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FiBoNAcCcCI VECTORS
ENA SALTER
ABSTRACT

By the n-th Fibonacci (respectively Lucas) vector of length m, we mean the vector
whose components are the n-th through (n+m —1)-st Fibonacci (respectively Lucas)
numbers. For arbitrary m, we express the dot product of any two Fibonacci vectors,
any two Lucas vectors, and any Fibonacci vector and any Lucas vector in terms of
the Fibonacci and Lucas numbers. We use these formulas to deduce a number of

identities involving the Fibonacci and Lucas numbers.

111



1 INTRODUCTION

Seldom, in the study of mathematics, does one come across a topic so fascinating
that it captivates the minds of mathematicians and non-mathematicians alike. The
Fibonacci sequence, though over 700 years old, still contains many secrets yet to be
discovered. The famous sequence has intrigued so many people that The Fibonacci
Quarterly, a journal devoted solely to the study of anything Fibonacci was created in
1963, shortly after the formation of the Fibonacci Society in 1962.

Very famous during his life, Fibonacci is considered the greatest European mathe-
matician of the middle ages. Fibonacci, short for Filius Bonacci—son of Bonacci—was
born around 1170, to a Pisan Merchant who freely traveled the expanse of the Byzan-
tine Empire. Due to the extensive traveling, Leonardo of Pisa was frequently exposed
to Islamic scholars and the mathematics of the Islamic world. After his return to
Pisa, Fibonacci spent the next 25 years writing books that included much of what
he had learned in his travels. Though many works were lost, three main works were
preserved. They are: Liber abaci (1202, 1228), the Practica geometriae (1220), and
the Liber quadratorum (1225). Fibonacci is credited with being one of the first people
to introduce the Hindu-Arabic number system into Europe—the system we now use
today—based of ten digits with its decimal point and a symbol for zero: 1, 2, 3, 4, 5,
6,7, 8,9 and 0.

It is in Liber abaci that Fibonacci poses his famous rabbit question,

A certain man put a pair of rabbits in a place surrounded on all sides by a
wall. How many pairs of rabbits can be produced from that pair in a year

if it is supposed that every month each pair begets a new pair which from



the second month on becomes productive?

The answer to this question involves the famous Fibonacci sequence: 1, 1, 2, 3, 5, 8,
13,... where the n-th Fibonacci number, denoted F;,, is defined for all integers n by the
recurrence relation F, o = F, 11 + F},, with starting values F; = F» = 1. What seems
like such a simple concept appears in almost every scientific field of study from botany
to architecture, and biology to painting. We are but beings swimming in the sea of
Fibonacci where all we must perform is a single stroke to meet a Fibonacci number.
It is this sequence of numbers that inspires all of the ideas in this paper and to no
suprise we find that whenever one works with Fibonacci numbers we obtain beautiful
results. We will look at vectors of the form ﬁl = (Fo, Fri1, Fryoy oo, From—1), and call
them Fibonacci vectors. We will study in depth the Fibonacci vectors in arbitrary
dimensions. Simultaneously, we shall consider analagous results for Lucas vectors.
Edouard Lucas was born in France in 1842. Following service as an artillery officer
during the Franco-Prussian War (1870-1871), Lucas became professor of mathematics
at the Lycée Saint Louis in Paris. He later became professor of mathematics at the
Lycée Charlemagne, also in Paris. Lucas is best known for his studies in number
theory. We will study the Lucas sequence: 1, 3, 4, 7, 11, 18, 29,... where the n-th
Lucas number, denoted L,, is defined for all integers n by the recurrence relation
Lyio = Ly + L, with starting values L; = 1, Ly = 3. We look at analogous Lucas
vectors of the form /£, = (L, Lyy1y Lintoy ooy Lpym—1)-

We will begin our study by recalling some well-known facts concerning the Fi-
bonacci and Lucas vectors in two dimensions. We then generalize these facts to
arbitrary dimension. From very elementary linear algebraic considerations we shall
derive a number of nontrivial relations involving the Fibonacci and Lucas numbers.
It turns out that vectors in a fixed dimension lie in a single plane. We consider angles

between the vectors of interest.



2 FIBONACCI AND LUCAS NUMBERS

2.1 Fundamental Fibonacci and Lucas facts

The Fibonacci numbers F;, are defined for all integers n by the second order recurrence

relation

FTL+2 - Fn+1 + Fn (211)

and initial conditions

Fi=F=1. (2.1.2)

The Lucas numbers L, are defined for all integers n by the same second order recur-

rence relation as the Fibonacci numbers
Ln+2 = Ln+1 -+ Ln (213)

but initial conditions

We recall some relations involving the Fibonacci and Lucas numbers. These facts

are well-known and can be found in most basic references, e.g. [3, 4].

Theorem 2.1.1 ([3]) For all integers n > 1,

Fon = Foy = F,

n—1»

(2.1.5)



Fon 1Fony1 = F3 41, (2.1.6)
F, = FFy 1+ FiFug, (2.1.7)

Fonpr = F§+F§+1, (2.1.8)

F, = L+ Ly, (2.1.9)

F., = (=1)""F,, (2.1.10)

L., = (=1)"L,. (2.1.11)

2.2 A linear algebraic perspective

We recall a well-known linear algebraic approach to the Fibonacci numbers. This can
be found in [4] and many elementary linear algebra books, e.g. [7, 9]. This approach

appears to be due to Binet. Set

T = . (2.2.12)

Theorem 2.2.1 ([4]) Let T be as in Eqn. (2.2.12). For all integers n, let f, =
[E,, Fri1]'. Then

for1 =Tfn.

In particular, for all integers k
frq =T HLfL (2.2.13)

Theorem 2.2.1 can be used to prove a number of Fibonacci identities. Observe
that the rows and columns of T" are simply f_é and ﬁ, so that T™*! has rows and
columns f;_l and ﬁL Thus, the simple observation that 7" = T"*T* gives the
identity (2.1.7). See [4]. Recently, Askey [1, 2] and Huang [5] have given matrix
theoretic proofs in this spirit of other Fibonacci identities as an interesting application

of matrix multiplication.



Our work applies this sort of argument in arbitrary dimension. Rather than use
matrix multiplication, we consider the dot product of vectors with components con-
sisting of consecutive Fibonacci numbers. This is a natural generalization since the
entries in a matrix product can be viewed as a dot product of a row with a column.

We shall treat the Lucas vectors in the same manner.

2.3 The Binet formulas

We recall closed-form formulas for the Fibonacci and Lucas numbers known as the
Binet Formulas. These formulas are often found as an application of Theorem 2.2.1
in elementary linear algebra textbooks. We recall these formulas and the common

linear algebraic derivation now.

Lemma 2.3.1 The matriz T of Eqn. (2.2.12) has characteristic polynomial 2> —x—1.

Thus it has eigenvalues o = 25 and 6 = =V5  The associated eigenvectors are
g 2 2 g

respectively
1 1
a |’ I}
Lemma 2.3.2 For all integers n,
- 1 1 1
fo = o - p" ;
a—pf o 3
. 1
gn = o + ﬁn
oY g
Proof. Observe that
S 0 1 1 1
fO = = aO - 50 )
1 a—f Q@ I}
S 2 1 1
go = = Oéo + ﬁo
1 « I}




Now,

fo=T"fy = ™

Theorem 2.3.3 For all integers n,

F, =
L, =

_T"

_ﬁ”

an_ﬁn
a—pf"
o + [".

by Eqn. (2.2.13)

by Lem. 2.3.1.

(2.3.14)
(2.3.15)

Proof. Equate the first components on each side of these equations of Lemma 2.3.2.

Equations (2.3.14) and (2.3.15) are generally known as the Binet formulas for F,

and L,, (although previously known to Euler and Daniel Bernoulli [4]). We shall make

extensive use of the Binet formulas, so we present some formulas involving o and [

and some alternate versions of the Binet formulas.

Lemma 2.3.4

a?+1

B2 +1



Proof. Immediate since o and (3 are the roots of 22 — x — 1.

Lemma 2.3.5 [/ For all integers n,

o = Fna+Fn—17

ﬁn = Fnﬁ‘{'Fn—l-

Lemma 2.3.6 For all integers ny and no,

Proof. Observe that

«

«

Thus

ni /6712

ng ﬂnl

anl /8712 + ang /6?11 —

o™ ﬁnz _ Oanﬂm

Oénl Bn2 + &n26n1

Similarly,

O{nl ﬁn2

_ O[n2 ﬁnl

NN~~~

N | —

(Oénl/BHQ + aﬂlﬁHQ)

(an2ﬂn1 + Oémﬁm)

NN

(_1)an2*n17
(_1)n1+1(a - ﬁ)FHQ_nl‘

((—1)mpre=™ 4 (=1)"2a™ ") by Eqn. (2.3.16),

((=1)m2pm=n2 4 (—1)™a™™) by Eqn. (2.3.16).

2
(_1)711 Lm—m

(_1)n2Ln1*n2

by Eqn. (2.1.11)
by Eqn. (2.1.11).

by Eqn. (2.3.15)

(2.3.23)
(2.3.24)

(2.3.25)
(2.3.26)

(=17 (@7 4 B7) 4 (1) (0 4 )
_1)n1Ln2—n1 + (_1)n2Ln1—n2

((_1)n1<_an2—n1 + ﬁnz—m) + (_1)712(0/11—712 _ ﬁm—m)



_ (Oé - ﬁ) ((—1)n1+1Fn2—n1 + (—1)n2Fn1—n2) by Eqn. (2.3'14)
= (=1)""a - B)F,,_n, by Eqn. (2.1.10)
)2 (a0 — B) Fry —ny by Eqn. (2.1.10).

]
Corollary 2.3.7 For all integers n,
a n ﬁ n
- — = (=1)"Loy,,
(5) +(3) - o
a n n
6 - o
Proof. Take n; = n and ny = —n in (2.3.25) and (2.3.26).
]
Lemma 2.3.8 For all integers n,
1 a® — (=1)"
= 2.3.27
e (23.27)
1 ﬂQn _ (_1)71
= 2.3.28
w (Tl ) 2329
2n —1)"
L, = el (2.3.29)
an
/62” + (_Un
= — 7 2.3.30)
g (
Proof. Compute
a — 671
F, = by Eqn. (2.3.14
P y Eqn. ( )

Oé2n_anﬁn a

a2 —af an

1 a2n_(_1)n
an—1 ( a?—1
L, = a"+p3"

) by Eqn. (2.3.16),



a4+ o p"
am

a® + (1)
an

Equations (2.3.29) and (2.3.30) are derived similarly.



3 FiBoONAcCcCI AND LUCAS VECTORS

In this chapter we study Fibonacci and Lucas vectors in arbitrary dimension from a
linear algebraic perspective.
3.1 Linear algebraic set up

Throughout this section m shall be a fixed positive integer.

Define an m x m matrix T" by

(010 00|
00 1 0 0
=\ . (3.1.1)
000 -~ 10
000 ---0 1
(000 -~ 11

Lemma 3.1.1 The matriz T of Eqn. (3.1.1) has characteristic polynomial v~ (22—

x —1). Thus the non-zero eigenvalues of T are o = (14+/5)/2 and 3 = (1 —+/5)/2,

each with geometric and algebraic multiplicity 1. The eigenspaces associated with o

10



and 3 are spanned respectively by

1 1

o g

a= a? and b = 3?
amfl ﬂmfl

Proof. Elementary linear algebra.
|

Observe that the matrix T and vectors @ and b depend upon the dimension m.
Since m will always be clear from context, we shall suppress this dependence in

notation. We shall frequently use the formula for the sum of a finite geometric series.

Lemma 3.1.2 For all real numbers ¢ # 1 and all positive integers m,

=1
d = . 1.
. p— (3.1.2)
7=0
Lemma 3.1.3
F(a—B3)a™ if m is even,
i@ = (@=5) ! (3.1.3)
L,am 1 if m is odd,
oo —F, (o —B)B™ Y if m is even,
b = (=05 4 (3.1.4)
L,,3m ! if m is odd,
- 0 if m is even,
Qb = { (3.1.5)
1 if m s odd.

Proof. By definition of dot product

3
L

2j

QL
ST
I

0%
=0
-1

—a\?
= (7) by Eqn. (2.3.16)

.

3

o

e

11



/B -1 by Eqn. (3.1.2)

(—a/B) -1
ST —a-

= o™ Ha™— (=1)"8™) by Lem. 2.3.4.

Suppose m is even. Then

am_ﬁm

P ) by Eqn. (2.3.16)

= a" Ya—-p)F, by Eqn. (2.3.14).

Sl
STl
|
Q
i
B
|
=
A~

Now suppose m is odd. Then

@ = o™ (@™ +8™) by Eqn. (2.3.16)

ST

= o" 'L, by Eqn. (2.3.15).

The computation of b-bis similar, so we omit it.

By definition of dot product

m—1

ib =Y ol
7=0
m—1
= ) (-1 by Eqn. (2.3.16)
=0
{ 0 if m is even,
1 if m is odd.

Recall that for any vector o, the square of the length of ¥ is



Corollary 3.1.4

. VEn(a— B)am=1  if m is even,
@ = fm (3.16)
Vv L,am=1 if m is odd,
- —F(a— m=1 " ifm is even,
gl = |V Emla=0emt i (3.1.7)
\/ Ly, M1 if m is odd,
T Fo(a—3) if m is even,
Il o] - o (3.18)
Ly, if m is odd,

3.2 Fibonacci and Lucas vectors

Definition 3.2.1 For all positive integers m and for all integers n, define

F, Ly
.]E;:n _ Fn+1 7 an _ Ln+1
Fn+mfl Lnerfl

We refer to ﬁf and Zzl as the n-th Fibonacci and Lucas vectors of length m, respec-

tively.

The vectors f, and £, of Section 2.2 are just ﬁ? and E_% in the present notation.
We shall carry the dimension m in the notation as we shall have occasion below to
use more than one value of m in the same equation.

A number of other relations among the Fibonacci and Lucas numbers generalize to
the corresponding vectors. Observe that the f:Lm and ZZI satisfy the vector recurrence

relation

fn—i—? = fn—i—l + fn
The analog of Theorem 2.2.1 is the following.
Lemma 3.2.2 Let T be as in Eqn. (3.1.1). Then for all integers n,
g}kl = TfrTu

13



E_ZLH = TZ?
Thus for all integers k > n + 1,

m o n—k+1 pm
n+l T fk’

m _ n—k+1 pim
gn-&-l =T Ek

Vector versions of the Binet formulas hold here.

Theorem 3.2.3 For all integers n,

I = a—p <O‘na_5ng>’

— —

" = a"d+ B"b. (3.2.10)

(3.2.9)

In particular, fjb” and Zg@ lie in the plane spanned by d and b.

Proof. The j-th entry of f™ is Foyjo1 = (a7t —pgnti=1) /(a— (). The j-th entry of
(a"c? - ﬁ"l;> [(a—B3)is (a"a?™t — 73771) /(o — 3). The first equation follows since

both sides have the same entries. A similar argument gives the second equation.
]

The analog of Lemma 2.3.5 is the following.

Lemma 3.2.4 For all integers n,

a"a = of) 4+ fil,

B = BT+ fm .

Proof. Compute corresponding entries on each side of the equations and note that
they are equal by Lemma 2.3.5.
3.3 Dot products

We compute the dot products of Fibonacci and Lucas vectors.

14



Theorem 3.3.1 For all positive integers m and for all integers ny and ns,

L FoFrvnytm—1 if m is even,
m o Sm = 4 L (3.3.11)
= (LD tngsm—1 — (=1)" Ly —p,)  if m is odd.
Proof.
L 1 N1 R
n fin (ama - 6”1b> . (wza . 5%) by Eqn. (3.2.9)
a— 3 a—

1 - = —
= : (a”1+n2a- G+ b b — (™ B 4 ™ FM)T - b) .

Suppose m is even. Then

Fmorm Fm
n S Jdng T o — ﬁ
= FonFoinpim-1 by Eqn. (2.3.14).

(am—i—nz-i-m—l _ ﬂn1+"2+m—1) by Lem. 3.1.3

Now suppose m is odd. Then

— —
m. m
ni n2

(Lm(an1+n2+m—1 + 5n1+n2+m—1) _ (amﬁnz =+ anzﬁm))

(LmLn, tngim-1 — (=)™ Ly,—n,) by Eqns. (2.3.14), (2.3.25).

G — Ol

]
Corollary 3.3.2 For all positive integers m and for all integers ny and ns,
L2 FoFonim—1 if m is even,
il =4 o (3.3.12)
= (LmLonym—1 —2(=1)") if m is odd.
- (12 - -
Proof. Observe that || f7*| = f7"- f".
]

15



Theorem 3.3.3 For all positive integers m and for all integers ny and ns,

(3.3.13)

n2

fn . S5E o tnptm—1 if m is even,
" B Lol ingim—1+ (=1)"" Ly, 0, if m is odd.

Proof.

i = (ama+ pop) - (oma+5e8) by Ban (32.9)
_ (an1+n26' a+ ﬁn1+n26’_ g+ (an16n2 + anzﬁm)&‘. g) .

Suppose m is even. Then

Eﬁ EZZ = Fp(a—3) (amtretmot_ gmtnetm-l) by Lem. 3.1.3
= BEF,, (qmtretmol_ gmtnetmsly /(o — B) by Eqn. (2.3.18)
= 5Fan1+n2+mfl by Eqn (2314)

Now suppose m is odd. Then

F:Z . Z;”Q — Lm(an1+n2+m—1 +6m+n2+m—1) + (Oémﬁm + ang/@nl) by Lem. 3.1.3

= LpLntngim1+ (=1)™ Lo, _n, by Eqn. (2.3.15).

|
Corollary 3.3.4 For all positive integers m and for all integers n,
o2 5F, Fontm—1 if m is even,
" — ! (3.3.14)
LiLopim—1+2(=1)" if m is odd.
Corollary 3.3.5 For all positive integers m and for all integers nq and ns,
ol =510 o (3.3.15)

16



Proof. Clear from (3.3.11) and (3.3.13).

|
Theorem 3.3.6 For all positive integers m and for all integers ny and nas,
L. SF Ly tnytm—1 if m is even,
R (3.3.16)
Lan1+n2+m—1 + (_1)n1+1Fn2 —ny me is odd.
Proof.
1 N = N =
fmoin = 5 <a”1a . 5"119) - (a% + 5”2@) by Thm. 3.2.3
a —
1 —
— — ﬁ (am—l-nz—’, 5 @mﬁ-mb b—i—( n15n2 _ anzﬂnl)@‘. b) .
Suppose m is even. Then
fm ﬁm = Fu(a—p) (a"1+”2+m_1 + ﬁ"1+”2+m_1) by Lem. 3.1.3
= B5F L tngtm—1 by Eqns. (2.3.15) and (2.3.18).
Now suppose m is odd. Then
1
fm Em = ﬁLm (a"l+n2+m_1 — ﬁ"1+"2+m_1) + (™[ — o™ ™) by Thm. 3.2.3
a —
= LnFuiinpim+ (D)™ E, ., by Eqn. (2.3.14).
|

3.4 Fibonacci and Lucas identities

In this section we state a number of identities involving the Fibonacci and Lucas

numbers which follow from the dot product formulas of the previous section.

Theorem 3.4.1 For all positive integers m and for all integers ny and no,

oy FoFo vngvm—1 if m is even,
Foygj Py = (3.4.17)

=0 % (LmLm-i-nz-i-m—l - (_1)n1Ln2—n1) me is odd.

.

17



Proof.  Observe that both sides are equal to fm _7;”; by Theorem 3.3.1 and the

ni

definition of dot product.
[ ]

From this basic identity a number of other identities can be derived. We state two

of the simplest consequences now.

Corollary 3.4.2 For all positive integers m and for all integers n,
FoFonym—1 if m is even,

=0 5 (LmLontm—1 (=1)™) if m is odd.

Proof. Take ny =ny in Eqn. (3.4.17).

Corollary 3.4.3 For all positive integers m and for all integers k and n,

Fo1Fon_kym—2 if m s even,

Fn+mf2ank+m71 + ananfk = . .
t (Lin-1Lon—psm — 2(=1)""FLy_1) if m is odd.

Proof. By the definition of dot product, the left-hand side is f™ ;- f™, — fm=2. :L”:kil

For m even, Theorem 3.3.1 gives

—

rm rm rm—2 m—2
n—1"Jn—k fn ' fn—k+1 - FmFQn—k+m—2 - Fm—QFQn—k+m—2
— (Fm - m72)F2nfk+m72

- Fm—lFQn—k+m—2-

For m odd, Theorem 3.3.1 gives that f*, . fi, — fm=2. fm=2 equals

1 o

5 (Lan71+nfk+mfl - <_1) 1Lnfkfn+l)

1
- g (Lm—QLn+n—k+1+m—2—1 - (_1)nLn—k+1—n)

1 1
= 5 (LmL2n7k+mf2 - (_1)n71L7k+1) 5 (Lm—2Lon—g4m-2 — (—=1)"L_p11)

1 1 I I
= ngL2n—k+m—2 - ng—QLQn—k-i-m—Q — 5(—1)n "L + 5(—1) L s

18



1 1
= _LQn—k+m—2 (Lm - Lm—?) - _L—k+12(_1)n_1

5 5
1
= ng—1L2n—k+m—2 —2(=1)"" 'L pyq.

The idea of the previous corollary can be used to derive a number of other more

complicated identities involving more summands of the same sort.

Theorem 3.4.4 For all integers ny and ny and for all positive integers m,

if m is even,

n 5Fan1+n2+mfl
> Loilngj = . o (3.4.18)
s LinLnyvngtm—1+ (=1)"" Ly, if m is odd.

Proof.  Observe that both sides are equal to fm . :1”; by Theorem 3.3.3 and the

ni

definition of dot product.

|
Corollary 3.4.5 For all positive integers m and for all integers n,
m OF Fontm—1 if m is even,
Z Liﬂ -
s Ly Lopim—1+2(=1)" if m is odd.
Proof. Take ny = ny in Eqn. (3.4.18).
|
Corollary 3.4.6 For all positive integers m and for all integers k and n,
SL—1Lon_ktm—2 if m is even,

Lnym—oLln pym—1+ Ln1Ly =
e et ' * {Lm—lLZn—k+m—2 + 2(_1)%1[]_“1 if m is odd.

—

Proof. By the definition of dot product, the left-hand side is £ -Z;”_ & — (2 iy

For m is even, Theorem 3.3.3 gives

m m ym—2  jm—2
gnfl : gnfk gn ' gn—k—l—l = 5FmF2nfk+mf2 - 5me2F2nfk+m72
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= 5(Fm - Fm—Z)FQn—k-‘,-m—Q

- 5Fm—1F2n—k+m—2~

— —

For m odd, Theorem 3.3.3 gives that ™ | - o — fm=2. ("2 | equals

(LinLy—14n—tsm—1+ (=1)" ' Ly_j—nt1)
— (Li—2Lnsn—tt+14m—2-1+ (—=1)"Ly_g41-n)
= (LmL2n—k+m—2 + (—1)n_1L—k+1) — (Lm—2Lon—kym—2+ (—=1)"L_g41)
= LimLon—tim-2 — Lin—2Lon—kpm—2 + (=1)" " L_jyr — (—1)"L 1
= Lon—tsm—2 (Lm — Lin—2) +2(—=1)""'L_jy

= Lpy1Lon—tym—2 +2(=1)"""L_py1.

|
Theorem 3.4.7 For all integers ny and ny and for all positive integers m,
m 5F L, tnysm—1 if m is even,
ZFnl+jLn2+j - o 1 , : (3.4.19)
<o LinFryvngim-1 + (1) F,, ., if m is odd.

Proof.  Observe that both sides are equal to ﬁlnl . F% by Theorem 3.3.6 and the

definition of dot product.

[ ]
Corollary 3.4.8 For all positive integers m and for all integers n,
m 5F Lopym_1 if m is even,
> Fueilngs = wtl e
= LiFonim—1+ (1) if m is odd.
Proof. Take ny =ny in Eqn. (3.4.19).
[ ]
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Corollary 3.4.9 For all integers k, n and for all postive integers m,

5F 1Lon_kim—2 if m is even

Foym—oLlpy_jym1 + FoaLlpy =
e e ' * {Lm—1F2n—k+m_2 + 2(_1)nF—k+1 if m s odd.

Proof. By the definition of dot product, the left-hand side is ﬁT_l ZZZ B ﬁmﬁ -Z?:,f -

For m even, Theorem 3.3.6 gives

_:;n_l . Zzl_k - .]57271_2 : Zzl__]i_l - 5FmL2n—k+m—2 - 5Fm—2L2n—k+m—2
= 5<Fm - me2>L2nfk+m72

= 5Fm—1L2n—k+m—2-
For m odd, Theorem 3.3.6 gives that fffil -Zﬁ_k — ﬁ”” -E,T__,il equals

(Lan71+nfk+mfl + (_1>n71+1Fn7k7n+1)
— (L2 Fpgn—ts1am——1 + (=1)" " Fy_pi1-y)
= (LoFop—prm—2 + (=1)"F_ji1) — (L2 Fon—ppm—2 + (—1)" ' F_y 1)
= LyFontim—2 — Lo Fop_ppmes + (=1)"F_p1 — (=1)" T F_ 4
= Fopntym—2 (L — Lin—2) + 2(=1)"F_j 44

= Ly 1Fon tpm—2+2(—=1)"F_i41.
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4 ANGLES IN EVEN DIMENSION

In this chapter we study the angles between the various vectors which we studied so far.
We shall restrict our attention to the case of even dimension as the formulas become
much more involved in odd dimension. We shall comment on the odd dimensional

case in Chapter 5. Recall that the angle 6 between arbitrary vectors v; and v, satisfies

U1+ V2

cosf) = ——=—.
v | [Jval

4.1 Dot products with @ and b

In this section, we compute the dot products of the vectors @ and b with the Fibonacci

and Lucas vectors.

Lemma 4.1.1 For all integers n and for all positive even integers m,

fm. g = Fa™™ !, (4.1.1)
fm.p = F,gmm (4.1.2)
Proof.
rmo = 1 n= ny\ | =
frea = a_ﬁ<&a—ﬂb>-a by Thm. 3.2.3
| (earig
= a"d-d— -a
a—p
1
= — 5@”(Fm(oz — B)a™ 1) by Lem. 3.1.3
— Fmanerfl.

22



Lemma 4.1.2 For all integers n and for all positive even integers m,

(".@ = Fpla—B)a™m™ (4.1.3)
(" b = Fpla—pg)smm . (4.1.4)

Proof. Compute

— -

or-a = (a"a+p"b)-a by Thm. 3.2.3

= a"d-di+p"d

= a"Fu(a—B)a™? by Lem. 3.1.3
— Fula—g)aml

Equation (4.1.4) is proved similarly.

4.2 Cosines of angles with @ and b

In light of Theorem 3.2.3, it is interesting to consider the angles of the Fibonacci and
Lucas vectors with @ and b. Recall that all the vectors of interest lie in the same

plane.

Lemma 4.2.1 For all integers k and all positive integers m, f;’% and ZSZ,H are on the

opposite side of @ as b, and f3; ., and {3, are on the same side of a@ as b.

Proof. Observe that 3 < 0, so 3% is positive and 3?*~! is negative. The result follows

from Theorem 3.2.3.
||

Lemma 4.2.2 Let ¢y, and Xp . denote the respective angles between ﬁ’l” and a and
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between f:T and b. Then

a2n+m—1
COS b = (a— )72 o (4.2.5)
n+m—
_ R2n+m—1
cosxam = (a— )2 %. (4.2.6)
n—+m—
Proof. Compute
COS Qpm = {m A
Ak
Fm n+m—1
_ a by Lem. 4.1.1, Cors. 3.1.4, 3.3.2
V FmF2n+m71 \/Fm<a - ﬂ)amil
2n+m—1
( ﬁ) F2n+m—1
Also
fob
COS Xn,m TS S
Tl 1o

Fm n+m—1
_ a by Lem. 4.1.1, Cors. 3.1.4, 3.3.2

VEnFonim—1 \/_Fm(a - ﬁ)ﬁm—l

_ 2n+m—1
— (012, | P '
( B) F2n+m—1

Lemma 4.2.3 Let A\, ., and p, , denote the respective angles between Zﬁ and d and

between Zﬁ and b. Then

a?n-{—m—l
cosApm = (a—F) Y2 | —oo, (4.2.7)
F2n+m—1
(o= 0)

2n+m—1
-2, [P (4.2.8)

COS Unm =
’ F2n
+m—1
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Proof. Compute

i .q
COSApm = T a
Gl llell

F _ n+m—1
_ m(a = Ba by Lem. 4.1.1, Cors. 3.1.4, 3.3.2

V 5FmF2n+m—1 \/Fm<a - ﬁ)am—l
2n+m—1
ey o — _1/2 —a .
( 6) F2n+m71

Equation (4.2.8) is proved similarly.

Corollary 4.2.4 For all integers n and for all even integers m, |¢nm| > |Pns1.m

Proof.  Observe that ¢, ,, is accute since the coefficient of @ in the expression of

firin (3.2.9) is positive. To show that |¢, | > |dnt1.m|, it suffices to show that

n

COS Ppop < COS@ni1m. Note that o/ /F; > o/*1/F; 1, so the result follows from

Equation (4.2.5).

]
Corollary 4.2.5 For all integers n and for all positive integers t, ¢no = Pnir2 =
—Antt = —An2t. In particular, the sequences of angles {¢j,2t};.i1, {—/\j,gt}j@’il, and
{¢t+j,2};->i1 are equal.
Proof. Immediate from (4.2.5) and (4.2.7).

]

Since the sequences of angles are simply tails of those in dimension two, we shall

take another look at the Fibonacci vectors of length 2 in the Section 4.5.

4.3 Angles between vectors

In this section we study the angles between Fibonacci and Lucas vectors. We fix m

to be a positive even integer.
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Lemma 4.3.1 For all integers ny and ng, let Cy, nym denote the angle between :’ﬁ

and fr. Then
Fn1+n2+m—1

\/F2n1 +m—1 FQng +m—1

COS Cnl ;N2,m

Proof. Follows directly from Theorem 3.3.1 and Corollary 3.3.2.
|

Lemma 4.3.2 For all integers ny and ng, let 1y, n,m denote the angle between Zﬂl

and E;"Q. Then
Fn1+n2+m—1

\/F2n1+m71F2n2+m71

COSTIny,na,m

Proof. Follows directly from Theorem 3.3.3 and Corollary 3.3.4.
]

Lemma 4.3.3 For all integers ny and ng, let O, 1, m denote the angle between _fﬁ

and ZZ”; . Then
5Ln1 +n—24+m—1

\/F2n1+m—1F2n2+m—1

oS Uy no.m

Proof. Follows directly from Theorem 3.3.6 and Corollaries 3.3.2 and 3.3.4.
]

The various angles which we have studied are not independent. Observe that the

m

angle between f"

and f;" can be computed by either adding or subtracting their
respective angles with a. If ny and ny differ by an even number they are on the same
side of @ so we subtract, and if n; and ny differ by an odd number they are on opposite

sides of @ so we add. Thus for n; > nao,

Cnl,ng,m - ¢n1,m + (_1)nlin2¢n2,m-

Similarly,
Nning,m = )\n1,m + (_1)n1—n2+1)\n2’m’

in,n2,m = gbnl,m + (_1)n1_n2>‘n2,m'
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4.4 Angles with the axes

Let Z; denote the unit vector in the direction of the ¢-th coordinate axis and let m be

a positive even integer. Observe that f)* -2, = F,,1;—1 and 0" - &; = Ly4i-1.

Lemma 4.4.1 For all integers n, let wy,,; be the angle between ffl” and the i-th

standard unit vector then

Foyia

V FmF2n+m—1 '

COS Wy i =

Lemma 4.4.2 For all integers n, let ty, i be the angle between Z_;T and the i-th stan-

dard unit vector then
Ln—i—i—l

V 5FmF2n+m—1 ‘

COS Ly i =

4.5 Dimension two

In this section we discuss the Fibonacci and Lucas vectors of length two. This is
directly applicable to all even dimensional cases as discussed in Section 4.2. We begin
with a result of Lucas which gives a nice geometric condition on the Fibonacci vectors

of length 2.

Theorem 4.5.1 (Lucas) The endpoints offg lie on two hyperbolas given by the equa-
tion y* — yr — x? = £1.

In Chapter 6 we will consider the limit of the sequence of angles of the Fibonacci
and Lucas vectors with @. In dimension 2 we can also easily consider the angles with

the axes and then deduce the angles with a.

Lemma 4.5.2 [}/ For all integers k,

lim T4k _ o (4.5.9)

n—00 Fn
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Lemma 4.5.3 For all integers n,

5 1
im coswy = —
oo N, T 1+ a2’
I a
im coswsy = —
n—00 Y 1+ 042,
! 1
im cos ¢y = —
n—oo T 1+ o? ’
I a
im cos ¢y = )
Nn—00 1Y 1 + a2
Proof. By Theorem 4.4.1
F,
COS W3 1. _—
e /172 2
Fn + Fn+1
1

\/1 + (Fn+1/Fn)2.

Thus by Lemma 4.5.2

lim cosws,, = 1/(1+a?).

n—oo
The remaining limits are proven similarly.

It follows from the previous lemma that the limiting unit vectors for the directions

of f2 and (2 are both

In otherwords the unit directions approach that of @. We shall see that this is the
case in all dimensions.

We note that in dimension two @ and b form an orthogonal basis for the whole
vector space. From Theorem 3.2.3, we see that the transformation matrix from da, b
to f2 and f2 is

ot —pgm

a™ — ﬁnz
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Since this matrix is essentially Vandermonde it is invertible. In other words, any two

disinct Fibonacci vectors form a basis for R%. Similarly for Lucas vectors.
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5 COMMENTS ON ANGLES IN ODD DIMENSION

Although we do not carry out the computations of the cosines of angles in odd di-
mension because the results are not so nice, some computations do turn out nicely.

We present them in this Chapter.

5.1 The angle between @ and b

Recall that @ and b form a basis for the plane containing all of the Fibonacci and
Lucas vectors. When m is even, @ and b are orthogonal. When m is odd we have the

following.

Theorem 5.1.1 Assume that m is odd. Then the cosine of the angle between d and

bis 1/Lyy.

Proof. Let 7 denote the angle between @ and b. Then

ab
cosT = —
lall ||o
1
= I by Cor. 3.1.4.

Lemma 5.1.2 Suppose m is odd. Then the vector —a + (Lmam_l)l; 15 orthogonal to

a and on the same side of @ as b.
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Proof. Compute

-

@ (=4 (L™ b) = —@-a+ (Lpa™ Na-b
= —Lp,oa™ '+ L,am ! by Lem. 3.1.3

= 0.

5.2 Three-dimensional Fibonacci Vectors

In this section we discuss the geometric interpretations of these results in 3 dimensions.

This case is nicer than the general odd dimensional case.

Example 5.2.1 With the notation of Lemma 4.4.1,

lim coswsn, = 1/(2a),
n_)w 1%y

lim cosws,, = 1/2,
n—oo AR

lim cosws,, = a/2.
n—oo AR

So, the limiting unit vector is (5=,3,%) = 5= (1,a,a?). Thus, geometrically the
limiting line is given by 7(t) = ¢(1,a,a?) or x = t,y = at, and z = a*t. Now consider

the determinant of the matrix

fT;’L Fn Fn+1 Fn+2
fm = Fm Fm+1 Fm+2
ﬁ' Fr Fr+1 Fr+2

The latter determinant equals zero since the last column is the sum of the first two
columns. Therefore, the vectors are dependent (coplanar). We assume without loss
of generality n < m < r, then f, = (—1)”””1(%)]‘7I + (If;:’;)fm Taking f, = f1
and fm = f; we write ﬁ: = T_gﬁ + Fr_lfg. Thus, all vectors ﬁ; fall in the plane

determined by fl and f; This plane has normal vector 7 = (—1,—1,1) and equation
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fa

sphere 22 + 9% + 2% = 1-this intersection is a great circle of this sphere.

z = x +y. Each vector ﬁb/

lies in the intersection of this plane with the unit
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6 ASYMPTOTICS OF ANGLES

We consider the ultimate behavior of the angles of the Fibonacci and Lucas vectors
with @ and b.
6.1 Angles with @

Lemma 6.1.1 With reference to Lemma 4.2.2, for all even integers m,

lim cos ¢y, = 1.

n—oo

That is to say the direction of the Fibonacci vectors approaches that of a.

Proof. By Lemma 4.2.5, cos ¢ = (a—3)74/2 \/oz2n+m—1/F2n+m_1 Thus we consider
Fy/a”. By Equation (2.3.14), Fi/a* = (a—B)" ("= 3F)/a* = (a—F)"H1—(B/a)F).
Observe that |§/al < 1 and a — . Thus

1
. k
B BT =

It follows that

lim cos ¢, ,, = 1.
n—00 ’

Lemma 6.1.2 With reference to Lemma 4.2.3, for all even integers m,

lim cos A, ., = 1.
n—00 ’
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That is to say the direction of the Lucas vectors approaches that of a.

Proof. Similar to that of Lemma 6.1.1.

6.2 Dominant eigenvalues

In the last section we saw that in even dimension, the sequences of the Fibonacci
and Lucas vectors approach in direction that of the vector @. We now give another
proof of this fact which does not depend upon the parity of the dimension. We use a

variation of the well-known power method to do so.

Definition 6.2.1 Suppose A is an eigenvalue of a square matrix A that is larger
in absolute value than any other eigenvalue of A. Then A\ is called the dominant

eigenvalue of A. An eigenvector corresponding to A is called a dominant eigenvector

of A.

Dominant eigenvalues play an important role in the study of matrices. The power
method provides a means of finding the dominant eigenvalue and eigenvector. We

state one of the more general forms of the power method.

Theorem 6.2.2 Assume that the mxm complex matrix A has a dominant eigenvalue
A and a unique dominant eigenvector U up to scalar multiples. Then the sequence
AT/ ||AZ||, A%Z/ ||A%Z||, A3Z/||A3T|, ..., converges to U/ ||T| for any intitial vector

X except for a set of measure zero.

In the literature one finds various criteria on the initial vector for the convergence
of the above sequence to a dominant eigenvector. Clearly, any vector in the sum of
eigenspaces other than that of the dominant eigenvalue cannot converge a dominant

eigenvalue. For a diagonalizable matrix, this is almost a sufficient condition.

Theorem 6.2.3 Assume that the m x m complex matriz A is diagonalizable and has
a dominant eigenvalue A and a unique dominant eigenvector v up to scalar multiples.

Let vy = U, Uy, ..., U, denote a basis of eigenvectors for the complex vector space of
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columns vectors with complex entries and length m. Let ¥ = civ; + cavs + - - - + CpUm
with c; # 0. Then the sequence AT/ ||AT]|, A%Z/ || A%Z||, A3Z/ ||A3T]|, ... converges to

o/ 17l
Proof. Compute

A = A(Clﬁl + 62172 + 4 Cmgm)
= C1A171 + CQAUQ + e+ CmA’l_fm

= Cl)\1171 + CQ)\Q"UQ + -+ Cm)\mﬁm,

where ); is the eigenvalue associated with v; for all 7. By repeated multiplication by
A,

k= k- k- ko~
AT = 1 A\{U) 4 CoASUs + - - - + Cp Ay, Up-

} A \* A\
Cc1V1 + ¢ 5N Ug+ -+ ¢ 5y Uy | .

But ) is a dominant eigenvalue, so it is larger in absolute value than all other eigen-

Thus
Ak = \F

values, so that |\;/A\| < 1 fori=2 3, ..., r. Thus each fraction (\;/\)* approaches

0 as k goes to infinity.
|

Let us modify the previous theorem slightly to make it more applicable to our

situation.

Theorem 6.2.4 Assume that the m x m complex matriz A as a dominant eigenvalue
A and dominant eigenvector v. Let vy = U, VU, ..., U, denote a mazximal set of
linearly independent nonzero eigenvectors and let U,y 1, Upyo, ..., Us denote a basis
of generalized eigenvectors for the generalized eigenspace associated with zero. Let
T = c1v1 + Cug + - - + v, with ¢ # 0. Then the sequence AT/ || AT, A%Z/ | A%Z|,

A3T/ || A3, ... converges to ¥/ ||U]].
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Proof. Observe that for some j, A7; is an eigenvector of A for all i (1 <14 < s). Now
apply Theorem 6.2.3 with A restricted to the eigenspaces and i = A% in place of 7.

Now the result follows since AFy = A*+ig.
n

Observe that the matrix 7" of Eqn. (3.1.1) has eigenvalues 0, o, 5 with respective
algebraic multiplicites m — 2, 1, 1 and respective geometric multiplicites 1, 1, 1.
Thus the complex vector space of complex vectors of length m has a basis consisting
of nonzero eigenvectors and generalized eigenvectors associated with 0. A basis of
the generalized eigenspace associated with 0 has a basis of generalized eigenvectors

consisting of

1 0 0
0 1 0
€1 = ‘ , €2 = . y " Em—2 =
0 0 1
0 0 0
| 0 | 0] | 0
Thus the column vector space has a basis @, 5, €1, €2, ..., €m_o. This gives us the

following.

Corollary 6.2.5 Let T be as in Eqn. (3.1.1). Let ¥ = c,d + cv5+ cre1+ - Cr—2m—2
with co # 0. Then the sequence TZ/ ||T¥||, T?Z/ ||T?¥||, T*Z/ ||T37||, ... converges to

af ||l

Corollary 6.2.6 The sequences of directions of the Fibonacci and Lucas vectors ap-

proach that of the vector a
Proof. Immediate from Lemma 3.2.2 and Corollary 6.2.5.

6.3 Further directions

We have begun to consider a number of variations on the work presented in this thesis.
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e Consider the reverse Fibonacci and Lucas vectors

Fn+m—1 Ln+m—1
m Fopm—2 fin Lyim—2
7ﬁn - ) n -
F, Ly,

Identical results hold for these vectors as did for fm 6’” However, a number of
very interesting identities arise when we consider {L" . fm tm Em 7", and

- —
m m
fm . gin.

e Consider the Fibonacci and Lucas vectors with a step of p:

F, Ly,
finp _ Fn+1p Zm’p _ Ln+1p
i FnJr(mfl)p | | LnJr(m*l)p |

Our computations still work out since this constant step gives rise to geometric
series in « and (3 as before. Again, interesting identities arise from the compu-
tations of dot products. Different steps can be mixed, as well as reverse vectors

considered.

e To some extent our computations can be carried out for any second order re-
currence Tpio = &, + dr,11. However, when ¢ # 1 (so aff # —1) many nice

properties vanish.
A number of other problems suggest themselves

e Consider the Kronecker products of the Fibonacci vectors. We expect that such

considerations will give rise to identities involving sums of longer products.

e Reduce Fibonacci and Lucas vectors mod k for any modulus k. These vectors

cycle through a finite collection rather than approach a given line. There are

37



many deep open problems concerning the Fibonacci numbers modulo k. Perhaps

we may gain some insight from a consideration of these vectors.
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