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Abstract

The aim of this work is to use the Pfaffian technique, along with the Hirota bilinear
method to construct different classes of exact solutions to various of generalized inte-
grable nonlinear partial differential equations. Solitons are among the most beneficial
solutions for science and technology, from ocean waves to transmission of information
through optical fibers or energy transport along protein molecules. The existence of
multi-solitons, especially three-soliton solutions, is essential for information technol-
ogy: it makes possible undisturbed simultaneous propagation of many pulses in both
directions.

The derivation and solutions of integrable nonlinear partial differential equations
in two spatial dimensions have been the holy grail in the field of nonlinear science since
the late 1960s. The prestigious Korteweg-de Vries (KdV) and nonlinear Schrodinger
(NLS) equations, as well as the ,Kadomtsev-Petviashvili (KP) and Davey-Stewartson
(DS) equations, are prototypical examples of integrable nonlinear partial differential
equations in (1+1) and (2+1) dimensions, respectively. Do there exist Pfaffian and
soliton solutions to generalized integrable nonlinear partial differential equations in
(34+1) dimensions? In this dissertation, I obtained a set of explicit exact Wronskian,
Grammian, Pfaffian and N-soliton solutions to the (341)-dimensional generalized in-
tegrable nonlinear partial differential equations, including a generalized KP equation,
a generalized B-type KP equation, a generalized modified B-type KP equation, soliton
equations of Jimbo-Miwa type, the nonlinear Ma-Fan equation, and the Jimbo-Miwa
equation. A set of sufficient conditions consisting of systems of linear partial differ-
ential equations involving free parameters and continuous functions is generated to

guarantee that the Wronskian determinant or the Pfaffian solves these generalized



equations.

On the other hand, as part of this dissertation, bilinear Bécklund transformations
are formally derived for the (341)-dimensional generalized integrable nonlinear par-
tial differential equations: a generalized B-type KP equation, the nonlinear Ma-Fan
equation, and the Jimbo-Miwa equation. As an application of the obtained Béck-
lund transformations, a few classes of traveling wave solutions, rational solutions and
Pfaffian solutions to the corresponding equations are explicitly computed.

Also, as part of this dissertation, I would like to apply the Pfaffianization mecha-
nism of Hirota and Ohta to extend the (3+1)-dimensional variable-coefficient soliton
equation of Jimbo-Miwa type to coupled systems of nonlinear soliton equations, called
Pfaffianized systems.

Examples of the Wronskian, Grammian, Pfaffian and soliton solutions are explic-
itly computed. The numerical simulations of the obtained solutions are illustrated

and plotted for different parameters involved in the solutions.

vi



1 INTRODUCTION TO HIROTA’S DIRECT METHOD

The second half of the last century saw a resurgence in the study of classical physics. Math-
ematicians and physicists started paying particular attention to the effects caused by the
nonlinearity in dynamics. This nonlinearity was found to have two gorgeous manifesta-
tions of a different feature: chaos, that is the apparent randomness in the behavior of fully
deterministic systems, and solitons, that is localized, stable traveling particles scattered
elastically.

On the other hand, integrable nonlinear partial differential equations [15, 16, 17, 18, 19,
20, 21, 22] have attracted much attention of physicists as well as mathematicians for the
last 30 years. The analysis of traveling wave solutions to integrable nonlinear partial differ-
ential equations plays a pivotal role in the study of nonlinear physical phenomena. Besides
soliton solutions, another attractive set of multi-exponential wave solutions [28] is a linear
combination of exponential waves. It has been shown that some nonlinear equations can
possess the linear superposition principle [29]. Particular solutions combining exponential
functions and trigonometrical functions are presented and called complexiton solutions (or
briefly complexitons) [24], and lattice soliton equations have a similar situation [19]. Com-
plexitons are also shown to exist for source soliton equations [56] and soliton equations with
sources [25].

Generally, it is a difficult task to find exact solutions of nonlinear partial differential
equations. Moreover, even if one manages to find a strategy for solving one particular
nonlinear partial differential equation, in general, such a strategy may not be applicable to
other nonlinear partial differential equations.

A variety of powerful methods has been used to study integrable nonlinear partial dif-

ferential equations, such as the inverse scattering method [26], the dressing method [23], the



Hietarinta approach [2], the Painlevé analysis [13], the Bécklund transformation method
[30], the Darboux transformation method [9, 10] and the Jacobi elliptic function expansion
method [12]. These approaches possess powerful features that make it possible to generate
multiple wave solutions for a wide range of integrable nonlinear partial differential equations.

This dissertation is concerned with a particular method used in the study of nonlinear
partial differential equations, including soliton equations. Recently, the Hirota bilinear
method [1, 4, 7] was extended to present exact solutions to many nonlinear partial differential
and soliton equations, for example, the Wronskian determinant solutions and the Grammian
determinant solutions [3, 5, 14, 32|, and even used in constructing N-soliton solutions for
integrable couplings by perturbation [27, 52].

In this dissertation, we discuss the structure of generalized integrable nonlinear partial
differential equations from the viewpoint of the Pfaffian technique. Now a natural question
arises: what is the essential solution structure common to all integrable nonlinear partial
differential equations, including soliton equations? The answer will be partially provided
in this dissertation: Pfaffian solutions to Hirota bilinear equations are nothing but Pfaffian
identities. From this viewpoint, as part of this dissertation, we will show how fundamental
generalized integrable nonlinear partial differential equations resolve themselves into Pfaffian
identities. Here, we list some of the most celebrated integrable nonlinear partial differential
equations, and in later chapters, we will show how they resolve themselves into Pfaffian

identities.

e A (3+1)-dimensional generalized KP equation

Uzzay + 3(Uslly)z + Utg + Uy — Uz = 0. (1.0.1)

e A (3+1)-dimensional generalized B-type KP equation

Uty — Ugzay — 3 (Uzlly), + SUzz + 3uz, = 0. (1.0.2)

e The (3+1)-dimensional soliton equations of Jimbo-Miwa type

Uyt — Ugzzy — SUpgplly — SUglyz + 3z, =0, (1.0.3)



20yt + Vpgay + VgaVy + 3VpUye — 30, = 0. (1.0.4)

The (3+1)-dimensional nonlinear Jimbo-Miwa equation

Upzay + Szaly + SUglyz + 2Uy; — 3y, = 0. (1.0.5)

A (341)-dimensional variable coefficient soliton equation of Jimbo-Miwa type

a1 () Ugzay + 302(t) (Ugtly)z — Uyt — 33 () us + 204 (t)uy = 0. (1.0.6)

The (3+1)-dimensional nonlinear Ma-Fan equation

Utz — Uggay — 3 (Uglly), + gy = 0. (1.0.7)

A coupled system of soliton equation of Jimbo-Miwa type

Ugpy + SlUgplly + FUzUpy — Uyt — 3Ug, + 12(w0; — vWy )y = 0,

— g + 3UgVp + Vgaz + 3Uzy + 3vuy = 0, (1.0.8)

— Wi + 3Up Wy + Wrge — 3Wzy — 3wy = 0.

1.1 Hirota’s direct method

The Leibniz rule for normal derivatives is given by

am o" am o"
atimﬁoz(x, t)ﬁ(l‘, t) = asimwa(x + Y, t+ 3)/8(117 -+ Yy, t+ S) |5:07 y=0, (119)

Similarly, the usual Hirota derivatives (or D-operators) are defined by [1]

am o
D"Dla(x,t) - B(x,t) = é)s—ma—yna(x +y,t+5)B(x —y,t —5) |s=0, y=o0. (1.1.10)



or equivelently, by
D"DYa(t, x) - B(t,x) = (8 — Op)™ (Op — Opr)" b, ) B, 2") =t 2. (1.1.11)

Writing out (1.1.10) for the case of one variable, we can obtain Hirota derivatives:

U2

Dia(z) - B(z) = Twa(ﬂy)ﬁ(w—y) ly=0. (1.1.12)

Further, we get a nice property of D-operators that normal derivatives don’t have:
D}y-9=0 fornisodd. (1.1.13)

The following properties are easily seen from the definition:

m

e

o Df'o- = (=1)"Dg" - .

o DI'p-1=

* D' =0 for odd.m.
o D" ¢ = D et — o).
e Di'p-p= 2D2”_1(<p§ ) for odd m.

® DeDypp - =2Dc(p, - ) = 2Dy(p¢ - p).

_ o
-5

o D" expla) - exp(Bz) = (@ — B)™ exp|(a + Ba.

o De(ptp - w) Yw + pDe (Y - w).
e exp(eDe)(p - ¢¥) = p(z + e)p(z — ).
o exp(eDg)(py - wr) = [exp(eD¢)(p - w)] [exp(eDe) (¢ - 7)] -

We would like to express integrable nonlinear partial differential equations in the Hirota
Bilinear form as

P(D)p- ¢ =0, (1.1.14)



where P(D) is a polynomial in D, ¢ is a new dependent variable for the bilinear form of the
given partial differential equation. We continue this section by constructing the essential

properties of Hirota D-operators. We have

a(z+y)fz—y) = Z;w;a-ﬂ) s

=0 "
= exp(yDy)a(z) - B(x). (1.1.15)

We can use (1.1.15) to prove the following useful log-identity [1]:
2 cosh (ygx log gp) = log [cosh (yDy) ¢ - ¢] . (1.1.16)
Now, we define the D, operator as
D. = (D; +eD,), (1.1.17)
and D7, n > 1, are linear combinations of Hirotas D-operators
(D¢ 4 €D,)"a- B = Dyx - B +neDf 'Dyac- B4 ... + " Do - B. (1.1.18)

We can use (1.1.18) to compute products of D-operators. For example, 3D2D;a - 3 is the
coefficient of € in (D; + eD,)3a - B.
All the previous results for one-variable D-operators will hold for D,. For example, we

can write (1.1.16) in terms of D,

2 cosh <y86 log <p> = log [cosh (yD.) ¢ - ¢] , (1.1.19)
2

where y is a scalar and ¢ = p(2).

By taking Taylor expansions for each side of (1.1.19) with respect to y and collecting
powers of y, we can derive some fundamental formulae for the log-transform. On the left
hand side of (1.1.19), we have

y2 o2 y4 o4

0
2 cosh <yazlog4p> :2(1+§@+Eﬁ+...)logw. (1.1.20)



We will write the Taylor expansion for the right hand side of (1.1.19) in the form

OOO Ly ), (1.1.21)
with
¥(y) = log[cosh (yD) ¢ - 4], (1.1.22)
where we have made use of
aaylogz/}(y) - ﬁ((yy)) (1.1.23)

For example, the first few derivatives are

_ D_sinh(yD.)p- ¢

Y (y) = cosh (yD2) o - = ¢'(0) =0, (1.1.24)

[cosh (yD>) ¢ - ¢]* — D?[sinh(yD. )¢ - ¢]°

" Dg .
[cosh (yD.) o - o2 — (0) = =22 (1.1.25)

¥

2
Wy) = 2=

Equating the terms with involving the powers of y on each side and using (1.1.17), we have

0’ Di¢-y
62 Da:Dt<P R4
2 1 = — 1.1.27
i Dy - D2p- o\ *

The first step of the Hirota direct method is to develop appropriate transformations
of nonlinear partial differential and difference equations which require that the differential
equations are in quadratic form in dependent variables. For example, let us consider the
KdV equation

ou Ju @ B

o7 Houg—+ o =0. (1.1.29)

Introducing the following dependent variable transformation:

u = 2(log ¥)za, (1.1.30)



Eq. (1.1.29) becomes

2(1og )t + 3[2(10g ©)2a)? + 2(log @) 40 = 0. (1.1.31)

The second step of the Hirota direct method is to use Hirota D-operators to find the
bilinear form of the considered equation by a polynomial of Hirota D-operator. For example,
we proceed to bilinearise the KdV Eq. (1.1.29). Using Eqs.(1.1.26), (1.1.27) and (1.1.28) in
Eq. (1.1.31), the KdV Eq. (1.1.29) becomes

DDy - D2o-p\> Dip- D2p- >
e\ & +3< i ‘p> Tt A (”2 3") ~0. (1.1.32)
¥ ¥ ¥ ¥
Cancelling the second and fourth terms, this is simplified to
(D:Dy+D3)p-p =0, (1.1.33)
or equivalently
D(Di+ D3)p - ¢ = 0. (1.1.34)

Eq. (1.1.34) is the Hirota bilinear form of the KdV equation.
The last step of the Hirota direct method is to use the perturbation expansion. Let us

now find soliton solutions of the KdV equation in the bilinear form
P(D) = D,(Dy + D)7 -7 =0. (1.1.35)

As in the standard technique of the perturbation [1], we will expand 7 as a power series in
a small parameter e:

r=1+4er +€T9+6T3+.... (1.1.36)

Substituting (1.1.36) into (1.1.35), we obtain

[Dy(Dy + D2)] (1 + €71 + €210 + 273+ ...)

x(14+er +Em9+ 134 ..) = 0. (1.1.37)



Matching coefficients of € on the LHS and the RHS of this equation gives

¢ ¢ [Do(Dy+ D3] (r1-1+1-7), (1.1.38)
e [Dx(Dt + Dg)] (re- 1471 -T1+1-72), (1.1.39)
e [Dw(Dt—i—Dg)] (- 14712 -T14+71 -T2+ 1-73), (1.1.40)

where the coefficient of €" is [D,(D; + D3)] acting on all combinations of 7 -7, terms where
j+k=mnforjk,necZ.

We want to compute the required derivatives. For the e! terms, we have

Dir, -1 = DM 7y = (T0)1a (1.1.41)

DDyt -1 = DyDil -7y, = (Tn)at, (1.1.42)
and then the coefficient of €! is
2D, Dyt1 -1+ 2D -1 =0. (1.1.43)
Therefore, using (1.1.41) and (1.1.42), Eq.(1.1.43) becomes
(T1)4z + (T1)at = 0. (1.1.44)
The solution 71 to this equation is given by
Ti=exp(n;) m = p1x+ Ut +1). (1.1.45)
In a similar way, the coefficient of €2 in (1.1.39) can be written in terms of 71

—[Duo(Dy+ D3] 7171 = [Do(Di+ D2)] (r2-1+1-7)
= 2D,Dyt9-1+2D3ry -1

= 2(72)az +2(72)2t-



‘We can now obtain

— [Do(Di + D3)] exp(ny) - exp(ny) = 2(72)az + 2(72)a- (1.1.46)

Now, making use of (1.1.10), it is easy to see that

DDy exp(n;) - exp(ng) = (pj — pr)™ (5 — Q)" exp(n; + mp.), (1.1.47)

where

n; =piw+ Qt+n), i>0. (1.1.48)

We note that, when j = k in the equation (1.1.47):

DD} exp(n;) - exp(n;) = (j — p3)™( — )" exp(n; +n,) = 0. (1.1.49)

Thus, we have

(T2)az + (T2)2t = 0. (1.1.50)

If we choose 79 = 0, then from the perturbation expansion, we get a nontrivial solution.

The expansion will truncate at 71, providing an exact solution to the KdV equation:

T = l+er
= 1+eexp(n)

= 1+ eexp(piz + Ut +n)).

If we choose € = exp(§), and absorb into the constant 7y, then, the exact solution 7 can be
written as

7= 1+ exp(ny). (1.1.51)

Applying the log-transform to the solution (1.1.51), we find the 1-soliton solution [1]

u = 2(logT)zs

= 2[log(1 + exp(11))],s



oy 2exp(ny)
0z [1 + exp(n;)]”
2p3 exp(n;)
[1 + exp(ny)]?
2
_ K 2.
= 3 sech (2 ).

In a similar way, we can set

T2 =1+ exp(n;) + exp(ny) + a1z exp(n; + 1), (1.1.52)

to obtain the 2-soliton solution, and we can set

73 = 1 +exp(n;) + exp(ny) + exp(n;)
+aigexp(ny + 1) + a3 exp(n +n3)

+as3 exp(ng + 13) + a123 exp(ny + 13 + 15), (1.1.53)

to obtain the 3-soliton solution, where aj23 = aj2a13a93.

However, the KdV-type Eq. (1.1.35) has an N-soliton solution that can be written as

[1]
\ N (N)
TN = Z eXP(Z Hitly + ZAijMz‘Hj)a (1.1.54)
i=1 i<j

where Z\ means that the summation over all possible combinations of p; = 0,1, py =
0,1,..., u,=0,1, and Zl(gj) is the sum over all 4, j (i < j) chosen from {1,2,...,N}.

Using the vector notation and setting

Q = (% P,Q;..), (1.1.55)
x;, = (tzvy,...), (1.1.56)
we have, for 7,57 =1,2,3,..., N,
n; = $2-x; + constant, (1.1.57)
P(S) =0, (1.1.58)



where the phase shift is given by
, P(t,z) = at + . (1.1.59)

Generally, the polynomial P must satisfy the Hirota condition [1], defined by

(V)
Z (Zaz z) HPUz i Qj)Uz'Uj:O, (1.1.60)

1,0, =0,1 i<j

to have an N-soliton solution to
P(Dy¢, Dy, Dy, ...)f - f =0. (1.1.61)

1.2 Pfaffians

Pfaffians, which may be an unfamiliar word, are closely related to determinants. They
are usually defined by the property that the square of a Pfaffian is the determinant of an
antisymmetric matrix. This feature leads often to the misunderstanding that a Pfaffian
is a special case of a determinant. In fact, it is easy to recognise that the Pfaffians are a
generalization of determinants. Therefore, Pliicker relations and Jacobi identities, which are
identities for determinants, also hold for Pfaffians.

In this dissertation, we will use Pfaffian identities [7] to search for exact solutions to
the nonlinear partial differential equations: (1.0.1), (1.0.2), (1.0.3), (1.0.4), (1.0.5), (1.0.6),
(1.0.7) and (1.0.8).

Let us discuss some basics about the Pfaffian [7]. Let A = (o) be a skew-

1<j,k<m

symmetric matrix, in which o, = —ay; for j,k = 1,2,...,m. It is known that det(A) of

odd order vanishes but det(A) of even order m = 2n is the square of a Pfaffian, that is

0, if m is odd,
det (A) = (1.2.62)

Pf(ajk)%§j7k§m7 if m is even.
We can denote this Pfaffian Pf(oji)1<;jk<2n by

Pf(ajk>1§j7k§2n = (1, 2, 3, ceny 27’1,) (1263)
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Then, we have

0 a2 13 o4
—Q12 0 Q23 (24
= |ogass — ajzans + 04140423]2 (1.2.64)
—013  —Q3 0 as
—a1g —oaog —ags 0
= (1,2,3,4)>2 (1.2.65)

Therefore, a second-order (n = 2) Pfaffian is given by

(17 2,3, 4) = (17 2)(37 4) - (17 3)(27 4) + (17 4)(27 3)7 (1266)
where
(4, k) = for j <k. (1.2.67)
Also, it should be noted that from the antisymmetric a;j = —ay, j, we have

In general, we have an expansion rule for a Pfaffian (1,2, ...,2n) of order n:
2n

(1,2,...2n) = Y _(—1Y(1,5)(2,3, " . 2n), (1.2.69)
j=2

A
where the notation j means that the index j is omitted. An alternative expansion reads
2n—1 . A
(1,2,...2n) = Y (=1)7(1,2,.... 4, ... 20 — 1)(4, 2n). (1.2.70)

J=1

Repeating the above expansion, we arrive at the summation of products of first-order Pfaf-
fians [7]:
/
(1,2,...,2n) = > (=1)"(in, i2) (i, 4) (15, d6) - (i2n—1, f2n), (1.2.71)

where Y’ means the sum over all possible combinations of pairs selected from {1,2,...,2n}

12



that satisfy
11 < 19, 13 < 14, 15 < 16-.ry 1on—1 < 12, 11 <13 < ... << 1l9p_1.

These first-order Pfaffians (4, j) are called the entries in the Pfaffian. In the above equa-
tion, The factor (—1)F = +1 or —1 if the sequence {zk}zil is an even or odd permutation
of 1,2, ..., 2n.

Moreover, the Pfaffian (41,12, ...,72,) vanishes if iy = 4,, for any pair of m and [ cho-
sen from 1,2,...,2n. Also, the interchange of labels 4; and i,, changes the parity of each

permutation in the sum, and thus, the Pfaffian has the skew-symmetric property
(015 ey B0y ooy Ty ooy 190) = — (815 eeey Grmy ooy Uy oeey 120, (1.2.72)

where 1 <1 < m < 2n. The Pfaffian also is denoted conventionally by [37]

| a1 a13 -+ a1on
Q23 - a2.2n
Pf (i j)1<ij<on = . . , (1.2.73)
Q2n—1.2n

and when N = 1,2, the Pfaffian reads

Pf (aij)i<ij<e = a12=(1,2),

Pf (0 j)1<ij<a = aipa34—arzasg+aigoes = (1,2,3,4).

Proposition 1.2.1 [1] Let A be a 2n x 2n skew-symmetric matriz. Then

n
Pf(A) = (1,2,...,2n) = ZU sgn(o) 1_[1(0(22 —1),0(2i)), (1.2.74)
1=
where the summation is taken over all permutations
1 2 .. 2n
o =
i1 Gy ... l2p
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with

11 < ’ig, 13 < i4, . ton—1 < ign, 11 <13 < ... < ign_l,
and sgn(o) = (—1)mv(@),

Recall the Leibniz formula for the determinant.

det(A) = ZU sgn (o) [ anon)- (1.2.75)
A second important identity involving the Pfaffian is given in the following proposition.

Proposition 1.2.2 [55] P(BABT) = det(B)Pf(A), where A is a 2n x 2n skew-symmetric

matriz and B is an arbitrary 2n X 2n matriz.

Proposition 1.2.3 [55] For a 2n x 2n skew-symmetric matriz A and a constant c
Pf(cA) = (c")Pf(A). (1.2.76)

We have defined the Pfaffian through the determinant of the antisymmetric matrix A.

On the other hand, the determinant of an n x n matrix B is expressed by the Pfaffian. Let
(4, k") = B, (j,k) =0and (j*,k*) =0 forj,k=1,2,..,n. (1.2.77)
Then we have

det (ﬂjk)lgkgn =(1,2,...,n,n%, ..., 2% 1%). (1.2.78)

The superscript * was originally used in connection with creation-annihilation operators [37]
in quantum field theory. In this dissertation, however, it is simply used to distinguish j and

j7*. For example, if n = 2, we obtain

B11 Biz
Ba1 Bag

=(1,2,2%,1%)
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0 0 Bz Bn
0 0 Ba fn
—f1za =P 0 0
\ B =P 0 0
= —f1aBa1 + B11fa- (1.2.79)

Below, we introduce Pfaffians which represent derivatives of function f;(z) for j = 1,2, ....

Let
. o"
(dn,7) = ij(x), for n=0,1,2,...,00, (1.2.80)
(dn,dm) =0, for n, m=0,1,2,..., 00. (1.2.81)

Therefore, a Wronskian of order n can be defined by

k—1
W(f1, fa,-+ , fn) = det ij(l“) ‘ (1.2.82)
1<j5,k<n
and is expressed by a Pfaffian:
W(fl, f2, e ;fn) = (do, dl, ceey dn—la n, ... 2, 1) (1283)
For example, if we take n = 2, we have
df1/0x
fl fl/ = (d07d17251)
f2 0f2/0x
= —(do,2)(d1,1) + (do,1)(d1,2)
) 2P
= —fo=— ——. 1.2.84
f2 2 T f1 9 ( )
Moreover, the Pfaffian obeys a general expansion rule
2n
(1,2,..,2n) = > (i, /)T(i,5), 1 <i < 2N, (1.2.85)
j=1
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Figure 1.1: A Pfaffian identity

where the cofactor I'(, 7) is defined by

i1 A A
L(i,5) = (=1D)"™77Y2,..,i,...,5,..2n), i < j,

We have several expansion theorems on the Pfaffian. Below we describe two of them,

which are relevant to the present work.

Proposition 1.2.4 [7] Let n be a positive integer. Then

2n . N
(a1,a2,1,2,....2n) = > (—=1)[(a1,a2,1,7) (2,3, ..., j, ..., 2n)
=2
) A
+(1,7) (a1,a2,2,3,...,j,...2n)] — (a1,a2) (a1,a2,1,2,...,2n), (1.2.86)
and
2n 2n '
(bl,bg,cl,CQ, 1,2, ...,271) = Z Z (—1)J+k71 (bl,bg,j, k)
j=1k=j+1
A A
(€142, 1,2, ey Gy oy ey 200), (1.2.87)

provided that
(bj,c) =0, for j,k=1,2.

We shall use the equation (1.2.86) and the equation (1.2.87) to express derivatives of
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the Pfaffain by the Pfaffians of lower order. Identities for determinants and Pfaffians are
of great interest in many branches of mathematics and physics. Here, we will give two of
the Pfaffian identities which correspond to the Jacobi’s determinant identity. A Pfaffian

identity can be illustrated as shown in Figure 1.1.

Proposition 1.2.5 [7] Let m and n be positive integers. Then

(a1,a2,...,a2m,1,2,...,2n) (1,2, ...,2n)
2m N
= > (-1)°(a1,84,1,2, ..., 2n) X (42,03, ..., s, .o, G2, 1, 2, ..., 20), (1.2.88)
s=2
and
(a1,a2, ..., a2m-1,1,2,....2n — 1) (1,2, ..., 2n)
2m—1 A

= > (-1 (a5, 1,2,..,2n = 1) x (a1, a2, ..., As, .., 21, 1, 2, ..., 2n). (1.2.89)

s=1

We shall use the equation (1.2.88) to get the desired identity. For example, if we take
m =2 in Egs. (1.2.88) and (1.2.89), we can obtain

(a17a27a37a471’2)"' 7277’)(1’2’ ,QTL)
= ((11,0;2,1,2,"' 72n)(a3aa451a27"' 72n)
_(a17a371727"' ,271)(&2,&4,1,2,"' ,27’L)

+(a1,a4,1,2,--- ,2n)(az,as,1,2,--- ,2n), (1.2.90)
and

(a171727"' 7271)(&2,(13,(14,1,2,"' ,271)
- (a271727"' ,271)(&1,@3,@4,1,2,"’ ,27’Z)
*(a?n ]-a 27 T 72n)<a17 az, a4, 17 27 e 72”’)

+(aq,1,2,--- ,2n)(a1,az,a3,1,2,--+ ,2n). (1.2.91)
Before we proceed to use the above Pfaffian identities, let us observe them more carefully. For
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example, let us check the identity (1.2.90) for some special values of the indices a1, a9, as, a4

and n. Now letting n = 1, the identity (1.2.90) becomes

(alv az, as, a4, 17 2)(17 2) - (al7a2a ]-a 2)(&3, aq, ]-a 2)

_(alva?ﬂ ]-a 2)(&2, Gy, ]-a 2) + (a’17 a4, 1’ 2)(0’27 as, 17 2)a

or equivalently

(1,2,3,4,5,6)(5,6) = (1,2,5,6)(3,4,5,6)

—(1,3,5,6)(2,4,5,6) + (1,4,5,6)(2,3,5,6). (1.2.92)

Eq. (1.2.92) can also be written as

(1,2,3,4,0)() = (1,2, 0)(3,4,0) — (1,3,0)(2,4, ) + (1,4, 8)(2,3, ), (1.2.93)

where we have used the abbreviated notation e = 5,6. Now let us prove the last identity

(1.2.93). We denote the Pfaffian elements as follows:

(4,§) = aj  for 1 <i,j <6, (1.2.94)

and introduce

aij=2 forl<i<j<6. (1.2.95)

Therefore, the RHS of the Eq. (1.2.93) reads

0 Q2 Q13 14 Q15 Q16
-2 0 Q93 Q4 Qos Qg
—a13 —agz 0 34 Q35 Q36
(1,2,3,4,0)(e) = x (5,6)
—r4 —Q4 —Q34 0 Q45 46

—o5  —Qs  —Q3s  —0u45 0 a6

—a1g —Oie —03g —Oug —ase 0
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0 2 2 2 2 2
2 0 4 4 4 4
2 -4 0 6 6 6

_ x 10 = 1200. (1.2.96)
2 -4 -6 0 8 8
2 -4 -6 -8 0 10
2 -4 —6 -8 —10 0

In a similar way, we can compute numeric values of the first term in the RHS of Eq. (1.2.93):

(1,2,0)(3,4,9)
0 Q12 Q15 Qi 0 Q34 Q35 Q36
_ -2 0 Qo5 (26 y —agzs 0 45 Oue
—ays —ags 0 ase —ags —ags 0 ase
\ —a1g —ao —ase 0 \ —ags —oaus —ase 0
0 2 2 2 0 6 6 6
-2 0 4 4 -6 0 8 8
= X = 1200, (1.2.97)
-2 —4 0 10 —6 -8 0 10
\ —2 —4 —-10 0 -6 -8 —10 0
and the other two terms:
(1,3,0)(2,4,0) =20 x 40 = 800.
and
(1,4,)(2,3,8) =20 x 40 = 800.
Now, it is clear to see that
(1,2,3,4,0)(0) — (1,2,0)(3,4, ) + (1,3,0)(2,4,8) — (1,4,0)(2,3, )
— 1200 — 1200 + 800 — 800 = 0. (1.2.98)
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Therefore, this shows an example for (1.2.90) with n = 1.

(ala az,as, a4, 17 2)(17 2) = (CLl,CLQ, 1a 2)(&3, a4, 17 2)

_(alv as, 17 2)(&2, a4, 17 2) + (ab G4, 17 2)(@2, asg, 17 2)7

holds.

Another special type of determinants called the Bordered determinants, which play an
important role in proving that the Hirota bilinear equations, can be expressed as Jacobi
identities for determinants.

Let B be an n X n matrix, and let A; ; be the cofactor of B with respect to some matrix

entry 3;;. Then it is easy to prove that [54]

Bin Bz Bz 0 B w1
Bar Baa Baz 0 Bap T2

Bs1 Bs2 Bzz -+ Bzn a3
= zdet (8,y,) 1<jk<n Z A jiy;. (1.2.99)

t,j=1
Bnl Bn2 /Bn?) U /Bnn Tn
Yyi Y2 yYys - Yn %

Thus, if we set z = 1 in (1.2.99), by using the Gaussian elimination we may have

Bi11—z1yr Bz —T1y2 o By — T1n
Ba1 — x2y1  Bog —way2 - Po, — T2yn
By —T3y1 B —x3y2 - Ba, — z3yn | = det (B;1) 1<) k<n Z A jxiy;.
. . . 1,j=1
/Bnl — TnlY1 ﬁn2 —TnYy2 - Bnn — TnYn
(1.2.100)
If the matrix B is antisymmetric (8;; = —3;;), and x; = y;, then A;; = —A; ;, and thus we
have
n n n
Z Ai,jyiyj = — Z Aj,iyjyi = — Z Ai,jyiyj =0. (12101)
3,j=1 3,j=1 1,j=1
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Thus, if n is an even number, we can get the following identity

Bii —yivy1 Bia—vive - B — YiUn
Bor —y2y1 Baa —Y2y2 - Bap — Y2Un
B31 —y3y1 Bzo—ysy2 - B3n— Y3Un = det (5jk)1gj,kgn
Bro1 —Yn¥1 Bpa —Yn¥2 - Bun — Yn¥n

= (1,2,...,2n)% (1.2.102)

where the entries of the Pfaffian are defined by (7, j) = 3;-

However, based on the above relationship between a Pfaffian and a Bordered deter-
minant, we would like to discuss, in Chapter 6, the relationship between the generalized
(3+1)-dimensional B-type KP equation (GBKP) and the generalized (3+1)-dimensional
KP equation (GKP).

1.3 Baicklund transformations

A theory of transformations of surfaces initiated by Bécklund and later developed by
Loewner [40] has, in recent years, proved to be of exceptional importance in the analy-
sis of a wide range of physical phenomena and successful applications of this transformation
theory to nonlinear evolution equations have led to a rekindling of interest in this topic. Fur-
ther researches of Bécklund [30] led to widespread applications of the theory to problems in
differential geometry. However, a form of the theory that appears to have been introduced
by J. Clairin [31] seems to be slightly more direct in leading to such transformations for
arbitrarily chosen equations.

Perhaps, the simplest example of a Bicklund transformation is the Cauchy-Riemann

relations. The Cauchy-Riemann system:

ou Ov ou ov

dx 0y oy  Ox

is the prototypical example of Bicklund transformations. Thus,here a Bécklund transfor-

mation of the Laplace equation is just the Cauchy-Riemann relations. The above properties
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imply, more precisely, that the Laplace equations for u and v are just the integrability
conditions for the Cauchy-Riemann system.

On the other hand, Bécklund transformations of the sine-Gordon equation have gener-
ated results of investment in dislocation theory [41], in the study of long Josephson junctions
[42], and in the investigation of propagation of long optical pulses through a resonant laser
medium [43, 44]. The work by Miura [46] on the Korteweg-de Vries equation has also in-
volved the use of a Biicklund transformation. In 1950, Loewner [40] introduced a significant
generalization of the concept of Bécklund transformations. This was in connection with
the reduction to a canonical form of the well-known hodograph equations of gasdynamics,
specifically, to the Cauchy-Riemann, Tricomi, and wave equations in subsonic, transonic,
and supersonic flow. Such a reduction is possiblely subject to the density-speed. Indeed, a
Biicklund transformation seems to be associated with the applicability of the inverse scat-

tering method itself.

1.4 Pseudospherical surfaces

The classic pseudosphere can be understood by considering a curve, known as a tractrix,
parameterized by t — (¢t — tanht,secht), 0 < ¢ < oco. Revolving this curve about its
asymptote generates a hyperbolic surface, having many similarities to the traditional sphere.

A sphere has a constant Gaussian curvature K related to its radius R by

K = 2k (1.4.103)
The characteristic feature of a pseudosphere is that it has a constant negative Gaussian

curvature K which can be ascribed some sort of "radius p" through the relation

K== (1.4.104)

It has been shown that such a surface has a surface area A = 47p? and a volume V = %77,03.
If X : S C # is a surface with a constant Gaussian curvature equal to negative one, then

it is known that there exists a patch o (u,v) to the surface. If this map is parameterized

by arclength along asymptotic lines, then the first fundamental form for the pseudosphere
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Figure 1.2: One-soliton solution (tractroid surface): { =1, K = —1.

has the form

[=d7 -do = du® + 2cos(¢)dudv + dv?, (1.4.105)

and the second fundamental form is

= (-do) (—dN) = Zsin(qﬁ)dudv, (1.4.106)

where ¢ is the angle between the u-curves and v-curves (asymptotic lines). The Gauss-

Codazzi equations for S in these coordinates become the sine-Gordon equation

1
Pup = —5 sin . (1.4.107)

Fundamental applications of the Bicklund Theorem concerning pseudospherical surfaces
provide a new technique to find pseudospherical surface solutions of the sine-Gordon equa-
tion (1.4.107). We will describe below a little bit of this fundamental theory of differential
geometry.

Let S, S* be surfaces in 3. A diffeomorphism & : S — S* is called a pseudospherical

congruence with a constant A if:

e the line connecting p and p* = I(p) is tangent line to S and S*,
e the angle between the normal of the surface S at p and the normal of the surfaces S*
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e the total distance between p to p* is sin A for all p on the surface S.

Theorem 1.4.1 (Bicklund Theorem [65]) Let S, S* be two surfaces in R3, and S : S — S*

a pseudospherical congruence with a constant A. Then
e S and S* are pseudospherical surfaces,

e u,v (the Tchebyshef coordinates) on the surface S maps to the Tchebyshef coordinates

on the surface S* under S,

e if ¢ and ¢* are exact solutions of Eq. (1.4.107) corresponding to S and S* respectively,
then ¢ and ¢* satisfy
Gy = ¢y + 4 sin(

¢+¢*)
2 )

(1.4.108)
2. 9" =9

¢: = _¢v + ESin( 9

)
where & = tan 5
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Figure 1.4: Periodic two-soliton solution (breather surface): K = —1.

Moreover, given ¢, the system (1.4.108) is solvable for ¢* if and only if ¢ is a solution
of Eq. (1.4.107), and the function ¢* is again a solution of Eq. (1.4.107). In other words,
the system (1.4.108) can be used to generate a solution ¢* of the sine-Gordon equation a

known solution ¢, i.e.,

¢ is a solution of (1.4.107) < ¢* is a solution of (1.4.107).

We will call both the transform from ¢ to ¢* and & a Bicklund transformation. This
description of Bécklund transformations gives us an systematic way for generating classes of
exact solutions of a partial differential equation by solving a system of ordinary differential
equations. Application of this transformation has been found in soliton theory, and it can
be applied to generate an infinite number of soliton solutions if one is known. Since ¢ = 0 is
a solution to the sine-Gordon Eq. (1.4.107), it can then be used to generate infinitely many
other solutions [63, 64]. Using ¢ = 0 in the system above yields 1-soliton solutions of the

form with constants m and ¢:

gbsoliton(x? t) = 4 arctan eXp(m’V(l‘ - Vt) + 6)7
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Figure 1.5: Explicit two-soliton solution (Kuen’s surface): K = —1.
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Figure 1.6: Three-soliton solution which is an "algebraic sum" of a 1-soliton and a breather
surfaces K = —1.
expressed in space-time coordinates, where v and v satisfy

o 1
1—p2

v

The 1-soliton solution for v > 0 is called a kink. The 1-soliton solution for v < 0 is called
an antikink. Through a continued application of the Bicklund transformation to 1-soliton
solutions, 2-soliton solutions of the sine-Gordon equation (1.4.107) can be obtained.

Other very intriguing 2-soliton solutions emerge from the possibility of overlap kink-
antikink behavior known as a breather, see Figures 1.2, 1.3, 1.4 and 1.5 (Figures 1.2, 1.4
and 1.5 are by Xah Lee [73, 74|, and Figure 1.3 is by Paul Bourke [75] and it appeared on
the cover of the graduate study in mathematics, Western Kentucky University).

The 3-soliton collision between a traveling kink and a standing breather or a traveling
antikink and a standing breather or a traveling kink and a standing breather results in a

phase shift of the standing breather, see Figure 1.6, [73, 74].
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1.5 Bilinear Bicklund transformations

In this dissertation, we discuss bilinear Bécklund transformations, which have made im-
portant contributions in the development of soliton theory. Bécklund transformations in

bilinear form generate

1. Lax pairs used to check the compatibility condition in the inverse scattering method,
2. new integrable systems and soliton equations, and

3. Miura transformations.

A Bicklund transformation in bilinear form corresponds to an ‘exchange formula’ for

the D-operators. For example, the exchange formula

exp(D1) [exp(Dz)a - b - [exp(Ds)e -

Dy —D Dy+ D Dy + D
= exp <223> [exp(Dl + %)a . d} . [exp(—Dl + %)c bl ,

where

D; = a;D; + B, Dy +v;D,, i=1,2,3, (1.5.109)

can generate a group of useful identities for Hirota bilinear operators. For example, substi-
tuting
D1 = Osz, DQ = D3 = 5D33, a = d, b= C, (15110)

into the above exchange formula, we obtain

[exp(aDy + 8Dy )a - a) [exp(—aDy + 5D4)b - b

= exp(aDy)[exp(BDg)a - b] - [exp(B8D5)b - al. (1.5.111)
Expanding the above equation in «, the coefficients of al give

[exp(B8Dz)Dya - a] [exp(5Dy)b - b]
— [exp(BDz)a - a] [exp(BDy)Dyb - b]

= Dy lexp(BDy)a - b] - [exp(BD4)b - a], (1.5.112)
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and taking a similar expansion in 3, the coefficients of 8! give

b?(D2%a - a) — (D2b - b)a?

= Dy[(Dga-b)-ba+ab-(Dyb-a)]

or equivalently

v?(D2%a - a) — (D2b - b)a® = 2D, (Dya - b) - ba. (1.5.113)

Through the independent variable transformation D, — D, +¢cDy, the coefficients of e! give
b*(DyDsa - a) — (DpDyb - b)a® = 2D, (Dsa - b) - ba. (1.5.114)
Finally, the coefficients of 32 in (1.5.112) give

b*(Dia-a) — (Dib-b)a?

= 2D, [(D3a-b)-ba+3(D2a-b)- (Dyb-a)l. (1.5.115)

Note that the above equations (1.5.113)-(1.5.115) are identities for Hirota bilinear D-operators.

We can have the following other useful identities for Hirota bilinear operators:

Dy (D¢a-b) -ba = D¢(Dya - b) - ba, (1.5.116)
Dyab - cd = (Dya - d)cb — ad(Dyc - b), (1.5.117)
b*(D¢a-a) — (DZb - b)a® = 2D¢(Dca - b) - ba, (1.5.118)
v*(DyDca - a) — (DyDcb - b)a* = 2D¢(Dya - b) - ba, (1.5.119)

and

V*(D3Dca - a) — (D3Dch - b)a?

= 2D¢(Dla-b)-ba+ 6Dy(DyDca-b) - (Dpb- a). (1.5.120)

For more identities and general exchange formulas, you are referred to reference [1].

29



As we mentioned before, a general Bécklund transformation is a transformation between

a solution u of a given nonlinear differential equation,

Fa(u, g, Uy Uy, Ugas Uy ---) = 0, (1.5.121)
and a solution v of another given differential equation,

F2(v, vty Vay Vy, Vg, Vaaas o) = 0, (1.5.122)

which may be the same as, or different from, f ;.
As a simple example, we wanmt to show how to constract a bilinear Béicklund transfor-

mation for a general KdV-type bilinear equation
F(Dy,D;) = Dy(Dy + oD, + D3)f - f =0, (1.5.123)

where ¢y is a constant. A Bécklund transformation between a solution f for the general
KdV-type bilinear equation,
F(Dy,D))f - f=0, (1.5.124)

and a solution f’ for the same bilinear equation,
F(Dz, D) f" - f' =0, (1.5.125)
can be obtained from the key relation
P=[r(De,D)f - f] 12 = F2[F(Da, DO f - f] = 0. (1.5.126)
It is follows from P = 0 that
f is a solution of (1.5.124) < f’ is a solution of (1.5.124).
If we can obtain from P = 0 a pair of Hirota bilinear equations

Fi(Dz, Do) f'- f=0, i=1,2, (1.5.127)
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Figure 5.5: Three-soliton solution: ki=38, ko=-2, ks=1, ky=-4, k5=5, k¢=-6, a=3, y=-2,
t=34.

Figure 5.6: Three-soliton solution: ky=1, ko=2, k3=3, ky=4, k5=-5, k¢=-6, a=-8, =9,
y=2.

5.3 Bilinear Bicklund transformation

In this section, we would like to present a bilinear Bécklund transformation for the nonlinear

Ma-Fan equation (5.0.1).

Let us suppose that we have another solution 7/ to the generalized bilinear equation

(5.0.3):
(DyD, — DD, +3D3)7" -7/ =0, (5.3.39)
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and we will introduce the key function

P

(DD, — DD, + 3D?)r - 77"

~[(DyD, — DD, + 3D2)7" - 7|72 (5.3.40)

If P =0 then

7 is a solution of (5.0.3) < 7’ is a solution of (5.0.3).

Therefore, if we can obtain, from P = 0 by interchanging the dependent variables 7 and 7,

a system of bilinear equations that guarantees P = 0:

Fy(Dy, Dy, Dy, D)r-7 = 0,

Fy(Dy, Dy, Dy, D)7 = 0,

Fyi(Dyy Dy, Dy, D)7 -7 = 0,

where the F/s are polynomials in the indicated variables and M is a natural number de-

pending on the complexity of the equation.

Applying the identities (1.5.116)-(1.5.120) to the equation (5.3.40), we can obtain

(DyD,7 - 1) — (D¢D,7" - 7')7* = 2Dy(D, 1 - ') - 7T, (5.3.41)

7"2(D3r - 1) — (D27’ - 7)1 = 2D (Dy7 - 7') - 7', (5.3.42)
and

T2(DEDyr 1) — (DD, - 7')7?

= 2D,(D37-7) - 7'7 4+ 6D (DyDy7 - 7') - (Dp1’ - 7). (5.3.43)

Substituting the above results into the right-hand side of the equation (5.3.40), we can
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obtain

P =2Dy(D,7-7')- 7' = 2Dy(D37 - 7') - 7’7

—6D,(Dy Dyt - 7') - (Dot - 7) + 6Dy (Dyr - 7') - 77 (5.3.44)

Lemma 5.3.1 Let 7 and 7’ be arbitrary continuous functions of the independent variables

x,y,%,t. Then
Do(Dyr - 7') - (Dpr - 7') = Dt(DgT Y717 = Dy(Dy Dyt - 7') - 77 (5.3.45)

Let us now introduce new arbitrary parameters A, u, p, ¥ and g;, (i =1,2,3), into the

equation (5.3.44) to obtain

Pi = 2D;[(D, F3AD2 + 3pD, + 39D, £ &1)7 - 7' - 7'7
_2Dy[(D§’j +3uD, + 3pD; + 2)7 - 7_/] ol
_6Dx[(D$Dy + )\Dt)T . 7—/} . (DxT/ . 7_)

+6D,[(Dy £ ADyDy &+ pDy F 9Dy £ e3)7 - 7] - 7'7. (5.3.46)
This is possible because the coefficients of A\, u, p, ¥ and ¢;, (i = 1,2,3),

A o ED(Dyr-7") - (Dot - 7) F Dy(D37 - 7') 77 £ Dy(DyDyr -7 - 77
p : F6Dy[Dyr -7 T'T £ 6D, [DyT - 7] 7T,
p + F6Dy[Dyr -7 -T'T £6D[DyT - 7] - T'T,

Y : F6D Dy 7| T'T £ 6Dy[Dyr -7 T,

g1 : EDyr7] 7',
g D777,
es : Dyt 7',

are all equal to zero because of the properties (3.4.67)-(3.4.69).

Then Py = 0if Fi7-7 =0, 1 < i < 4, where F/s can be found from the equation
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(5.3.46) as follows

,

Fir-7 = (D, T3\D2+3pD, + 30D, + 1)1 -7 = 0,

For -7 = (D2 £3uD, +3pDy £ e9)7 -7 =0,
(5.3.47)
F31 - 7' = (DyDy F ADy)T - 7' =0,

Fur - 7' = (Dy £ ADy Dy £ pDy F 9Dy £ e3)7 - 7' = 0.

\

The coefficients of A, u, p, ¥, €1, €2 and €3 are all equal to zero because of the equations
(3.4.67)-(3.4.69) and Lemma 6.3.1. This shows that the system (5.3.47) presents a bilinear

Bécklund transformation for the (3+1)-dimensional nonlinear Ma-Fan equation (5.0.1).

5.4 Traveling wave solutions

In what follows, as an application of the bilinear Bécklund transformation (5.3.47), we
shall construct a new class of solutions to the nonlinear Ma-Fan equation (5.0.1). For this
purpose, we begin with 7 = 1, which is the trivial solution of the equation (5.0.3) obviously.
Noting that

m

the bilinear Bicklund transformation (5.3.47) associated with 7 = 1 becomes a system of

linear partial differential equations

T, F 3N, £ 3p7y, £307), a1’ =0,

Thow £ 3UTh £ 3p7} £ 297’ = 0,
(5.4.49)

Tuy FATE =0,

| Ty £ AT £ pmy FOT £ a3 = 0.
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Let us consider a class of exponential wave solutions of the form
_ 0
7' =1 4 gefrtlyrmz—wttct (0 — const,

where €, k, [, m and w are constants to be determined. Upon selecting

81:0, 8220, 53:0,

and after some tedious but straightforward calculations, we can get

Mk (kl — 3) ki
My =E———"—, wt = F,
1 A(K* £ 3p) 9 MK+ k£ pl)

Pe="37" 1 =7 Kl ‘

(5.4.50)

(5.4.51)

(5.4.52)

Therefore, we obtain a class of exponential wave solutions to the bilinear equation (5.0.3):

Ak(kl—3) ki

. =1+eexp(kx +ly+ l z:FXt—i-CO),

where ¢, k, 1, X and ¢° are arbitrary constants; and

u=2(In7).,

solves the equation (5.0.1).

Let us second consider a class of first-order polynomial solutions
7' =kx +ly + mz — wt,
where k, [, m and w are constants to be determined. Similarly, upon selecting
€e1=0, e2=0, e3=0,

a direct computation shows that the system (5.4.49) becomes

m=+3pl +30k =0, +3ukF3pw =0,
k+pl 9w =0, +Aw = 0.
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(5.4.53)

(5.4.54)

(5.4.55)

(5.4.56)

(5.4.57)



Again after straightforward calculations, we get

3
ki =Fn, mi=-n% p.=7Fln (5.4.58)
w w

where 7 = ul 4+ Yw. Therefore, we obtain a class of polynomial solutions to the bilinear
equation (5.0.3):
3
o= Fnr +ly + ;7]2,2 —wt +¢Y, (5.4.59)

where p, 1, ¥ and ¢° are arbitrary constants; and

2%
Fnz +ly + 3022 — wt 4+ ¢0

uw=2(In7), = (5.4.60)

produces a class of rational solutions to the nonlinear Ma-Fan equation (5.0.1).
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6 CONCLUSIONS AND REMARKS

In Chapter 2, we have established one Wronskian formulation and one Grammian formula-

tion for the (341)-dimensional generalized KP equation

Ugzay + 3(uxuy)w + Uty + Uty — Uzz = 0.

(6.0.1)

The facts used in our construction are the Pliicker relation for determinants and the Jacobi

identity for determinants. Theorems 2.1.1 and 2.3.1 present the main results on Wronskian

and Grammian solutions, which say that

= Q(IDf)m, f = ‘]ﬁ‘ = W(¢1a¢27"' 7¢N)a

with ¢, satisfying

4@2

2
a 2
¢i,y = _E(z)i,z‘? (Z)Lz =a (bi,xam ¢z R ) (z)z ,LTTL)

and

X
=2(Inf)z, f=det(ai)i<ij<n, @ij = cij +/ ¢ dz,  c¢;j = const.,

with ¢; and v; satisfying

4a2

2
a
¢i,y = _Egi)i,m’ ¢i,z = a¢i,zxa d)zt 2¢2 TTT)

4a2

2
a
Vg = =g ¥imr i = Wi Vs = 3 g
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(6.0.2)

(6.0.3)

(6.0.4)

(6.0.5)

(6.0.6)



solve the above (3+1)-dimensional generalized KP equation. Here a can be any real number,
except ++v/3. Examples of Wronskian and Grammian solutions were made, along with a few
plots of particular solutions.

In Theorems 2.1.1 and 2.3.1, we only considered specific sufficient conditions: (2.1.8),
(2.3.14) and (2.3.15), though there is a free parameter a in the conditions. There should
exist more general conditions involving combined equations for Wronskian and Grammian
solutions. Such conditions were presented for Wronskian solutions of the KdV equation [20],
the Boussinesq equation [51, 15] and the Toda lattice equations [19, 50], and for Grammian
solutions of the KP equation [49]. It should be interesting to find such conditions consisting
of combined equations for the (3+1)-dimensional generalized KP equation.

On the other hand, one can consider boundary value problems for the discussed general-
ized (3+1)-dimensional soliton equations. Particularly, the KP equation on half plane and
the nonlinear Schrédinger equation on the circle were studied in references [71] and [72]
respectively.

In Chapter 3, we have built a Pfaffian formulation for the (3+1)-dimensional generalized

B-type Kadomtsev-Petviashvili equation:
Uty — Ugzzy — SUpgly — SUglUzy + SUzy + 3uz, = 0. (6.0.7)

The facts used in our construction are the Pfaffian identities. Theorem 3.2.1 gives the main

results on Pfaffian solutions, which says that

0
u = 2%(111 Tn), Tn — Pt (ai’j)lgi’jgzn, (608)

where the elements of 7, are defined by a;; = Cij + [ D, fi(z) - fj(x)dz, Cj; =const.,

1,7 =1,2,...,2n, with f; satisfying

ofi \ ofi  Ofi N of; 0fi  03f;

oy ‘oz, 9z 2oxr’ ot 023’ (6.0.9)

where A\; and A2 are free parameters defined in the equation (3.2.25), solves the above

(34+1)-dimensional generalized B-type Kadomtsev-Petviashvili equation. Examples of Pfaf-
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fian solutions were made, along with a few plots. In Theorem 3.2.1, we considered only a
specific set of sufficient conditions: (3.2.24), though there are two free parameters A; and
A2 in the conditions. It would be great to look for other more general conditions involving
combined equations for Pfaffian solutions.

However, based on the theory of the Bordered determinants and the relationship be-
tween a Pfaffian and a determinant, we would like to discuss the relationship between the
generalized (3+1)-dimensional B-type KP equation (GBKP) and the generalized (341)-

dimensional A-type KP equation (GKP). Using integration by parts, each Pfaffian entry

(i,7) is

a5 = Cij+/Dgc fz(l‘)f](.%')dl‘

= Cjj+2 ai;fjdx — fifj- (6.0.10)

—0o0

Therefore, the square of the N-soliton solution 7 can be written as the determinant

; . .0.11
L fjda (6.0.11)

—00 1<4,j<2N

T?V: Cij + 2

This determinant is nothing but the Grammian solution of the GKP equation, Tqgxp. Hence,

we have

TGKP = TEBKP» (6.0.12)

where GKP denotes the generalized A-type Kadomtsev-Petviashvili equation. We choose
a lower limit of the above integrals to be x = —oco, but this is not an essential restriction.
The result will be the same for any other choice of the lower limit. In Section 3.4, the
bilinear Bicklund transformations were constructed for the (3+1)-dimensional generalized
B-type Kadomtsev-Petviashvili equation, based on the existence of exchange identities for
Hirota bilinear operators. In Section 3.5, we constructed a new class of exp-solutions and
a new class of polynomial solutions to the generalized modified B-type KP equation and

we created a new class of exact wave solutions and a new class of rational solutions to the
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generalized B-type KP equation of the form
9

In Section 3.5, we have seen that the Bécklund transformations (3.5.88) is more general
than the one obtained in the equation (3.4.70). In Theorem 3.6.1, we have built a Pfaffian
formulation for the modified generalized B-type Kadomtsev-Petviashvili equation (3.6.110),
where \; and A9 are free parameters defined in the equation (3.2.25). Therefore, the function
u defined by

0
u = 2%(111 ), T = Pf (aij)1<ij<on+1, (6.0.14)

is another solution in the Pfaffian form to the generalized B-type Kadomtsev-Petviashvili
equation.
In Chapter 4, we have built an Pfaffian formulation for the (3+1) dimensional soliton

equations of Jimbo-Miwa type:

Uyt — Upgay — SUgaly — SUgUyy + 3y, = 0, (6.0.15)

20yt + Vgazy + BVaaVy + 303Uy — 30, = 0. (6.0.16)

The facts used in our construction are the Pfaffian identities. Theorems 4.1.1 and 4.1.2

present the main results on Pfaffian solutions, which say that

u= Q%UD Tn), (6.0.17)
where
Tn = P (Aij)1<ij<om, (6.0.18)
and
v—2g(lnw ) (6.0.19)
- T ox no o
where
wn = Pf (1; ;)1<ij<2n, (6.0.20)
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where the elements of 7,, and w,, are defined by
Aij = Cij + / Dy i(x) - (x)dz,
pij = Cij + / Dy ¢i(z) - (;()dx,
—0o0

with C;; =const., 4,7 = 1,2,...,2n, and ¥, and (;, 1 <17 < 2n, satisfying

wi,y =at! / ¢Z(x)d$, wi,z = ailwi,xv wi,t - wi,xzz? (6’0'21)
’ 1
Ci,y = 2a° / CZ(IL‘)dl‘, Ci,z = \/iagi,:cv Ci,t = _igi,xzm (6‘0'22)

where « is an arbitrary nonzero parameter, solve the above (3+1) dimensional soliton equa-
tions of Jimbo-Miwa type. Examples of the Pfaffian solutions were made, along with a
few plots of particular solutions. In Theorems 4.1.1 and 4.1.2, we only considered specific
sufficient conditions, though there is a free parameter « in the conditions. It would be great
to look for more general conditions involving combined equations for Pfaffian solutions.

We have also made an extension

Ugzy + BUpglly + UglUzy — Uyt — g + 12(wvy — VW, )y =0,

— vt + 3UgVp + Vagaz + 3Uzy + 3vuy = 0, (6.0.23)

— Wi + 3Up Wy + Wage — 3Wzy — 3wy = 0.

for the (3+1) dimensional soliton equation of Jimbo-Miwa type
Uyt — Ugzzy — Mgzly — SUzglUyy + Uz, = 0,

by using the Pfaffian identities. In Theorems 4.3.1, we presented the main results on Gramm-
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type Pfaffian solutions. The first result is that the above Pfaffianized system of (3+1)

dimensional soliton equation of Jimbo-Miwa type has the following Gramm-type Pfaffian

solutions

¢N = (1727"'72N)7
ON = (6170071727'“ 72N)7
PN = (d07d171727”' 72N)7

(6.0.24)
(6.0.25)

(6.0.26)

whose Pfaffian entries satisfy (4.3.66). On the other hand, the (3+1) dimensional ve-soliton

equation of Jimbo-Miwa type

a1 (t)Ugpay + 302(t) (Uzty) s — uyr — 3a3(t)ug, + 2a4(t)u, =0,

has been extended to the Pfaffianized system

(a1D3Dy — DyDy — 33D, D,)b - ¢ = —12aa3 Dy - p,

-

(D} —a;'Dy+3a7'D,Dy)o - ¢ =0,

(D2 —a;'Dy —3a7'D.Dy)p- ¢ = 0.

through the dependent variable transformation

Otl(t)
2042(t) (hl ¢)Ia
v o= 0/9,
w = p/o,

and under the constraint:

a1 (t) = Coa(t)e S st
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(6.0.29)

(6.0.30)

(6.0.31)



where a4 = caq for some constant ¢, and whose Pfaffian entries satisfy

o ,. . . . ..
%(173)_(1+17])+(Z’]+1)7

g .. . aas(t)
"

(i42,5) + (i,5 +2),
(6.0.32)

%(i,j) = =201 () (i + 3,4) + (i, 4 + 3),

| L) =alli+40) + g+ )

where a is an arbitrary nonzero parameter. Similarly, as in Theorem 4.3.1, one can prove

that the above bilinear system has the following Gramm-type Pfaffian solution:

¢:¢N:(1a2a 72N),
0=0N = (01760)1’27”' 72N)7 (6033)
p:p]\/:(d07d171727"' 72N)7

where the Pfaffian entries are defined by
(1,7) = cij + fz(figj — figi)dx, cij = —cji, c¢ij = constants,

aTL 8TL
N . N . 6.0.34
(dn7 Z) axn fl’ (CTU Z) 8.%'” 9, ( )

(dmydn) = (Cmacn) = (Cmadn) =0,

\

with f; and g; satisfying

aas(t
fi,y = ﬁfi,mcv fi,z = afi,mcmxa fi,t = -2 (t)fi,x:z:a:a
a(t)
aas(t
Giyy = _Agi,xm Gi,z = —QGi zxxx, Yit = —20q (t)gk,x:vx-
Oél(t)

(6.0.35)
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Following a similar procedure, we can have vc-Jimbo-Miwa type equation for the equation
(4.0.2) and its Pfaffianized system, too.
In Section 4.5, we have built an extended Grammian formulation for the (3+1)-dimensional

nonlinear Jimbo-Miwa equation:
Ugzzy T SUzgly + 3UpUyz + 2Uy; — g, = 0,

The facts used in our construction are the Jacobi identity for determinants. Theorem 4.5.1
presents the main results on Grammian solutions, which says that

u=2-——(Infyn), fn=det(ay)i<ij<n,

ox
where the elements of fx are defined by a;; = d;;+ [ ¢ibjdz, i, 5 =1,2,..., N, with ¢; and ;
satisfying
(2) ) | (3) , o
(;Si,y = 2§¢@ ) qbi,z = 2£¢1 + kz )‘zkgbka ¢i,t = d)z + kz nzk¢k7
-1 =1

9@ g e ® S, IO I
Ui = 205 e = 2200 Bl i =07+ 2 g

where &, A, p, n and p are an arbitrary differentiable functions in ¢, solves the above (341)-
dimensional nonlinear partial differential equation. In Section 4.6, we constructed some
solutions for the representative systems in the sufficient conditions (4.5.82).

A bilinear Bécklund transformation was furnished for the (3+1)-dimensional nonlinear
partial differential equation (4.4.76). In Section 4.8, we constructed a new class of exact
wave solutions and a new class of rational solutions to the above (341)-dimensional nonlinear
partial differential equation (4.4.76) of the form

0
u= 2%(1n fL).

In Chapter 5, we have built a Pfaffian formulation for the (3+1)-dimensional nonlinear

Ma-Fan equation:

0%u o 0 <6u 8u> 0%u P

020t  0x30y Oz \ Oz dy 922
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The facts used in our construction are the Pfaffian identities. Theorem 5.1.1 gives the main

results on the Pfaffian solutions, which says that

0

u=25"(nd,), ¢, =Pf(aij)izij<on,

€T
where the elements of ¢,, are defined by a;; = Cij + [ Di ¢;(x) - ¢;(x)dz, Cyj =const.,
—0o0

1,5 =1,2,...,2n, with ¢, satisfying

op, [ o, i 0, 0>
a,(byl: /%(x)dx? ail:)\(t)/wz(x)dx, 81/;51 :M(t) a;/;la

where A is an arbitrary nonzero continuous function in ¢, and the function x by defined in the
equation (5.1.8), solves the above (3+1)-dimensional nonlinear Ma-Fan equation. Examples
of Pfaffian solutions were made, along with a few plots.

In Section 5.3, the bilinear Bécklund transformations were furnished for the (3+1)-
dimensional nonlinear Ma-Fan equation, based on the existence of exchange identities for
Hirota bilinear operators. In Section 5.4, we constructed a new class of exp-solutions and
a new class of polynomial solutions to the generalized modified nonlinear Ma-Fan equation
and we created a new class of exact wave solutions and a new class of rational solutions of
the form

0
u = 2£(ln7'i).

to the (3+1)-dimensional nonlinear Ma-Fan.
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