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ANALYSIS OF QUASICONFORMAL MAPS IN R"
ANDREW PURCELL
ABSTRACT

In this thesis, we examine quasiconformal mappings in R”. We begin by proving
basic properties of the modulus of curve families. We then give the geometric, analytic,
and metric space definitions of quasiconformal maps and show their equivalence. We

conclude with several computational Examples.
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1 BACKGROUND AND MOTIVATION

1.1 Introduction and Motivation

When studying mappings from R" into R”, it is desirable to consider maps that do
not distort the geometry of the domain. The most natural choice of such mappings
is those functions that map circles into circles. Such maps, called conformal maps,
turn out to be too restrictive in their properties. A theorem by [L] shows that such
mappings reduce to restrictions of translations, dilations or rotations.

Because of this rigidity, we relax our geometric condition and consider those maps
whose images of circles are elliptical with bounded distortion. In other words, the
ratio between the major and minor axis of the image is controlled by a fixed finite
constant. These maps, called quasiconformal maps, provide an interesting course of
study and have been considered in a variety of metric spaces. In this thesis, we will
focus on quasiconformal mappings in R” and discuss various equivalent definitions. In
addition, we examine various properties and computationally explore some Examples
in R3, enabling a deeper understanding of the mechanics of quasiconformal mappings.
The material in this thesis provides a basis for exploration of quasiconformal maps in

general metric spaces.

1.2 Preliminaries

1.2.1 Mobius Space

Let R denote the field of real numbers. Forn > 2, R" =R x --- xR and x € R" is
—_———

n times
given by © = (x1, 9, ...,x,) where each z; € R. With the usual addition and scalar



multiplication, R™ becomes a n-dimensional vector space over R. The vectors

€1 = (1,0,0,...,0),

€y = (0,1,0,...,0),

and e, = (0,0,...,0,1)

form a basis for R".

Now for z,y € R™ we define the Euclidean inner product of x and y as

(x,y) =191 + Taya + - - + TpYn

and the related Euclidean norm as

loll = /e + a3+ +a2.
In addition, we have the following notation:

B"(x,r) = {yeR":|y—z|<r},
Bi(z,r) = {yeR":|ly—az|<r},

and S" '(z,r) = {yeR":|y—z|=r}

In this thesis we will work in the Maobius space I@?‘:R”U{oo} which is the one-point
compactification of R”.
1.2.2 Linear Algebra

In this section we will detail needed ideas from Linear Algebra, as found in [HK].

Let A : R” — R” be a linear transformation, that is for all a, 3 € R and x,y € R"”
Alaz + By) = ad(z) + BA(y).
Define L(A) = |A| = max;=1 |Az| and ¢(A) = minj,|= |Az|. These quantities



are called the maximal and minimal stretchings of A.
We denote the composition of linear transforms A and B by AB. For a linear

transform A : R®* — R™ and B : R™ — RP? it is clear from the definitions that
L(AB) < L(A)L(B) and ¢(AB) > ((A)l(B).

A linear transform A : R™ — R" is said to be non-singular if and only if ¢(A) > 0,

which leads to the relations:
L(Afl) = €(A)*1 and E(Afl) = L(A)*l.

Recall from Modern Algebra the non-singular linear transforms of R™ form a group
with composition denoted by GL(n) [R][Chapter 2].

A linear transform A : R™ — R" is said to be an orthogonal transform if |Az| = ||x||
for all z € R™ or equivalently if (Az, Ay) = (z,y) for all z,y € R™. Moreover, the
orthogonal transforms of R™ form a subgroup of GL(n) denoted by O(n).

For every linear transform A, there exists a unique linear transform A* : R” — R"
such that (Az,y) = (z, A*y) for all x,y € R"; we call the linear transform A* the
adjoint of A. Note that if A €GL(n), then A €0(n) if and only if A~! = A*.

Recall that if A €O(n), then L(A) =1 = ¢(A) and that det(A) = +1. If det(A)=1,
then A €SO(n) (the special orthogonal group) which is a subgroup of O(n).[R] Noting
that if A : R™ — R™ is a linear transform, and B and C' are orthogonal transforms,

then
L(CAB) = L(A) and ((CAB) = ((A).

When a linear transform S : R™ — R"” has the property that S = S* we say that S is
symmetric or self-adjoint. Note that if A : R" — R” is an arbitrary transform both

A*A and AA* are symmetric. The following theorem concerning symmetric matrices

can be found in [HK].
Theorem 1.2.1 If S is a symmetric linear transform, then there exists an A €O(n)

3



such that D = A~'S A, where Dz = (A1, \aTa, . . ., \ny,). Moreover, the eigenvalues
of S, denoted M\, ..., \,, are real.

The transform D in Theorem 1.2.1 is said to be a diagonal transform and from

Linear Algebra we have

min [\;| < [Dz| = \/A%x% e A2

1<i<n

when |[|z|| = 1.

Hence,
L(D) = max |\], (D) =min |\, and det(D) = MAy--- A,.

By an appropriate choice of A in Theorem 1.2.1 we always assume \; > Ay > --- > \,.

We say that a linear transform A : R™ — R" is positive semi-definite (or positive
definite) if (x, Az) > 0 (or if (x, Az) > 0) for all 0 # = € R". Moreover, for any linear
transform A : R” — R" AA* and A*A are always positive semi-definite.

As a consequence of Theorem 1.2.1 and the facts above, we have that if A : R" —
R"™ is a linear transform such that A is positive semi-definite and symmetric, the
eigenvalues of A can be written as A\;y > Ay > -+ > )\, > 0. We then conclude
L(A) = L(T7'AT) = L(D) = A, and similarly ¢(A) = \,,, where T' € O(n) such that
T YAT = D as in Theorem 1.2.1.

Theorem 1.2.2 Any linear transform A : R™ — R™ may be factored into A = PB,

where B €0(n) and P is both symmetric and positive semi-definite.

When considering the transform in Theorem 1.2.2 we see P is uniquely determined

by A and we have:
AA* = (PB)(PB)* = PBB*P* = PIP = P?

where [ is the n x n identity matrix. Recall BB* = I since B €O(n).

We call P the unique symmetric, positive semi-definite square root of AA*.

4
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Figure 1.1: The dilatation ellipse

1 1
Therefore we may say that the eigenvalues of P are A\7,..., A3, where
AL > X > > )\, >0 and each )\; is an eigenvalue of AA*.

From a geometric perspective the transform A maps the unit sphere S ! to an

ellipsoid E, denoted by E(A) [V].

Example 1.2.3 Let

T =
I3

The transform 7' maps S* onto the ellipse E(T') as shown in Figure 1.1. The transform

-1 1
T has eigenvalues 2 and 4, which correspond to eigenvectors and
1 1

We conclude with an extension of Theorem 1.2.1.

Theorem 1.2.4 Let A : R® — R" be a linear transform and let A1, ..., \, be the

eigenvalues of AA* such that \y > Xy > -+ > X\, > 0, then there exists U,V €0(n)
1 1

such that VAU = D where D(z) = (Af 21, ..., \axy).

1.2.3 Partial Derivatives

Define a function f : A C R” — R™, and let 0;f denote the partial derivative of f

with respect to the i*" coordinate. That is,




for all z € A°, where A° denotes the interior of A, for which the limit exists in R™.
Writing f = (f1, fa, ..., fm) we have 0,f(x) exists if and only if 0,f;(x) exists for
j=1,2,...,m. In particular, 9;f(x) = (0; f1(2), ..., 0; fm(x)).

1.2.4 Differentiability

Definition 1.2.5 Let f : A CR" — R™. We say f is differentiable at a point x, if

x € A° and there exists a linear transform T : R™ — R™ such that

fly)=fx)+T(y—z)+ |y — zle(y) (1.2.1)

for ally € A with lim,_., (y) = 0.

If such a transform 7' exists, it is unique for each f and for all h € R"

i) = i 1 =10

(1.2.2)

T is called the (Frechet) derivative of f at z and denoted by f'(x) or Df(x).
Now, we let f = (fi,..., f) and consider the individual components of the function
in Equation (1.2.1). We see that f is differentiable at x if and only if each f; is
differentiable at x and that if f is differentiable then f is continuous.

If f'(x) exists, it implies the existence of the partial derivatives of f. Moreover,
Equation (1.2.2) implies that 0;f(z) = f’(z)e;. Hence, the matrix f'(x) with respect
to the standard basis for R" and R™ is :

Afi(z) Oafi(x) -+ Oufi(w)
O fa(x) Oafa(z) -+ Onfa(w)




The existence of each 0;f(z) does not imply the existence of f'(x)[S]. However, if
each 0;f is defined in some neighborhood of x and each is continuous at x then f is
differentiable at x.

Next, consider A C R™ and let € A° we define the maximal stretching L,(x) and

the minimal stretching [¢(x) at = of a function f: A — R" by:

Ly(x) = limsup |f(z 4 h) = f(z)|
h—0 Al

Y

Theorem 1.2.6 If f is differentiable at x, then L¢(x) = L(f'(x))
and ly(z) = 1(f'(z)).

Proof. Recall that if A:R"™ — R™ is a linear transform then

L(A) = max |Az| and ¢(A) = min |Ax|.

llzll=1 llzll=1

“<” Now, h close to 0 implies  + h € A and Equation (1.2.1) yields:

[f(z+h) = f@)] = [f'(@)h +[hle(h)] < [BIL(f'(x)) + [hlle(h)].

Hence,

Ly(z) < limsup L(f'(z)) + [e(h)| = L(f'(x)).

h—0
“>” We may pick h € S"! such that L(f'(z)) = |f'(x)h|. Therefore by Equation

(1.2.2),

L) 2 i TELIV =IO iy = 1)),

Similarly, ¢;(z) = ((f'(x)).

Corollary 1.2.7 If f is differentiable at x, then L¢(x) = |f'(x)].

Theorem 1.2.8 Let ACR" and B CR™. If f: A — R™ is differentiable at x and if
g : B — RP is differentiable at y = f(z), then the composition go f : ANf~Y(B) — RP

7



1s differentiable at x. Moreover

(go f)(x)=4d W[ (x)



2 THE MobpuLus OF A CURVE FAMILY

In this chapter we will explore the notion of the modulus of a curve family. This will

be the main tool we employ when discussing the properties of quasiconformal maps.

2.1 The Geometry of Paths

2.1.1 Paths

Definition 2.1.1 A path in R" is a continuous map o @ A — @1, where A is an

terval in R.

The path is said to be open or closed depending on whether A is open or closed. The
locus |af of a path o : A — R™ is the set {aA} C R». A subpath of o : A — R" is
the restriction of o to a continuous subinterval of A.

Consider a partition of [a, b] such that a =ty <t; < ... <t, =b. We denote the
length of o : [a,b] — R by ¢(«v) such that

U(a) = sup{z la(t;) — atiy)]|}- (2.1.1)

Hence, 0 < /() < oo for all a« C R, Clearly ((ar) = 0 if and only if « is a constant
path.

Definition 2.1.2 We say the path « is rectifiable if £(a) < oc.

Theorem 2.1.3 If a : [a,b] — R” is q rectifiable path, and if a = to < t; < ... <

t, = b is a partition of [a,b], then every restriction aly, , . is rectifiable.



Moreover,
n

fa) =) (o

i=1

[ti—1,ti])'

Let a : [a,b] — R” be a rectifiable path. For all ¢ € [a,b] we set s4(t) = (a|[ay),
sometimes denoted by s(t). We say the function s, : [a,b] — R is the length function

of a.

2.1.2 Change of Parameter

Definition 2.1.4 A path « : [a,b] — R" s obtained from a path B : [c,d] — Rn by
an increasing/decreasing change of parameter if there erists an increasing/decreasing

continuous map h : [a,b] — [c,d] such that o = (o h.

In particular, if —oo < a < b < oo, the inverse of a path « : [a,b] — R" is the path
a:la,b] — R” defined by a(t) =ala+b—1).

Theorem 2.1.5 If « is obtained from 3 by a change of parameter, then (a) = £([3).

Theorem 2.1.6 If«: [a,b] — R" is a rectifiable path, then there exists a unique path
ag : [0,¢c] — R" that satisfies the following properties:

1) «v is obtained from g by an increasing change of parameter;

2) Uowlpg) =t for 0 <t <c, e, Sq0(t) =1.

Moreover, ¢ = l(a) and a = g 0 Sq.

Proof. Take ag to be a path that satisfies conditions 1) and 2). Then o« = oy o h
where h : [a,b] — [0,c| is increasing. Now if a < ¢ < b, Theorem 2.1.5 implies
that £(alp,q) = ¢(wolpo,nw)) = h(t). Therefore, h = s, and so ag is unique. Now, if
Sa(t1) = sa(t2), then a|p, 4, is constant. Therefore there exists a well-defined mapping
ap : [0, 4(a)] — R™ such that a = ag o s,.

n
Definition 2.1.7 The path g in Theorem 2.1.6 is called the arc-length parametriza-

tion of a.

10



Definition 2.1.8 A path a : A — R s locally rectifiable if every compact subpath
of a is rectifiable. We define £(a) = sup{l(()}, over all compact subpaths 3 of .

We note that on closed paths, the definitions of length are equivalent. Through the

next theorem, we may extend certain paths to closed paths without changing length.

Theorem 2.1.9 If o : (a,b) — R"™ is a rectifiable open path, then there exists a

unique extension to a closed path o, : [a,b] — R™. Moreover, {(a) = €(c).

Proof. Let t € (a,b). Suppose to the contrary, lim, ., «(t) does not exist. We then

can find a positive number r and a sequence of numbers
h<u <ta<ups<...<tj<wu; <...<b

such that |a(u;) — a(t;)| > r, for all j € N.

Hence,

k
U um)) 2 Z (t5)] > kr

for every k. This leads to a contradiction, since « is a rectifiable path. The last

assertion follows directly from the existence of the extension.

We conclude our discussion of length with the following theorem.

Theorem 2.1.10 Let  : (a,b) — R™ be an open path such that « is absolutely

continuous on every closed subinterval of (a,b), then « is locally rectifiable and

= /ab |/ (t)] dt.

2.1.3 Line Integrals

Henceforth, we will assume A C R” is a Borel set and p : A — R U {o0} is a non-

negative Borel function. Let «: [a,b] — A be a closed rectifiable path. We define the

11



line integral of p over a by:

[ris=[ " ettt

where g is reparameterization of o from Theorem 2.1.6. We note that the integral on
the left-hand side of the equation exists, since p o « is a non-negative Borel function
and the integral is the usual Lebesgue integral.

We have the following important result concerning line integrals of the image of a

path.

Theorem 2.1.11 Let U be an open set in R™ and f : U — R™ be continuous. Also,
let - A — U be a locally rectifiable path such that f is absolutely on every closed
subpath of ae. Then foa is locally rectifiable. If p : |foa| — RU{oo} is a non-negative

Borel function, then

/oap ds < AP(f(I))Lf(x) \dz].

2.1.4 Conformal Maps

While the heart of this discussion lies in the theory of quasiconformal maps, we need

to first introduce the notion of a conformal map.

Definition 2.1.12 Let D, D’ be domains in R A homeomorphism f : D — D' is
conformal if f € C and if | f'(x)h| = | f'(x)||h| for all z € D and h € R™.

We note that if D, D' are domains in ]1/@; a homeomorphism f : D — D’ is confor-
mal when f|p\feo,f-1(cc)} is conformal. Recall also that a C' homeomorphism f is
conformal if and only if |f'(x)|* = |J(z, f)| for all z € D.

A theorem of Liouville [L] says that for n > 3 every conformal map is a Méobius
transformation, where a Mdobius transformation is a mapping f : R" — R" such that
f is a composition of a finite number of the following transformations:

1) Translations: f(z) =z + a; for a fixed a € R.
2) Stretchings: f(z) = ra; where 0< r € R.
3) Orthogonal mappings: f is linear and |f(z)| = |z| for all z € R.

12



4) Inversion in a sphere S(a,r): f(x) =a+ %

2.2 The p-Modulus

In this section we will present the modulus of a curve family in Rn., By a curve family

I', we mean the elements of I' are curves in R”.

2.2.1 Definitions and Properties

Let F(I') be the set of all non-negative Borel functions p : R* — R U {oo} such that

/pds >1
gl

for all locally rectifiable curves 7 € I'. For each p > 1 we define the p-modulus of I'
as:

M,T) = inf /nppdm

peFI)J/r
and if F(T') = 0 we set M,(I") = co. From the definition of the p-modulus we can see
that 0 < M,(T") < oo.

Lemma 2.2.1 F(T')=0 if only if T contains a constant path.

Proof.  Define v : [a,b] — R" € T to be a constant path. By a change of variable

Lpdsz/ab<pov>~|v'<t>|dt=o

so the set of admissible functions of I' is empty. On the other hand, if I' has no

technique

non-constant paths then p = oo will always be in F(I'). In particular, for all locally

rectifiable v C T’

[ e oty =

Y

13



For the remainder of this discussion if p = n we will write M,(I') = M(I") and say
that M (I") is the modulus of T

Theorem 2.2.2 M, is an outer measure in the space of all curves in R". That 18,

1) My(0) = 0.
2) Iicly, = Mp(Fl) < Mp(rg)

o0

3) Mp(UFz‘) < ZMp(Fz‘)-

Proof. 1) Note that p = 0 belongs to F(()). Therefore, M,(0) = 0.

9) If I, C Ty, then F(I'y)CF(I';). This implies M, (T';) < M,(Ty).

3) If >, M,(I';) = oo, the result is clear. Therefore, take ). M,(I';) < co. Now, given
e > 0, for each i pick p; such that [, pf dm < M,(I';) + €27

Let p= (3.2, pf)% Given the curve v € |J, I';, we have v € I;; for some I';,. Next,

Apds = A(iﬁ)i > Apiods > 1.

Thus p € F(, I';), and we compute using the Monotone Convergence Theorem

we see that

Mp(UI‘i) < /Rnpp = /Ri::pp < S:/Rnpf < ZMP(I‘i) Y e

Definition 2.2.3 Let I'y and I'y be curve families in R" such that for each v € T'y, ~
has a subcurve belonging to I'y. In this case we say that I's minorizes I'y and denote

ity < I's.

Theorem 2.2.4 [fI'} < Ty, then M,(I'y) > M,(I'9).

14



Proof. 1f M,(I'1) = oo the result is clear. Therefore, take M,(I'1) < oo, and pick
p €F(I'). If v € I'y is locally rectifiable and if g € I'y is picked such that § < ~, then

/pdsZ/pdle.
¥ B

Hence, p €F(T';) and so M,(I's) < [, p* dm. Therefore M,(I'y) < M,(I'1) by taking

the infimum over all p €F(I'y).
u

We note that the the p-modulus of a curve family I' is large if there are many curves

in I' or if the curves in I' are short.

Definition 2.2.5 The curve families I'y, s, ... are called separate if there exists dis-

joint Borel sets E; € R™ such that if v € T'; is locally rectifiable, then

/Xm ds = 0.
"Y T

Lemma 2.2.6 If';,['s,... are separate, then
MP(U ;) = Z M,(T).
i=1 i=1

Proof. It suffices to show that ), M,(I';) < M,(I'), where I' = | J, I';, since M,, is an
outer measure. If M,(I') = oo, then the result is clear. Therefore, take M,(I") < oo.
Let p € F(I') and define p; = p - xg,, where {E;} is the collection of Borel sets

separating I';. Hence, for locally rectifiable v € I'; we have

/XE.c ds = 0.
’Y 3

Therefore, by the Monotone Convergence Theorem:

OS/,O-XM:klim/min{p,k;}xm gklim k/XE<: ds = 0.
y i —00 v i —00 7

15



Hence for all ~,

We then have

1§/pd$ =
v

P(Xe, + Xge) ds

Di ds+/p-xE_c ds
'Y 1

I
—

Pi ds.

Therefore, p; €F(I).

Hence, using disjointness

Sy < X ddm=3 [ g im

= PP dm < PP dm.
U, B R

Taking the infimum over all v € F(I') implies

ZMP(Fi> < Mp<F)~
Theorem 2.2.7 IfI'1,I's,... are separate and if I' < T'; for all @, then

MP(F) > Z Mp(Fi)-

Proof. By Lemma 2.2.6 and the fact that I' < [, I'; the result is clear.

16



2.2.2 Influence of Non-Rectifiable Curves

From the definition of the p-modulus, the curves which are not locally rectifiable

have no impact on the p-modulus. That is, the p-modulus of curves that are not

locally rectifiable is zero. Hence, M,(I') = M,(I'y), where I'y is the family of all

locally rectifiable curves in I'. This next theorem shows when p > n, we may restrict

ourselves to rectifiable curves. We define the following notation: If I' is a curve

family in ]1/@, we denote the F,.(I') to be the family of all non-negative Borel functions

p:R" — RU{oo} such that for all rectifiable v € I'

/pdszl.
”

In general F(I') C F,.(T).

Theorem 2.2.8 IfT' is a curve family in @L, then for p > n,

M, (T) inf /p” dm = My(T,).

ZPEFT(F)

Proof. By the fact that F(I') C F,.(I"), we have M,(I") > M,(I',). Now to show the

reverse inequality: Fix p > n, and define the auxiliary function py : R — 0, 0] by

(|z[» Infz)~! |z| > 2,
po(z) =

1 |z| < 2.
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We first compute the space integral.

P
1
/pgdm = / lpdm—i—/ — | dm
n ja|<2 jel>2 \ [z[? In [z]
P
o 1
vt [ () e
2\ |z|? In]|z| n—1

= 2".Q, + wn_l/ r(nr)? dr
2

Inr)t—P|™
— 2n.Qn+wnil.&
1—-p |
In2)t—»
= 2" Q, +w,_1 (In2) < 00
1—-p

Recall that €2,, is the volume of the unit ball in R™ and w,, is the surface area of the
sphere in R".

We now wish to show f,y po ds = oo, for all locally rectifiable v € I' that are not
rectifiable.
Clase I: v is bounded.
Let a = xiél‘g‘{po(:v)} > 0. Hence,

/podsz/ads:a-ﬁ(’y):oo.
v gl
Case II: v is unbounded.

Pick = € || such that |z| > 2. We then have

* 1 > 1
~ 2| trInt o tlnt

= Inlnt|}; = oo.

Now let p € F,.(T"). For all € > 0, we set p. = (p? + eppg)%. We want to show that
p. € F(T).

18



Case A: ~ is rectifiable.
/pg ds-/(pp—i—sppg)zl’ ds>/p21.
8! 8! 8!

Case B: + is not rectifiable.

/&@Z/amwzm
Y Y

Hence, p. € F(I"), which leads us to:

/ L dm = ppdm+€p pﬁdm.

Letting ¢ — 0, we obtain

M) < [ o7 dm.

R”

The theorem follows by taking the infimum over all p € F,.(T).

Corollary 2.2.9 IfT, is the family of all rectifiable curves in I', then M,(I'\I',) =0
when p > n.
2.2.3 Upper and Lower Bounds for the p-Modulus

Given a curve family I' in ]1/%’\1, because we are taking the infimum, generally it is only

possible to find an upper bound. Precisely, picking p € F(I') produces

0z [ dm

as demonstrated by the next Example.

Theorem 2.2.10 Let p > 0. Let T" be a curve family such that if v € T, then 7 s
contained in a Borel set G C R and () > 1 >0 for all v € T, where v is locally
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rectifiable. Then,

m(G)
My(r) <
Proof. Define p : R* — R by
1
- €@,
plr)=q "
0 2¢G

We compute that

In Theorem 2.2.10 we established an upper bound for the p-modulus of I', for a

specific curve family I". The task of finding a lower bound is unfortunately much

more difficult. To find a lower bound, we must choose an arbitrary p € F(I') and for

all v € I', find a fixed constant K so that f,y pP > K. This is usually done by applying

Holder’s inequality and Fubini’s Theorem. We use this technique in the next three

Examples.

Example 2.2.11 The Cylinder
Let E be a Borel set in R*™! and let A > 0 and p > 0. Define

G={zeR" (x1,...,2p-1) € Fand 0 < z,, < h}.

Hence, G is a cylinder with bases £ and F' = E + he,. Define the curve family
['={y C G: closed 7 joins E to F'}. For all v € T" we have {(y) > h. Now by

Theorem 2.2.10 we have




For each y € E let y, : [0, h] — G be a vertical path such that

() =y +te,

which implies «, € I.

Let p € F(T"), implying for all locally rectifiable v € T’

/pdszl.
”
P
(fos) 2
v

and using Holder’s inequality we have,

If p > 1 we have

p—1

1g/p@:/p1mg(/w¢f</uﬂw>5

Therefore, for 1 < p we have

s (fre )

:(/M@-M*
.

= </th(y+ten)p dt) P (2.2.2)

since for each y € E, we have v, : [0, h] — G, which sends each ¢ € [0, h] to y + te,.

Now, integrate both sides of Equation (2.2.2) over E. Hence, we obtain

h
/ 1 dmn,1 < / hpil / p(y + t€n>p dt dmn,l,
E E 0

which is equivalent to

h
mn_l(E) < hp_l// ,O(y—i—ten)p dt dmn_l,
EJO

21



which is again equivalent to

mn,l(E) h D
= < /E/o p(y + te,)” dt dmy,
= pr dmy, (Fubini’s Theorem)
e
< PP dmy,
Rn

Taking the infimum over all p € F(I'), we obtain

My—1(E)

o < M, (T).
Hence,
Mp—1(E) mn(G)  mu_1(E)
hp—1 < My(I) < hp hp—1

Example 2.2.12 The Spherical Ring

Let 0 < a < b < oo. Define the domain A = B™(b)\ B"(a). We will call A a spherical
ring. Set E = S""'(a), F=S5""1b), and Ty = {y C A: closed v joins F to F'}.
We choose p € F(I'y). For each unit vector y € S™ ! define the radial function
Yy ¢ la, b)) — R™ by 7,(t) = ty. We note that v, is a locally rectifiable absolutely

continuous curve in I'4 and since p € F(I'4), we have

/pdsz 1.
Y

Y

For 1 < p < n we obtain,

- </pd) = ([ o )
B (/abp(ty)t"pltlf dt)p
< ( /abpp(ty)t”—l dt) | ( /abm dt)p

-1
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Letting ¢ = 22 and ¢ = [ 971 dt, we have
g P a

(/ab(pp(ty)tnl dt) : </abt‘11 dt)pl

I <
b
= cp—l-/ (PP (ty))t" ! at. (2.2.3)
Therefore,
b
1<t / PP (ty)t" ! dt.
Note:

CcC =

b
/tH dt p+#n,
() p=n

and so when p # n then we have

b p—n
L 1

¢ = /tildt=<p )tp—l
a p_n
p—n

_ pl (bf _ aﬁ) . (2.2.4)
p—n

b

a

Integrating Equation (2.2.3) over y € S~ ! with respect to surface area yields

b
/ 1 dm,,_; g/ c?”/ PP (ty) "t dt dm,,_;.
yesn—1 yesn—1 a

We obtain

IA

Wnp—1

b
t. / / PP (ty) "t dt dm,,_y
Sn=1 Ja
b
= ! / PPttt dt dmi,_y
a Sn—1

= cpl-/ppdmgcpl- PP dm.
A R™
Taking the infimum implies
wn1 < 7N M(Ty).
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Now we will show the reverse inequality. Define p € F(I'4) by

c x|t ze A

ple) = 0 x ¢ A.

Now for all locally rectifiable v € T"4

b 1 b
/pdsZ/ p(t)dt:—/ tldt = 1.
0% a CJa

Therefore, p € F(I'4). Now consider,

b
/ PP dm = / ( PP (ty) dmn_1> "t dt
n a Sn—l
b
= P / ( / pla=1) dmn_1> " dt
a Sn—1

b
— C—p,wnl/ pa—p+n—1
a

b
= cp‘wnl/ t9=t dt

= A Pw, .

IA

Mp(FA)

We then conclude
Wp1 P = M,(T4).
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Example 2.2.13 The Degenerate Ring
Let 0 <a<b<ooand I'={y CG: closed v joins F to F'}, where

E = {0}
— 5)
A = B'(b)\{0}.

Also, define I'4 as we did in Example 2.2.12. We know that I'y < I, therefore by
Example 2.2.12 and Theorem 2.2.4

b
0<MIT) <My = wyq-(In-)" if p=mn,
a

We note that p—n < 0, therefore letting a approach 0 in either case leads to M,(I") =
0.

Example 2.2.14 Paths through a point

Let 1 < p < n. Let g € R" and let T be the family of all non-constant paths
such that =g € |y|. If 29 = oo then M,(I") = 0, since every p that is not identically
zero satisfies p € F(I'). Now if zq # oo, define the path family I'y, = {y € T
S(xo, k) N |y| # 0}. Hence M,(T'x) = 0 by Example 2.2.13 and Theorem 2.2.4. Now

consider I' = (J, I';. Since the p-modulus is an outer measure this implies that

0< My(T) <> M,y(Ty) =0.

Therefore for any given x( € R" almost every non-constant path avoids z.

As a consequence of the previous Example, we have the following theorem, which

states that the p-modulus in unchanged when considering open or closed paths.
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Theorem 2.2.15 Let p > n and let E, F and G be Borel sets.

M,{y C G : open v joins E to F'}) = M,({y C G : closed v joins E to F}).

Proof. Let I'={~v C G : open 7 joins E to F'} and I'y = {7y C G : closed ~
joins E to F'}. Since, I'y < I we have by Theorem 2.2.4 M,(I'y) > M,(I'). To show

the reverse inequality, it suffices to show F(I') C F,(I'y) since

Let p € F(I"), let v be a rectifiable path in Iy, and let 7, be the closed extension of
~ given by Theorem 2.1.9. Hence, |7.| = || touches both E and F. Therefore, there
exists t; and ty such that v.(t1) € F and 7.(t2) € F; we can take t; < t5. Now define

/pdS:/pdSZ/pdSZL
v e B

B = Vility12) € I'. Hence,

Hence, p €F, ().

2.2.4 The Modulus of Conformal Mappings

Let A € R" and suppose f: A — R" is a continuous map. If I' is a family of paths in
A, then we set [V = {f o~ : v €T} and call I the image of I under f.

Theorem 2.2.16 If f : D — D’ is conformal, then M(I") = M(T), for allT C D.

Proof. Let p' € F(I") and define p(x) = p'(f(x)) - |f'(x)]. We have p € F(I'), since
for all locally rectifiable v € T’

/pds =
ol



Now since p € F(I'), this leads us to:

MT) < /D p* dm
= [ W@ 1@l an
= [ U@ 1@ dn (since £ is conformal
= [ AU@) Tag) dm
— [ duaydnz [ " dm

Now taking the infimum, we obtain M(T") < M (I").
We recall that f~! is conformal if f is conformal. Hence M (I”) < M(T) and so,

M(T') = M(I).

It should be noted that the p-modulus is not a conformal invariant if p # n. In
particular, we introduce a formula that shows what will happen to the p-modulus in

a conformal linear map.

Theorem 2.2.17 Let ¢ > 0 and define f : R* — R"™ by f(x) = cx. Denote the image
of a path family I' € R™ under f by cI'. Then

M, (cI') = ""PM,(T)

Proof.  f(x) = cx implies that |f'(x)| = ¢ and since f is a conformal linear map we

note that
ly(x) = Ly(x) = |f'(2)| = .
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Then, |J(z, f)| = ¢" for all x € R". By Theorem 2.2.16 it suffices to show
"PM,(T) < My(I') or  M,(T) < P7"M,(cT).
Let p € F(cI') and define p(x) = ¢p(f(z)). Hence,

1§/Mﬁds < l(ﬁof>-|f’<x>|ds=/7<ﬁof>cds=[pds.

This implies that p € F(I"), and so

o< [ pim = [ Gosyan
Rn n

= & (po frdtdm = | (po f)P-|J(x, f)| dm

R™ R7

= " oF dm.
Rn
Now by taking the infimum over all p € F(I"), we obtain:

M,(T') < &M, (cT).
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3 (QUASICONFORMAL MAPPINGS

In this chapter we will give three different definitions of quasiconformal maps discussed
by J. Viisila [V]. We will then explore different properties of quasiconformal maps.

Lastly, we will demonstrate the equivalence of the three definitions.

3.1 The Geometric Definition of Quasiconformality and Properties

3.1.1 The Dilatation of a Homeomorphism

Let f: D — D’ be a homeomorphism and let I be a curve family in D. Now define
the quantities:
M(T)

Ki(f) = sup M(TY) and Ko(f) = sup M)

where I'' = {f o~ : v € I'} and suprema are taken over all v C I such that
M(T') and M (I”) are not both 0 or co. We say K;(f) is the inner dilatation of f,
Ko(f) is the outer dilatation of f, and K(f) = max{Ko(f), K;(f)} is the maximal
dilatation of f. We note that K; > 1 or Kp > 1, hence K > 1.

Definition 3.1.1 If K(f) = K < oo, we say f is K-quasiconformal (or K-qc). The
map f is K-qc if and only iof

MI) -y < kM)
K
forall ' C D.

We note by Theorem 2.2.16, f is conformal if and only if M(I') = M(I"), which
implies that K=1, in Definition 3.1.1.

29



Theorem 3.1.2 Let f: D — D' be a homeomorphism. The following properties hold
forallz € D:

1) Ki(f)=Ko(f™), (3.1.1)
2) Ko(f)=HKi(f™), (3.1.2)
3) K(f™')=K(f), (3.1.3)
4) Ki(fog) < Ki(f)- Ki(g), (3.1.4)
5) Ko(fog) < Kol(f)- Kolg), (3.1.5)
6) K(fog)<K(f)K(g). (3.1.6)

Proof. Let I" be a family of paths in D. By the definition of I, the results are clear
if any of the dilatations are infinite. Hence, we will assume Ko and K; to be finite.

Recall:f : D — D', T' C D, and [I" = fI" C D’. To show Relation (3.1.1) we note

M) M)
M(T)  M(f'T)

< Ko(f™)

and by taking the supremum over all ' we obtain K;(f) < Ko(f™'). Interchanging
the roles of I" and I" we obtain Relation (3.1.2).
Relation (3.1.3) follows from Relations (3.1.1) and (3.1.2). Now looking at K;(fog)

we see that:

M) M((fog)T)  M((fog)l) M(gD)
M ©MT) MD)Wl

Taking the supremum over all I' gives us Relation (3.1.4). Relation (3.1.5) follows in
a similar fashion. Relations (3.1.4) and (3.1.5) together gives us

Ki(fog) < Ki(f)max{Ko(g), K1(9)},
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hence, K;(f og) < K;(f)K(g). Similarly, Ko(f og) < Ko(f)K(g). Therefore

Ko(fog)
Ki(fog) < K(f)K(g),

A
=
=
=
s

and so K(fog) < K(f)K(g).

Corollary 3.1.3 If f is K-qc, then f~! is K-qc.
Corollary 3.1.4 If h = fog, where f is Ki-qc and g is Ky-qc, then h is K1 Ks-qc.
3.1.2 The Dilatation of a Linear Map

Let A:R™ — R" be a linear bijection, we define the following quantities:

| det A|
Ay

A
|det A| ’

and H(A) = % (3.1.7)

Hy(A) , Ho(A)

We say the quantities H;, Hp, and H are the inner, outer, and linear dilatations of
A, respectively. In the next section we will show that H;(A) = K;(A) and Hp(A) =
Ko(A), which explains the terminology.

In geometric terms, H(A) measures the “out of roundness” or eccentricity of the
ellipsoid E(A), see Figure 3.1 [IM], while H;(A) and Hp(A) relate the volume of
E(B™) to the volumes of the inscribed and circumscribed balls centered about E(A).
Observe that

m(E(A))

m(Bo(4))
B = Sy oW = )

)
and H(A) is the ratio of the greatest and smallest semi-axis of E(A). See Figure 3.2
[IM]. [Here a; > as > ... > a, are the semi-axis of E(A).]
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Figure 3.1: Eccentricity of the linear dilatation

Figure 3.2: Inscribed and circumscribed balls of E(A)
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We recall that the numbers a; are the positive square roots of the eigenvalues of

A*A, where A* is the adjoint of A. We also recall

a1 = |A|7 an = E(A), and det(A) = Q109 Qp.

By the definition of the dilatations we can write

Ho(A) = , Hp(A) =20l and H(A) = D (3.1.8)

ag - Ay ar—1 an

Theorem 3.1.5 If A: R"” — R" is a linear bijection, then

) Hi(A) < Ho(A)"™,
) Ho(A) < Hi (A",
3) H(A)" =H(A)- Ho(A),
) H(A) <min{H;(A), Ho(A)}
< H(A)? <max{H;(A), Ho(A)} < H(A)" .

Proof. Let ay > as > -+ > a, be the semi-axis of E(A).

1) We have a; - --a,_1 < a?'. From this we obtain:

ap - apy < oap!
az- - apy < ay?
R L e
ar(ag -+ an,_1)"a’t < ay a?Q gt
al(ag . 'an—1)na2_1 < 112—271—&—1&2—1 _ (a?—l)n—l . aﬁ_l
(a1---an-1)(ag---a,)""t < (a7 )" an
- noy ay~t ol
ar—1! - Q9 -+ Qy,
Hi(A) < Ho(A)"!
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2) We have a" ! < ay--

n—1 n?—2n+1
aq a,
n—1/ n—1\n—1
aq (an )
n—1
ay
ag - Qp
n—1
ay
as - - - Qp
Hop(A)

1) H(A) < min{H; (A), Ho(A)}.
We will proceed in parts:

Case I: H(A) < H{(A).

We have
aﬁ_l <
ap-a't <
a
— <
an,
H(4) <

- a,. From this we obtain:

< agccclp

< (ag-@p-1)"

< af Mag- - ap-1)"an

< (ag---an)(a1---an1

< (az---an)(a1---ans
P n—1

< e

< ()
o

< HI(A)ZA

_ <a1 P an_l) a?_l
an—! ag -+ Ay
= Hi(A)-Ho(A).
ag - Qp
ay ap = (al an—l)an
ap---Qp-1
an—!
Hi(A).
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Case II: H(A) < Hp(A).

We have
1
ap - p—1 < oag
ap o Qper-a, < apl-a,
mo T
a, a3 Ay,
H(A) < Ho(A)

We then conclude H(A) < min{H;(A), Ho(A)}.
We next show max{H(A), Ho(A)} < H(A)"!.
Case I: Hi(A) < H(A)" L.

ar---ap1 < ay
1 n—1
ay - Gp_q ai” [
anfl S anfl - (CL_)
n n n
Hi(A) < HA)"!

a, < ag---ay
ar et < allay---ay,
a111—1 - a;}, 1 B (ﬁ)ﬂ—l
ag---a, ~ a'  \a,
Ho(A) < H(A)™!

We then conclude max{H;(A), Ho(A)} < H(A)" 1.

It remains to show

min{H;(A), Ho(A)} < H(A)> < max{H;(A), Ho(A)}.
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This follows easily from part 3, which implies

min{ H;(A), Ho(A)}? < H(A)" < max{H;(A), Ho(A)}2.

Example 3.1.6 If the linear transform A is given by a matrix, it is usually a difficult
task to compute the dilatations of A. However when n = 2, this is accomplished
by a easily obtained formula. Let A : R?> — R? be a linear bijection, now using
complex notation in R? define the map Az = ax + by + i(cx + dy) , where a,b,c,d
are real numbers such that ad — bc # 0. Since n = 2, H(A) = H;(A) = Ho(A). Let
H = H(A), we now compute H in terms of a, b, c,d. Let

a b
A=
c d
be the matrix representation of A. Then
AT:a C,andATA:a clla b:a2—|—02 ab—i—cd.
b d b dl|c d ab+cd b*+ d?

Now

A—(a®>+c*) —ab—cd
—ab—cd X— (U +d?)
= A=(a®+A)N— *+d*) — (—ab — cd)(—ab — cd)

det(\ — ATA) = det

= N = XNa®>+ 0+ +d%) + (ad — be)?.
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Now let A\; and Ay be solutions to det(A — AT A) = 0. Hence,

M+X = A +0+E+d

)\1)\2 = (Gd—bC)Q,
A1

H = 2

Ao’

and

ol /ﬁJr A Mt AP A+
H VX M VAN lad—be

Therefore H is the greater root of this equation, the other root is H 1.

3.1.3 Quasiconformal Diffeomorphisms

In this section we will show that the dilatations of a diffeomorphism can be derived
in terms of its derivative. Consider a diffeomorphism f : D — D’ where D and D’
are domains in R™. We recall that a diffeomorphism is a C'' homeomorphism, whose
Jacobian does not vanish. That is, J(z, f) # 0 for all x € D. We note that if f is a

diffeomorphism, by Equation (3.1.7) we have:

Ho(f'(x)) = % and Hy(f'(2))

_ (. f)]
e

Theorem 3.1.7 Let f : D — D' be a homeomorphism. If f is differentiable at the
point a € D and if Ko(f) < oo, then

[f'(@)|" < Ko(f)|(a, f)].

Proof. Without loss of generality we may take a = 0 = f(a), since if not, we may
consider the map g : {z € R" : z+a € D} — D' defined by g(x) = f(z +a) — f(a).
Therefore, ¢'(0) = f'(a). So by Theorem 3.1.2, we have Ko(f(a)) = Ko(g(0)). We
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may also take f/(0) to be of the form

f(0)z = (ayzy ..., anxn)T,

where a1 > ay > ... > a,. Hence,
17(0) = a1, and [JO,f)] =ai - an.

We then need to verify
al < Ko(f) ay---ay,.

The result is clear when a; = 0, hence we take a; > 0. Now, for all z € D we can

write

f(x) = f'(0)z + [z]e(z)

where lim,_oe(z) = 0. Now, let € € (0, %) and choose § > 0 such that the n-interval

Q= [07(5] X [076] Xoeee X [075]
is contained D and such that |e(z)| < n~2e holds for all z € Q. So,
|f(z) = f(0)a] = [x] - |e(x)] < 0. (3.1.9)

Now, let E and F' be the faces of ) on which x¢o = 0 and x; = §. Define the curve
family
['={yCQ°:vjoins E and F'}.

By Example 2.2.11, M(I') = 1. We next estimate M (I"). By Equation (3.1.9) we
have

f@Q) cG=A{x : —ed <uz; <(a;+¢)d}

and by Theorem 2.2.10
M(T") < (a1 +2¢) - (a, + 2¢)(ay — 2e)7".
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Figure 3.3: The cube

Combining the estimates of M(I") and M (I"), we have

M(T)
_ 9o < %) - - 2%).
(aq e)' < M) (a1 +2¢) - (a, + 2¢)
Letting ¢ — 0 yields
ay = M(IY) ai---an),

or

An application of Theorem 3.1.7 is the following:

Theorem 3.1.8 Suppose f'(a) = 0 whenever J(a,f) = 0. If f : D — D" is a
diffeomorphism, then

Ki(f) =sup H((f'(z)), and Ko(f)=sup Ho(f'(z)).

zeD zeD

Proof. The first equation follows from the second by applying the inverse mapping

f~1, hence it suffices to only show the second equation.
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Let sup Ho(f'(z)) = K < oco. We must show Ko(f) = % < K for an arbitrary

path family I" in D. Let p’ € F(I"). Now, define p: R" — RU {o0} by

pPf@)f (@) weD

ple) = 0 r ¢ D.

Suppose that « is a locally rectifiable path in I'. By [V] [Corollary 5.4] we obtain:

/pdsz/ pds > 1.
¥ Joy

Therefore, p € F(I'). This leads us to:

M@fELWM=LMWWWMWm

sx/ﬁﬁ@WU@ﬁwm:K/ g dm <k [ (o) dm.
D f(D)

Rn

Taking the infimum we obtain M (I") < KM(I"). The reverse inequality is a conse-

quence of Theorem 3.1.7.
[ ]

Corollary 3.1.9 The function f: D — D’ is a K-qc diffeomorphism if and only if

()]
K

< |J(z, )l < Ke(f'(2))"
for all x € D. Moreover,
1< Ki(f) < Ko(f)"" and 1< Ko(f) < K/ (f)"".

As a direct consequence of Theorem 3.1.5 and Theorem 3.1.8 we have the following

corollary.

Corollary 3.1.10 If a qc-mapping f is differentiable at a point a, then either f'(a) =
0 or J(a, f) #0.
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3.2 Metric and Analytic Definitions and Properties

3.2.1 The Linear Dilatation

In this section we will define the linear dilatation of a homeomorphism.
Let D and D’ be domains in ]1/@, and define a homeomorphism f : D — D’. For
each x € D with f(z) # oo, and for each 7 > 0 such that S"~!(z,r) C D we define

the linear dilatations as follows:
Definition 3.2.1 Set the quantities

L(l’,f,?") = max |f<y>_f(‘r)‘7

jy—zl=r

and l(z, f,r) = ‘yr_nxilrir |f(y) = f(2)].

The linear dilatation of f at a point x € D is

H(z, f) = limsupM

r—0 l(l’,fﬂ“) .

If x = oo, such that f(z) # oo, we set H(z, f) = H(0, f o u), where u is the

inversion map u(z) e Also, if f(z) = 0o we define H(z, f) = (z,uo f).

Since l(z, f,r) < L(z, f,r), we have

1< H(z, f) < 0.

Now if A is a bijective linear map, we note that H(x, A) = H(A) for all z € R",
where H(A) is defined as in Equation (3.1.7). We also note by Theorem 1.2.6, that if
f is differentiable at x and if |J(z, f)| # 0, then H(z, f) = H(f'(z)).

We omit the very technical proof of the following theorem. For details see [V] [pp.
78-80].

Theorem 3.2.2 Let f: D — D' be a homeomorphism such that for some K < oo

either Ko(f) < K or K;(f) < K. Then H(x, f) is bounded by a constant which
depends only onn and K.
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Figure 3.4: The linear dilatation

Corollary 3.2.3 If f: D — D' is qc, then H(z, f) is bounded.

3.2.2 The ACL Property

This subsection is modeled after Sections 22 and 31 of [V].
We set R!™! = {z € R* : z; = 0}. In particular P, is the projection of R™ onto
R?"!. That is, Pi(7) = 2 — x;¢;.

Definition 3.2.4 Let Q = {x € R" : z € [a;,b;]} be a closed n-interval. A mapping
f:Q — R™ is said to be absolutely continuous on lines (ACL) if f is continuous and
f is absolutely continuous on almost every line segment in QQ parallel to the coordinate

ares.

We note that if F; is the set of all x € P,Q such that z — f(z + te;) is not absolutely
continuous on [a;, b;], then m,_1(E;) = 0 for 1 <i < n. We also say if U is an open
set in R™, then the mapping f : U — R™ is ACL if the map f restricted to @) is ACL
for all closed intervals (Q C U.

Definition 3.2.5 An ACL mapping f : U — R™ is said to be ACLP, for p > 1, if
gL e b, (U) foralll <i<n.

loc

It is well known that ACL? = WP, see [Z][2.1.4].

Theorem 3.2.6 [V] [Theorem 31.2] Let f : D — D' be a homeomorphism such that
H(z, f) is bounded, then f is ACL.
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Corollary 3.2.7 Every qc map is ACL.

Theorem 3.2.8 [V] [Theorem 32.1] Let f : D — D' be a homeomorphism such that
H(x, f) is bounded. Then f is differentiable almost everywhere.

Corollary 3.2.9 A gc map is differentiable almost everywhere.

Theorem 3.2.10 [V] [Theorem 32.3] Let f : D C R? — D' be a homeomorphism. If

1 < K < o0, then the following are equivalent:

1) Ko(f) < K.
2)  fis ACL, almost everywhere differentiable, and |f'(z)|" < K|J(z, f)| a.e.

Moreover, f is ACL™ whenever (1) and (2) hold.

Proof. Assume Ko(f) < K. By Theorem 3.2.2, H(z, f) is bounded. By Theorems
3.2.6 and 3.2.8, f is ACL and a.e. differentiable. The inequality in 2) follows from
Theorem 3.1.7.

Next, choose E to be a compact set in D\ {oo, f~(c0)}. We see that

/E!f’(x)\" dm < K/E\J(x,f)! dm < K - m(fE) < oo,

Noting that |0;f(z)| < |f'(z)| at every point = of differentiability, we see 0;f €L™,
and thus we have f is ACL".

Now assume the conditions in 2) are satisfied. Let I'g be the family of all locally
rectifiable paths v € I' C D such that f is absolutely continuous on every closed
subpath of v and let Ty = {y € I' : oo € fo~}. Hence by Example 2.2.13
M(T's) = 0. Since f is ACL", Fuglede’s Theorem [F] implies M(I"\ (I'ns \ T'g)) = 0.
Therefore M (I'g) = M(T'), and it suffices to show that M (I'g) < K - M(I"). Recall

Ly (z) = lim sup (@ +h) = fl=)]
h—0 Al
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Let p' € F(I"), and for x € D define p : R” — R U {co} by

J(w)-Lix) weD

ple) = 0 z ¢ D.

If v € 'y, Theorem 2.1.11 gives us

/pdsz/ pds > 1.
Y foy

Hence p € F(I'y), which implies

<wm§AMMz=Aymm%mwm
::LMW@WﬂMWMSKAjUMWﬂ%an

< (p)" dm.
R”

Since this holds for all p’ € F(I'), this implies that M (I'g) < KM(I).

Corollary 3.2.11 A qc map is ACL".

3.2.3 The Metric and Analytic Definitions of Quasiconformality

Lemma 3.2.12 If f : D — D' is a homeomorphism, such that H(z, f) is bounded by
a constant C, then

|f'@)" < ¢ (x, f)]-

Proof. By Theorem 3.2.6, f is ACL, and by Theorem 3.2.8 f is differentiable almost
everywhere. Using Corollary 3.1.10 and Theorem 1.2.6 we have that for z € D either
f'(x)=0or

0 < H(f'(z)) = H(x, f) = C.

If f/(x) = 0, then the result is clear, so we take 0 < H(f'(z)) = H(z, f) = C.
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Hence,

| f'(z) " _ e max / / nn—1 _ ~m—1
m—Ho(f( )) < max{H;(f"), Ho(f")} < H(f') T,

or

@)™ < ¢ (x, f)]-

Theorem 3.2.13 [The Metric Definition of Quasiconformality/
A homeomorphism f: D — D' is qc if and only if H(x, f) is bounded.

Proof.  Suppose f is qc. Then H(z, f) is bounded by Corollary 3.2.3. Now suppose
forall z € D, H(x, f) = C < co. Now, by Theorem 3.2.6 f is ACL, and by Theorem
3.2.8 f is differentiable almost everywhere.

So, for z € D, f'(x) =0o0r 0 < H(f'(z)) = H(z, f) = C by Corollary 3.1.10 and
Theorem 1.2.6.
Lemma 3.2.12 leads to Ko(f) < C™ ! by letting C"~! = K in Theorem 3.2.10. Since
K (f™') = Ko(f), Equation 3.2.2 gives us H(y, f~!) < oo for all y € D’. By a similar

argument H(z, f) < oo for all x € D. Hence K;(f) = Ko(f™!) < 0o, and so f is qc.
[

Theorem 3.2.14 A homeomorphism f : D — D’ is qc if and only if one of the
dilatations K;(f) or Ko(f) is finite.

Proof. Suppose f is qc. By Theorem 3.2.13 H(z, f) is bounded and at least one of
the dilatations is finite. Now suppose K(f) or Ko(f) is finite. By Theorem 3.2.2

H(z, f) is bounded, then by Theorem 3.2.13 we are done.
|

Theorem 3.2.15 [The Analytic Definition of Quasiconformality] Let f : D C R —
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D’ be a homeomorphism. Then f is K-qc if and only if the following are satisfied:

1) fis ACL,
2) f is differentiable almost everywhere,

3) For almost every x € D

S (@)"
K

< [z, /)l < Ke(f'(x))".

Proof. Suppose f is K-qc. By Corollary 3.2.7 f is ACL, and by Corollary 3.2.9 f is
differentiable almost everywhere. Hence conditions (1) and (2) hold true. Now, f is
K-qc implies that

@

| J (@, )] ~
for all x € D such that f is differentiable at z. We may also take |J(z, f)| # 0. The

inverse g = f~! is also K — qc and has a derivative at y = f(x). Hence,

[T (z, ) = [Ty, 9)| " < Klg'(y)I" = KL(f'(z))".

Now assume the three conditions to hold true. That is, f is an ACL map, differentiable

almost everywhere, and at almost all z € D we have:

VO < 5o, 1)) < kU @)

We take note that Ko(f) < K implies by Theorem 3.2.10 Ko(f) is finite, and so by
Theorem 3.2.14 f is qc. Therefore, |J(z, f)| # 0 almost everywhere, which implies
Ki(f) < K.
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3.3 Equivalence of the Definitions

Theorem 3.3.1 Let f : D C R" — D' be a homeomorphism. For all ' C D the

following are equivalent:

1

1) EM(F) < M) < KM(T).

2) fis ACL, almost everywhere differentiable, and
|/ (@)]"

0 < e )] < Kes @)

3) H(z,f) is bounded.

Proof. By Theorems 3.2.13 and 3.2.15 the result is clear.
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4  COMPUTATIONAL EXPLORATIONS

In this section we give some Examples of quasiconformal maps.

4.1 Radial Mappings

Example 4.1.1 Let 0 # a € R, and let f: R\ {0} — R™\ {0} be a diffeomorphism
defined by f(z) = |z|*'z. We can extend f to a homeomorphism f* : R" — Re by
defining f*(0) =0, f*(c0) = o0 if @ > 0, and f*(0) = oo, f*(c0) =0 if a < 0.

Note if a = 1, f is the identity map. If a = —1, f is conformal and f is the
inversion in the unit sphere S 1.

We recall that

! _ @ ar!
Ho(f'(x)) = T )] avay -
and
Hy(f(a)) = L@ DL _aan e an

CUf()m apt

where a; are the positive square roots of the eigenvalues of AT A. Hence if
f(z) = |z 2 = (|| oy, 2|2, .. |2 ).
Then we compute,

0
(f")ij = %(fi) = ((a — D)|2|*Pzjm; + |2|* b))
J
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Hence [(f')(f")"]i =

n

> @ = V)] Pai + [ 6u) - (@ = D]l * P + 2] 551)],
k=1

and the matrix has eigenvalues |al|z|*~t, |z|*7*, ..., |z|* .

~
n—1

Now if |a| > 1 we have
K;(f) = la|, and Ko(f) = [a""
and if |a| < 1 we have
Ki(f) = la'"™", and Ko(f) = |a|™".

Using Example 2.2.14 the following relations hold, since the modulus through a arbi-

trary point is zero.

Ki(f) = Ki(f),
Ko(f) = Ko(f").

We illustrate this Example by considering the case when n = 3. Hence,

fl@) = 2" "o = (2" o, 2] 2, 2] )

= ((@F 4 a3 +23)2C Vi, (@F 4 a3+ 23)2 Vi, (aF + 2 + 23) 2 V).

This implies that

(a —1)|z|* 323 + |z|*? (a —1)|z|*Bremy (a —1)|x|* 3232,
f(z) = (@ —1)|z|*3x 29 (@ —1)|z|* 323 + |z|*? (a —1)|x|*Bxz29
(- Def=mzs  (a— Dby (- Djal=%3 + faf*
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and that

(a —1)|z|* 323 + |x|*? (a— 1)\:6]“_3951372 (a —1)|x|*Bz123
(f@)" =] (a—1)|z|*Bzom, (@ —1)|z|* 322 + |x|o? (a —1)|x|*Bzows
(a —1)|x|*Bxs2y (a — 1)|x|“_3x3x2 (a —1)]x|* 322 + |z]|*!

With the aid of a symbolic computation program we find the positive square roots of

the eigenvalues of (') - (') to be

R e e e B R ] e R ] B R e

The last eigenvalue clearly simplifies to a|x|*~!. Therefore the image of the unit sphere

under the map f is an ellipsoid with semi-axis a|z|*~!, |z]|*7!, |z|* L.

4.2 Folding

Example 4.2.1 Let (r, ¢, z) be the cylindrical coordinates of a point (z,y,z) € R3.
This implies that r > 0,0 < ¢ <27,z € R, with x =rcos¢, y =rsin¢, and z = 2.
Using z, ¥, 2 we define the map C' : R® — R? by C(r,¢,2) = (x,y,2). The domain
D, defined by 0 < ¢ < «, is called a wedge of angle o, 0 < a < 27w. We consider
two wedges D, and Dg with a < 3. Define a homeomorphism f : D, — Dg by
flr,o,2) = (r, %z’,z) this mapping is called a folding. We wish to compute the
values of the semi-axis of the dilatation ellipsoid a1, as, as. Hence we need to find the

eigenvalues of DF' as detailed below.



We note that F' = C o foC~t. Hence DF = DC - Df - DC™!, where

cos¢p —sing 0
DC™'=lsing cos¢g O

0 0 1
1 00
Df=10 £ 0
0 0 1
and
COS% smﬁd’ 0
DC = —rsin% rcos% 0

0 0 1

Hence with the aid of a symbolic computation program we find

Ccos ¢ cos = se L 8 Slngzﬁsm Be p-1 ( cos—sm¢ + £ cosqum W) 0
DF = |r (Bcos sin ¢ — cosgbsm;‘b) s = cos ¢ cos B¢ +Sm¢sm—¢ 0
0 0 1

The characteristic polynomial of DF is

g B

J %) (cos(o — 2))a.

—(@-D(C+a = (1+

Therefore we have the following eigenvalues:

) (eos(o ~ 1)) + QWH By2(cos( — 2292 42,

1
1, =(1
’2(+ a a

The maximum of the largest eigenvalue occurs when we allow cos(¢ — %) to be 1,

therefore we obtain the eigenvalues:

1,1

Ll
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Now according to Equation (3.1.8) we have

Ko(f) =2 and Ki(f) = (9)

a a
4.3 Cones

Example 4.3.1 Let (R, ¢,0) be the spherical coordinates of a point (z,y,2) € R3.
This implies that R > 0, 0 < ¢ < 27, 0 < 0 < 7, with o = Rsinfcos¢, y =
Rsinfsing, and 2 = Rcosf. Using z,y,z we define the map S : R® — R?® by
S(R,¢,0) = (x,y,2). The domain C, defined by 0 < a, is called a cone of angle «.
When o < 3, define a homeomorphism f : C, — Cs by f(R,$,0) = (R, ¢, %) We
wish to compute the values of the semi-axis of the dilatation ellipsoid a1, as, a3. Hence

we need to find the eigenvalues of DF' as detailed below.

(,9,2) <= (R¢,2)
We note that F' = So foS~!. Hence DF = DS -Df-DS™!,

where

—cos¢sinf R'singescl —Rlcospceosh
DS™'=|—gsingsind R 'cos¢cscd —Rcosfsing

cos 0 —R'sing
1 00
Df=101 0
002
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and

CoSs ¢ sin % sin ¢ sin == 60 cos %
DS = |—Rsin ¢sin & Rcosgbsm— 0

8o 60

R cos ¢ cos Rcos®sing —Rsin??
6

Hence with the aid of a symbolic computation program we find

ﬁcosﬁcos —i—sm&sm B9 0 5COSBHSIHG+COSGSiH%
DF = 0 csc@sin% 0
R(cos 7~ B9 sin 6 — cosé’sm 69) 0 COSQCOS% + gsinesin%

The characteristic polynomial of DF' is

0 g
—? 1 — E — ﬁ_ S - 0 sin =),
[—2° + ( a>(COS< - ))x a](w cscfsin — )
Therefore we have the following eigenvalues:
. P01 g 5o \/ p 5o g
2o+ 2 — Y /(14 D)2cos2(0 — ) — 45,

csc 6 sin ~ 2[( + Ot)cos(G a) (1+ a) cos?(6 - ) 04]

We note that for each 0 < z <1, sinm is increasing in m, when 0 < m < 7. Thus
sinm

if x = —, we have
a

sin ﬁ sin =~ se

sina — sm@ ’

The maximum of the last two eigenvalues will occur when we allow cos(¢ — ﬁ—) =1,

therefore we obtain the eigenvalues:

csc@sin@, é, 1.
a’ o«

We recall from Calculus that i

i x
the relationships é > sin 5 and é > 1. Now according to Equation 3.1.8 and using
a  sina o

is always decreasing. Hence for a < 3 we obtain
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Equation 4.3.1, we obtain

Ki(f)

and Ko(f)
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