)) = H'(s,y(s))] + G(s,5(s)) — als,y(s))]

n (WZ SO Vils, A1 5, 2(5), y ()BT (15, 2(5), 9(5)

9
Nx1

(4.3.3)

b(t, s, 2(s),y(s)) = @(t,s,2(s))[0'(s,2(s)) — B'(s, 2(s))] — (L, 5,y(s))[H'(s,y(s)) —
B'(s,y(s))] and Az = z(t, s, 2(s)) — z(t, 5, y(s))-
Then

V(t,z(t) —y(t)) < r(t, to, uo), t > to, (4.3.4)

whenever

V(to,Z(t,to,l‘g) - Z(t,to,y()>> S Up, (435)

where r(t,to, ug) is the mazimal solution of (4.2.6).

Proof. 'The proof of the theorem follows by imitating the proof of Theorem 4.2.1.

The details are omitted [15, 16, 19].
n

In the following, we present an example to illustrate the usefulness of Theorem 4.3.1.

Example 4.3.2 We consider a stochastic perturbed, auxiliary and nominal system

of differential equations

dr = [(A(t)+ AA()z + a(t) + Aalt) + p(t, z))dt

+[(B(t) + AB(t))x + b(t) + Ab(t) + ¢(t, x)]dw(t), x(ty) = o(4.3.6)

dz = [A(t)z + a(t)]dt + [B(t)z + b(t)]dw(t), 2(to) = o, (4.3.7)
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and

dy = [A(t)y + a(t) + p(t, y)ldt + [B(t)y + b(t) + q(t, y)ldw(t),  y(to) = o,

(4.3.8)

respectively, where x,y,z € R"; A and B are any n X n continuous matrix functions
defined on J; J = [to,to + a),a > 0; p and ¢ are any n-dimensional smooth functions
defined on J x R™ into R™ that insure the existence of solution processes of (4.3.6)
and (4.3.8); for each t € J, w(t) is a scalar normalized Wiener process independent of
xo and yo. Note that ®(t,s,x(s)) = (¢, s,y(s)) = P(t,s). We apply Theorem 4.3.1
to (4.3.6) in the context of (4.3.7) and (4.3.8) with N =1 ( scalar function), we have

LV (s, Az)
= Vils, Az) + Va(s, Az) (1, 5)[(AA(s) — B(s)AB(s))x(s) + p(s, x(s)) — p(s, y(s))
—B(s)lq(s, z(s)) — q(s,y(s))] + Aa(s) — B(s)Ab(s)]

1 0?

+5(tr(5 5V (s, Az)e(t, s,0(s), y(s))e" (8,5, 2(s), y(5))),

(4.3.9)

c(t,s,x(s),y(s)) = D(t, s)[AB(s)z(s) + q(s,2(s)) — q(s,y(s)) + Ab(s)] and Az =
2(t,s,x(s)) — 2(t, s,y(s)). We assume that

{ LV (s, Az) <e(s)V(s,Az) + A(s)

Vi(s, A2)[@(t, s)[AB(s))x(s) + q(s,2(s)) — q(s,y(s)) + Ab(s)] = v(s)V (s, Az) + 7(s).
(4.3.10)

Under these assumptions we have g(s,u) = e(s)u + A(s) and X(s,u) = v(s)u + v(s).

Here, the comparison differential equation is given by

du = le(s)u + A(s)]ds + [v(s)u + v(s)]dw(s). (4.3.11)
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By the application of Theorem 4.3.1, we have

Vit z(t) —y(t)) < <I>(t,to)V(to,Z(t,to,xo)—Z(t,to,yo))Jr/ O(t, 5)le(s) —v(s)v(s)lds

to

+ / o, SH(s)dw(s)], ¢, (4.3.12)

to

where
¢

D(t,ty) = exp[/t(e(s) - %IJZ(S))dS —I—/ V(s)dw(s)]

to to
The following theorem provides another version for an estimate on the deviation of a
solution process of the perturbed system (4.2.1) with respect to a solution process of

nominal system (4.3.1).

Theorem 4.3.3 Assume that all the hypothesis of Theorem 4.5.1 hold except inequal-
ity (4.3.2) is replaced by:

E[LV (s,Az)|§s] < g(s, E[V (s, A2)|Fs)) (4.3.13)
where g is defined in Theorem 4.2.1 and E[V (s, Az)| exists for t > s > to. Then,
EV () —y®)] <r), =t (4.3.14)

where r(t) = r(t,to, wo) is the maximal solution of system of nonlinear deterministic

comparison differential equations (4.2.17).

Proof. To avoid the monotonicity, the proof is omitted [15, 16, 19].

Example 4.3.4 We consider Example 4.3.2 and replace (4.3.10) by

E[LV (s,Az2)|§s] < e(s)V (s, Az) + A(s) (4.3.15)
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Under this consideration, we have

du = [e(s)u + A(s)]ds, (4.3.16)

PV (ko) =3 < ean] [ e()ds]Vitn, (0, t0.20) = =(t. 10, 0))

t t
+/ exp[/ e(u)du} A(s)ds, t>1to. (4.3.17)
to S
We state without proofs other versions of Theorems 4.3.1, and 4.3.3 [15, 16, 19].

Theorem 4.3.5 Let the hypotheses of Theorem 4.2.1 be satisfied except the system

of stochastic differential inequalities (4.2.5) is replaced by

{ LV (s, 2(t,s,n(s))) < (s, V (s, 2(t, 5,n(s))))

Va(s, 2(t, 5,1()))[@(L, 5,n(5)) [0 (s, 2(s)) — H(s,y(s)) — B(s,n(s))] = B(s, V (s, 2(t, 5,n(s))))
(4.3.18)

where

LV (s, z(t,s,n(s)))

= Vst snlo) + Va2t () [5 (303 5Byt m(s) (65, n(5) B s ms)
2 (s,n(s))(0}(s, 2(5)) = H}(s,y(5))

(0! (s, 2(5)) = H'(5,5(5))) (045, 2(5)) = Hi(s,9())])

nx1

+(t,5,n(s)[D Be(s,n())[8'(s,n(s)) = o' (s,2(s)) + H'(5,(5))]

+/(s,2(5)) = G(s,y(5)) — als,n(s))]

-3 (mZ Mxvi(s,n(s))b”(t,s,x<s>,y<s>>bl<t,s,w<s>7y<s>>>> ,

(4.3.19)
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bi(t, s, (s),y(s)) = @t s,n(s))[0'(s,2(s)) — H'(s,y(s)) — B'(s,n(s))]. and n(s) =
x(s) —y(s). Then

V(t,x(t) —y(t)) <rltto,u),  t>to, (4.3.20)
whenever
V (to, 2(t, to, o — yo)) < o, (4.3.21)
where 1(t,to, ug) is the mazimal solution of (4.2.6).

Theorem 4.3.6 Assume that all the hypothesis of Theorem 4.3.5 hold except (4.3.18)

15 replaced by

E[LV (s,2(t,s,n(5)))|Ts] < g(s, E[V (s, z(t,s,n(s)))|Ss)) (4.3.22)

where g is defined in Theorem 4.2.1 and E[V (s, z(t,s,n(s)))] exists for t > s > ty.
Then,
BV(ta(t) - y@) < (1), fort >t (13.23)

where r(t) = r(t,to, ug) is the maximal solution of system of nonlinear deterministic

comparison differential equations (4.2.17).

In the following we present a corollary that illustrates the significance of Theorems

4.3.1, 4.3.3, 4.3.5, and 4.3.6.

Corollary 4.3.7 Let us assume that 5 =0 in (4.2.2), H =0 in (4.3.1) and G = «.
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Under this assumption, LV (s, z(t,s,z(s) — y(s)) in (4.3.3) and (4.3.19) reduce to

LV (s,Az) = Vi(s,Az) + Vi(s,Az)[P(t, s, z(s))[f(s,x(s))
]1( Za% ot 5,2(5))!(s. 2(3))0 (5, 2(s)

]: =1

GO ST Vi, A (1,5, 2(5), y (5D 1 5,2(5), () )

(4.3.24)

)
nx1

—

?
Nx1

where b'(t,s,2(s),y(s)) = ®(t, s,2(s))ol(s,2(s)), Az = 2(t,s,2(5)) — 2(t, s,y(s));

and

LV (s, 2(t, s,n(s)))

= Vi(s,2(t,s,n(s)))

V(s 2(t, S,n(s)))[% <

3

+0(t,5,1(5))[f (5, 2(5)) — als, y(5)) = als, n(s)]

3 (tr(Z SO Vs, s,w<s>,y<s>>bl<t,s,x<s>,y<s>>>> ,

=1

where b(t, s, 2(s),y(s)) = ®(¢, s,n(s))o' (s, 2(s)) and n(s) = x(s) — y(s), respectively.
Under these simplifications, Theorem 4.3.1 , Theorem 4.3.3, Theorem 4.3.5, and The-

orem 4.5.6 include respective results [19] as a special cases.
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Example 4.3.8 We apply Theorem 4.3.5 to Example 4.3.2, and we have

LV (s,2(t,5,0(5))) = Vils, 2(t,5,1(5))) + Vi(s, 2(t, 5,1(5))) (L, 5) [[AA(s)
—B(s)AB(s)]z(s) + p(s, 2(s)) = p(s,y(s))
—B(s)lg(s, 2(s)) — als, y(s)] + B(s)(b(s) — Ab(s))
+Aa(s) — als)]
+%tr(§i af;x‘/(s,Az)c(t,s,x(s)7y(s))cT(t, s,2(s), y(s))),

(4.3.26)

c(t,s,2(s),y(s)) = (¢, s)[AB(s)x(s) + q(s,z(s)) — q(s,y(s)) + Ab(s) — b(s)], and
n(s) = z(s) — y(s). We assume that

LV (s,z(t,s,n(s))) <e(s)V(s,z(t,s,n(s))) + A(s)
Vals, 2(t, 5, () [D(t, S)AB($)(s) + a5, 2(5)) — (s y(s)) + Ab(s)]  (4:3.27)
= v(s)V (s, 2(t,5,n(s))) +7(s)-

Under these assumptions, we have g(s,u) = e(s)u + A(s) and X(s,u) = v(s)u + v(s).
Here, the comparison differential equation is (4.3.11).

By the application of Theorem 4.3.5, we have
t
V(t,z(t) —y(t) < @(t,to)V(to, 2(L, to, To — yo)) +/ D(t, s)le(s) —y(s)v(s)]ds
to
t
+ / o(t, s)v(s)dw(s)], t > to, (4.3.28)
to

where

O(t,ty) = exp[/tt(e(s) — %,ﬂ(s))ds + /tt y(s)dw(s)]

Example 4.3.9 We consider Example 4.3.8 and replace (4.3.27) by

E[LV (s, z2(t,s,n(s)))|8s) < e(s)V (s, z(t,s,n(s))) + A(s) (4.3.29)
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In this case, deterministic comparison equation is (4.3.16). By the application of

Theorem 4.3.6, we have

BV (t.a(t) ~ y(®)5) < cop| [ e(s)ds]Vito, (.o — )

. /t exp[/t @(u)du] /\(s)ds, t > 1. (4.3.30)

to S
4.4 Stability Analysis

In this section, we develop the qualitative properties of solution process of (4.2.1). In
particular, depending on the mode of convergence, we present several results regard-
ing the stability properties of solution process. This is achieved in the frame-work
of Lypunov-type function, system of both deterministic and stochastic differential in-
equalities and variational comparison theorems. For this purpose, we need to modify
the stability properties of comparison system of differential equations. The modified

definitions are based on existing definitions[19], and are as follows.

Definition 4.4.1 The trivial solution process of (4.2.1) is said to be

i) (AS;) almost sure stable, if for each € > 0, ty € R, there exists a positive function

d = 0(to, €) such that the inequality ||zo|| < 0 implies

|lz(t)]| <, t > to, almost surely (a.s.) .
ii) (ASy) almost sure asymptotically stable, if it is almost sure stable and if for any

e >0, ty € R, there exist a positive function dy = d(to) and T = T'(to, €) such

that the inequality ||zo|| < dp implies

|z(t)|| <€,  t>ty+T, withas.

Definition 4.4.2 The trivial solution process of (4.2.1) is said to be
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i) (SM;) stable in the p-th moment, if for each € > 0, ty € R, and p > 1 there exists

a positive function 6 = §(to, €) such that the inequality ||zo||, < 0 implies
lz@llp <€, t=t

where [[#(t)ll, = (B[2(6)]?)"?

ii) (SMs) asymptotically stable in the p-th moment, if it is stable in the p-th moment
and if for any € > 0, ¢ty € R, there exist dg = d(tp) and T = T'(to, €) such that

the inequality ||zo||, < do implies

lz@®)ll, <e,  t>to+T.

Definition 4.4.3 The trivial solution processes u = 0 and z = 0 of (4.2.6) and (4.2.2)

are said to be

i) (JAS) jointly almost surely stable, if for € > 0,y € Ry, there exists a §; =
d1(to, €) > 0 such that Zf\il Vi(to, o) < 01 implies

N
> it to, V(to, 2(t to, 10))) <€, >t
=1

ii) (JASy) jointly almost surely asymptotically stable, if it is jointly almost surely
stable and if for any € > 0, t, € R,, there exist 69 = do(ty) > 0 and T' =
T(to, €) > 0 such that the inequality S~ | Vi(to, z0) < 0, implies

N
> riltito, V(te, 2(t b0, 70))) <€, t>to+T.

=1

Define

V(t, to, [Eo) = U(t, to, V(to, Z(t(), l‘o))
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and note that v(tg, to, o) = V(tg, zo) and V € C[Ry x R", R"] and its partial deriva-

tives V4, V,, and V,, exists and are continuous on R, x R".

Definition 4.4.4 The trivial solution processes v = 0 and z = 0 of (4.2.17) and
(4.2.2) are said to be

i) (JSM,) jointly stable in the mean, if for ¢ > 0,fy € R,, there exists a §; =
81 (to, €) > 0 such that S | E[V;(to, )] < d; implies
N

ZE[Ti(t7t07 V(to, Z(t,to, Io)))] < €, t > to;

=1

ii) (JSM,) jointly asymptotically stable in the mean, if it is jointly stable in the mean
and if for any € > 0, to € R, there exist dy = do(ty) > 0 and T' = T'(tg,¢) > 0
such that the inequality S0, E[V;(to, x)] < o implies

N
> Elri(t.to, V(to, 2(t, to, 1)) <€, t>to+T.

=1

The following result provide sufficient conditions for stability properties of the trivial

solution of (4.2.1) in the context of Theorem 4.2.1.

Theorem 4.4.5 Let the hypotheses of Theorem 4.2.1 be satisfied. Further assume
that

(i) «(t,0) =0, B(t,0) =0, g(¢t,0) =0, G(t,0) =0, fort € Ry, and for all (t,z) €
Ry x R",

(i) b(||z]]) < oV, Vit x) < alt, ||z]), where b € VK, and a € CK.

Then

1. (JASy) of (4.2.6) and (4.2.2) implies (AS1) of (4.2.1), and
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2. (JASs) of (4.2.6) and (4.2.2) implies (AS2) of (4.2.1)

Proof. Let € > 0, ty € Ry be given. Assume that (JAS)) of (4.2.2) and (4.2.6) holds.
From assumption (a), we have z = 0 and u = 0. Then for b(¢) > 0 and ¢y € R, there

exists a d; = d1(€, tp) such that Zfil ri(to, to, V(to, 2(to, to, zo))) < d1, implies
N
> rilt to, V(to, 2(t,t0, 0))) < ble), £ >t (4.4.1)

i=1

where (¢, o, up) is the maximal solution process of (4.2.6) and z(t) = z(t, to, x¢) is the
solution process of (4.2.2) through (¢, zo). Since Zf\il ri(to, to, V(to, 2(to, to, z0))) =
Zﬁil Vi(to, o), sz\il Vi(to,0) = 0 and (ii), there exists (¢, €) > 0 such that Zf\il Vi(to, o) <
91 whenever [|zg]| < 6. Now, we claim that if ||zo|| < § implies ||z(t)|| <€, t > to with
probability one(w.p.1). Assume that this claim is false, that is, there exists a solution

process x(t, tg, zo) with ||zg] < d, t; > to and event A € §, such that p(A) > 0,
|x(t1)]] = € and ||z(t)]] <€, t € [to, t1]. (4.4.2)
On the other hand, by Theorem 4.2.1, with ug = V' (o, 2(¢, to, zo)), we have
V(t,z(t)) < r(t,to, V(to, 2(t, to, 20))), > to. (4.4.3)
From (ii) and using the convexity of b, we obtain
Wlz®l) < > Witk (1)
i=1
< zm:ri(t,to, V(to, 2(t, o, z0))), t > t. (4.4.4)
i=1

Relations (4.4.1), (4.4.2), (4.4.3) and (4.4.4) lead to the contradiction

m

b(e) < Vilty, to, ) < be), (4.4.5)

i=1
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with p(A) > 0. This exhibits the almost sure property of the trivial solution of (4.2.1).
To prove the second part, lets assume (JASy) of (4.2.2) and (4.2.6). We note that
(JASs) implies, (JAS)) of (4.2.2) and (4.2.6), and hence one can conclude that (AS;)
property of (4.2.1) is valid. Moreover, by imitating the above argument, one can

prove the almost sure asymptotic stability property of the trivial solution process of

(4.2.1).

Example 4.4.6 We consider Example 4.2.3, and assume that p(¢,0) = 0 = ¢(¢,0).

Using the estimate on the solution process of (4.2.12) in Example 4.2.3, we obtain

t

ot o, )| <zl (e o) Pepl | (e(5) = 5v7(ds + [ vlshdu(s)),

to to

where

12(t, to, o) [I* = [|(¢, to)wol|* < [lwolI*| P (L, o) .

Depending on the nature of the real parts of the eigen values of A(s) and B(s), e(s)
and the magnitude of 1/(s) in Example 4.2.3, the joint almost sure stability and joint
almost sure asymptotic stability conditions can be imposed on (4.2.13) and (4.2.14)
to conclude the corresponding almost sure stability and asymptotic stability of the

trivial solution of (4.2.12).

The following result provides sufficient conditions for the p-th moment stability

properties of the trivial solution of (4.2.1) in the context of Theorem 4.2.7.

Theorem 4.4.7 Let the hypotheses of Theorem 4.2.7 be satisfied. Further assume
that

(i) a(t,0) =0, 5(t,0) =0, g(t,0) =0, G(¢,0) =0, fort € R, and for all (t,z) €
Ry x R",
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(i1) b(||z|]P) < Zi\; Vi(t,z) < a(t,||z||?), where p > 1, b € VK, and a € CK.

Then

1. (JSMy) of (4.2.17) and (4.2.2) implies (SM;) of (4.2.1), and

2. (JSMy) of (4.2.17) and (4.2.2) implies (SMs) of (4.2.1)

Proof. Lete > 0,1ty € Ry be given. Assume that (JSM;) of (4.2.2) and (4.2.17) holds.
From assumption (i), we have x = 0 and v = 0. Then for b(¢) > 0 and t, € R, there
exists a & = 0y (¢, o) such that SN Er;(to, to, V (to, 2(te, to, 70)))|§e] < 01, implies

> " Elri(t.to, V(to, 2(t,t0, 0)))[Fe] < ("),  t>1tg (4.4.6)

i=1

where r(t,tg, ug) is the maximal solution process of (4.2.16) and z(t) = z(t, to, zo) is
the solution process of (4.2.2) through (¢, zo). Since Zf\il E[r;(to, to, V (to, z(to, to, 20)))|T,] =
SN E[Vi(to, z0)], SOV, E[Vi(te,0)] = 0 and (ii), there exists d(to,e) > 0 such that
SN E[Vi(to, z0)] < 8; whenever ||zo|, < §. Now we claim that if ||zo[, < & implies
|z(t)]|, < €, t > to. Assume that this claim is false, that is, there exists a solution

process x(t, ty, xo) with ||zo||, < ¢ and a t; > ¢y such that
|lz(t1)]], = € and ||z(t)||, <€, t € [to, t1]. (4.4.7)
On the other hand, by Theorem 4.2.7, with ug = E[V (t¢, 2(t))|F,], we have

EV({t,xt))[8] < rt,to, BV (o, 2(1))[Se]), ¢ = to. (4.4.8)
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From (ii) and using the convexity of b, we obtain

o(E[lz(®)P]) < ZE[W(t,x(t))]
< Y onltte EV(t, d)IF)),  t2t.  (449)

Relations (4.4.6), (4.4.7), (4.4.8) and (4.4.9) lead to the contradiction
N
b(e) <Y E[Vi(t, to, z0)] < b(P), (4.4.10)

=1

which proves (SM).

To prove the second part, lets assume (JSM,) of (4.2.2) and (4.2.17), we note (JSM,)
implies, (JSM;) of (4.2.2) and (4.2.17), and hence , one can use the same argument
to conclude (SM,) property of (4.2.1).

Example 4.4.8 We apply Theorem 4.4.7 to Example 4.2.8, and obtain
E[LV (s, z(t,s,2(5)))|Fs] < e(s)E[V (s, z(t,s,x(s)))|Ss)s (4.4.11)

whenever E[||®(t, s)x(s)|||?|Fs] exists for t > s > 5. Here the deterministic compari-

son differential equation is (4.2.20). From Example 4.2.8, we have

El||z(t, to, zo)||] gE[Hz(t,to,ZO)H?]exp[/ e(s)ds], t> to.

to

Further assume that

Ell|2(t, to, z0) I"] < p(Elllzol*])7(t — to),

where 7(u) > 0 and 7(u) — 0 as u — oo. Under this assumption, (JSMs) of (4.2.20)
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and (4.2.13) follows immediately. Therefore, by the application of Theorem 4.4.7, we

conclude that the trivial solution of (4.2.12) is asymptotically mean square stable.

4.5 Error Estimate and Relative Stability

In this section, we develop the qualitative properties of solution process of (4.2.1)
relative to (4.3.1). In particular, depending on the mode of convergence, we present
several results regarding error estimates and relative stability properties of solution
process. This is achieved in the frame-work of Lypunov-type function, system of both
deterministic and stochastic differential inequalities and variational comparison theo-
rems. For this purpose, we need to modify the concept of relative stability properties
of comparison system of differential equations. The modified definitions are based on

existing definitions[19], and are as follows.
Definition 4.5.1 The two differential systems (4.2.1) and (4.3.1) are said to be
i) (ARS)) relatively almost surely stable, if for each € > 0, ty € R, there exists a

positive function dy = (%o, €) such that the inequality ||zo — yo|| < do implies

() =yl <e  t=to;

ii) (ARy) relatively asymptotically almost surely stable, if it is relatively almost surely
stable and if for any € > 0, ty € R, there exist 6 = 0(ty) and T = T'(t¢, €) such

that the inequality ||zo — yo|| < ¢ implies

llx(t) — y(t)| <e, t>to+T.

Definition 4.5.2 The two differential systems (4.2.1) and (4.3.1) are said to be

i) (RSM,) relatively stable in p-th moment, if for each € > 0, tp € Ry, and p > 1,

there exists a positive function § = (%, €) such that the inequality ||zo—yol|, < 0
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implies

z(t) —y(®)ll, <, t > to;

ii) (RSM,) relatively asymptotically stable in the p-th moment, if it is relatively
stable in the p-th moment and if for any € > 0, ty € R, there exist dy = do(to)

and T' = T'(to, €) such that the inequality ||xo — yo|| < do implies

lz(t) =y, <€, t=to+T.

Definition 4.5.3 The system (4.2.6) and (4.2.2) are said to be

i) (JAS) jointly relatively almost surely stable, if for each € > 0,ty € R, there exists
8, = 01 (to, €) > 0 such that the inequality S Vi(to, 20 — yo)] < 01 implies

ri(t,to, V(to, 2(t, to, o — y0))) < €, t > to;

Mz

=1

ii) (JASs) jointly relatively asymptotically almost surely stable, if it is jointly rel-
atively almost surely stable and if for each € > 0,ty € R., there exists §y =

So(to) > 0 and and T = T(to, €) > 0 such that 31, Vi(to, zo — yo)] < o implies
N
> it to, V(te, 2(t to, 10 — o)) <€, t>to+T.
=1

Definition 4.5.4 The system (4.2.6) and (4.2.2) are said to be

i) (JSM,) jointly relatively stable in the mean, if for each € > 0, ¢y € R, there exists
01 = 1 (to, €) > 0 such that the inequality Z L E[Vi(to, to, xo — yo)] < 61 implies

N
ZE[H(t,toy V(to, 2(t, to, w0 — y0)))] <€, t 2> to;

=1
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ii) (JSM,) jointly relatively asymptotically stable in the mean, if it is jointly rela-
tively stable in the mean and if for each € > 0,%y € R, there exists 09 = dg(to) >

0 and and T' = T'(to,¢) > 0 such that S, E[Vi(to, to, T — yo)] < o implies
N
ZE[?“i(t,to,v<t0,2(t,to,$0 _yO)))] <€ t 2> 1.

i=1

Definition 4.5.5 The differential systems (4.2.1) and (4.3.1) are said to be almost
surely asymptotically equivalent if, for every solution y(t) of (4.3.1), there is a solution

x(t) of (4.2.1) such that

x(t) —y(t) — 0 as t — oo.

Definition 4.5.6 The differential system (4.2.1) has asymptotic equilibrium if every
solution of the system (4.2.1) tends to almost surely a finite limit vector £ as t — oo
and to every constant vector £ there is a solution z(t) of (4.2.1) on t; <t < oo such

that llmt_>oo = 5

In the following, we present an error estimate and relative stability results in the

context of Theorems 4.3.1 and 4.3.3.

Theorem 4.5.7 Let the hypotheses of Theorem 4.3.1 be satisfied. Further assume
that

N
lel) < 3 Vitt, ), (45.)
where b € VK. Then
1. (JASy) of (4.2.6) and (4.2.2) implies (ARSy) of (4.2.1) and (4.3.1),

2. (JAS,) of (4.2.6) and (4.2.2) implies (ARS3) of (4.2.1) and (4.3.1).
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Proof. By the choice of ug = V (to, 2(t, to, o) — 2(t, o, yo)), Theorem 4.3.1 reduces to

Z%(t,x(t) —y(t)) < Zﬁ(t,to’ V(to, 2(t, to, wo) — 2(t, %0, 40)))-

This together with (4.5.1), we have

b(llx(t) = y(0)lI) < D 7t to, V(to. 2(t to, o) — 2(t, t0, 90))).

i=1

The proofs of statements 1 and 2 follow by repeating the argument used in the proofs

of Theorem 4.4.5. The details are omitted.
| ]

Theorem 4.5.8 Let the hypotheses of Theorem 4.3.83 be satisfied. Further assume
that

b(||=|P) < D Vilt, @), (4.5.2)
where p > 1, b € VK.
1. (JSMy) of (4.2.17) and (4.2.2) implies (RSM;) of (4.2.1) and (4.3.1),

2. (JSMy) of (4.2.17) and (4.2.2) implies (RSMs) of (4.2.1) and (4.3.1).
Proof. By the choice of ug = V' (g, 2(t, to, zo) — 2(t, to, Yo)), Theorem 4.3.3 reduces to
Z E[Vi(t,z(t) — y(1))] < iﬁ(t,tm E[V (to, 2(t, to, o) — 2(t, 0, %0))])-
This together with (4.5.2), we obtain

( [Hl‘( ||p ZT”L t tOv tOJZ(t7t07x0) - Z<tat0,y0))|gﬁ]>'

=1
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The proofs of statements 1 and 2 follow by imitating the proofs of Theorem 4.4.7.

The details are omitted.
]

Example 4.5.9 Let us consider Example 4.3.2. We assume AA = AB = Aa =
Ab = 0. Under these assumptions, (4.3.6) and (4.3.8) reduces to

dz = [A(t)z +a(t) + p(t, 2)]|dt + [Bt)z + b(t) + q(t, 2)]dw(t),  a(to) = zo, (4.5.3)
and
dy = [A(t)y + a(t) + p(t,y)]dt + [B(t)y + b(t) + g(t, y))dw(t),  y(to) = yo, (4.5.4)
respectively. Here, we assume the auxiliary system (4.2.2) is as:
dz = A(t)zdt + B(t)zdw(t),  z(to) = xo. (4.5.5)

We note that auxiliary system (4.5.5) acts like a nominal system corresponding to
a system (4.5.3). Choosing V(t,z) = 1[|z(t)||* and following the argument used in

Example 4.3.2, we have

LV (s,Az)
= (x(s) —y(s)) @ (t, 5)@(t, 5)[p(s, 2(s)) — p(s, y(s))
—B(s)[p(s, x(s)) — p(s, y(s))]] + %C(ta s,2(s),y(s))c" (t, 5,2(s), y(s)),

(4.5.6)

clt, 5,(5),y(s)) = B(t, 5)[a(s, 2()) — a(s,y(s))] and Az = 2(t, 5,(s)) — 2(t, 5, y(s)).
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In this case, (4.3.10) and the comparison differential equation are given by

LV (s, 2(t,5,2(5))) < e(s)[|z(t, s, 2(s))|* = e(s)V (s, 2(t, 5, 2(5)))

(x(s) — y(s))"@T(t, 5)D(t, 5)[q(s, 2(5)) — q(s,y(s))] = v(s)V (s, 2(t, 5, 2(5))).
(4.5.7)

and
du = e(s)uds+v(s)udw(s), u(ty) =up = ||Z(t,t0,l’0)||2 = V(to, z(t, to, x0)), (4.5.8)

respectively. Moreover,

r(t, to, ug) = uoe:cp[/t(e(s) — %Vz(s))ds + /t V(s)dw(s)].

to to

From Theorem 2.1, we have V (¢, z(t) — y(t)) < r(t,to,up). The final conclusion of

Theorem 4.5.7, 4.5.8 follows by assuming

# | / (e(s) — S72(5))ds + / v(s)dus)]

to to

limsup;_s o0

is finite and negative number, respectively. Then joint property of (4.5.7) and (4.5.5)

are valid.

We present Theorems corresponding to Theorems 4.3.5 and 4.3.6 parallel to the-
orems 4.5.7 and 4.5.8. The proofs are omitted [15, 16, 19].

Theorem 4.5.10 Let the hypotheses of Theorem 4.3.5 be satisfied. Further assume
that

b(|I=]]) < Zw,z), (4.5.9)

where b € CK. Then

1. (JASy) of (4.2.6) and (4.2.2) implies (ARS}) of (4.2.1) and (4.3.1);
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2. (JASs) of (4.2.6) and (4.2.2) implies (ARSs) of (4.2.1) and (4.3.1).

Theorem 4.5.11 Let the hypotheses of Theorem 4.3.5 be satisfied. Further assume
that

b(|=[1") SZ (4.5.10)

where p > 1, b € CK. Then

1. (JSMy) of (4.2.17) and (4.2.2) implies (RSM,) of (4.2.1) and (4.2.2);

2. (JSMy) of (4.2.17) and (4.2.2) implies (RSMs) of (4.2.1) and (4.2.2).

Example 4.5.12 Let us consider Example 4.5.9. Choosing V (¢, z) = 3||z(¢)]|* and

following the argument used in Example 4.5.9, we have

LV (s, 2(t,5,n(5)) = Vals,2(t,5,m(5))(t,5) [p(s, 2(5)) — p(5,y(5))
~B(s)lals, 2(5)) — als.9(5)]
FB)b(s) — als)] + et 5, 7(9), v (1, 5,7(5), y(5))),
(4.5.11)

c(t, s, x(s), y(s)) = @(t, s)[a(s, x(s)) — q(s,y(s)) — b(s)], and n(s) = x(s) —y(s). We
assume that

LV (s,z(t,s,n(s))) <e(s)V(s,z(t,s,n(s)))

V(s 2(t, 5, () (t, )lals, (5)) — (s, 9(5)) (45.12)
=v(s)V (s, z(t, s,n(s))).

Hence the conclusion of Theorem 4.5.10 follows.

Remark 4.5.13 We note that conclusion 2 of Theorems 4.5.7 and 4.5.10 implies that
stochastic differential systems of differential equations (4.2.1) and (4.3.1) are almost

surely asymptotically equivalent. Similarly, conclusion 2 of Theorems 4.5.8 and 4.5.11
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implies that stochastic differential systems of differential equations (4.2.1) and (4.3.1)
are p-th moment asymptotically equivalent. Moreover, these results also exhibit the

asymptotic equilibrium properties in almost sure/p-th moment sense.
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5 STOCHASTIC DYNAMIC MODEL FOR PHOTOSYNTHESIS

5.1 Introduction

All living beings require energy for their maintenance and normal activities. The
activities include, reproduction, growth, or other activities. Photosynthetic organisms
use light energy to produce glucose. The glucose is used at a latter time to supply
energy.

Equations for photosynthesis and cellular respiration are [10]
6C' Oy + 6H,0 + Energy — CgH1204 + 60,

and

CeH1206 + 605 — 6C' Oy + 6H50 + Energy,

respectively. The photosynthetic mechanism is composed of receptors, X, that can
be decomposed in two states. The radiant energy, I, transforms the receptors in the
state X in to an excited state X*. Pigments are receptors. When a photon of light
strikes a photosynthetic pigment X, an electron in an atom contained in the molecule
becomes excited, X*. Energized electrons move further from the nucleus of the atom.
The excited molecule can pass the energy to another molecule or release it in the form

of light or heat. The reaction can be expressed as follows:

X +15 X" (5.1.1)
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(X*+7Z > X+7Z 2"+ X -5 X+ Z, X"+ COy — X*, where Z and X* are light
energy compound and RU B P-Ribulose-5-phosphate) where X* is activated state with
respect to carbon-dioxide C'O,, and k; is a rate constant. Being in the state X*, the

receptor can react with C'O,. This reaction transfers the receptor back to the state

X and yields sugar C'H50.
X*+C0y, 2 X + 0H,0, (5.1.2)

where ko is a rate constant. It is assumed that the capacity of photosynthesis is
limited by
[Xo] = [X]+ [X7], (5.1.3)

where [Xj] is the constant total concentration of the receptors. Let P be the rate of

photosynthesis, which is defined as

where h is the thickness of the homogenous leaf and [C'Os] is the concentration of
COs.
From reactions (5.1.1), (5.1.2) and assumption (5.1.3), we have

L = k[ XolT — ki [XH) — ko[ X*][C Oy

ddcto (5.1.5)
AO92] — 1y [ X*][CO)

Under the assumptions on the photosynthesis process and using (5.1.3), (5.1.4), and

(5.1.5), a dynamic equation for the rate of photosynthesis is as follows:

dP

i hko[COo) (k1 Xol — ki [ XTI — ko[ XT][COs]) — hka[X™|ko[CO,][ X 7]

= hkoky [002][X0]] — kiIhky [X*] [002] — kg [002]hk52 [X*} [002] — ks [X*]h/@ [X*][CO2]
= hkok1[CO2)[Xo|I — ki IP — ky([COs) — [ X*])P.
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Hence,

‘;—f = hkakr[COR)[Xo)T — ky TP — ky([COo) — [X*)) P, (5.1.6)

5.2 A Dynamic Model for Photosynthesis

The photosynthetic process is divided into two complex reactions called light reaction

and dark reaction. These reactions are briefly outlined below.

5.2.1 Light Dependent Reactions

The light dependent reactions require light. It produces AT'P (Adenosine triphos-
phate) and NADPH (nicotinamide adenine dinucleotide phosphate): these com-
pounds are needed to produce glucose in the light independent reactions. Based
on the following main chemical reactions, NAD P is the natural biological electron

acceptor:

2H,O +2NADPY +1 — 2NADPH +2H" + O,.
The model of light reactions is based on the following assumptions|[9].

L;) The dynamics of the light reactions are determined by the dynamics of the concen-
tration of NADP™ (primary electron acceptor) and NADPH. This assumption
is made because more AT P is produced in the light reactions than it is imme-

diately needed in the reduction of CO, in dark reactions.

Ly) There is a maximum activity level of light reactions determined by some regulat-
ing mechanism. This level in weak radiant flux densities is proportional to the
radiant flux density. Due to assumption (L;), this activity level is supposed to
determine the total concentrations of NADP' and NADPH that take part in

the process at each constant radiant flux of a longer period.
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L3) The rate of the formation of NADPH is proportional to the product of the

radiant flux density I, and the concentration of NADP™.

From assumption(Ls), we have
Npao(I) = [NADP*] + [NADPH]. (5.2.1)

Here, light reactions are described by:

NADP+ + 1 NADPH,

N (5.2.2)
NADPH + PGA “% NADP*,

where PG A is a 3-phosphoglyceric acid formed in dark reactions, and k; and K} are

dynamic rate parameters. So the dynamics of light reaction is as follows:

W = ki I[NADP*] — E\[NADPH|[PGA]. (5.2.3)
Denoting N = [NADPH]|, M = [PGA], and C = [COs], (5.2.3) reduces to

AN
= I (Nar = N) = kN M. (5.2.4)

This is a nonlinear differential equation for the dynamics of light reactions showing the
rate of change in absorbing radiant energy and turning it into so called assimilatory

power in the form of NADPH.

5.2.2 Dark (Light Independent) Reactions

The light independent reactions occur in light or dark conditions. The products of

the light reactions, ATP and NADPH, are used to reduce C'Oy to glucose in the
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Calvin cycle as
COy+ NADPH + ATP — NADP"' 4 C4H.,04 + ADP.

The following assumptions are made for the dark reaction[9].

D;) The reactions take place in constant environmental conditions (except with re-

spect to the radiation and C'Oy concentration).
Dy) Of the photo-products needed in dark reactions only NADPH is considered.
D3) The reversible reactions in the calvin cycles are omitted.

Dy) The regeneration of RUBP is in a quasi-stationary state, that is, the rate of the
formation of RUBP (Ribulose-5-phosphate) (= X *-excited receptor) is equal to
the rate of formation of G3P (glyceraldehyde 3-phosphate).

D5) There is a maximum constant rate of the regeneration of RUBP.

The description of the dark reaction are as follows:

CO, + RUBP ' 2PG A,

, (5.2.5)
29PGA+2NADPH 2 2G3P + 2N ADP™,

with rate constants ks and k) respectively. The dynamic equations for [RUBP], [G3P]

and [PGA] are
—pr] = —ks[COs][RUBP] (5.2.6)
d[Pde] = k3[CO,|[RUBP] — ky[PGA][NADPH] (5.2.7)
d[(jljp] = k}[PGA][NADPH)|. (5.2.8)
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From (5.2.6), (5.2.8) and assumption (D), the net rate of change of RUBP can be

written in the form

d[RUBP]

——— = —ks[COL|[RUBP] + k;[PGA[NADPH]. (5.2.9)

From (5.2.7) and (5.2.9), it is obvious that

d[RUBP]  d[PGA]

dt dt

From assumption (Dj;), we have
Miynaw = [RUBP) + [PGA]. (5.2.10)

From (5.2.7), the model for dark reaction will be

dMm]

o = kaC (Mg — M) = Ky MN

From the light and dark reactions, the overall dynamic model for C'O, assimilation

controlled by the radiant flux density and C'O, concentration is

% = ki I(Npazw — N) — KLNM

(5.2.11)
DL = f3C(Mypaz — M) — KN M,

were ki in (5.2.2) is the rate of the radiant conversion to chemical energy by photo
receptors; ks in (5.2.5)is the rate of C'O, fixation by C'O, receptors; kf in (5.2.2) and
Ky in (5.2.5) express the effects of the reaction of the receptors with each other. The

rate of photosynthesis, P, is

P = k3|CO,)[RUBP) = k3C(Mypaz — M). (5.2.12)
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From (5.2.12), (5.1.6) reduces to

dP

% - _kgc(Mma:p - M)2 - k3C2(Mmax - M) (5213)

The concentration of C'Oy in the closed measurement system changes according to

the following dynamic equation [35]

dC
=~ kO]l -
dt ¢ M, ..

) + ks, (5.2.14)

where ks and kg are parameters.

5.2.3 Enzyme Reactions

For biochemical reactions, enzymes play very important role. The enzymes and
proteins act as a catalyst. Enzymes react selectively on definite compounds called
substrate. In the following, we use basic enzymatic reaction mechanisms initiated
by Michaelis and Menten [1, 3]. Let S, FE, and SE stand for substrate, enzyme,
and enzyme-substrate complex that generates a product p, respectvely. The reaction

mechanism is as follows:

k
S+ E=SE
ks (5.2.15)

SE* p1E,

where k7, kg and kg are parameters associated with the rates of reactions respectively.
Note that, the rate of a reaction is proportional to the product of the concentrations

of the reactants.
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Let us denote s = [S], e = [E], s. = [SE], p = [p]

@ = —kres + kgs.
e = hres = (ks & Ko)se (5.2.16)
E = —kres + (ks + ko) se

We assume that s(0) = s, e(0) = eg, s.(0) = 0,p(0) = 0. From (5.2.16), we note that

p(t) = ko fot Se(r)dr
de dse _
de =0, (5.2.17)

e(t) + se(t) = constant = ey.

From (5.2.17), (5.2.16) reduces to

@ = —]{?7608 + (kﬁ78 + k‘g)se

dse = kqegs — (k’78 + ks + k‘g) (5218)
% = k’gSe.

Using (5.2.11), (5.2.14) and (5.2.18), we obtain

(

I = kI (Nypaw — N) — 5N M
W = f3C(Mppaw — M) — kK4NM
& — —ksC(1— 5722) + ke

(5.2.19)
dt = —k’7608 —|— (k?7$ —+ k?g)Se

dSe = kreos — (krs + ks + ko) se
\ % = kgS,.
Since,
% + C;S; + % =0,
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we have s(t) + s.(t) + p(t) = so. Thus, s. = sp — s — p. Since, s, = 59 — s — p, we
formulate the following initial value problem

(

W = k1 I(Npaw — N) — K4NM
YL = k3C(Mppaz — M) — KyNM

% = —ksC(1 — %) + kg (5.2.20)
% = —kreos + (ks + ks)(so — s — p)
dp _

2 = ko(so — s —p),

\

where N(0) = Ny, M(0) = My, C(0) = Cy, s(0) = so,p(0) = 0. (5.2.20) is a determin-
istic mathematical dynamic model for photosynthetic process.
5.3 Normalizing and Equilibrium States of Deterministic Model

Let us use the following transformation to normalize the system of differential equa-

tions (5.2.20) as:

N
n =
%f (5.3.1)
m = Mmaz ’

Using (5.3.1) and following the argument used in [10, 11] the effects of enzymatic
reactions characterized by replacing k) with p , the system of dynamical differential

equations (5.2.20) can be written as

D — | 1(1 = n) — kanm

dd_T = k‘3C(1 — m) - Nma:pnmp
9C — —ksC(1 —m) + ke (5:32)
% = —kqeos + (krs + ks)(so — s — p)

@ — ko(s0 — s —p),
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where ko = kb M,q.. The system (5.3.2) can be written as
dr = f(ta ZL‘)dt, x(tO) = o, (533)

where z = (n,m,C,s,p)T = (v1, 9, 73, 24, 75)" € R?;

ft,2) = (fit,2), Lot 2), f5(t,2), falt, @), f5(t, 2))"; fult,2) = kil (1 — 1) — kaw12o,
fo(t, ) = k323(1 — 22) — NipaeT17275, f3(t, 7) = —ksz3(1 — 22) + ke,

falt,x) = —kreoxy + (krxy + ks)(so — x4 — x5), f5(t,2) = ko(sg — x4 — z5); and
o = (ng,mo,Co,s0,0)T. The equilibrium states of the dynamic system (5.3.2),

x* = (n*,m*, C*, s*, p*)T, satisfies the following system of algebraic equations

.

0=k I(1—n*) — kon*m*,

0 = k3C*(1 —m*) — Nypgen*m*p*,

8 0= —ksC*(1 — m*) + ke, (5.3.4)
0= —kregs™ + (krs™ + ks)(so — s* — p*),

\ 0= ko(sg — s* —p*).

Solving the system of equations (5.3.4) for I > 0, yields

(

x _ kil
N
(m*)Z + k1INmaxp*-L-2/€k1:g£C*—k2k30* m* — %21 -0
Cr = #j‘m) (5.3.5)
=0
p* = Sp.

\

Now, let us find the linearized system with respect to system (5.3.3) at the equilibrium
state. For this purpose, from z = (n,m, C, s, p)T, 2* = (n*,m*, C*, s*,p*)T, we define

G(0) = f(t,0z+(1—0)x*) for 0 < # < 1. We note that G is continuously differentiable
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with respect to #, and hence

d

@G(H) = fo(t,0x + (1 —0)z")(x — z¥). (5.3.6)

By Integrating both sides of (5.3.6) with respect to 6 over an interval [0,1], we have
1
G(1) — G(0) = / Fult, 62 + (1 — 0)a") (z — 27)d6.
0

This together with the fact that G(1) = f(¢,x) and G(0) = f(¢,2*) = 0 yields

flt,x) = /01 fo(t, 0z + (1 — 0)z")(x — x™)db. (5.3.7)

Adding and subtracting f,(¢,2*) in (5.3.7) and applying again the generalized Mean

Value Theorem|?], yields

flt,x) = /0 fo(t, 0z + (1 —0)z")(x — 2™)db

= e (o —at) + / (1,0 + (1 0)2) — fult, )] (& — 2°)d6
= fo(t,2")(x —2")+ R(t, 2", x — z")(x — z¥) (5.3.8)

where

R(t,x",x —x")(x — x¥) = /0 [fo(t, 0z + (1 — 0)x™) — fo(t,27)](z — x™)db

123



and 5 x 5 matrices f,(t,2*) is defined by:

— (k1L + kom™) —kon* 0 0 0
—Npazsom™  —(k3C* 4+ Nyaen™so)  ks(1 —m*) 0 —Npaat m*
0 ks C* —ks(1 — m*) 0 0
0 0 0 —(kneo + ks) ks
0 0 0 —ky —Fo
(5.3.9)

System (5.3.3) at the equilibrium state is rewritten as
dr = [f.(t,2")x + R(t,z*, x)z]dt, x(to) = o, (5.3.10)

where x = x — x*. Considering system (5.3.10) as perturbed system of the following

unperturbed system

dz = [ult,a®)zdt,  2(to) = . (5.3.11)

Here, system (5.3.11) is assumed to be auxiliary system. We note that the diagonal
clements of f,(t,z*) are negative. We further assume that if V(¢,z) = ||z[?, then
Vi(t,z) =0, 2V (t,z) = 27 %V(t,x) = I, n X n identity matrix; a%oz(t, s,x(s)) =
d(t, s); and 6‘9—;%2(75, s,z(s)) = 0 [3]. The generalized variation of constants formula

(3.2.1), reduces to

l=@®1* = llz@)|
+/ o7 (5)®T(t, 8)®(t, s)R(s, z*, z(s))xz(s)ds. (5.3.12)

to

Remark 5.3.1 a) Further assume that

T (5)®T(t, 5)®(t, s)R(s, z*, 2(s))x(s) < n(t — s)A||z(s)]? (5.3.13)
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and

(¢, to, o) [I* < ullz(s)[I*)7(t — to), (5.3.14)

where A 1s a positive constant. Now, applying Theorem 3.4.2, we conclude that

the trivial solution of (5.3.10) is asymptotically stable.

b) In the context of (5.3.10), (5.3.11), (5.3.12), (5.3.13),(5.3.14), considering auil-

iary system (5.3.11) to be a nominal system corresponding to a system (5.3.10)

and following the argument used in FExample 3.3.3, we get

Hx(t) - y(t)H2 = "Z(t,to,flfo) — Z(t,to,yo)Hz + 2/ LV(S, AZ)di5315)

to

where

LV (s, Az)

= (x(s) —y(s))" @ (t, 5)@(t, s)[R(t, 2", 2(s))x(s) — R(t, 2", y(s))y(s)],

and Az = z(t,s,x(s)) — z(t, s,y(s)). Further assume that LV (s,Az) < n(t —
s)M|z(s) —y(s)||?, where n and \ are defined in (5.3.13) satisfy all conditions in
Theorem 8.5.1. Thus, by the application of Theorem 3.5.1, systems (5.2.10) and
(5.3.11) are relatively asymptotically stable. In fact, the solution process (5.3.10)

has asymptotic equivalence property [6].

c) Imitating the argument used in Ezample 4.4.6, we apply Theorem 4.4.7 in the

context of Example 4.2.8, and obtain

LV (s, z(t,s,2(s))) < e(s)V(s,z(t, s, x(s))). (5.3.16)

Here the deterministic comparison differential equation is (4.2.20). From Ezam-
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ple 4.2.8, we have

t
(¢, to, z0)||> < ||z(t,t0,zo)||26xp[/ e(s)ds}, t> o,

to

Further assume that

12(t, to, 2o) I < ullzo]l*)7(t — to),

where T(u) > 0 and 7(u) — 0 as u — oo. Under this assumption, (JSMs)
of (4.2.20) and (4.2.13) follows immediately. Therefore, by the application of

Theorem 4.4.7, we conclude that the trivial solution of (5.3.10) is asymptotically
stable.

d) From Example 4.5.9 and (b), we have

LV (s,z(t,s,n(s)) = Vi(s,2(t,s,n(s)))®(t, s)[R(t, 2%, z(s))z(s) — R(t, z*,y(s))y(s)]

(5.3.17)
where n(s) = x(s) — y(s). We assume that
LV (s, z(t,s,n(s))) <e(s)V(s,z(t,s,n(s))). (5.3.18)
Hence the conclusion of Theorem 4.5.11 follows.

5.4 Stochastic Dynamical model for photosynthesis

In this section, we assume that the photosynthesis is under random perturbations.

Following the argument used in the deterministic case, stochastic differential equation
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can be written as a perturbed system:

de = f(t,x)dt + o(t,x)dw(t), x(to) = o, (5.4.1)

and its unperturbed as well as auxiliary system is as:

dz = fu(t,z*)zdt + o,(t, ) zdw(t), z(to) = o, (5.4.2)

where,
ft,z) = R(t, 2", x —a")(x — ") + fo(t,z")(z — "), (5.4.3)
o(t,x) =vR(t, 2", x — 2*)(x — 2*) + v fo(t,27)(z — x7) (5.4.4)

fz(t,z*) is defined in (5.3.9).

Using the generalized variation of constants formula(Theorem 3.2.1) with V (¢, z) =

%xTx, we obtain

Vit 2(t) = V(to,z(t))+/ LV (s, 2(t, 5, 2(5)))ds

to

+/ Vi(s, z(t, s,2(s)))yR(t, 2%, x(s))x(s)dw(s), (5.4.5)

to

where

LV (s,2(t, 5,2(s)))

(5.4.6)

and c(t, s, x(s)) = yP(t, s)R(s, z*, x(s))x(s).
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Remark 5.4.1 a) From Example 3.4.4, we consider Example 8.2.4, and assume that

E[x" (s)®T (t, 5)®(t, s)(I — v fuls, 2*))R(s, x*, 2(s))x(s)
< it = s)ME[||lx(s)]]

(5.4.7)
and

VB[ ()R (s, 27, 2(5)) D" (t, 5)D(t, 5) R(s, 2", x(s))x(s))] < n(t—s) M E[[|x(s)|’]
(5.4.8)
From (5.4.7) and (5.4.8), LV (s, 2(t, s, x(s))) satisfies Theorem 3.4.2,

LV (s, 2(t,s,2(s5))) = a7 (s)®T(t,8)®(t, s)((I — V2 fuls, x*))R(s, 2", 2(s))z(s)
+722T (s)RY (s, 2%, 2(5)) DT (t, 8)®(t, s)R(s, 2%, 2(s))x(s)

1
< Nt =) Elle@IF,  to<s<t,

where X = A\ + As.

FPurther assume that
Elll2(t,to, 20)|1”] < u(E[l|lz(s)I*])7(t — to). (5.4.9)

Therefore, by the application of Theorem 3.4.2, we conclude that the trivial so-

lution of (5.3.10) is asymptotically mean square stable.

b) Imitating Example 3.5.2 and using (5.4.1),(5.4.2),(5.4.6), (5.4.9), considering aux-
iliary system (5.4.2) to be a nominal system corresponding to a system (5.4.1)

and following the argument used in Fxample 3.2.2, Example 3.3.3, we obtain
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() — y(®)II?

t
2t to, 20) — =t oy o) + 2 / LV (s, Az)ds

to

+2/ (2(s) = y(5)) @7 (L, 5)@(t, s)7[R(s, 2", 2(s))a(s) — R(s, 2", y(s))y(s)]dw(s),

to

(5.4.10)

where

LV (s,Az)
= (z(s) = () @7 (t, 5)P(t, 5)(I — 7" fal(s, 7)) (R(s, 2", 2(s))x(s) — R(s, 2", y(s))y(s))

et 5,200, 46T (1 5,7(5), ),

c(t,s,x(s),y(s)) = 7yt s)[R(s, 2", 2(s))x(s) — R(s, 2%, y(s))y(s)] and Az =
2(t,s,x(s))—z(t, s,y(s)). Further assume that 2E[LV (s, Az)] < n(t—s)AE][||x(s)—
y(s)||?], where n and X\ are defined in (5.3.12) and satisfy all conditions in The-
orem 3.5.1. Thus, by the application of Theorem 8.5.1, systems (5.4.1) and
(5.4.2) are relatively asymptotically stable in the mean square sense. In fact, the

solution process (5.4.1) has asymptotic equivalence property [19].

c) Considering Example 4.4.8, we apply Theorem 4.4.7 to Example 4.2.8, and obtain
E[LV (s, z(t,s,2(5)))|Fs] < e(s)E[V (s, z(t,s,z(s)))|s], (5.4.11)

whenever E[||®(t, s)x(s)|||?|Ts] exists for t > s > to. Here the deterministic
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comparison differential equation is (4.2.20). From Ezample 4.2.8, we have

El|lx(t, to, z0)||] gE[\|z(t,t0,zo)||2]exp[/ e(s)ds}, t> to.

to

Further assume that

El||2(t, to, z0) I"] < p(Ell|zol*])7(t — to),

where T(u) > 0 and 7(u) — 0 as u — oo. Under this assumption, (JSMs)
of (4.2.20) and (5.4.2) follows immediately. Therefore, by the application of
Theorem 4.4.7, we conclude that the trivial solution of (5.4.1) is asymptotically

mean square stable.

d) From Ezample 4.5.9, and (b), we obtain

LV (s, z(t,s,n(s)))
= Vi, 2(0,5n($) (L 8) (72 Fols,2)(Rs, 2" 2()a(s) — R(s. " y()y(s)
teltys,2(s),y(s)e" (15, 2(), y(5))),
(5.4.12)

c(t,s,2(s),y(s)) = 7@, s)[R(s, 2", x(s))2(s) — R(s, 2", y(s))y(s)], and n(s) =

x(s) —y(s). We assume that

LV (s,z(t,s,n(s))) <e(s)V(s,z(t,s,n(s)))
Vals, 2t 5, n()O(t $)[R(s,a*,a(s)a(s) — Ris,a®,y()y()]  (5:4.13)
=v(s)V (s, 2(t,s,n(s))).

Hence the conclusion of Theorem 4.5.10 follows.
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5.5 Numerical Illustration

In this section, we conduct a numerical study of dynamic model of photosynthetic
process. For this purpose, we consider the numerical solution of the system of differ-
ential equation (5.3.2), including s., using MATLAB and the following rate constants:
ki = 0.1; ky = 0.6;k3 = 1.0; ks = 0.0036; k¢ = 0.000105; k; = 0.08; kg = 0.08;
kg = 0.01; I = 424. We used the parameters as suggested in [11]. Figures 5.1 to
5.6 show the numerical solution of the normalized differential equation(5.3.2). The
model describes the property of light and dark reactions. The processes occurring in
the light reactions are very rapid, Figure 2 compared with those occurring in the dark
reactions. Thus, the concentration of photoreceptors in the model is almost constant.

The dark reactions show more dynamic behaviour.

09
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Figure 5.1: NADPH concentration as a function of time(min)
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Figure 5.2: PGA concentration as a function of time(min)
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Figure 5.3: Carbon-dioxide concentration as a function of time(min)
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Figure 5.4: The product p as a function of time(min)
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Figure 5.5: Concentration of the complex s. as a function of time(min)
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Figure 5.6: Substrate concentration s as a function of time(min)

Remark 5.5.1 Figures 5.4 to 5.6 confirms the steady state exhibited in (5.3.5) in the
context of e(t) + s.(t) = ey and s(t) + s;(t) + p(t) = so where ey and sy are given
constants. We further ezamine the qualitative properties of (5.3.10) and (5.3.11). For

this purpose we compute f.(t,x*), and it is the matriz whose entries are as follows

—(42.4 + 0.6m*) —0.6n* 0 0 0
— NyazSom™ —(C* + Nyaxn™sg) (1 —m*) 0 —Npazt m*
0 0.0036C™ —0.0036(1 — m*) 0 0
0 0 0 —(0.08¢ +0.08)  —0.08
0 0 0 —0.01 —0.01
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