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Abstract

For many years, the study of integrable systems has been one of the most fascinating branches of
mathematics and has been thought to be an interesting area for both mathematicians and physi-
cists alike. Many natural phenomena can be predicted by using integrable systems, particularly
by studying their different solutions, as well as analyzing and exploring their properties and struc-
tures. They are commonly found in nonlinear optics, plasmas, ocean and water waves, gravitational
fields, and fluid dynamics. Typical examples of integrable systems include the Korteweg-de Vries
(KdV) equation, the nonlinear Schrédinger (NLS) equation, and the Kadomtsev-Petviashvili (KP)
equation. Solitons are intrinsic solutions for these equations, and various types of solitons can be
obtained, such as bright and dark solitons, lump and rogue waves, and breathers.

In the dissertation, we present and investigate a novel nonlocal nonlinear reverse-spacetime Sasa-
Satsuma equation, which is a KdV-type equation. Furthermore, we analyze it and determine its
Hamiltonian structure. This equation is derived from an AKNS spectral problem involving a non-
local 5 x 5 matrix. Also, as part of our investigation, we also develop a higher-order nonlocal
reverse-time NLS-type equation that originates from the analysis of a local 4 x 4 matrix spec-
tral problem. By using vectors lying in the kernel of the Jost solutions, we can generate soliton
solutions for the nonlocal Sasa-Satsuma and the nonlocal NLS-type equations using the Riemann-

Hilbert problem with the real line being the contour.



When the reflection coefficients vanish, the jump matrix is taken to be the identity matrix, which
provides explicit soliton solutions through the corresponding Riemann-Hilbert problem. This al-
lows us to explore the dynamical behaviors for both equations; the nonlocal reverse-spacetime
Sasa-Satsuma equation and the higher-order nonlocal reverse-time NLS-type equation. These dy-
namical behaviors depend on the configuration of the eigenvalues in the spectral plane and how

they are chosen, sometimes under specific conditions.

Vi



Chapter 1

Introduction

1.1 History and background

1.1.1 The KdV equation

In 1834, Scott Russell observed an unusual wave on the Edinburgh-Glasgow canal, which he called
’the great wave” [1]. He described it as ”...a rounded, smooth and well-defined heap of water,
which continued its course along the channel apparently without change of form or diminution
of speed.”. This was the first reported description of a solitary wave. A solitary wave is a stable
localized wave that keeps its form and speed as it travels through space. Further, S. Russell’s
interest continued and later he showed that this wave can be created in lab by dropping some
weight on the water at the edge of a tunnel. He eventually obtained an explicit formula for its
speed. Hence, he showed that it is a gravity wave, in the sense that, its amplitude a and speed c
depend on the gravity force acting on the weight dropped, as well as on the water depth h. He
showed that the speed of the wave is

& =g(h+a) (1.1)

Later in 1871 and 1876, using equations of motion, both J. Boussineq and L. Rayleigh obtained

Russell’s formula for the wave speed and also a stabilized profile of the wave [2]-[3]

u(x,t) = asech?(B(zx — ct)) (1.2)

where [ is a parameter depending on h and a. But they were unsuccessful to present any math-

ematical model that have the profile equation as a solution. Later on, the work was completed

1



by Diederik Korteweg and his student Gustav de Vries in 1895, where they obtained a simple

mathematical model for shallow water waves, namely the Korteweg-de Vries (KdV) equation [4]:

u, — 6uu, +u,,, =0. (1.3)

Thus, the KdV equation arose as a mathematical equation that has the solitary wave as a one-class
solution for it. The terms wu, and u,,, correspond to the dissipative and dispersive phenomena
in nonlinear interactions. The KdV describes waves of finite small amplitudes in long periods of
time. It turns out that this partial differential equation is exactly solvable, i.e., it has solutions that
can be precisely obtained. In addition, it has numerous applications in real life. For instance, it
arises in the flow of a rotating fluid, low temperature plasmas, pressure waves, longitudinal waves,
etc. [5]-[7]. Another interesting equation with even more applications than the KdV equation is

the well-known nonlinear Schrédinger equation (NLS):

i, + u,, + |ul*u = 0. (1.4)

This equation first appeared in a linear form in 1925 by Erwin Schrodinger who used it to explain
the wave function in quantum mechanics. Interestingly, the NLS equation can be derived from
the KdV equation [8]. Thus, the NLS equation also describes small amplitude waves in deep
inviscid fluid. Moreover, the NLS is very important and has enormous applications in many of
our real life problems. It is significantly useful in nonlinear fiber optics, low and high temperature
plasma, Bose-Einstein condensate, propagation of waves beams and even in biological systems on
a molecular level, etc. Since these two equations describe the time evolution of waves in a medium
or a space, we call them “evolution” equations.

Another equation that is derived from the KdV equation, is the modified-KdV equation (mKdV),
which can be derived as follows:

Using the Miura transformation

u=v>%tuv, (1.5)



the KdV equation (1.3) is rewritten as:

(21} + 83) (v, — 6v%v, +v,,.) = 0. (1.6)

i

Thus, if v is a solution of the mKdV equation

v, — 6v*v, +v,,, =0, (1.7)

then « is a solution of the KdV equation [9]-[10].

Remark 1.1.1. Note that the inverse of the latter result is not true. Since the ker(2v £+ 9,) # 0.

Hence, the Bicklund transformation is a mapping from v to .

This huge research effort and tremendous study of the KdV and NLS equations led to the discov-
ery of many interesting evolution equations. However, before we look into these equations, their
properties and solutions, Hamiltonian structures, etc..., we take a brief look at some of the previous
literature and then introduce some techniques for solving these equations, along with some basic

notions and definitions, as we proceed.

1.1.2 A literature review

In 1974, M. J. Ablowitz, D. J. Kaup, A. C. Newell and H. Segur obtained some of the fundemental
integrable evolution equations, like the NLS and the KdV equations from simple reductions of
the general AKNS scheme [11]. For the NLS equation, they started with the so-called AKNS

scattering problem:

Yy = U, (1.8)

Here ¢ = (x,t) is a two-component vector ¢ (z,t) = (¢1(z,t),¥s(x,t))T and u is the vector;

u = (q(z,t), r(z,t))T, q,r are complex valued functions (potentials), with ¢, — 0 sufficiently



rapidly as x — £o0 and \ is a spectral parameter. The matrix U = U (u, A) is defined as:

—i) t
U= o g(@) . (1.9)
r(z,t) i\

The time evolution equation associated with (1.8) is:

Yy =V (1.10)
where,
A B
V= . (1.11)
—A
with
A =i2)% +iq(x, t)r(z,t), (1.12)
C = =2X\r(z,t) + ir (x,t). (1.14)
The compatibility condition:
Vat = Y1z (1.15)

gives the system:

iq,(x,t) = q,,(x,t) — 2r(z, t)¢*(x, ),

(1.16)
—ir,(z,t) =7, (v, t) — 2q(z, t)r?*(z,t).
For five decades the standard AKNS symmetry reduction:
r(z,t) = oq(x,t), o==+1 (1.17)



was used to reduce the system (1.16) to the scalar local NLS equation:

iqy(x,t) = quu(x,t) — 20]q(x,t)Pq(z, 1). (1.18)

In 2016, Ablowitz and Musslimani found new symmetry reductions that reduce the system (1.16) to
new nonlocal nonlinear NLS-type equations and mKdV-type evolution equations [12]-[13]. More-
over, they showed that the obtained equations are integrable and PT symmetric, i.e., they are in-
variant under the joint transformation © — —x, t — —t and i — —i. The three examples of the
NLS-type reductions they found are: the reverse-time symmetry, the PT preserving symmetry and

the reverse space-time symmetry:

r(x,t) = oq(x, —t), (1.19)
r(z,t) = oq(—x,1), (1.20)
r(z,t) = oq(—z,—t), qeC. (1.21)

They reduce the system (1.16) to:

iqy(z,t) = qu(x,t) — 20¢%(z, t)q(z, —t), (1.22)
ig,(z,t) = g, (7, 1) — 20q(—=,1)¢*(, 1), (1.23)
iqy(z,t) = g, (2, 1) — 20q(—z, —t)¢*(z,1), (1.24)

the nonlocal reverse-time, reverse-space and reverse-spacetime NLS equations, respectively. These

equations are integrable and PT symmetric. Additionally, they also found nonlocal mKdV equa-



tions, by taking

A= -4\ —i2\qrq,r — qr, (1.25)
B = 4)\%q +1i2)\q, + 2¢°r — q,, (1.26)
C =4\ —i2\r, +2qr* —71,, (1.27)
the compatibility condition gives the coupled system:
qt(xv t) = —qum([)’j, t) + 6(](17, t)T(I, t)qm(x, t)?
(1.28)

riz,t) = —r . (z,t) +6r(x,t)g(x, t)r, (x,t).

Under two new nonlocal reductions found by Ablowitz and Musslimani, namely the PT symmetric

complex reverse-spacetime symmetry and the PT symmetric real reverse-spacetime symmetry:

r(z,t) = oq(—z, —t), (1.29)
r(x,t) =oq(—z,—t), q€R. (1.30)
the system (1.28) reduces to:
g (2, 1) = = (2, 1) + 60q(z, t)q(—x, —t)q, (. 1), (1.31)
q,(x,t) = —q e (x,t) + 60q(x, t)q(—2, —t)q, (2, 1), (1.32)

the complex and real nonlocal reverse-spacetime mKdV-type equations, respectively.

Later in 2019, in the framework of Riemann-Hilbert and inverse scattering, Jianke Yang obtained
the fundamental and the general multi-soliton solutions to the previously mentioned nonlocal NLS
equations. As a consequence, this resulted in different kinds of soliton structures and dynamical
behaviors depending on the choice and configuration of the eigenvalues in the spectral plane [14]-

[15].



1.1.3 Motivation

Based on the previous literature, most known integrable systems have been derived from “local
AKNS hierarchies”. One can also produce nonlocal integrable systems by using nonlocal reduc-
tions, such as those proposed by M. Ablowitz and Z. Musslimani. In some cases, these reductions,
however, are not always sufficient to guarantee the integrability of the resulting systems. Consid-
ering this, we construct a nonlocal integrable hierarchy, where the nonlocal nature is embodied
within the hierarchy’s structure. The latter construction allows nonlocal systems to be constructed
without using reductions and guarantees integrability. A second novel result is the derivation of

the bi-Hamiltonian structures for a new nonlocal two-component Sasa-Satsuma equation.

1.2 Preliminaries

1.2.1 Hirota bilinear form

The Hirota bilinear form or commonly known as, the bilinear form was introduced by Ryogo
Hirota in 1971. He applied it to a wide variety of nonlinear evolution equations [16]-[17]. His
method states that under suitable transformations, the original nonlinear equation can be mapped
to a new bilinear equation. The resulting equation can be written in bilinear derivatives form, that
is, with a new bilinear differential operator acting on it. In most simple cases, the transformations

are taken to be

62
u(x,t) = aﬁlogf (1.33)
or
(z,t) =0 7, f (1.34)
u(x,t) =b—1o )
Y 81’ g
where a and b are constants and f,, f,.,... — 0 as x — +oo. Hirota beautifully defined the

bilinear operator by:

Dp0(r )= (= )" (2= ) ygtat, ) (1.3




For example, D! and D, D, give:

DD, (f9)=fud— 192 — fo0:+ [9ur- (1.37)

Example 1. Consider the KdV equation:

u, — 6uw, + u,,, =0, (1.38)

where u = u(z,t). The N-soliton solutions of this equation can, in general, be written in the form

(1.33). Substituting that in the KdV equation (1.38) and integrating, we get:

where f can be taken as the determinant of an appropriate matrix. Using the Hirota method, we can
obtain the soliton solutions by transforming u to f and solve the corresponding bilinear equation.

To do that, write f as an integral power series in ¢, that is

f=> et (xt), (1.40)
n=0
where f, = 1. Now since,
Di(f - f) = 2 fazes = 4 ofoe + 3F20), (1.41)
DD (f - ) =2(for = Suf o), (1.42)

from (1.39), equations (1.41) and (1.42) suggest that D, D, + D? is a bilinear operator of the KdV

equation. For simplicity of calculations, denote the bilinear operator BL = D,D_ + D?. Using



the operator BL on the expansion of f, we see that

BL(f - f)=BL(1-1) +BL(f, - 1+ 1 f,) (1.43)

+52BL(f2'1+f1'f1+1'f2)+53BL<f3'1+f2'f1+f1'f2+1'f3)

N
+... +e"BLO_fy i f)+...=0.

i=0
Since the coefficients of eV for N > 1 must all be zero, BL(f, - 1+ 1- f,) = 0 implies that

0 3

=+ =0. 1.44
(5 * ) 144
A direct observable solution for (1.44) is of exponential form,

fi = eherhid, (1.45)

By substituting this, we can easily obtain the dispersion relation [; = —k3. Thus f, = e**~+"t+0

generates the one-soliton solution for the KdV equation

1.3
ekx k°t+60

- 2
u(z,t) = =2k (1 + eszk3t+9)2'

(1.46)

For the two-soliton solution, we can apply the same idea. First we notice that since the equation

(1.44) is linear, we can have an arbitrary exponential terms. Let

f1 _ eklx+l1t+91 + ek2$+l2t+92 (1.47)

Using the next relations in the coefficients of powers of ¢:

2BL(f2' 1) :BL(f1 'fl)? (1.43)

2BL(f;3-1) = —=BL(f, - fa+ f2- f1), (1.49)



we can solve for f, and deduce at € = 1 after a similar procedure that

(1.50)

where

N(x,t) _ (lﬁ + k2)2(k;1 B k2)2 |:k%e(k1+2k2)m—(k{’+2k§)t+(01+292) + kge(%l+k2)x—(2k§+kg)t+(291+92)

+2(k1 + k2)26(k1+k2)$_(k%+kg)t+(91+02)} , (1.51)

2

D(l‘J) _ (kl . k,2)26(1:1+k2)r—(kf+k§)t+(91+92) + (kl + k2)2(€k1x—ki’t+91 + 6k2x—k§t+92 + 1) :
(1.52)

is the two-soliton solution for the KdV equation [18]-[20].

1.2.2 Backlund transformation

Bicklund Transformations originally arose in differential geometry and differential equations as
a solving technique in the 1880s. It was primarily used in geometrical transformations of sur-
faces that share the associated properties in different spaces [20]-[21]. To see how the Bicklund

transformation works, let’s begin with the definition.

Definition 1.2.1. Given two uncoupled partial differential equations:

P(u) = 0, (1.53)

Qv) =0, (1.54)

10



where u = u(z,t), v = v(z,t) and P, @ are, in general, nonlinear operators. Let

Fy = Fi(z,t,u,v,u,v,u,,v,,...) =0, (1.55)
F, = F,(x,t,u,v,u,,v,,u,,v,,...) =0, (1.56)
be a set of relations between u and v. Then {F7,..., F,} is called a Bicklund transformation

if P(u) = 0 implies Q(v) = 0, and vice versa. If P = @, then {F},..., F,} is called an auto-

Biacklund transformation.

Example 2. Solitary wave solutions of the KdV equation
Let v and v be solutions of the KdV equation and the mKdV equation, respectively. Since the KdV

equation is Galilean invariant, that is invariant under the transformations

1
r—=x— A, t—t, u—>u+6>\, (1.57)

then from the Miura transformation, we have

u—\=v+uv, (1.58)

where ) is a constant. Introduce
U =wy, = A+ 0>+, (1.59)
Uy = Wy, = A + 0> — v, (1.60)

We can eliminate v from equations (1.59) and (1.60), to get the auxiliary equations relating w, and
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1
(W) + wy)e = 2X\ + §(w1 —w,)?, (1.61)

(wy — wy)r = 3(wi, — w3,) — (W — Wy)a- (1.62)

These equations constitute an auto-Bicklund transformation for the KdV equation. Adding equa-

tions (1.61) and (1.62), we see that:
Wy — Sw%z + Wigge = Wy — Sng + Worrs (163)

thus w, satisfies the potential KdV equation if and only if w, does. Equations (1.61) and (1.62)
allow us to obtain solutions for w, and w, from an initial zero solution. For example, start by

taking w,(x,t) = 0 for all x and ¢. Thus equation (1.61) becomes

1
wy, = 2\ + Ew%. (1.64)

Integrating and using equation (1.62), the final solution can be written as:

w,(x,t) = —2ctanh(c(z — x¢ — 4c°t)), (1.65)
where ¢ = —\ and A > 0. Thus, the set of solitary wave solutions for the KdV is given by
2 2 2 Lo
uy(z,t) = —2c¢"sech”(c(x — xog — 4c°t)), ¢ > §\wl| . (1.66)

As aresult, by applying this procedure again, we can construct new solutions, i.e., W, Wy, fromw,
and w, by this iteration process and successively obtain solutions u,, us, . . . to the KAV equation,

starting with a given solution u; = w,,.
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1.2.3 Inverse scattering transform

The inverse scattering transform (IST) is a method of solving Cauchy problems of nonlinear inte-
grable partial differential equations (PDEs). It is analogous to the Fourier transform, by which we
transform a linear PDE with initial conditions, u(x, 0), u,(x, 0) to an ordinary differential equation
(ODE) equation with a Fourier coefficient A(k). Then solving this ODE by finding the time evo-

lution of the Fourier transform; A(k)e ' (*)?

and finally using the Fourier inverse transform to get
the solution u(x, t) of the original PDE problem.
In a similar pattern, the inverse scattering transform reduces some nonlinear PDE to a class of

linear PDEs or a system of solvable linear ODEs. It consists of three main steps [22]-[27]:

1. The direct scattering: it maps a decaying potential u(x,0) € L? to scattering data S();) at
an initial time (i.e. ¢ = 0), where the ), are time-independent eigenvalues of the associated
spectral problems. The initial condition u(z,0) determines normalized eigenfunctions which

are characterized by the scattering data.

2. The time evolution: it tells us how the scattering data S(\;,¢ = 0) evolute in time to S(\;, ¢ =
t1), t1 is arbitrary, in other words, it gives the scattering data at any time ¢. The scattering data
needed are the transmission and reflection coefficients, respectively (they are the coefficients of
the reflected and transmitted waves of eigenfunctions), the normalization constants (a constant

depending on )\, to normalize the eigenfunctions) and the associated eigenvalues.

3. The inverse scattering: it reconstructs the solution wu(z,t) of the nonlinear PDE from the
evolved scattering data S(\,, t) by solving certain integral equations, i.e., the Gel’fand-Levitan-

Marchenko (GLM) equations or a Riemann-Hilbert problem.

The following diagram summaries the process of the inverse scattering transform:

13



u(x,0) Direat > S(A;,0)

scattering

Time evolution
of scattering data

u(:{j, t) y Inverse S(sz t)

scattering
Figure 1.: Inverse scattering procedure

1.2.4 Lax pair

In 1968, Peter Lax introduced what is known as the “Lax pair” [28]. He used some transformations
like the Miura transformation and the Riccati transformation along with a compatability condition
to relate nonlinear PDEs to two linear operators L and M.

Let’s consider the KdV equation to see how to obtain a Lax pair. Consider u(x,t) and v(z,t), the

solutions of the KdV and mKdV equations:

u, — 6uu, +u,,, =0, (1.67)

v, — 6v*v, +v,,, =0. (1.68)

rxrxr

Introduce a time-dependent eigenfunction ¢ and recall the Miura transformation v = v* + v, — \.
Let

v = % (1.69)

be a Riccati transformation for v. Under this transformation the Miura relation can be written as a

second-order linear ODE

Yy — u(w, 1)) = A, (1.70)

or equivalently

Lib = A, (1.71)
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where L = 9> —u(xz,t) and X the eigenvalue, called the spectral parameter, is independent of time
or isospectral, in other words, A\, = 0. Now substituting (1.69) into the mKdV equation (1.68) and

eliminating v, one can obtain after some manipulations, the time evolution equation for v, that is:

Yy = M1, (1.72)

where M = 3u, + 6ud, — 402 + C, with some constant of integration C'. Thus, we have the Lax

equations:

L = M\, (1.73)

Ve = My, (1.74)

and L, M are said to be the Lax pair for the KAV equation. The linear differential operators L and
M satisfy an isospectral property:

L+ [L,M] =0. (1.75)

To show this, we start by taking the ¢-derivative of equation (1.73) to get:

Lo + Liby = \tp + Aty (1.76)
= L) + LMy = AMy) (1.77)
= L+ LMy — ML) = 0 (1.78)
=(L; + [L, M])i = 0. (1.79)

Since the Lax pair has nontrivial solutions (¢ # 0), thus when u(x, t) satisfies the KdV equation

then the linear differential operators L, M satisfy the corresponding isospectral property (1.75).
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1.2.5 Hamiltonian structure

Definition 1.2.2. An evolution differential equation possess a Hamiltonian structure (with respect

to J), if it can be written in the form [29]-[32]:

%:J%; (1.80)

where J is called a Hamiltonian operator with coefficients depending on x, u, u,, . . . etc., and H is

the functional H = H(x,u,u .), called a Hamiltonian functional, in addition, the variational

Tyt

derivative is defined by:

) 0 d 0 > o2 ar o
—_— = - —— 4+ — -+ (=)= 1.81
ou  Ou  dzOu, * dx? Ou,, (=) dx" Ou,, * (1.81)
Along with a Hamiltonian structure, we define a Poisson bracket:
T 1/6f\T 6g
g}, = ——J—P 1.82
trabi= [ [(5) 75 182
which satisfies the following elementary properties of the Poisson bracket:
1. Skew-symmetric:  {f, g} = —{9g, f}.
2. The Jacobi identity:  {f,{g,h}} + cyclic(f,g,h) = 0.
Moreover, if an evolution equation can be written as:
0H 0H
u, =K =Jy— = J,—=, (1.83)
ou ou

then, it is said to have a bi-Hamiltonian structure, where {.J;, J} is a Hamiltonian pair, and H;, H,

are two Hamiltonian functionals. Here a Hamiltonian pair means that

C1J1 + CaJy (1.84)
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where C, C5 are arbitrary constants, is again a Hamiltonian operator.
Let Ko = J; %, where H; is the first Hamiltonian functional and let ¢ be the recursion operator
® = JyJ; '. Define

K, =®oK,, 1, m>1, (1.85)

then, there exists a sequence of Hamiltonian functionals, H,, for m > 1, such that they satisfy the

following properties:

1. The skew-symmetry, that is for any Hamiltonian functional /;, we have:
{Hi, Hi}J1 — {Hl, Hi}Jz — O, ’L Z 1 (186)

2. The Hamiltonian functionals H; are in involution with respect to either Poisson brackets:

{Hinj}Jl - {HZ',H]'}JQ - 0, Z,] 2 1 (187)

Example 3. The bi-Hamiltonian structure of the KdV equation
The KdV equation has two different Hamiltonian structures [33]. The first one arises from the

conserved energy:

ro.1
H, = /(u3 + §u§)daz, (1.88)

associated with the Hamiltonian operator J; = 0,, while the second structure arises from the

conserved momentum:

71
H, = / 5u%l:z:, (1.89)
with the associated Hamiltonian operator J, = —8; +4u0,+2u,. To show that 0, is a Hamiltonian

operator, we can check if it satisfies the antisymmetry and the Jacobi identity.
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For the anti-symmetry, we see that:

[e.e]

(Ra)+ (0.1 = [ (o2 + 20, Yo
- Jatie

—00

=0.

(1.90)

Also, without loss of generality, let f = f(x,u), g = g(z,u)and h = h(z,u), (f = f(z,u,u,,...)

can be generalized). Then since

oty = [ (Lo to.h})do

- [ )y

—0o0

and using

0
ou

o0

5 5 5g  oh
suloht =5, / (50, )da

—00

5 o
- 0 / Gu(Puz + Py, )dz

[e.e]

Thus,

[e.9]

(1.91)

(1.92)

(1.93)

{f,{g,h}}+cyclic(f,g,h) = /(fux—i-fuuux)(guuhux—huugux)dx—l—cyclic(f,g, h) =0. (1.94)

—00
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In addition, it can also be easily checked that

e}

OH ) 1
u, = J15—U1 = O /(u3 + §u§)dx (1.95)
B J, 4 1, d 0,4 1,
B ax[('?u(u * 2%) dx Ou, (" + qu)]
= 0,(3u* — u,,)
= 6uu, — Uy,
Also,
GHy 51,
u, = Jo S = (=0, + 4ud, + 2ux)6u / S dx (1.96)

J1
— (53 T2
= (=0, +4u0, + 2um)au 5 U

= 6uu, — Uy,

1.2.6 Trace identity

Hamiltonian structures of evolution equations can be formulated from what is known as the frace

identity. In 1989, G. Tu showed that using the stationary zero-curvature equation:
W, = [U, W], (1.97)

we can obtain a hierarchy of evolution equations along with its Hamiltonians (conserved densities)
by applying a trace identity [34].
Starting from a matrix semi-simple Lie algebra g; i.e. a direct sum of simple Lie algebras (non-

abelian Lie algebras that have no trivial ideals), Tu showed that if I} is a solution of (1.97), then
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we can prove the following trace identity:

) ou 0 ou

_ P B

Su / (W3 )2 =755 (W 3] (1.98)
where <', > is the Cartan-Killing form, v = — 2 o L n| <W W>] and u is a column vector of func-

tions.

Recall that the Killing form of a Lie algebra over some field [F is a bilinear map <-, > cgxg—F:

(a,b) =tr(ad(a)ad(b)), a,be€ g, (1.99)

where ad(x) is the adjoint linear transformatiom from g to itself, defined by:

ad(z)y .= [z,y], yeEug, (1.100)

where [, -] is the Lie product of g. In the case of semi-simple Lie algebra, <-, > is non-degenerate,
symmetric and the above Cartan-Killing form is the trace (see p.10789 of [31] ), and so we can
have

<a,b> =tr(ab), a,b€ g, (1.101)

where g is a matrix Lie algebra. As a result, the formula (1.98) is reduced to the following trace

identity:
J ou 0 ou
(W5 )dw = A7 (Ve (W) 1102
su) TN T a1 T\ B (1102
with vy = — 2 Lin|tr(W?)|. We will use this method to derive Hamiltonian conserved quantities.
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Chapter 2

Examples of hierarchies of integrable equations

In this chapter, we will take a look on different hierarchies and how integrable equations arise by
using the stationary zero-curvature equation and the trace identity previously derived. In addition,

we apply the trace identity to obtain Hamiltonian structures of the resulting integrable equations.

2.1 AKNS hierarchy

We begin with the most well-known AKNS hierarchy. Let’s start with the spectral problem:

—ipy = Ugp, (2.1)
where U i1s the matrix defined by
aA g
U=U(u,\) = , (2.2)
T g\

where ) is the spectral parameter and u is the 2-dimensional vector u = (¢, 7).

To derive the associated integrable hierarchy, we start by solving the stationary zero curvature
equation

W, = i[U, W] (2.3)
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with the solution ¥ to be in the following form:

So, the stationary zero curvature equation is equivalent to the set of equations:

a, =i(—rb+qc) = —d,,

b, =i(aXb — ga + qd),

¢, =i(—ale +ra—rd),

where @ = a3 — a. Expanding the matrix W in Laurent series, that is,

W= i WA~
m=0
with
a= i a™\Tm, b= i pmiAT™,
m=0 m=0

o0

= i iy d =) dtmia
m=0 m=0

we see that the system (2.5)-(2.7) gives the recursion relations:

al =0, 0% =0, =0, =0,

1l — L (gl - gqtml g gimly.
(0]

1
clm+1l _(icgvm} + ra™ — Td[m])7 m > 0.
«

22

(2.4)

(2.5)
(2.6)

2.7)

(2.8)

(2.9)

(2.10)

(2.11)

(2.12)
(2.13)

(2.14)



By choosing the initial values:

=4, and d¥=p,, (2.15)

where the (3, B2 are arbitrary real constants, and taking zero constants of integration, we uniquely

generate:

all — 0 = gl pltl — éq A= ﬁr (2.16)
) ol a
N N L (2.17)
(0% (0% «
o = —iD (gr, — ) = —a®, 2.18)
(0%
B B
b[g} B _5(qu + 2(]27’), 0[3} - _5(Ta:m + 2q7ﬂ2)7 (2.19)
a[éq - _%(qxrx - 3(]27’2 T Qg T T qrac:c) = _d[4]7 (220)
«
B =2 gy + 6a0,1), ¥ = —i 2 (s, + 6ar7,) @21
- 1@4 qum qqu y € - 10./4 Tmmm qrrw ) :
a[f’} - lg(qrxxx T QT + 6q2rrx - 6qqx7’2 + upzTy — Q:r:r:c:c> = _d[5]7 (222)
«
b[S} = %(qmm + 6q37“2 + 8q€lzmr + 2q2Txm + 4qqxrx + 6q§7“), (223)
«
¥ = %(um +60%1° + 8q17 4, + 2¢,,1% + Ag,rr, + 6q17), (2.24)
«
a[6} - _ﬁﬁ <qmmmxr T AT sove T QoeT22 — Gl oee — Qoaaz (2.25)
(0%
+10(¢°r" + qauer® + ¢*rry) + 5(¢7r] + qir2)> = —d",
+ 200,47 + 300%,%)
6[6} - lﬁﬁ (szxxoc + 10(q7‘7“mx + qui t QT qxrrxl’) (2.27)
(07

+ 20qr,r,, + 30q2r2rw> ,
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where 8 = (5; — (5. To find a soliton hierarchy, we begin by introducing a series of Lax matrices

Vil = (X"W), + A,,, for m >0, (2.28)

where + means to take the polynomial part. Taking the modification terms A,,, = 0, form > 0 we

can generate the soliton hierarchy

w,, = K (z,t,q,7,q,,7,,-..), m>0, (2.29)

m

associated with the zero curvature equations

U,, — V™ 4i[u, vt =0, m>o0. (2.30)

Upon using the zero curvature equations along with the zero modification terms and the recursion
relations (2.12)-(2.14), the hierarchy can be written explicitly in the following form:
q b[m+1]
u, = = i« . (2.31)

r _C[m-i-l]

tm

For m = 2, m = 3 and m = 5, we obtain the corresponding systems:

¢

th = _1%((]1;5 + 2q2r>7
(2.32)
\ ry, = i%(rm + 2qr?),
.
i, = _%<qzmc + 6qqzr)7
(2.33)
rt3 - %(r:ﬂ:px + 6q7”7’m),

\
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QG =i (q + 10099 0a” + GTo + 48T 00 + A00Ts) + 200,850 + 30¢°g,7 )
r = =D (7 pnms + 10( 2 2y2
t - TLTTX qrrmzz + erm + qzzrrm + errzm) + QOQT:ET:E:E + 30q r Ta: )

(2.34)

respectively. Taking r = Z} for the first system and » = ¢ for the second and third, these systems

reduce respectively to the NLS equation, the third-order and the fifth-order mKdV equations:

B
2 i3 (00 +2ale) = (2.35)
5 2 N
B
Qs — J(qmm‘m + 10(]3 + 1Oq2qzzx + 30q4qﬂc + 40qq{rQa}I) = 0. (2.37)

2.1.1 Bi-Hamiltonian structure of the AKNS hierarchy

In this section, we derive a bi-Hamiltonian structure of the hierarchy (2.31). To proceed, we use

the trace identity

(;L tr(W?—i{)dw — 2\ ai [Mw(W‘;—Zﬂ (2.38)

where v = —5 Lin[tr(W?)|. We have
<W—> — o Z a1 Z drmrm, (2.39)
tr (W%—Z) - ;c[mum, tr (W—) Z plrl y—m (2.40)

Plugging these into the trace identity and matching the powers of A=, we see that

5 C[m]
— (ala[m” + agd[mﬂ])dx =(y—m) , m>1. (2.41)
ou plml
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When m = 0, we deduce that v = 0. Thus, the Hamiltonians can be taken as
_ 3 fm-+1) fm-+1]
Hyp =—— ara + and dr, m>1. (2.42)
m

Explicitly, the first three Hamiltonians read:

Hy, = g/(qr)dx, (2.43)
szFﬁ- (qr, — q,r)dz (2.44)
202 =~ dal/0%
B 2.2
Hs = 308 (q,ry — 3q°1° — @7 — qry,)de. (2.45)

From (2.41), we deduce

=i , m>1. (2.40)

Hence from the above equalities, the bi-Hamiltonian structure reads:

6Hm+1 —J 5Hm

utm = Km = Jl = Ja 5 m 2 1, (247)
ou ou
where the Hamiltonian pair are {.J;, Jo }, with J, = J;&. Explicitly we have
0 « i [0+2r07 g —2ro~1r
J = L P=— , (2.48)
—a 0 @ 2q0"'q -0 —2¢q0'r
and the recursive formula is defined by:
cm+1] clml
— & L, om> 1. (2.49)
plm+1] plml
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2.2 Kaup-Newell (KN) hierarchy

To begin with the KN hierarchy, we similarly consider the spectral problem:

e = U,
In this case, U is the matrix defined by
A2 Ap
U=U(u,\) = 5
g —\?

where ) is the spectral potential and u is the 2-dimensional vector u = (p, ¢)7.

(2.50)

(2.51)

First, we solve the following stationary zero curvature equation to obtain an associated integrable

hierarchy:
assuming the solution W is as follows:
a b
W =
c —a

This implies a set of equations that corresponds to the stationary zero curvature equation:

a, = —Agb + Ape,
b, = —2\pa + 2)\?b,

- J—

c, = 2\qa — 2)\’c.
In the Laurent series, the matrix W is expanded as follows:

W = i WA~

m=0
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(2.52)

(2.53)

(2.54)
(2.55)

(2.56)

(2.57)



with its components being given by

a= i a[m})\72m’ h= i b[m})\meflj c= i C[m]>\72m71.
m=0

m=0 m=0

then (2.54)-(2.56) give the following recursion relations:

1
o = =2 (b + pel™),

plm+1] — %bgm] _‘_pa[m-‘rl}’ m > 0.

C[m—&-l} _ _lcg[cm] + qa[m—l-l}7
With the initial values chosen as follows:
aldl — 1 plol =p, A0 — q,

we can uniquely generate:

1 1 1
a"l = —=pq, " = =(p, — p*q), M = —=(q, + pe®),
2 2 2
a® = 2pq + Ipg, — Ip.q
gl P = bt
1 3 3 1 3 3
pi2 — L 932 9 2] _ * 023 9
Pea+ 00 = J00a0s = 20+ P70+ D000,
1 5 3 3 1 1
3] —— .33 e 2 2 2 - -
0 = 2oty = 100+ GPPa = S04, — GPeal — GPa
1 1 1 3 1 15 5
pi3l — = _ L Lo 99 1 Do 2 9 43
Proa = [PPale = gP 0w — SPoA — 5PPual + 1P Pat’ — P'0
1 1 1 3 1 15,, 5

A = = s = (P20, — GPrd’ — DL~ 5PU — 1P — 1P

4 8 8 2 16 16

The soliton hierarchy is determined by a series of Lax matrices:

Vi — (N2 4+ A, for m > 0.
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(2.58)

(2.59)
(2.60)

(2.61)

(2.62)

(2.63)
(2.64)
(2.65)
(2.66)
(2.67)

(2.68)

(2.69)



Based on the following modification term

—q[m+1] 0
A, = , m>0.
0 a[m+1]

A soliton hierarchy can be generated as follows:

g, :Km(x7t>p7Q7pm7q17”')7 mZOa

from the zero curvature equations

U, —vi® v =0, m>o.

(2.70)

(2.71)

(2.72)

The hierarchy can be written explicitly in the following form using the zero curvature equations,

the modification terms, and recursion relations (2.59)-(2.61):

P plml

q (Il

tm x

For m = 1 and m = 2, the following systems are derived:

(

1 1
Dty = 5Puw — PP2d — 507Uy
G, = —3Uee — PA4y — 3P0
Doy = 1Peze — SPPael — SPPeUy — SD2q + 20°0.0° + 20%qq,,

Gy = 300en T 2PU0s + 20,04, + 3pa% + 307, + 3pp.0°.
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Taking ¢ = p these two systems reduce respectively to the following second-order derivative NLS

equation and the mKdV-type equation:

1 3

Po = 3P — §p2p$, (2.76)
1 3 3 15

Pty = JPras ~ §pp§ - szpm + gp“px- (2.77)

2.2.1 Bi-Hamiltonian structure of the KN hierarchy

In order to derive the bi-Hamiltonian structure of the hierarchy (2.73), we use the trace identity

(2.38). We have the components:

t( >: Z )\2m+1+qzb[m)\ 2m— 1+pz m \=2m—1 (2.78)
tr ( ) Z cmly=2m ( ) 3 gy, (2.79)
m= m=0
As aresult of plugging these into the trace identity and matching the powers of A=2"~1, we observe
the following:
5 C[m]
- / <4a[m+” + gbl™ + pc[m]>dx = (y — 2m) . m> 1. (2.80)
u plml

When m = 1, we deduce that v = 0. Consequently, the Hamiltonians can be taken for this

hierarchy as follows:

1
U = =5 <4a[m+11 + bl +pc[m]>dx7 m>1. (2.81)
m
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Here, the first three Hamiltonians read explicitly as follows:

1
Hi = —1 /(pqx — p,q + p*¢*)dz,
H—i -2 3p%qq.. — 3pp. ¢* + 2p°¢%)d
2= 1g (PQyy + Puad — 20,4, + 3p”qq, — 3pp,q~ + 2p°q°)dz,
1
15 15 15
= APP,qa, + 5P’ + 40, + P 0 — P00 + ') dr
We can conclude from (2.80) that
6Hm C[m]
—T = . m > 1.
ou plm]

So, from the above equalities, we derive the bi-Hamiltonian structure as follows:

., O,
utm:Jl i +1:J2 i s le,
ou u
the Hamiltonian pair {.J;, Jo} are as follows:
—2p0~'p 24+ 2p0~Yq 0 0
JI - ) 2 =
—2+42¢07p  —2¢q07 ¢ o 0

2.3 TC hierarchy

Let us begin with the following isospectral problem for the TC hierarchy:

v = Uy,
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(2.83)

(2.84)

(2.85)

(2.86)

(2.87)

(2.88)



where we set the matrix U to be:

0 1+ 25
U=U(u\) = : (2.89)
A+ 5 0

where \ is the spectral potential and u is the 2-dimensional vector u = (¢, 7).
As before, in order to determine an associated integrable hierarchy, we first solve the stationary

zero curvature equation (2.52), with the matrix W being taken the form:

W = . (2.90)

Thus, from the stationary zero curvature equation, the following equations are obtained:

a, = —A"'gc—2c+\"trb, (2.91)

b, =—ra, (2.92)

c, = —2\a —qa. (2.93)

Upon expanding the matrix I/ as in the Laurent series (2.57), that is, with a = io alm x—m,
b= io bmIN—™ and ¢ = io c™\=™ the system (2.91)-(2.93) gives the recursion relations:

al% = —260 plO = [0, (2.94)

alm+i = %(—qa[m] — My, (2.95)

pinl — gty glm m > 0. (2.96)

clm il = %(rb[m] — gclm — glmH1l, (2.97)
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Starting from the initial values:

AT=0, 4% =0, and =g, (2.98)

where [ is an arbitrary real constant, and taking zero constants of integration, we can work out

that:
1
at' =0, b =0, V) = 55T (2.99)
1 1 1
am = __Brx7 bm = _6727 0[2] = _B(T:rw - 2qT), (2.100)
4 8 8
. 1
aldl = _1_6ﬁ<7axxx —4qr, — 2qx7’), (2.101)
1
pi3l = _§B<Ti + 4qr2 —2rr,.), (2.102)
g L 2 5 _ _ _
W = S B + A%+ 20° = Bqr,, — 6,1, — 2q,,7). (2.103)

We begin by computing a series of Lax matrices in order to determine a soliton hierarchy

vim = AmW), + A, for m>0. (2.104)

While taking into account the modification terms:

0 1 (9.m] _ plm]
A, = ax (s ) , (2.105)
%(gc[m} blml) 0
we can generate the soliton hierarchy
w, = K (z,t,q,7,q9,,7,,...), m>0, (2.106)

associated with the zero curvature equations

U, —vim o v =0, m>o. (2.107)

33



Thus, one can easily show that the hierarchy can be expressed explicitly as

. d(2em) — pim)
w, = - . m>0. (2.108)
r dclml — 4gplm]

tm
For m = 2 and m = 3, we obtain the systems:

"

4, = —8%(4qqz7"2 + 27“37“1 T AT e = ATT gy — quTI:C), (2109)

Ty = _§<4qrx + 2(]17’ - r:pxx)?

q, = 32’6;2 (12¢%q,r* + 12qr3r, + 6q,r* + 6¢°r r,, — 6¢°rr,,. + 6qq,r2 — 6qq,,rr, — 237 .

_2qqx:carr2 - 18qqzrra:a: - 6(]2717”90 - 2qmqaca:7n2 4T vrnn + arT ieaza + qxrrzxaccc)7

r,. = 3%(12q27“w + 12qq,r + 67‘27‘x — 84T e — 20w’ — 124,700 — 8GuuTs + T vwwws)s

(2.110)

respectively. With 5 = 8 and taking r = ¢, the first system reduces to the KdV equation:

qi, 649, — Qppy =0, (2.111)

while the second one reduces to the fifth-order mKdV-type equation:

15 )

1
Qs — ?q2qz + §qqzmx + 5qxqmz - Zq:rxxmz = 0. (21 12)

34



2.3.1 Bi-Hamiltonian structure of the TC hierarchy

To obtain a bi-Hamiltonian structure of the hierarchy (2.108), we continue to use the trace identity

(2.38), to have

a o0 o0
tr(Wﬁ—Z) _ % Z(b[m] +cmyy—m 4A2 (q+r n;) (blm) — clmly\=m 2.113)
tr(W 8q) = Z plmly = tr(W§> - —ﬁn;c[mlxm. (2.114)

After substituting these components into the trace identity and matching the powers of A2, we

get
) 1 1 1 plm]
< (Bl g mly 2 g 4 (plm) — c[m])>daz = (y—m—1) m>0.
su 4 2 _lm]
(2.115)
We deduce that v = % when m = 0. Therefore, the Hamiltonians can be taken as
1
Ho = =5 / (2(b[m+” + MY (g 4 ) (b — c[m})>dx, m>0.  (2.116)
The first three Hamiltonians are:
Ho = ﬂ/qu, (2.117)
B 5
Hi = (37" + 7, )dz, (2.118)
Hy = _1:%0 (—20q7“2 — 27”520 +8rr,, —8qr,, — 12q,r, — 4q,,7 + 27, )dT. (2.119)
We derive from (2.115) that
5 . b[m]
i = m > 0, (2.120)
ou _lm]
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and the bi-Hamiltonian structure is:

OH OH 1

w, =K, =J—= =], m > 1, (2.121)
ou ou
where {.J;, Jo} are the Hamiltonian pair, with J, = J;®, and
-0 —0(%- —1971q0 e
Jp = ) , b= 2 2 . (2.122)
—1 -0 —lr+19(% —Liq+1o?
The recursive formula is defined by:
plm+1] plml
=0 , m>0. (2.123)
— ¢lmA+1] —clml
2.4 TA hierarchy
Starting with the spectral problem:
v, = Uy, (2.124)
where U is the matrix defined by
0 1
U=U(u,\) = , (2.125)
Ag+5 0

where ) is the spectral parameter and u is the 2-dimensional vector u = (¢, 7)”. We use the sta-
tionary zero curvature equation (2.52) to derive an integrable hierarchy, with 1 being the matrix:
1 1
ia o (b + C)

W = . (2.126)

(b—c) —3a

36



The stationary zero curvature equation gives the following equations:

a,=-\1b+c)g—A2b+c)r —2c, (2.127)
b, = (q+X"'r)a, (2.128)
c, = —(qg+X"'r +2)\)a. (2.129)

Expanding the matrix W in Laurent series (2.57), with a = Y a™A=™ b = > o™\~ and

c= > cm\—m, using the equations (2.127)-(2.129), we get the recursion relations:

m=0

al® =0, % =0, =0, (2.130)
alll = —2cl — gl p1 = gl el = —galt) — 242 (2.131)
alm+1 = %(—qa[m] — cmly, (2.132)
pmtl = g~ tpglm g > 1, (2.133)
clm il = %(rb[m} — gclm — g[m+y, (2.134)

Taking the initial values to be:

bl =23, ol =0, (2.135)
and rewriting, we get
bl =0, M = —pq, (2.136)
agcm] _ _q(b[m—l] + c[m—l]) _ T(b[m_Q] + c[m—2]) — 2l (2.137)
bl = gal™ g a2, (2.138)
cml = —qalml — palm=1 _ gqlm+11, (2.139)
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Let d'™ = %(b[m] 4 cl™l). Thus, through some manipulations the above system can be rewritten in

the simplified form:

A, = , m>1.
—dml 4 pglm—1)\—1 0

Hence, we can construct the soliton hierarchy by using the zero curvature equations:

q —240"
" r 2rdim Y 7, dm=1 -

tm

For m = 2 and m = 3, we obtain the systems:

4, = %Lﬁ(quz - 6qqz + 4Tx>7

\ T, = _B(TQJ: + %Tfﬁq)’
r
Ty = _§<2qmmmr T Ty T 12TT$ - 3q27’m - 12qqxr>7

(2.140)

(2.141)

(2.142)

(2.143)

(2.144)

(2.145)

respectively. Taking 5 = 4 and » = 0, the first system reduces to the KdV equation (2.111) as

well, while the second one reduces to the fifth-order mKdV-type equation (2.112).
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24.1 Bi-Hamiltonian structure of the TA hierarchy

Let’s derive a bi-Hamiltonian structure of the soliton hierarchy (2.143). As usual, we use the trace

identity (2.38), to obtain

”(VVZ_Z) — (A= ;}(b[m} + cmyy—m,
ou 1 o=, SRR
oU 1 &

As a result of matching the powers of A™"* and using the trace identity, we observe

0 m—1] _ . /lm—3] a2
2 <d —rd )dx:(y—m—i-l) . m>3.
u d[mfiﬂ

The case where m = 0 implies that 7 = % Therefore, the Hamiltonians can be taken as

Ho = _2m2+ 1 / (d[m“] - rd“”’”)d:c, m > 1.
The first three Hamiltonians are:
Hi= 15 (¢uw — 3¢° + 121)dx,
Hy = 8% (Quwen +10¢° — 40gr — 109q,, — 5q; + 47, )da,
Hy = 4% (Gazze + A7 srre — 3000000y — 480,71, — 1281 — 56q,, 7

— 2Oq92m — 1494, — 40g7 ., + 8qu§ +192¢°%r + 7Oq2qm — 4Oq4)da:,
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(2.147)

(2.148)

(2.149)

(2.150)

(2.151)
(2.152)

(2.153)



and from (2.149), we can write

OH,, dm
Hm _ Com>1 (2.154)
ou Jlm—1]
The bi-Hamiltonian structure thus reads:
oH,, OH,e
w, =K, =J; i = J # Lom>2, (2.155)
ou ou

with the Hamiltonian pair are {.J;, Jo}, with J, = J;& and

—20 0 1P —q+307q, —r+1i07r,
J, = o= |1 2 2 . (2.156)
0 2rd+r, 1 0

with the recursive formula:

dm+1] Al
= , m>1. (2.157)
dlm dm=1

2.5 Boiti-Pempinelli-Tu (BPT) hierarchy
We begin with the spatial spectral problem:

e = Uy, (2.158)
where U is the matrix defined by

A+ Ixts g+
U=U(u\) = 2 24 ) , (2.159)
Hg—=XTtr) =A—3Xx1s
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where ) is the spectral potential and u is the 3-dimensional vector u = (g,7,s)?. After solving

the stationary zero curvature equation (2.52) with the solution I/ being taken as:

a s(b+¢)

ib—c¢) —ia

We obtain the system of equations

a, = —qc+A"'rb,
b, =2 c — A 'ra + A\ 'se,

¢, = 2X\b — qa + X\ 'sb.

(2.160)

(2.161)
(2.162)

(2.163)

Expanding the matrix W in Laurent series (2.57), with a = a™ x—m b = > bl \—™ and

m=0 m=0

o
c= > c™\~™ we get the corresponding recursion relations:
m=0

a9 — 0, 50 — 0 O — o, ol g pll — %qam?

CL[m—i—l] _ a—l(_qc[m+1} + T’b[m]),

plmtl — Lglm) oy pgtml  gpmmny 5
g\ ’ =

C[m+1] _ %(b&m] + ra[mfl] . Sc[mfl])’

By choosing the initial value:

" =25,
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(2.165)

(2.166)

(2.167)
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with [ is an arbitrary real constant, and taking zero constants of integration we uniquely generate

the concrete expressions:

alll — 0, 511 = Bg. U — 0,
g _Loo 2 1
a :_Zﬁq ; b :Oa & :B(§qx+r)7

1 1
a[3] = 07 b[iﬂ = _B(qzm + QT:E - §q3 - 2(]8), 0[3] =

4
al = %(?xf* +16¢%s + 4¢> + 16q,7 + 16r* — 8qq,, — 16qr,), b =0,
0[4]—§( 3 q, — P — g5 — Ars — 2qs, +2 )
- 8 Q$g3x 2q qm q r q:ES rs qsw TCI){E ?
al? = 0,

bl = %(Sqmm + 16755, + 3¢° + 24¢°s — 20qq; + 16qr* — 20¢°q,,,

— 24¢°r, + 32qs® — 48¢q,s, — 32rs, — 16qs,, — 48q,,5 — 64r,5),

bl = 0,

a[6] B _5/‘%(1661me5227 + 56]6 + 48(]48 - 40q3Qxx - 48q37"$ + 96(]232 + 48q2T2

+ 48q2qx7“ — 20q2q§ —32qs — 128qqs — 192qr,s — 64qq,s, + 128rs

+192q,7s + 64q>s + 32qr,,.. — 32q,,,7 — 16q, —64rr,, —32q,7,.,

rxrxr qxxx

+8¢%, + 32q,,r, + 32r2), bl =0,

161 — i(Sqmm + 48¢*rs — 16qq,,r — 20> — 48qq,r, + 96qss, + 8¢>r — 16qs

T 956

(2.169)

+ 3273

+ 96q2qxs — 20q2qu + 6q47‘ + 64rs® — 80¢q,q,, + 167, + 15q4q$ — 64q,,,5 — 967,

— 96q,,s, — 32rs,, — 9615, — 64q,5,, + 24q¢>s, + 48q,r* — 24¢*r,, + 96¢,5?).
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By taking the modification terms 4,, = 03, m > 0, with O3 being the 3 X 3 zero matrix, we can

generate the soliton hierarchy:

q 20[2m]
utm — r = _Sb[2m71] y m Z 1 (2'170)
s _T,b[Qm—l}

tm

For m = 2 and m = 3, we obtain the systems:

qtg

- %(qu +2r,, — %QZ% — ¢*r —2qs, — 4q,s — 4rs),
= —Zs(quy +2r, — 1¢° — 2¢5), 2.171)
_ _B

= =57 (que +2r, — 3¢° — 2g5),

— %(8%”” +48¢*rs — 16qq,,r — 20¢> — 48qq,r, + 96gss, + 8¢*r — 16qs

+32r% 4+ 964¢°q, s — 20¢%q,,, + 6¢*r + 64rs* — 80qq,q,, + 167 ... + 15¢*q,
—64q,,,5 — 96r,,s — 96q,,5, — 32rs,, — 961, s, — 64q,s,, + 24¢>s, + 48q,r?
—244¢°r,,, + 96q,5?)

= — L 5(8¢ypme + 16740y + 37 + 24¢°s — 20qq2 + 16gr? — 20¢%q,, — 24¢°r, + 32¢s
—48q,s, — 32rs, — 16qs,, — 48q,,s — 64r,5s),
= — L (8¢pwe + 16740y + 3¢° + 24¢°s — 20qq? + 16gr? — 20¢%q,, — 24¢°r, + 32¢s>
—48q,s, — 32rs, — 16qs,, — 48¢,,s — 64r,s),

(2.172)

respectively. Taking 5 = 4 and r = s = 0, the first system reduces to the mKdV equation too:

3

th = Quge — §q2qm7 (2173)
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while the second one reduces to the fifth-order mKdV-type equation:

15 5 5
—¢'0 — =@ — 2P Q)- (2.174)

1

4

2.5.1 Bi-Hamiltonian structure of the BPT hierarchy

For the BPT hierarchy, the components of the trace identity (2.38) are

tr <Wg—(/<> = (1— %)\_23) ;::Oa[m]xm + %/\_Qr ﬂ;c[m}xm (2.175)
U\ 1 U\ 1 X myom

tr(Wa—q> - imzzob[ A tr(WE> _ —ﬁn;)c[ A (2.176)

tr (Wg—g) - %g: ™\, 2.177)

Substituting them in the trace identity and matching the powers of A=, we obtain

plzm+1]
i (a[2m+2] — lsa[zm] + lrcpm])dx — 3(7 —2m+1) | —2m] m >0 (2.178)
ou 2 2 2 ’ - '
al2ml

The case where m = 0 requires that v = 0. Therefore, the Hamiltonians for the soliton hierarchy

(2.170) can be taken as

2 1 1
M=y / (a@m“] _ §Sa[2m] n érchde, m > 0. (2.179)

The first three Hamiltonians are the following:

Ho = g/(qQ + 4s)dz, (2.180)
H, = —9% (3¢* + 24¢%s — 16qr, — 8¢y, + 48r% + 32q,r + 4q )dz, (2.181)
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B

"2 = 1980

(5¢° 4+ 16qq,ppn — 256q7,5 + 96¢°q,r — 64qq,s, + 384q,Ts

— 160qq,,s + 64qrs, + 60q*s 4+ 160¢*s* + 80¢*r?* + 320r%s — 128r7,,
—16q,q,,, + 80¢%s — 20¢*¢> — 32q,7,, + 32q,,7, — 40¢°q,, — 64q,,,T
+32q7 00 — 32G°S,, + 3212 + 8¢2, — 48¢°r,)dx.

Trxrxr

From (2.178), we deduce

pl2m+1]
m—m e _C[2m] R m 2 0’
ou
al2m]
and the bi-Hamiltonian structure:
OH,, OH
utm:Km:J1% :JQH 1, le,
ou ou

in which the Hamiltonian pair are {.J;, Jo} and J, = J; P, explicitly we have

0?25 —q>+q0 ' (2r +q,) 0s—q0 ' (qs) Or —qd (qr)
b= - —20 —2s —2r
—2q + 87 1(2q, + 4r) —-207'(¢s)  —207'(qr)

Here, the recursive formula is given by:

b[2m+1] b[2m71]
_C[Qm] = _C[Qm—Q] R m Z 1.
a[Qm] a[2m72]
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Chapter 3
Riemann-Hilbert problems of a non-local reverse-time AKNS

system of sixth-order and its exact soliton solutions

3.1 Introduction

In this chapter, we investigate the solvability of a nonlinear nonlocal reverse-time six-component
sixth-order AKNS system. We use reverse-time reduction to reduce the coupled system to an
integrable sixth-order NLS-type equation. Starting from the spectral problem of the AKNS system,
a Riemann-Hilbert problem will be formulated. Soliton solutions are generated by using vectors in
the kernel of the matrix Jost solutions. In the case of zero reflection coefficients, the jump matrix is
identity, and the corresponding Riemann-Hilbert problem gives solitons, which allows to explore
soliton dynamics [35]. We formulate the AKNS hierarchy for the six-component AKNS system of
sixth-order and solve the resulting Riemann-Hilbert problem, with the contour being the real line

[37]-[44].

3.2 Six-component AKNS hierarchy system of sixth-order

3.2.1 Six-component AKNS soliton hierarchy of coupled

sixth-order integrable systems

Consider the 4 x 4 matrix spatial spectral problem [39]

Yo = iUg, (3.1
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where ¢ is the eigenfunction and U (u, \) the spectral matrix is given by

A P
r o\
U= = 7
T2 0
T3 0

D2
0

042/\

0

b3
0

0

CYQ)\

= A + P(u), (3.2)

where A = diag(ay, as, as, as), A is the spectral parameter, o, ay are two distinct real constants,

u = (p,7T)T is a vector of six potentials, where p = (py, ps,p3) and r = (ry,79,73)7 are vector

functions of (x,t) and {p;,7;};=123 € S(R), the Schwartz space, and

0
1

T

rs

p1 P2 P3
0 0 O
0 0 0
0 0 O

(3.3)

Let’s construct the AKNS system of sixth-order. To do so, we need to solve the stationary zero

curvature equation

W, =

to which

C1

Ca

C3

b1
di1
do1
)
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iU, W],

by b3
dia dys
day  das
dsa  ds3

(3.4)

(3.5)




is a solution, where a, b;, ¢;, d;; are scalar components for 7, j € {1,2, 3}. From the stationary zero

curvature equation, we get:

.

3 3
g =i(—me+Zcipi),
i=1 i=1
bio =1i(aA\b; —ap; + duipr + daipe + dsips), i€ {1,2,3}, (3.6)
Ci@ = i(—OZACi + ar; — dil’rl — dig’f‘g — ding), 7 € {]_, 2, 3},
\ dijz =1i(bjri —cpj), 1,7 € {1,2,3},
where o = a7 — as. We expand W in Laurent series:
al™ o™ by Bl
0o [m]  slm]  lm]  jm]
c d d d
W= WA with W, = [1 | [“] [12] [13] , (3.7)
m=0 Cy dy dyy' dyy
e dyy dyy dy
explicitly, i.e., set
o= a"xm b =Nl (3.8)
m=0 m=0
=Y AT dy =Y diIAm (3.9)
m=0 m=0
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for j, k € {1,2,3}. The system (3.6) generates the recursion relations:

o _ o] .
b =0,c =0, for je{1,23}, (3.10)
al’l =0, 3.11)
dﬁ};,x =0, for jke{l,23}, (3.12)
b = (i alpy = A — Al — dps). e {123} (13)
o N = el My — i = dil = dihrs), g€ {1,2,3), (3.14)
3 3

al =i(= b+ ), (3.15)
j=1 j=1

dgrl?,]a: = l(bLm]T’] - Cgm]pIC)? j? ke {17 27 3}7 (316)

where m > (. Particularly, we can work out

atl =25 [3'1%,0 +Top =Ty + Tz,o] ;

abl =il [6T070(T071 — Ty )+ Tos— Tyg+Tyy — Tl,z} :

alfl = =5 10T + 10Ty (Tos + To) +5( T35+ T3, )
+(Toa+Tyo—Ty3—Ts;+Tys)l,
all = 4% {30T3,0(T0,1 =Ty ) +5To(Tyy — Ty o) + 10T o(Ty3 — T3p)

+10T, 1(To; — Ty ) +5(To 1Ty — Ty 0Too) +20(Ty Tyo — T (Typ)

+5(T59— Ty + T35 =Ty + Ty, — T0,5)] )

3.17)
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=0, bm = Loy, bE] = —i%pkm bE] = —% [pk,m + 2T070pk}7

=it [pk + 3T o P + 3T170pk} ,

= % [pk,mm + 4T oPhaz + (6T g + 2T 1)pks + (4T o+ 2T ; + 2T, + GT%,O)pk} ;
= —i% [pk,ra:m:m: + 5T Pk zza + (10T1,0 + 5T0,1)Pk,m

+ (10TZ0 + 5Ty, + 10T, ; + 10T370) Phx + (5T370 + 5Ty, + 5T 5 + 2OT070T170> pk] :

—at Pk zxxzrx + 6T070pk,xa§xm + (9T071 + 15T1,0>pk,:m:x

+(15TF 5 + 11T 5 + 20T5 o + 25T )Pk ca
+ <T070(15T0,1 + 45T, o) +15T5 5 + 4T 53 + 20T , + 25T271>pm
+ <(20T%70 + T (20T 5 + 35Ty 5 + 25T 1)) + 10’1%,1
+25T 10+ 20T, OTO 1+ 2T04 + 6T40 + 4T, 3T 9T3 1+ 11T, 2>pk] ,

] 2] _ 8] _ (3.18)

= 07 Ec = grk,‘a ck — 1012 Tk , T Ck‘ - _% |:7ak7xx + 2T07074k:|7
=—i [ Tkaze + 3T oTka + 3T0,1T’f] ’
= ﬁs [ Tk oz + 4T0,0rk,xm + (6T0,1 + 2T1,0)rk7$ + (4T072 + 2T171 + 2T2»0 + 6T(2)70)7’k:| ’

Tkaxrrrs + 5']:‘0 oTk,xxx + (10T0 1 + 5':[‘1 O)Tk Tx

_16

+ <10T072 +5Ty o+ 10T ; + 10T%70> Tk + <5T073 +5T o +5Ty; + QOTO’OTOJ) Tk]

Tkxxrras + 6T070rk,cm:a:w + (15T0’1 + 9T1’0)7‘k,a}xz

T a’

+(15TF o + 20T 5 + 11T o + 25T )% 00
+ (T070(45T0’1 + 15T, ) + 4T3 + 15T 5 + 25T, , + 20T271) Tk
+ <(20T8’0 + T(35T 5 + 20Ty o + 25T, ;)) + 25T5
+10T% g + 20T, (T, + 6T, + 2Ty + 9T, 3 + 4T3, + 11T, 2)Tk] ,

(3.19)
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where k € {1,2,3}.

= 9, for k = j, and df]] =0, for k #j, where k,j€ {1,2,3}

2 3 .
= 07 dL]} = %pjrka du = _1%(]%,907% _pjrk,x),

~-& [3To,opj7“k + Djaalk — PjaThae + pka,zz:| :

= i% [Z(TI,O — T1)pi"k + 4T o (Dja® — PjThz)

+Djaxx"k — PjTkaze T PjaTkaz — pj,mxrk,x] )

= % [(Tg,o +5(Too+ Ty + T2,0)>pj7’k + 95T 1pjTk,e + 5T oDj2Tk

+5T o(PjTkzx — PjaThe + DjaxTh)

+PjzzzxTk — PjwzaTh,z + PjzzThkze — PjaTkaze T pﬂ’k,mm]

= —i% [(TO,O(TLO —Ty1) —4T30—Tyz) +(Toy — T1,2))pj7"k

+ <15T3’0 + 8T, + 11Ty + 13T1’1) PjaTh — <15T3’0 + 11Ty, + 8Ty + 13T1’1) PiTh.a
+ <3T0’1 + 9T1,0>pj7mrk + (3T071 — 3T170>pj,xrk7z — <9T071 + 3T170)pjrk,m

+6T o(PjaaaTh — PjaaTha + PjaThkar — PjThkars)

+DjazzzaTk — PjazaxTk,e T PjzzaTkar — PjzaTkzer + Pjalkzre — pjrk,a::mzm] )

(3.20)

where 5 = 51 — B2 and

3 3 3
Too = > PiTys Ty, = > DT Tp= > Pialys
j=1 j=1 j=1
3 3 3
Too = > PiTjazs Tog = D Pjaats T11 = D Pjalia
j=1 7j=1 7=1

3 3 3 3
T3 = > DiTjwzs T o= > DjaTjee, Ty, = > DjaaTias T3y = > Djazalys
Jj=1 Jj=1 Jj=1 Jj=1

3 3 3
T0’4 = Z PjTjxxzx, T1’3 = Z PjaTjzzx, T272 = Z PjxxTjzx,
3 3
Ty, = > PjazaTyz Tyo= > Djazaaly-
\ =1 =1

51



We always assume that bl = (b[lm], b[Qm], bgm]) and cl™ = (c[lm}, c[Qm], cgm])T, form € {1,2,3,4,5,6,7}.

To derive the sixth-order six-component AKNS integrable system, we take the Lax matrices

6
VIl = VB, 0) = 0W) = 30 WA,
m=0

by setting the modification terms to be zero.

3.21)

We begin with the spatial and temporal equations of the spectral problems, with the associated Lax pair

{U,V}:

wr = Uy,

wr =1V,

where V = V16 and ( is the eigenfunction [39].

(3.22)

(3.23)

The Lax matrix operator V' is determined by the compatibility condition ¢,; = ¢, which leads to the zero

curvature equation:

Ut_vx+1[U,V] :0,

which gives the six-component system of soliton equations

where bl7l and ¢l”) are defined earlier, and
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(3.26)



where

6 6 6 6
Vi =all)+ Za[l]/\&lv Vig = Zb[f]/\&la Vig = Zbg])ﬁ*l, Vig= Zbg])ﬁ*l,
=1 =1

=2
6

6 6
1\ 6— 1] \6— ] \6— !
Vo = Zc[lb‘ﬁ l» Voo = Cll[101])‘6 + Zd[l}l)‘6 l’ Vs = Zd[lg)ﬁ l’ Vo Zd ])\6 l

=1 =2

6 6
l — 1 0 i
V31:ZC[2])‘6 Vi = E dyy A7, Vg = diy A° + E ANV, = g dll 61,
I=1

=2 =2

6
Vi =Y N v, = Zd[l]AG l V43—Zd A6 V44—d0])\6+2dl])\6 l

1=2
Thus, we deduce the coupled AKNS system of sixth-order equations [39]:

3 3 3
. B
Pkt = _IE Dk zrwzzr T 6( § piri)pk,xzmc + (9 E DiTiz + 15 E pi,wri)pk,a}xz
=1 =1 =1

<15 me +11 me az + 202;71 vaTi + 25 sz xnm)pk v

1=1 i=1
+ ((Z piri)(15 Zpﬂ"z’,x +45 Zpi,xn‘) +15 Zpi,xmﬁ' +4 me,mz
i=1 i=1 i=1 i=1 i=1
3 3
+20 Zpi,xri,mx + 25 Zpi,mxri,x)pk,x
i=1 i=1

3 3 3 3 3
+ (20(2 piri)® + (Z pir;) (20 me,m +35 Zpi,a:xri +25 Zpi,xri,:(:)
i—1 i—1 =1 =1 i—1
3 3 3 3
+ 10(2 Piria)’ + 20(2 Pzﬂ’z)(z PiTiz) + 25(2 Piati)’
=1 i—1 i—1 i—1

3 3 3 3 3
+2 Zpi'ri,mcxx +4 Zpiﬂ;ri,x:m} +11 Zpi,xwri,xx +9 Zpi,:crxri,:c +6 Zpi,xzxac'ri

=1 i=1 i=1 i=1 i=1
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(3.28)

(3.29)

(3.30)

]



3 3 3
. B
rk,t = 1@ Tk,xmzxx:r + G(Zpiri)rk,xmcm + (15 Zpiri,x + 9 Zpi,z”)rk,xmz
=1 i=1 =1
3 3 3 3
+ (15(2 Pﬂ“i)Q +20 ZpiTi,mc + 11 Zpi,:rxrri +25 Zpi,xﬂ',x) Tkxx
=1 =1 =1 i=1
3 3 3 3 3
+ ((Z piri)(45 Zmri,;p +15 sz‘,m?”i) +4 sz‘,mxn +15 sz'?”z‘,mm
=1 =1 =1 =1 =1
3 3
+25 Zpi,xri,xx + 20 Zpi,x:v”,x) Tkx
=1 =1
3 3 3 3 3
+ (20(2 piri) + (Z piri) (35 Zpi?"i,m + 20 sz',mm + 25 Zpi,xm,x)
=1 =1 =1 1=1 =1
3 3 3 3
+ 250> piria)® + 2003 piwr) (O pitia) + 100> piari)?
=1 =1 i=1 =1

3 3 3 3 3
+6 Zpiri@mm +9 Zpi,xri,zxx +11 Zpi,mxri,mc +4 Zpi,xw:pri,x +2 Zpi,w:vxz”) Tk] 5

i=1 i=1 i=1 i=1 i=1
(3.31)
where k € {1,2,3}.
3.2.2 Nonlocal reverse-time six-component AKNS
system of sixth-order
We study the nonlocal reverse-time by considering specific reductions for the spectral matrix
Ul (z,—t,—\) = —CU(z,t,\)C 7, (3.32)
1
where C = and X is a constant invertible symmetric 3 x 3 matrix, in other words det X # 0 and
0 X

YT = ¥ see [38].

0 p
Because U(z,t,A\) = A + P(x,t), for P = , using the reduction (3.32) we can easily prove
r 0

that

PT(z,~t) = —CP(z,t)C " (3.33)
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It follows from (3.33) that
T _ - _ _y-L T
p (z,—t) = =Xr(x,t) ie. r(x,t)=-=X""p" (x,—t). (3.34)

Similarly from V (z,t,A) = X562 + Q(x,t, \) along with (3.34), one can prove with a tedious calculation
that

QT (z,—t,—\) = CQ(z,t,\)C ™1, (3.35)

and

VI(z, —t,=\) = CV(z,t,\)C}, (3.36)

where (2 = diag(B1, B2, B2, B2).

It is interesting that the two nonlocal Lax matrices U’ (z, —t, —\) and V7 (z, —t, —\) satisfy the equivalent

Zero curvature equation:
Ul (z,—t, =) + V] (2, —t, = \) +i[U (z, —t, =), VI (2, —t,—\)] = 0. (3.37)

By taking })' = diag(pfl, Py L P3 1), where p1, p2, p3 are non-zero real, we deduce from (3.34) the nonlocal

relation between the components of the vectors p and r, that is
ri(z,t) = —pipi(x, —t) for i€ {1,2,3}. (3.38)

Hence, we can reduce the coupled equations (3.31) to the nonlocal reverse-time sixth-order equation:
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pk,t(x7t) = —1

p
E pk,x:mcmxx (377 t)

3
-6 < Z PiPi (:L’, t)pi (1;7 _t)>pk,_m:mm

=1
3 3
- (9 > pipi(@, t)pia(x, —t) + 15> pipia(@, t)pi(a, _t)>pk:,x:ca:
i i1

3 3
+ <15(sz‘pi(%t)pz‘($7 —t))* =11 pipi(a, )piza(@, —t)

i=1 i=1

3 3
- 20 Z PiPi,xx (l’, t)pi (x, _t) —25 Z PiPi,x ('1:7 t)p’i,x (.’E, _t)>pk:,xa:

i=1 i=1

3 3 3
¥ ((Z g, 0. ~0)) (15 3 ps i, ) 4453 pa (o i, )

i=1 =1

3 3

—15 Z PiPixxx (ZE, t)Pi ($a _t) -4 Z PiDi (ZL‘, t)pi,x:cx (-T’ _t)
=1 i=1
3 3
—20 Z PiDix (x, t)pz',mc (z,—t) — 25 Z PiDizx (m, t)pi,r (337 _t)>pk,x
i=1 =1
3 3 3 3
+ < —20 ( > pipi(x, t)pi(=, —75)> + ( > pipi(x, t)pi(, —t)> <20 > pipi(, t)p; ae (2, 1)

=1 =1 =1

3 3
+ 35 Z PiPixx (1’, t)pi (.%', _t) + 25 Z PiDix (l‘, t)pi,x (.T, _t)>

=1 i=1

3 3
+10(Zpipi($7t)pi,z(l“, )) +2O< pzpza: Zz, t pz ) <szpz z, t pza: t)>
=1 =1
3 3
+ 25 Z PiDix IL‘ t)pz (:L' _t -2 Z pzpl X t)pl TTITL (:L' _t)
i=1 i=1

3 3
—4 Z Pilix (1.7 t)pi,xa:a: (1’, _t) —11 Z Pilixx (xa t)pi,a:a: (.Z', _t)

i=1 i=1
3 3
-9 Z PiPixxx (.’E, t)pi,z ('Ia _t) -6 Z PiPixxxx (ZE, t)pi ($a _t)>pk]
i=1 i=1

for k € {1,2,3}.

We can see that when all p; < 0 fori € {1, 2, 3}, the dispersive term and the nonlinear terms attract. Hence,

we obtain the focusing nonlocal reverse-time six-component sixth-order equation. Otherwise, if p;’s are not
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all negative for i € {1,2, 3}, then we have combined focussing and defocussing cases.

3.3 Riemann-Hilbert problems

The spatial and temporal spectral problem of the six-component sixth-order AKNS equations can be written:

wr =1Up =i(AA + P)y, (3.39)

or =iV =i(N02 4+ Q)y, (3.40)

where (2 = diag(f1, B2, B2, 32), and

Qll Ql? Q13 Q14
Q _ Q21 Q22 Q23 Q24 ’ (3.41)
Q31 QSQ Q33 Q34

Q41 Q42 Q43 Q44

with components

6 6 6 6
Qll = Z am)\Gfl’ Q12 — Zb[l”)ﬁfl’ ng _ Zbg}AGfa Q14 _ Z:bg]AGfl7 (3.42)
1=2 =1 1=1 =1
. ! : ! : ! : !
Qo = Z 0[1])\6_l7 Qy = ng]l)\()‘_l» Qo3 = Z d[1]2)\6_l7 Qyy = Zd[l;)\ﬁ_l, (3.43)
1=1 1=2 1=2 1=2
6 : 6 l 6 l 6 l
Qur =D A Qup = D dy A, Qg =D dip A Quu =Dy, (3.44)
1=1 1=2 1=2 1=2
6 l 6 l 6 l 6 l
Q= Z C:[),])\G_l> Q= Zd:[;%)\G_l, Q3 = Z dé]gkﬁ‘l, Qu = ng;]),)\(i_l- (3.45)
1=1 1=2 1=2 1=2

Throughout the dissertation, we assume that &« = a1 — ag < Oand § = 51 — B2 < 0.
To find soliton solutions we begin with an initial condition (p(z,0), % (x,0))? and evolute in time to reach
(p(z,t),rT(z,t))T. Taking p; and r; in Schwartz space, they will decay exponentially, and so, p; — 0

and r; — 0 as z,t — oo for j € {1,2,3}. Therefore from the spectral problems (3.39) and (3.40), the
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asymptotic behaviour of the fundamental matrix ¢ can be written as
o(z,1) ~ piMz+HIN 2t (3.46)
Hence, the solution of the spectral problems can be written in the form:
o(z,t) = ¥(z, t)eMetiN 2t (3.47)
The Jost solution of the eigenfunction (3.47) requires that [20, 45]
Y(x,t) = Iy, as x,t — too, (3.48)

where [, is the 4 x 4 identity matrix. The Lax pair (3.39) and (3.40) can be rewritten in terms of v using

equation (3.47), which gives the equivalent expression of the spectral problems
Yy = IN[A, Y] + i P, (3.49)

Wy = iN[02, ] +iQup. (3.50)

To construct the Riemann-Hilbert problems and their solutions in the reflectionless case, we are going to use

the adjoint spectral problems of ¢, = iU and ; = ¢V ¢. Their adjoints are
Py = —i@U, (3.51)

¢r = —ipV, (3.52)
and the equivalent adjoint spectral problems read

Uy = =i, A] — i P, (3.53)

Py = =X, 2] — Q. (3.54)
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Because ¢tr(iP) = 0 and tr(iQ)) = 0, using Liouvilles’s formula [45], it is easy to see that the (det(v))), =

0, that is, det(v)) is a constant, and utilizing the boundary condition (3.48), we conclude

det(v) =1, (3.55)
and hence the Jost matrix 1 is invertible.
Furthermore, as ¢, 1 = —¢~11,14)~1, we can derive from (3.49),
Ul = —id A — i L. (3.56)

We can also show that both satisfies the temporal adjoint equation (3.54) as well.

Notice that if the eigenfunction v(z, t, \) is a solution of the spectral problem (3.49), then 1)~ (x,#, \)
is a solution of the adjoint spectral problem (3.53), implying that C%)~!(z, ¢, ) is also a solution of (3.53)
with the same eigenvalue because ;! = —1)~1,b~1. In a similar way, the nonlocal o7 (x, —t, —\)C
is also a solution of the spectral adjoint problem (3.53). Since the boundary condition is the same for both

solutions as x — Fo00, this guarantees the uniqueness of the solution, and so

VT (z, —t,—\) = Cy = (z, t, \)CL. (3.57)

As a result, if A is an eigenvalue of the spectral problems, then —\ is also an eigenvalue and the relation
(3.57) holds.

Now, we are going to work with the spatial spectral problem (3.49), assuming that the time is ¢ = 0.

For the notation simplicity, we denote Y and Y~ to indicate the boundary conditions are set as x — 0o
and x — —o0, respectively.

We know that

Yt — I, when z — +oo. (3.58)

From (3.47), this allows us to write

ot = M (3.59)

Both ¢ and ~ satisfy the spectral spatial differential equation (3.39), i.e., both are two solutions of that
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equation. Also, note that both (¢)*)~! and (1)) ! satisfies the spatial adjoint equation (3.53). Thus, they

are linearly dependent, hence there exists a scattering matrix S(\), such that

P~ =9 S\ (3.60)
Substituting (3.59) into (3.60) leads to
- =Y teMES(N) e ME for N eR, (3.61)
where
S$11 S12 513 S14
S21 S22 823 S24
S(A) = (Sjk)axa = (3.62)
$31 532 S33 S34
S41 S42 543 S44
Given that det()) = 1, we obtain
det(S(\)) = 1. (3.63)
In addition, we can show from (3.61) and (3.57) that S(\) possess the involution relation
ST(-\) =cs it (3.64)
We deduce from (3.64) that
511(A) = s11(= ), (3.65)
where the inverse scattering data matrix S~! = (8jk)axa for j, k € {1,2,3,4}.
From ¢~ = pTe?MzG(\)e M2 4% 5 I, when 2 — +o0. In order to formulate Riemann-Hilbert

problems we need to analyse the analyticity of the Jost matrix ¢)*.

To do so, we can use the Volterra integral equations to write the solutions /% in a uniquely manner by using
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the spatial spectral problem (3.39):

xT

B N) = Iy + i / M@= Py (y, M=) gy,

+o00
U, A) = Iy — i / eME Pyt (y, e dy.

x

We denote the matrix ¢~ to be
Y Yo Yz Yu
Vo1 Yo a3 Yoy
V31 Yz U3z Vs
Y Va2 Va3 Yuy

and v is denoted similarly. So from (3.66) the components of the first column of )~ are

iy =1+ / * @5 (2 N) + po() (1 N) + D) (0, V),

—00

i =i / 1 ()05 (g, NP0y,

—0o0

iy = / ra(0)05; (5, NPy,

—0o0

v =i / ra ()0 (g e 2@V dy,

—00

Similarly, the components of the second column of )~ are

iy =i / (pl(y)wz_z(yﬁ) + p2(y) ¥ (Y, N) + p3(y) v (v, A))e“a‘x”dy,

—00

by =1+i / 1 (0) 053 (0 Ny,

—0o0

by =i / ra() 05y, )y,

—0o0

by =i / ()1 (9, Ay,

—00
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(3.66)

(3.67)

(3.68)

(3.69)

(3.70)

(3.71)

(3.72)

(3.73)

(3.74)

(3.75)

(3.76)



and the components of the third column of ¢/~ are

Vi3 =1 / (pl(y)wz_g(y,k) + p2(y)¥33(y, A) +p3(y)¢13(yyk))e““‘xy’dy, (3.77)

vm =i [ n)en N (3.78)
Vg3 =1+1 / r2(y)vi3(y, A)dy, (3.79)
Yy —i/ 3(y)¥13(y, A)dy, (3.80)

and finally the components of the fourth column of ¢~ are

Y =i / (p1<y>w54<y,A>+p2<y>w54<y,x>+p3(y>wz4<y,x>)e”a<xy>dy, (3.81)

Yy =i / 1 (1) 0Ty Ny, (3.82)
Y3y Zi/ r2(y) Y14 (Y, A)dy, (3.83)
Yyy =1 +i/ r3(y)14(y, A dy. (3.84)

Recall that o« < 0. If Im(\) > 0 and y < x then, Re(e‘i)“"(w_y)) decays exponentially and so each integral
of the first column of ¢~ converges. As a result, the components of the first column of ¢, are analytic in
the upper half complex plane for A € C_, and continuous for A € C; UR.

In the same way, for y > x, the components of the last three columns of ¢/ are analytic in the upper half

plane for A € C, and continuous for A € C; UR.

It is worth mentioning the case when Im()) < 0, then the first column of ¥ is analytic in the lower half
plane for A € C_ and continuous for A € C_ U R, and the components of the last three columns of ¢/~ are

analytic in the lower half plane for A € C_ and continuous for A € C_ UR.

Now, let us construct the associated Riemann-Hilbert problems. To construct the analytic matrix P in the
upper-half plane, we note that

Pt = pFe Mz, (3.85)

62



Let wj-t be the jth column of ¢ for j € {1,2, 3,4}, hence the first Jost matrix solution can be taken as

P+($,)\) - (wfawg_uw;—awi) = 1/J7H1 + ¢+H27

where H; = diag(1,0,0,0) and Hy = diag(0,1,1,1).

Therefore, P is then analytic for A € C and continuous for A € C, UR.

(3.86)

For the lower-half plane, we can construct P~ € C_ which is the analytic counterpart of P™ € C,. To do

so, we utilize the equivalent spectral adjoint equation (3.56). Because @i = () and ot = PpEeM

we have

(wi)fl _ ei/\A:(:(SOi)fl_

Let 1/~in be the jth row of = for j € {1,2,3,4}. As above, we can get
T
PN = (970860 ) = B+ ()

Hence, P~ is analytic for A € C_ and continuous for A € C_ U R.

Since both 1)~ and ™ satisfy
Wl (2, —t, =) = Cy~ Yz, ¢, \)C 1,
using (3.86), we have
Pt (z,—t,—\) = (z,—t, A\ Hy + ¢ (2, —t, —\)Ho,

or equivalently

(P+)T($7 —t, _/\) = Hf(wi)T(xﬂ —t, _)‘) + H2T(¢+)T(x7 —t, _>‘)‘
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(3.89)

(3.90)

3.91)



Substituting (3.89) in (3.91), we have the nonlocal involution property

(P (z,—t,—\) = CP~ (x,t,\)C~L.

Employing the analyticity of both P and P, we can construct the Riemann-Hilbert problems

PPt =,

where J = e (Hy 4+ HyS)(Hy + S~ Hy)e ™ for X € R.

Replacing (3.61) in (3.86), we have

Pz, \) = ¢ (M7 Se MPH + Hy).

Because ¢t (z, \) — I, when 7 — 400, we get

811(/\) 0 0 O
0 100
lim P = , for AeC,UR.
pee 0 010
0 0 0 1
In the same way,
311(A) 0 0 0
0 100
lim P~ = , for Ae C_UR.
e 0 010
0 0 01
Thus if we choose
s;it(A) 0 0 0 57\ 000
0 1 00 0 100
Gt (z,\) =Pt (z,\) and (G7)7Y(x,\) =
0 010 0 010
0 0 01 0 0 01
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(3.93)

(3.94)

(3.95)

(3.96)

P~ (z,)\)

(3.97)



the two generalized matrices G (z, \) and G~ (z, \) generate the matrix Riemann-Hilbert problems on the

real line for the six-component AKNS system of sixth-order given by

Gt(z,\) = G (2,\)Go(x,)), for AeR, (3.98)

where the jump matrix Go(z, A) can be cast as

5700 0 00 sit(A) 0 0 0
0 1 00 0 1 00
Go(z,\) = J . (3.99)
0 01 0 0 010
0 0 01 0 0 0 1
This reads
81_11 §1—11 §12§1—11 ei)\am §13§1—11 ez)\am §14§—lei)\am
32131_116_“‘0“ 1 0 0
Go(z,A) = , (3.100)
3187 €T 0 1 0
541517116_”\0“ 0 0 1

and its canonical normalization conditions are:

GT(z,\) = 1; as AeCyUR — oo, (3.101)

G (z,\) =1y as A€ C_UR — oc. (3.102)

From (3.92) along with (3.97) and using (3.65), we deduce the nonlocal involution property

(G (@, ~t,—\) = C(G™) (@, t, \)C . (3.103)

Furthermore, we derive from (3.99) and (3.65), the following nonlocal involution property for Gy:

G¥(x, —t,—\) = CGo(z,t,\)C L. (3.104)
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3.3.1 Time evolution of the scattering data

Reaching this point, we need to determine the scattering data as they evolute in time. In order to do that ,

we differentiate equation (3.61) with respect to time ¢ and applying (3.50) gives

S, = iA%[02, 5], (3.105)

and thus
0 iﬂ)\ﬁslg ’iﬁ)\6813 iﬁ)\6514

—i 8591 0 0 0

St = ) (3.106)
—iBN0s3; 0 0 0
—i\8s4q 0 0 0

As a result, we have
4

812(15, )\) = 812(0, )\)eiﬁ)‘ﬁt,
813(t7 )\) = 513<O7 )\)eiﬁ)\ﬁt7
814(t, )\) = 814<0, )\)ezﬂ)‘ﬁt,
(3.107)
521 (t7 )‘) = 521 (07 )‘)e_iﬁAGtv

S31 (t, )\) = S31 (0, )\)e—iBAGt7

sa1(t, \) = s41(0, \)e A,

and s11, 822, 23, 24, $32, 533, S34, S42, S43, S44 are constants.

3.4 Soliton solutions

3.4.1 General case

The determinant of the matrix G* determines the type of soliton solutions generated using the Riemann-
Hilbert problems. In the regular case, when det(G™F) # 0, we obtain the unique solution. In the non-regular
case, that is to say when det(G*) = 0, it could generate discrete eigenvalues in the spectral plane. This

non-regular case can be transformed into the regular case to solve for soliton solutions [45].
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From (3.94) and det()*) = 1, we can show that

det(PT(x,))) = s11(N), (3.108)
and in the same way,

det(P~ (z,A)) = 511(N). (3.109)

T
Because det(S())) = 1, this implies that S~1(\) = (cof(S(A))) and

522 523 S24
511: 832 S33 S34|> (3-110)

842 843  S44
which should be zero for the non-regular case.

To give rise to soliton solutions, we need the solutions of det(P* (x, \)) = det(P~(z, \)) = 0 to be simple.
When det(P*(z,\)) = s11(\) = 0, we assume s11()\) has simple zeros producing discrete eigenvalues
A € Cq fork € {1,2,..., N}, while for det(P~(z,\)) = $11(\) = 0, we assume $11(\) has simple
zeros producing discrete eigenvalues A € C_fork € {1,2,..., N}, which are the poles of the transmission

coefficients [20].

From 411(A\) = s11(—A) and det(P*(z, \)) = 0, we have the nonlocal involution relation

A=A\ (3.111)

~

Each Ker(P™"(x,\)) contains only a single column vector v, and similarly each Ker(P~(x, \;)) con-

tains only a single row vector Uy, such that:
PH(z, \)vp =0 for ke{l,2,...N}, (3.112)

and

P~ (x, M) =0 for ke{l1,2,.,N}. (3.113)
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To obtain explicit soliton solutions, we take Gg = I in the Riemann-Hilbert problems. This will force the

reflection coefficients s9; = 531 = s41 = 0 and §10 = §13 = §14 = 0.

In that case, the Riemann-Hilbert problems can be presented as follows [26]:

N -1 N
M Y.
Gra N =L~-Y oM kit (3.114)
k=1 )‘_)‘j
and
N -1 o
v (M 0
(G M) =L+ ) ’“(A_A)’” ) (3.115)
k=1 k
where M = (my;) N is a matrix defined by
T N A
Mg = { T k,je{l,2, ..., N} (3.116)

0, TEDVIEDH

Since the zeros \; and ), are constants, they are independent of space and time. We can explore the spatial

and temporal evolution of the scattering vectors vy (z, t) and O (z,t) for1 < k < N.

Taking the x-derivative of both sides of the equation
Pz, \)vp =0, 1<k<N, (3.117)
and knowing that P satisfies the spectral spatial equivalent equation (3.49), along with (3.112), we obtain
PT(x, M) (igj - i)\k/lvk> =0 for k,je{1,2,..,N} (3.118)
In a similar manner, taking the ¢-derivative and using the temporal equation (3.50) and (3.112), we acquire
dvy,

Pt(z, ) (dt - 'Agmk> =0 for k,je{1,2,...,N}. (3.119)
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For the adjoint spectral equations (3.53) and (3.54) , we can obtain the following similar results

do .
<d’“ + z)\kvk/l> “(z, M) =0, (3.120)
and
diy . e
T + N w0r§2 | P~ (z, A\) = 0. (3.121)
Because vy, is a single vector in the kernel of PT, so d”k — i g Avg and i)\g (2vy, are scalar multiples
of Vk.

Hence without loss of generality, we can take the space dependence of vy, to be:

% =iMAvg, 1<EkEZSN (3.122)
and the time dependence of vy, as:
dvr, ¢
e iNgf2vg, 1<k<N. (3.123)
In this way, we can conclude that
vp(@,t) = eMATHN Dby for ke {1,2,..., N}, (3.124)

by solving equations (3.122) and (3.123), where wy, is a constant column vector. Likewise, we get
(2, 1) = e AT for ke {1,2,.. N}, (3.125)

where w0, is a constant row vector.

From (3.112) and using the formula (3.92), it is easy to see

v (z, —t, ) (P (2, —t, \p) = vf (&, —t, \p)CP ™ (2, t, =M\ ) O~ = 0. (3.126)
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Because va(:c, —t,\t)C P~ (x,t, —\x) can be zero and using (3.113), this leads to

ol (@, —t, A\ )C P~ (2,8, M) = O, t, A) P~ (2,8, Ag) (3.127)

= dp(z,t, —Ay) P (2,8, —\,,) = 0. (3.128)
From (3.111), we have \;, = —\ for k € {1,2,..., N}, and we can take
o2, t, M) = vl (2, —t, \)C. (3.129)

Thus, the involution relations (3.124) and (3.125) give

6i)\kA:c+i)\2 2ty

oz, t) = s (3.130)

in(, 1) = wle~MeAv=iXi2t e (3.131)

Because the jump matrix Gg = I4, we can solve the Riemann-Hilbert problem precisely. As a result, we
can determine the potentials by computing the matrix P*. Because P is analytic, we can expand G as

follows:
1
A

1

G+(a:, A) =1+ 2

G{(z) + O(+), when X\ — oo. (3.132)

Because G satisfies the spectral problem, substituting it in (3.49) and matching the coefficients of the same

power of £, at order O(1), we get

P =—[A,GT]. (3.133)
If we denote
(G (G2 (G iz (G )ua
G = (G21 (G )22 (G)as (GT)a ’ (3.134)
(GT)z1 (GP)s2 (G )3z (GY)3a
(G (G)az (G )az (G )ua
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then

0 —o(G )12 —a(G )13
a(GT 0 0
p— g - |
O((;f)gl 0 0
O[(Gf)z;]_ 0 0

Consequently, we can recover the potentials p; and r; for j € {1,2,3}:

p1=—a(G))ia, 1= (G ),
pe = —a(G )13, 12 =a(G)s1,

p3 = —a(G{)1a, 73 =a(G])a.

It can be seen from (3.132) that
G{ = A lim (Gt (2, \) — L),
A—00
and then using equation (3.114), we deduce
N

GF == > oM™y 05
k=1

—a(GY )14

0
(3.135)

0

0
(3.136)
(3.137)
(3.138)

In addition, by the use of equations (3.33) and (3.133), we can easily prove the following nonlocal involution

property
(GHT (2, —t) = OGT (z,t)C™.

(3.139)

By substituting (3.138) into (3.136) and using (3.130) and (3.131), we generate the /NV-soliton solution to the

nonlocal reverse-time six-component AKNS system of sixth-order

N
pi=a Y vpi(M b for ie{1,2,3}, (3.140)

k,j=1

where wy, is an arbitrary constant column vector in C*, and

T A A A A .
Vg = (Uk:,la Vg2, Vk,3y -y ,Uk’,n+1) y Vg = (vk’,ly Vg2, Vk,3y ey vk,n+1)'

71



3.5 Exact soliton solutions and their dynamics

3.5.1 Explicit one-soliton solution and its dynamics

A general explicit solution for a single soliton in the reverse-time case when N = 1, and w; =

(w11, w12, wis, w14)T, with A\; € C an arbitrary, with 5\1 = — )1, the solution is given by

2p2p3\1 (01 — ag)wiwige (1 Ha)THAT (G- Bt

pi(zx,t) = , . , (3.141)
(®9) p1p2p3wi €2t - (popswiy + prpswiy + prpawiy)e?itioz
2p1p3A1 (0 — 042)w11w136m(O”Jra?)xﬂk?(ﬁlfﬁzﬁ
pg(ﬂ?, t) = 2 ,2idaqx 2 2 2 2iA1ax’ (3142)
p1p2P3WT1 € + (p2p3wis + prpswis + p1pawiy)e
2p1pa A1 (al _ a2)w11w14ei/\1(a1+a2)w+i/\§'(61—,32)t
p3($, t) = 2 ,2i\onx 2 2 2 2id1asx (3143)
P1P2P3WT1 € + (p2p3wiy + prpswiz + pLp2wiy)e
We can get the amplitude of p;:
Ip1(z,1)| = 24 PHIMOD) (3.144)
where
2\ _ —Im(Ai(a14a2)z)
A= 1P2P3(041 042)101110126 (3.145)

p1p2p3w%162i)\1a1x + (,02/)310%2 + PlPSwfg + p1,02w%4)62i>\10¢2:v .
We can see from p; that the frequency is zero, thus the velocity is zero. Hence the one-soliton is not a

travelling wave, and it is stationary in space.

Fixing z = o, the amplitude is |p1(z,t)] = 24|,z e PH™OD_If Im(A$) < 0 the amplitude decays
exponentially, while it grows exponentially for Im(A%) > 0 and when Im(\$) = 0, the amplitude remains
constant over the time.

In this reverse-time case, the resulting one-soliton does not collapse, either it strictly increases, decreases or
stays constant.

From the spectral plane, let A\; = & + in = |\|e?, where [A;| > 0,and 0 < § < 27 then:

0 € {(%m, 27}, then the amplitude of the soliton is increasing for n = {0,2,4,...},
n+l

0 € { (%, ™)}, the amplitude of the soliton is decreasing for n = {1,3,5,...},
if (3.146)

0 € (% mod{n})n, the amplitude of the soliton is constant for n. = {0,1,2,3,4,5,.. .},

0 € {nm}, we obtain one breather with constant amplitude for n = {0, 1,2, 3,4,5,...}.
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This illustration is shown by the figure below.
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For the one-soliton solution, when A; does not lie on the real axis, the imaginary axis or the trisectors,

ie. A ¢ {¢in, (1 £iv3)E, (1 £1i-L)E), the amplitude of the potential grows and decays exponentially, if

V3

Im(X$) > 0 and Im()\$) < 0, respectively. In Figure 3 and Figure 4, we have two examples where the
amplitude grows and decays exponentially.

The amplitude does not change when I'm(A§) = 0, i.e. that means when \; belongs to the real axis, the
imaginary axis or the trisectors. If A\; lies on the imaginary axis or the trisectors, then we have a fundamental
soliton as seen in figure 5. If \; is purely imaginary, then the Lax matrix U (u, \) is a skew-Hermitian matrix.
On the other hand, if \; lies on the real axis, we have a breather which is a periodic one-soliton with period

53— as seen in figure 6. This is a consequence of the Lax matrix U (u, A) being a Hermitian matrix.

s
laAq ]

Increasing | Decreasing

e

Figure 2.: Spectral plane of eigenvalues.
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Figure 3.: Spectral plane along with 3D, 2D and contour plots of |p;| in the focussing case of the one-

soliton with parameters (p1, p2, p3, a1, @2, f1, B2) = (=1, -2, —1,—-1,1,—1,1), Ay = —=0.1 4+ 0.5, wy =
(1,4,2+1,1).
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Figure 4.: Spectral plane along with 3D, 2D and contour plots of |p1| in the focussing case of the one-

soliton with parameters (p1, p2, p3, a1, a2, 1, 82) = (—1,—-2,—1,—-1,1,—1,1), Ay = 0.1 + 0.5¢, w; =
(1,4,2+14,1).
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Figure 5.: Spectral plane along with 3D, 2D and contour plots of |p;| of the one-soliton with parameters
(pla P2, P3, 1, A2, /817 52) = (17 _27 _1a _1) 1’ -1, 1)’ )‘1 =21, w; = (17 ia 2+ i? 1)
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Figure 6.: Spectral plane along with 3D, 2D and contour plots of |p1| of the one-soliton with parameters
(101792»,037 aq, O‘27/81762) = (17 L,1,-1,1,-1, 1)’ A1 =0.5w = (lvia 241, 1)
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Remark 3.5.1. In the case of one-soliton solutions, when the AKNS spectral problem (3.22) has higher

even-orders (NLS-type), i.e., )\%m =\ |2mei2m9, m € N, the amplitude of p; can be written in the form:

Ip1 (@, t)] = Ae~ImOT" (Br=fa)tth (e taz)e) (3.147)

where A is a constant. From (3.147) if Im(A\2™) = |\1|*™sin(2mf) = 0, that gives the partition of the
complex plane by 2m-sectors.

If 0 < |A1] < 1, then W%l_r)noo Im(A\?2™) = 0, and this means for any \; lying inside the disk of radius 1, the
soliton has a constant amplitude.

If |\;| = 1, i.e., it lies on the circle of radius 1, then the amplitude |p;(x, )| will be bounded by Aef* <
p1(x,t)| < Ae™P', when 8 = 1 — B2 < 0.

If [\1| > 1, then n%gnoo Im(A\3™) — +oo, and so the amplitude will grow exponentially or it will decay to

zero exponentially.

3.5.2 Explicit two-soliton solution and its dynamics

A general explicit two-soliton solution in the reverse-time case when N = 2, w; = (w11, w12, w13, w14)T,

wo = (w21, wQQ,wgg,w24)T, ()\1, /\2) c (C2 are arbitrary, and 5\1 = —)\1, 5\2 = —/\2, is given if )\1 7& —)\2
by
A(z,t)
t)=2 AL+ A — 3.148
p1(x,t) = 2p2p3(A1 + A2) (o 042)3(%25), ( )
C(z,t)
t) =2 AL+ A — 3.149
p2(x,t) = 2p1p3(A1 + A2) (o Oéz)B(w?t), ( )
D(z,t)
t)=2 AL+ A - 1
p3(x,t) = 2p1p2(A1 + A2)( 042)3(%25), (3.150)
where
Az, t) = oIS (B1=B2)t+ A2 (a1 +az)z], (w22M()\1 + o) — 2w12K)\1)w21)\2€i20c2)\1a:
__ _ 2 i20¢1)\1a:-
p1p2p3(A1 — A2)wijwarwaAze
e - A (3.151)
et (Br=P2)t+ A1 (a1 +az)z], <w12N(/\1 + o) — 2w22K)\2>w11)\1622a2>\2x

+ p1pap3( A1 — A2)wiiwigwy; A>T |
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B(z,t) = —4p1 papshi howyway KelPitA2)(eata)z [ei(k‘?—/\g)(ﬂl—@)t + e—i(A?—Ag)(ﬂl—Bz)t]

+ pLpapswy M (A + Ag)2e (@122 H 02207 4 ) oo pawd) N(Ap + Ag)2e2(@rhitasda)r

+ ArdputiuchOn - e OO O 1AM + (RMN AR e,

C(a,t) = PSP=A R artaz)al, —<w23M()\1 + A2) — 2w13K)\1>w21)\26i2a2’\1‘” (3.152)
- p1p2p3(A1 — >\2)’w%1’w21w23)\2€i2a1)‘1$—
+ePE BBt (o taz)al, —<w13N()\1 + A2) — 2w23K)\2> wll)\leié‘m’\ﬂ G-139)
;LP1P2P3()\1 - Ag)wllwlgwgl)\leiml/\w- ’
D(z,t) = M-t delon toz)e], -<w24M()\1 + A2) — 21014K)\1>11)21)\2<2i20‘2>‘15C
- prpap3(A1 — /\2)w%1w21w24)\26i2a1)‘150_
eI (o)), -(w14N(/\1 + A2) — 2w24K)\2>w11)\16ié°‘2)‘2x G159
;‘ p1p2p3(A1 — Ag)wnwmw%l)\leﬂalkzx_ 7

and M = papswiy + p1pswis + p1pawiy, N = papswiy + p1p3wis + p1pawsy and K = papzwizwses +
P1P3W13W23 + P1P2W14W24.

For the two-soliton dynamics, we notice that either both the two solitons are moving (repeatedly or not) in
opposite directions or both are stationary, i.e., they don’t move with respect to space. In figure 7, we have
two travelling waves that move in opposite directions, keeping the same amplitude before and after interac-
tion in an elastic collision, that is, no energy radiation emitted [45]. Whereas in figure 8, the amplitudes of

the two waves change after interaction to new constant amplitudes resembling Manakov waves [46].

In figure 9, we have two solitons with exponentially decaying amplitude and stationary over the time, i.e.,
they do not move in space. On the other hand, we can have as in figure 10, two solitons with exponentially
decaying amplitude but moving apart over the time.

Aside, if both A\; and Ay lie on the real axis, then we will obtain breather solitons with the time pe-

riod 3

ﬁ. An example is shown in figure 11, where the breather waves coincide for ¢ = 5 and
1 2

t = 6.015873016.
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Figure 7.: Spectral plane along with 3D, 2D and contour plots of |p;| of the two-soliton with parameters
(,01, P2, pP3,01, 02, ﬁl, 52) == (—1, —1, 1, —2, 1, —1, 2), ()\1, /\2) == (12 + 052, —1.2 + 051), w1 = (1, 1-—
3i,—i,1+1), wy = (2,1 — 3, —i,1 +1).
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Figure 8.: Spectral plane along with 3D, 2D and contour plots of |p;| of the two-soliton with parameters
(p17 P2, P3, 01, 02, /Bl) /82) = (_17 17 _]-7 _27 17 _27 1)a ()\17 AQ) - (_04 + 0817 0.4 + 081)’ w1 = (]-) 1-—
i,—0.14+14,1+4+14),wy = (=14 2i,1—0.13,3 +,0).
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Figure 9.: Spectral plane along with 3D, 2D and contour plots of |p; | in the focussing case of the two-soliton
with parameters (p1, p2, p3, a1, @2, B1, f2) = (—1,-2,-3,-2,1,—1,2), (A1, A2) = (—0.01 + 4, —0.03 +
i),w; = (1,0,2 +14,0), wy = (1,2 —14,0,1).
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Figure 10.: Spectral plane along with 3D, 2D and contour plots of |p; | in the focussing case of the two-soliton
with parameters (p17 P2, P3, 1, (2, /81) 52) = (_]—7 _27 _37 _27 17 _17 2)’ (>\1) )‘2) = (001 +Zu —0.03+ Z),
wy = (1,4,2+14,1), wa = (1,2 — 4,4,1).
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Figure 11.: Spectral plane along with 3D, 2D and contour plots of |p; | in the focussing case of the two-soliton
with parameters (pla P2, P3, 1, (2, ﬂla B2) = (_1’ _17 _17 _Qa 17 _1/647Ta 1/647T)’ ()‘17 )‘2) = (1’ 2)’
wy = (1,0,2 44,1 —4), we = (—1,1 — 24, —4,0).

3.5.3 Dynamics of a three-soliton solution

The three-soliton solution is given, for which we take N = 3, w; = (wy1, w12, w13, wia)’, wy =
(wa1, waa, waz, was)T, w3 = (w31, w3, w3z, w3a)T, (A1, A2, A3) € €3, and Ay = —Aj, dg = =N,
5‘3 = _)\3’ by
3
pr=a Y vei(M " )gjbsa, (3.155)
k=1
3
pr=a Y vpa(M ™ )gjisa, (3.156)
k=1
3
p3 =« Z Uk71(M_1)kj@j74. (3.157)
k=1

Without loss of generality, for the three-soliton solution, we take all three eigenvalues in the upper-half plane

in such a way that \; # A for j, k € {1,2,3}.
Here, we can look at some examples of the three-soliton solution dynamics. We have two solitons moving
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in opposite directions interacting with one stationary soliton. After the interaction either the three solitons
keep their amplitudes or the amplitudes change to new constant amplitudes. An example is shown in figure

12.

Another behaviour could be the interaction of three solitons that are embedded into two solitons after the
interaction, where the stationary soliton keeps or changes its amplitude after collision as seen in figure 13.

We may have the opposite case where the two solitons unfold to three solitons.

A different class of behaviour shows that three solitons can interact and get embedded into a single soliton

after interaction.

In figure 14, we have three solitons, of which two are moving in opposite directions and one is stationary.
All of them have constant amplitudes before interaction. After the interaction, they are embedded into a
one stationary soliton with constant amplitude. We may have the opposite case where one stationary soliton

unfolds to three different solitons, each keeping its amplitude.

In figure 15, we also have three solitons, two solitons moving in opposite directions interacting with an
exponentially decreasing stationary soliton. In that case, after the interaction, they are embedded into one

stationary decreasing soliton over the time due to an effect of energy radiation.

In contrast, we can have one stationary increasing soliton that unfolds to three soltions, of which two of are
moving in opposite directions keeping their amplitude while the other is stationary and increasing exponen-

tially over the time.

In figure 16, we have three solitons, two solitons moving in opposite directions interacting with an expo-
nentially decreasing stationary soliton. They are embedded into a one moving soliton that keeps its constant

amplitude after the interaction where the stationary soliton vanish.

In contrary, one moving soliton can also unfold to three different solitons, where two are moving in opposite

direct keeping the amplitude and the other is increasing exponentially over the time [47].
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Figure 12.: Spectral plane along with 3D, 2D and contour plots of |p1| in the focussing case of the
three-soliton with parameters (p1, p2, p3, a1, @2, B1,02) = (—=1,—1,—1,-2,1,—-1,1), (A1, A2, \3) =
(1+0.5¢,—1+0.5¢,0.54), w; = (1,1 +24,0,0), we = (—1,1 —24,0,0), w3 = (2 + 1,1 + 24,1, 2i).
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Figure 13.: Spectral plane along with 3D, 2D and contour plots of |p;| of the three-soliton with parameters
(p17 P2, P3, 01, 02, /61) /82) = (17 17 17 _27 17 _27 ]-)’ (>\17 )\27 )\3) == (]- + 0527 -1 + O5Z7 0757’)’ w1y =
(1,0,2+4,1 — i), we = (—1,1 — 24, —1,0), wg = (2 + 4,1 + 2i, 1, 27).
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Figure 14.: Spectral plane along with 3D, 2D and contour plots of |p; | of the three-soliton with parameters
(,01, P2, P3,01, (02, ﬁl, 52) = (1, 1, 1, —1, 1, —2, 1), ()\1, )\2, )\3) = (1 + 052, -1 + 052, 0752), wp =
(1,0,2+4,1 — i), we = (—1,5 — 2i,—1,0), wg = (2 + 4,1 + 2i, 1, 27).
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Figure 15.: Spectral plane along with 3D, 2D and contour plots of |p1| of the three-soliton with parameters
(pl, P2, P3,01, 2, ,31, 52) = (1, 1, 1, —2, 1, —2, 1), ()\1, /\2, )\3) = (1 + 0.5i, -1+ 0.5i, —0.05 + 0.75i),
wy = (1,0,24+4,1 —14), we = (—1,5 — 2i,—1,0), ws = (2 + 4,1 + 2i, 1, 27).
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Figure 16.: Spectral plane along with 3D, 2D and contour plots of |p1| in the focussing case of the
three-soliton with parameters (p1, p2, p3, a1, @2, B1,02) = (—1,—1,—1,-2,1,—-1,1), (A1, A2, \3) =
(140.5¢,—140.5¢,0.540.5¢), w; = (1,0,24147,1—14), we = (—1,1—24,—4,0), w3 = (2414, 1+2i, 1, 29).

3.5.4 Dynamics of a four-soliton solution

The four-soliton solution is given, for which we take N = 4, w; = (wi1, wiz, w13, wia)?, wy =

(wa1, wag, waz, waa) T, w3 = (w31, w32, w33, w34)T, wa = (W41, Wa2, W3, wa4)T, (A1, A2, A3, \g) € C4,

and \; = —A1, Adg = —Xa, A3 = — A3, Ay = — Ay, by

4

pr=a Y vei(M )gjbsa, (3.158)
k,j=1
4

pr=a Y vpa(M ™ )gjiss, (3.159)
k,j=1
4

ps=a Y vpi(M ™)yt (3.160)
k,j=1

Without loss of generality, for the four-soliton solution, we take all four eigenvalues in the upper-half plane

in such a way that \; # Ay, for j, k € {1,2,3,4}.

For the four-soliton dynamics, we have the interactions of four solitons. Two of them can be stationary or
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all the four solitons are moving.

Figure 17 exhibits the interaction of two exponentially increasing solitons moving in opposite directions
and interacting with two moving solitons with constant amplitudes. After interaction the middle two solitons

keep moving with increasing amplitudes, while the two other solitons keep moving with constant amplitudes.

We can notice that the middle two solitons can decrease exponentially while moving and interacting with

the other two solitons.

Remark 3.5.2. The speed of the far right and left solitons are larger than the speed of the middle two solitons

such that all four solitons collide together.

Another behaviour is shown in figure 18, where two solitons moving in opposite directions interact with
two stationary solitons with constant amplitudes. After the interaction, the two stationary solitons remain
stationary and the two moving solitons continue to move in opposite directions, but their amplitudes can

change to new constant amplitudes or it can stay unchanged.

As for figure 19, we have the interaction of four moving solitons. Two waves move in the same direction
and interact with the other two waves coming from the opposite direction. After the interaction, each of the
four solitons can keep its amplitude unchanged or its amplitude can change to a new constant amplitude. In

the case that each soliton keeps its amplitude before and after the interaction, we have four travelling waves.

Finally in figure 20, four moving solitons are embedded into three moving solitons. After the interaction

each soliton keeps its amplitude unchanged or it can be changed to a new constant amplitude over the time.
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Figure 20.: Spectral plane along with 3D, 2D and contour plots of |p;| in the focussing case of the four-
soliton with parameters (p1, p2, p3, a1, @2, B1, B2) = (—1,—1,—1,-2,1,-2,1), (A1, Ao, Az, \q) = (1 +
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3.5.5 Remarks

An interesting observation is that we can explore the one and two soliton solutions for any nth-order (n is
even) six-component AKNS integrable system for our spectral matrix U (u, \).

That is the general explicit one-soliton solution for a reverse-time nth-order six-component system when

>

1 = —A1 is given by

2p2p3A (o — OQ)wlezei/\l(a1+a2)z+i>\?(ﬂ1—b’2)t

pi(z,t) = - , , (3.161)
( ) p1p2p3w%1621)\1a1x + (p2p3w%2 + ,01[)310%3 + P1p2w%4)621)\1a2m
similarly for ps(x,t) and p3(x,t).
As for the two-soliton solution, the general explicit solution when M = —A, dg = —Aa, if N £ — Mo, is
given by
A(z,t)
t) = 2p2p3(A1 + Az)(en — 3.162
pi(x,t) p2p3(A1 + A2) (o OQ)B(x,t)’ ( )
where
A($7t) = ei[)\g(ﬁl*ﬁQ)tJr)\z(eraz)x]. (UJQQM()\l + )\2) _ 211)12K)\1)w21/\26i20‘2)‘11
-_ _ 2 i2a1)\11_
Plp2p3()\1 )\2)w11w21w22/\ge
(AT [ : (3.163)
+ez[)\1’(51*52)t+)\1(a1+a2)93]. <’UJ12N()\1 + /\2) _ 2’UJ22K/\2> wll)\lez2a2)\2x
+ p1p2p3(A1 — )\2)w11w12w§1>\16i2a1>‘2m ,
B(z,t) = _4p1p2p3)\1)\anwleei(Al+>\2)(a1+a2)x . [ei()\;l—/\g)(ﬁl—m)t 4 e AT=AR)(B1—B2)t
+ p1p2,03’w§1M()\1 + A2)2ei2(a1)\2+a2/\1)x + p1p2p3w%1N()\1 + A2)2ei2(a1)\1+a2/\2)x
+ p%p%pgw%wgl()\l o /\2)26i2a1()\1+)\2)x
+ (A + A)MN + (2MN — 4K2)>\1)\2} gi2or(Mtda)e
(3.164)
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and M = papswiy + p1pswis + pip2wiy, N = papswiy + p1p3wis + p1pawsy and K = papzwizwas +
p1p3w13Wa3 + p1pawiqwey. Similarly we can present the formulas for pa(x, t) and ps(x, t).
For higher-order non-local reverse-time AKNS systems, the N-soliton exhibits a similar dynamics (or com-

binations of dynamics) to the ones discussed and in the previous work [35].
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Chapter 4

Nonlocal reverse-spacetime Sasa-Satsuma equation

4.1 Introduction

We will discuss in this chapter the new nonlocal reverse-spacetime two-component Sasa-Satsuma equation

given by [48]-[50]:

uy(,t) = 7% (ta (2,1) 4.1)
= 3(Ju(@, ) + [u(—z, —t)|* + [v(z, ) + [v(—2, —)|*) uy(z, 1)
= 3(luz, t)]* + [u(—z, =) + |v(z, 1) + [v(—=z, —t) ") u(z,t)
+ 3(u(z, £)ti, (2, 1) — w(—z, )i, (—z, —1)
F oz, )0, (2, 8) — v(—z, —t)0,(~a, —t))u(ac, t)} ,
vy(,t) = —% [EN) 4.2)
= 3(Ju(@, ) + Ju(—z, =) + [v(z, ) > + [v(—z, —t)|*) v, (2, t)
= 3(uz, ))* + [u(—z, =) + |v(z, 1) + [v(—=z, —t)]*) v (2, 1)
+ 3(u(1:, £)ti, (2, 1) — w(—z, — )i, (—z, —1)

+o(x, )0, (2, t) — v(—z, —t)0,(—, —t))v(a:, t)} :

Unlike the previous reverse-time sixth-order NLS-type equation which was obtained from a nonlocal re-
duction through a local AKNS hierarchy, we derive this Sasa-Satsuma equation from a nonlocal hierarchy.
Starting with a nonlocal 5 x 5 spectral matrix problem, we formulate a kind of Riemann-Hilbert problems for
the above nonlocal two-component Sasa-Satsuma equation with still the real line being its contour, and solve
the resulting Riemann-Hilbert problems with identity jump matrix to present its soliton solutions [36]-[42].

We explore the one- and two-soliton solution and classify the different cases for the explicit two-soliton
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solution according to the configuration of the eigenvalues in the spectral plane. As a final step, we explore

their dynamical behaviors.

4.2 Two-component nonlocal hierarchy

Consider the nonlocal 5 x 5 matrix AKNS spatial spectral problem [39]

o = iUy, 4.3)

where ¢ is the eigenfunction and the spectral matrix U (u, \) is given by

a1\ u(z,t) u(—z,—t) v(z,t) v(—z,—t)
—u(z,t) g\ 0 0 0
U, \) = | —u(—z,—1) 0 s\ 0 0 = A+ P(u), 4.4)
—0(x, t) 0 0 ) 0
—0(—z,—t) 0 0 0 )

where A = diag(ay, aly), A is the spectral parameter, a1, ap are two distinct real constants and u is the

column vector of two potentials, where we assume that « and zu belong to the L? space and

0 u(z,t) u(—z,—t) v(z,t) v(—z,—t)
—u(z,t) 0 0 0 0
P=|_4(-z,—t) 0 0 0 0 : (4.5)
v(z,t) 0 0 0 0
—0(—=z,—t) 0 0 0 0

Remark 4.2.1. One can see that the matrix U has the symmetry properties:

Ut (—a,—t,~\) = —C1U (2, £, \)C Y,
(4.6)

U(—z,—t,—\) = —CoU(x,t,\)Cy !,
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where

1 0000 1 0 0 0 0
00100 0 0 -1 0 0

Ci=(o 1000, C2=]0 -1 0 0 0 |- 4.7)
00001 00 0 0 -1
00010 0 0 0 -1 0

Note that C; are symmetric and orthogonal matrices, i.e., C; = C’jT and C; = C’j_ L forje {1,2}.

In addition, since U (x,t, \) = AA + P(x,t), we can easily prove that

]31'(_;1;‘7 —t) = —Clp(xvt)cl_l’
(4.8)

P(—z,—t) = —CyP(x,t)Cy .

Let’s construct the associated two-component Sasa-Satsuma soliton hierarchy. To do so, we need to solve
the stationary zero curvature equation

W, =1i[U, W1, (4.9)

for

c1 din dig diz dia
W= 1co do doo dog dos|> (4.10)

c3 d31 d32 d3z d3

cs dayr dag daz dus

where a, b, ¢j, d;), are scalar components for j, k € {1,2,3,4}. From the stationary zero curvature equa-

tion, we get:

a, = i|w(x)by + u(—2)by + 0(x)bg + 0(—2)by + u(x)e; + u(—2)cy + v(2)es + v(—x)ey|, (4.11)
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[
[ 4.12)
i
[

(4.13)
33, = —1 v(@)by + v(x)cs), 3y, = —i V(@)by + v (=),
dy3 o = —1 :lk)(—l’)b:s + v(x)ey], dyg e = —1 v(—)by + v(—x)ey],
b e = i[adby —u(@)a +u(@)dy + u(—w)dy + v(z)dy +v(=2)dy], (4.14)
by o = i[aNby — u(—z)a + u(w)diy + u(—a)dyy + v(2)dgy + v(—2)dy], (4.15)
by, = i[arby —v(z)a + u(z)di3 + u(—x)dyz + v(x)dsz + v(—)dy3], (4.16)
by, = i[aby — v(—z)a + u(x)dyy + u(—2)dyy + v(2)dyy + v(—x)dy,], 4.17)
¢, =ilare; — w(@)a + u(z)dyy + u(—z)dyy +0(x)dyg + ;;(_x)dlda (4.18)
Cop = i[ahey — w(—z)a + u(z)dy + u(—)dyy + v(2)dys + 5(_$)d24]> 4.19)
C0 = i[a)\c3 — T)(x)a + {L(x)d;ﬂ + Z(—x)dw + T)(x)d33 + ;(—x)d34], (4.20)
Chpp = i[a)\c4 — T)(—m)a + {L(l’)du + {L(—J})d42 + ﬁ(x)d43 + ;()(—x)d44], 4.21)
where o = o] — «o.
We expand W in Laurent series:
alml plmd - plmlplml gl
. o ay dyd dy
W= WuA™ with Wy =|cm gl gl glml gl | (4.22)
) )
A ay dy d dy
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explicitly,

a=Y almaxmdy = 3" dPAm e {1,2,3,4),
m=0

where m > 0. The system (4.12) generates the recursive relations:

bEO] ZCB'O] =0, Jje {17"'74}7

ol = [f (@)l )l 4 D)ol 4 b ()

+ u(:z)c[lm] + u(—x)cgm] + U(a:)cgm] + v(—x)cgm]] ,

= b[-m])\_m, ie{l,...,4}, ¢ = Z cg'm]/\—m, j.k€{l,...,4},

dit), = =ifu(@)b" +u@)d™],  dy, = —i[a@ph" + u(-2)el™],
dyt), = =i[i(=a)™ +u(@)cy"), diy, = —i[u(—2)E" + u(—x)c"],
dit), = =i[o (@™ +u(@)e™],  d, = —i[D@)b) + u(-a)e

ditl, = =i[o(=o)by™ + u(@)e™M],  dip), = —i[b(—2)by" + u(—2)e]"],
diy), = =i[i(@)bs" +o@)el™],  dyy, = —i[u@)b]" + v(-2)e

dy), = —i[i(=2)b" + v (@)el™],  dby, = —ifu(—a)by" + v(—2)e)"],
did = —i[0(@)pl" +o@)eM),  dip = <@l + v(—a)dM],

[ [

b[1m+1] _
b[2m+1] _
bgm+1] _

b£m+1] _

QImrRIrRIrRl+

[— il + w(@)al™ — u(@)d? — u(—w)d}! — v(@)dpy! - v(—2)d}],

[ - ib[;r;] + u(—z)a™ — u(x)d[{;] - u(fas)d[;;] - v(m)dg;] —v(—z)d

[m]
42

[— il + o(@)al™ — u(@)dly) — w(—z)dly) — o(2)dly) — v(—)dly],

J,

[t} 4 o(—2)al™ — u(@)dy — u(-2)dyy — o(@)diy —v(-az)d}})],
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(4.23)

(4.24)

(4.25)

(4.26)

4.27)
(4.28)
(4.29)

(4.30)



The first few involved functions can be worked out as follows:

= 1,

=0,

= & (Jul@ )17 + [u(=z, =) + |o(z, ) + [v(—z, —1)?),

=2

ol

B

Lo (uy (x, t)u (e, t) + u(—z, —t)uy (—z, —t)

v, (2, )0 (2, t) + v(—a, —t)v,(—x, 1)),

[3(ru<x,t>|2 (a0 + o(@, O + fo(—a, ~0)2)’

—2Re(u (@, )ty (2, t) + u(—z, —t) Uy, (—z, —t)

o (@, )0, (2, 1) + v(—2, —t) 0y, (—z, —t))

(g, O + oty (=, =0 + g, D + o, (=, —t>|2)],

=0,

= qula. 1),

=—i

B

a?

— a3

=1

o

uy(z,t),

% [t 8) = 2(Jule, O + Ju(=2, =D + o (@, D + o (=2, =D Ju(z,1)|.

.% [ummx(l" t) + 3T1Um(ﬂ§, t) + 3T2’LL(.CC, t)] )
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L) — daal! 4 )l + ()] + by + b (-l
L) (el )l + () + D)) + b (-],
ik — b (@al + i)l + )il + @)+ (o)),
i B(—a)alm + )]+ i) + D)l + ()]

4.31)
(4.32)
(4.33)

(4.34)

(4.35)

(4.36)



= —i%vx(x, t), (4.37)

(e}

= —Llu(z,0)P, (438)

— 2%1m(1§m(m,t)U($J)>»

= % [3T1|u(x,t)|2 + a(x?t)uwz(x7t) - ]u$(x,t)|2 + szx({E, t)u(z:, t)]a

= —Zu(—z,~t)u(z,t),
=i (=, ~t)uy (2, ) + ity (—, —t)u(z, 1)),
= L3 0=, —0)u(w, ) + (-, )t (,8) + oy (—, — )11y (2,8) + iy (—, ~t)u(, 1),

(4.39)

= — Bu(a, t)0(x, 1), (4.40)

*

— 8 < — 0 (z, t)u, (z, 1) + 0, (2, tu(z, t)),

ol

[0}

=5 [3T1;3(x, D, 1) + 0(@, )y (2, 1) — 0, (2, )ty (2,) + Vg (2, hu(z, 1) |,
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= —Zu(z, t)o(~z, -t),
— i% (;(—x, —t)uy(z,t) + 12(—1:, —t)u(z, t)),

-5 [3T1€3(—z, —tyula,t) + 0(—z, —t) Uy, (2, 1) + 0y (—, —t)u, (2, 1) 4+ 0y (—2, —t)u(z, 1) |,

4.41)

= —%a(x,t)v(m,t), (4.42)

= i (i, o, 0) + iy, o, 1))

%;‘ <

[3T1£?(x, o, ) + 1, o, (2, 8) — 1y (2, Do, (2, 1) + tigy (2, )0 (, 1)),

= —Bi(—z, —t)v(z, 1),
- i% (ﬂ(—m, —t)v,(z,t) + {LI(—(L" —t)v(z, t)),
= % [3T1ﬂ(—x, —t)v(z,t) + w(—z, —t)v,, (2, t) + U, (—a, —t)v, (2, t) + Uy, (—z, —t)v (2, 1),

(4.43)
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i =0
dyy = —Llu(z, 1), (4.44)
d@ :—Q%Im(;}(m,t)vx(x,t)),

dil = Z[3Tul0 (@, OF + 5@, D0g(@.8) = 0,0, OF + b (@, 0 (@, 1)

i o
i o
dfg] :—gv(:c,t)ik)(—:):,—t),

dEE?} - 1% (T)(_x7 —t)’l)l,(.%',t) +;}x(_m7 —t)’U(l',t)>,

diy = Z[3T6 (o —tu(. 1) + D=2, =) (,8) + Dy, =Dy (,8) + Dy (2, =)0 (w,)]

(4.45)
where 3 = 31 — 32, and
T, = —(Iu(x,t)P +lu(=z, =) + oz, ) + v(-a, —”'2)’

T, = —u, (2, t)u(z,t) + u,(—z, —t)u(—z, —t) — v, (z, )0(2, 1) + v, (—2, —t)0(—2, —1),

Ty = —u(z, ), (z,t) + u(—z, —t)u,(—z, —t) — v(z, )0, (2, t) + v(—x, =)0, (—z, —t).

Remark 4.2.2. Under the symmetry relations (4.8), one can show that W satisfies the equations:

Wi(—a,—t,~A) = C\W (z, £, \)C L,
(4.46)

W(—x, —t,—\) = CoW (z,t,\)Cy L,

for a solution W to the stationary zero curvature equation. Using the Laurent expansion (4.22) of W, we

get the relations:
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b (=, =) = (1) @, 0), b (1) = (1) (s ), (4.47)

b (—a, —t) = (=1)"e (2, 1), B (—a, —t) = (=) (@, 1), (4.48)
A (1) = (1) (2, 1), A, —t) = (— 1)l (2, 0), (4.49)
a2, —t) = (~)"d (1), (-, —t) = (~)mdl (@, 0), (4.50)
A (—a, —t) = (~)"d (1), A (-, 1) = (~1)"dl (@, 1), @51)
d) (—a, ) = (~)"d (1), (-, —t) = (~)"dl (@, 1), (4.52)
d) (—a,—t) = (~)"d (), A, —t) = (~)"dl (1), 453)
d) (—a, ) = (~1)"d) @, ), (4.54)

and

B (—a, —t) = (1) @ ), bl (—a, —t) = ()™ (@, 1), (4.55)
a™(—z, —t) = (=1)™a™(x, 1), (4.56)
iy (—z, —t) = (~1)"d5y (2, 1), diy) (—z, —t) = (~1)"dby) (. 1), 4.57)
i) (o, —t) = (~1)"d5) (x,1),  dyp (—z, —t) = (~1)"dby (x, 1), (4.58)
di) (o, —t) = (~1)"dy (2, 1), di)(—z, —t) = (~1)"dly) (. 1), (4.59)
di) (o, —t) = (~1)"dy (2, 1), dyp) (—z, —t) = (~1)"dly (2, 1). (4.60)
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We introduce the Lax matrix

vim = vl \) = ZmW), = Z W ™

ald xm—i

N C[li] \m—i

:Z C[Qi] \m—i
PO

CK] \m—i

b[li] \m—i
e
e
-
H

1=0

b[zi] \m—i
i
e
i
i

bg] \m—i
-
o
-
i

bgf} \m—i
-
e
=
i

where the modification terms are zero, and we get the spatial and temporal equations of the spectral problems

[39], with the associated Lax pair {U, VI™}:

Pr = iUSD7

Ot = iV[m]cp.

The compatibility conditions of equations (4.61)-(4.62) give rise to the zero curvature equations

U, = V"™ +i[U, V] = 0.
This gives the two-component Sasa-Satsuma integrable hierarchy

u(x,t) b[lmﬂ}

u,, = Kp(u) = =ia , m>0.

v(x,t) bngrl]

tm

This soliton hierarchy possesses a bi-Hamiltonian structure

Hms1 _ o

U, = @mKU = Jl su su

where H,,, are the Hamiltonian functionals and @ is the recursion operator.

4.61)

(4.62)

(4.63)

(4.64)

(4.65)

We derive from the recursive relations (4.27)-(4.34) and the relations (4.47)-(4.60), the following recursive
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formula between {6{™ ™, b} and {pI™ b1

b[m-i—l} b[lm]
=@ , (4.66)
bgm+1] b[gm]
where the recursion operator @ reads:
b1, @
o=> |1 7, (4.67)
Y\ Py By

with components

By = —0 + u(—2)0 u(—x) + v(2)0 0 () + v(—2)0  0(—=) + idu(z)d Tm(u(x))

+i2(—=1)""  u(z)d Mm(u(—2)_) + (—1)_mu(—x)8_1u(x)l*’_, (4.68)

*

P19 = i2u(2)0  Im(0(x)) +i2(—1) "™ Lu(z)d Mm(v(—2) ' ) — v(2)d u(z) T,
- (—1)*mv(—:c)a*1u(x)f,, (4.69)

*

By = 120(2)d Tm(u(z)) +12(—1) "™ Lo (2)d Mm(u(—z)'_) — u(z)d v ()",
- (—1)*mu(—x)a*1v(x)f,, (4.70)
Doy = —0 + v(—2)0 0 (—2) + u(x)0  u(x) + u(—2)0 u(—2z) + idv(2)0 Im(v(z))

4 i2(=1) " (@) Mm@ (—a) ) + (—1) ™0 (—2)d o (@), @.71)

and where the operators I'_, I', are defined by:

F_f(i[],t) = f(_$7 _t)? (472)
I f(at) = fx,1), 4.73)
I fa,t) = f(—,—1), 4.74)

with I being the identity operator, i.e., I'| f(x,t) = Idf(z,t) = f(x,t).
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4.2.1 Nonlocal two-component Sasa-Satsuma equation

To derive a two-component nonlocal Sasa-Satsuma equation, we take the Lax matrix

VBl = VB, \) = (XBw),. (4.75)

The spatial and temporal equations of the spectral problems (4.61) and (4.62) with the associated Lax pair

{U, VB]} read
i, =iV Elp, 4.77)
while the zero curvature equation
U, — VE +i[U, VB =0 (4.78)

gives the two-component Sasa-Satsuma equation

The V3! reads
Vit Vie Vig Vig Vis

Vor Vag Vaog Vou Vos
VI =1 va Ve Vay Ve Vs | (4.80)
Var Vae Vig Vau Vs

Vo1 Vs2 Vsz Vsa Vss
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where

Vi = al?x + al 22 + x4 o,
Vig = b[ol)\?’ + b[l])\2 4 b[Q]/\ n b[3]
Vig = b3 o+ plIAZ 4 pl2Ix 4l
Vig = 0008 1 52 4 pl2n 4 o3,

Vis = 00 + 02 4 plIx ol

Vi = 6[20])\3 + 6[21})\2 [2]/\ 4 C[3]

Vaz = dyIN? + di A2 + d5IN, +db),

Vis = dyg\® + dog A + d5a X, +dby,

Vag = d923 + dlIn2 + a2\, +d),

Vas = d9N3 + dila2 + ala + d,

Vo = 03 2 4 o2y 4 o8]
Vi = N0+ i 1 a4l
Vi = 0+ 4
Vas = A3 + di]N2 + )+ dlf,

Vas = diON + dlN? + dfx + dff),

[0]

Vi = 3 + A2 4 I 4 Y

Vip = dyg\® + dyi A2 + dfia + dy),

Vi = dygh® + dig A2 + dgA + diy,

Via = dgX® + di]N2 + dZ + di),

Vis = dy > + g\ + dSiA + df),

V51 = 04[10] PLES 64[11])\2 + cf])\ + 053],

V2 = dig A + diA2 + dfx + df

Vg = dUA3 + ddA2 +

Vas = dig\® + dig\? +

B+,

)

Vas = d9N® + dla2 + 2 + b,

The matrix V exhibits the properties of symmetry:

V[3]T(—x7 —t, —;\) = —Clv[g] (377 t, )‘)Cl_l’

VBI(—x, —t,—\) = —CoVBl(z,t,\)C5 .
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The equation (4.79) leads explicitly to the nonlocal reverse-spacetime Sasa-Satsuma equation:

utg (l‘, t) = 7% [umzm(xv t) + 3T1um(aj7 t) + 3T2’LL(JC, t)] ) (482)
0y (,0) = = o 0,) 4 3T0, (0,0) 4 8T (a, 1), 4.8

where T and T, are defined by

T, =~ (Jule, O + fu(—2, ~O + [o(a, O + o(—z,~0)%).

Ty = —u, (z, t)u(x, t) + u, (—z, —t)u(—z, —t) — v, (z, )0 (2, 1) + v, (—z, —t)0(—x, —1).

4.2.2 Bi-Hamiltonian structure

We start to find a bi-Hamiltonian structure of the soliton hierarchy (4.64). To do so, we are going to use the

trace identity

0 ou 0 ou
— - — T\ el
5u/tr(Wa>\)da: A5 [)\ tr(Wau)], (4.84)
where
__Aa@ 2
7——2d)\ln|t7“(w )|- (4.85)

Let u = (u,v,p1,P2,P3,q1,G2,q3)" be a representation of the components of the P matrix, such that:

p1 = u(—x,—t), py = 17, p3 = a(—x, —t), (4.86)

@ =v(—z,—t), g2 = {1, g3 = 5(—x, —t), (4.87)

and wy = K, (u, v, pi, Gi, Uy, Vg, iy Gi s - - -)» this can be written equivalently as

u; = Ky, (u, v, uy,v,, .. .). Thus, from the matrix U, one can easily compute ‘g—g to obtain,
4
ou
tr [W@)\] = aa(z,t) + ag Z di;(x,t),
i=1

tr[W ou ou }_ \

amm} Sl [Wav(x,o
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By substituting these in the trace identity formula (4.84), and matching the powers of A=, we get

*

[m]
) * m m -I'.b
— / (ala[m+1] + as(1+ (—1)_m_1F_)(d[11+1] + dé3+1]))dx = (y—m) . T om>a
du -r b[m}
+93
(4.88)
where 5% is defined as:
)
0 | w@D | (4.89)
ou 5
ov(x,t)
When m = 2, this yields v = 0. Hence, the Hamiltonians can be taken as
Hpm = - ara™ 4 an(1 + (—1)_m_1F_)(d[lT+1] + dggH])dz:, m > 1, (4.90)
m
and we have
roplm]
OH,n, —I'.b
P [T mzo 91)
u _F+bgm}
Since
plm ] 5 _ir, pim ]
w, =ia| ' :h??“:JL ! (4.92)
bngrH u _iFerngrl}
OHm OHm,
=19 i =Js i , (4.93)
du du
where I'  (cI' f) = ¢f, and ¢ is any complex number.
Moreover, we can deduce the Hamiltonian pair J; and J as follows:
al' 0
J1 = N (4.94)
0 al’,
and
Pl P12’
Jy=®J; =i L L (4.95)

I Pyol
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Using the matrix U, we can find the first four Hamiltonian functionals:

Hy = —ii/ (jul. O + =2, 0 + [o(a, ) + fo(—, 1)) da.

My = —lg Im(ux(x,t)ﬂ(m,t) (=, —t)i, (—z, —t)
+ o, (2, )0(2,t) + v(—z, —t)0, (2, —t))dx,
Hy = —i [ [3(jute, OF +Jul—e, ~0P + oG, 0P + o2, 1))’
= 2Re (@, )ity (2,8) + (=, =)ty (2, 1) + 0(2, g (2,8) + v(
- (Juta (@, )2+ g (=, =) + oy (2, 8) 2 + fog (=, —D)?) | do,
Hy = —i% [6<|u(:1:,t)|2 +u(—z, —t)2 + (@, b)) + |v(-2, —t)|2)-

((
1 (s
(x

(4.96)

x, —t);}m(—x, —t))

2, t) 4+ u(—z, =), (—x, —t) + v, (@, )0 (x, t) + v(—2, —t)0,(—, —t)))

(=, ) + g (2,0, 8) + B (2, —)0(—, 1)

Uz SU t) + um:( Zz, —t)l*Lx(—:E, _t) + Um(l‘, t)l*)mt($’ t) + vxw(_xv _t)'z;z(_xv _t)):| dr.

4.3 Riemann-Hilbert problems

The spatial and temporal spectral problems of the two-component nonlocal Sasa-Satsuma equation can be

written as:

wr =1Up =i(AA + P)y,

o =iVl =i(N02 4+ Q)y,

where A = diag(ay, agly), 2 = diag(B1, f214), and

0 u(z,t) u(—z,—t) v(x,t)
u(x, t) 0 0 0
P=|—t(-z,—t) 0 0 0
—0(z, t) 0 0 0
—0(—z,—t) 0 0 0
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with components

Q=1Qn Q3 Q3 Q3 Qs

Qu Q12 Qi3 Qu Qs
Q21 Q22 Q23 Q2a Qo5

Qu Qa2 Quz Qu Qus
Q51 Qs2 Q53 Qsa Qss

Q11 = a'\% + o\ + a3,

Q2 = bIA3 + plINZ 4 plIN 4l
Q13 = b[QO]/\3 + 5[2 1\2 4+ b[2})\ n b[3}
Qua = b3 4 plIAZ 4 o\ 1 ol

Q _ b[o] )\3 + b[l])\Q [2})\ + b[3}

Q31 = 0[20] pRE 0[21})\2 + 0[2})\ +c [3}

Q21 = 6[10} 23+ c[l]/\2 + c[z])\ + c[g]

Qa2 = AN + dPA, +d),
Qa3 = diAN® + dIN2 + ]\ + dfY,
Qa4 = dUN® + dIN2 4+ dP]\ + dfY,

Qa5 = dUIN® + dPIA2 + dP]\ + dfY,

Qu = Cgo] PRE cgu)? + 0[2})\ +c [3}

Qsz = dSI NP +
Q33 = dggw +dSAN, +dy,

Qs5 = dy

N2 diin, +d5),

A2 4 dP A+ d Qus = dON3 + dIN2 + alZin + d,

Qst = N3 4 (N2 4 () 4 B

Qs2 = dIN + dlIN2 + dPx + df
Qs3 = dig\® + di9N? + dpx + i,
Qs = dgN® + d9A? + dpx + df),

Qss = AN + d2x + ).
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Qup = d N3 + dN2 + alfx + df),
Quz = dyg\® + d5SIN? + dg A + i,

+ doi? + doix, +d), Qua = dyg\? + digi\ + diy),

(3]

(4.100)



Here we assume that @« = oy — g < 0 and 3 = 31 — B2 < 0, where 31 + 482 = 0.

To find soliton solutions, we begin with an initial condition {u(z,0),v(z,0)} and evolute in time to reach
{u(z,t),v(z,t)}. Assume that v and v decay exponentially, i.e., v — 0 and v — 0 as z,t — =o0.
Therefore from the spectral problems (4.97) and (4.98), the asymptotic behaviour of the fundamental matrix

(p can be written as

(1) ~r NN DL (4.101)

Hence, the solution of the spectral problems can be written in the form:

o(z,t) = P(z, t)eMTTN 2 (4.102)
The Jost solution of the eigenfunction (4.102) requires that [20, 45]

Y(x,t) — I5, as x,t— Foo, (4.103)
where I5 is the 5 x 5 identity matrix. We denote

v* =I5, when z — +oo. (4.104)
Using equation (4.102), the spectral problems (4.97) and (4.98) can be written equivalently as:

Yy = IA[A, Y] + 1P, (4.105)

Py = IN[02, 9] + Q). (4.106)

To construct the Riemann-Hilbert problems and their solutions in the reflectionless case, we are going to use

the adjoint scattering equations of the spectral problems ¢, = iUy and ¢y, = iV Bly. Their adjoints are
Py = —i@U, (4.107)

Gry = —igpV Bl (4.108)
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and the equivalent spectral adjoint equations read

Yy = —iA[, A] — i P, (4.109)

Py = —iN [y, 2] — Q. (4.110)

Because ¢7(iP) = 0 and ¢r(iQ)) = 0, using Liouville’s formula [45], it is easy to see that the (det (1)), = 0,

that is, det(v)) is a constant, and utilizing the boundary condition (4.103), we conclude

det(y) =1, (4.111)
and hence the Jost matrix v is invertible.
Furthermore, as ¢, = —¢~11,7)~1, we can derive from (4.105),
Yt =iy A — i P (4.112)

Thus, we can see that both (1)*)~1 and (¢~)~! satisfies the spatial adjoint equation (4.109). We can also
show that both satisfies the temporal adjoint equation (4.110) as well.
It can be shown that if eigenfunction 1 (z, ¢, ) is a solution to the spectral problem (4.105), then 1»~!(x, ¢, \)

is a solution to the adjoint spectral problem (4.109).

This implies that C12~1(x, ¢, \) is also a solution of (4.109) with the same eigenvalue, because v, =
—p~14p,p~ L. In a similar way, the nonlocal f(—xz, —t, —\)C} is also a solution of the spectral adjoint
problem (4.109). Since the boundary condition is the same for both solutions as x — o0, this guarantees

the uniqueness of the solution, so

*

Yl (—x, —t, =) = C1p~H(x, t, ) C L. (4.113)

As aresult, if A is an eigenvalue of equation (4.105) or (4.109), then — A\ is also an eigenvalue and the rela-
tion (4.113) is satisfied.

In the same way, one can prove that ¢ (z, ¢, )\)C’Q_l and 02_11/1(—:5, —t, —A) satisfy (4.105), using the bound-
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ary condition and by uniqueness of the solution, we can also derive

Y(—x, —t, =) = Cotp(,t, \)Cy *. (4.114)

Now, we are going to work with the spatial spectral problem (4.105), assuming that the time is ¢ = 0.
For notation simplicity, we denote Y™ and Y~ to indicate the boundary conditions are set as x — oo and
T — —00, respectively.

We know that

Y* = Iy when z— too. (4.115)

From (4.102), we can write

Pt =gt (4.116)
Both o1 and ™ satisfy the spectral spatial differential equation (4.97), i.e. both are two solutions of that
equation. Thus, they are linearly dependent. So, there exists a scattering matrix S(\) such that

o~ =TSN, (4.117)
and substituting (4.116) into (4.117), leads to

w_ _ 77/}-&-6@')\/1905()\)6—1')\/190, for )€ R, (4.1 18)

where

S11 S12 S13 S14  S15
S21 822 823 S24 825
S(A) = (si5)5x5 = S31 S32 S33 S34 S35 | - (4.119)

S41 542 543 S44  S45

541 542 543 S44 S55

Given that det(¢)*) = 1, we obtain

det(S(N)) = 1. (4.120)
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In addition, we can show from (4.113) and (4.118) that S(\) possesses the involution relation
: 1
ST(=\) = 1St (et (4.121)
We deduce from (4.121) that
s11(N) = 511 (=N), (4.122)

where the inverse of the scattering data matrix is denoted by S™! = (8;x)5x5 for j, k € {1,2,3,4,5}.

We can show similarly from (4.114) and (4.118) that S(\) satisfies
S(=\) = CS(N)Cy L. (4.123)
This leads us to deduce
511(—)\) = 811()\). (4124)

In order to formulate Riemann-Hilbert problems, we need to analyse the analyticity of the Jost matrix 1.
Our solutions % to this problem can be uniquely written by using the Volterra integral equations in con-

junction with the spatial spectral problem (4.97):

x

Y (2, \) =I5+ / eAE=NAP(y)h~ (y, \)e A= gy, (4.125)
+o00
W@ ) =I5 — i / ATV P ()t (y, NN DA gy 4.126)

T

We denote the matrix ¢~ to be

Vi Yo g Y Y
Vo1 y Va3 Yoy g
VT =g v vn v Y | 4.127)
Vi Yo Yaz Vun U
Y51 V5o s Usy Vss
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and ¢ is denoted similarly. Thus from (4.125) the components of the first column of 1)~ are

Y =1+1 /I (u(Y)ha (Y, A) + u(=y)b31 (Y, A) + 0(¥)ir (y, A) + v (=y) Y5, (¥, A))dy,

—00
T

by = —i / u(y)y (y, e 2TV dy o = —i / w(—y)r (g, Ne 2@V gy,

—00 —00
T

Y = —i/ V()P (y, Ne 2 dy, g = —i/ V(=y)vi (g, Ae MV dy,

—0 —00

Similarly, the components of the second column of @)™ are

iy =i / ) (u(yw;g(y, A) + u(=y) sy, A) + o)y, A) + v(—y) sy, A))e““(x—”dy,

—00
T

gy =1 / Wy Ny, g = —i / Ay (9, Ny,

—0 —0o0

v(—y) 1y, Ndy,

b = —i / S, Ny, s, = —i /

— 60 00

and the components of the third column of ¢/~ are

vi=i [ OO (u<y>w53<y, N u(—y) s N) + 0@ A) + o~y A)) NG gy,

vm =i [ RN vs =11 [ 0,

¥G = —i / S (0, Ny, oy = —i / =) (9, Ny,

—00 —00

the components of the fourth column of ¢/~ are

Yy =1 /_; (u(y>w24<y, A) Fu(=y)au(y, A) + v (Y)Y (y, A) + v (=y) sy, >\)> ey gy,

Yy = —i / AW Ny, g = —i / (=) 01 Ny,

— 00 —00

Yuy=1- 1/ oY)y, Ndy, s, = —i/ 0(—y)ia(y, Ndy,

—00 —00
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and finally the components of the fifth column of )~ are

Vi = Z/_; (u(y)wg_s(y, A) Fu(=y)hss(y, A) + v (Y)us (Y, A) + v (=y) Y55y, A)) erl==Y) gy,

s = —i /_ w(y)ys (v, Ndy, gy = —i /_ w(—y)tys (y, A)dy,

v =i [ SN v =1-i [ iy

—0o0 —0o0

Recall that o < 0. If Im()\) > 0 and y < x then, Re(e~"**(*=¥)) decays exponentially and so each integral
of the first column of ¢~ converges. As a result, the components of the first column of ¢, are analytic in
the upper half complex plane for A € C, and continuous for A € C; UR.

In the same way for y > x, the components of the last four columns of ¢ are analytic in the upper half

plane for A € C. and continuous for A € C; UR.

It is worth mentioning the case when I'm(\) < 0, then the first column ¢ is analytic in the lower half plane
for A € C_ and continuous for A € C_ UR, and the components of the last four columns of 1)~ are analytic

in the lower half plane for A € C_ and continuous for A € C_ UR.

Now, let us construct the Riemann-Hilbert problems. To construct the Jost matrix in the upper-half plane we
note that

Pt = e M (4.128)

Let z/Jj-c be the jth column of % for j € {1,2,3,4,5}. Hence the first Jost matrix solution can be taken as

P+(ZL‘, )‘) = Wiw;,w;,%ﬁrﬂﬁ;) = ¢_H1 + ﬂ)+H2a (4129)

where Hy = diag(1,0,0,0,0) and Hy = diag(0,1,1,1,1).
Therefore P is analytic for A € C and continuous for A € C; UR.

For the lower-half plane, we can construct P~ € C_ which is the analytic counterpart of P™ € C,. We do
this by utilizing the equivalent spectral adjoint equation (4.112). Because ¢+ = (4*)~! and
oF = T we have

()7 = M) 7 (4.130)
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Let %ﬂ: be the jth row of ¢F for j € {1,2,3,4,5}. As above, we can get
.\
P~ (z,A) = (w;,wm;,wm;) = Hi(y7)"" + Ha(v*) ™"

Hence, P~ is analytic for A € C_ and continuous for A € C_ U R.

Since both 1)~ and ¢ satisfy

*

wT(—% _t7 _)‘) = Clwil(xa ta )‘)Cl_la

using (4.129), we have

* *

PJF(_‘Ta —t, _)‘) = wi(_‘ra —t, _)‘)Hl + T/J+(—l', —t, _A)HZ

or equivalently

* * *

(PJF)T(_‘T? —t, _)‘) = Hl(wi)T(_wv _tv _)‘) + HQ(w+)T(_$7 _t7 _/\)’

Substituting (4.132) in (4.134), we have the nonlocal symmetry property

*

(PO (—z, —t,~\) = C1P~ (2, t, \)CT L.

One can prove as well that

Pt (—z,—t,—\) = CoP " (x,t,\)Cy "

Employing analyticity of both P+ and P, one can construct the Riemann-Hilbert problems

P Pt =,

where J = % (Hy + HyS)(Hy 4+ ST Hy)e M for )\ € R.
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Replacing (4.118) in (4.129), we have

Pz, \) = T (eMeSe= Mo 4 Hy). (4.138)

Because ¢t (2, \) — I when z — 400, we get

s11(A) 0
im pt— | , for AeC,UR. 4.139)
r—r-+00
0 1y
In the same way,
) B $11(A) 0
lim P~ = , for Ae C_UR. (4.140)
T——00 0 I4
Thus, if we choose
2y 0 SN 0
4 ot si1 (M) 1 _ $11 (M) _
GT(x,\) = PT(x,\) and (G7) '(z,\) = P~ (z,)\), (4.14])
0 I4 0 I4

the two generalized matrices G (x, \) and G~ (x, \) generate the matrix Riemann-Hilbert problems on the

real line for the resulting two-component nonlocal Sasa-Satsuma equation, given by

Gt (z,\) = G~ (2, \)Go(z,N), for NER, (4.142)

where the jump matrix G (z, A) can be cast as

Go(z,\) = J , (4.143)
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which reads

81_11 §1—11 §12§1—11 eirax §13§1—11 eiraz §14§1—11 eirax §15§1—11 eirax

s9187] €T 1 0 0 0
Gol,A) = | ssspie” A 0 1 0 0 . (d144)

54131_116_i’\0‘”3 0 0 1 0

sp157 €T 0 0 0 1

and whose canonical normalization conditions are:

GT(z,\) =I5 as AeCyUR — oo, (4.145)
G (z,\) =I5y as A€ C_UR — oc. (4.146)

From (4.135) along with (4.141) and using (4.122), we deduce the nonlocal involution properties

(GH) (=, —t, —\) = C1(G) "M, t, \)CT L,
(4.147)

GH(—z,—t,—\) = CoGF (x,t,\)Cy "

Furthermore, from (4.143),(4.122) and (4.142),(4.147), we derive the following nonlocal involution proper-

ties for G

Gl(—a,—t,~\) = C1Go(, t, \)C; Y,
A €ER. (4.148)
GO(_:C7 _t7 _A) = CQGO(x7 tv A)CQ_17

4.3.1 Time evolution of the scattering data

At this point, we have to determine how the scattering data evolves over time. In order to do that, we

differentiate equation (4.118) with respect to time ¢ and applying (4.106) gives

S, = iN3[02, ], (4.149)
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and thus

0 iBN3s12 iBA3s13 iBA3s1a BA3sis
—iA3591 0 0 0 0
St = | —ifN\3s3 0 0 0 0 : (4.150)
—iBN3s41 0 0 0 0
—iB\3s51 0 0 0 0

As a result, we have

(

Sl?(t, )\) = 812(07 )\)eiﬁ)@t’ 821(t7 A) — 821(07 A)e,iﬁ)\iit’
s13(t, ) = s13(0, NP, s31(8,0) = 531(0, \)e PN

. 4.151)
s14(t, A) = s14(0, NP sy (£, N) = s41(0, N)e N

s15(t, A) = s15(0, NP sg1(t,A) = s51(0, N)e N

and s11, S25, 835, 545, S5; are constants for j € {2,...,5}.

4.4 Soliton solutions

4.4.1 General case

Based on the Riemann-Hilbert problems, the type of soliton solutions generated is determined by the deter-
minant of the matrix G*. When det(G*) # 0, the regular case leads to a unique solution. On the other
hand, the non-regular case det(GT) = 0, generates discrete eigenvalues in the spectral plane. To solve for
soliton solutions, we can transform the non-regular case into the regular case.

The following can be shown from (4.138) and det (/%) = 1

det(PT(x,))) = s11(N), (4.152)

det(P~(z,A)) = 811(N). (4.153)
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T
Since det(S()\)) = 1, thus it follows that S~1(\) = <cof(5(>\))> . So

522 823 S24 825

R 532 833 S34 S35
S11 = N (4.154)

542 543 S44 S45

S52 553  S54  S55
which should be zero for the non-regular case.

The solutions to det(P T (x, X)) = det(P~(x,\)) = 0 have to be simple in order to obtain soliton solutions.
In the case of det(P*(z,)\)) = s11(\) = 0, we assume s11(\) has simple zeros generating discrete eigen-
values A\, € C4 for k € {1,2,...,2N; = N}, whereas in the case of det(P~(x,\)) = §11(A) = 0, we

assume $11(A) has simple zeros generating discrete eigenvalues A € C_fork e {1,2,...,2N; = N}

* *
From §11(\) = $,;(—A) and det(P%(z,\)) = 0, one can see that if A € C,;, then —\ € C,.. Also, from

511(—A) = s11(A\) and det(P*(x, X)) = 0, we deduce that if A € C,, then —\ € C_. In other words,

-\ € (C+,
ift AeC,, then A ¢iR. (4.155)

-\ eC_,

* .
If A =im € iR, for m > 0, the couple (A, —\) € (Ci coincide, forcing A = —A = —im € C_.

To make this clearer, we can view the choices of the eigenvalues in a more systematic way. Recall that
the Riemann-Hilbert problem requires the same number of eigenvalues in the upper-half plane and in the
lower-half plane. Assume \, € C, forall £ = 1,2,...,2N;. Fix nfor 1 < n < Nj and A, lies off the
imaginary axis. The eigenvalues are given by the Nj-couples (A, A N ) = (A —;\) € C2, which are
assumed to be the zeros of det(P*(z,\)) = 0. For any ), the choice of Ay, ,, depends on \,,, that is,

Ap = —AN, 1> Where A, is freely chosen. If A, lies on the imaginary axis, then the coupled pair coincide.

In the lower-half plane, we have Xk € C_forall k =1,2,...,2N; and similarly the eigenvalues are given
by the N;-couples (X, 5\N1+n) = (=X, \) € C2, which are assumed to be the zeros of det(P~(z,\)) = 0,

and A\, = —Ay 4
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In other words, if A,, is not pure imaginary, then the scheme of the eigenvalues take the form

* *

s ANy Ams Avpam) = (A, =X, =X, \). (4.156)

+n’ ‘no

~

Each Ker(P*(x,\)) contains only a single column vector v, similarly each Ker(P~(z, \)) contains

only a single row vector v, such that:
P (z,\p)vi, =0 for ke {1,2,.. 2N}, (4.157)

and

9P (2, 05) =0 for ke {1,2,.. 2N;}. (4.158)

To obtain explicit soliton solutions, we take Gg = I5 in the Riemann-Hilbert problems. This will force the
reflection coefficients so1 = s31 = s41 = s51 = 0 and §15 = 5§13 = 14 = $15 = O.

In that case, the Riemann-Hilbert problems can be presented as follows [26]:

N v (M) %

G\ =I- ) AL R (4.159)
k=1 A=A
and
N 1\ &
o V(M™%
@) e N =T+ Y (4.160)
k=1 k
where M = (my;) nx N is a matrix defined by [26]
L N A N
myj = 9 k,je{1,2,..,N}. (4.161)
0, it A=A,

Since the zeros \j, and )\ are constants, because they are independent of space and time, we can explore the

spatial and temporal evolution of the scattering vectors v, (z,t) and v (x,t), 1 < k < N.

Taking the x-derivative of both sides of the equation

Pt (z,\)vp =0, 1<k<N, (4.162)



and knowing that P satisfies the spectral spatial equivalent equation (4.105) together with (4.157), we

obtain

d
P+(x,Ak)<de’f —i)\k/lvk> =0 for k,je{l,2,...,N}. (4.163)

In a similar manner, taking the ¢-derivative and using the temporal equation (4.106) with (4.157), we acquire
+ dvy, . 3 .
P (.’E,Ak) %_Z)\k‘gvk =0 for k,j & {172’7N} (4.164)

For the adjoint spectral equations (4.109) and (4.110), we can obtain the following similar results

dv, )

(Clvxk + iAkfka> P (z,),) =0, (4.165)
and

dvy | ia. — 3

“E 4 idnQ | @A) = 0. (4.166)

. . . dv . dv .
+ N N 13
Because v, is a single vector in the kernel of P™, so —* — i\ Av, and —F — i\ v,

are scalar multiples of v, .

Hence without loss of generality, we can take the space dependence of v, to be:

dv,

g iNgAvy, 1<E<N (4.167)
T
and the time dependence of vy, as:
dv, .3
so, we can conclude that
V(@) = vi(a, b, \p) = eMATTNLhy - for ke {1,2,..., N}, (4.169)

by solving equations (4.167) and (4.168). Likewise, we get

G, t) = (2,8, Ap) = e MATTIAL2E for e {12 N, (4.170)
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where w;. and W, are constant column and row vectors in C?, respectively. In addition, they need to satisfy

the orthogonality condition:
Wew; =0, when X\ =), 1<kI<N.
From (4.157) and using the formula (4.135), it is easy to see
V(=2 —t, ) (PO (—, —t, ) = Vi (=2, —t, \))CLP ™ (2,8, —A)Cy = 0.

Because v/ (—x,—t,—X,)C1P~(x,t, \,) can be zero and using (4.158) this leads to

* *

Vi(=a, —t, \))C1P™ (2, t, = A) = Vi (=2, —t, Ay )C1P™ (2, £, — ;)

=G, (z,t, \p) P~ (,t,\) = 0,

thus, we can take

G, t, Ag) = Vi (—x, —t, A,)Ch.
Therefore, the involution relations (4.169) and (4.170) give

i Mk Az+iX3 02t

Vk(.'I),t) = Wi

A —'A —'A3
Vk({r,t) _ er iAp Az z)\thCI'

Now, in order to satisfy the orthogonality condition (4.171), one can notice that we require:

wiCiw, =0, as N =X, 1<kI<N.

~ ~ * ~
As a consequence, \;, = A, still occurs for A, € iR and A\, = —X, holds, when \;, # A,.

4.171)

(4.172)

(4.173)

(4.174)

(4.175)

(4.176)

(4.177)

(4.178)

Because the jump matrix Gy = I5, we can solve the Riemann-Hilbert problem precisely. As a result, we

can determine the potentials by computing the matrix P*. Because P is analytic, we can expand G as

follows:
1

G+(QS‘,)\) = I5 + 2

1
Gf(aﬁ)+0(ﬁ), when \ — co.
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Because G satisfies the spectral problem, substituting it in (4.105) and matching the coefficients of the

same power of 1, at order O(1), we get

P = —[A,GT]. (4.180)
If we denote
(G (G2 (G (G (G
(GD21 (G2 (GY )2z (GP)2s (GY)2s
Gr= [ (@ (Gz (G (GHar (G (4.181)
(G (G2 (GY)as (G)aa (G
(GDs1 (G)s2 (GY)ss (G )sa (GY)ss
then
0 —a(G) )iz —a(G iz —a(G)uu —a(G)s
(G )2 0 0 0 0
P=—[AGT]= | a(GHan 0 0 0 0 : (4.182)
(G ) 0 0 0 0
a(G)s1 0 0 0 0

Matching the components of (4.182) to the components of the P matrix, P can be rewritten in the form:

0 —a(Gf (z)12 —a(Gf (=2)12 —a(G(2)1s —a(Gf (—=2))a

(G (2))12 0 0 0 0
P= | a(Gf (~2)1z 0 0 0 0 . (4.183)

(G ()1 0 0 0 0

a(c*:l*(—x))m 0 0 0 0

As aresult, we can recover the potentials v and v as

u(@,t) = —a(GY (2, t)he, (4.184)
v(z,t) = —a(GY (z,1))14. (4.185)
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It can be seen from (4.179) that

Gf = )\/\Iim (G (x,\) — Is), (4.186)
—00

and then using equation (4.159), we deduce

N
G == > iM%, (+157)
k=1

where

_ T o (5 S oD
Vi = (Vk,laVk,27vk,3vvk,4vvk,5> Vi = (Vk,laVk,2vvk,37vk,4vvk,5)'

In addition, by the use of equations (4.8) and (4.180), we can easily prove the symmetry relation

(GD) (=2, ~t) = O1GY (2, t)Cr
(4.188)

GT(—x,—t) = CoGY (x,1)C5 "

We deduce that the specific Riemann-Hilbert problem solutions determined by (4.159)-(4.161), satisfy
(4.147). Hence the matrix Gf posses the symmetry relation (4.188), which is genereted from the non-

local symmetry (4.6).

Now, by substituting (4.187) into (4.184) and using (4.176) and (4.177), we generate the /N-soliton solution

to the nonlocal reverse-spacetime two-component AKNS system of third-order

Vi (M) 55, (4.189)
—1 ~

Vk,1(M )ijj,4- (4.190)

4.5 Exact soliton solutions and their dynamics

4.5.1 Explicit one-soliton solution

For a general explicit formula for the one-soliton solution of the Sasa-Satsuma equation (4.1) and (4.2), i.e.,

when N = 1, we choose A\ = im and 5\1 = —im, where m > 0, in order to fulfill condition (4.155). This
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Sasa-Satsuma equation requires a further orthogonality condition
wiCow; =0, for N =2, 1<kI<N. (4.191)
which will impose the choice of w; to be:
Wy = (Wyp, Wig, Wig, Wiy, W) (4.192)

in order to satisfy the Sasa-Satsuma equation (4.1). As a consequence, the solution to the two-component

nonlocal reverse-spacetime Sasa-Satsuma equation (4.82)-(4.83) reads

_ iZame\;Iu
uﬂ%t)—'Aﬁamx_@n%%_Be_amw+&n%’ (4.193)
_ iZame\;M
UQEt)—'Aﬁamx_@n%%_Be_amm+@n%’ (4.194)
where
A =2(lwi* + W), B = fwy[” (4.195)

4.5.1.1 The dynamics of the one-soliton
For the one-soliton, the soliton moves with speed V' = ng along the line z = ngt. In that case, the
amplitude is given by

_ a2m|wyq||wo|

fu, 1) = =g (4.196)

The amplitude of the moving soliton stays constant as seen in figure 21. In the case when \; = m is real,

we get a breather with period % as in figure 22.
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Figure 21.: Spectral plane along with 3D, 2D and contours plots of |u(z, t)| of the one-soliton with param-
eters (o, B) = (=2, —2), (A1, A1) = (4, —i), w; = (1,0.5,0.5,0.5,0.5).

a o5 A
1 1
= =
-z -1.5 -1 -a.s o ols 1 1.5 z
()

Figure 22.: Spectral plane along with 3D, 2D and contours plots of |u(x, t)| of the one-soliton breather with
parameters (a, 8) = (—4, —4), (A1, A1) = (1, -1), w; = (1,-0.5,-0.5,1.5,1.5).
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4.5.2 Two-soliton solutions

For a general explicit formula for two-soliton solutions of the Sasa-Satsuma equation (4.1) and (4.2),
i.e., when N = 2, the configuration of the eigenvalues for this equation is given by (A, Ay, 5\1, 5\2) =
(A, =X, =X, \). As aresult, we have three distinct cases as shown in figure 23. In all cases, the eigenvalues

A, Ay € Cy URand Aj, Ay € C_ UR are all taken to be distinct, i.e., \; # A, and A # Ao.

7N
1 A _ A
= " =2 " =
&2 l &9 | lird | l
o 2 1 A
2 2
oA ®() R(A) N R(A)
2 N R mA
_ Am ul
1 1 2
1
(a) Case I (b) Case 11 (c) Case III
Figure 23.: Spectral planes of two-soliton eigenvalues cases
4.5.2.1 Explicit two-soliton solutions: Case I
If all eigenvalues in the complex plane are pure imaginary, that is A\; = imj, Ay = ima, A= —imy,
Ao = —img, for my, mg > 0 and Wy = (Wqq, Wyg, Wig, Wiy, Wyy) 7, then for simplicity of the solution, we
take w, = w,. Hence, the solution in this nonlocal reverse-spacetime case is given by:
«  Ny(z,t
u(z,t) = 10(W11W12L (4.197)
Dy(z,1)’
v, t) = iow, Wy N, (e, ), (4.198)
D, (2,1)

where
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N (l’,t) — mlAle (a1m1+oz2 m1+2m2)):1:+(51m1+52(m}+2m2 )t

_ mg.Ale (almz—i-az 2m1+m2))a:+ (Blm2+,82(2m1+m2 )t
(4.199)
+ mlAze (agml—i—al m1+2ma )x-{—(,@gm‘i’-{—ﬁl(m +2m2 )t
_ m2A26 (a2m2+a1 2mi+ms )x—i— (ﬁgmz—l—ﬁl(Qm:{’—‘er )t
and
D (CE t) — A3672a2(m1+mz)m+2/3’2(m:{+m§)t + A4672(a1m2+a2m1)x+2(,81mg+,82m?)t
+2Ae” a1+a2)(m1+m2)x+(,81+,6’2)(m?+m§)t+A4ef2(a1m1+a2mg)x+2(ﬂ1m?+ﬁzm‘;)t (4.200)
+ A66—2a1(m1+m2)x+251 (mi’—i—mg)t
where the coefficients are
Ay = 4(m] —m3)(|w|* + [wiyl?), Ay = 2(mF — m3)|wy, %,
Az = 4(my — m2)?(Jwio|* + [wig[?)?, Ay = 2(my + ma)?|wyy [P([wia]? + [wigl?),
As = =8mama|wyy [ (Iwia|* + [wi4l?), Ag = (m1 — ma)?|wy|*.
4.5.2.2 The dynamics of the two-soliton solution: Case I
If the eigenvalues \; = —5\1 and \y = —5\2, then the two solitons move in the same direction before and

after the elastic collision, where the faster soliton overtakes the slower one. An overlay of two traveling
waves is shown in figure 24, in which the amplitude pre and post collision remains unchanged, and the

speed of the soliton S5 is larger than the speed of the soliton S;.
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Figure 24.: Spectral plane along with 3D, 2D and contours plots of |u(x,t)| of the two solitons inter-
action with parameters (o, ) = (—2,—-2), (A, Ay, Ay, Ay) = (0.51,0.71, —0.51, —0.71), w; = wy =
(1,0.5,0.5,0.5,0.5).

4.5.2.3 Explicit two-soliton solutions: Case I1

In that case, if A\;, A\, € C, are not pure imaginary, then the involution property (4.155) requires that
Ay = —A;, while in the lower half-plane 5\1 = —\; and 5\2 = A

Let wy = (Wyq, Wyg, Wy, Wy4, Wi4) ! and wo = w;. the solution in this nonlocal reverse-spacetime case is

given by:
u(x,t) = —aw{{Wig—=———%, (4.201)
( ) 11W12 DQ(ZL‘,t)
v(z,t) = —aw Wiy —F, (4.202)
( ) 11%14 DQ(ZC,t)
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* *

Ny(z,t) = }k\lBlei(_‘)‘1>‘1+O‘2(2>\1—>\1))$+i(—ﬁ1j\§+62(2)\§—;\i”))t
(orr, 3k, o (5 223003

+ A Bzel(al 1=23p)Hasd o+ (81 (A —238)+627 )
(

+ )\ B 61 a1 A +az( )\172;\1)>:p+1(,81/\5+52 /\5 2/\5))

)

Dy(z,t) = By e doaIm(X )z — 4B2Im(A$)t + B, ei2(0nh; — ag,\ Yz+i2(B1 A — 52A3)

+ 2B 2ot Im( o251+ mODE 4 3 —i2(a1 Ay a2, )z —i2(B1 33— F273 )t

+ 866—4a11m(>\1)w—4,311m()\§’)t’

with coefficients

By = ilGIm()\ﬂRe()\l)(‘Wlﬂz + |w14|2), By = i8Im(A1)Re()\1)|w11\2,

2
By = _(4R6(A1)(‘W12|2 + |W14|2)) , By = 8(Im(A)))? w1 P(|wia]® + [wiyl?),

2
By = —8|A [P lwy [P(|wia]? + [wial?), Bg = —(2‘W11|2Re(>\1)) :

4.5.2.4 The dynamics of the two-soliton solution: Case 11

(4.203)

(4.204)

In this configuration of the eigenvalues, the two solitons .S; and S2 move in the same direction as shown in

figure 25. The soliton wave So with the higher speed overtakes the wave S7 and after the collision, the wave

S1 gains speed and overtakes S2. Therefore, we have a continuously occurring phenomenon of periodic

elastic collisions.
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t=-69—t=11—1t=84

Figure 25.: Spectral plane along with 3D, 2D and contours plots of |u(z, t)| of the two solitons interaction
with parameters (, 3) = (=3, —3), (A, Ag, Ay, Ag) = (0.1 +0.4i, —0.1 + 0.4i, —0.1 — 0.41,0.1 — 0.4i),
Wy =wy=(1,0.5,0.5,1+1i,1+i).

4.5.2.5 Explicit two-soliton solutions: Case III

In that case, if \; = im € iR, is pure imaginary and A, = n € R, then the involution property (4.155)

requires that 5\1 = —im and 5\2 = —n.

o _ T . . . .
Let w; = wy = (Wqq, Wyg, Wyg, Wy4, Wi4)" . The solution for this nonlocal reverse-spacetime case reads:

w(z, t) = —20(m? 4+ n?)wy wig =%, (4.205)
( ) ( ) 11W12 D3(.%',t)
« N IIZ‘,t
v(z,t) = —2a(m? + n?)wy;wyy DSEx tg’ (4.206)
3 9

where

NS(:U t) — Cle(_(041+0‘2)m+i2042n)90+((51+/32)m3+1252n3)t + C2e(i(a1+a2)n—2a2m)x+(i(ﬁ1+,82)n3+252m3)t
+ Cge(i(a1+a2)n—2a1m)x+ (1(61+62)n3+2,31m3)t + C4e(—(a1+a2)m+i2a1n)x+((61+,32)m3+i251n3)t

i

(4.207)
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D3(1:a t) _ 658(—2a2(m—in))w+ (262(m3+in3))t + Cﬁe(—2a1m+i2a2n):c+ (251m3+1262n3)t
+ 676(—(a1+a2)(m—in))m+((61+Bg)(m3+in3))t + Cse(—2a2m+i2a1n) z+ (252m3+i2ﬁ1n3)t (4.208)

+ C96 (720(1 (mfin)) z+ (251 (m3 +in3)) t

)

where the coefficients are

Cy = i2m(|wiof* + [wi4l?), Co = =2n(|wiof* + [wi4l?), C5 = —nlwyy [*, Cy = im|wyy |,

Cs5 = —4(i2mn + m? — n®)(|lwia|* + [wi4]?)?, Cg = 2(i2mn — m® 4+ n?)[wyy 2 (Jwia] + [wia[*),
Crp = —il6mn|wyy|*(Jwia|? + [wial*), Cs = 2(2mn — m? 4+ n?)[wyy |*(Jwia]? + [wia[*),

Cy = —(i2mn +m? — n?)|wyy [*.

4.5.2.6 The dynamics of the two-soliton solution: Case III

Taking a look at this dynamics, we can observe a soliton moving in one direction, and a breather moving
in the opposite direction. They interact continuously while the soliton travels through the breather. This is

shown in figure 26.

30

i’NM
: g

1
R(A)

6
ol 54
4

T T T T 1
1 2 3 4 5 6

t=-251—1t=0—1t=251]

Figure 26.: Spectral plane along with 3D, 2D and contours plots of |u(x,t)| of the continuous interaction

between the soliton wave and the breather. The parameters are (v, ) = (=4, —4), (A}, Ay A, Ay) =
(0.51, 1.5, —0.51, —1.5), w; = wy = (1, =1 +1, =1 +1, 1 +1i,1 +1).
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4.5.3 Breathers

In this particular case, the configuration (4.156) compels a two-soliton breather to behave as a one-soliton
breather, if all eigenvalues are real. That is, since A; # A, and A\; # Ay, then \, and ), are redundant and

we take \y = 5\2 = 0, which reduces to the one-soliton breather solution, previously mentioned (figure 22).

5 |

A
1
—n ! ! m—
R(A)

Figure 27.: Spectral plane of the two-soliton breather

4.6 Remarks

In this chapter, we investigated a nonlocal reverse-spacetime two-component Sasa-Satsuma equation. The
nonlocality is embedded within the framework of a nonlocal integrable hierarchy, thus resulting in this
equation. This technique allows the construction of nonlocal systems without reductions and ensures their

integrability.
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Chapter 5

Conclusion

To summarize, we investigated a nonlocal reverse-spacetime two-component Sasa-Satsuma equation, which
was derived from a nonlocal hierarchy. This equation presents a special configuration of the eigenvalues in
the spectral plane, that is (A, —;\, -, ;\) must hold whenever the eigenvalue A is not pure imaginary. In the
case where A is pure imaginary, then the latter configuration reduces to (A,—\). In contrary, the reverse-
time sixth-order NLS-type equation exhibits the simple eigenvalue configuration (A,—\) in the spectral
plane. This configuration (A,—\) of eigenvalues makes the Riemann-Hilbert problem easier to be solved in
the reverse-time than in the reverse-spacetime [14]. As can be seen from the eigenvalues configuration of the
nonlocal Sasa-Satsuma equation, which involves two symmetry relations. The first is associated with time,
and the second with space. Further, a kind of soliton solutions was generated, and the Hamiltonian structure
was derived for the resulting nonlocal Sasa-Satsuma equation.

Furthermore, looking at the dynamics, the reverse-spacetime equations exhibit very different dynamical
behaviors than reverse-time and reverse-space equations [14]. For instance, in the reverse-spacetime Sasa-
Satsuma equation, the one-soliton is a moving soliton, while in the reverse-time and reverse-space NLS-type
equation, it is stationary [35].

It is also noteworthy that the two solitons collide elastically and move in the same direction in the reverse-
spacetime Sasa-Satsuma equation resembling fundamental solitons, whereas in the reverse-time NLS-type
equation, two solitons coming from opposite directions can collide in an elastic or inelastic manner.

At last one can ask: in general, can we construct nonlocal hierarchies starting with a nonlocal spectral matrix

to obtain nonlocal integrable systems?
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