UJMM Undergraduate Journal of Mathematical
Modeling: One + Two

Volume 13| 2024 Article 1

2024

A study on the correlation between a star's Rayleigh-Taylor
characteristic timescale and stellar wind activity

Fiona Klett
King HS

Advisors:
Razvan Teodorescu, Mathematics and Statistics

Problem Suggested By:

Follow this and additional works at: https://digitalcommons.usf.edu/ujmm

O‘ Part of the Mathematics Commons

UJMM is an open access journal, free to authors and readers, and relies on your support:
Donate Now

Recommended Citation

Klett, Fiona (2024) "A study on the correlation between a star's Rayleigh-Taylor characteristic timescale
and stellar wind activity," Undergraduate Journal of Mathematical Modeling: One + Two: Vol. 13: Iss. 1,
Article 1.

Available at: https://digitalcommons.usf.edu/ujmm/vol13/iss1/1


http://scholarcommons.usf.edu/ujmm/
http://scholarcommons.usf.edu/ujmm/
https://digitalcommons.usf.edu/ujmm
https://digitalcommons.usf.edu/ujmm
https://digitalcommons.usf.edu/ujmm/vol13
https://digitalcommons.usf.edu/ujmm/vol13/iss1/1
https://digitalcommons.usf.edu/ujmm?utm_source=digitalcommons.usf.edu%2Fujmm%2Fvol13%2Fiss1%2F1&utm_medium=PDF&utm_campaign=PDFCoverPages
https://network.bepress.com/hgg/discipline/174?utm_source=digitalcommons.usf.edu%2Fujmm%2Fvol13%2Fiss1%2F1&utm_medium=PDF&utm_campaign=PDFCoverPages
https://giving.usf.edu/online/gift/f/420132/
https://digitalcommons.usf.edu/ujmm/vol13/iss1/1?utm_source=digitalcommons.usf.edu%2Fujmm%2Fvol13%2Fiss1%2F1&utm_medium=PDF&utm_campaign=PDFCoverPages

A study on the correlation between a star's Rayleigh-Taylor characteristic
timescale and stellar wind activity

Abstract

In this paper, we investigate the correlations between a star's internal dynamics due to the Rayleigh-Taylor
instability and episodes of stellar wind activity, using both a theoretical model and observational data
from the NOAA.% \cite{NOAA}. Besides its relevance as an astrophysics problem, this study is also
informative for models of climate change which include secular perturbations in the Sun's internal
dynamics, as a potential source of solar activity variability.
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Klett: On the Rayleigh-Taylor instability and stellar winds

A STUDY ON THE CORRELATION BETWEEN A
STAR’S RAYLEIGH-TAYLOR CHARACTERISTIC
TIMESCALE AND STELLAR WIND ACTIVITY

FIONA KLETT

ABSTRACT. In this paper, we investigate the correlations between
a star’s internal dynamics due to the Rayleigh-Taylor instability
and episodes of stellar wind activity, using both a theoretical model
and observational data from the NOAA.Besides its relevance as an
astrophysics problem, this study is also informative for models of
climate change which include secular perturbations in the Sun’s
internal dynamics, as a potential source of solar activity variability.
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1. INTRODUCTION

In this article, we explore the hypothesis under which the stellar
wind activity is mainly due to fluctuations in the star’s density distri-
bution associated with the Rayleigh-Taylor instability. A fundamen-
tal mechanism characterizing the unstable distribution of fluid density
where gravitational attraction allows for denser strata to sit atop less
dense fluid layers, the Rayleigh-Taylor instability is a plausible univer-
sal model for the stellar wind flares and matter ejection. We review
the classical mechanics model for planetary motion and relate it to a
two-layer Rayleigh-Taylor star model, in order to test the hypothesis

that the latter could be a primary cause for the former.
1
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2. AN OVERVIEW OF PLANETARY DYNAMICS AND STABILITY
ANALYSIS OF THE RAYLEIGH-TAYLOR INSTABILITY

2.1. Kepler’s laws and planetary dynamics. Following Newton,
we show that Kepler’s laws (derived empirically from observations of
planetary motion made over decades by Danish astronomer Tycho
Brahe) can be derived using only two postulates: Newton’s Second
Law of mechanics and (independently) his Universal Attraction Law:

(2.1) —G——7=F = ma,

where F is the force of gravitational attraction exerted on a point
mass m, of position 7" and acceleration @, by another mass M, fixed for
convenience at the origin, and G is the Newton gravitational constant.

Remark 2.1. This set-up ignores Newton’s 3rd law, according to which
the second mass M would feel a reaction force —F (hence it cannot
be stationary); this is a minor detail in the sense that any two-body
system m, M can be reduced to the simplified version above, when the
origin is set at the center of mass of the system. In the limit m/M — 0
(relevant for the case of planets (m) and Sun (M) in our system, or
stellar mass ejected by solar winds (m) and star (M)), the center of

mass can be approximated by the position of the large mass M.

Denote by 7,0 = Z—’; the position and velocity vectors of the point
mass m (“planet”) and note that, since the force between the two
points (planet and Sun) is central, md@ = F || 7, the angular momentum
L = mF x ¥ is conserved:

(2.2) L=mixT+7FxF=mixi+7xF=0,

But this means that the plane of motion (determined at all times by
the vectors 0, @ || 7), is fixed in time. Therefore, the motion is a planar
curve, taking place in a fized plane of motion (of normal direction given
by L(t = 0)). We have therefore obtained the following result:
Theorem 2.1 (Kepler’s third law). From the formula for planar area
swept by the position vector and Eq. (2.2), we find that the rate at which
the area is swpt, dA/dt = L/2m is a constant for any body in planetary
motion.

Switching now to polar coordinates in the plane of motion, 7 =
rlcos(0)i + sin(6)]], and introducing the moving frame unit vectors

é, = cos(0)i +sin(#)), €9 = —sin(0)i + cos(h)),

https.//digitalcommons.usf.edu/ujmm/vol13/iss1/1
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we can write the velocity and acceleration vectors as
T =ré, +r0éy, a=i—r?é, + 270 + r0]éy.

In this notation, the angular momentum becomes

L =mr?0(é, x &), ||L|| = Ly = mr*§ = const.
Therefore, we obtain that
0= Lo=r(270 + rf),

which yields for the acceleration @ = [ — r62]é,, consistent with the
assumption @ || 7 of Eq. (2.1). We also note the useful (chain rule)
identities

. Lo d Lyd dr d(1/r)
23 0:—’ —:——’ _:_L .
(23) r2 dt— r2df’  dt " dg
2.1.1. Dynamics. Using Newton’s Law of Universal Attraction, the
planet’s radial acceleration can be expressed as

-GM . L§
r2 r m2r3’
leading to (by using the equation (2.3))

2 /1 1 m\?
C () +2=(2) am
df? (r>+r <L0) G

When a new variable r( is introduced, by defining

m\ > 1
— | GM = —
(Lo) 7"07

L2
=0 — GMmr,
m
the final expression for the trajectory of the planet becomes (in polar
coordinates)
1  1+4ecosd
(2.4) —=— e€R,
r To

which represents a conic section in the plane. Imposing now for the
total energy the bounded-trajectory constraint TE = KF + PE <0,

mu? L2 ‘ ~ GMm 1+e<GMm

2 lo=o  2mr2le=0 7 2 r o lo=0’
it follows that e € [0, 1), therefore any planetary trajectory is an ellipse.
Values of e > 1 correspond to unbounded trajectories (parabola e = 1,
hyperbola e > 1), and therefore describe single-passage comets. Thus,
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Theorem 2.2 (Kepler’s first law). From Eq. (2.4), it follows that all
the planetary (i.e., bounded) trajectories are ellipses.

From Kepler’s first law and Eq.(2.4), we have (a, b are the semi-axes)

mab 2_ Lo 2_GM7"0:>T2T0_(27T)2
T ) \2m) 4 (ab)2  GM'’

where T is the period of motion. Since ry = a(1—e?) and b* = a*(1—€?):

Theorem 2.3 (Kepler’s second law). For all the planets in the same
2
solar system (i.e. given solar mass M ), Z—j = % 18 the same for all

planets.

2.1.2. Total energy. Now that the trajectory of the planet is known to
be described by an ellipse, the energy in the system must be considered.

To asses the total energy in the system, the position vector character-
izing the trajectory is obtained from the previous calculations describ-
ing the ellipse to produce the square of the velocity v? = (mL—fO)z(l +
2ecosf +e )

When ( )2 is substituted for ¥ it becomes clear that an interval
of negative Values is available for the total energy, because, as the sum
of kinetic and potential energies,

2 M M 21
E:mv_G m G m (e ),66[0,1),
2 r To 2

2
which may take any negative value from the interval {—% <G% m) , 0) .

This shows that, given the values of the constants of motion (kinetic
momentum and total energy) and the initial position of the objects,
one can find uniquely the elliptic trajectory that describes planetary
motion in this approximation (two-body problem).

Remark 2.2. In a more general case, if a point is moving on the ellipse

R(0) = (acos(h),bsin(h)), 0 € [0,27), a>b> 0,

al

with (non-constant) speed v = 4 in such a way that its acceleration

is d(t) = f(r)e,, where 7(t) = r(t)e, is the position vector of the point
relative to a fixed point on the major semi-axis, then the following hold:

i) the angular momentum L =7 x 7 is a constant of motion;
ii) if ko denotes the curvature of the ellipse at § = 0, 7, then

Ko L? aL2 1
f(r):_rz - bgﬁ

https.//digitalcommons.usf.edu/ujmm/vol13/iss1/1
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2.2. Projectile motion beyond the parabolic approximation.

2.2.1. Escape velocity. Modeling a star by a total mass M uniformly
distributed on a spherical solid of radius R, we consider the projec-
tile motion of a point mass m < M, launched from the surface of
the star, with initial speed vy, at an angle § € [0, %] above the local
tangent plane. Let h be the highest altitude reached along the point’s
trajectory. We will find the first escape velocity for the mass M.

Starting from Newton’s Universal Gravitational Attraction Law,

mi=F=_cMMs _ g (GMm)

r2 r

where 7 = re, is the position vector of the point mass m relative to the
center of the Earth (this equation already assumes that m/M — 0),
we find

12 . . - :
d m)||7] R R GMm -F:i GMm ’

so the point mass will have speed v at some distance r away from the
center of the star, such that

m 1 1

5(U2—w2):GMm(;—}—%) =

9 2G M [2 QGM}

w - —— = |v° — = const.
R T

From §2.1.1, we know that the trajectory never intersects again the
surface of the star when

2GM  GM 2GM
v? — = (e—1)>0=w*= "
r r R
Since the force exerted by the star on the object on the surface is given
by
GMm
F,= 72 =mg,
GM  —

we can identify the quantity %3 = g to the star’s the gravitational
acceleration. Therefore, the escape velocity is given by

w? = 2gR = w = \/2¢gR.
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2.2.2. Maximum vertical position. Denoting a = *¢ and n = %, we will
find n(a,#) and discuss the special cases o = 1 (escape trajectory),
¢ = 5 (vertical motion), and o < 1.

Using the formula for the escape velocity, we find

2

2 2 mug

o = Yo _ Y _ T
w?  2Rg G]gm’

so we conclude that the parameter o represents the ratio of kinetic
energy to absolute value of the gravitational potential energy of the
object.

From the general elliptical trajectory solution presented in §2.1.1, we
have the parameters (v| is the speed at the highest altitude point)

L

EO = Ry cos = Rwacost = (R + h)y,
Lo/m)? 2

ro = (é# = 2Ra?cos’ ) = %Ocos2 0,

where the polar form of the trajectory, with the center of the Earth at
one of the focal points, is given by

To To

R=r(po) = Reth = 1(0) = ———

Conservation of total energy (found in the previous solution) and
angular momentum (c.f. §2.1.1) yield

()

:1—ecosgp7 1 —ecospy’

vt GM 2 GM
[ Yo 2\, 2 2 i 2
_ =0 _ = (1 — 2n) —n — 0 =0.
2 R+h 2 R (1=a%)(n"+2n) —n —a’sin
For oo # 1, the equation has two real roots, and we choose the positive

one:
_ —1420% 4+ /1 —4a*(1 — a?) cos?
= 21 — a?) ’
14+ /1 —4a2(1 — a?)cos? b
R RV, e
2(1 —a?)

The special limits are obtained as n(a, §) = %, which for small
values @ < 1 has the expansion (and correction to the parabolic ap-
proximation)

2 4

2 4 6 Yo Yo
= o> h~ — e
n=a +aoa +a + 2g+4RgQ+ ;

https.//digitalcommons.usf.edu/ujmm/vol13/iss1/1
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and for generic values of the launch angle 6,

1
77(042—>1_):1_a2—sin29—|—...—>oo,
(% = 0) 2120 03-2@
a ~ a”sin®§ = ——=sin” 0.
g 29R

2.2.3. Eccentricity and degenerate trajectories. For the case of an ellip-
tical (that is, bound) trajectory, we can now compute the eccentricity
e(a, ) and discuss the special cases @ — 17 (escape trajectory) and
0 — 5~ (vertical motion).

1 : 2 2
From the previous solution, 1 — e ro _ _ 20a”cos"f

= R4~ 1tg 50

B 40%(1 — a?) cos® 0
14+ +/1—4a%(1 — a?)cos? 0
For both a@ — 17 (escape trajectory) and § — 7=, we find e — 17.

In the first case the elliptical trajectory crosses into its parabolic limit,
while in the second it degenerates into the focal segment.

= /1 —402(1 — a?) cos? f

e=1

2.2.4. Second focal point. For the case of an elliptical trajectory, we
next find the position of the second focal point of the trajectory (the
center of the star is the other one), by finding its distance to the center
of the star, d(e,n), and the angle ¢y made by the major semi-axis of
the ellipse with the local radial direction at the launch point (Note that
2Ry is the range of the projectile motion).

1—4a2(1—a?) cos? 0
_ _ e _ e _ \/
We compute d = 2ae = 21915 = R = R T ,

which yields for the position of the second focal point relative to the
surface of the star the altitude

V1 —4a2(1 — a?)cos?d 1]

=d—R=R

1—a2

We find that the second focal point is on the surface of the star when

1 1
4(1 — a®) cos® 0 = 100329—52042 (COSQH——),

4
therefore
, 2—4cos*0 m
o =7, |:07 _] )
1 —4cos?d 4
or equivalently,
1 o
1 A2 2 6 — -
(1 —a“)cos 5~ 2
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Undergraduate Journal of Mathematical Modeling: One + Two, Vol. 13, Iss. 1 [2024], Art. 1

8 FIONA KLETT
For the angle,

1 —2a%cos®f 1 —2a?cos? 6
e \/1—4042(1—042)00829,
so in the limit o < 1 (parabolic approximation), the range is given by
2
2Rpy =~ 2Ra*sin(20) + ... ~ % sin(26)
g
2.2.5. Trajectory beyond the parabolic approzimation. Finally, we find
the first correction to the parabolic solution for the projectile motion.
Around the highest-altitude point, for e — 1,7 < 1, the trajectory
in local Cartesian coordinates is given by

Cos Yo =

To

z(p) = Rp, ylp)=r(p) —R= Tos(}%)_R’
_ e(R+h) , €*(R+h) , e2(R+h) ,
y=hsa—ort Yag st T S e @ Ig e

where the first two terms give the parabolic approximation. The cur-
vature of the trajectory at the highest altitude point is then
e(R+h) ero vicos?l e
Ko = = =
T (1-e)R? (1—e)2R? R?g (1 —e)?

2.3. Linear analysis of the stellar Rayleigh-Taylor instability.
We model the Rayleigh-Taylor instability by two layers of fluids of den-
sities p; < pg2, where the first layer (of density p;) is at the bottom and
the second is at the top, in constant gravitational field of acceleration
g. Assume the top layer, at equilibrium, extends vertically from co-
ordinate y = hy to y = hy + hs, and the bottom layer is from y = 0
to y = hq, then introducing the field variable ((z,t) = y(z,t) — by
to represent the interface between the two fluids, we can isolate the
first-order perturbation for the Lagrange function of the system,

Pt (%)2 _(m _p2)g<2] |

L:/ LdA, L= (5 5

with K a constant that depends on the actual geometry of the set-up.
The Euler-Lagrange equations then become

d (0L oL
= <a_g) =%~ K(p1 + p2)¢ = (p2 — p1)g¢,

https.//digitalcommons.usf.edu/ujmm/vol13/iss1/1
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which means that the growth of the interface instability is exponential,

twe)\t’ P g P2 p1
<) V K p2+ pr

The main conclusion of this analysis is that the Rayleigh-Taylor in-
stability has a characteristic timescale,

1 Lps+m
T = — v —_ i
A Vgp—pm
which can be related to the analysis in the previous section by noting
that, under the assumption of incompressibility of the fluid layers, the

launching speed at the surface of the star, as result of the growth of
the interface is

t
e’r

=5
This expression allows now to compare this quantity to the escape
velocity found in §2.2.1 and test the hypothesis that the Rayleigh-
Taylor model of the star is correlated with the observed stellar wind
dynamics.
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