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Abstract

Let p be a prime and ¢ = p*. The polynomial g,, € F,[x] defined by the

functional equation

Y (x+a)" = gog(x! —x)

a € R,
gives rise to many permutation polynomials over finite fields. We are interested in
triples (n,e;q) for which g, , is a permutation polynomial of F. In Chapters 2, 3,
and 4 of this dissertation, we present many new families of permutation polynomials
in the form of g,,. The permutation behavior of g, , is becoming increasingly more
interesting and challenging. As we further explore the permutation behavior of g, 4,

there is a clear indication that g, , is a plenteous source of permutation polynomials.

We also describe a piecewise construction of permutation polynomials over a
finite field F; which uses a subgroup of Fy, a “selection” function, and several “case”
functions. Chapter 5 of this dissertation is devoted to this piecewise construction

which generalizes several recently discovered families of permutation polynomials.

v



1 INTRODUCTION

Let p be a prime and ¢ a power of p. Let F, be the finite field with ¢ elements.
A polynomial f € F,[x| is called a permutation polynomial of F, if the mapping
x +— f(x) is a permutation of F,. Every function from F, to F, can be represented by
a polynomial in F,[x]. In fact, if ¢ : F, — F, is an arbitrary function form F, to F,
then there exists a unique polynomial g € F,[x] with deg(g)< ¢ — 1 representing ¢,
that is g(c) = ¢(c) for all ¢ € F,. The polynomial g can be found by the Lagrange’s
interpolation method for the function ¢. If ¢ is already given as a polynomial function,
say ¢ : ¢ — f(c) where f € F,[x|, then g can be obtained from f by reduction
modulo x? — x. We call permutation polynomials of F, PPs over F,. Search for PPs
with nice algebraic structures is an important topic in the study of finite fields since
they play a central role in both arithmetic and combinatorial aspects of finite fields.
PPs have important applications in Coding Theory, Cryptography, Finite Geometry,

Combinatorics and Computer Science, among other fields.

In history, the general study of PPs started with Hermite who considered PPs
over finite prime fields. L.E. Dickson was the first person to study PPs of arbitrary
finite fields; see [9].

Let n > 0 be an integer. Since the elementary symmetric polynomials x; +
xo and 179 generate the ring of symmetric polynomials in Z[x,y], there exists a

polynomial D, (x,y) € Z[x,y] such that

n n .
] + a8 = Dp(x) + 29, x129);

see [31]. The explicit form of D, (z,y) is given by Waring’s formula [30, Theorem

1



1.76]
5]

Dy (z,y) = T (n B Z) (—y)ia" 2.

w[3

- n—1 1
=0

For fixed a € F,, D,,(z,a) € F,[z] is the Dickson polynomial of degree n and parameter
a. Dickson polynomials are closely related to the well-known Chebyshev polynomials

T, (x) over the complex numbers by

D, (2za,a?) = 2a"T,(x).

The permutation property of the Dickson polynomial is completely known.
When a =0, D, (z,a) = ™, which is a PP over F, if and only if (n,q—1) = 1. When
0+#a €T, D,(z,a)is a PP over F, if and only if (n,¢*> — 1) = 1; see [30, Theorem
7.16] or [29, Theorem 3.2].

The concept of the reversed Dickson polynomial D, (a,x) was first introduced
by Hou, Mullen, Sellers and Yucas in [24] by reversing the roles of the variable and
the parameter in the Dickson polynomial D,(z,a). When a = 0, D,(0,z) is a PP
over F, if and only if n = 2k with (k,q — 1) = 1. When a # 0,

. x
D, (a,z) = a"D,(1, ?)

Hence D, (a,z) is a PP on F, if and only if D, (1,z) is a PP on F,. The nth reversed
Dickson polynomial D,,(1,z) € Z[z] is defined by

D,(1,z(1 —z)) =2"+ (1 —2)".

There is a connection between reversed Dickson polynomials and almost perfect non-
linear (APN) functions which have very important applications in Cryptography [34].

Please refer [24] for more background of the reversed Dickson polynomial.

X. Hou showed in [21] that for each integer n > 0, there exists a unique



polynomial g, , € F,[x] such that

> (x+a)" = gugx? —x). (1.0.1)

a € Fy

The explicit form of g, 4 is given by Waring’s formula

Gna(®) = > % (n B l(lq B 1))x”‘“q‘”. (1.0.2)

gL
qg— —g-1

The polynomial g, , was introduced in [21] as a g-ary version of the reversed Dickson
polynomial. We describe the context which led to the formation of the polynomial
Gn,q in Section 1.1. When ¢ = 2, g, 2 is the nth reversed Dickson polynomial over Fy

since in characteristic 2
Gno(®* —x)=a"+(z+1)"=2"+ (1 —2)" = D,(1,2(1 — 2)) = D,(1,2° — z).

Permutation properties of the polynomial g, , were first studied by X. Hou
in [22]. The results of this study indicated that the polynomial g, , opens the door
to many new classes of PPs in a new approach. In [22], several families of PPs were
found, but there were still many instances in which there was no theoretic explanation.
Chapters 2, 3, and 4 of this dissertation are an attempt to answer those unexplained

cases that also deal with questions about g, , that were not touched in [22].

Constructing PPs of finite fields piecewise has been in discussion in numerous
recent articles on permutation polynomials. We also construct several families of PPs

in this dissertation that generalize some existing results.

Hence this dissertation focuses on the following:
(i) When is g, , a permutation polynomial of F?
(ii) A piecewise construction of permutation polynomials over finite fields.

The main question concerning permutation polynomials is how to recognize

them. The following two criteria for this purpose have been useful in our study.

3



(1) (Hermite’s Criterion). Let F, be of characteristic p. Then f € F,[z] is a permu-

tation polynomial of IF, if and only if the following two conditions hold:

(i) fo' (mod x9 — z) has degree q — 1;

(ii) for each integer s with 1 < s < ¢ — 2, f* = f; (mod z? — x) for some
fs € Fylz] with deg f, < ¢ — 2.

(2) fis a permutation polynomial of F,. if and only if Z CE e g for all
IEFpn
0 # ¢ € Fpn, where ¢, = €*™/? and Tryn jp(z) = o+ 2P+ - 42" is the absolute

trace function from Fy. to [F),.

Definition 1.0.1 (Desirable triple). If g,, is a PP of Fe,, we say that the triple

(n,e;q) is desirable.

A desirable triple is considered categorized if an infinite class containing it has been

found. Here is an overview of the dissertation.

In Chapter 2, we discuss the polynomial g, , when ¢ = 2 and list some known
families of PPs of Foe. The case e = 1 is completely explained in Chapter 2. Table
2.1, generated by a computer search contains all desirable triples (n, e; 3) with e < 6.
We also explain two desirable families of the table. The desirable triple (407, 3;3) is

explained in Chapter 2 as a sporadic case.

Chapter 3 discusses the permutation behavior of the polynomial g, , where
n is of the form n = ¢ — ¢® — 1. Our computer results showed that this type of
desirable triples seems to occur more frequently. The case e = 2 is of more interest
since all known desirable triples when e > 2 are explained by Corollary 3.1.2 and
Theorem 3.1.3, and Conjecture 3.1.4 states that there are no other cases. A table
(Table 3.2), generated by a computer search, which contains desirable triples (¢* —
q*—1,2; q) for ¢ < 97, is also presented. Some of the results listed in table are explained
by several new classes discovered in this dissertation, but a theoretical explanation

has not been found for many of them.



Chapter 4 primarily deals with desirable triples with even q. Numerous classes
of desirable triples with ¢ = 4 and e < 6 (see Table 4.1) are explained. Most of the

results are also generalized for an even q.

Chapter 5 describes a piecewise construction of permutation polynomials over
a finite field F,. Permutation polynomials obtained by this construction unify and

generalize several recently discovered families of permutation polynomials.

There are two appendices. Appendix A contains some useful Mathematica
codes written to identify the permutation behavior of the polynomial g, ,. Appendix

B contains computational results used in the proof of Theorem 2.4.1.

In our notation, letters in typewriter typeface, x, y, t, are reserved for indeter-

minates. The trace function Tr and the norm function N /a from F,e to I, are also

q°/q
treated as polynomials, that is, Trye /(%) = x+x94- - +x9" " Npejy(x) = xIHot+a",
When ¢ is given, we define S, = x + x% 4 --- +x%" " for every integer a > 0. Note

that Trge/q = Se.

1.1 The Polynomial g, ,

In this section, we derive the formula (1.0.1) and recall some basic properties of g,
that will be used in later chapters. We refer the reader to [22] for proofs and further

details of properties of g, 4.
Let p be a prime and ¢ a power of p.

In F,[x] we have x?—x = [],cp (x+a). Let t be another indeterminate and substitute

t + x for x. Then we have

t'—t4x'—x = (t+x)7— (t+x) = [[(t+x+a) = Zqzak((x+a)ae]pq)tq_k, (1.1.3)

a€lFy k=0

where oy is the kth elementary symmetric polynomial in ¢ variables. A comparison



of the coefficients of t on both sides of (1.1.3) tells that

(

1 if k = 0,

-1 itk=q—1,
ok((x + a)aer,) = (1.1.4)
x4 —x if k=g,

0 otherwise.
\

Let n > 0 be an integer. By Waring’s formula [30, Theorem 1.76] and (1.1.4), we have

Z (x+a)" = Z (_1)aw(_1)a(xq —x)°

131
a € Fy alg—1)+Bq=n a,ﬂ‘
- L= 1) q n—=I(q—1) _
_nggn (lq_n)!(n—l(q_1))!<x x) (l=a+p)

= 3 s

gL
q— —gq-1

Set

n l l(q 1)
In,g\X) = x" < Z[x|.
o) . l(n—l(q—l)) 2

<1<y
(Note that the coefficients of g, ,(x) are integers since the coefficients in Waring’s

formula are integers.) Then in F,[x] we have

> (x+a)" = gagx? —x).

a € Ry

Proposition 1.1.1 ([22]). The polynomial g, , satisfies the recurrence relation

9o,g = " = Yq—2,¢g = 0,
Gg-14=—1, (1.1.5)

9n,g = XGn—qq + In—q+1,q5 n Z q.



Using the above recurrence relation, g, , can be defined for n < 0:

9ng = ;(gn—i-q,q - gn—i—l,q)‘

For n < 0, ¢,4 belongs to F,[x,x7'], the ring of Laurent polynomials in x over F,.

Hence the functional equation (1.0.1) holds for all n € Z.
By (1.1.5) we have the generating function of {g, ,}n>0:
_tq—l

> gngt" = T s (1.1.6)

n>0

Proposition 1.1.2 (i) We have gpnq = 9%,

(i1) If ni,ne > 0 are integers such that ny = ny (mod ¢P° — 1), then gn, 4 = Gnayg

(mod x9° — x).

Proof.

(i) We have

gna(® = x) = 3 (x+ a7 = (D (x4 a)") = g6 = )P,

a €y a € Fy

(ii) For all = € Fype, we have

Jug(@? —2)= Y (z+a)" = Y (z+a)" = gpgla? — ).

a €l a€Fy

In particular, g, () = gnyq(x) for all z € Fye, i.e., gnyq = Gngq (mod xI° — x).

If two integers m, n > 0 belong to the same p-cyclotomic coset modulo ¢P¢ —1, the two

triples (m,e; q) and (n,e; q) are called equivalent, and we write (m,e;q) ~ (n,e;q) or



m ~(eq) M. It follows from Proposition 1.1.2 that desirability of triples is preserved

under the ~ equivalence.

Given integers d > 1 and a = apd’ + - + a;d’, 0 < a; < d — 1, the base d

weight of a is wg(a) = ag + -+ - + .

Let n > 0 be any integer and w,(n) denote the base ¢ weight of n.

Lemma 1.1.3 ([22]). Let n = apq® + -+ awq¢' , 0 < a; < q—1 and wy(n) be the
base q weight of n,

0 if wy(n) <q—1,
Ing = § —1 if wy(n) =q—1,

apz? + (g + an)z? + -4 (g 4+ a)2z? 6 if wy(n) = q,

where

L if g=2,
0 if g>2.

5=

Definition 1.1.4 An [ -linearized polynomial (or a g-polynomial) over F . is a poly-

nomial of the form

k
L(z) = Z a;x? € Fyelx].
i=0

It is well known that L is a PP of Fe if and only if L(x) only has the root 0 in [Fe.
i.e., Lis a PP of F if and only if ged(L(z),2? —z) = 1.

Definition 1.1.5 The polynomials



over [F e are called g-associates of each other. More precisely, [(x) is the conventional

q-associate of L(z) and L(x) is the linearized q-associate of I(x).

Now by [30, Theorem 3.62], the above condition for L to be a PP of F, can be
restated as follows. L is a PP of F. if and only if ged(l(z),2¢ — 1) = 1.

So by (1.1.7) and the above fact, we have the following proposition when

wy(n) = q.

Proposition 1.1.6 ([22]). Letn = apq’+--+q' , 0 < a; < q—1, withw,(n) = q.
Then (n,e;q) is desirable if and only if

ged(ag + (ag +ap)x 4 -+ (@ + -+ )x 7L x = 1) = 1.

Next lemma considers triples (n, e; p) where n is of the form n = a(p® + p'¢ +
-+ pP=Ye) 4 3, where a, 3 € Z.
Lemma 1.1.7 ([22]). Let n = a(p® + p'® + - -+ p®~V) + 3, where o, 3 € Z. Then
for x € Fpe,
Gap+pp(T)  1f Tryepp(z) =0,

Gnp(x) = (1.1.8)
g p(x)  if Trpepp(x) # 0.

Proposition 1.1.8 ([22]). In the previous lemma, (n, e; p) is desirable if the following

two conditions are satisfied.

(i) Both gap+pp+ 90 and x%gg, are Fy- linear on Fpe and are 1 —1 on TrETple/]Fp(O) =
{LE € Fpe . Tere/]Fp(x) = 0}

(i) 9p.p(1) # €0.

Proposition 1.1.9 ([22]). Assume that both gapipp+ 0 and x*gs, are F,- linear on



Trot

]FPE/FP(O) and write

e—1
Jap+8.p(¥” —x) + 6 = Z a;x?"  (mod x7° — x),
=0

e—1
(%" —x)%gpp(x” —x) = Z bix”  (mod x7° — x).
=0

Then gup+p, is 1-1 on Tr]gple /v, (0) if and only if
e—1
gcd(Z a;xt, x° — 1>: x—1;

=0

1%gg,p is 1-1 on Tr]}ple g, (0) if and only if

e—1
gcd(z bix', x¢ — 1): x— 1.
i=0
Lemma 1.1.10 ([22]). Let ! and i > 0 be integers. Then
Gi+gig = Ji+1,q T Si - Gug (1.1.9)
where S; = x + x4 4 -+ + x4
From (1.1.9), we have
(Sa - Sb)gn,q = Yn+q°,qg — Gntgbgs (1-1-10)

where a,b > 0 are integers. Also note that
Sa— Sy =8, (modx?” —x) ifb=0ora (mod e).

If a <0, we define S, = Speta-

10



2 SPECIAL FAMILIES OF DESIRABLE TRIPLES AND A SPORADIC CASE*

In this chapter, we consider some special cases of the polynomial g, ,. This chapter
is organized as follows: Section 2.1 discusses the polynomial g, , when ¢ = 2. Section
2.2 explains the case e = 1 completely. In Section 2.3, we explain two families of
desirable triples when p = 3. The desirable triple (407, 3;3) is explained in Section

2.4 as a sporadic case. Table 2.1 contains all desirable triples (n,e;3) with e < 6.

2.1 The Polynomial g, -

When ¢ = 2, g, is the nth reversed Dickson polynomial D, (1,z) over Fy. Unlike
its twin, Dickon polynomial D, (x,a), reversed Dickon polynomial D, (a, z) is difficult
to describe. Reversed Dickson permutation polynomials (RDPPs) are connected to
almost perfect nonlinear (APN) functions, a well-studied class of functions in cryp-

tography [34].

A function f : F, — F, is called almost perfect nonlinear (APN) if for each
a € F; and b € F,, the equation f(x +a) — f(z) = b has at most two solutions in [F,.
APN functions were introduced by Nyberg [34].

Because of the connection between RDPPs and APN functions, some classes of
reversed Dickon permutation polynomials were obtained from known APN functions.
However, not all reversed Dickson permutation polynomials are obtainable from APN

functions (see [24, Prop. 5.4]).

*Sections 2.2 and 2.4 of this chapter are taken from [14] which has been published in the journal “Finite
Fields and Their Applications”.

11



All known desirable triples (n, e; 2) are covered by four classes listed below and

an implicit conjecture states that there are no other classes.
(i) n=2"+1, (k,2¢) = 1.
(i) n =220 — 28 41, (k,2¢) = 1.

(iii) n =2°4+2"+1, k>0, eis even, (k —1,e) = 1.

(iv) n =28k - 26k 4 94k 4 92k 1 ¢ = 5k.

Classes (i), (ii), and (iv) were obtained from known APN functions. Classes (i) and
(ii) were due to Gold [15] and Kasami [26] respectively. Class (iii) appeared in [24]
and it was shown that class (iii) is not obtainable from an APN function. In [12],
Dobbertin proved that there is a sequence of APN functions when e is a multiple of
5. Class (iv) was obtained from that APN function. Even though Dobbertin’s class
is known, it is still not well understood. We refer the reader to [24] for a connection

between reversed Dickson permutation polynomials and APN functions.

2.2 The Casee=1

In this section, we determine all desirable triples (n, 1;q).

Theorem 2.2.1 We have

> gt = — (};()’Zf)lq: R X“>1__t—:_1 (mod x7 — x). (2.2.1)

n>0

Namely, modulo x? — x,

x7'—1 4ifn>0, n=0 (modq—1),

Onq(x) = apx™ + (2.2.2)
0 otherwise,
where
n —g4!
n>0

12



Proof.  From (1.1.6),

—ta1
n th = .
;g " 1 —ta-t —xt4
Clearly,
ol (et R
= —x" ) ——— dxit—1
and
—tq-1 —(Xt)q_l —t9-!
= 1 — x2! d
1 —t21 — xt¢ 1-— (Xt)q_l — (Xt)q T ( X )1 — tq-1 (HIO X)

Thus (2.2.1) is proved.

Corollary 2.2.2 (i) Assume q¢ > 2. Then (n,1;q) is desirable if and only if
ged(n,g—1) =1 and a, # 0 (in F,).

(ii) Assume q =2. Then (n,1;2) is desirable if and only if a,, =0 (in Fs).

Proof. (i) By (2.2.2), gngq(z) = ana™ for all z € F}. 1f g, , is a PP of Fy, then a,, # 0
and ged(n,q — 1) = 1. On the other hand, assume a,, # 0 and ged(n,q — 1) = 1. By
(5.2.6), we have g, , = a,x™ (mod x? — x), which is a PP of F,.

(ii) By (2.2.2), gn2 = apx +x — 1 (mod x* — x). If a, = 0, then g,o =x— 1
which is clearly a PP of Fo. Now assume g, is a PP of Fy. Then g¢,,2(0) = 1 and
gn2(1) = a,. Since g, is a PP of Fy, a,, = 0.

From (2.2.3) one can easily derive an explicit expression for a,. But that expression

does not give any simple pattern of those n with a,, # 0 (in F)).

2.3 Two Families of Desirable Triples when p = 3

Theorem 2.3.1 Let n = 26(3° + 3%+ 3%¢) + 7. Then (n,e;3) is desirable if and only
ifged(l+z+at2¢—1) =0 — 1.

13



Proof. Since 26-3+7=85=1-341-3'4+1-3% by Lemma 1.1.3 we have

Go6.3+7(2) = gssa(x) = 2% — 2% — 2% — 2%,

Also, g73(z) = z, so 2%g7 3(z) = z*7.

Both g96.34+7 and 3326g773 are [Fs-linear on [Fse.
Moreover, x%6g; 3 is 1-1 on Trmfslﬁ/FS(O) and g73(1) = 1 # 0. So by Proposition 1.1.8,
gn3 is a PP of Fy. if and only if ggs 3 is 1-1 on Trg ) ¢ (0).

We have, by [22, Eq. 3.4], —gss.3(2® — ) = 23" + 23" + 23", So by Proposition 1.1.9,

gss,3 is 1-1 on TTIE;/F?,(O) if and only if ged(1 +z + 2%, 2° — 1) =z — 1.
|

Theorem 2.3.2 Let n = 163(3° + 3¢ + 3%¢) — 162. Then (n,¢;3) is desirable if and

only if ged(z +z* + 25, 2° — 1) =2 — 1.

Proof. Since 163 -3 — 162 = 327 = 0.3° + 1.3' +0.32 + 0.3% + 1.3* + 1.35,

by Lemma 1.1.3 we have
93273 = R R o

Also, 9—16273(35) = Il%, SO $1639—162,3(£17) = 2. Both gi63.3-162 and 951639—162,3 are
Fs-linear on Fsc. Moreover, z'%g_ 153 is 1-1 on TrET;e/FS(O) and g_1623(1) = 1 # 0.
So by Proposition 1.1.8, g, 3 is a PP of Fs. if and only if g3o73 is 1-1 on Trﬁ?sle/ﬂ,s (0).
We have, by [22, Eq. 3.4], —gsr3(2® — ) = 2% + 23" + 23°. So by Proposition 1.1.9,
g327.3 is 1-1 on Tr]PTSle/]FS (0) if and only if ged(z + 2 + 2°,2° — 1) =z — 1.

2.4 A Sporadic Case

The second unexplained case of desirable triple in Table 3 of [22] is (407, 3; 3), where
407 = 2-3° +2-3* + 35 Theorem 2.4.1 suggests that this might be a sporadic case.

14



By (1.1.9) and Lemma 1.1.3, we have

gao7,3(%)
= §2.3042:31435,3
= g342.34,3 T S5 * Jay2.34 3
= g3+2.34,3 + S5 - (934343 + S4 - Goy343)
=3 x4 x4 S5 (145 (—x— 22— %" —xP))
=Trys/3(x) — S5(1+ S57)  (mod ¥ — x)
=Trss j5(x) + S¥(1+5?) (mod x*° —x) (S5 =—5¥ (mod x* — x))

=Trge3(y) +y° (1 +y%)  (mod x* — x),

where y = S4(x), which is a PP of F3s. We can further write

2

9407,3(X) = TY33/3(Y) + YS (Tr33/3(Y) - Y3 ) (mod x> — x)

= (1+y*)Tras5(y) — vy

For 2/ € F};, y = Sa(2'), we have

1
gaor3(2) = (1+ %) Trsss(y) — y'" = (14 2%) Trss <§> -,
where z =y~ = Sy(a’)7. So the fact that gso73 is a PP of F3s is equivalent to the
fact that the function

hz) = (1 + x2)Tr33/3<§) . (2.4.4)

is a permutation of Fj;. In the next theorem (and its proof), we investigate some

peculiar properties of h in (2.4.4) as a function defined on IFZ3.

Theorem 2.4.1 Let h be as in (2.4.4). h is a permutation of F7s if and only if ¢ = 3.

Proof.

15



(<) We will show that for every z € [F%s, there exists an x € [F}; such that

1
(1+ 2*)Trss 3 (;) —r =z (2.4.5)
If Tr33/3(%) = 0, z = —z is the solution. If Tr33/3(%) # 0, we may assume
Trys/3(1) = 1. Then
z—1=az*(z+b), (a,b)=(1,0), (1,1), (=1,1). (2.4.6)

We show that one of the following systems has a solution x € IF3;:

/

> —x+1—2=0,
1 (2.4.7)
TI"33/3(—> = 1,
\ T
(
?’+r+1+2=0,
g 1 (2.4.8)
TI'33/3 (-) = —1.
\ X
The solutions of the quadratic equation in (2.4.7) are x = —1 + w, where w? = z; the

solutions of the quadratic equation in (2.4.8) are x = 1 + u, where u? = —z.

Case 1. Assume (a,b) = (1,0). Then z — 1 = 23, from which we have

—z = (£9)% Let u = 2. Then z = 1 + u = — % is a solution of the quadratic

equation in (2.4.8), and Trss/3(2) = Traajs(—1 — 1) = —1.

Case 2. Assume (a,b) = (1,1). Then z — 1 = 2%(z + 1), from which we have
(—2)3 = (2 +1)% Let u> = —(2 +1). Then z = 1 + u is a solution of the quadratic
equation in (2.4.8), and

1 1 1 1
Trpys () = Trsgs(3) = Troos (=) = Tows (=) = -1

Case 3. Assume (a,b) = (—1,1). Then z — 1 = —22(z + 1), from which we

have z = (£7)%. Let w = ——5. Then 2 = —1+w = =% is a solution of the quadratic
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equation in (2.4.7), and Trgs/3(2) = Trasj5(—1+ 1) = 1.
(=) We show that if g # 3, then h is a not a permutation of Frs.

In general,

hz) = (142 '+ 94277) -z,
R T A R
) L (2.4.9)
=y+y'+y" +y"T+yt

= g(v),

where y = 271 € Ty, and g(y) =y +y? + g 4 yi2 4 ya 2,

First assume ¢ = 2. We have
gy) =y ' +y+1,  yeTF,.

It is obvious that g is not 1-1 on ;.

Now Assume g > 3. We show that g is not a PP of Fys. (Since g(0) = 0, it
follows from (2.4.9) that h is not a permutation of F;.)

Case 1. Assume ¢ > 3 is odd. We have

2¢%+2

9(y) = 83[‘1’3*1 + terms of lower degree (mod yq3 - ).

(The complete expression of g2 2 (mod y?* — y) is given in Appendix B.) By Her-

mite’s criterion, g is not a PP of Fgs.

Case 2. Assume g > 3 is even. We have

)2q2 +g+3 —

9(y ng_1 + terms of lower degree (mod qu - ).

(The complete expression of ¢2°°+4+3 (mod y?° — y) is given in Appendix B.) By

Hermite’s criterion, g is not a PP of Fgs.
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Table 2.1: Desirable triples (n,e;3), e < 6, ws(n) > 3

’ e ‘ n ‘ 3-adic digits of n ‘ reference ‘
1 171221 [22] Prop 3.1
2 7112212 [22] Prop 3.2 (i)
2 95121101 [22] Table 2 No.2
2] 10120201 [22] Table 2 No.2
2] 103|11201 [22] Table 2 No.2
2| 119120111 [22] Table 2 No.2
2] 15112121 [22] Table 2 No.5
2| 197122012 [22] Prop 3.2 (ii)
2| 485(1222221 [22] Prop 3.1
3| 10120201 [14] Thm 4.1
3| 4071200021 Thm 2.4.1
3] 4751121221
3] 605201112
3|1 619122112
3| 6711212022
3| 7011222122 [22] Prop 3.2 (i)
3| 76112101001 [22] Table 2 No.2
3| 76911111001 [22] Table 2 No.2
3| 77511021001 [22] Table 2 No.2
31 77912121001
31 7812002001 [22] Table 2 No.2
3] 78711102001 [22] Table 2 No.2
3| 82712210101
31 8912001101 [22] Table 2 No.2
3| 8471011101 [22] Table 2 No.2
31 92511201201 [22] Table 2 No.5
3[1003|1101011 [22] Table 2 No.2
3110072201011 [22] Thm 3.10
3110091011011 [22] Table 2 No.2
3110972211111
3111752111211
31124712101021
311423 11021221
3115191202002 [22] Table 2 No.4
3(1739 12011012
3117531221012
3119151221212
3120212122022 [22] Thm 3.9
31211712010222
3121311220222 [22] Prop 3.2 (ii)
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Table 2.1 (Continued)

e\ n \3—adic digits ofn\ reference

3] 2537122201101

3| 2723121210201

3| 2819120121201

31 2897122022201

3] 3137121022011

3| 3317 (21221111

3] 3361 (11112111

3] 3517112011211

3] 351121121211

3] 359 |11221211

3] 3833122202021

31 4019 121211121

31 4253 121111221

3] 4261 |11211221

3] 5093122122202

3| 5507 (22221112

3] 5557 111212112

3] 5665111220212

3| 5719 111211212

3113121 (222222221 [22] Prop 3.1

4] 17320102 [22] Table 2 No.3
4] 14771020002 [22] Table 2 No.3
4] 6479 122221222 [22] Prop 3.2 (i)
4| 6647 1210010001 | [22] Table 2 No.2
4| 6653201010001 | [22] Table 2 No.2
4| 6655111010001 | [22] Table 2 No.2
4| 6661 102010001 | [22] Table 2 No.2
41 6671200110001 | [22] Table 2 No.2
4] 6679101110001 | [22] Table 2 No.2
41 6725200020001 | [22] Table 2 No.2
4| 6727111002000 1 | [22] Table 2 No.2
4|1 6733101020001 | [22] Table 2 No.2
4| 6751100120001 | [22] Table 2 No.2
4| 6887 1200011001 | [22] Table 2 No.2
4| 6895101011001 | [22] Table 2 No.2
41 7135120012001 | [22] Table 2 No.5
41 7373200010101 | [22] Table 2 No.2
4] 7375110010101 | [22] Table 2 No.2
4] 7381101010101 | [22] Table 2 No.2
41 7399 1100110101 | [22] Table 2 No.2
4| 8119102010201 | [22] Table 2 No.5
4| 8831200010011 | [22] Table 2 No.2
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Table 2.1 (Continued)

e \ n 3-adic digits of n \ reference

4 8839 1101010011 [22] Table 2 No.2
4 8855222010011 [22] Thm 3.10
4 11071 1100210021 [22] Table 2 No.5
4 17717 1210220022 [22] Thm 3.9

4 19519 1122202222 [22] Prop 3.2 (ii)
4 26725 11122210011

4] 28669 | 1122200111

41 29525 (2111111111 [14] Thm 3.2
4] 36997 | 1202022121

41 4393311101200202

4] 53149 11110220022 [14] Thm 3.2
41 57575 12012220222 Thm 2.2.1

4] 84965 121221122011 [14] Thm 3.6
4] 8655 | 21112111111 [14] Thm 3.5
41 90815 121102112111 [14]Thm31
41 91525 111221122111 [14] 4
41107765 22011201121 [14]Thm38
41133079 121221120202

41148415 121202121112 [14] Rmk 3.3
41167173 112122011122

41265805 221121111111 [14] Thm 3.5
41267935 211211121111 [14] Thm 3.1
41272375 1222121112111 [14] Thm 3.1
41272615 1212122112111 [14] Thm 3.1
41273095 1221121212111 [14] Thm 3.1
41354293 1222222222221 [22] Prop 3.1
5 515 | 2,0,0,1,0,2 [22] Table 2 No.3
5 569 | 2,0,0,0,1,2 [22] Table 2 No.3
5 2675 | 2,0,0,0,0,2,0,1 [22] Table 2 No.3
5 4393 | 1,0,2,0,0,0,0,2 [22] Table 2 No.3
51| 13177 | 1,0,0,2,0,0,0,0,2 [22] Table 2 No.3
51 20171 | 2,0,0,0,0,2,0,0,0,1 [22] Table 2 No.3
5| 58805 | 2,2,2,2,2,1,2.2,2.2 [22] Prop 3.2 (i)
51 59297 | 2,1,0,0,0,1,0,0,0,0,1 [14] Thm 3.1

51 59303 | 2,0,1,0,0,1,0,0,0,0,1 [14] Thm 3.1

51 59305 | 1,1,1,0,0,1,0,0,0,0,1 [14] Thm 3.1

5| 59311 | 1,0,2,0,0,1,0,0,0,0,1 [14] Thm 3.1

51 59321 | 2,0,0,1,0,1,0,0,0,0,1 [14] Thm 3.1

51 59323 | 1,1,0,1,0,1,0,0,0,0,1 [14] Thm 3.1

51 59329 | 1,0,1,1,0,1,0,0,0,0,1 [14] Thm 3.1

51 59347 | 1,0,0,2,0,1,0,0,0,0,1 [14] Thm 3.1

51 59375 | 2,0,0,0,1,1,0,0,0,0,1 [14] Thm 3.1
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Table 2.1 (Continued)

e \ n 3-adic digits of n \ reference

5 59377 | 1,1,0,0,1,1,0,0,0,0,1 [14] Thm 3.1
5 59383 | 1,0,1,0,1,1,0,0,0,0,1 [14] Thm 3.1
5 59401 | 1,0,0,1,1,1,0,0,0,0,1 [14] Thm 3.1
5 59455 | 1,0,0,0,2,1,0,0,0,0,1 [14] Thm 3.1
5 59537 | 2,0,0,0,0,2,0,0,0,0,1 [14] Thm 3.1
5 59539 | 1,1,0,0,0,2,0,0,0,0,1 [14] Thm 3.1
5 59545 | 1,0,1,0,0,2,0,0,0,0,1 [14] Thm 3.1
5 59563 | 1,0,0,1,0,2,0,0,0,0,1 [14] Thm 3.1
5 59617 | 1,0,0,0,1,2,0,0,0,0,1 [14] Thm 3.1
5 60023 | 2,0,0,0,0,1,1,0,0,0,1 [14] Thm 3.1
5 60031 | 1,0,1,0,0,1,1,0,0,0,1 [14] Thm 3.1
5 60049 | 1,0,0,1,0,1,1,0,0,0,1 [14] Thm 3.1
5 60103 | 1,0,0,0,1,1,1,0,0,0,1 [14] Thm 3.1
5 60757 | 1,2,0,0,0,1,2,0,0,0,1 [22] Table 2 No.5
5 61481 | 2,0,0,0,0,1,0,1,0,0,1 [14] Thm 3.1
5 61483 | 1,1,0,0,0,1,0,1,0,0,1 [14] Thm 3.1
5 61489 | 1,0,1,0,0,1,0,1,0,0,1 [14] Thm 3.1
5 61507 | 1,0,0,1,0,1,0,1,0,0,1 [14] Thm 3.1
5 61561 | 1,0,0,0,1,1,0,1,0,0,1 [14] Thm 3.1
5 63685 | 1,0,2,0,0,1,0,2,0,0,1 [22] Table 2 No.5
5 65855 | 2,0,0,0,0,1,0,0,1,0,1 [14] Thm 3.1
5 65857 | 1,1,0,0,0,1,0,0,1,0,1 [14] Thm 3.1
5 65863 | 1,0,1,0,0,1,0,0,1,0,1 [14] Thm 3.1
5 65881 | 1,0,0,1,0,1,0,0,1,0,1 [14] Thm 3.1
5 65935 | 1,0,0,0,1,1,0,0,1,0,1 [14] Thm 3.1
5 72469 | 1,0,0,2,0,1,0,0,2,0,1 [22] Table 2 No.5
5 78977 | 2,0,0,0,0,1,0,0,0,1,1 [14] Thm 3.1
5 78979 | 1,1,0,0,0,1,0,0,0,1,1 [14] Thm 3.1
5 78985 | 1,0,1,0,0,1,0,0,0,1,1 [14] Thm 3.1
5 79003 | 1,0,0,1,0,1,0,0,0,1,1 [14] Thm 3.1
5 79055 | 2,2,2,2,0,1,0,0,0,1,1 [22] Thm 3.10
5 79057 | 1,0,0,0,1,1,0,0,0,1,1 [14] Thm 3.1
5 98821 | 1,0,0,0,2,1,0,0,0,2,1 Thm 2.2.2

51 118591 | 1,2,0,0,0,2,0,0,0,0,2 [22] Table 2 No.4
51| 158117 | 2,1,0,0,2,2,0,0,0,2,2 [14] Thm 3.2
51 176659 | 1,2,2,2,2,0,2,2,2,2,2 [22] Prop 3.2 (ii)
5| 474349 | 1,1,1,0,0,2,2,0,0,0,2,2 [14] Thm 3.2
5| 513875 | 2,0,1,0,2,2,2,0,0,2,2,2 Thm 2.2.1

51 766661 | 2,1,2,2,2,1,1,2,2,2,0,1,1 [14] Thm 3.6
5| 1121443 | 1,2,2,2,2,0,2,2,2,2,0,0,2 [14] Thm 3.2
5| 1541623 | 1,1,0,1,0,2,2,2,0,0,2,2,2 [14] Thm 3.2
5 | 9565937 | 2,2,2,2,2,2,2,22.2,22.221 | [22] Prop 3.1
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Table 2.1 (Continued)

e \ n 3-adic digits of n \ reference ‘
6 530711 | 2,2,2,2,2,2.1,2,2,22.2 [22] Prop 3.2 (i)
6 532175 | 2,1,0,0,0,0,1,0,0,0,0,0,1 [14] Thm 3.1
6 532183 | 1,1,1,0,0,0,1,0,0,0,0,0,1 [14] Thm 3.1
6 532189 | 1,0,2,0,0,0,1,0,0,0,0,0,1 [14] Thm 3.1
6 532199 | 2,0,0,1,0,0,1,0,0,0,0,0,1 [14] Thm 3.1
6 532253 | 2,0,0,0,1,0,1,0,0,0,0,0,1 [14] Thm 3.1
6 532261 | 1,0,1,0,1,0,1,0,0,0,0,0,1 [14] Thm 3.1
6 532279 | 1,0,0,1,1,0,1,0,0,0,0,0,1 [14] Thm 3.1
6 532423 | 1,0,1,0,0,1,1,0,0,0,0,0,1 [14] Thm 3.1
6 532495 | 1,0,0,0,1,1,1,0,0,0,0,0,1 [14] Thm 3.1
6 532901 | 2,0,0,0,0,0,2,0,0,0,0,0,1 [14] Thm 3.1
6 532903 | 1,1,0,0,0,0,2,0,0,0,0,0,1 [14] Thm 3.1
6 532927 | 1,0,0,1,0,0,2,0,0,0,0,0,1 [14] Thm 3.1
6 532981 | 1,0,0,0,1,0,2,0,0,0,0,0,1 [14] Thm 3.1
6 534359 | 2,0,0,0,0,0,1,1,0,0,0,0,1 [14] Thm 3.1
6 534367 | 1,0,1,0,0,0,1,1,0,0,0,0,1 [14] Thm 3.1
6 536551 | 1,2,0,0,0,0,1,2,0,0,0,0,1 [22] Table 2 No.5
6 538735 | 1,1,0,0,0,0,1,0,1,0,0,0,1 [14] Thm 3.1
6 538741 | 1,0,1,0,0,0,1,0,1,0,0,0,1 [14] Thm 3.1
6 538813 | 1,0,0,0,1,0,1,0,1,0,0,0,1 [14] Thm 3.1
6 538975 | 1,0,0,0,0,1,1,0,1,0,0,0,1 [14] Thm 3.1
6 551855 | 2,0,0,0,0,0,1,0,0,1,0,0,1 [14] Thm 3.1
6 551935 | 1,0,0,0,1,0,1,0,0,1,0,0,1 [14] Thm 3.1
6 571591 | 1,0,0,2,0,0,1,0,0,2,0,0,1 [22] Table 2 No.5
6 591221 | 2,0,0,0,0,0,1,0,0,0,1,0,1 [14] Thm 3.1
6 591229 | 1,0,1,0,0,0,1,0,0,0,1,0,1 [14] Thm 3.1
6 591247 | 1,0,0,1,0,0,1,0,0,0,1,0,1 [14] Thm 3.1
6 591463 | 1,0,0,0,0,1,1,0,0,0,1,0,1 [14] Thm 3.1
6 650431 | 1,0,0,0,2,0,1,0,0,0,2,0,1 Thm 2.2.2

6 709327 | 1,0,1,0,0,0,1,0,0,0,0,1,1 [14] Thm 3.1
6 709399 | 1,0,0,0,1,0,1,0,0,0,0,1,1 [14] Thm 3.1
6 709559 | 2,2,2,2,2,0,1,0,0,0,0,1,1 [22] Thm 3.10
6 | 1419125 | 2,1,0,0,0,2,2,0,0,0,0,2,2 [14] Thm 3.2
6 1592863 | 1,2,2,2,2,2,0,2,2,2,2,2.2 [22] Prop 3.2 (ii)
6 4612151 | 2,0,1,0,0,2,2,2,0,0,0,2,2,2 Thm 2.2.1

6 6905813 | 2,1,2,2,2,2,1,1,2,2,2,2,0,1,1 [14] Thm 3.6
6 | 10095919 | 1,2,2,2.2,2.0,2,2,2,2,2.0,0,2 [14] Thm 3.2
6 | 19657477 | 1,0,2,2,2,2,0,0,2,2,2,2,0,0,1,1 [14] Thm 3.2
6 | 258280325 | 2,2,2,2,2,2,2,2,2.2,2.2,22,22.21 | [22] Prop 3.1
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3 DESIRABLE TRIPLES OF THE FORM (¢% — ¢* — 1,¢e;¢q)f

In this chapter, we study desirable triples (n, e; q), where n is of the form ¢* — ¢* — 1.
From our initial computer search we noticed that g, , is always a PP of F. when
base ¢ digits of n are (¢ — 1,q — 1, — 2,q — 1). These observations motivated us to
discover all desirable triples (n,2;5) where the base 5 digits of n are all 4 except only
one being 3. Table 3.1 contains all such desirable triples when ¢ = 5 and e = 2 with

their corresponding a and b values.

Table 3.1: Desirable triples (5¢ — 5% — 1,2;¢), a,b >0

n | base 5 digits of n ‘ a ‘ b‘

599 | 4434 4 |2
14999 | 444434 6 | 4
15599 | 443444 6 |2
15619 | 434444 6 |1
74999 | 4444434 715
374999 | 44444434 8 |6
389999 | 44443444 8 | 4
390599 | 44344444 8 |2
390619 | 43444444 8 |1
1949999 | 444443444 9 |5
7812499 | 4444444443|101(9

These results clearly indicated that the form n = ¢ — ¢® — 1 is special. As
a result, a seperate computer search was conducted for this type of desirable triples

only.

tPortions of this chapter are taken from [14] which has been published in the journal “Finite Fields and
Their Applications”.
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This chapter is organized as follows: In Section 3.1, we discuss the case b = 0
and present results that explain desirable triples when e > 2. Section 3.2 focuses on
desirable triples (¢* — ¢® —1,2;¢). All desirable triples (¢ —¢* —1,2;q), ¢ < 97,0 <
b < a < 2p, that are not covered by Corollary 3.1.2 and Theorems 3.1.3, 3.2.1, 3.2.2
are included in Table 3.2 that can be found at the end of this chapter. Theorem 3.2.7
explains some desirable triples in Table 3.2. But in many other cases, no theoretic
explanation of the computer results in known.

Three conjectures are stated in this chapter. Conjecture 3.1.1 is related to
Payne’s Theorem when ¢ is even. Conjecture 3.1.4 states that there are no other
cases when e > 2 except the cases explained by Corollary 3.1.2 and Theorem 3.1.3.

Conjecture 3.2.6 predicts several classes of permutation binomials of IF 2.

Recall that S, =x+ x4+ --- 4+ x4 for every integer a > 0.

3.1 The Polynomial g.__q,

Assume n > 0 and n = ¢* — ¢ — 1 (mod ¢** — 1) for some integers a,b > 0. If a = 0
or b, then n ~. 4 ¢’ — 2, where (¢**72,¢;q) is desirable if and only if ¢ > 2 [22,
Proposition 3.2 (i)]. If b = 0 and @ > 0, we have n = ¢* — 2 (mod ¢** — 1). By
Proposition 1.1.1 and Lemma 1.1.3,

1
geo—2,¢ = ;(gqa+q—2,q - gq“—l,q)

1 1

= ; |:_1 - ;(gq“—&-q—l,q - gqa,q)
1 S,

~ (143 (3.1.1)
X X

~ Sas

=

_ 2 a—1__
=xI 24 xT xR

For which a, e and ¢ is gqe_24 @ PP of F;e? The complete answer is not known. We

have the following conjecture.
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Conjecture 3.1.1 Let e > 2 and 2 < a < pe. Then (¢* — 2,¢e;q) is desirable if and

only if
(i) a =3 and g =2, or

(ii) a =2 and ged(q — 2,¢° — 1) = 1.

Note. When q is even,

1.1 1.2 1
ng +X2q +"'+X2q 2
Gqo—2,4 = 5

and the claim of the conjecture follows from Payne’s Theorem which says that the
linearized polynomials f(z) € Fan[z] such that f(z) and f(x)/x are permutations
of Fyn and Fj, respectively, are exactly of the form f(z) = ar?’ with a € F%, and
ged(k,n) =1 [19, §8.5], [20, 35, 36].

For a general ¢, the “if” part is obvious. So for the conjecture, one only has to prove

that if ¢ is odd, e > 2, and a > 2, then (¢* — 2, e; q) is not desirable.

Now assume n > 0 and n = ¢* —¢® — 1 (mod ¢** — 1), where 0 < a,b < pe and

a#b. If a < b, we have
n~veq N =¢"0g" =" = 1) =" =" =1 (mod ¢ — 1),

where 0 < pe — b < pe +a — b < pe. Therefore we may assume 0 < b < a < pe.

By (1.1.9), we have

St9ge—gp—1.4 = Yao—1,4 — Yga—qb.q

b
= gqa_l’q - (gqaib_lvq)q

_ _Sa + (Sa—b>qb
N X X
S, — 8¢ 11
S S (LD
X x4 X
_ 5 Sy =S
x qu+1 a—b"
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So X \
1 (S5 —1)S,

9go—qt-1,4 = T a1

(3.1.2)

(Note that (3.1.2) also holds for b = 0; see (3.1.1).) Assume e > 2. Write
a—b=ag+ are, b="by+ bie,
where ag, a1,bg, b1 € Z and 0 < ag, by < e. Then from (3.1.2) we have

Gga—gb—1,4 = _qu—Q . Xqﬂ—qbo—2(alSe + ngo)((blse + Sbo)q_l _ 1) (mOd qu _ X).
(3.1.3)

Corollary 3.1.2 We have

In particular, (¢*—q—1,€;q) is desirable if and only if ¢ > 2 and ged(q¢—2,¢°—1) = 1.

Proof. 1t follows from (3.1.2).

|
The following theorem is a generalization of [22, Proposition 3.2 (i)].
Theorem 3.1.3 Assume e > 2. Let 0 < b < a < pe. Then
Jpogp-14=—%x""% (mod x*" —x) (3.1.4)

if and only if a = b =0 (mod e). In particular, if 0 < b < a < pe, and a =b =0
(mod e), then (¢° — ¢° — 1,e;q) is a desirable triple.

Proof. (<) In the notation of (3.1.3), we have ag = by = 0 and 0 < b; < p. So

Ggo—gp—14 = —x1 72 Xq6_3a156((blse)q_l — 1) (mod x¢° — X)
= —x772 - x73q,5,(S97 - 1)
(3.1.5)

= —x 2 x4y (51— 5,)

=—x7"? (mod x? — x).
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(=) Assume (3.1.4) holds. Then by (3.1.2),
(x4 — X)Sgb_b = (5S¢ — Sb)Sgb_b =0 (mod x? —x).

For f € F,[x|, denote {x € F, : f(z) = 0} by V(f), where F, is the algebraic closure of
F,. Then V(x4 —x) C V(x¢ —x) UV (Syy), i.e., Fpe CFyp UV (S, ). Since V(S,_s)
is a vector space over [y, we must have Fee C Fpp or Fge C V(S,-p). However, since
0 <a < pe,

Sa—b = Sajetay = 015 + Sy Z0  (mod x? — x).

So we must have Fge C F». Hence b =0 (mod e). Now by (3.1.3) and the calculation
in (3.1.5), we have
Suo(ST1—1)=0 (mod x¥ — x). (3.1.6)

If ag > 0, then
deg SﬂO(‘Sgil - 1) = (q - 1)61671 + qaoil = qe — q5*1 4 qaofl < qe’

which is a contradiction to (3.1.6). So we must have ap = 0, i.e., a =0 (mod e).

Remark. If (¢* — ¢® — 1,2;q) is desirable, where 0 < b < a < 2p and b = 0 (mod 2),
then we must have a = 0 (mod 2). Otherwise, with e =2, ag = 1, by = 0 in (3.1.3),

we have
9go—gb—1,4 = —x? 72— Xq273(@152 + X)((b152)q71 - 1) (mod x? — X).

Then ggo_gp—1,4(x) = 0 for every x € Fpe with Trp/,(z) = 0, which is a contradiction.

The results of our computer search suggest that when e > 3, the only desirable
triples (¢® —¢®* — 1,e;q), 0 < b < a < pe, are those given by Corollary 3.1.2 and
Theorem 3.1.3.

Conjecture 3.1.4 Lete >3 andn=q*—¢"—1,0<b < a < pe. Then (n,e;q) is
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desirable if and only if

(i) a=2,b=1, and ged(q — 2,¢° — 1) =1, or

(1)) a=b=0 (mod e).

3.2 Desirable Triples of the Form (¢* — ¢* — 1,2;q)

While Corollary 3.1.2 and Theorem 3.1.3 cover all known desirable triples (¢* — ¢° —
1,€;q) when e > 3, Conjecture 3.1.4 states that there are no other cases. In contrast
the case e = 2 seems to be chaotic, and of course very interesting too; see Table 3.2.
For the rest of this chapter, we will focus on desirable triples of the form (¢% — ¢® —

1,2:9),0 < b <a<2p.

3.2.1 The Case b=1p
Theorem 3.2.1 Let p be an odd prime and q a power of p.

(i) F2 \ F, consists of the roots of (x — x?)7~! + 1.

(it) Let 0 <i < i(p—1) and n = ¢*™* — q* — 1. Then

(2@’ — 1):Eq72 if v € Fq,

gn,q(x) = . .
21 —1 2t .

. +g foEIFq2\Fq.

(iii) For the n in (ii), (n,2;q) is desirable if and only if 41 Z 1 (mod p).

Proof. (i) We have
(x? — x) [(X — x4 1} =—(x—xN)+x1—x= x?° —x.

Hence the claim.
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(ii)) Let e = 2, a = p + 2i, b = p. In the notation of (3.1.3), ap = 0, a3 = 1,

by =1, by = 1. Thus

q—1

2 2 ]. 2
Ong = —xT 72 —ix? 79725, [(—552 + X> - 1] (mod %7 — x)

= —x%72 —ix? 172 (x + x9) [(x — x99 —1].
When z € Fy, v — 29 =10, so
Ong(x) = =272 4 ixT 2 (g 4 29) = (20 — 1)272,
When z € F2 \ Fy, by (i), (x —29)7 ! = —1. Thus

Gnq(T) = — 22’:5‘12_‘1_2(x + z7)
— g 2l 4 94y d* 2

= (2 — )z~ + 2iz79.

(iii) Since 0 < 2i — 1 < p, (2i — 1)x?"2 permutes F,. We claim that (2i —
)x~! 4 2ix~9 maps Fp \ F, to itself. In fact, for x € F2 \ Fy,

21— 1 21 27— 1 27\ 4791 1 1y\¢1 x — xi\ea1
L () ()
T x4 T xd x x4 xa+1

since (z — 27)97t = —1.

Therefore, g, 4 is a PP of F2 if and only if (20 —1)x ' +2ix 7 is 1-1 on F2 \ F,,
ie., if and only if (2¢ — 1)x + 2:ix% is 1-1 on Fp \ F,. So, it remains to show that
(2i — 1)x + 2ix? is 1-1 on F2 \ F, if and only if 4i # 1 (mod p).

(<) Assume 47 # 1 (mod p). We claim that (27 — 1)x + 2ix? is a PP of F .
Otherwise, there exists 0 # = € F 2 such that (2i—1)z+2iz? = 0. Then 277! = —2-1

27

=@yt (<) = ()

= \Z = — = .
21 21

Hence

So (2i — 1)2 = (2i)? (mod p), i.e., 4i —1 =0 (mod p), which is a contradiction.
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(=) Assume 4i = 1 (mod p). Then (2i — 1)x + 2ix? = 2i(x? — x), which is

clearly not 1-1 on Fp2 \ F,.

Theorem 3.2.2 Let p be an odd prime and q a power of p.

(i) Let 0 <i < X(p—1) and n = ¢"**~1 — q? — 1. Then

2(i — 1)x972 if v € TFy,
gn,q(x) =

21—-1 20—-2 |
. +— ifv € Fpe \ F,.
(ii) For the n in (i), (n,2;q) is desirable if and only if 1 > 1 and 4i # 3 (mod p).

Proof. (i) Let e = 2, a = p+2i — 1, b = p. In the notation of (3.1.3), ap = 1,

alzi—l,b():l,blzl%l. Thus

2 2 1 -1 2
Gng = —x7 2 —xT7972((5 — 1)S, + x9) [(—552 + x)q - 1] (mod x? — x)

= —x772 — x72(j(x + x9) — x) [(x —x9)" —1].
When z € Fy, 2 — 29 =0, so
Gng(x) = =272 4 207012 — 1) = 2(i — 1)2972,
When z € F2 \ Fy, by (i), (x — 297! = —1. Thus

Gugl®) = =21+ 2057020 — 1)z + )
=~z 23— 1)a? I 4 2402

= (20— o~ + (2 — 2)a™ 7

(ii) Since 0 < 2i —2 < p, 2(i —1)x9~2 permutes F,. We claim that (2i—1)x~' +
(2 — 2)x~9 maps Fp2 \ F, to itself. In fact, for x € F2 \ F,,

21— 1 21— 2 21— 1 2i — 2\ a79-1 1 1\a¢1 x— xi\e-1
VECE (BB ()
T x4 T x4 Tz ozt xatl
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since (z — z9)971 = —1.

Therefore, g, , is a PP of F if and only if (2 — 1)x~ ! + (2i — 2)x 9 is 1-1 on
Fpe \Fy, ie., if and only if (20 — 1)x + (20 — 2)x? is 1-1 on F2 \ F,. So, it remains to
show that (2 — 1)x 4 (2i — 2)x? is 1-1 on F2 \ F, if and only if 4 # 3 (mod p).

(<) Assume 47 # 3 (mod p). We claim that (20 — 1)x + (2¢ — 2)x? is a PP of

F,2. Otherwise, there exists 0 # x € Fp2 such that (20 — 1)z + (2¢ — 2)2? = 0. Then

pi—1 — 21

s—- Hence

=@yt (=) - (=)
= \Z = —_ = .
21— 2 21— 2

So (2i — 1)? = (2 — 2)? (mod p), i.e., 4 —3 =0 (mod p), which is a contradiction.

(=) Assume 4i = 3 (mod p). Then (2i — 1)x + (2 — 2)x? = (2i — 2)(x? — x),
which is clearly not 1-1 on F2 \ F,.

Proposition 3.2.3 Let p be an odd prime and q = p*. Let i > 0. If i is even,

q—2
Ggp+i—gr—1,qg = —x¥ 2 xa? Z x@7 (mod x* — x).
7=0
If i is odd,
q—2
Gapti—gr—1,4 = x0Tl a2 Z x@ D7 (mod x7° — x).
=0
Proof. Let n = ¢*** — ¢ — 1. Throughout the proof, “=” means “= (mod x? — x)".
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Case 1. Assume that 7 is even. Let e = 2, a = p + 4, b = p. In the notation
of (3.1.3), ag =0, a1 = %, by = 1, by = &%, By (3.1.3), we have

| 1 .
gog =2 x5 (<254 51) —1]

— _x02 3.quqﬂ(x + x%) ((x — x0T — 1)

2
= —x? %ququl(l +x7 (N1 —xH) - 1),

Note that »
1 — x(e=Da
_ wa—1yg—1 _ (g— Dj
(]_ X ) - 1 _ Xq 1 ZO
So
q?—2 i ?—q—1 q—1 -1 - (¢-1)j _
Gng =—%T77 = ox (1+x [ X }
§=0
P2 _ g1 Z (g=1)j — 1)j -1
= —x — =X [ I+ ZX =1 —x1 }
2

7j=1

. T 2 —1)5
— _x2 _ y9Pa 1.25 x(@=1)i
2 ,
=2
q—2
2_ . _ _ .
— _x?2 iy 2§ x(@=1j
=0

Case 2. Assume that i is odd. In the notation of (3.1.3), ag = 1, a; = 52

o

Gng = —xT 72— xq2—q-2<i 5 s+ Sf) [(—%Sg v sl)“ . 1}
=y yPa (—%Sg +57) [(—%sg + Sl>q_1 -1

- s () 1)
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In the above,

= — x0T x0a? % (x?—x)((x —x9)7' —1)
= T P () ()

= _x7 2 %X‘IL"_Q - 2(x — x7)

— Xq2—q—1

and, by the calculation in Case 1,

. 1 g—1 q—2 -
—%Xq2_q_252 . [(—552 + Sl> - 1} = —ix?? Zx(q_l)j.
=0

So

q—2

Gng = —x7 7 1 g2 Zx(q—l)j'

=0
3.2.2 The Case b =1
Theorem 3.2.4 Let g =2°, n=¢*> —q— 1.

(1) Forx € Fp,
0 if x =0,

Gnq(T) =
2172 4+ Tree(x™h)  if o #0.

(11) Gngq is a PP of Fp if and only if s is even.
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Proof. (i) It is obvious that g(0) = 0. Let 0 # z € Fp. By (3.1.3) (with ay = 0,
alzl, bozl,blz()),

Gnqg(®) =27 + 277 S (2) (2 + 1)
=zt o+ 2 (2 1)
=g 02 4 e

=297 4 Trpe (z7h).
ii) 1° We show that for every ¢ € F*,, the equation
q
4 2= (3.2.7)

has at most one solution z € IFZQ.

Assume that z € I, is a solution of (3.2.7). Then
cx =2+ + 27 = Ny (7" + Trpe g (27?) € F,.

Let t = ¢™% = (cx™?)77 € F;. Then x = tc?. Making this substitution in (3.2.7), we
have

%(Cq(q_m +c i+ =c

So

t=c?4c 2yl

Hence z is unique.

2° Assume s is even. We show that
272 4 Trpzpy(27) =0 (3.2.8)

has no solution in F7,. Assume to the contrary that « € Fy, is a solution of (3.2.8).
Then 2772 € F,. Since s is even, we have ged(q — 2,¢*> — 1) = 1. So z € F,. Then

Tr,2/q(z7') =0, and 2972 = 0, which is a contradiction.
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3% Assume s is odd. We show that (3.2.8) has a solution in F},. Let x € Fo2 \Fs.
Then 22+ 2+ 1=0and 2* = 1. So

i 4 Trqz/q(x_l) =i 2 4 47
=1+2°+x (since ¢ =2 (mod 3))
= 0.

Theorem 3.2.5 (i) Assume q¢ > 2. We have

Gopimgo1q = (i — 1)x7 7 —ix%  (mod x* — x).

(ii) Assume that q is odd. Then x°~9"' 4+ x972 4s a PP of F if and only if ¢ = 1
(mod 4).

(iii) Assume that q is odd. Then (¢P™' — q —1,2;q) is desirable if and only if ¢ = 1
(mod 4).

Proof. In the notation of (3.1.3), we have e =2, a =2i,b=1,ay =1, a; =i — 1,
bo = 1, bl = 0. Thus

Gg2i—g-1q = —x? 2 Xq2*q*2((z' —1)S; +x%)(x' = 1) (mod x? — x)
= —xT72 3T (( — )x +ix?) (x4 — 1)
—x¥ 2 g0 a2 (—x7— (i — Dx +ix*")

(i—1)x” 71 —ix?  (mod x*" —x).

(i) (<) Let f = x¢"79"1 4 %972 Then

0 if v =0,
flz) =

x4+ 2972 ifze FZQ.
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1° We show that for every c € e, the equation
i+t =c (3.2.9)

has at most one solution z € IFZQ.

Assume z € I} is a solution of (3.2.9). Then
cx =2+ 17 =Trp,(x7?) €F,
Let t = ¢c79x = (cx™9)7% € F;. Then z = tc?. So (3.2.9) becomes
1 a(a—2)\ —
;(c +c ) =c.

Thus t = ¢~ 2 + ¢ 24. Hence x is unique.
2° We show that 279 + 2972 = (0 has no solution x € F;z.

Assume that o € T}, is a solution. Then z*~* = —1. Since 3(q + 1) is odd,

we have —1 = (2202)2(¢+) = 29"~ = 1 which is a contradiction.

(=) Assume to the contrary that ¢ = —1 (mod 4). We show that z79+2772 =
0 has a solution z € F},. Since 4(g—1) | q*—1, there exists z € F?, with o(x) = 4(¢—1).

Then 220D = —1, je., 2794+ 2972 = (.

(iii) Tt follows from (i) and (ii).

We conclude this section with a conjecture that grew out of Theorem 3.2.5.

Conjecture 3.2.6 Let f = x972 4 {x7 71, t € Fi. Then f is a PP of Fe if and

only if one of the following occurs:
(i) t=1,¢=1 (mod 4);
(i) t = =3, ¢ = +1 (mod 12);
(iii) t =3, g = —1 (mod 6).
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3.2.3 The Casea=p+i+1land b=21+1

Theorem 3.2.7 Let p be an odd prime and q a power of p. Let 0 < i < p— 2 and
n = qp+i+1 _ q2i+1 —1. ]f
(22' + 1) 1 if 7 is odd,

_ (3.2.10)
1 (=1)*z if i is even,

where (%) is the Jacobi symbol, then (qPT 1 — ¢**1 —1,2;q) is desirable.

Proof. Throughout the proof, “=” means “= (mod x? — x)”.
Lete=2a=p+1+1,0=20+1.
Case 1: 7 is odd.
In the notation of (3.1.3), a9 = 0,a; = &% by = 1,b; = i.
Write g = gqp+i+1_q2i+1_1’q.
g= -2 - xq2_q_2(p ; Z52)((1'52 +5) = 1) (mod x%° — X)
= =7 S a4+ D+ i) - 1],

Clearly, g(0) = 0. When x € F,,

g (i e i) — (4 Do+ ia)
9lw) = —w 4 get (@t a2 (i + o+ iz

Note that (i + 1)z + iz? # 0.

¢ —x
(i 4+ 1)z + iad
b — x4
(i + a9 +ix~!
i Y-y
A Al oy ey
M2+ Dy iy
B 200+ Dy + 21y

g(x) = -7+ %(:)j‘q +a7h)

=—z1+ %(:c*q + a7t
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Let w = 2(i + 1)y? + 2iy. Then y = ((i + Dw? —dw). (Here 2(i + 1)a? + 2ix

2(2 + 1)

is a PP of F 2, and 5 ((i + 1)z% — iz) is its inverse PP.) So

1
(2i+1)

1w+ 20 + 1wttt + du?
(43 + 2)? w ’

g(z) =

where u = (i + 1)w? — jw.

The proof will be complete if we can show that for ¢ € F,

iu?? 4+ 2(i 4+ 1)udt + u?
w

= (3.2.11)

ie.,

i((3 + Dw? — iw) + 206 + 1)((i + D)w? — iw)™ +i((i + Dw? — iw)?

=c (3.2.12)

has at most one solution w € Fzz if ¢ # 0 and has no solution w € F;Z if c=0.

First assume ¢ # 0. Let ¢ = we. By (3.2.12), t € F,. Then (3.2.12) becomes

it?02 + 262 (1 + 1)v?T! + it0?
te!

:C7

where v = (i + 1)c™? —ic™!. So

1
w20 4 2(3 + 1)vet! o2’

which is unique. Hence w is unique.
Now assume ¢ = 0.

Assume to the contrary that (3.2.12) has a solution w € F},. Then

i((i+ Dw? —iw)?7 2 +2(i + 1)((i + Dw? —iw)T "t +4 =0,
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Let z = ((i + L)w? — iw)?"! € F,. Then
iz +2(i+ 1)z +1i=0. (3.2.13)

Since 7 is odd 2i + 1 is a square in F,. So (3.2.13) implies that z € F,. Then we have
22 = 20t = ((i 4+ D)w? — iw)” ' = 1. So z = £1, which contradicts (3.2.13).

Case 2: 1 is even.

In the notation of (3.1.3), ap = 1,a; = p,;-,17b0 =1,0, =1.

g= 2t = g2 (E s, b S((iS, + ) 1)
= 2 4 %xQZ_q_z((i + D+ (i — Da)[(( + Dz + i) — 1],

Clearly, g(0) = 0. When x € F,,

SR S . o (D 4-i29)? — ((1 + 1)z +d29)
g(x) = —x7 + 3% (t+ 1Dz + (i —1)x?) T Dot et :

Note that (i + 1)z + iz # 0.

() = = + (i Dt 4 (= Do)
g = 2 (i + D)z + x4
1 R
=—2 '+ ((i+ 1)z 9+ (i— 1)z
Tt 2((Z MR GOk )(z + 1)z + a1t

— oyt (i Dy (- D) — LY (y=—a)

2 (i + 1)ys + iy
_ (+Dy* 4 2iy" + (i + D)y?
B 2(i + 1)y9 + 2iy '

Let w = 2(i + 1)y? + 2iy. Then y = ((i + Dw? —dw). (Here 2(i + 1)x? + 2ix

2(2i + 1)

is a PP of F 2, and ((i + 1)z% — iz) is its inverse PP.) So

1
2(2i + 1)

1 i+ Du®?+ 2™ 4+ (i + 1)u?
(4 + 2)° w !

g(x) =

where u = (1 + 1)w? — jw.
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The proof will be complete if we can show that for ¢ € F,

(i + 1)u? + 2ud™ + (1 + 1)u?
w

=, (3.2.14)

ie.,

(i + 1)((i + Dw? — iw)2 + 2i((i + Dw? — i)™ + (i + 1)((i + Dw? — iw)?

=c
(3.2.15)
has at most one solution w € F7, if ¢ # 0 and has no solution w € o if c=0.

Assume ¢ # 0. Let ¢/ = we. By (3.2.15), ¢/ € F,. Then (3.2.15) becomes

(i + 1)t?0% + 2it" 200 + (i + 1)t %02

et “
where v = (i + 1)c™? —ic™!. So

1
I
(i 4 1)v2 + 209t + (i + 1)v?’

which is unique. Hence w is unique.

Now assume ¢ = 0. Assume to the contrary that (3.2.15) has a solution w € F,.

Then
(i + 1)(( + Dw? — iw)?72 + 2((i + Dw? —iw)T + (i +1) =0.
Let z = ((i + 1)w? — iw)?' € F,. Then

(i+1)2% +2iz+ (i +1) = 0. (3.2.16)

21 +1 -
Since i is even < Z;_ > = (1), ie. —(2i +1) is a square in F,. So (3.2.16)
implies that z € F,. Then we have 22 = 297! = ((i + 1w — iw)” ' = 1. So z = +1,

which contradicts (3.2.16).
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Table 3.2: Desirable triples (¢ — ¢ — 1,2;q), ¢ < 97,0 < b < a < 2p, b odd, b # p,
(a,b) # (2,1)

q=2 10 5 24 13 || 40 7 38 13 || 50 25 || 60 37 || 66 45
- - 13 11 |25 1 40 33 || 40 7 51 27 || 61 39 | 67 47
25 15 || 41 35 || 40 17 (|52 37 |62 1 71 35

q=2%|q="7%126 1 |42 37 |40 31 |54 33 |63 43 |73 59
31 6 1 |27 19 |43 39 |41 3 |[57 7 |64 11 | 74 27
8 1 |28 21 |45 13 | 41 19 |58 41 | 64 45 || 74 61
g=2%8 3 |30 25 41 31 |59 5 |65 49 || 76 51
- - 9 3 |33 5 | gq=291|42 3 |61 47 |66 49 || 76 65
10 5 15 11 || 42 21 |[62 49 || 67 51 | 77 67
g=2*|12 5 ||g=19 |21 3 |46 29 |62 55 (69 3 |78 9
3 1 12 9 |17 9 ||26 21 |49 35|63 39 |70 57 || 78 69
13 11 {23 7 ||30 1 |49 37 |64 39 |[70 65 || 79 65

q=2° 25 11 |31 19 || 49 43 || 64 H3 || 71 59 || 80 47

1 13 3 31 17 || 34 5 95 41 (|70 65 || 78 73 || 8 19
17 13 || 31 23 |34 9 55 47 || 71 67 || 80 5 85 89
qgq=3 18 13 || 33 17 || 36 3 o7 51 (|73 71 || 80 77 || 8 83
- - 19 15 || 34 29 || 36 13 | 58 53

20 5 35 9 41 23 |59 13 =41 =43 || g = 47
q=3%20 17 |36 5 4225 |60 5 12 7 20 11 || 18 3
3 1 36 33 |44 1 60 57 |31 1 21 11 |20 9
4 1 g=13 || 37 35|46 33 |61 39 |31 5 32 13|24 1
5 1 12 1 46 35 42 1 38 31|29 7

14 1 q=23 |47 35 || gq=37 |42 33 |39 11 ||37 31
q=3%|15 3 10 7 52 19 || 19 15 || 44 5 46 5 44 21
- - 18 5 12 1 52 45 || 29 23 || 46 5 46 39 || 45 37

18 9 21 13 || 53 23 |32 19 |46 9 49 11 || 46 1
gq=>5 19 5 22 1 o4 49 || 34 21 || 49 29 |51 15 |49 3
6 1 22 17 |25 3 95 81 || 36 1 52 21 |55 23 |50 5
8 1 25 23 ||26 O 56 5 38 1 53 1 98 29 || 50 29

27 21 |56 53 || 38 15 || 53 23 || 58 41 || 51 7

q=>5%|q=17|32 17 |57 15 |39 3 | 54 25|59 31 | 54 13
4 1 11 1 |34 21 41 7 |55 33 |60 33| 54 51
6 1 15 7 |35 31| g=31[42 5 |57 31|60 39|57 41
7 3 18 1 (|37 3 |22 3 (42 9 |58 15 |61 35|61 27
9 7 18 7 |37 11 (28 21 |43 11 |58 33 | 62 37 || 62 13

22 5 |37 27 (29 21 |[48 21 |59 5 |62 53|62 29
gq="7 |22 9 |39 3135 7 |48 45 |60 27 |65 61 || 64 33
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Table 3.1 (Continued)

98 19| 77 35 115 73 90 39 50 47 | 110 35
98 89| 78 37 116 5 90 57 || 53 47 || 110 85
99 91| 8 7 116 113 || 93 25 70 5 113 91
100 67 || 85 39 94 25 73 17| 115 71
100 93 || 85 51 qg =61 94 65 74 13| 116 29
101 95 || 87 35 38 33 97 73 74 57| 116 97
102 97 | 90 61 52 39 98 51 75 15| 117 23
103 37 || 90 81 59 51 98 73 77 19 | 118 23
103 55 || 91 63 60 1 99 75 79 23| 118 101
103 99 || 92 65 62 1 100 67 | 8 35| 119 23
105 11 |94 69 62 49 100 77 || 8 47| 119 61
94 71 63 3 101 91 8 69 | 119 103
g=>59 |9 71 64 5 102 25 87 17| 120 13
16 13|96 63 64 37 102 81 87 39| 120 105
20 3 |96 73 66 5 103 83 || 88 13| 121 107
23 17|97 75 66 9 109 95 88 41 | 122 63
24 15|98 77 |67 25 110 97 || 89 63| 122 109
30 1 9 79 68 13 111 29 |90 45| 124 99
31 9 101 9 69 15 113 103 || 90 83| 124 113
39 27| 103 87 || 71 19 115 101 || 91 47 | 126 33
50 13| 104 &9 74 25 115 107 || 94 53| 126 117
56 21| 104 101 || 74 55 116 83 || 95 35| 127 113
58 1 105 7 727 116 109 || 95 55| 129 123
61 3 106 51 79 39 117 7 96 57 | 130 125
61 27| 106 93 81 39 118 113 || 97 59 | 131 127
61 33| 107 95 82 41 120 5 98 61| 133 131
63 7 108 83 84 45 120 117 | 98 77
66 13| 108 97 (|84 79 121 11999 77| gq="71
66 19| 109 31 85 47 101 97 || 36
67 15| 110 25 8 17 || g = 67 102 31 || 70
69 19| 110 101 || 8 49 || 40 17 102 69 || 23
73 27| 113 107 || 87 39 |43 11 103 71 || 53
76 33| 114 109 | 89 35 || 48 31 109 83 || 73

W W w = =
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Table 3.1 (Continued)

a b H a b “ a b “ a b “ a b “ a b “ a b
140 5 111 79 73 106 65 108 7 114 69 157 155
131 7 104 81 105 3 107 67 68 9 135 71
103 11 || 113 83 119 3 108 69 52 1195 73 q =3
78 13| 113 85 69 5 109 71 8 11| 118 77
95 13| 114 &85 78 5 92 75 125 11 || 146 81 3 1
47 15| 115 87 98 7 111 75 129 11 || 121 83 4 1
79 15| 120 87 78 9 112 77 43 13| 100 85 5 1
80 17 || 117 91 128 15| 113 79 135 13 || 122 85
81 19 | 118 93 137 15| 114 81 121 15| 123 87 q =83
121 19 || 119 95 108 17 || 116 85 88 17| 126 93 42 1
82 21| 120 97 123 17 94 87 89 19 126 95 82 1
101 21 || 131 97 83 19| 118 89 55 23 || 127 95 68 3
41 23| 107 103 || 8 23| 119 91 59 23 || 129 99 8 3
30 27| 119 103 || 86 25| 112 97 91 23| 136 103 | 8 5
85 27| 123 103 || 87 27 || 122 97 121 27 || 134 109 || 87 7
88 33| 124 105 || 103 29 || 137 99 70 29 || 135 111 || 127 7
99 35| 113 107 || 104 29 | 114 103 || 94 29| 136 113 | 133 7
98 37| 119 107 || 67 31| 126 1051 95 31| 119 115{ 29 9
97 39| 125 107 || 91 35| 135 107 || 96 33| 133 115 151 9
67 41 || 114 111 || 46 37| 128 109 || 98 37 | 134 115 89 11
92 41 || 127 111 | 92 37| 129 111 || 100 41 || 137 115 | 146 11
93 43| 128 113 |99 39| 126 113 | 137 41| 139 119 90 13
78 47 | 130 117 || 81 41| 133 119 || 83 45 || 152 119 || 149 15
88 47 || 131 119 | 94 41 || 134 121 || 110 45 || 141 123 | 28 17
62 51 || 137 131 | 127 41 || 135 123 || 143 45 || 148 123 | 69 17
75 51| 138 133 || 118 43| 139 125 | 95 49| 153 129 | 123 17
106 51 || 139 135 | 59 49 || 137 127 || 137 49 || 145 131 || 40 19
98 53| 140 137 || 98 49 || 142 137 || 105 51| 146 133 | 43 19
102 61 69 51| 145 143 | 106 53 | 148 137 | 136 19
104 65 || q="T73 101 55 107 55 || 1561 137 || 80 21
106 69 102 57 || q="T79 129 55 || 1561 143 || 95 23
118 69 || 13 1 113 57 108 57 || 152 145 || 34 25
130 69 || 72 1 119 57| 156 5 110 61 || 154 149 || 97 27
128 73 || 74 1 104 61127 7 113 67| 155 151 ] 99 31
109 75 || 135 1 97 63|54 7 77 69 | 156 153 || 72 35
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Table 3.1 (Continued)

a b “ a b “ a b H a b “ a b “ a b
112 35 142 117 || 71 17 || 152 83 174 169 || 58 45
95 37 128 119 || 98 17 | 132 85 176 173 || 121 47
127 37 143 119 || 133 17 || 151 85 122 49
109 39 132 121 || 1565 19 || 155 85 q =97 152 49
150 39 145 123 || 77 21| 133 87 81 1 164 49
106 45 146 125 | 100 21 || 135 91 9% 1 124 53
158 49 147 127 || 133 21 || 136 93 98 1 140 53
109 51 163 127 || 102 25 || 138 97 115 1 178 53
75 53 148 129 | 77 27 | 139 99 99 3 147 55
110 53 149 131 |35 29| 121 101 | 102 5 60 57
133 55 156 131 || 163 33 | 124 103 || 167 5 76 61
112 57 150 133 || 109 39| 142 10589 7 128 61
113 59 152 137 || 46 41| 142 107 || 154 7 130 65
152 59 154 141 || 141 43 || 143 107 || 102 9 150 67
115 63 156 145 || 112 45 || 144 109 || 148 9 117 69
115 69 157 147 || 113 47 || 145 111 || 18 11 122 69
155 69 158 149 || 165 47 | 173 111 | 103 11 7T T1
148 71 159 151 || 173 47 || 150 121 || 182 11 134 73
81 73 162 157 || 114 49 || 151 123 || 161 17 135 75
120 73 100 51 || 156 123 || 110 25 170 77
121 75 qg =89 92 53| 159 123 || 50 27 137 79
95 77 41 1 116 53 || 149 125 || 111 27 138 81
126 85 90 1 117 55 || 152 125 || 158 27 105 83
127 87 134 1 139 55 || 132 127 || 53 29 140 85
154 87 139 1 170 55 || 1564 129 || 113 31 133 87
110 89 92 5 118 57 || 155 131 || 114 33 142 89
128 89 94 5 102 61 || 156 133 || 74 35 143 91
131 95 176 5 123 67 || 154 137 || 115 35 144 93
149 95 151 7 150 67 || 159 139 || 138 35 145 95
132 97 166 7 124 69 || 169 141 || 130 37
133 99 94 9 125 71 || 168 143 || 98 39
134 101 || 95 11 161 71 || 166 153 || 123 39
115 105 || 44 13 126 73 || 168 157 || 183 41
136 105 || 127 13 129 79 || 170 161 || 81 43
139 111 | 49 15 130 81 || 173 167 || 119 43
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4 'THE POLYNOMIAL g, , WHEN ¢ IS EVENT

This chapter is organized as follows: Section 4.1 mostly discusses the case when
the base ¢ weight of n is ¢ + 1. We recall that for given integers d > 1 and a =
apd® + -+ + a;d', 0 < a; < d — 1, the base d weight of a is wg(a) = ag + -+ - + a;. In
Section 4.2, we further study the permutation behavior of g, , in even characteristic
when the base ¢ weight of n is arbitrary. Examples are given in each section that
explain many desirable triples in Table 4.1 that can be found at the end of this

chapter which contains all desirable triples (n,e;4) with e < 6 and w4(n) > 4.

Even though this chapter primarily deals with the case of even characteristic
we point out to the reader that in Lemmas 4.2.1, 4.2.5, 4.2.17 and Theorem 4.2.6,
4.2.11, 4.2.12, 4.2.19 the characteristic is assumed to be arbitrary.

4.1 Families of Desirable Triples with w,(n) =¢+1
Theorem 4.1.1 Let g > 4 be even, and let
n=1+q¢"+q¢" +-+ ¢+ g2,
where a;,b; > 0 are integers. Then

gn,q = Z Saisbi + Z(Sai + Sbi)(Saj + Sbj).

1<j

TPortions of this chapter are taken from [14] which has been published in the journal “Finite Fields and
Their Applications”.
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Proof. We write g, for g,,. By (1.1.10) we have

Sbl - Sal)

9n :gl+2qa1+qa2+qb2+...+q“q/2+qbq/2 + ( g1+qa1 +qa2+qb2+...+q“q/2+qbQ/2

= gl+2qa1 +q224qb24-4g"a/2 +qbq/2

+ (Sa1 + Sb1)(5a1 + Sa2 + sz + -+ Saq/2 + qu/2)

q/2 q/2
= J142q71 4+ 429"/ + Z(Sai + Sbi) (Sai + Z (Saj + Sbj))
i=1 j=i+1
a/2 J q/2
=S2 4+ Sﬁq/z + Z(Sai +S,) (Sai + Z (S, + Sbj)>
i=1 j=i+1

= S0,Sh + > (Sa, + 5,)(Sa; + i)

1<j

|
Corollary 4.1.2 Let ¢ > 4 be even, and let
n =ty + 261" + - - + 2t,q"",
where tg, ..., tx and ay, ..., ap are nonnegative integers with to+ 2t +- - -+ 2t, = q+1.

Then
9ng = (tlsal + e+ tkSak>2'

In particular, g, 4 is a PP of Fge if and only if

k
gcd(Zti(l x4 x4 x¢ 1) = 1.

i=1
Proof. By Theorem 4.1.1,

Gng = 1152, + -+ t6Se = (6154, + -+ t6Sa,)*
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The rest is obvious.

In Theorem 4.1.1, the mapping g, 4 : Fge — Fge is quadratic in the multivariate
sense, i.e., with the identification F, = F¢. In general, it is difficult to tell whether a
quadratic mapping is bijective. However, in some cases, such as Corollary 4.1.2, g, ,
can be reduced to a suitable form which allows a quick determination whether it is a

PP. Here are some additional examples of Theorem 4.1.1:

Example 4.1.3 Let ¢ =2°, s >1,e>10dd, n=¢"+ (¢ —1)¢* + ¢>. Then
Ong = Sf + 515, = xItL,

which is a PP of Fe.

Example 4.1.4 Let g=4,e>1,n=q¢"+q¢' +¢*+ ¢ +¢% a > 0. Then

Gng = S180 + SeSeq1 + (S1 4 Sa)(Se + Set1)
= 515, + SeSeq1 + (S1 + 5,)S1  (mod x7 — x)
= S% + SeSe+1

=% + xTrge /g (x) + Trye /(%)

We claim that when e is odd, g, , is a PP of Fe.

Assume to the contrary that there exist x,y € Fye, x # y, such that g, ,(z) =

Inq(y). From Tree q(gnq(x)) = Trge/q(gnqg(y)), we derive that Trye q(z) = Trge/q(y)
= ¢. Then the equation g, ,(z) = g»4(y) becomes

(x+y+c)(z+y)=0.

So x4+ y+c=0. Thus ¢ = Trge/(c) = Trgesq(x +y) = 0. Hence (z + y)? = 0, which

is a contradiction.
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Example 4.1.5 Let ¢ =4 ,¢e > 1, n = ¢" +2¢' + ¢° + ¢°™!. Then by Theorem 4.1.1,

Gq0+2-¢g1 +qe+qetl = 5151 + SeseJrl

= x> + xTrge g (x) + Tryeo(x)*>  (mod x¥ — x).

We claim that when e is odd, g, , is a PP of Fee.
Assume that there exist x,a € Fge such that g(z) = g(x + a). Then

2% 4 2 Trge (1) + Trge g (2)? = (x+a)* + (x+ @) Trge s (7 + @) + Trye s (x +a)?. (4.1.1)
It leads to
a® 4 2 Trgejq(a) + aTrgeq(2) + aTrgesq(a) + Trye s(a)® = 0. (4.1.2)

By taking traces on both sides of (4.1.2) we get Trge/q(a) = 0.
By (4.1.2), a(a + Trgeq(x)) = 0.
If Trye/q(x) = a, taking traces on both sides gives €Trge q(x) = Tryeq(a) = 0. Since e

is odd Trge/q(x) = 0, which is a contradiction. Therefore a = 0.

Example 4.1.6 Let =4 ,¢e>1,n=¢"+¢" +2¢°* + ¢°. Then by Theorem 4.1.1,

gq0+q1+2qefl+qe == SlSe + 56_156_1

= XTrge g(%) + Trge g(x)? + %20

We claim that when e is odd, ¢, 4 is a PP of Fg.
Assume that there exist z,a € Fy such that g(z) = g(x + a). Then

2 Trge1g () + Troej(@)” + 2 = (2 4 @) Trge g (2 + @) + Trgeg(x + ) + (x + ).
(4.13)

It leads to

2 Trge sq(a) + aTrye /g () + aTrgeg(a) + Trye (@) + =0, (4.1.4)
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By taking traces on both sides we get Trge/q(a) = 0. By (4.1.4),

aTrge () + 0 =0. (4.1.5)

If Trgesq(x) =0, a = 0.

If Trye () = 1, a+a?"" = 0. Squaring both sides gives a(a+1) = 0. If a = 1, then
since e is odd, it contradicts the fact that Tree q(a) = 0. Therefore a = 0.

If Tryeso(x) # 0,1, squaring both sides of (4.1.5) gives a(aTrye/(x)* +1) = 0. If
aTryesq(z)? + 1 = 0, taking traces on both sides gives e = 0. It contradicts the fact
that e is odd. Therefore a = 0.

Example 4.1.7 Let ¢ =4, ¢ > 2, n = ¢° + 2¢°2 + 2¢°!. Then by Theorem 4.1.1,

o2 2 2¢° 2
9q042qe—2+42¢°~1 = 5672 + Sefl =X

Since ged(2¢°7%,¢° — 1) =1, gnq is a PP of Fye .

Example 4.1.8 Let ¢ =4, ¢ > 2, n = ¢° + 2¢' + 2¢®>. Then by Theorem 4.1.1,
Jpor2gt s = St + S5 = x*,
Since ged(2¢,¢° — 1) =1, gnq is a PP of Fpe .
Example 4.1.9 Let ¢ = 4, ¢ > 2, n = 3¢° + 2¢'. Then by Theorem 4.1.1,
J3q04240 = S3+ S =x2

Since ged(2,¢° — 1) =1, gnq is a PP of Fye .

Example 4.1.10 Let ¢ = 2°, s > 1, e > 1, n = (¢ — 1)¢" + 2¢°"!. Then by
Theorem 4.1.1,

9(g—1)gO+2¢c—1 = Se+ 82,
= G2 4 x24T
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We claim that when e is even, g, , is a PP of F.

Assume that there exist x,a € F,e such that g(x) = g(x + a). Then we have

e—1

Tryesq(2)? + 2207 = Trye)q(z + a)* + (z + a)™ (4.1.6)

It leads to
Trye/q(a)? +a® " =0, (4.1.7)

If we raise both sides to the (¢/2)" power, we get Tr(a) + a? = 0. By taking traces
on both sides we get (e 4 1)Trge/q(a) = 0. Since e is even Trye4(a) = 0.
By (4.1.7), a = 0.

Example 4.1.11 Let ¢ = 2%, s > 1, ¢ > 1, n = (¢ — 1)¢° + 2¢°"2. Then by
Theorem 4.1.1,

9(q—1)q°+2¢e—2 = Sg + Se2—2

e—2 e—1
= Sf I e A

We claim that when e is odd, g, , is a PP of Fge.
Assume that there exist x,a € F,e such that g(z) = g(x + a). Then we have

Trye /() + 2% 422 = Trpepg(z +a)? + (z+ )2 + (z+a)¥ . (4.1.8)

It leads to

e—2

Tryesq(a)? +a" +a* " =0, (4.1.9)

By taking traces on both sides we get Trge/q(a) = 0.

By (4.1.9), a*% " +a*7" = 0.

Raising both sides to the (¢/2)™ power gives a(a?” " + 1) = 0.

If " +1=0, Trye (@) =1, since e is odd, which is a contradiction.

So a = 0.
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Example 4.1.12 Let ¢ = 4, ¢ > 2, n = ¢° + 2¢' + 2¢°. Then by Theorem 4.1.1,

_ Q2 Q2
9qo+2q +2¢ = 51 + 5

=x*+ 52

We claim that when e is even, g, , is a PP of F.

Assume that there exist x,a € F,e such that g(z) = g(x + a). Then we have
2% + Trye sy (@) = ( + a)® + Trye (@ + a)”. (4.1.10)

It leads to

Tryesq(a)® +a® = 0. (4.1.11)

Since e is even, by taking traces on both sides we get Trgeo(a) = 0.

Then by (4.1.11), a = 0.

4.2 More Families of Desirable Triples with Even ¢

Lemma 4.2.1 Let n = (q— 1)¢®+ (¢ — 1)¢°, where a,b > 0. Then

Gng = -1 - (Sb — Sa)q_l.

Proof. If a = b, then n = (¢ — 2)¢* + ¢*™'. By Lemma 1.1.3, g, , = —1.

Now assume a < b. We have

(Sb - Sa)gn,q = 9(g-1)q+q¢**+1,q — Ygot14(g—1)¢b,q

_ _(an _'_‘”_'_qu) _ (an+1 +”'+qu—1)
1

)= (T
= (S = Sa) = (Sy = Sa)".

e —(an _|_..._|_qu7

Thus gn, = —1— (Sp — Sa)7 1.
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Theorem 4.2.2 Let ¢=2%,s>1,¢>0, andn = (q—1)¢° + (¢ —1)¢° +2¢*, a > 0.
Then

Gng = XTrge 1g (%) + Trgeg(x)* + 57 - (14 Trgesy(x)”™") - (mod x¥ —x),

Assume that e is even and ged(a,e) = 1. Then g, 4 is a PP of Fe.

Proof. Write g, = gn,q. We have

In = Ya+qr+(g-1)g° T Sa - Y(a-1)a+qo+(a—1)a°
= Ggtqett T (Sa - Se)qur(q*l)qe + Sa - (qur(q*l)qe + Sa - g(q—l)q°+(q—1)qﬁ)
=5.(S. +51)+ S%(1+ 871 (mod x¥ — x) (Lemma 4.2.1)

= xTrqe/q(x) + Trqe/q(x)2 + Sg . (1 + Trqe/q(x)qfl).

To prove that g, is a PP of F ., we assume that g,(z) = ¢,(y), z,y € Fge, and
try to show that o = y. From Tree /4(gn () = Trge/4(gn(y)), we derive that Tree /o(z) =
Tryesq(y) = . If ¢ = 0, the equation g,(z) = g,(y) becomes S,(x)* = S.(y)?, ie.,
Sa(z +1y) =0. Since ged(1 +x+-+-+x71 x°+1) =1, we have x = y. If ¢ # 0, the
equation g,(z) = g,(y) becomes c¢(x + y) = 0, which also gives z = y.

Example 4.2.3 Let q=2°, s >1,e>1,n=(q—1)¢" +2¢° ' + (¢ — 1)¢°. Then

Ia-1)a"+2¢ 1 +(a-1)a" = Jatae—1+(a-1)a° T Se—19(¢-1)a"+¢=1+(g-1)qe
= Ggrge+t + (Ses1 = Se)Ggr(a-1)¢c + Se-19q+(a-1)¢= + Se-19(g-1)0+(g—1)g¢
= Se(Se — ) + 53719(q71>q0+(q—1)qe

Note that

Seg(q—l)qoﬂq—l)qﬁ = 9(g-1)¢°+¢=t* — Gq+(q—1)g*
=S+ a7 — (S, — )

— 4 — Q¢
=a7 —x=51-25,,
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i.e.,

9(g-1)g0+(g-1)ge = ST — 1. (4.2.12)

So

Jlg-1)g7+2qe 1 +(g-1)ge = Sz — xS + 82 (ST = 1)
= 57 — w8+ (S2+ 2 ) (S - 1)

e—1

= 2Trge1g (@) + Trgesg(2)* + 21 + Trge ()7 12

Thus modulo x4 — x we have

z20 ! if Trgeq(z) =0,
Gnq(T) = .

2Trge 1q(@) + Trgesg(x)? i Trge () # 0.
We claim that when e is even, g, , is a PP of F.
Clearly 224" " and 2Trye y(2) + Tryes(2)? map two sets {x € Fye; Trye /() = 0} and
{x € Fge; Trge () # 0} to themselves respectively.
Case 1. Let z,y € {x € Fye; Trye /() = 0}.
g9(z) =gly) = «*7
Case 2. Let x,y € {& € Fye; Trye)q(x) # 0} s.t. z # y and g(z) = g(y). Then

1

= 429" Raising both sides to the (¢/2)™ power gives = = y.

2 Trge 1g() + Trge g (2)* = yTrge g (y) + Trge sq(y)*. (4.2.13)

Since e is even, taking traces on both sides gives Trge/q(2) = Trge /4(y).

By (4.2.14), (x — y)Trge q(x) = 0. Since x # y, Trye/q(x) = 0, a contradiction.

Example 4.2.4 Let ¢=2°, s >1,e>1,n=(q—1)¢° + 2¢" + (¢ — 1)¢°. Then
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9(a-1)g"+2q" +(a-D)g* = 92q'+(a-1)g¢ T S19(4-1)g+¢" +(g-1)g°
= 92q+(a-)¢e T S1{9 +(¢-1)¢c + S19(¢-1g"+ (-1}
= G2q1+(g-1)ge + S1(Se + 1) + SF(SET — 1) (4.2.12)
= 9o +qt+a-De T S19¢+(-1)ge T e + 225
= Gog0+ (-1 + 51900+ (g—1)ge + S1(Se + x) + xS + 2°5I*
= gog0 (-1 + T° + TSe + 275
= Trye/q(2)? + 2 + 2Trye g () + 2°Trye s (@)
Thus modulo x¢° — x we have
2 if Trge/q(2) =0,

Gnq(T) = .
2Trge jq(x) + Trgesq(2)?  if Trgepq(z) # 0.

We claim that when e is even, g, , is a PP of F.

Clearly 2? and xTrge/q(x) + Trge/q(2)? map two sets {x € Fye; Trgesq(x) = 0} and
{2 € Fye; Trgeq(x) # 0} to themselves respectively.

Case 1. Let z,y € {@ € Fge; Tryejg(x) = 0}. Then

g(x)=gly) = "=y’ = z=y.
Case 2. Let 2,y € {x € Fge; Tryeo(x) # 0} s.t. g(z) = g(y). Then

TTrge (1) + Trge () = yTrge 10 (y) + Trye o (y)*. (4.2.14)
Since e is even, taking traces on both sides gives Trge/q(2) = Trge/q(y). Then by
(4.2.14), z = y.

Lemma 4.2.5 Let ay,...,a, >0, andn=(qg—1)+ ¢ +---+q%. Then

gn,q:_Sl_Sa1_"'_Sa _Sa1"'Sa

q q’
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Proof. Write g, = gn,q. We have

In = Gg+go2+-tq®t + Sar * Ylg—1)+¢2 ++q
= Jagrqo2+-+q® T Sar * (Jgrqos+tqua + Saz * Ylg—1)+q% +-+q%a)

= Ya+q2+-4q"s — Say T Sa,5a, - 9(g=1)+q%3++q%

= Jgtq®2+-+q®1 — Say T Say = Say * Yg-1
= =51 =84, — = Sa, — Sa; — Say *** Say-

n
Theorem 4.2.6 Let g=p°, e >0,a>0, andn = (q—1)¢° + (¢ — 1)¢° + ¢*. Then
Gng = —% — Sy + Trye /(%) — SaTrye g (x)771 (4.2.15)

Assume that

(i) —2a — 1+ e # 0 (mod p);
(i1) ged(x* +x—2,x° — 1) =x — 1;

(iii) ged(2x® +x —3,x° — 1) =x— 1.

Then gnq s a PP of Fye.

Proof. Eq. (4.2.15) follows from Lemma 4.2.5. To prove that g, , is a PP of F . under
the given conditions, we assume that ¢, ,(2) = ¢nq(y), 2,y € Fye, and try to show

that o = y. From Tree /4(gn,q(2)) = Trge /q(gnq(y)), we derive that
(—2a — 1+ €)(Trgej(x) — Trgesq(y)) = 0.

Since —2a — 1+ e # 0 (mod p), we have Trge /q(x) = Tree/q(y) = c.
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If ¢ = 0, the equation g, ,(x) = gn4(y) becomes
2z —y)+ (@ —y)' 4+ (- =0

Since

ged2+ x4 +x"Hl4x x0T =

1
1gcd(x”‘—l—x— 2,x—1)=1,

we must have x —y = 0.
If ¢ # 0, the equation g, ,(x) = gn4(y) becomes
B —y) +2w -yt +2z -y =0

Since

ged(34+2x+ -+ 2x" L1+ x4 +x7) =

1
1gcd(2x“ +x-3,x°—-1)=1,

we also have x —y = 0.

Example 4.2.7 Let ¢=2°, s >1,e>1,n=(¢q—1)¢° + ¢* + (¢ — 1)¢°. Then

Ia-1g+?+a-1g¢ = Ja+(a-Dae T 520(g-1)g"+(a-1)ge
=z + Tr(2) + (x + ) g(g-1)¢9+(g-1)¢
=2+ Tr(z) + (x4 29)(Trge g (2)77" — 1)(4.2.12)
= 27+ Trye o () + 29Trge /()" + 2 Trge s ()71
Thus modulo x¢° — x we have
x4 if Trgeq(x) =0,

nag(T) =
x4 Trgejq(x)  if Trge /() # 0.

We claim that when e is even, g, , is a PP of F.
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Clearly z? and = + Trge/o(x) map two sets {z € Fge;Tree)(z) = 0} and {z €
Fge; Trge /q(z) # 0} to themselves respectively.
Case 1. Let z,y € {x € Fge; Trge/q(z) = 0}. Then

g(x) =gly) = 2'=y" = v=y
Case 2. Let z,y € {x € Fge; Trge /() # 0} s.t. g(x) = g(y). Then
T+ Trge (@) =y + Trgesg(y)- (4.2.16)

Since e is even, taking traces on both sides gives Trye/q(x) = Trge/q(y). Then by

(4.2.16), x = y.

Theorem 4.2.8 Let ¢ =2°, s > 1, e >0, and let n = (¢ — 1)¢° + L¢°7' + 4¢°. We
have

q

N

ng = ¥ + Trge q(x) + X%qurqe/q(X>

When e is odd, gyq s a PP of Fye.

Proof. By Lemma 4.2.5,

q q
Ing = Sl + SeQ_lSeQ
1 el 1
= x + (S2* +x37) 52"

= x + Trgeq(x) + x%qurqe/q(x)%q.

Assume that e is odd. To prove that g, , is a PP of F e, assume to the contrary
that there exist x,y € Fge, x # y, such that g, () = gnq(y). From Tree/4(gnq(z)) =
Troe/q(gnq(y)), we derive that Tree () = Trges(y) = a. If a = 0, the equation
Ong(T) = Gng(y) becomes x = y, which is a contradiction. If a # 0, the equation
Gn.q(T) = gnq(y) becomes

(x+9)27 a2 =z +y,
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i.e.,

(x+y)?2=a".

Sox+y=a. Then a = Trqe/q(a) = Trq.z/q(l' + y) = 0, which is a contradiction.

Example 4.2.9 Let ¢ =4, e > 1 and Let n = 3¢° + 2¢°~* + 2¢°. Then
gg,q0+2qc—1+2qc — gq+2qe—1+q& “I‘ Seggq0+2qe—1+qc
= + Trqe/q X + Seg3q0+2qe 1+q

(
=+ Trye)q(x
=2 4 Tryesq(2) + Se + S2 G340 49401

(

)
) + Se(1 4 Segagosage—1)
)
=2 4 Tryesq(x) + Se + S257_,

=+ 5252,

=2 4 Tryesq(2)*(Trge 4 () + 24 )?
=2+ Trge /() + I2qe_1Trqe/q(:I;)2.

We claim that when e is odd, ¢, 4 is a PP of Fe. Assume that there exist z,a € Fg
such that g(z) = g(z + a). Then we have

&+ Trge g () + 22 Trge sy (2)% = (2 + @) + Tryesq( 4 a) + (2 + )2 Trye )y (x + a)?.
It leads to

a+ Tryesq(a) + Trqe/q(a:)zcquh1 + Trqe/q(cm)%zc?qe*1 + Tque/q(oz)gche*1 =0. (4.2.17)

By taking traces on both sides we get Trge/q(a) = 0.
By (4.2.17),
a+ Trye (2)2a* " = 0. (4.2.18)

If Trge/q(x) = 0, then (4.2.18) gives a = 0.

If Trgesq(x) = 1, then (4.2.18) gives a + a 20" — (. Squaring both sides of gives
ala +1) = 0. If @ = 1, since e is odd that contradicts the fact that Tree/4(a) = 0.
Therefore a = 0.
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If Trgesq(x) # 0,1, squaring both sides of (4.2.18) gives a(a + Trge/q(x)) = 0. If
Trge /() = a, taking traces on both sides gives eTrge /(7)) = Trge/q(a) = 0. Since e is

odd Trgeq(x) = 0, which is a contradiction. Therefore a = 0.

Theorem 4.2.10 Let g =4, ¢ > 2, and n = 3¢° + 2¢°~2 + 2¢°. We have

e—2

Ing = X+ Trgesg(x) + (27 + %7 ) Trge (%)%

Assume that e > 2 is even and ged(1 + x* +x73,x° + 1) = 1. Then g, , is a PP of
Fe.

q

Proof. Let ¢ =4, e > 2, n=3¢"+2¢°2+ 2¢°. Then,

e—2

Gng = %+ Trgesg(x) + (27 + %% )?Trgese(x)?  (mod x7° — x).

Assume that e is even and ged(1 +x% +x°73 x¢ + 1) = 1.

To prove that g,, is a PP of F, we assume that ¢, ,(x) = gng(y), z,y € Fee,
and try to show that z = y. From Trge q(gnq(2)) = Tree/q(gnq(y)) we derive that
Trge jq(2) = Trge/q(y). Let Trgejq(x) = Trge/q(y) = a € Fy. If @ =0, then = y.

If a # 0, then g, ,(z) = gn4(y) becomes

2qe—2

z=a?(27 4 22, (4.2.19)

where z = = + y. Substitute (4.2.19) into itself to find 27" = z 4+ 2. Since e is even

and ged(1 4 x? +x°73,x° + 1) = 1, we have z = 0.

Theorem 4.2.11 Letn =14 q¢" + -+ g%+, where —1 <t < q—4. Then

Gna=— >, Say S, (4.2.20)

1<in < <ipp2<q+t
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Proof. Use induction on t. When ¢t = —1, n is a sum of ¢ powers of ¢, in which case

the conclusion is already known. Let 0 <t < ¢ — 4. We have

Gn = Gorqoayyqiatt T Sal " 914qo2 4 gtatt

= Qo4 qa24otqiatt — Say Z Saip * " Say,,, (induction hypothesis)

2<io < <ip42<q+t

== g3+qa3+...+qaq+t + Sa2 . 92+qa3+...+q“q+t - Sal E Sllz'z cee Sllit+2

2<io< - <ip42<q+t

= 93+4¢%3 4 pglatt — Saz E Sa’i3 T SaiH_Q

3<ig < <ip42<q+t

— S, Z Sasy ** Saiy, (induction hypothesis)

2<in< - <it4+2<q+t

= Yg+t+1 — E Sail e SaiH_Q'

1< < <tyg2<qg+t

Since wy(¢+t+1)) =t+2 < g— 1, we have g,4++1 = 0, which gives (4.2.20).

Let ¢ be even and t = 0 in (4.2.20). Then
Gng= Y. SuySay = S5Se+ > (S +Se) (S, +Se,).
1<i1<iz<q i i<j

where (ay,...,aq) = (b1,...,bg2,¢C1,...,¢q/2). This is Theorem 4.1.1. In fact, Theo-

rem 4.2.11 is a generalized version of Theorem 4.1.1.

The next theorem is a generalization of [14, Theorem 6.12].

Theorem 4.2.12 Let g = p?, e > 0, and n = (p2 —p— 1)q0 + (p — 1)¢° + pg® + ¢,
a,b>0. Then
Gn,q = —55 - SbS§_1~ (4221)
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Assume that a+b # 0 (mod p) and
ged(x(x* — 1) —e(x* = 1)%, (x — 1)(x° — 1)) = (x — 1)*,

fore=0,1. Then g, 4 s a PP of Fg.

Proof. Equation (4.2.21) follows from Theorem 4.2.11.

To prove that g, , is a PP of Fje under the given conditions, we assume that
Ong(T) = Gng(y), z,y € Fee, and try to show that x = y. From Sc(gn4(z)) =
Se(gnq(y)) we derive that

(a+b)(Se(x) = Se(y))" = 0.

Since a + b # 0 (mod p), we have S.(z) = S.(y) = ¢ € F,. Now the equation

gn,q(x) = gn,q<y) becomes
Sa(2)P = =cP71Sy(2),

where z = x — y. Thus

e—1 e—1

Sa(z) = (=" 19(2))" = —cTPS, (2P ). (4.2.22)
We iterate both sides of (4.2.22) to get

(50 5a)(z) = _Cq_ps”<(_Cq_p5b(zpq67l))me_l> — 7Sy 0 Sp) (27 ),

i.e.,

[(Sa08.)(2)]" = (S, 0 Sy)(2). (4.2.23)

Let ¢ = ¢!, which is 0 or 1. The conventional associates of the g-polynomials

(Sg08,)?and S0 Sy are x(1+x+---+x*1)2and (1 +x+---+x""1)2 respectively
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[30, §3.4]. Since

gcd(x(1+x+---+xa_1)2—e(1+x+---+xb_1)2, T+x+-+x)
1
= = ged(x(x* — 1)* —e(x* = 1)%, (x — 1)(x° — 1))
1

9

it follows from (4.2.23) that z =0, i.e., z = v.

Example 4.2.13 Let ¢ =4, e > 3, n = ¢’ +2¢' + ¢* + ¢°. Then by Theorem 4.1.1,
Gng ="+ 2Trgeg(x) + 2%Trge sg(2)  (mod x?" —x).

We claim that when ged(1 +x + x*,x*+1) =1, g, is a PP of Fe.
To prove that g,, is a PP of F, we assume that ¢, ,(x) = gng(y), z,y € Fee,
and try to show that z = y. From Trge q(gnq(2)) = Tree/q(gnq(y)) we derive that
Trge jq(2) = Trgeq(y). Let Trgejq(x) = Troeo(y) = a € Fy.
If a =0, then x = y.
If a # 0, then g, ,(z) = gn4(y) becomes

2

z¢=ua(z + 29), (4.2.24)

where z = z + y. Substitute (4.2.24) into itself to find (22)¢ = (22) + (22)¢". Since
ged(1+x +x%,x°+ 1) = 1, we have 2z = 0.

Example 4.2.14 Let g =4, ¢ > 4, n = ¢ +2¢* + ¢ 2+ ¢°. Then by Theorem 4.1.1,
Gng = 2%+ Trye (@) + xq%QTrqe/q(x) + xqeilTrqe/q(x) (mod x% — x).

We claim that when ged(1 +x? +x°,x°+ 1) = 1 and e is even, g, , is a PP of Fe.
To prove that g,, is a PP of Fee, we assume that ¢, ,(x) = ¢nq(y), 2,y € Fee,
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and try to show that z = y. From Tree/q(gn,q(7)) = Tree/q(gn,q(y)) we derive that
Trge sq(2) = Trge/q(y). Let Trgejq(x) = Tryeso(y) = a € Ty
If a =0 then x = y. If a # 0, then g, ,(z) = gn4(y) becomes

e—2 e—1

2 =a(z" +27), (4.2.25)

where z = z 4+ . Substitute (4.2.25) into itself to find (22)7" = (22) + (22)¢". Since
ged(1+x*+x°,x° 4+ 1) = 1, we have z = 0.

Example 4.2.15 Let ¢ =4, ¢ > 3, n = ¢°+¢°?+2¢° ' +¢°. Then by Theorem 4.1.1,
Ing = 02 4 27 Trgey(x) + 27 Tryepg(z)  (mod x7° — x).

We claim that when ged(1 +x? +x%,x°+ 1) =1, g,, is a PP of Fe.

To prove that g, , is a PP of Fy., we assume that g,,(z) = ¢nq(y), 2,y € Fee,
and try to show that x = y. From Tre/q(gnq(7)) = Trge/q(gnq(y)) we derive that
Trye /q(2) = Trgesq(y). Let Trye/q(2) = Trgesq(y) = a € Fy.

If a =0 then x = y. If a # 0, then g, ,(z) = gn4(y) becomes

2= a2 4 22, (4.2.26)

where z = x + y. Substitute (4.2.26) into itself to find 22° = z 4+ 2. Since ged(1 +

x?+x3 x4+ 1) =1, we have z = 0.
Example 4.2.16 Let ¢ =4, ¢ > 3, n = ¢"+¢° 2 +¢°+2¢°"!. Then by Theorem 4.1.1,
Gng =7+ $q672Trqe/q(x) + $q€71Trqe/q($) (mod x7° — x).

We claim that when ged(1 +x? +x°,x°+ 1) = 1, g, is a PP of Fye.

To prove that g, , is a PP of Fy, we assume that g,,(z) = gnge(y), 2,y € Fe,
and try to show that = y. From Tre/q(gnq(2)) = Trge/q(gnq(y)) we derive that
Trye /q(2) = Trgesq(y). Let Troeq(2) = Trgesq(y) = a € Fy.
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If a =0 then x = y. If a # 0, then g, ,(z) = gn4(y) becomes

e—2 e—1

2

2% = a(z?

+ 207, (4.2.27)

where z = z + y. Substitute (4.2.27) into itself to find 2¢° = z 4+ 2. Since ged(1 +

x? +x%,x°+ 1) =1, we have z = 0.

Lemma 4.2.17 Let f : F) — F, be a function, and assume that there exists y € F)

such that f(x +y) — f(x) is a nonzero constant for all x € Fy. Then

SO =0 (G=c)

z€F}
Proof. Assume f(z +y) — f(r) = c € F;. We have

Z CZJ:(HC) _ Z C}J)‘(ﬂH—y) _ Z Cg(gx)w = (¢ Z g}{(w)'

acEIF;} acEIF;} acEIF;} a:EIFg

Since (¢ # 1, we have ) _pn Cg(’“") =0.
p
|

Remark 4.2.18 If f : F} — [, is quadratic, then ) . g,{‘:”) = 0 if and only if there
exists y € F; such that f(z +y) — f(z) is a nonzero constant for all z € F}. See [10,
Ch. VII, VIII], [19, §5.1], [30, §6.2].

Let f = 30 a;x” € Fye[x] be a p-linearized polynomial considered as a F,-

1=

linear map from F,e to F,.. The adjoint of f is the F,-linear map f* such that
Trpe p(2f(y)) = Trpep(f*(x)y) for all z,y € Fpe.

We have f* = 31 a? i x?', where the subscript is taken modulo e. For 0 <

=0 “e—1
k < e, we have
) (mod x** —x).

(fP) (=) = f ("
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k - . k ko itk
(Here fP" means product, not composition.) In fact, since f* =3 a} x¥'" =

ko
p p*
;@ xP we have

k k i i k+1 i 0 i—k
() = Z(aze)—i—k)plxpl = Z aﬁ_(m)xpz = Z ay_x” fr (=

i % %

e—k

) (mod xP"—x).

The following theorem is a generalization of [14, Theorem 6.15].

Theorem 4.2.19 Let p be a prime and k,n positive integers. Let A, B € TFn[X]

satisfying the following conditions.

(i) A is a p-linearized polynomial that permutes I .
(ii) B(x +vy) = B(x) for all v € Fyn and y € Fpi.

(iii) B** — B is a p-linearized polynomial, and all zeros of (A** — A)* 4 (BP

in Fpen are contained in F .

Then A+ B is a PP of Fpkn.

Proof. By [30, Theorem 7.7], it suffices to show that for all 0 # a € Fn,

Y mernE) g,

$€]Fpkn

where ¢, = 2™/ and Tr = Trpn .

Case 1. Assume Trpen i (a) # 0. By Lemma 4.2.17, It suffices to show that
there exists a y € Fyen such that Tr[a - (A + B)(z +y) — a- (A + B)(z)] is a nonzero
constant for all z € Fpen.

Since Tryenpx(a) # 0 and A permutes Fx, there exists a y € Fyx such that
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Tr i 1y [A(y) Trpen i (@) | # 0. For all z € Frn we have

Trfa- (A+ B)(x +y) —a- (A+ B)(x)]
=Tr[a(A(z +y) + Bz +y) — A(z) — B(z))]
=Tr(aA(y)) (B(z +y) = B(z))
= Ty jp [ Trper i (aA(y))
=Ty s [A(Y) Trpen e (0)],

which is a nonzero constant.

(n—1)k

Case 2. Assume Trym,x(a) = 0. Then a = b — b for some b € Fpen \ Fpi.

For x € F x» we have

k

b((A”" = A) (@) + (B” - B)(x))]

Condition (iii) implies that for z € F i,

k k

(AP — A)*(2) + (B" —B)"(2) =0« z € Fp.

k

Since b ¢ F,«, we have (AP — A)*(b) + (B”" — B)*(b) # 0. Therefore

k . ko
Z CpTr[a'(A+B)(x)] — Z C;Fr[fﬂ((Ap —A)*(0)+(BP =B)*(0)] _ (.

acGIFpkn Z‘E]Fpkn

Then
Ong = X2+ Sor Sy (mod x4 — x),
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and Gnq 15 a PP of Fe.

Proof. We write g, for g, ,. We have

In = G(g-2)q0+2q +q2 T Sak * Ig—3)q"+2q1 +q2
= J(g—1)g0+2q" T S2k * J(g—2)q0+2q1 T SarSak
= Gogt + 51 Yg—1)g0+q* T SarSok
= x% + Sy, Sa5.

It follows from Theorem 4.2.19 that g, is a PP of Fe.
|

Conjecture 4.2.21 Let ¢ =4, e =3k, k> 1, and n = 3¢° + 3¢** + ¢**. It is easy to
see that

Gng = X+ Sop + Sap + SapSa, = x + ngk + ng+3 (mod x¢° — x).
We conjecture that g, 4 is a PP of Fye.

The conjecture has been verified for e < 12.
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Table 4.1: Desirable triples (n,e;4), e < 6, wy(n) > 4

’ e \ n \ base 4 digits of n \ reference ‘
2 59 13,2,3 Thm 3.2.4 (ii)
2 127 | 3,3,3,1 [22] Prop 3.1
3 29 | 1,3,1 Exmp 4.1.3
3 101 | 1,1,2,1 Thm 4.2.12
31 149 | 1,1,1,2
3 163 | 3,0,2,2 [14] Thm 6.10
3] 281 12,101 Cor 4.2.20
3 307 | 3,0,3,0,1
31 329 1,.20,1,1 Exmp 4.1.4
31 341 L1,1,1,1 Exmp 4.1.4
3| 2047 | 3,3,3,3,3,1 [22] Prop 3.1
4 281 | 1,2,1,0,1 Thm 4.2.12
4 307 | 3,0,3,0,1
4 401 [1,0,12,1 Thm 4.2.12
4 547 [3,0,2,0,2 [14] Thm 6.10
4 779 | 3,2,0,0,3 Thm 4.2.2
4 787 | 3,0,1,0,3 Thm 4.2.6
4 817 | 1,0,3,0,3
4 899 | 3,0,0,2,3 Thm 4.2.2
4| 1469 | 1,3,3,2,1,1
4| 2201 | 1,2,1,2,0,2
4] 2317 | 1,3,0,0,1,2
4 2321 1,0,1,0,1,2 Thm 4.2.12
4 2377 [ 1,2,0,1,1,2
4 2441 [ 1,2,0,2,1,2
4| 4387 | 3,0,2,0,1,0,1
4 | 32767 | 3,3,3,3,3,3,3,1 [22] Prop 3.1
5 29 | 1,3,1 Exmp 4.1.3
5| 1049 | 1,2,1,0,0,1 Thm 4.2.12
5| 1061 | 1,1,2,0,0,1 Thm 4.2.12
) 1169 | 1,0,1,2,0,1 Thm 4.2.12
5 1289 | 1,2,0,0,1,1 Thm 4.2.12
5| 1409 | 1,0,0.2,1,1 Thm 4.2.12
51 1541 | 1,1,0,0,2,1 Thm 4.2.12
5| 1601 | 1,0,0,1,2,1 Thm 4.2.12
5| 2083 | 3,0,2,0,0,2 [14] Thm 6.10
5| 2563 | 3,0,0,0,2,2 Thm 4.2.8
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Table 4.1 (Continued)

e \ n base 4 digits of n \ reference
5 4229 | 1,1,0,2,0,0,1 Thm 4.2.12
5 4289 | 1,0,0,3,0,0,1

5 4387 | 3,0,2,0,1,0,1

5 5129 | 1,2,0,0,0,1,1 Exmp 4.14
5 5141 | 1,1,1,0,0,1,1 Exmp 4.1.4
5 5189 | 1,1,0,1,0,1,1 Exmp 4.1.4
5 5249 | 1,0,0,2,0,1,1 Thm 4.2.12
5 5381 | 1,1,0,0,1,1,1 Exmp 4.1.4
5 8713 | 1,2,0,0,2,0,2

5 9281 | 1,0,0,1,0,1,2 Thm 4.2.12
5 17429 | 1,1,1,0,0,1,0,1

5| 17441 | 1,0,2,0,0,1,0,1 Thm 4.2.12
5| 17489 | 1,0,1,1,0,1,0,1

5| 17681 | 1,0,1,0,1,1,0,1

5| 524287 | 3,3,3,3,3,3,3,3,3,1 [22] Prop 3.1
6 4361 | 1,2,0,0,1,0,1 Thm 4.2.12
6 6161 | 1,0,1,0,0,2,1 Thm 4.2.12
6 6401 | 1,0,0,0,1,2,1 Thm 4.2.12
6 8227 | 3,0,2,0,0,0,2 [14] Thm 6.10
6 8707 | 3,0,0,0,2,0,2 Thm 4.2.10
6 12299 | 3,2,0,0,0,0,3 Thm 4.2.2
6 12307 | 3,0,1,0,0,0,3 Thm 4.2.6
6 14339 | 3,0,0,0,0,2,3 Thm 4.2.2
6 | 37121 | 1,0,0,0,1,0,1,2 Thm 4.2.12
6 65801 | 1,2,0,0,1,0,0,0,1 Cor 4.2.20
6 65921 | 1,0,0,2,1,0,0,0,1

6 66307 | 3,0,0,0,3,0,0,0,1

6 | 135209 | 1,2,2,0,0,0,1,0,2

6 | 135217 | 1,0,3,0,0,0,1,0,2

6 | 135457 | 1,0,2,0,1,0,1,0,2

6 | 137249 | 1,0,2,0,0,2,1,0,2

6 | 8388607 | 3,3,3,3,3,3,3,3,3,3,3,1 | [22] Prop 3.1
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5 A PIECEWISE CONSTRUCTION OF PERMUTATION POLYNOMIALS OVER

FINITE FIELDS?

5.1 Introduction

Let p be a prime and ¢ = p", where n is a positive integer. Let k | ¢ — 1 and
let w € F) be an element of order k. We shall define w™ = 0 and 0° = 0. Let
Joos fos oy fee1 € Fylz] and let 6 : F, — {w': i = 00,0,...,k — 1}. Define

k—1
F(z) = foolz)(1—0(x)T") +% (W™ fo(x) + - +w BV (2)]6(2)', z €T,
= (5.1.1)
Note that
F(z) = fi(zr) if0(x) =u", i€ {00,0,...,k—1}. (5.1.2)

We shall call the functions f;, i = 00,0,...,k — 1, the case functions of F' and the

function 6 the selection function of F. We have

Proposition 5.1.1 The function in (5.1.1) is a permutation of ¥, if and only if
(i) fi is 1-1 on 071 (w') for each i € {00,0,...,k — 1}, and

(ii) fi(0~ (W) N f;(071w?)) = 0 for alli,j € {00,0,... . k—1}, i # j.

The idea of constructing permutation polynomials (PPs) of finite fields piece-

wise is not new; it has appeared in literature, at least implicitly. PPs of the form

#This chapter consists of the paper [13] which has been published in the journal “Finite Fields and Their
Applications”.
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2™ + ax, where m | ¢ — 1, were considered in [4, 5, 6, 28, 33]. (In the notation of
(5.1.1), one has k = 2_1’ O(z) = 2™, foo(z) =0, fi(z) = (a+w)z, 0 <i < k—1))
PPs of the forms 2P~ 1% + az®=172/2 and 2P=% + az®5t)/2 4+ bz were studied in

p—1

[2, 3, 16, 17]. (In the notation of (5.1.1), ¢ =p, k=2 and f(x) =x 2 .)

Several recent articles on permutation polynomials suggest that the piecewise
approach has more to offer. In [21], it was shown that the reversed Dickson polynomial
D3 5(l,z) = (1 —y — y2)ygnT+1 —1—y+y? where y = 1 — 2, is a PP over F3. for
even n. This particular PP was generalized by Zha and Hu in [39] in a formulation
similar to (5.1.1). Also presented in [39] were several families of PPs of the form
(2#' — & + 6)* + L(z), where L is a linearized polynomial; PPs of this form had been
explored by different authors in several previous papers [18, 37, 40]. In [1, 38], new
PPs were constructed through certain commutative diagrams. Such PPs can also be
viewed as piecewise functions (see [1, Lemma 1.1] or [38, Lemma 2.4]) although they

are not necessarily of the form (5.1.1).

Returning to Proposition 5.1.1, the challenge is to choose simple functions 6
and f; (i = 00,0,...,k — 1) such that conditions (i) and (ii) are satisfied. The next

proposition provides a way to check condition (ii) when 6 is related to f;.

Proposition 5.1.2 Let i,j € {00,0,...,k — 1}, i # j. Assume that there exist
functions h; and h; from Fy to Fy such that the following two conditions hold.

() [(hs 0 F@IEI) = 6(z) i 8(x) = o' [(h, o £)(@)HID) = 6(z) f 6(x) = o
(ii) If b€ f;(6-1(w')) N f;(07(w?)), then (hi(b)E(@=D, hyj(b)%@=D) 2 (w!,w?).

Then fi(07'(w")) N f;(07 (7)) = 0.

Proof. Assume to the contrary that there exists b € f;(6~*(w")) N f;(6~'(w’)). Then

b = filx) = f;(y) for some x € 7 (w') and y € 67 (w?). By (i), hi(b)r(@D) =

[(hio f)(2)]#@D) = wi. In the same way, h; (b)) = wi. So we have a contradiction.
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We will construct several families of PPS of the form (5.1.1) by choosing the
selection function 6 to be §(z) = (L(x) + 5) where L(z) is a linearized polyno-
mial, or §(z) = 2%@1_ The PPs obtained in this paper unify and generalize several

existing results, mostly from [39].

5.2 PPs with 0(x) = (L(z) + )+

Theorem 5.2.1 Let k| ¢ —1 and let w € F} be an element of order k. Let F, C T,
and 0, . .., 051 € Aut(F,/F,) such that o;(w’), 0 < i < k—1, are all distinct. Let L
and g be r-linearized polynomials over F, with L(1) =0, g(1) =1 and g a PP of F,.
Let 60,00, ...,0k_1,0 € F,.. Then

F(z) = (9(x) + 6:) [1 = (L(x) + )]

%Z[ (o) + 80) + -+ (oa(@) + ) | (L) +8) O,

is a PP of IF,.

Proof. Let 0(z) = (L(z) + 6)x@ Y f.(2) = g(x) + b, fi(x) = 03(x) + 6, 0 < i <
k — 1. We use Proposition 5.1.2 to show that f;(6~'(w")) N f;(0~(w?)) = O for all
i,7 €{00,0,...,k—1},i # j. Let hoo(x) = g7 (L(x)) + 6 and hy(z) = o; *(L(x)) +6,
x € F,. Then

(hoo © foo)(z) = g7 (L(g(2) 4+ 0s0)) + 6 = L(z) + 0.

(Note that L(ds) =0 and Lo g = go L.) In the same way, (h; o f;)(z) = L(z) + 4,
0<¢<k—1. Thus

[(hio £)(@)]FY = (L(z) + 6)*“ Y =0(x), i€ {o0,0,... k—1}
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Let b € F,. For 0 <7 <k — 1 we have

hi(b)%((kl) - [Uil(L(b)) + 5]%((1_1) = [gfl (L(b) + 5)]%(61—1)

(Note that o; *(6) = §.) Since g~*(8) = &, we also have
hoo(b) = g 1 (L(D)) + 6 = g~ (L(b) + 0).
Now for i,5 € {0,...,k — 1}, i # j, we have

(Ri(&)ED, hy(0)H00) = (071(0(0)), 071 (00))) # (')

since 0;(w") # 0;(w’). Also,

(hoe ), i) a) = (7 (L) +6) 27, o7 (00))) # (0,)

since g~ (L(b) + 0) = 0 implies L(b) + 6 = 0, which implies 6(b) = 0. By Propo-
sition 5.1.2, we have f;(0~'(w")) N f;(07 (w?)) = 0 for all 4,5 € {00,0,...,k — 1},
i #j.

Remark 5.2.2 In Theorem 5.2.1, § € F,. can be replaced with an arbitrary function
from [, to F,. Also, each o; can be replaced with o; + 3;, where 3; : F, — kerp, L is

any function such that o; + 3; is a PP of F,,.

Remark 5.2.3 In Theorem 5.2.1, if we drop the assumption that o;(w?), 0 < i <
k — 1, are all distinct, and maintain others, then we can describe a necessary and
sufficient condition on oy, ...,04_1 for F' to be a PP of F,. It is clear that F' is a PP
of F, if and only if f;(6~ (w")) N f;(07 (w?)) = 0 for all i,j € {c0,0,...,k — 1} with
i # j. From the proof of Theorem 5.2.1, we always have f.,(671(0))N f;(07 (w?)) =0
for j e {0,...,k—1}. For 0 <i<j<k-—1, f;(67 (w") N f;(6 (w)) # 0 if and
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only if the following system has a solution (z,y) € F, x F,:

(L(x) + (5)%(11—1) —
(L{y) +6)*") = i, (5.2.3)

oi(z) +6; = 0;(y) + 9;.

Apply o; to the first equation of (5.2.3) and o; to the second. We see that (5.2.3) is

equivalent to

(L(u) + 5)%(61_1) = 0;(w?),

(L(v) +6)F Y = o (w), (5.2.4)

u+0; =v+9;,
where v = 0;(z), v = 0;(y). The third equation of (5.2.4) implies that L(u) = L(v).
Therefore, (5.2.4) has a solution (u,v) € F, x F, if and only if 0;(w’) = 0;j(w’) and
(L(Fy) 4+ 6) N (0s(7") - (v*)) # 0, where 7 is a primitive element of F, such that
w = 7%(‘1_1). We conclude that I is a PP of I, if and only if for each pair of distinct
integers i,5 € {0,...,k—1}, either o;(w’) # oj(w’) or (L(Fy)+8) N (0:(v")- (%)) = 0.

The construction in Theorem 5.2.1 calls for a sequence oy, .., 01 € Aut(F,/F,)
such that o;(w"), 0 < ¢ < k—1, are all distinct. All such sequences can be determined

by the following method: Write ¢ = ™, and let o € Aut(F,/IF,) be given by o(x) = 2.

1. Partition {0, 1,...,k — 1} into r-cyclotomic classes modulo k.

2. For each r-cyclotomic class [i] = {ir,ir!,... ir*='} choose any permutation j3
of {0,1,...,s — 1}, choose ¢; € Z,,, 0 < j < s — 1, such that e; = 3(j) — j
(mod s), and choose

Owi =09, 0<j<s—1
Note that o, (W) = w7 = w7 where Jj+e;, 0<j<s—1,isa permutation

of 0,1,...,s—1.

Theorem 5.2.1 allows several variations.
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Theorem 5.2.4 Let k| q—1 and let w € F; be an element of order k. Let F, C T,

00, ..., 051 € Aut(F,/F,), L an r-linearized polynomial over IF,., and

B

-1

F(z) = [w % (z) + -+ w F Vg ()] L(x)%(q—l)_

e

@
Il
=)

Then F is a PP of F, if and only if L is a PP of F, and o;(w'), 0 <i <k —1, are

all distinct.

Proof. (<) Let 0(z) = L(z)#@™, fo(z) = 0 and fi(z) = o3(z), 0 < i < k — 1.
Note that 67'(0) = 0. One only has to verify f;(67*(w")) N f;(67'(w?)) = O for
0 <i<j<k-—1, which follows from the proof of Theorem 5.2.1.

(=) Since F has only one root in F,, L must be a PP of F,. Assume to the
contrary that o;(w’) = o;(w’) for some 0 < i < j < k—1. Let v be a primitive
element of F, such that w = %@V, Then

q—1

(Uz‘W)>k _ oi(w') -1

7;(¥’) aj(w)

Hence we can write ZEL)) = 0;(7")F for some | € Z. Thus o;(v'7'*) = 0;(77). Let
J

r = L7 (y%) and y = L71(79). Then (z) = L(L‘l(fyi_lk))%(q_l) = w' and §(y) =
L(L‘l(vj))%(q_l) = wl. We have

F(z) = oi(x) = L™ (0:(v'"")) = L™03(+')) = 0(y) = F(y),

which is a contradiction.

Theorem 5.2.5 Let k| ¢ — 1 and let w € F; be an element of order k. Let F, C T,
and og, ...,05-1 € Aut(F,/F,) such that o;(w'), 0 < i < k — 1, are all distinct. Let
L be an r-linearized polynomial over F, and let &y, ...,0,—1 € Fy, and § € F, \ L(F,)
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such that L(6;) — 0:(6), 0 <i < k —1, are all equal. Then
1 ) ) i(g—
F(a) = 2D [w ™ (o0(@) +do) + - +w™* D (or () + i) | (L(2) +6) Ha=

is a PP of IF,.

Proof. Let 0(x) = (L(z) + 5)% Y and filx) = 04(z) +6;, 0 <i < k — 1. Tt suffices

to show that f;(0~'(w")) N f;(07H(w?)) =0 for 0<i<j<k-—1.

Let hi(z) = o; ' (L(x — 6;)) + 6,0 <i <k — 1. Then
[(hio f)@)] " = [(07 0 Looy) (@) +6] -7 = [L(x) + 6]+ = g(a).
For each b € F, we have
hi(b) = o, (L(b— &) + 6 = o, (L(b) — L(6;) + 04(6)) = 07 (c),

where ¢ = L(b) — L(6;) + 04(9) is independent of i. So for 0 <i < j <k —1,
(R0, g ) = (o7 (D), o7 (HeD) ) £ (o, W)
since 0;(w") # 0;(w’). By Proposition 5.1.2, f;(~1(w")) N f;(07H(w?)) = 0.
Given oy, ..., 051 € Aut(F,/F,) and an r-linearized polynomial L over F,, the

construction in Theorem 5.2.5 calls for solutions (&, ..., 0k—1,6) € Fi x (F, \ L(F,))

of the system
L(6;) — 0i(0) = L(8o) — 00(d), 1<i<k-—1 (5.2.5)

Let x; = 0; — 0p, 1 <i <k —1, and x;, = 0¢(d). Then (5.2.5) becomes

L(x;) = ooy () — a2, 1<i<k—1, (5.2.6)
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and we seek its solutions (1, ..., zx_1,2x) € Fi ' x (Fy \ L(F,)). Write ¢ = ™, and
let o € Aut(F,/F,) be given by o(z) = 2". Write 0y0," = 0%, 1 < i < k— 1, and
L = f(o), where f =ag+ -+ ap_12™ " € F,.[x]. Then (5.2.6) becomes

flo) (@) = (6% — o) (zp), 1<i<k-—1. (5.2.7)

All solutions (x4, ..., 2p—1,2) € Fi~' x (Fy \ L(F,)) of (5.2.7) can be generated by
the following method: Let € € F, such that ¢%(¢),...,0™ *(e) is a normal basis of F,

over [F,.

1. Choose g € F,[z] such that degg < m — 1, ged(f, 2™ — 1) 1 g, and ged(f,
™ —1)| (2% —1)g for all 1 <i <k — 1. (If such g does not exist, (5.2.7) has
no solution (z1,..., o1, zx) € Fi~1 x (Fy \ L(F,)).) Set

rr = g(o)(e).

2. Write ged(f, 2™ — 1) = uf (mod 2™ — 1), u € F,[z], and let

hi:u.u7 1<i<k-—1
(f7$m_1>
Set
Remark.

(i) In Theorem 5.2.5, let ¢ be odd, k = 2, o a generator of Aut(F,/F,), L(z) =
o(x) —x, d € Fy with Trg_r, (0) # 0, 09 = 0, 6y = %, o1 =1id, 6, = —%. Then
F(z) =3[(o(z) =z + )2t 4 o(z) + x|, which is the PP in [39, Theorem 1].
(ii) In Theorem 5.2.1 and Remark 5.2.2, let ¢ = 3%, r = 3!, k = 2, 0 a generator
of Aut(F,/F,), L=0—id, 0 € F,, g =id, oo =0, 09 = 0, Bo(z) = 0, dy = 6,

o1 =0?, Bi(x) = —Trg,m, (x), 6 = —0. (Note that oy + 81 = 0 — Trg,/m, is a
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1

PP of F, and Lo 8 = 0 on F,.) Then F(z) = (o(z) — 2z +6)*""" + 2 is a PP
of F,.

Let g = o, 500 = 07 00 = 27 60( ) = _TrFq/Fr( ) 50 = 5 01 = ld, 51<ZU) = 07
6 = —0. Then F(z) = (o(z —x+(5% (x) is a PP of F,.

Let g = 0%, 6o = 0, 09 = id, fo(z) = Trp,sr, (), b = 0, 01 = 0, fi(z) =
Trg, s, (), 6 = —3. Then F(z) = (o(z) — x+0) 2" 4 62(x) is a PP of F,.

These are the PPs in [39, Theorem 2].

5.3 PPs with 0(z) = 2x(@ Y
Theorem 5.3.1 Let k| ¢ —1 and let w € F}, be an element of order k. Let
[w™z% + -+ w_(k_l)ix“’“”}x%(q v, (5.3.8)

where ag, . .. ,ax_1 € Zg—1. Then F is a PP of F, if and only if gcd(ai, %(q — 1)) =1
forall0<i<k—1andia;, 0 <i<k—1, are all distinct in Zj.

Proof. (<) Let 0(z) = z+@ D f =0, and fi(z) =2, 0<i<k—1.

First we show that f; is 1-1 on 67! (w"). Let z1, 1o € 671 (w") such that fi(x;) =
fi(zz). Then (£1)* = 1. Also,

(;m)i(q—l) et '
72 T W

Since ged(a;, £(¢ — 1)) = 1, we have L=1

Now we show that f;(6~(w"))N f;(07 (w?)) =0 for 0 <i < j < k—1. Assume
to the contrary that there exists b € f;(0~(w"))N f;(67 (w?)). Then b = fi(x) = f;(y)
for some z € 07 (w') and y € 071 (w’). We have



In the same way b'F = wi%. Thus ta; = ja; in Zy, which is a contradiction.

(=) First assume that ged(a;, 7(g — 1)) =1 > 1 for some 0 < i < k — 1. Let
e € I} such that o(¢) = I. Then for any z € 6 (w'), we have ez € #7'(w') and
(ex)* = z%. Thus F(x) = F(ex), where x # ez, which is a contradiction.

Next assume that ia; = ja; in Zj for some 0 < ¢ < j < k —1. Let v be a
primitive element of F, such that w = 4+@ D Then 4% € 0~ (w'), 47 € 6 (w?), and
(v%)% = (47)%. Hence F(y") = F(47), which is a contradiction.

For k| ¢—1, let A, denote the set of all sequences (ag, . .., ax_1) € Z’;’;l such
that gcd(ai, %(q— 1)) =1forall0 <i<k-—1,andia;, 0 <i<k—1, are all distinct
in Zy. For each d | k, let mq : Zq—1 — Zysq be the canonical homomorphism. Each

element of A, is generated exactly once through the following steps.

1. For each d | k, choose a permutation 7, of ZZ/d'

2. Foreach 0 <i <k —1, let

o = ( (i’ikﬂlm,k)(ﬁ) € Ly ik

(Note that in Zy, ia; = (4, kj)T(Lk)((i,Zk)

), 0 <i <k —1, which are all distinct.)

3. For each 0 <i < k — 1, choose a; € W(;’lk)(ai) such that ged(a;, &) = 1.

The number of choices in Step 1 is [], P(E)N = L4 ¢(d)!. Counting the

number of choices in Step 3 requires some effort.

For positive integers m | n define
h(m,n) = [{z € Zn :ged(1+4mx,n) = 1}].

This function can be explicitly determined in terms of the prime factorizations of m

and n.
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Lemma 5.3.2 Letn =pi'---pS, m = p{l -o-pls where py, ..., ps are distinct primes
and e; > 0, 0 < f; < e;. Without loss of generality, assume f; = --- = f, = 0,
feets ooy fs > 0. Then

h(m,n)z%(l—p%)---(l—p%).

Proof. For 1 <14, <--- <1 <t, we have

1

€Zn:14mz=0 dpi - p )= =
‘{x n max (mod p;, pl)}‘ Dy

3=

By the inclusion-exclusion formula,

A =23 Y = (1) (1),

1=0 1<iy<<ij<t Pin 7" Pa Pt

It is quite clear that for any two positive integers m and n and a € Z;,

{2 €Z _»_:ged(a+ma,n) =1} = h((m,n), n).

(m,n)

Using this notation, we see that in the above Step 3, for each 0 < i < k — 1, the

number of choices for a; is

Hx € Z%(q_l)(iyk) : gcd(oz,- + %m, q ; 1> — 1}‘
= [{r € Zuza gzt ed (i + ﬁx o 1) = 1}‘(“‘3)((;]{;)’ %)

= (b T @o)n((75 5)- )
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Therefore the total number of choices in Step 3 is

0Hk<k %@’k})h«(fky ) )

_ [(k; %d)h((% %) %ﬂas)

TG (0 ) )

Thus

[Agxl = TT[ (k. %)h((d, Lkl) %)}¢(d)¢(d)!.

d|k

Denote the function in (5.3.8) by Fy, where f : Zy — Z,1, f(i) = a;. Let
F=Af 12y — Zg:(f(0),....f(k—1)) € Ayx}. Then G :={F;: f € F}isa
subgroup of the symmetric group Sym(F,). The composition in G is given by

FgOFf:Fh7

where
hi) = f(i)g(i (D), i€ Z,
and f(i) is the image of f(i) in Zy.
Now we determine the order of G. Note that = (w/) = {z € F, : zx(@) =

w} = {a/t™ 0 <1 < £(¢— 1)}, where « is a primitive element of F, such that

w=ar@ V. For a,d € Z,_,, we have
2% = 2% for all x € 071 (w)
1
S (a—d)(j+kl)=0 (modg—1) forall0<I< E(q—l)
Sa—d)j=(a—d)k=0 (modqg—1)
& (a—d)(j,k)=0 (modgqg—1)

Sa—ad =0 (mod%).
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It is clear that the mapping

F — G
f — Ff
is H;:é(j, k) to 1. Thus
FIo Al [Ag

Gl = == 5 = =
H?:é (J, k) Hdlk d?(k/4) Hd|k(§)¢(d)

T S 1) )

In Theorem 5.3.1, one can replace each x% with ¢;z*, where ¢; € F} is a kth

power. The following theorem offers a more substantial extension of Theorem 5.3.1.

Theorem 5.3.3 Let q,k,w,aq,...,ax_1 be as in Theorem 5.3.1. For each 0 < i <
k—1, let r; be a power of p such that k | r; —1 and b; € F; such that (—bi)%l £ Wi,
Then

k1
1 | | Z,
F(x) = Z [w™ 0z (2% 4 bg)0 ! 4 - BTt (gt gy e gr (e D)
1=0
(5.3.9)
is a PP of IF,.

Proof. Let 6(z) = prla=D), fi(zr) = x% (2% + b)), 0 < i < k — 1. By the proof
of Theorem 5.3.1, we have f;(0~ (w)) N (07 (w?)) =0 for 0 <i<j<k—1 It
remains to show that f; is 1-1 on §7(w’). Assume to the contrary that there exist

z,y € 071 (w"), x # y, such that

wh (% 4 b)) =yt (Y )

. a;
Write r = r;, u = v = ¥%=. Then we have
K

b; *

u(u+1)"" =v(v+1)""
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Thus
(v+Du(u+1)" — (u+ Lv(v+1)" =0.

The left side of the above equation equals

(u—v)(v+1) [u(u —0)" 4 (v + 1)’"’1].

q—1

Note that v + 1 # 0 since otherwise, % = v = —1, which implies that (=b;) = =

(y“i)q%1 = (y%)a = w' which is a contradiction. (This is perhaps an overkill.
Since u # v, we may assume that one of u and v, say v, is not —1.) Now we have

u(u —v)" 4 (v+ 1) =0,

i.e.,

It follows that

a;\ =1 B r—1)a=1
(_93 ) z :(_U)qkl:(v—l—l)( )% _1
b; U—v
Thus (—bi)% = (xq%l)‘” = w'i which is a contradiction.

Remark.

(i) In Theorem 5.3.1, let ¢ be odd, k = 2, ag =t +1, a; = I, where ged(l,g—1) =1
and ged(t + 1, 1(¢ — 1)) = 1. The result is [39, Theorem 8§].

2
(ii) In Theorem 5.3.1, let ¢ be a power of a prime p with 3 | ¢—1. Let k = 3, ag = 1,
a1 =3+3(¢—1), a3 =p+3(¢—1), and assume that p =1 (mod 3) and ¢ = 4
(mod 9), or p=2 (mod 3) and ¢ =7 (mod 9). The result is [39, Theorem 9].

(iii) In Theorem 5.3.1 let g be a power of a prime p such that ¢ = 1 (mod 9). Let
k=3a =1 a =p +2(¢—1), a2 =p+ 3(¢— 1), and assume p" ' =1
(mod 3). The result is [39, Theorem 10].
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(iv) In Theorem 5.3.1, let ¢ be a power of a prime p with p = 1 (mod k), ¢ = 1
(mod ), and let a; = p' — £, 0 < i < k — 1. The result is [39, Theorem 11].

(v) In Theorem 5.3.3, let ¢ = 3", neven, k =2, a0 =3, r0=1,a; =1, 1, =3,
by = 1. The result is [21, Theorem 2.1].

(vi) In Theorem 5.3.3, let ¢ = 3", k = 2, ag = ¢, where ged (¢, 5(q¢ — 1)) =1, 70 = 1,
ap =1, 71 =3, by = —¢, where € is a square of ;. The result is [39, Proposition

1].
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6 CONCLUSION

One of the goals of this dissertation was to explore the permutation behavior of the
polynomial g, , further and answer many questions about g, , that were not discussed
in [22]. Many articles on permutation polynomials introduce necessary and sufficient
conditions to construct permutation polynomials. In Chapters 2, 3 and 4, we explained

the naturally existing families of permutation polynomials in the form of g, ,.

In Chapter 2, we explained the case e = 1 and several unexplained desirable
triples in [22]. There are still many uncategorized cases in Table 2.1 and most of them
occur when e = 3 and a few with e = 4. All desirable triples are categorized when
e = 5,6. Perhaps this is an indication that permutation property of g, , is easier to
understand when e is large. However, we still do not know if the triple (407, 3;3)

belongs to a family. For the time being, we believe that it is a sporadic case.

In Chapter 3, we were in new fronts and answered many questions about g, 4
where n is of the form n = ¢ —¢”—1. There are still many desirable triples in Table 3.2
for which no theoretic explanation has been found. Conjecture 3.1.1, and 3.1.4 are of
more interest in future research in the polynomial g, ,. Conjecture 3.2.6 has recently

been proved in [23] and its proof has led to the discovery of a hypergeometric identity.

In Chapter 4, we found many categorized cases that explained almost all de-
sirable triples in Table 4.1. Conjecture 4.2.21 is clearly an indication that the unex-

plained cases in even characteristic seem to be more interesting and challenging.

One of the challenges among the remaining problems of g, 4 is to find a criterion

for g,n, and gy, to represent the same function on Fe, i.e., gy g = gng (mod x9° —x).
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When ¢ = 2, this problem has been answered in [24]. For the general case, there have

only been some partial results; see [22, §4].

Computer search results have been a major tool in our effort to find new fami-
lies of desirable triples of g, 4. For example, the conjectures stated in this dissertation

would not have been possible without computer search results.

Constructing permutation polynomials has been in literature for some time now
and the piecewise construction had been the main focus in several recently published
articles. The piecewise approach that we explained in Chapter 5 generalized several

recently discovered families of permutation polynomials.
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Appendix A - Mathematica Codes for g, ,

Here we present some useful Mathematica codes used to identify the permutation
behavior of the polynomial g,,. Run the following command each time before you

execute each code.

Clear["Global‘*"]

Mathematica Code 1

The following program code, called the Fast Algorithm Code, generates the

polynomial g, , for any given n,e, and ¢ in a very short time.

q = ; (x input q *)

list = Flatten[FactorInteger[ql];
p = list[[1]];

e = ; (* input ex*)

n = ; (* input n *)

list = {};

m = Length[IntegerDigits[n, ql];
a = IntegerDigits([n, ql;
nk = a[[1]];
For[u = 0, u <= q - 1, ut+,
Iffu ==q - 1, glul = -1, glul = 0];
15
For[t

q, t <= 2 q, t++,

glt]
PolynomialMod[x* g[t - q] + glt - q + 1], x°q"e - x, Modulus -> p];
1;
For[ k =1, k <=m - 1, k++,
For[i = 0, i <= q - 1, i++,

glg*nk + ixq] =
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Appendix A (Continued)

PolynomialMod[ glnk + il°q, x"q"e - x, Modulus -> p];
15
For[j =1, j<=q -1, j++,
For[l1 =0, 1 <=q -1 -3, 1l++,
glg*nk + j + 1xq] =
PolynomialMod[ (-x* glg*nk + j - 1 + 1xq]) +
glg*nk + j - 1 + (1 + 1)*q], x"q"e - x, Modulus -> pJ;
1;
15
For[s = 2, s <= q, s++,
For[h = 1, h <= s - 1, h++,
glg*nk + s*¥q - h] =
PolynomialMod [
x*x glg*nk + s*q - h - q] + glg*nk + sxq - h - q + 1],

x"q"e - x, Modulus -> p]l;

15
1;
nk = g*nk + allk + 1]1];
15
Print["'n = ", n];
Print[g[n]];

93



Appendix A (Continued)

Mathematica Code 2

The following code was executed to generate the desirable triples (n,e;3) in

Table 2.1 by changing the values of “e¢” and list “M” accordingly.

e = ; (* input e *)
q = 37¢;
f0 = 0;
f1 = 0;
f2 = 2;

n0 = 2; (x n0 = last n *)
For [n = 3, n < 37(3e) - 1, n++,
(* Checking if n is the smallest in the cyclotomic class *)
m = Min[Mod[3"M*n, 37(3 e) - 1]1];
If [n !'= m, Continuell];
For[k = n0 + 1, k <= n, k++,
f = xxf0 + f1;
f = PolynomialMod[f, x°q - x, Modulus -> 3];

fo = £1;
f1 = £2;
f2 = £;
1;

n0 = n;

(* Hermite’s criterion *)
IsPP = True;
h=1;
For [i =1, i < q -1, i++,
h = PolynomialMod[h*f, x"q - x, Modulus -> 3];
If [Exponent[h, x] > q - 2, IsPP = False; Goto[step3]l];
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Appendix A (Continued)

1;
h = PolynomialMod[h*f, x°q - x, Modulus -> 3];
If [Exponent[h, x] != q - 1, IsPP = False];
Label [step3];
If[IsPP, Print [n, " ", IntegerDigits[n, 3]]; Print([f]];];

Mathematica Code 3

The following code was executed to generate the desirable triples (¢% — ¢” —

1,2:9),g <97, 0<b<a<2p, bodd, b+#p.

listl = {};
list2 = {};
list3 = {};
e = 2;

For[k = 1, k <= 15, k++,
(* Checking if k is prime *)
If [PrimeQ[k] || PrimePowerQ[k], q = k, Continuel[]];
listl = Flatten[FactorInteger([ql];
p = list1[[11];
Print["q = ", ql;
For[b = 1, b < p*e, b++,
If[! 0ddQ[b], Continue([l];
If[b == p, Continue[]]; (* avoid the case b = p *)
For[a = b + 1, a < pxe, at+,
(* finding coefficients a0,al,b0 and blx)
list2 = QuotientRemainder[b, el;
b0 = list2[[2]];
bl = 1list2[[1]];

list3 = QuotientRemainder([a - b, e];
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Appendix A (Continued)

a0 = 1ist3[[2]];

1list3[[1]1];

al

S = Sum[x"q~i, {i, 0, e - 1}];
S1 = Sum[x~q~i, {i, 0, a0 - 1}];
S2 = Sum[x~q~i, {i, 0, b0 - 1}];

g =-x(qQ%e - 2) -
x"(q"e - q"b0 - 2)*(al*S + S1°gq"b0)*((b1*S + S2)°(q - 1) - 1);

(* Hermite’s criterion *)
IsPP = True;

f = PolynomialMod[g, x"q"e - x, Modulus -> p];

h=1;

For [1 =1, i < gq7e - 1, i++,

h = PolynomialMod[h*f, x°q"e - x, Modulus -> p];

If [Exponent[h, x] > q”e - 2, IsPP = False; Gotol[step3]];
15

h = PolynomialMod[h*f, x°q"e - x, Modulus -> p];

If [Exponent[h, x] != q7e - 1 , IsPP = False];

Label [step3];

If[IsPP, Print["a =", a , " ", "b =", bl];

1;

I
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Appendix B - Proof of Theorem 2.4.1

When ¢ > 3 is odd,
g(y)* =

8y71+q3+2y73+q3 +y374q2+q3_’_2yq74q2+q3 _’_4y2+q74q2+q3 +y73+2q74q2+q3 +6y71+2q74q2+q3_’_
5y1+2q74q2+q3 + 2yf4+3q74q2+q3 + 4y72+3q74q2+q3 + 2y3q74q2+q3 + 2y73q2+q3 + 2y273q2+q3 +
2y—3+q—3q2+q3 +8y—1+q—3q2+q3_|_6y1+q—3q2+q3 +4y—4+2q—3q2+q3+8y—2+2q—3q2+q3 _|_4y2q—3q2+q3
+ y—3—2q2+q3 + Qy—1—2q2+q3 + y1—2q2+q3 + 2y3—2q2+q3 + Qy—4+q—2q2+q3 + 4y—2+q—2q2+q3 +
6yq—2q2+q3+6y2+q—2q2+q3+2y—3+2q—2q2+q3+8y—1+2q—2q2+q3+6y1+2q—2q2+q3+2y—4+3q—2q2+q3
+ 4y—2+3<1—2112+q3 + 2y3q—2q2+q3 + 4y—t12+q3 + 6y2—q2+q3 + 4y—3+q—q2+q3 + 16y—1+q—q2+q3 +
12yl Ha—a*+a* 4 Gy—4+20—a* 40’ 4 19924200 +q" | Gy20- 0’ 4 22040 | 9p—1H3g—dg® |
2y1+3q74q2 _‘_y74+4q74q2 +2y72+4q74q2 +y4q74q2 _|_2y71+2q73q2 _{_2y1+2q73q2 _|_2y74+3q73q2 +
4y—2+3q—3q2 + 2y3q—3q2 + 2y3+q—2q2 + y—4+2q—2q2 + 2y—2+2q—2q2 + 5y2q—2q2 + 6y2+2q—2q2 +
2},—3+3q—2q2 + 8y—1+3q—2<12 + 6'.>,l+3q—2t;12 + Zy—4+4q—2q2 + 43,—2+4q—2t;12 + 2y4q—2q2 + 4Yq—q2 +
Gy2 a1 4 4y—3+20-4" 4 16y~ 11200 | 19y1+20-a" | Gy—a+3a-a® 4 19y —2430—4" 4 GyBa—a’ 4
2y—3-&-q2 + 4y—l+q2 + 4y1+q2 + 4yB-i-q2 + 2},—4-i-q-&-q2 + 6y—2-&-q+q2 + 14yq+q2 + 12y2+q+q2 +
6y73+2q+q2 + 18y71+2q+q2 + 12y1+2q+q2 + 4yf4+3q+q2 + 83,72+3q+q2 + 4y3q+q2 + y72+2q2 +
6y2+2q2 +()ry—3+q+2q? +18y—1+q+2q2 + 12y1+q+2q2 _|_6y—4+2q+2q2 +12y—2+2q+2q2 +6y2q+2q2 +
2y—3—‘r3q2 _|_6y—1—i-3q2 +4y1+3q2 +4y—4+q+3q2 +8y—2+q+3q2 +4yq+3q2 +y—4+4q2 4 2},—2—"-4q2 4
8y 34 4 20y~ 17 4 12y 4 y4a 4 6y2q2 + y4q2 + 14y 4 4yt 4 Gy =420 4 13y 2420
6y2+2q + 2y—3+3q + 6y—1+3q + 4y1+3q + y—4+4q + 2y—2+4q + 6y2 + y4'
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Appendix B (Continued)

When ¢ > 3 is even,

g (y)2q2 +9+3 =

yq3—1 + yq3—5 + yq3—q+4 + yq3—4+2 + yq3—2q+5 + yq3—2q+1 + yq3—2q—1 + yq3—2q—3
+yq3—2q—5 + yq‘"’—q2+4q—2 + yq‘"’—q2+4q—6 + yq‘"’—qz+3q—1 + ng—q2+3q—3 + yq3—q2+3q—5
+yq3—q2+3q—7 + yq3—q2+2q + yq3—q2+2q—2 + yq3—q2+2q—6 + yq3—qz+q+1 + yq:”—q%rq—l
_|_yq3—q2—4 + qu—qQ—qH + yq?’—q2—q—1 + qu—q2—q—3 + yq3—q2—q—5 + yq3—q2—2q
_’_yq3fq272q74 + yq372q2+6q71 + yq3f2q2+6q73 + yq372qz+6q75 + yq372q2+6q77
+yq3f2q2+5q72 + yq372q2+5(176 + yq372q2+4q71 + yq372q2+4q73 + yq372q2+3q72
_|_yq3—2q2+3q—4 + yq3—2q2+3q—6 + yq3—2q2+2q+3 + yq3—2q2+2q+1 + yq3—2q2+2q—3
+yq3—2q2+q+2 + y61‘”’—2<12+q—4 + yq3—2q2+3 + yq3—2qQ—3 + yq3—2612—5 + yq3—2q2—q+2
+yq3—2q2—q + yq3—2q2—q—2 + yq3—2q2—q—4 + yq‘°’—2¢12—2q+1 + y(13—2112—2q—1 + yq3—3q2+2q
+yq373q2+2q74 + yq3f3<12+q+1 + yq373q2+qfl + yq373q2+q73 + yq373q2+q75
+yq3—3q2+2 + yq3—3q2 + yq373q274 + yq3,3q2,q+3 + yq373q2*q4r1 + yq3—3q2—2q+2
_|_yq3—4q2+4q+1 + yq3—4q2—i-4q—1 + yq3—4q2+4q—3 + yq3—4q2—i-4q—5 + yq3—4q2+3q
_|_yq3—4q2+3q—4 + yq3—4q2+2q+1 + yq3—4q2+2q—1 + yq3—4q2+q + yq3—4q2+q—2
+yq3—4q2+q—4 + y11‘”’—4q2+5 + yq?’—4€12+3 + y613—4112—1 + y113—4<12—q+4 + yq3—4q2—q+2
+yq3—4q2—2q+3 + y6q2 + y6q2—2 + y6q2—4 + y6q2—6 + y6q2—2q + y6q2—2q—2 + y6q2—2q—4
+y6q272q76 + y5q271 + y5q%5 + ysqtq + y5q27q72 + y5q2qu4 + y5q2qu6
+y5q272q71 + y5q272q75 + y4q2+2q + y4q2+2q72 + y4q2+2q74 + y4q2+2q76 + y4q2+q71
_|_y4q2+q—5 + y4q2+2 + y4q2—4 + y4q2—q+1 + y4q2—q—1 + y4q2—q—3 + y4q2—q—5
+y4q2—2q+2 + y4q2—2q—4 + y3q2—3 + y3q2—q—2 + y3q2—q—4 + y3q2—2q—3 + y2q2+4q
+y2q2+4q—2 + y2q2+4q—4 + y2q2+4q—6 + y2q2+q—3 + y2q2+4 + y2q2+2 + y2q2—6
_|_y2q2—q—1 + y2q2—q—3 + y2q2—2q+4 + y2q2—2q+2 + y2q2—2q + yq2+4q—1 + yq2+4q—5
+yq2+3q + yq2+3q72 + yq2+3q74 + yq2+3q76 + yq2+2q73 + yq2+q + yq2+q—6 + yq2+3
+yq271 + yqus + yq275 + yq27q+4 + yq27q+2 + yq272qr+3 + yﬁq + y6q72 + y6(174
FyBa6 | yBa—l g y5a5 a2y gded y gBatl L g20d | y2q 4 y20-2 20t
+y2q—6 + YQ+3 + ytH-l T yq—5 + yﬁ + y2.
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