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1.  Introduction
1.1.  Volcanic Earthquake Swarms and b-Value

Studies of volcanic plumbing systems are typically performed in two separate domains. Volcanic seismic swarms 
and geodetic measurements record unobservable movement of magma and other fluids in real time, whereas field 
exposures of dike swarms are observable, but inactive, records of past magma movement and emplacement. Here, 
we propose a simple physical model that links these two domains.

Active volcanic areas are typically host to swarms of small earthquakes that are related to movement of mag-
ma (e.g., Belachew et al., 2013; Benoit & McNutt, 1996; Farrell et al., 2010; Rubin et al., 1998; Ágústsdóttir 
et al., 2016), and may or may not result in an eruption. Long-period (LP; also called low frequency, LF) earth-
quakes and volcanic tremor are typically attributed to magma movement. In many instances at least some of the 
short-period (or high frequency, HF) earthquakes in a swarm exhibit non-double-couple focal mechanisms with 
a dilational component that is consistent with injection of magma or hydrothermal fluids (Julian, 1983; Miller 
et al., 1998; Saraò et al., 2001), but the proportion of such events is variable and generally small.

It is clear in many volcanic swarms that seismicity is triggered by magma movement even if the earthquakes are 
not directly a result of dilation. In a particularly well-studied example, Ágústsdóttir et al. (2016) showed that a 
2-week earthquake swarm generated via propagation of a dike during the 2014 Bárðarbunga eruption in Iceland 
were predominantly strike-slip events with no volumetric components on steeply dipping faults near the dike tip. 
Nondouble-couple events with accompanying volume change were rare, and the total geodetic moment caused by 
dike intrusion was two orders of magnitude greater than the seismic moment release. It is likely that in general, 

Abstract  Dike swarms are the fossil remains of regions of the crust that have undergone repeated magma 
injections. Volcanic earthquake swarms and geodetic measurements are, at least in part, a record of active 
injection of fluids (water, gas, or magma) into fractures. Here, we link these two ways of observing magmatic 
systems by noting that dike thicknesses and earthquake magnitudes share similar scaling parameters. In the 
Jurassic Independence dike swarm of eastern California median dike thickness is ∼1 m, similar to other swarms 
worldwide, but glacially polished exposures reveal that a typical dike comprises a number of dikelets that are 
lognormally distributed in thickness with a mean of ∼0.1 m. Assuming that dikes fill penny-shaped cracks of a 
given aspect ratio, the geodetic moment and earthquake magnitude of a diking event can be estimated. A Monte 
Carlo simulation of dike-induced earthquakes based on observed dike thickness variations yields a frequency-
magnitude distribution remarkably like observed volcanic earthquake swarms, with a b-value of ∼1.7. We 
suggest that swarms of dikes composed of dikelets, as well as plutons built incrementally by sheet intrusions, 
are physical complements to volcanic seismic swarms, and that at least some earthquake swarms are a palpable 
expression of incremental magma emplacement.

Plain Language Summary  Dike swarms are the geologically preserved expressions of magmatic 
intrusion. The dikes have different thicknesses, with many more small ones than large ones. We model the size 
distribution using Monte Carlo simulations and a variety of inputs. All yield similar numerical results with a 
value of the frequency-magnitude distribution of b ∼ 1.7. This value is very close to observed seismic b-values 
for contemporary observations of earthquakes at active volcanoes. There are many more small earthquakes than 
larger ones, similar to the dike distributions. We suggest that the similar size distributions indicate that seismic 
swarms are the geophysical expression of the same processes that occur in dike formation.
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geodetic moment is greater than seismic moment, because it includes aseis-
mic processes (references below in Section 6). For our purposes, the absolute 
values are less important. We are examining the distribution of the proportion 
of small versus large events, for both the earthquakes and the dikes.

Earthquake magnitude distributions are characterized by the parameter b, 
which is the negative of the slope on a plot of cumulative number of earth-
quakes N versus magnitude M (Gutenberg & Richter,  1954; Ishimoto & 
Iida, 1939, Figure 1):

 10log N a bM� (1)

where N is the cumulative number of earthquakes larger than magnitude M 
and a and b are constants.

These curves are anchored at the high M end by the largest earthquake in the 
catalog and are typically approximately linear down to an M-value where 
the curve flattens out. This is interpreted as the threshold of completeness or 
completeness magnitude (Mc) and the curve flattening represents the lower 
limit of sensitivity of the seismic array (Roberts et  al.,  2015). The b-val-
ue varies with physical parameters of a system, including state of stress 
(Scholz,  1968), pore pressure (Wyss,  1973), thermal gradient (Warren & 
Latham,  1970), and material heterogeneity (Mogi,  1963; see also Wiemer 
& McNutt, 1997 and references therein). Higher b-values mean a larger pro-
portion of small earthquakes relative to large ones. Most plots using real data 
have a central part that is linear, and deviations at the two ends. The upper 
left end generally falls off below the Mc as described above, and the lower 
right end may be nonlinear due to sampling issues (too few events). Line 
fitting is generally done using weighted least squares or maximum likelihood 
algorithms (Aki, 1965; Bender, 1983; Utsu, 1965), which most closely fit the 
central linear portion of the data.

The b-values for sets of tectonic earthquakes are generally around 1.0, with 
a typical range of 0.8–1.2 (Figure 1, Frohlich & Davis, 1993). King (1983) 
and Huang and Turcotte  (1988) explained values near unity as a natural 
consequence of the fractal nature of fault systems. In volcanic earthquake 
swarms, however, b-values are elevated, typically in the range 1.6–1.8 (Fig-
ure 1, McNutt, 2005; and Table A1). Further, b-values at volcanoes range 
from 0.5 to 2.1 for HF events to 1.4–3.7 for LF events (Table A1). Spatial 
mapping of b-values in volcanic areas reveals systematic variations with time 
and space that have been attributed to magma distribution; in particular, high 
b-values are associated with magma bodies (e.g., Wiemer et al., 1998; Wyss 
et al., 1997, Table A1).

Earthquake swarms at volcanoes have been extensively studied (McNutt & Roman, 2015, and references therein). 
In seismology, a swarm represents clustering in both time and space. A common definition is a “noticeable increase 
in seismicity rate above a visually established background seismicity rate without a clear triggering mainshock” 
(Holtkamp & Brudzinski, 2011). At volcanoes, durations range from hours to years with a geometric mean of 
5.5 days, a median of 7 days, and a mode of 2 days for all swarms (sample: 385 swarms) using data from Benoit 
and McNutt (1996). If the swarms are divided into HF and LF events, the HF swarms last longer (geometric mean 
of 9.3 days; median 11 days; mode 8 days, sample: 104 swarms) and the LF swarms are relatively shorter (geomet-
ric mean of 5.5 days; median 5 days; mode 2 days, sample: 96 swarms). LF events are generally shallower than 
HF events, with depths of 1–3 km being representative for LF events and 3–12 km for HF events. Here we wish 
to compare the seismic b-values for contemporary earthquake swarms with the spatial geologic values for dike 
swarms from ancient intrusions. Thus, we need to establish which groups of seismic events offer the best basis for 
comparison.

Figure 1.  Representative b-value plots. (a) Representative plots for a tectonic 
earthquake sequence (aftershocks of the Denali earthquake, 2002) and 
volcanic swarms (Mount St. Helens 1980, divided into high-frequency and 
low-frequency events). These data, from Endo et al. (1981) and Ratchkovski 
et al. (2004), are plotted as cumulative numbers in magnitude bins. (b) Plots 
for the Ridgecrest 2019 tectonic earthquake sequence (Ross et al., 2019), 
Yellowstone 2008 volcanic earthquake swarm (Farrell et al., 2010), and the 
2014 volcanic swarm at Bárðarbunga (Woods et al., 2018). Here, each event 
is plotted and the b-values are calculated by least squares fitting of all events 
with M > 2.0.
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1.2.  Dike Swarms

Dike-sill complexes are increasingly recognized as the principal way in which magma moves in the upper crust 
(e.g., Coetzee & Kisters, 2016; Gudmundsson, 2020; Muirhead et al., 2014). Eroded volcanic areas commonly 
display steep radial or linear dike swarms that may be interconnected by sills (Galerne et al., 2011; Muirhead 
et al., 2016; Odé, 1957; Walker, 1986, 1999), and dike swarms hundreds to thousands of km long are common on 
the Earth and other planets (Ernst et al., 1995, 1997). Field data for this study were collected from the Late Juras-
sic Independence dike swarm (IDS) in California. Dikes in the IDS are exposed along a 600-km-long reach and 
were intruded parallel to the Late Jurassic belt of Jurassic plutons in the Sierra Nevada (Carl & Glazner, 2002). 
These dikes are overwhelmingly northwest-striking, steeply dipping, and andesitic to basaltic in composition 
(Glazner et al., 2008).

The commonly spectacular field exposures of dike swarms (Figure 2) make them ripe targets for statistical analy-
sis. Dike thickness distributions generally have sharp lower cutoffs in the 1–10 cm range, medians around 50 cm, 
and a long right tail, yielding approximately lognormal distributions (Delaney & Gartner, 1997; Jolly & Sander-
son, 1995; Walker et al., 1995; and below). For such distributions the geometric mean is a more accurate and 
less variable indicator of central tendency than the arithmetic mean. Dike thickness distributions are commonly 
described as power-law (Gudmundsson, 1995), but power-law distributions may be inappropriate because they 
do not honor the lower cutoff in thickness shown by field measurements (Jolly & Sanderson, 1995). Krumbholz 
et al. (2014) argued that the Weibull distribution makes a slightly better fit than the lognormal distribution and is 
better justified on mechanical grounds, but the lognormal distribution provides a good empirical fit and is math-
ematically simpler, so we have adopted it in this paper.

1.3.  Linkages

Earthquakes and dike injection events both represent deformation, and both earthquake magnitudes and dike 
thicknesses have frequency distributions that decline exponentially with increasing size (i.e., lots of little ones 
and a few much larger ones). In this paper we present a hypothesis that links dike swarms to volcanic earthquake 
swarms via a simple mechanical model in which earthquakes are driven by stresses induced by dike injection. The 
model relies primarily on only one observational parameter, and using data from the Independence dike swarm 
gives a b-value in the range of those found for volcanic earthquake swarms.

1.4.  Dike and Dikelet Thickness Distributions

Bartley et al. (2007) and Glazner et al. (2008) measured thicknesses of 705 dikes along a 200-km stretch of the 
IDS and found a lognormal distribution with a median width of 70 cm (Figure 3). Data used in this figure are 
tabulated in Table S1. In two areas of exquisite glacially polished exposure, they found that about half of the dikes 
are composite, composed of multiple injections (hereafter dikelets; Figure 2). Margins of dikelets are marked by 
chilled margins or sheets of wall rock ranging from slabs tens of cm thick to partially melted films only a few 
mm thick. Dikelets (n = 287) follow their own lognormal thickness distribution with a median of 9 cm (Figure 3, 
Glazner et al., 2008), and the average number of dikelets per dike was 3.1.

Measured dikelet thicknesses do not reflect the actual size distribution of magma injections because many dike-
lets split previous dikelets, producing half-dike pairs. For pure antitaxial injection, where each new dikelet in-
trudes the margin of the previous set, j injections will produce j dikelets. For pure syntaxial injection, where each 
new dikelet splits the previous one, j injections will produce 2j + 1 dikelets. Benton et al. (2011) studied several 
thick, composite, glacially polished dikes in the Sierra Nevada. They compared dikelet compositions across 
dikes and commonly found mirror symmetry, a majority of dikes (33 of 56) with an odd number of dikelets (not 
counting those composed of a single pulse), and a dominance of syntaxial injection. Although the sample size 
is small, it is clear that at least some thick dikes were produced by syntaxial injection, as in Figure 2a, and thus 
the number of injections is smaller than the number of dikelets counted and the histogram in Figure 3 is likely 
a mixture of dikelets and half-dikelets. This interpretation is important for consideration of repeating seismic 
events; see Section 6 below.
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2.  Energy of Dike Injection
The moment (N-m; same units as energy) of a dike injection event can be estimated in a number of ways. Strengths 
and strain energies are discussed by Gudmundsson (2020). Here we consider dikes intruded at depths of a km or 
more, where open fractures cannot be sustained. In a compensated linear vector dipole (CLVD) mechanism the 
force system can be idealized as three orthogonal dipoles with moments of E  , E  ,   2E  (the latter perpendicular 
to the crack; Julian, 1983; Aki & Richards, 1980, Section 3.3). The moment of such an event can be expressed as:

    2oM V� (2)

where E  and E  are the first and second Lamé parameters and E V  is the volume of the injection. This is for the tensile 
crack portion of the CLVD. The Lamé parameters have units of stress. In addition, if fluid flow into the dike is 

Figure 2.  Composite dikes and their dikelets. (a) Composite dike consisting of an early pulse split down the middle by 
another (under compass; compass circle is 5 cm in diameter). (b) Composite aplite-pegmatite sill cutting the aureole of the 
Alta Stock, Utah. Black bands are thin sheets of schist. Width of field ∼2 m. (c) Complex composite dike; boundaries of 
dikelets marked by grain-size changes. Compass is 10 cm in width. (d) Complex composite dike with isolated screens of 
host granodiorite. (e) Composite dikes cut by a dike that jumps from one to another. Feet for scale. (f) Quarry wall near 
Rocky Mount, North Carolina showing thick 200 Ma dikes composed of numerous dikelets. Person with hard hat for scale. 
Locations in photos (a) and (e) are along the John Muir Trail near Mt. Cedric Wright; (c) and (d) are from South Fork of Big 
Pine Creek, all in California.
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equivalent to an isotropic implosion, (the magma chamber shrinks as magma 
moves from the chamber into the connected dike), then:


4
3oM V� (3)

again following Julian  (1983). This is the second part of the CLVD, re-
quired for conservation of mass; the geometry is shown in Figure 2a of 
Chouet (1996).

For earthquakes generated by wastewater injection, McGarr  (2014) deter-
mined the relationship:

oM V� (4)

All of these expressions estimate the maximum seismic moment that could 
be expected from a given injection event; actual radiated seismic energy is 
typically a small fraction of this (see below; Ágústsdóttir et al., 2016; McGarr 
& Barbour, 2018).

For comparison the scalar moment for typical shear event is:

oM As� (5)

where E A is the area over which slip occurs and E s  is the average slip distance. 
Area and slip maintain a constant ratio over many orders of magnitude. Note 
that E As  has units of length cubed, the same as volume. The radiated seismic 
energy is also small, averaging a few percent (Scholz, 2019).

3.  A Model Linking Dike Injection and b-Value
3.1.  Exponentials

We propose that dike injection events trigger earthquakes, either directly by 
causing slip or opening on faults or indirectly by increasing stresses that are 
later relieved by nearby faults, and that the lognormal distribution of dike 
thicknesses (and by inference, volumes) produces a spectrum of earthquake 
magnitudes with b-values characteristic of volcanic areas. Two possibilities 
are most likely: (a) the dikes are adjacent to the shear fractures in which 

volcano-tectonic events occur, and (b) direct injection of magma may cause some of the low-frequency events in 
the dikes themselves.

3.2.  Sampling Bias and True Dikelet Distribution

We make the usual assumption (e.g., Segall et al., 2001) that the dikes and dikelets fill coin-shaped cracks (Fig-
ure 4) with aspect ratios in the range of 102–103 (Rubin, 1995). Our sampling traverses represent an oriented 
random cut through such an array (Figure 4). This will lead to systematic undersampling of the smaller dikes, 
akin to undersampling smaller particles in a two-dimensional cut through a three-dimensional object (Glazner 
& Mills, 2012). As a result, the size distribution (Figure 4) will be skewed away from the thinner and therefore 
smaller dikes.

We examined this bias with Monte Carlo analysis using this procedure:

1.	 �Generate 1 million dikelet widths and corresponding diameters drawn from a lognormal distribution fit to the 
field data in Figure 3.

2.	 �Generate corresponding random dikelet centers in a cube whose dimensions are 10 times larger than the typ-
ical largest dike diameter; place dikes in cube parallel to one edge of the cube.

3.	 �Calculate which dikes are intersected by a traverse (line) that runs through the center of the cube perpendicular 
to the dikes.

Figure 3.  Thickness distribution of 705 dikes from the Independence swarm 
of eastern California; data from Bartley et al. (2007), Glazner et al. (2008), 
and this study. (a) Histogram of thicknesses showing that most dikes are on 
the order of ∼1 m thick, but thicknesses of individual dikes range up to nearly 
20 m. Arithmetic average (a) is difficult to discern from the distribution. (b) 
Histogram of log10 of thickness in meters of dikes (green) and dikelets (blue; 
n = 287). For the dikes, the mode (M) is 0.5 m, the geometric mean (M) is 
0.7 m, and the arithmetic mean (a) is 1.5 m, a misleading measure of typical 
dike width. Geometric mean of dikelet distribution is 0.09 m.



Journal of Geophysical Research: Solid Earth

GLAZNER AND MCNUTT

10.1029/2020JB021631

6 of 18

4.	 �Examine distribution of intersected dikelet widths. These prove to have a 
roughly lognormal distribution as well, with a similar standard deviation 
but higher mean owing to undersampling of smaller dikelets.

5.	 �Adjust mean of input data downward and iterate until mean of intersected 
dikelets matches mean of observed dikelets.

Figure 5 shows the results of one such analysis. One million dikes with the 
specified lognormal mean and standard deviation generated 1,719 intersec-
tions with a mean equivalent to the observed dikelets. Conveniently, the log-
normal standard deviation is essentially the same for both datasets.

4.  The Model
The algorithm used to convert dike injection to b-value is as follows:

1.	 �Generate n (typically 106) random dikelets with thicknesses E d drawn 
from the lognormal distribution in Figure 3.

2.	 �Censor the distribution by truncating the left side at E d   =  0.01  m, the 
thinnest dikelets observed.

3.	 �Calculate the volume V of each dikelet assuming a given aspect ratio E a 
(generally 1,000).

4.	 �Calculate the moment of each dikelet-filling event using one of the re-
lationships in Section 2 above. Results are insensitive to this choice (see 
below), so as a default we use Equation 2.

5.	 �Multiply each geodetic moment by a constant (k, typically 0.01) that 
represents the fraction of geodetic moment that is converted to seismic 
moment.

6.	 �Convert these numbers to moment magnitude using the relationship of 
Hanks and Kanamori (1979):

  10 0 9.1 / 1.5M log M� (6)

7.	 �Plot a cumulative magnitude-number diagram and estimate b.

In this algorithm the moment is thus given by

    3 2 2
4oM kd a� (7)

5.  Results
5.1.  Calculated b-Value

In Equation 7, the terms making up the moment are multiplicative. Because the magnitude is proportional to the 
logarithm of the moment, changing any of the terms by a given factor shifts the resulting b-value curve laterally 
but does not change its slope. The only controls on the slope, and hence the b-value, in this model are the standard 
deviation of the lognormal distribution and the set of random dikelet thicknesses drawn from that distribution. 
The former is the primary slope control, and the latter introduces slight variability.

Results of several simulations are shown in Figure  6. The baseline model uses E k   =  0.01, E a   =  1000, 
 E   = 3 × 1010 Pa, and lognormal mean (−3.9) standard deviation (0.94) from the Monte Carlo simulation of 
Section 4.2. In Figure 6a, the standard deviation was varied; this has a large effect on the slope of the curve. In 
Figure 6b, a set of 10,000 dike apertures was generated, and then the other model parameters save for the standard 
deviation were varied over 1–2 orders of magnitude. Values were drawn from distributions in which the logarithm 
of the parameter was uniformly distributed within these limits: a 100–1000, k 0.01–0.5, mean 0.01–0.2 m, E  and 
E  109–1011 Pa. Over 1,000 model runs the maximum magnitude varies from ∼1.8 to ∼5, but the slopes of the 
curves are identical.

Figure 4.  Highly schematic view perpendicular to a dike swarm intersecting 
an erosion surface. Dikes are idealized as coin-shaped cracks with constant 
aspect ratio. Only dikes that intersect the erosion surface are available to be 
measured, and thus smaller dikes are undersampled relative to larger ones. 
Undersampling shifts the distribution of measured dike thicknesses to greater 
values than those of the true distribution, but the variance of measured widths 
is similar to that of the true distribution.
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It is difficult to objectively determine a b-value from curves such as those in Figure 6 because there is gentle cur-
vature throughout. The standard methods for estimating b involve the maximum likelihood method (Aki, 1965; 
Utsu, 1965), or weighted least squares (Bender, 1983). The benefits and limitations of various measurements are 
discussed by Guttorp (1987), Sandri and Marzocchi (2007) and others. Earthquake data (e.g., Figure 1) generally 
show slight curvature as well. In view of the difficulty of defining an objective way to estimate b, in Figure 6 we 
simply show representative slopes, allowing visual comparison of the simulation to earthquake plots.

The synthetic b-value from these simulations is ∼1.6–1.8, very much in the range of observed b-values from 
active volcanic areas (Table A1) and significantly higher than the b = 1 values that characterize tectonic earth-
quakes. In volcanic systems the mean for HF events is 1.13, close to the value for worldwide tectonic events, but 
the mean for LF events is 2.44. For HF events there are only a few b-values from 1.7 to 2.1, all from a single 
volcano (Table A1). For LF events there are numerous b-values at and near 1.7. Hence the simulation for dike 
swarms yields a synthetic b-value that is more consistent with the seismic b-values observed for LF events.

Our synthetic curves always fall off at lower magnitude. For real earthquake catalogs this is attributed to catalog 
incompleteness; smaller earthquakes are less likely to be recorded. If our model bears any relationship to reality 
then this fall-off might also result from the lognormal distribution of dike thicknesses. Rather than following a 
power-law distribution, as proposed by Gudmundsson (1995) for Iceland dikes, the frequency of small dikes falls 
off rapidly at values smaller than the median (Krumbholz et al., 2014). This is likely a result of the thermome-
chanical difficulty of propagating thin dikes; Rubin (1995) showed that the propagation distance of a freezing 
dike should scale with the fourth power of the dike aperture.

Figure 5.  Monte Carlo simulation of dike sampling. Observed dikelet distribution has a lognormal mean of 0.08 m and a 
lognormal standard deviation of 2.56 m. To account for undersampling of smaller dikes, 106 synthetic dikelets with lognormal 
mean 0.04 m were generated and sampled by the algorithm described; this resulted in 1,719 surface intersections with the 
depicted distribution, which has the same mean and standard deviation as the observed distribution.
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Figure 6.  (a) 10 simulations of 106 dikelets (solid lines), generated using the thickness distribution of Figure 3 and k = 0.01. The linear portions of the curves have 
slopes of ∼1.7, similar to those of active volcanic areas. Dashed curves show the effect of changing the lognormal standard deviation on the calculated value; b depends 
strongly on this value. (b) One hundred simulations with the same standard deviation but large variations in elastic parameters, k, and the lognormal mean; b is invariant 
under these variations. (c) Three simulations using observed lognormal standard deviation ±2 bootstrap standard deviations (see text).
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5.2.  Sensitivity Analysis: It is All in the Standard Deviation

There are a number of parameters that go into the model. These are the mean 
of the lognormal distribution, standard deviation of the lognormal distribu-
tion, fraction (k) of dike-filling moment that is converted to seismic moment, 
dikelet aspect ratio, and elastic constants.

We explored a wide range of these parameters (Figure 6b) and found that 
only the variance affects the slope. The other parameters all move the curve 
left or right but do not affect the slope. For example, increasing the aspect 
ratio increases the volume of each dike, producing larger calculated seismic 
moments; this shifts the curve to the right. Similarly, changing elastic con-
stants changes only the calculated magnitudes, shifting the curve left or right. 
The standard deviation of the lognormal distribution is the only variable that 
affects the slope of the cumulative number-magnitude plot, and hence the 
b-value.

As our observations of dikelet thickness distribution are limited to a single 
data set, we used the bootstrap method to estimate the sampling distribu-
tion of the lognormal standard deviation. One thousand resamplings and 
calculations of the lognormal standard deviation yield a mean of 0.94 and 
a standard deviation of 0.038. Figure 6c shows that propagating twice the 
standard deviation through the Monte Carlo simulation changes estimated 
b by ∼±0.2.

For reasonable parameter choices (e.g., Figure 6) the calculated earthquake 
magnitudes are in the realm of observation, and for the observed dikelet 
thickness variance, the calculated b-value (1.7) is right in the range of ob-
servation in volcanic areas (see Table A1). Our model, which is essentially a 
one-parameter model, matches observations remarkably well.

6.  Discussion
Seismic moment in volcanic areas is typically a small fraction (perhaps 1%) of geodetic moment (Ágústsdóttir 
et al., 2016; Grandin et al., 2009; McGarr & Barbour, 2018). Thus, much dike injection is accomplished aseismi-
cally. However, it is likely that dike filling produces elastic strain in surrounding rocks that is relieved by earth-
quakes, and thus the volume of dike-filling events should scale with earthquakes produced by those dike-filling 
events. Regardless of the exact ratios between volume and number of earthquakes, the scaling, or ratio of small 
to large events, remains the same.

The fracture-mesh model of Hill (1977), shown in Figure 7 and commonly invoked in seismic swarms (e.g., Toda 
et al., 2002), is consistent with this hypothesis. Filling of cracks with magma contributes to overall volume increase 
and thus geodetic moment, but only a fraction of this energy is radiated as seismic energy, the rest being taken up 
by creep or subseismic slip on fractures. The Independence swarm is associated with a dense network of small-dis-
placement shear zones that are kinematically linked. Wall rock markers cut by west-northwest-striking dikes and 
shear zones consistently have left-lateral separation, whereas north-striking shear zones and rare north-striking 
dikes consistently have right-lateral separation (Glazner et al., 1999). These are all consistent with a stress field 
in which the greatest compressive stress was oriented approximately northeast-southwest (Bartley et al., 2012).

The magnitude range for the modeling is similar to the magnitude range for volcanic earthquake swarms as determined 
for a sample of 600 swarms by Benoit and McNutt (1996). Most of these reported magnitudes but only a few reported 
b-values, so we performed a separate compilation of 61 b-values from 44 volcanoes. Seismic magnitude estimates for 
events in Figure 6 above range from 0 to 5, which is in the same range as observations at dozens of volcanoes.

As stated previously, durations of contemporary volcanic swarms range from hours to years with a geometric 
mean of 5.5 days. Swarms of LF events are generally shorter and those for HF events are longer. These are quite 

Figure 7.  Hill (1977)'s fracture-mesh model of magmatic earthquake swarms. 
Dikes oriented with their planes perpendicular to the least compressive stress 
are linked by conjugate fault planes that accommodate dilation. Filling the 
dikes provides elastic stress that is relieved by earthquakes on the faults.
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short in terms of geologic time. We can make a case that LF event swarms are a closer analog for the emplacement 
of dikes, but this is an inference only. Further, volcanic areas have repeated swarms at many time scales, so the 
geologic dike swarm may represent many seismic swarms. It is difficult to estimate the durations of events that 
produce dike swarms, but evidence for dike splitting (Section 1.4) suggests that dikes composed of many dikelets 
develop during the cooling time of individual dikes, e.g., days to months or years depending on the depth and thus 
ambient temperature. We suggest these are in reasonable agreement with independent data on the occurrence of 
volcanic earthquake swarms at many different volcanoes.

There are many cases in the literature of repeating LF events at volcanoes (e.g., Buurman et al., 2013; Johnson 
et al., 2010; Massin et al., 2013; Park et al., 2019; Petersen, 2007). That is, tens to thousands of events are ob-
served with nearly identical waveforms. An idea for these is that they represent a non-destructive and repeating 
source, such as rapid or jerky dike opening followed by relaxation (Tuffen et al., 2003). Thus, the same physical 
source may be responsible for many seismic events.

Some dikes show evidence for reuse or multiple dikelets (Figure 2). However, the exact number of re-use events 
cannot be determined from geologic evidence alone. This may help explain part of the roll-off at the left of Fig-
ure 6. It is known that the Gutenberg-Richter relation for seismic events holds all the way down to laboratory 
scale (Kwiatek et al., 2010).

Turcotte (1992) explored the relation of the frequency-magnitude relation for earthquakes versus the fractal di-
mension. Using his equation, which includes some simplifying assumptions (Turcotte, 1992, page 37, equation 
4.10), the fractal dimension is two times the b-value (D = 2b). This has a ready interpretation in that the fractal 
dimension of 2 for typical tectonic b = 1 implies that D = 2 so the fault is a planar surface.

A value for b of 1.5 would then suggest D = 3, implying that the source is a volume such as a dike, which would 
be appropriate for volcanic sources. For b > 1.5, D > 3, which is a non-physical dimension. The simplest way to 
reconcile this would be for the sources to reuse the same volumes. This notion is compatible with seismic obser-
vations of repeating earthquakes and non-destructive sources, as noted above.

The average b-value for volcanoes is 1.7, as determined by us (Table  A1) and independently by Roberts 
et al. (2015). Thus, based on the discussion above, the fractal dimension would be 2b or 3.4. This implies a vol-
ume source with a small degree of reuse. The equivalent b-value based on our dike observations and modeling 
is also 1.7. While this could be coincidence, we suggest that common conditions are responsible for both. We 
infer that the most likely explanation is the distribution of fractures and joints, which are pervasive at volcanoes. 
Cooling cracks, in particular, are numerous and small scale. These would give many small sources for both dike 
paths (e.g., Gudmundsson,  2020) and earthquake sources. This observation links physical sources with their 
size distribution, which for b = 1.7 implies many small sources. Note that the dikes and earthquakes need not be 
simultaneous or directly related; the earthquakes may occur in wall rocks and dike growth itself may be aseismic. 
But rather, both phenomena take advantage of the same availability of fractures in the immediate vicinity.

Overall, there is reasonable agreement between the geologic (spatial) and seismic (temporal) observations. Al-
though previously these have been two separate suites of observations by geologists and seismologists, respec-
tively, we suggest these are linked and provide a plausible explanation. The earthquake swarms are the seismic 
expression of dike injections, and conversely, the dike swarms are the geologic expression of the transient seismic 
processes associated with magma injection.

7.  Conclusions
We studied, and compared quantitatively, dike swarms and volcanic earthquake swarms. For dike distribution we 
used the Independence dike swarm in California, which has outstanding glacially polished exposure and enough 
dikes to form a robust sample. For seismic b-values, we compiled our own worldwide sample of 61 cases at 44 
volcanoes. This is also a robust sample, is similar to other data sets, and includes many examples for which the 
plots are quite linear. The average b-value at volcanoes is 1.7. To establish links between the dikes (spatial) and 
earthquake swarms (temporal) we performed Monte Carlo simulations of dike distributions and sampling. The 
modeling uses a simple and straightforward approach. Theoretical distributions of the sizes of dikes from the 
model yield plots with slopes similar to the b-value plots; these also have slopes of ∼1.7. The exact details of Mo 
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calculations used for these plots are less important than the variance. We infer that high fracture density, such 
as from cooling cracks, in the vicinity of volcanoes, may contribute to the high and common b-values observed.

Appendix A:  Compilation of b-Values.
We compiled Table A1 of b-values at volcanoes for comparison with the dike size distributions. The table has 
three sections. Prior to 1995, seismic events were sorted by type, such as A or B-type (Minakami, 1960), and 
generally a single b-value calculation was made for each. Starting in 1997, spatial analyses of b-values were made 
at a number of volcanoes by Wiemer and colleagues (see Table A1 for references). These lumped all the seismic 
events together and determine b-values at pre-defined spatial grid points. An example is shown in Figure A1. 
About a dozen such studies have shown two high-b anomalies, one at presumed depths of magma chambers 
(7–12 km) and a second shallower anomaly at depths of 3–4 km. We also added some recent examples of b-value 
determinations in a third section of the table.
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To make the table we compiled the b-values into several groups, and prepared histograms. The b-values were 
sorted into bins of width 0.1, using single values as appropriate and using one value per bin when a range was 
given. For example, a range in b from 1.4 to 1.9 would have one value each for bins 1.4, 1.5, 1.6, 1.7, 1.8, and 1.9. 
Four histograms were prepared (Figure A2). The first (Figure A2 part a) shows HF events from the first part of 
Table A1. It has a range of b from 0.5 to 2.1 and a mean of b = 1.13. This is slightly higher than the worldwide 
average for tectonic shocks of b = 0.9–1.0. The second (Figure A2 part b) is similar but shows data from LF 
events from the first part of Table A1. These data have a range from 1.4 to 3.7 and a mean of b = 2.44. This a 
representative value for LF events. The third histogram (Figure A2 part c) shows the range of values using data 

Figure A1.  Spatial b-value calculations for Redoubt volcano. The b-value is calculated using the 100 nearest earthquakes for each point in a 3-D grid. Colors represent 
the b-value. Note the high b anomalies at 2 and 6–10 km. Figure courtesy of S. Wiemer (writ. comm.).
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after 1997; event types were not distinguished and likely included both HF and LF events. Here the range is from 
0.5 to >4.1 and the mean is b = 1.71. The fourth histogram (Figure A1 part D) shows all the data combined. It 
has a range from 0.5 to >4.1 and a mean of b = 1.83. Note that the average of the HF and LF events (Figure A2 
parts A and B) is b = ∼1.85. All these seismic b-values are remarkably close the geologic value of b = 1.7 de-
termined for the Independence dike swarm. Note that we did not use the recent values (third part of Table A1) 
to make the histograms. The samples from parts one and two are already large and robust. Further, we note that 
the compilation of Roberts et al. (2015) found a peak in the data at b = 1.7, similar to our results. There is partial 
overlap in data from Roberts et al. (2015) and our compilation. All the samples are large and likely representative.

Figure A2.  Histograms of b-value distributions. N is number of observations. b-values are in bins of width 0.1.

Volcano Event type b Depth, km Comment Reference

Pre-1995

Asama B 1.8–3.5 Minakami (1960)

Aso A 0.8–0.9 Minakami (1960)

Ebino 1968-69 A 1.5 Minakami (1974)

Erebus LF 1.4–1.6 Dibble et al. (1984)

Fuego A 0.7–2.1 Yuan et al. (1984)

Fuego June 1973 A 1.25 McNutt and Harlow (1983)

Etna B 2.4–3.7 Gresta and Patanè (1983)

Hakone 1959-60 A 1.6 Minakami (1974)

Hengill HF 0.5–1.0 Includes nondouble couple Foulger (1988)

Table A1 
Compilation of b-Values at Volcanoes
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Table A1 
Continued

Volcano Event type b Depth, km Comment Reference

Hukui 1948 A 1.2 Minakami (1974)

Izalco B 1.7 McNutt and Harlow (1983)

Kilauea LP 1.5–2.5 Koyanagi et al. (1988)

Kilauea Iki lava lake Cooling cracks 2.23 Peck and Minakami (1968)

Kusatsu-sirane A 0.8 deep Minakami et al. (1969)

Kusatsu-sirane A 1.8 shallow Minakami et al. (1969)

Kutinoerabu B 1.4 Minakami et al. (1969)

Matsushiro A 1.1 Minakami (1974)

Mount St Helens A 0.6 Endo et al. (1981)

Mount St Helens B 2.77 Endo et al. (1981)

Mount St Helens all 0.5–1.75 Main (1987)

Pacaya B 2.88 McNutt and Harlow (1983)

Pavlof B 1.9–2.6 McNutt (1986)

Redoubt VT 1.1–1.4 Lahr et al. (1994); K. Wolf, 
writ. comm., 1994

Redoubt LP 1.4–2.9 Lahr et al. (1994); K. Wolf, 
writ. comm., 1994

Ruapehu LF 1.5 Latter (1979), (1981)

Sakurajima B 2.5–3.5 Minakami (1974)

Sakurajima explosion 2.9 Minakami (1974)

San Cristobal B 2.73 McNutt and Harlow (1983)

Stromboli LF 2.8 Lo Bascio et al. (1973)

Usu B 2.1–2.8 Minakami (1960)

hydrofracturing Acoustic emissions 1–1.5 Tsukahara and 
Ikeda (1987)

Post-1997

Mount St Helens 1988-1996 all 0.8–1.4 2.6–4.3 Wiemer and McNutt (1997)

Mount St Helens 1988-1996 all 0.84–1.4 5.8–8 Wiemer and McNutt (1997)

Mount Spurr all 0.74–1.17 2–4.8 Wiemer and McNutt (1997)

Mount Spurr all 0.74–1.03 11+ Wiemer and McNutt (1997)

Mammoth Mountain all 1.0–1.6 4.5–5.5 Wiemer et al. (1998)

Mammoth Mountain all 1.1–1.8 7.0–9.0 Wiemer et al. (1998)

Pinatubo all 1.26–1.5 0–3.8 Sánchez et al. (2004)

Pinatubo all 1.16–1.38 8.5–12 Sánchez et al. (2004)

Montserrat all 0.92–3.07 0–4 EC, CP, GS Power et al. (1998)

Montserrat all 0.92–3.07 0–2 EC, CP, GS Power et al. (1998)

Off-ito all 0.7–1.5 7–15 Wyss et al. (1997)

Etna all 1.5–3 1–5 WSW Murru et al. (1999)

Etna all 1.5–3 7–13 Murru et al. (1999)

Kilauea ERZ all 0.8–1.3 4–8 Wyss et al. (2001)

Kilauea all 0.52–1.73 5–7 Wyss et al. (2001)

Mount Mageik all 1.04–4.46 0–4 Jolly et al. (2007)

Makushin all 0.8–1.9 1–3 Bridges and Gao (2006)

Coso all 1.7 0.8–3 M. Wyss, pers. comm.
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There are two questions before us: (a) which depth range is most suitable for comparison of seismic b to dike 
distribution? And (b) which type of events should be used for comparison? For the first question, we infer that the 
deeper events are more likely representative of the dike formation. For the second, we suggest that the combined 
events are best for comparison. That is, a suite of seismic events including both HF and LF events appears to be 
associated with dike formation. The seismic and geologic parts share common scaling relations.

Data Availability Statement
Data in Table S1 are archived at the EarthChem Library: Glazner, A., Bartley, J., Coleman, D., 2020. Thicknesses 
of dikes and dikelets in the Independence dike swarm, California, Version 1.0. Interdisciplinary Earth Data Alli-
ance (IEDA). https://doi.org/10.26022/IEDA/111809. Accessed 2020-12-28.
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