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ABSTRACT

This thesis poses the co-Laplace equation in Grushin-type spaces. Grushin-type spaces G are defined
by the vector fields which serve as a basis for their tangent spaces; by weighting the canonical (Euclidean)
directional vectors {9/0x;}?, by functions p; that obey certain technical assumptions, we produce a class
of metric spaces in which certain directions may not be accessible at all points in the space. We prove the
existence and uniqueness of wviscosity solutions to both Dirichlet problems and Cauchy-Dirichlet problems
involving the oo-Laplacian over bounded Grushin-type domains. The main tool in proving uniqueness of these
solutions is a comparison principle for semilinear functions, which we obtain by exploiting the relationship
between Euclidean and Grushin-type geometry. We also prove that solutions of certain Cauchy-Dirichlet
problems converge to solutions of (time-stationary) Dirichlet problems as we permit the chronological variable

t to tend toward oco.
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CHAPTER 1:
INTRODUCTION AND BACKGROUND

Let R™ have coordinates (21, %2, ..., %,) and let {9/dx;}!_; be the standard vectors (directional deriva-
tives) that are orthonormal under the inner product (-, -)euc and related norm ||-||euci. We recall that for a

smooth function w : R™ — R”, we define the gradient to be the vector

ow ow
Dw = <8xl,,8xn>

and the n x n second derivative matrix D?w has entries given by

0%w
2 -
[D w]ij o 81’131‘j

Using these derivatives, we can define the co-Laplace operator by
" dw  Ow 0w

Bocwi= = (D*w-Dw. Dw)ou = = 32 50 50 oo

for a sufficiently smooth function w : R™ — R and its parabolic counterpart by
ft + Aoof

for a sufficiently smooth function f : R™ x [0,7] — R. Note that the parabolic operator contains a time

element.
The Euclidean co-Laplace operator can be thought of as the formal limit of the Euclidean p-Laplace

operator
Ayw = —div(||Dw||P—2.Dw)

= —(IDwlEdm (D*w) + (b - 2] DuldAnw)

for 1 < p < oo as we take p 1 oo. (Here div is the standard Euclidean divergence.) Since weak solutions in

the sense of distributions to the homogeneous equation Apw = 0 are minimizers of certain energy integrals,

the relationship between A, and A, allows us to treat solutions u of the homogeneous co-Laplace Equation



Asw = 0 as members of the Sobolev Space W such that
[Duflso < [[Dvlloo

for all v in W1 such that u — v belong to WO1 ">, Consequently, solutions to the co-Laplacian are useful
in applications which seek to minimize the maxima of systems, such as in the construction of load-bearing
columns and air conditioning systems (see [24]).

In this dissertation, we will adapt the co-Laplace and parabolic co-Laplace operators to a sub-Riemannian
space where the standard vectors are replaced by a collection X = {X;};_, of vector fields satisfying certain
technical assumptions. We also replace the Euclidean inner-product (-, -)euc by an inner-product (-, -) which
makes X an orthonormal collection (except at certain points) under (-,-) and the Euclidean norm ||-||eyc by

the norm |[|-||x induced by (,-). In this setting, the gradient of smooth w relative to X is now given by
Vew:= (Xqw, -, Xpw)
and the n x n symmetrized second derivative matrix (Dzw)* relative to X has entries given by
[(DQw)*} y = % (X; Xiw+ X, Xjw).

Note that the actions X;w and X; X;w are first- and second-order directional derivatives, respectively. As a

consequence, the oo-Laplace operator relative to X is given by
Ax pow i= — <(D2w)* -Vgw, Vg w> ,
and our focus now is on solutions to the (homogeneous) equations
Axcow =0 (1.1)

and

w¢ + Axmw =0. (1.2)

In this dissertation, as in [24], [27], [25], and others, we will seek solutions to Equations (1.1) and (1.2)
in the sense of viscosity solutions. Viscosity theory is a useful tool in the study of partial differential
equations: It provides a notion of point-wise estimates for first- and second-order derivatives, and permits

the formulation of comparison principles between viscosity sub- and supersolutions. Comparison principles



for both Equation (1.1) and Equation (1.2) will be a major focus of this dissertation, as the formulation and
proof of the theorems and estimates necessary to establish these theorems depends greatly upon the nature
of the sub-Riemannian space in question.

All of our work will take place in the setting of sub-Riemannian manifolds: That is, in n-dimensional
manifolds M (n > 2) for which the tangent space T,, M at each point p € M, called the horizontal distribution
for M at p, can be a proper subset of R™ at some points. All those vectors which fail to belong to the horizontal
distribution of M are thought of as “missing” directions, and model physical settings in which motion is
restricted depending upon the point in space being occupied. Such is the geometry surrounding a bridge:
At points off the bridge, motion is unrestricted; however, for points on the bridge, certain directions can not
be taken. It is clear that the tangent space for M impacts its geometry. The tangent space also impacts the
calculus of M since derivatives in M can be thought of as derivatives in the direction of tangent vectors.

The class of sub-Riemannian manifolds studied herein are called Grushin-type spaces. Initially studied by
V. Grushin, for whom they are named, in [22] and [23], these are sub-Riemannian manifolds whose horizontal
distribution at p are defined by “weight functions” p; on the canonical Euclidean frame {9/dz;},_,. For
example, in the case that n = 2, the Grushin plane possesses a horizontal distribution at p = (1, 22) which

is the span of the vectors

0

X1(x1,x9) := — and Xy(z1,22) := 21 - e
T2

- axl

For points off the x,-axis the space is Riemannian in nature. On the zs-axis, the vector field X, vanishes
and hence the only directions of travel are those parallel to the zi-axis. For this dissertation, the class of
Grushin-type spaces under consideration can be thought of as extensions and generalizations of the Grushin
plane; they may all be characterized as metric spaces lacking a group law, but for which notions of calculus
are preserved.

Analytic and geometric properties of such spaces have been investigated previously by various authors:
In [16] the authors detail results concerning geodesics in Grushin-type spaces for n = 2; the oo-Laplace
Equation (1.1) and its viscosity solutions were considered in [4], [6], and [10] for Grushin-type spaces whose
horizontal distributions were examples of the ones in this dissertation; the fundamental solution to (1.1)
was studied in [12] when the weight functions pj were polynomials, and again in [7] for nonpolynomial C?
weight functions. In this dissertation, our first objective is proving the existence and uniqueness of viscosity

solutions to the Dirichlet problem

Axw = 0 in@Q
(DP)

w = g on 0,



for bounded Grushin domains €2 and continuous functions g : 92 — R. Subsequently, we shall prove the

existence and uniqueness of solutions to the Cauchy-Dirichlet problem

wp+Ax ow = 0 inQx(0,T
¢+ Ax, (0,T) (cDP)
w = g on Jpar (Q X (O,T))7
where T' > 0, after which we will address asymptotic behavior of solutions u to
we+Axow = 0 inQx (0,00
t (0, ) "
w = g on Opar (Q X (O,oo)).

as we allow ¢t — oco.

The layout of this dissertation will be as follows. In Chapter 2 we will define Grushin-type spaces via
their tangent spaces, listing some notable examples of such spaces, and discuss geometric and metric space
properties before introducing the calculus of Grushin-type spaces. In Chapter 3 we define the notion of
viscosity solutions to the Grushin oco-Laplace equation via two equivalent methods and then relate these
notions to their Euclidean counterparts. In Chapter 4 we address both existence and uniqueness of solutions
to Problem (DP); the primary focus of the chapter will be on producing certain useful estimates which permit
a comparison principle for solutions. We revisit viscosity theory in Chapter 5 by extending the notion to
time-space cylinders over Grushin sets. We conclude in Chapter 6 and address the following: We prove
uniqueness of solutions by producing a parabolic variant of our previous comparison principle; establish
existence by appealing to techniques similar to the Perron’s Method approach discussed in [21]; and finally,
under certain restrictions, show that solutions of Equation (1.3) tend to solutions of the (time stationary)

oo-Laplace equation.



CHAPTER 2:
DEFINITION AND PROPERTIES OF GRUSHIN-TYPE SPACES
2.1 Tangent Spaces and Definition For Grushin-Type Spaces

Let n > 2 and, given some arbitrary point p = (x1,%2,...,2,) € R", write T,(R™) to denote the

Euclidean tangent space at p with canonical basis vectors

7]

We construct a frame X(p) := {X;(p)},_, of vector fields by defining vector field X; as

0
X = — 2.2
l(p) ({91'1) ( )
and defining vector fields X}, for k > 2 by
0 0
Xi(p) = pr(p) - 75— = pr(er, - wh1) -

Dy,

for functions py not identically zero on the whole space. We require certain mild technical assumptions on

the functions py when k > 2:
1. The functions pi depend only upon the first £ — 1 coordinates of p.

2. The functions p; are C* in the Euclidean sense in all of R*~! which we will henceforth write as

pi € CRa(RMY).

To retain consistent notation, we may also define X; relative to a function p; and decree p; = 1.

Example 2.1 (The Grushin Plane). Suppose that n = 2, define X; as before, and define

These vector fields and the Lie Algebra they induce have been studied in, for example, [22], [23], and [2]. W



Example 2.2. For any n > 3, if p; is a polynomial in x1, ..., xs_1, then the vector fields X7, ... X, defined
relative to these py satisfy our assumptions. Solutions to the oo-Laplace equation (see below and Chapter
3) in such spaces were studied in [4, 6], and in [12] the authors studied the fundamental solution of the

p-Laplacian. ]
Example 2.3. Selecting pg(p) := sin(z1 + - - -+ xk_1) for each k, the frame X satisfies our assumptions. W

Setting g(p) := span X, we produce a Lie Algebra which may be endowed with a singular (at points where
at least one py is zero) inner-product (-, -) that makes X an orthonormal basis for g. We may then define the
Grushin-type space G to be the collection of all points p = (z1,...,2,) € R™ with tangent space g(p) at p.

We may also define the exponential mapping for G by following the procedure outlined in the appendix

for [30, pp. 141-146]. Fixing any p € G and letting £ := (£1,&2,...,&,) € R™, the initial value problem

"t) = & Xi(v(1))
Y0 = 2 23

¥0) = »p

possesses a solution v, so long as we require that

¢ € span{X;(p) € X(p) : Xi(p) # 0},

where it should be noted that such a choice is always possible owing to the assumptions on the vector fields
X;. The exponential mapping is then defined to be 0,(&) := ~,(1); near p the mapping ©, induces a system

of exponential coordinates via its differential mapping DO,,.

Example 2.4. Let n =2 and

0

Xl(xl,xg) = 87:1;1
0
Xo(z1,22) = 2} =—;

let p = (af,2%) and € = (&1,&) € span{X;(p) € X(p) : Xi(p) # 0} be given. (Note that for our case we
must have £ € span{X;(p)} if 2§ =0.) We will calculate ©,(§) explicitly.

Under the given assumptions, Equation (2.3) becomes

0 0
V'(t) = 5187331 +& (%(ﬂf@

'7(0) = (x;lf? ;Eg)



We obtain the first coordinate x1(t) for v(¢) by a straightforward integration:

t
1’1(t):/ gldt:€1t+l’11),
0

where we have applied the initial condition v(0) = (2%, 2%). This implies that 2 (t) = & (&1t + 2%)°; applying

our initial condition once again,
k o2 £16a 3 p P\2p L D
2o(t) = | & (&s+a)) ds= Tt + & &alt + & (ah) t + of.
0
We may now apply the definition of ©, to find that

0,(&) = (iﬂzf + &1, 25 + é (£3& + 3&16aa2f + 352(30’17)2)) . n

2.2 Properties of Grushin-Type Spaces

Grushin-type spaces as defined above share certain properties which can be shown to hold a priori.
Observe that if p(pg) = 0 for some k > 2, then we will have Xj(pg) = 0 and hence dimg(p) < n. As a
consequence of dimension of the tangent space at a point relying on the point itself, it follows that G is not
a group.

Additionally, given two points p,q € G, it can be shown that there exists a horizontal curve connecting
p and ¢ — more precisely, there exists 7 : [0,1] — G such that v(0) = p,v(1) = ¢, and v'(t) € g (y(t)) for
t € (0,1). In the case of vector fields such as in Examples 2.1 and 2.2, the existence of such curves can be
shown as a consequence of Chow’s Theorem. Recalling that for given vector fields A, B we define their Lie

Bracket to be the vector field [A, B] := AB — BA, note that if k¥ < ¢ then direct calculation yields

apg 0
X, X, = ce oy T—1) R
[ ks é](p) pk(xlv y Tk 1) a.’l?k (xlv y e 1) al‘g
(2.4)
_ Ope (p) 0
- Pk 8xk P 835@ '
If there exists some finite iteration of brackets [Xk,, [Xk,, [ - - [Xk,, X¢] - - -]]] resulting in a nonzero coefficient

on 0/0xy for each point p € G (e.g. the cases of vector fields defined by polynomials as in Examples 2.1 and



2.2), then G is said to satisfy Hormander’s Condition:

The vector fields X7, ..., X,, together with the iterated Lie Brackets

[kaXﬁ]a[Xja[kaXﬁﬂv Xiv[va[Xk’,Xf]] ,. .- Span R™.

We then apply the following:

Theorem 2.5 (Chow’s Theorem). Let M be a connected manifold with tangent space m = span {Y1,...,Y,}
such that Y1,...,Y, satisfy Hormander’s Condition. Then each pair of points in M are connected by a

horizontal curve.

In general, however, it may be that G fails to satisfy Hérmander’s Condition. In such cases, Chow’s Theorem
does not apply; however, since X; # 0 for all p, it is always possible to construct piecewise horizontal curves
between points, concatenating as necessary to connect points. (See the example on [2, p. 18] and the

discussion appearing on [29, p. 355].)

N

%\f

W

Figure 1: An example of piecewise horizontal curves in the space defined in Example 2.1.

With the existence of horizontal curves between points of G established, we may now define a notion of
distance on G which respects the geometry of G, called the Carnot-Caratheodory metric (more simply, the
CC-metric), and which we denote by dcc (+,-). For a given pair of points p,¢q € G, we write I', ; to denote
the collection of all horizontal curves v connecting p and ¢ — as indicated above, it is known that I', ; # @.

Recalling the singular inner-product (-, -) and defining ||Y||x:= (Y, Y>1/ ? for members Y € g, we then define

1
doc (p0) = jnf [ I (O)]xat. (25)
p,qa JO



Owing to the fact that I, , is nonempty, we see that the CC-metric is an honest metric —i.e. doc (p, q) < 00
for all points p,q € G.

In the case that G does satisfy Hormander’s Condition (H), such as in the setting of Examples 2.1 and
2.2, we are able to estimate dcc (-, -) locally as in [4] and [5]. Fixing po = (29,29,...,2%) € G, let rI° denote
the minimal length of the Lie bracket iteration (that is, the least integer) such that

|:Xj17 (XKoo (X po» Xi] - ']} -0,

P07
i

which is finite since Hormander’s Condition holds. By its definition, 7° is a function of py and is unique —
although iterations of length r’° may not be unique. Moreover, p;(pg) is nonzero precisely when rf® = 0.

Defining R;(po) := rf* + 1, we may apply [2, Theorem 7.34] to obtain the comparison

dee (po,p) ~ Y _|a; — af /1)
=1

for p near pg; this similarity permits us to define a smooth gauge function which is comparable to the

CC-metric:

_ x?)2R/Ri(P0),

(N (po, p)) " :

Il
N
8

where R := R1(po) - Ra(po) - - - Rn(po).
The spaces G are geodesic metric spaces and, in the case of the Grushin plane (Example 2.1), one may
explicitly calculate parametric equations for the geodesics. The following proposition is a summary of two

cases presented in [16].

Proposition 2.6 (C.f. [16, pp. 804-807]). Let n = 2 so that points of G are ordered pairs (z1,22) € R? and

let 5
Xi(21,22) = 92
0
X2($17332) = 1 37@

be the vector fields which define g. Then, writing p = (2}, 2%) and ¢ = (21, 21), we have the following cases:

1. If 25 = y =z then the curve v(t) := (ml(t),xg(t)) connecting p and q given by

wi(t) = (¢ —ah)t + 2y (2.6)

2(t) = y



is the unique geodesic.

2. If e} =0 =21, 25 =0, and 21 = h for some h # 0, then the curve y(t) := (l’l(t),l'g(t)) connecting p
and q given by
A
x1(t) = B sin(Bt)

2.7)

for some constants A, B, is a geodesic.

The proof is an application of Pontryagin’s Maximum Principle: By defining the normalized Hamiltonian

(€% +ain*),

N | =

H((21,22), () =

(where &, n are the variables dual to x1,zs respectively), the maximum principle asserts that the system of

equations 5
2 (1) =;§ — ()
24 (t) =%§ — 23(t) ()
(2.8)
€0) =5 = —ait) 70)
7O =5 =0

holds, as do the initial conditions z1(0) = 2, z1(1) = z{,22(0) = 2%, and 22(1) = 2. We may observe at

once that 7 is a constant from (2.8). The proofs of the cases can now be summarized as follows:
1. Since 25 = 22 implies n = 0, we infer that ¢ is a constant and integrate the first equation of (2.8),

2. Noting the relationship between the first and third lines of (2.8), we recover the ODE

a{(t) =€ () = —n - a1(t) <= () +n* 21(t) =0. (2.9)

It is solvable by standard techniques.

It should be noted that the approach outlined above is fragile in the sense that minor changes to the

vector fields selected can lead to systems of equations for which solutions are not as easily obtained. Indeed,

10



if we define

0
Xl(.xl,l'g) = Txl
0
Xo(w1,2) = af- Iy’

then the equations in (2.9) are replaced instead by

a{(t) =€ () = —n*-2i(t) <= () +n* 2i(t) =0.

Solving such an equation goes beyond the scope of this dissertation.

Utilizing the CC-metric, we define Grushin-type balls

B(p,7) :={q€G : dec (p,q) <7}.

Open subsets O C G, domains, and bounded domains (which we shall typically denote by Q @ G) can then
be defined in the expected manner. An example of a ball B((0,0),r) in the setting of Example 2.1 is shown

below; the sketch is produced by following the exposition of [2, Subsection 3.4].

A
2

i S
N —

Figure 2: A sketch of a Grushin ball with center at the origin in the case of Example 2.1.

Note that it is (Euclidean) elliptical and non-smooth.

2.3 Calculus in Grushin-Type Spaces

The natural replacement for the Euclidean directional derivatives 9/0x}, are the members X (p) of X(p).
Given a domain O C G, p € O, and function f : O — R, the derivative of f at p in the direction of X (p) is
defined, as in [20], by

d . O,(ser)) —
Xif(p) = - f (Oy(sex)| = lim [(6y(sex) = 1(p), (2.10)

s—0 S

11



where we have assumed that X (p) # 0 and denoted the k-th coordinate vector by ey for convenience; should
it happen that X (p) = 0, then we define X f(p) := 0. If w : O — R is sufficiently smooth (in the Euclidean

sense), we define the G gradient to be

Ve w(p) := (X1w(p), ..., Xpw(p)) .

Recalling Equation (2.4), we may observe that since [Xx, X¢](p) # 0 for k < ¢ and some p € G, the
second-order partial derivatives X X,w and Xy X,w are not necessarily equal. Consequently, we introduce

a symmetrized Hessian for w at p, (Dzw)* (p), whose (i, j)-th entry (where 1 <i,j < n) is given by
2 * 1
[(D w) (p)} u =3 (Xinw(p) + Xinw(p)).

These notions of derivatives relative to the geometry of G also allow for notions of regularity in G.

Definition 2.7. A function u: O — R is said to belong to C%(O) if each first-order partial Xjw exists and
is continuous in O for all £ < n. If the second-order partials X; X u exist and are continuous in O for all

1 <i,j < n, then we say that u belongs to CZ(O).

Comparison of the vector fields 9/0xy, and X}, shows that if u is continuously differentiable in the Euclidean

sense o times for a = 1,2, which we write as v € C¢,,

(0), then u € CE(O) as well. Hence we arrive at the

containment C'%

@ 1(0) C CE(O). The reverse containment, however, is not guaranteed.

Example 2.8. Let n = 2 and X7, X2 be as in Example 2.1; consider u(z1, z2) := x;/g. Clearly, u(x1,x2)
does not possess a Euclidean derivative at the origin 0 := (0,0) — we will show that u possesses a Grushin
derivative at 0.

Notice that for all points on the wzs-axis, we have Xou = 0. To calculate X;u(0) from (2.10), write

& = se; = s-0/0x; and observe Equation (2.3) becomes

() = sXi(y())
7(0) = 0.

(2.11)

Denoting the solution of Equation (2.11) by 5(t) = (a:l(t),xg(t)), the uniqueness of v; and a straight-
forward integration implies that x;(t) = st and x5 = 0. From this and our definition of the partial derivatives

we obtain

Xqu(0) = disu (O5(se1))

12



Y =y X1 +y2Xo+ -+ +y, Xy, € gis asmooth vector field, the divergence of Y relative to X is given
by
div (Y (p)) :== ZXzyz(p)
i=1

Hence, for example, if f: O — R is a smooth function, then
div(Vew(p)) = > XiXiw(p) = tr ((DQw)* (p)) .
i=1

These definitions permit us to define the operators which are of primary significance to the forgoing sections:

For smooth w : O — R, the p-Laplace operator

Axpu(p) = —div(|Veuw(p)P*Veu(p)
=~ (IVs w2t ((D*0)" ()
+(p —2)[ Vo w(p) [P~ (D) (p) - Vo w(p), Vo w(p)))

for 1 < p < oo, and the co-Laplace operator
Az ocw(p) == ((D*w)" (p) - Ve w(p), Vo w(p))

Although the focus of this thesis is on solutions of Dirichlet and Cauchy-Dirichlet problems involving the oo-
Laplacian, the former class of problems will utilize solutions of the p-Laplace equations to produce the desired
solutions of the co-Laplace equations. Exact notions of solutions to equations involving these operators will
be discussed in detail in upcoming sections, but we will have need of the function spaces L, L{,_, whx, I/Vli)cr ,
and I/VO1 . Their definitions mimic those of their Euclidean counterparts, replacing the Euclidean gradient

Dw with the Grushin-type gradient Vg w.
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CHAPTER 3:
SUBELLIPTIC VISCOSITY SOLUTIONS

Recalling the (non-divergence form) definitions of the p- and co-Laplacian, it should be noted that both
may be treated as functions whose inputs are triplets (p, 7, X) € G x g x 8™, where we have used the symbol

S™ to denote the collection of all n X n symmetric matrices with real entries. That is, we may define

Fp(p.1, X) = = (|InlP 2 (X) + (p = 2) In[P~HX -0, m))

for each 1 < p < oo and
-Foo(p,'th) = <X 77777> .
Both operators satisfy a property which is called degenerate elliptic in [18]: Specifically, if X, Y € 8™ so that

X <Y (that is, so that Y — X is positive semidefinite), then

-Fp(Pﬂ?aY) S fp<pa777X)

and

Foo(p,n,Y) < Foo(p,m, X)

for all (p,n) € G x g.
For technical reasons, it will be necessary to ensure that certain gradients appearing in forthcoming

existence arguments are nonzero. For this reason, we introduce two auziliary operators which are due to

[24]: Given k € R, we define

F*(p,n, X) := min {|n||*~K*, Foo(p,n, X)}

and

G"(p,n, X) := max {r* — |[n||?, Fus(p,n, X)} .

14



Clearly, 7" and G" map G x g x S™ into R and we may treat them as operators via the definitions

Frw(p) = Fr(p,Veuw, (D*w)")
G w(p) G"(p, Ve w, (D*w)"™).

In light of the properties of F.,, we may also infer that both operators are degenerate elliptic. To simplify
notation, we will therefore write H : G x g x S™ — R to denote any of the above four operators in what
follows. We also record the below homogeneous subelliptic equation, which is the focus of this and the

forthcoming section.

Hw(p) := H(p, Vg w, (D2w)*) =0. (3.1)
To begin, fixing some open O C G and any pg = (29, 23,...,2%) € O, define N(pg) to be the collection

of indices j such that p;(pg) = 0. Assume that w: O — R is a given smooth function and define

1 1
Tpo,w(p) == w(po)+ Z or(p0) w(Po)'(xk—$2)+§ Z pi(po)Xkaw(pO) (zp — 2)?
k&N (po) k&N (po)
1 X Xow + X Xow
* 2 N\ T 2@
KLEN (po) N\ PEPOPO

k<t

1 dpe

——(po) 'Xew(po)> Az — 372)(3?6 - x?) + Z g;lj_(po) (x5 — x?)'

T 5.2
2Pe(p0) 830 JEN (o)

The function T}, ., is the equivalent notion of Taylor Polynomials in the Grushin-type setting and we employ

it in the two following results. We present proofs which emulate those presented in [4].

Proposition 3.1 (C.f. [4, Proposition 2.1]). If w € CZ(O) and py € O, then

w(p) = Tpo,w(p) + 0 (d2c(po,p)) as p — po

and the equations X,w(po) = XoTpyw(Po) and XpXew(po) = XpXoTp,,w(po) hold for all a,b < n.

Proof. Let a,b & N(pg). A direct calculation yields

_ 1 1 " 0
XiTle) = pul0) (- )1 o) -t l i ) : 0)
aA W EXqW Da
" Z (Prpa) (Po) . 2 (o) — 202 (po) ' Txk(po) 'Xaw(P0)> (g — 2l
! : XeXoW 1+ XoXow — 1 . 9pe - Xow (g — ¥
+; ((PaPé) (o) 2 (Po) 2p%(po) Ozq (Po) - X¢ (po)) €7 e))-

15



Letting p = pog, the right-hand side of the above equation reduces to X,w(pg). Similarly, the calculation

XaXaT w - Z
Po, (p) P, (p)pg(po)

XaXaw(pO)

shows that XX, T}, w(po) = XoXew(po). Splitting the remaining second-order partials into separate cases,

consider first the case where b < a. Then from our previous calculations we obtain

1 X Xpw + Xp X w 1 0pa )
XoXaTpo w = a : - - Xqw
b Po, (p) (pbp )(p) ((pbp%zv(]%)) 2 (pO) 2[73(]90) 6.23}, (p()) (p(])
Pa aLpo,w\P
+oop) 5 —(P) —— 5
®) 35, ) Pa(p)
which, together with Equation (2.4), implies
X Xpw + XpXqw 1 0pa ow 0pa ow
XpXoTpo w0 - - Nl 2Pa (pg) -
bXaTpow(Po) 1 5 (po) 5 31% (po) oz, (po) + pb(po)axb (po) oz, (po)
= 3 (XaXpw + XpXow) (po) + §[Xb7Xa]w(p0)
= XpXow(po).
If we now take a < b, observe that dp,/0zy = 0 and hence
1 X, Xpw + Xp X w 1 oy )
Xp X, T, = . —— - Xpw .
bXaTpy,w(P) = (Pvpa)(P) < ore) o) 5 (Po) 52 (p0) " e (Po) - Xpw(po)

From the previous equation,

X Xpw + Xp Xw 1 apb ow

X XaTpo,w(Po) 5 (Po) — 3 Br (po) - 8736(100)

1 1
= 3 (X Xpw + Xp Xow) (po) — i[Xb»Xa]w(pO)

= XpXqw(po).
Now let r,s € N(pg) and notice

ow aXrT 0,W
Xero,w(p) = Pr(P)%(po) and XerTpg,w(p) = Ps (p)TIf(p)a
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from which X, T}, w(po) = Xs X Tp, w(po) = 0. If a is, once again, an index failing to belong to N(pg), we

have the mixed second-order partials

Xa X Ty () = (pa : gz:) (p) - g;i (po)
(3.2)
XrXang,w(p) = p?”(p) 8ir (Xaw(p))

The assumption r € N(pg) and the second line of (3.2) immediately imply X, X, Ty, w(po) = 0 = X, X,w(po);

since we also have
Opr ow 0w
P D (p) - 9%, (Po) + (papr)(po) - aT(pO)

ll‘,I/.T
B apr ow
- Pa * Gxa (P) : al’r (pO)a

Xaer(pO)

from which we have X, X, Tp, w(po) = XoXrw(po). The error term o (dQCC(po,p)) as p — po results from

applying [2, Proposition 4.10]. O
Proposition 3.2 (C.f. [4, Proposition 3.1]). If j € N(pg), then

ow R 2 XpXjw + X; Xjw

37%(1)0) = ﬂj(pO) ; (8 2

_ (po)- (3.3)
agi pk) (Po)

In the above, we have utilized the convention that if px(po) = 0 then the associated term is also 0; moreover,

we denote by B;(po) the number of nonzero terms in the sum (which is necessarily at least 1).

Proof. With j as above, let i < n be any index. The work of our previous proof actually shows that

X;Xiw(po) = 0
ap;j ow
XiXjw(po) = <Pi : 8;) (o) - g(po);
i J
by averaging these two lines, we obtain
=5 \Pi v . 3.4
) = 5 (7 52 ) () ) (3.4

Letting i1, ..., 4, be the indices for which the first factor of the right-hand side of Equation (3.4) are nonzero,
Equation (3.3) is obtained by solving for Ow/dz;(po) in (3.4) for i1,..., 4, then summing the results and

dividing by 3;(po). If no such indices exist, then the right-hand sides of (3.3) and (3.4) are both 0. O
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We may now define Grushin-type jets in a manner similar to the definition presented in [18], replacing the

Euclidean Taylor expansion by the Grushin-type Taylor Expansion.

Definition 3.3. Let u: O — R for some open O C G and let py € O. Then we say that (n, X) € R* x S"

is a member of the upper subelliptic jet for u at po, written (1, X) € J>%u(pg), if

u(p) < Tponx(p)+ o0 (dge(po,p))

1
u(po) + Z mﬂk (g — @) + Z kak (g — p)?
KEN(po) F O kEN (po) TR0

. <1> Xt~ s gt e (o~ ) = o))

N

K LEN (p (prpe) (Po 2p;(po) Oz, (3.5)
k<t
+ 5 Z o, - Xpj | - (x5 —2) + 0 (de(po,p)) »
JEN(po) i k=1 (azk Pk) (po)

where we assume the above holds as p — pg. The case where the pair (7, X) belongs to the lower subelliptic
jet for u at pg, written (1, X) € J? " u(py), is defined similarly, reversing the inequality in (3.5); alternatively,

we may observe that J%~u(pg) = —J%% (—u)(po).
The upper subelliptic jet closure j2’+u(p0) for u at pg is defined to be all those (1, X) € R® x 8™ for

which there are (p,,) C O with (9, X,,) € J>Tu(p,) satisfying

(pmu(pn)vnan) — (p07u(p0)7naX> as n — o0.

A similar definition is made for the lower subelliptic jet closure 72’7u(p0).

This leads us to our first definition of the notion of viscosity (sub-/super-)solutions, which is similar to the

definition given in [18].

Definition 3.4. Let Q2 € G be a bounded domain and suppose that v : @ — R is upper semicontinuous —
written u € USC(Q). We say that w is a viscosity subsolution of Equation (3.1) if for each pg € Q and every
pair (1, X) € J**u(po) we have

H(p0777’X) < 0.

If v : Q — R is lower semicontinuous (briefly, v € LSC(2)), then we say that v is a viscosity supersolution

to Equation (3.1) if for each py € Q and every pair (x,Y) € J>~v(py) we have
H(p()a X5 Y) >0

18



— or more succinctly, due to the relationship between the subelliptic jets, v is a viscosisty supersolution if
the upper semicontinuous function —wv is a viscosity subsolution.
A continuous function w : Q@ — R is a wiscosity solution to Equation (3.1) if it is both a viscosity sub-

and supersolution.

Remark 3.5. In the case that H = Foo, we shall use the term oo-(sub-/super-)harmonic to refer to the

viscosity (sub-/super-)solutions of Equation (3.1).

Remark 3.6. In the case that H = F;, care needs to be taken in the p < 2 case due to the singularity which
occurs when ||Vg w||= 0; however, since our aim is to use viscosity solutions of the p-Laplacian to produce

an oo-harmonic function, we only concern ourselves with the case p > 2.

One can also define viscosity solutions via a class of test functions. Given u : O — R, we define the
classes of touching above functions and touching below functions for u as follows: Fixing any point py € O,

we say that the CZ(O) function ¢ touches u from above at py, written ¢ € T.A(u, o), if

0 = (po) — u(po) < ¥ (p) — u(p) for p near po;

similarly, we say that the C2(O) function ¢ touches u from below at pg, written ¢ € TB(u, po), if

0 =u(po) — ¢(po) < u(p) — ¢(p) for p near py.

These touching functions can be thought of as those Cé functions which touch u at a given point and nearby

behave in a “locally parabolic” manner.

R

I

Figure 3: Visualizing the relationship between u and touching functions.
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In the case that u is C2, a straightforward application of Calculus implies at once that if ¢ € T.A(u,po),

then
Veu(po) = Ve(po) (3.6)
(D) (po) = (D*0)" (wo);
similarly, if ¢ € TB(u,po), then
Veulpo) = Vgo(po) (3.7)
(%) o) < (D°6)" ().

These comparisons, together with the degenerate ellipticity of the operator H lead to the definition of

viscosity solutions via touching functions.

Definition 3.7. Let 2 € G be a bounded domain and suppose that u : Q — R is upper semicontinuous —
written u € USC(£2). We say that u is a wviscosity subsolution of Equation (3.1) if for each py € Q and every
¥ € TA(u,pg) the inequality

Hi(po) <0

is satisfied. If v : Q@ — R is lower semicontinuous (briefly, v € LSC(Q)), then we say that v is a viscosity

supersolution to Equation (3.1) if for each py € Q and every ¢ € TB(v,pp) we have

Ho(po) > 0.

A continuous function w : Q — R is called a viscosity solution of Equation (3.1) if it is both a viscosity sub-

and supersolution.

As stated above, Definitions 3.4 and 3.7 are equivalent; this equivalence is a consequence of the following

lemma, the proof of which mimics the methods of [17] and [3].

Lemma 3.8. Given any function u: O — R and a point pg € O,

T u(po) = { (Ve tipo), (D*)" (o)) = % € TA(w,po) }
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Proof. Owing to Equation (3.6) and Proposition 3.1, one containment is easily obtained from the following

relation: For p near pg,

u(p) < p(p)
= Tpyu(p) +0(d2c(po.p)) as p— po

To, Ve ,(D29)* (P) + 0 (dEc(po.p)) as p — po.

This implies (VG ¥(po), (DQw)* (po)) € J%%u(py) for every touching above function 1 at po.

To obtain the second containment result, assume that (1, X) € J*%u(py) and begin by defining

otr) =510 { (T ) = u) "+ dec (o) < v}

By its definition, ¢ is a nonnegative increasing function; moreover, since (1, X) is a jet entry, the definition
of the jets implies g(r) = o(r?) as 7 | 0. Selecting some continuous nonnegative, increasing § such that

g(r) < g(r) and g(r) = o(r?) as r | 0, we define

3

(zp —2)*
=1

ap,(p) =

B~ =
T

2s
G(s) = %/ g(r)dr

2t
H(t) := l/t G(s) ds.

t

o and H,ap, are C? ., and L’hospital’s Rule

eucl’

As in [3], the definitions of the functions above imply G is C?

u

establishes

G'(0) = G(0) = 0 = H(0) = H'(0) = H"(0). (3.8)

Define

(D) 1= Tyounx (0) = H (ap, (1)) = apa (p):

Equation (3.8) together with calculations similar to those used to prove Proposition 3.1 show

Y(po) = wulpo)
Ve¢(po) = 1 (3.9)
X.

-
N
<
S~—
*
)
<
I
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For given, small » > 0 and p so that r < ayp, (p),

() = up) + 7 < (T x (0) = () = H (0 (p)) = apo () + 15

since r < g (ap, (p)) < H(am (p))7 we conclude that

$(p) —ulp) + 7 < 0=1v(po) — ulpo)- (3.10)

Equations (3.9) and (3.10) show that 1 is a member of T.A(u,po). Since (n, X) was an arbitrary jet entry,

the second containment is proven. O

Although the jet and touching function definitions for viscosity solutions are equivalent, the advantage of
the first definition is that we can easily state the following result which, for a given function v : O — R and

po € O, relates the Euclidean upper jet Jj’jlu(po) to J>% u(pg). The proof presented below is an adaptation

u
of the one presented for [10, Lemma 3.1], which is an application of [8, Lemma 3.1]. A similar result was
obtained in [4, Main Lemma]; its proof relies upon producing Grushin second-order Taylor Polynomials
for CZ functions and then utilizing the twisting terms and factors in these polynomials to deduce the

twisting necessary for jet entries. Given the properties of the collections J%Tu(pg) and J?~u(pg), a similar

relationship holds for J> u(po) and J>~u(po).

Lemma 3.9 (Subelliptic G Twisting Lemma). Let O C G be open, let u: O — R, and let pg € O. Suppose
that (n, X) € J>Hu(po): Then

(A(po) -1, Apo) - X - A (po) + M (11, p0)) € J**u(po), (3.11)
where
1, k=1=¢
(A(Po)re = pe(po), 2<k=(<n (3.12)
0, otherwise
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and

DN —
Qj‘—\
\{
~
/—\
\_/
3
=
~
A\
BN

(M (n,10)) e g”f( Yor(P)ne, k< (3.13)

DN —

0, otherwise.

Proof. The result in (3.11) is known (see [8, Corollary 3.2] and [1, Lemma 3]); we shall restrict our attention

to verifying Equations (3.12) and (3.13). The n x n matrix A is defined by [8] as A(p) := (Are(p)) where

- 0
)= ;Au(')@-

The definitions (2.1) and (2.2) for the members of X imply:
1. AkgEOifk#f;
2. Agp=1ifk=1and Agp = pr if 2< k < n.

This justifies (3.12). To verify (3.13), recall the definition of M (n, po) in [8]:

Z Z (Aks (po) (Po) + Aes(po)aaikr (PO)) N, k#L

(M (1,p0)) g = r=test
ZZAK‘S pO pO)nTa k=14

r=1s=1

Because A,s = 0 whenever r # s we may simplify the equation above:

(M(n,10)) ke :% Z < <Akk(po)aa’iir (po) + 0) + (O + Aee(Po)a(;‘al;r (po)) )777“

r=1 (314)
1 0A 0A .
=3 (Akk(po)axi((po)m + A (po) axk; (m)m) if k# ¢,
and
- 0AL, 0A .
(M (1,0)) s, = D _ Arr(po) Dy = (po)nr = Agk(po) (‘3ka (po)mw if k= L. (3.15)

r=1
Considering Equation (3.15), note that 0 Ay /0x =0 for all k < n: Indeed, Ay = pi, is independent of

the variables xy, ..., z,. Hence (M (n,po)),, = 0. We now reduce Equation (3.14) as follows:

L] Suppose k = {: Then Akk = P = Age and aAkk/aCCg =0= Ag@/axk. Hence

(M (1,10)) 1 (1-0-me+1-0-m) =0.

[\')\»—l
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e Suppose k < £ and recall Ag = pr and Ay = py. Since py is constant with respect to xy, . ..

(M(1,00))ge = % (Pk(po) : %(po)w + pe(po) - 0 - 77k>
= % ) TZ(pO)Pk(pO)'W«

e Supposing ¢ < k, then work similar to the above shows

Opx

= by : @(Po)ﬂe(po)%~

(M (1,0)) s

We conclude from the above that the matrix given by (3.13) is indeed M (7, po).
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CHAPTER 4:
SOLUTIONS TO DIRICHLET PROBLEMS INVOLVING THE SUBELLIPTIC INFINITY
LAPLACIAN

Note to Reader
Portions of this chapter have been previously published in [10, pp.77-89] and [11, pp. 41-54], and have been

reproduced with permission from their respective publishers.

The following sections investigate existence and uniqueness of solutions to the Dirichlet problem

Axw = 0 in@Q
(DP)

w g on Of).

As in previous sections, Q € G represents a bounded, Grushin-type domain; the function g : 9Q — R is
assumed to be continuous. Following the presentation of [10], Section 4.1 assumes the Conditions 1 and 2 of

Chapter 2 and that, additionally, the set of zeros for py is discrete. For some fixed 1 < m < n, we define

(4.1)

spaces G defined by frames X for which Equation (4.1) hold will be called o-Spaces. (In such spaces, we will
denote the set of zeroes for p; = o by Z x R"~™T1) Section 4.2, which follows [11], generalizes the previous
section, assuming only Conditions 1 and 2 on the frame X — we call such spaces General Triangular Spaces.
In both sections, we establish estimates necessary for Section 4.3, in which we conclude the chapter with a
discussion of uniqueness of viscosity solutions to Problem (DP). In all three sections sections we will utilize

the following definition, which extends our previous notion of viscosity solutions.

Definition 4.1. Consider Dirichlet Problem

Hw = 0 inQ
(4.2)

w = g on 0,
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where H represents F*,G", or Ax o; let Q,g be as above. A wviscosity subsolution of Problem (4.2) is a
viscosity subsolution u of the first line which also satisfies u < g on 9SQ; viscosity supersolutions and viscosity

solutions of Problem (4.2) are defined similarly.

Remark 4.2. When H = F,, we shall continue to refer to viscosity (sub-/super-)solutions of Problem (4.2)

as oo-(sub-/super-)harmonic functions.

In both Sections 4.1 and 4.2, we will rely upon several common results, the truth of which are not
dependent upon the choice of frame X. The first is an existence statement; it is standard for the theory and,
following the approach of [9, Theorem 4.1], we have condensed the results supporting this finding into one

theorem. As in [9], the proof follows the layout of [3, Section 4].
Theorem 4.3 (Existence of co-Harmonic Functions). The following are true:

1. Let k e R andp > 2. Ifu, € C(2)N W P(Q) is a weak (sub-/super)solution to the p-Laplace problem

loc

Apgw =0 in
(4.3)

w=g on Jf,

then up s a viscosity (sub-/super)solution to (4.3).

2. Let uy be as before. Passing to a subsequence of (up)p>2 as necessary, there exists uo, € C(Q)ﬂWﬁ)COO(Q)

so that

Up — Uoo Uniformly in €
as p — 0.

3. The function us from the previous item is a viscosity solution of one of (4.2) with one of the operators

Fr,G%, or Ax o, the choice of operator depending only upon k:

(a) If K > 0, then us s a viscosity solution to Problem (4.2) with H = F*.
(b) If Kk <0, then us is a viscosity solution to Problem (4.2) with H = G".

(c) If K =0, then us is a viscosity solution to (4.2) with H = Ax .

Remark 4.4. Theorem 4.3 was recently proved for general sub-Riemannian spaces in more generality in

[15].

The next collection of common results concern an Iterated Maximum Principle, which gives conditions

under which we may find points possessing nonempty jet closures for viscosity sub- and supersolutions; this
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will enable us to produce necessary estimates on the jet entries. As in [18], we will have need for a “penalty

function”; specifically, we make use of the function

1
Privraronnra (P10) = 07(0.0) = 5 D (e — yi)? (4.4)
k=1
where the entries of 7 = (71,72, 73, .. ., T, ) are positive real numbers. The use of n real parameters as opposed

to the one employed by [18] allows us to take into account the fact that our functions py can possibly vanish.

Lemma 4.5 (C.f. [4, Lemma 4.3]). Let Q € G be a domain, u € USC(Q), and v € LSC(Y); assume that

there exists some py € ) so that

u(po) — v(po) > 0.

Let 7 = (71, 72,73, ...,T) € R™ have positive coordinates and, for each pair of points p = (21, Z2, T3,...,Ty)

and ¢ = (Y1,Y2, Y3, - - -, Yn) in G, define the functions

1 n

90T1J2,Ts,m,7'n(pﬂ q) = 5 ZTk(xk - yk)2
k=1
1 n

PT2,7350sTn (p,q) = 5 ];Tk(ﬂﬂk - yk)2

1 n
Pr3,eesTn (P, q) = B} ;;,Tk(xk - yk)2
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Appealing to the compactness of Q and to upper semicontinuity, we may also define

Mﬁ,Tg,T:;,...,Tn = Eug {u(p) - U(Q) — Pri,72,75,0 T (pa Q)}
QxQ

- u(p71,7'2,737---,‘rn) - U(QT1,T2,7'3,-~7Tn) = Pri,72,73,Tn (p7—117—2v7-3>>--17-n’q7—177-277—31~-77-n)

MTQ,Tg,...,Tn = Eug{u(p) - ’U(q) = Pro,13,0T (pv Q) P r = yl}
Qx0

- u<p7-2;7—37~~'77—n) - U(qu,T3,~~~7Tn) — Pr2,75,Tn (pTZyTSyann’q7-277—3)~'~77—n)

Mey,.rn = sup {u(p) —v(q) = Prypir, (0, @) = Tk =yp, k=1,2}
QxQ

= u(p‘rg,...,rn) - U(QTB,...,Tn,) — P13, (pTg,...,Tnan,.“,Tn)

M., = sup{u(p) —v(q) = ¢rs,..r,(P,q) t TH =y, K=1,...,n 1}
QxQ

= u(p‘rn) - U(qm) — Pr. (an’ qm)~

Then
Tilinoo o T}l—{noo 7211—I>noo ‘rlh—I>noo MT1’727T3""’7—” - u(po) B ’U(po)
and
leinoo t T;}gnoo Tzlgnoo -rlhinoo Pr1,72,73,0sTn (p7—1,7—277-37~~-77—n7q7—177-277—37--~a7—n) = 0.

Additionally, the first £ coordinates of pr,.,. .., and qr,, ... 5, are identical — that is,

Te+1s+3Tn __  Tl41s--3Tn _
T =Yy ,k=1,...,¢

The proof of the Iterated Maximum Principle proceeds precisely as in [4], and leads immediately to the

following results which permit us to take the parameters 7, — oo in any order, and to speak of the full limit

as Tkyy Thkyy -+ Tk, — OO.

Corollary 4.6 (C.f. [4, Corollary 4.4]). Under the conditions of Lemma 4.5, each iterated limit of M, +, ...z

exists and is equal to u(pg) — v(pg) — in other words,

lim --- lim lim lm Mr rrsrn = u(po) — v(po).

Tk1—>00 Tkn’72—>00 Tknil—)oo Tkn—>()0

Consequently,

Tkhgoo R hHLOO - hmﬁoo Tkhgloo Pri,7aymsyestn (P12, mse s s Arayma a0 ) = 0.
1 n—2 n—1 n
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Lemma 4.7 (C.f. [4, Corollary 4.5]). Under the conditions of Lemma 4.5, the full limit of Mr, ry.7s.....7

exists and is equal to u(pg) — v(po) — more precisely,

hm MT17T27T3,...,T7,, = U(p()) - v(pO)'

TryeeesT3,72,T1 —>0Q

In addition,

lim (107—1,7—277-37~--77—n (pT177—277—31-“7Tn7q7—177—217—37---77—n) =0.
Tnye-3T3,7T2,T1 —>00

Remark 4.8. Owing to Lemma 4.7, there is no ambiguity in relabeling the intermediate points pr, 75.75.....7..5
Gry 70,75,...,7,, and function ¢, -, 7. . . as pz, gz, and pz. We will also denote the coordinates of pz, gz as

x}:, y,i respectively and, in accordance with Lemma 4.5, denote

- : : _ 0 0 T 7
Pri,...om = T;}ll)noo“'nlgnocp? - (Ilw'-azkw'rkJrl’"-aIn)
(4.5)
Gry,omp = lim - lim ¢z = (29,...,2%, 91, ,,...,9%)
il Tl — 00 T1—00 +

for each 1 < k < n.

It therefore remains for us to state and prove necessary estimates on the jet entries at the critical points
pz and gz; these estimates lead to comparison principles for the operators F* and G*, which we may then

leverage to establish uniqueness of co-harmonic functions.

4.1 Estimates in the Case of Sigma Spaces

By applying Lemma 4.5, Corollary 4.6, Lemma 4.7, Equation (4.5), and [18, Theorem 3.2], we have the
following estimates. The lemma below (and Lemma 4.10) require that at least one of the viscosity sub- or
supersolutions is locally G-Lipschitz; it should be observed that by Theorem 4.3, this assumption will be

satisifed once the lemma is applied t0 Ueo-

Lemma 4.9 (C.f. [10, Lemma 4.4]). Let u,v, 9=, and (pz,qz) be as in Lemma 4.5. Assume that G is a

o-Space and that at least one of the functions u,v is locally G-Lipschitz. Then:
, L —2,4 _ —2,—
1. There exist (n,Xz) € J " u(pz) and (nZ,YVz) € J~ v(gz).

2. Define (p ¢ q)i to be the point whose k-th coordinate coincides with q and whose other coordinates

coincide with p — in other words,

(poq)k = (‘Tla sy Lh—1, Yk Tht1s - - - 727”).
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Then for each index k,

Te(er, —yp)® S dec (pr, (p7 0 7)) - (4.6)
For the indices i < m,
7 2] —y| = O(1) as 7 — oo. (4.7)
3. The vector estimate
Jim i [l ]~ oz 7] = 0. (48)
holds.
4. The matriz estimate
im e T ((X7d 0t = (V705 ) = 0. (4.9)

holds.

Proof. For clarity, we split the proof between the items above.

Item 1.
[18, Theorem 3.2] guarantees the existence of elements in the Euclidean jet closures at pz and ¢z: In

particular,
7 —2,+ 7 —2,—
(Deuci(pyp7(p7,a7), X7) € Jqu(pz) and (—Deyei(q)p7(p7,a7), Y ") € Jonav(gz).

Applying the G Twisting Lemma (Lemma 3.9) produces (an7 Xz7) € 72’+u(p;) and (n-,Yr) € jQ’_v(q;).

Item 2.

By the definition of pz, ¢z, for all points p, g € 2 the inequality
u(p) = v(q) = ¢z(p,q) < ulpz) —v(gz) — (pr, )

is satisfied. Hence assuming (without loss of generality) that w is G-Lipschitz, decreeing p := (pz ¢ ¢7)r and

q := g7, and recollecting terms, we obtain

Tk(m;: - yzf)Q = pz(pr, q¢z) — p7 ((p7 © 47k, 47)
< u(pz) — u((pz © q#)r) (4.10)

< Kdcc (p, (p7 < q7)k) ,
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where K is the Lipschitz constant for w. This is Inequality (4.6), so to complete Item 2 we turn our attention

to to the expression 7 ‘acg — y,f| If w;: #* y,f then (4.10) shows

1 < Kdoo (pz, (P70 q7)k)

pe— — < — _ 4.11
|27 — v | e (1

7|2k — yi| = (@} — up)?
Note that because py(po) # 0 for 1 < k < m, we have that 29 has a locally Riemannian neighborhood along

the k-th coordinate axis. Thus,

dec (7, (proa)k) S |2k — vi| - (4.12)

Combining (4.11) and (4.12) proves Equation (4.7) and completes the proof of Item 2.

Item 3.

Observe that

1o} = L 0 )
BTUIC@(PF,(J?) = 1e(2), —q5) = o o(pz, q7);

consequently, referring back to the definition of the matrix A, the coordinates of 77}_" and 7 are

(g — i), ifk<m

7

m(z] —yn)o(ps), fm+1<k<n

and
m(zp —yp), ifk<m

[n;}k = L
(2], —yp)o(gz), f m+1<k<n.

Fixing 7 for the moment, this leads to the estimate

’HTI;HQ - ||777*- ||2’ < Z |U2(P?) - 02((1?)| 'le (xk - yk) . (4.13)
k=m+1
The values 7; for i < m are not present in Inequality (4.13). Taking the iterated limits of (4.13) as 7; — oo,

recalling that o(p) depends only upon the first m coordinates of p, and applying the Iterated Maximum

Principle yields

. . 2 _2
tim - tim [l = |57 ]*| = o.
Tm —00 T4 —00 o o
The above implies
. . . . 2 _2
lim --- lim lim --- lim ‘an” —||n= ] ‘:0,
Tn—00  Tm41—00 Tp—>00  T1—o00 | T T

concluding Item 3.
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Item 4.

[18, Theorem 3.2] and the Twisting Lemma imply
(X0 ) = (Vnz,nz) =L + I,
where we define
I = ((A(pz) - X7 - AT (pz)) -0t .0ty — ((Algz) - Y7 - AT(q7)) -0z .07 )
and
I := (M (Dewai(p) 07 (7, 47),07) - 12 0% ) — (M (Dewer(q) 7 (7, 07), 47) - 1= 117 ) - (4.14)

Writing € := A(pz) - €, X := A(gz) - x to mean the twisting of €, x € R™ according to the Twisting Lemma,

(A(p)- X7 - AT (pr)e,€) — (Algr) - YT - AT(gz)x,x) = (X7 -€&)— (Y7 -X.X)

where T := €@ (%) and C is a 2n x 2n block matrix resulting from [18, Theorem 3.2] of the form

B -B
-B B

and

Toa+ 2672, a=b
0, a#b.

Recall that ¢ is a consequence of [18, Theorem 3.2].) Choosing € := 1+ and x := 1=, the above shows
Nz Nz

L < <B- (ni—n;)7n$—n;>
- 2\( -2 2 2 27 7\2 (4.15)
= Z (e + 267) (0" (p7) — 07 (q7))” - 7ic (2f, — yg)™
k=m+41

The right-hand side of Relation (4.15) is free of the 7; for ¢ < m, so proceeding as in the proof of Item 3 we
find

lim --- lim I; =0
Tm —> 00 T1—>00
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so that

lim --- lim lim --- lim I =0. (4.16)

Ty —+00 Tm41—00 Ty —00 T1—00

For the term I5, let us begin by simplifying the notation for the matrix M (-,-). Appealing to Equation

(5.6) in the twisting lemma, we see that

0 S(ps
M(Dyp#(pr, 42), p=) = )
Sp=)" 0
and
0 S(gr)
M (D,pz(pz, q7), qz) =
S(g)" 0

We adopt the notation

- o - do - o - do
o imtaf =)l — s (o) () = (e —Dyrb(el o (o) )

for the (r,¢)-term of I. Since pz — pry...r, and ¢z — ¢ry..r, 88 7T1,...7; — 00 (i < m), and since

1<r<m<f¢<nandoe CS we obtain the iterated limit

ucl?

. . = = - - do
Jim e i T = el D)7l oD (o) ()
= = = = do
“ritof = )T~ (o) )
T
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if i < r;if r <i we may apply Item 2, Inequality (4.7), and arrive at

) . 7 9o
lim -+ im T,, =~ 7'42(1'4 -y )2 ( 'U) Py,

T; —» 00 T1—>00 8‘/1:7’

7T da
e P (50 ) )

This second limit in particular implies that

- - 0
lim - lim T, ~ 77(z) —y;)? <U : a) (Pry o)
Tm—00  T1—00 ox T
A (4.17)
2 D (270 ) (4ry )
¢\ Ty I3 oz, TL, o Tm
for all < m. Since o,00/0z, depend only upon the first m coordinates of points p, (4.17) implies
lim --- lim I, =0
Tom — 00 T1—00
and hence
lim .-+ lim  lim --- lim I, =0. (4.18)
Tn —> 00 Tm+41—700 Ty, —>00 T1—>00
Equation (4.9) then follows from (4.16) and (4.18). O

4.2 Estimates in the Case of General Triangular Spaces

A similar result to Lemma 4.9 can be proven even in the case that the weight functions py, p; are not

equal for 2 < j, k. Additional care must be taken with the iterated limits, as we shall show.

Lemma 4.10 (C.f. [11, Lemma 4.2]). Let u,v,pz and (pz,qz) be as above. Assume that G is a General

Triangular Space and that at least one of the functions u,v is locally G-Lipschitz. Then:
. + —2,4+ _ —2,—
1. There exist (nt,Xz) € J ' u(pz) and (n=,YVz) € J~ v(qz).

2. Define (p ¢ q)r to be the point whose k-th coordinate coincides with q and whose other coordinates

coincide with p, in other words,

(poq)k = (xla oy Th—1,Yks Tht1,y - - - al'n)~

Then for each index 1 < k <mn,
772
(27 —yk)” S dec(pr, (pr o qr)k) as T = 0. (4.19)
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In particular, when pg(po) # 0, we have

|2l —yil= O(1) as 7 — oo. (4.20)
8. The vector estimate
lim - lim [[nf[2=|lnz |2 = 0 (4.21)
Ty —>00 T1—00
holds.
4. The matriz estimate
ot TN (Ve T ) —
Tjgnoo Tlll—r>noo (<X"' 77‘7"’77’?> <y7' YRRl >) 0 (422)

holds.

Proof. The proof of the first two items proceeds precisely as in the proof of Lemma 4.9. We will instead

focus on the crucial differences in our proof of Items 3 and 4 arising from the frame X.

Item 3.

Owing to [18, Theorem 3.2] and Lemma 3.9, we have that

nt = A(pz) - Dewei(p)p7(p7, q7)

n= = A(qr) —Dewci(q) 707, a7)-

Direct calculation shows

T%@?(P?»Q?) = Tk(xk - yk) = ayk @‘r(p'raqT)7

so we conclude that

+ Tk(x;:_yl‘:)7 k:
[ ;]k - N N
Te(x], — yp)pe(pz), 2<k
and
_ Tk(m;:_ylj)’ k=
[n;}k = = .
(2], — yp)pe(ar), 2 <k.
This leads us to:
n
Ing 12~z 12 < 32 72(f — w)? ok (o) — ph(as)] (4.23)
k=2
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Fixing any 2 < k < n, observe that by Equation (4.5) we must have

lim - lm 2 (af — ui)? |k (p7) — pi(a7)| = ok (ad, ... 2l 1) — pr(af, ... 2f 1)
Tk—1—>00 T1—00

x Ti(zg — yn)?

=0.

Applying the above to Inequality (4.23) and utilizing the terminology of Equation (4.5),

n
Jim [l 2=l 2] <0 YT =) ok (o) — o (an)]
k=3
n
1 H +112 —112 2, 7 #2192 9
Jim i (2= llnz |7 < ;rk(ngy,;) 12 (0rems) = P2(grs.m0)|
BT O e [ B o T 1 (S B CE |
B e e [ B 1 A TG RO Y B C S |
= 0.
From this, the limit
i AP 12|17 |12] =
im e Tim |7 =nz %] = 0

is clear.

Item 4.

We begin by decomposing the left-hand side of the Estimate (4.22) into two terms as before:
(Xz-nt oty —(Venz,nz)=NL+1
where we have defined
L= {(A(pz) - X7 - AT (pz)) -ni,nt) — ((Algz) - Yz - AV (g7)) - mz 57 )
(recall that Xz, Yz are a result of [18, Theorem 3.2]), and

Iy := (M (Devei(p)p7 (7, a7): p7) - 12,02 ) — (M(Deuer(q) 0707, 47), 47) - 17 11z ) -
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Writing € := A(pz) - € and X := A(gr) - x to represent twisting according to Lemma 3.9,

~ —~ —~

11=<X7--77$,77$>—<Y;-77;,77;>

(4.24)

Here, ¢ := 7;;_; &) (—7;;) € R?" and C is a 2n x 2n matrix resulting from [18, Theorem 3.2] which can be
represented in block form as
B -B
-B B
where we define
T + 2072, k=1(
0, k#/

[Blke ==

and § > 0 is an arbitrary parameter resulting from the theorem of [18]. The definition of C and B and

Inequality (4.24) together yield

—_— o~~~

@%@—@Mﬁ—ﬂ»

. . (4.25)
=D (e +267) - (pi(pz) — PRar))” - 7 (af — yi)*

k=

I

IA

[ V)

Since the terms on the right-hand side of (4.25) contain no factors 7 for £ < k — 1,

: : 2 77
lim -+ lim (75 + 2677) - (p%(p?) - P%(CI?)) Te(xh —yg)? = 0; (4.26)

Th—1—+00 T1—00

Equation (4.26), work similar to what was employed in Item 3, and Inequality (4.25) therefore show that

lim --- lim I, =0. (4.27)

Tp—>00 T1—0Q

It remains to show that Iy tends to 0 as 7, — oo for all 1 < k < n.
Recalling the definition of the matrix M(-,-) from Equation (5.6), we may calculate directly the first

entry in both of the inner-products defining I>. Writing M), and M, to refer to the matrices resulting from
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M('a ) evaluated at (Dcucl(p)(p?(p‘ﬁ q‘l_")ap‘l_")7 (DCUCI(Q)QD?(p'F'u q‘?)’ q‘f_") respectively:

(M, -0l =1 122 /ap, L L (4.28)
32 (Gt ) @) - tel —) el o)
1 <« (9 -
+5 Z ipeph (pr) -7 (] —y;)? h>2
2 Or
l=h+1
and . 5
S ﬂpe (q7) Te(l“z—ye?)Q h=1
2 8[L’1
=2
[My-nzln=19 1%2 /9 B L (4.29)
q 53 (5262) (@) mtef = ) - maf — o)
1= \9t
1 (0 .
+5 3 (gitom) ) el -l nx
T
{=h+1

Owing to Equations (4.28) and (4.29) and the observation that M (-,-) is symmetric, we may calculate Iy as

follows:

- api 7 7 7 T
<Pz> (p) - T2(aF — 4F)? (et — )
—2 8331

n h—1
1 Ipn Pz T
3 Z Z <8xphp§) (p7) - Te(2f = y7) - T (2], — y7)°
h=2 (=1 ¢
n—1 n
1 ap@ 7 7 7
T 92 Z (axpepi) (p7) - mn(ah — i) - 77 (2 — 47 )?
h=2 t=h+1
1 - Pe 7 T 7
2 > xlpe> (a7) - 77 (0] —y7)* - 2] —y7)
=2
n h—1
1 Ipn ¢z F_F
) Z <aph/’!%) (g7) - me(x] = y7) - i (¢, — yp)?
h=2 (=1
n—1 n
1 Ips 77 77
2 Z (axpep;%) (¢7) - (2], — yp) -7 (27 —yi)®
h=2 ¢=h+1
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The sums above may be combined as follows.

o = ST ) aD)- ((520e) o) = (§0) ta0)

€:2n h—1 ap ap
7 7 7 7 h h
Jth::”:l To(xy — i) - Th (@) —yn)? - <(Cfmﬂhﬂ§> (pz) — (Emphp%) (%))
n—1 n
7 7 7 dp
£ Y mlol = o7t - (3ot ) 1) - (5t ) )
h=2 t=h+1 h
= TY+Tr+Ts.

We examine each of the terms T3, T5, and T3 individually.

Term T;.

By Equation (4.20) and the definition of X5, we have

7

Tl(xf —y1)=0() as 1, — o0
Thus, for 2 < ¢ <n,

lim --- lim

et 72(ef = o7 nad o) ((50r) ) = (S00) (00

7
~ i (af — (< > (gﬁw) (Po)) =

We then conclude that

. . . 7_—‘ 7‘-‘ 7‘—‘ 7‘—* a a
it et 72— f P onel o) ((5200) (00 - (500) () =0,

Tn—>00 Ty —1—>00 T1—00

Term T5.
Fix ¢ and h with ¢ < h. We have

it oof — o) 20k o ((Sns? ) or) — (Gt ) ar))

Teg—1—>0Q T1—>00
77 7 9 9
= e o) 7ttel o o) (22 ) )~ (G20 ) ar)).

If pe(po) = 0, we can easily conclude

it i wa] )7 o0 ((Getonst ) o) = (ot ) ) =0,

Tn—>00 Ty —1—>00 T1—>00
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If pe(po) # 0, then 2] and y] lie in a locally Riemannian neighborhood of 9. By Equation (4.20)

lim 7p(z] —yj) = O(1).

Te—>00
lim -+ lim 7p(zp —

= - 8Ph aph
2 —_— 2 - 2 -
i e lim Th—Yp) (aw pw) (p7) — (aw pw) (qf))

)r
~ T2} — yh)? - P (po (< > ) — g’:;ph>(q;)>.

We then have

: 7 7 9p dp
lim - lm (] —yp) - mi(xh —yh)? (((%EZPW%) (pz) — <85;th05> (qf*))

Thus

Th—1—>00 T1—>00
- - 0] 0
~rttef, =i ) (L2 ) o) = (S ) ) ) = 0.

In this case, we then have

i -+t itof o) 72 o ((Gtonet ) ()~ (Gonst) () =o.

T —>00 T1—>00

Term T3.

This term is symmetric with respect to Term T5; the proof that

it et nGaf — )72 o) (G0t ) o)~ (§puet ) ar)) =0

Tn—>00 Tp—1—>00 T1—>00
is similar and therefore omitted.

Our work with each of the three terms implies
lim lim lim --- lim 2, =0.

T —00 Tp—1—>00 Tp_2—>00 T1—00

This and the iterated limit (4.27) together prove Item 4.
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4.3 Uniqueness of Infinity-Harmonic Functions

The Lemmas 4.9 and 4.10 provide similar estimates, and so we combine comparison results for both cases
into the following theorem. Its aim is to provide a comparison principle for the Dirichlet Problem (4.2) in
the case that H = F* — that is, for the problem

Frfw = 0 inQ

(FDP)
w = g on Jf.

A corollary result will prove that a similar comparison can be made in the case of the Dirichlet Problem

Giw = 0 InQ
(GDP)
w = g on J.

Theorem 4.11. Let G be either a o-Space or a General Triangular Space. Assume that us, is the viscosity
solution to (FDP) proven to exist by Theorem 4.3; assume also that v is a viscosity subsolution to Problem

(FDP). Then v < us on Q.
Proof. Suppose to the contrary and recall that, since uq, is both a viscosity sub- and supersolution to (FDP),

we will have v < g < Uy on 9 by our definitions. It must be that

Sgp(v — Uoc) = v(Po) — Uso(po) > 0. (4.30)

The results [3, Lemma 5.1, Theorem 5.3] permit us to assume that there exists p(-) > 0 so that

Frus(p) = pu(p) > 0.
Taking the difference of F*us, and F"v on the sequence (pr,gr) C Q x Q,

0<plgr) < Flus(gr) — F v(pr)
= min {|n; >~ — (Vr-nz,0z) } — min {[n > =% — (X7 -0t ni)} (4.31)

max { ||z ||~ nE 1%, (X7 -0 nd ) — (Vr-mz.02) }-

IN

Since us € C(Q) N W,2(Q), the assumptions of Lemmas 4.9 or 4.10 are satisfied (the choice of lemma

loc

dependent upon G) — so we may apply the appropriate lemma from the previous sections, [3, Lemma 5.1,
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Theorem 5.3], and notice

m(gz) = n(po) >0 (4.32)

and
max {[|nz I~ [1ng 1%, (X7 -nf,nf) — (Ve -nz,mz)} =0 (4.33)
as T1,...,T, — 00. Regardless of whether G is a o-Space or a General Triangular Space, we arrive at a
contradiction by applying (4.31), (4.32), and (4.33). O

In the same manner we can prove a similar result for the operator G*.

Corollary 4.12. Let G be either a o-Space or a General Triangular Space. Assume that us, is the viscosity

solution to (GDP) proven to exist by Theorem 4.3; assume also that v is a viscosity supersolution to Problem

(GDP). Then us < v on .

The following properties of of solutions to (FDP) and (GDP) are evident from the definition of the

operators F* and G":

e If u is a viscosity solution to Problem (FDP), then it is a viscosity supersolution to Problem (DP) —

that is, u is co-superharmonic.

o If u is a viscosity solution to Problem (GDP), then it is a viscosity subsolution to Problem (DP) — that

is, u is co-subharmonic.

We now state a lemma which relates solutions of (FDP) and (GDP). In light of the comparisons above, the

uniqueness of the co-harmonic function us, follows as a corollary.

Lemma 4.13 (C.f. [3, Lemma 5.6]). Let u* and u,, represent the solutions to Problems (FDP) and (GDP)

respectively. Given § > 0, there exists k > 0 so that

u, < u” <, + 0.
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CHAPTER 5:
SUBPARABOLIC VISCOSITY SOLUTIONS

Having addressed the existence and uniqueness of co-harmonic functions in the subelliptic environment
for G, we now turn our attention to the related subparabolic environment. Our objective, once again, is
to establish existence and uniqueness of solutions to problems for the co-Laplacian, this time in the case of
Cauchy-Dirichlet type problems. Unlike the subelliptic case, the current chapter and Chapter 6 will work
exclusively in what we called General Triangular Spaces in Chapter 4.

In addition to the function spaces identified previously, we will have need for parabolic sets, sometimes
referred to as cylinders, which consider both time and space. For a given O C G which is open and interval
(t1,t2) C R, we define the parabolic set Oy, 1, := O X (t1,t2) and write O;, whenever t; = 0. Its parabolic
boundary is

apar Otl-,tz = (@ X {tl}) U (80 X (tl,t))

which contains the lower cap and sides of the parabolic set but not its upper cap. Given a function u : O, 1, —
X for some metric space X, we say that u € C(t1,t2; X) if u € C(Oy, +,) and maxy, <s<y, |u(-, 8)||x < 0o. We

say u is a member of L*(ty,tq; X) if

to 1/r
</t lu(-, )% ds) < 0.
1

Finally, we follow the convention of [27] and define the space V*(t1,t2; O):
Vr(tl, to; O) = O(tl, to; LQ(O)) N Lr(tl, to; Wl’r(O)).

Functions belonging to this space possess the necessary temporal and spatial regularity for the existence
arguments invoked in Chapter 6.
As in the subelliptic case, we desire to solve problems involving the co-Laplace operator Ax . To that

end, introduce the subparabolic equation

we(p,t) + Hw(p) =0 in Qp (5.1)
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for bounded domains Q € G and some T > 0 and seek to extend our viscosity theory to such subparabolic
equations.
Similarly to the subelliptic environment, one can introduce a Grushin-type Taylor expansion each (po, tg) €

Qr for functions w € CZ() N CL ,([0,T)):

eucl

1
w(p) = w(po,to) +we(po,to) - (t—to) + Y, ———Xyw(po,to) - (xy — )
kg N( Pk (Po)
1 1 pO)
+§ Z ﬁXkaw(Poyto) (xp, — 29)?
k&N(po) pk pO
+ Z 1 . (Xngw + X Xow

2
bt ooy (PEPE) (PO)
k<t

(o, to)

L 9

207 (po) Oz, (po) -Xew(po)) (zp — 2} (0 — )

(po,to) | - (x; — %)

N Z 1 z”: 2 X Xpw + X Xjw
) Bj(po) &~ ( 2ps (po) 2
JEN(po) k=1 \ 3z, Pk | \Po

plus an error term o (d%c(po,p) + |t — t0|) as (p,t) = (po, to). One could then define subparabolic jets for a
(not necessarily regular) function via inequalities like those presented in Definition 3.3.

One can also define a notion of “subparabolic touching functions”. Given u : Qp — R, the set
Al(u, (po,to)) denotes the set of “subparabolic touching above functions” for w: That is, the collection

containing ¢ € CZ(2) N CL ,([0,T)) such that

eucl

0 = é(po,to) — u(po,to) < ¢(p,t) — u(p,t) near (po,to). (5.2)

The set B(u, (po,to)) of “subparabolic touching below functions” contains ¢ € CZ(2) N C},

eucl

([0,T)) which
satisfy

0 = u(po, to) — ¥ (po, to) < u(p,t) — ¥(p,t) near (po,to). (5.3)

Similar to the work of Chapter 3, one may show that the subparabolic jets are precisely the collection of

derivatives for touching functions, and so we we may define the jets in this manner.

Definition 5.1. Given a function u : Qr — R and any point (pg,to) € Qr, the subparabolic superjet

P?% u(po, to) is the collection

{(66, Ve 0, (D%6)" )(po,to) : & € Alw, (po,to) }
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The subparabolic subjet P?~ u(po,to) is the collection

{0 T, (D*6)" )(po,to) ¥ € Al (po,t0)) }

Note that P>~ u(po,to) = — P> [—u(po, to)]-
We say that (a,n,X) € Pt u(po, to) if there exist points (pn,t,) € Qr and jet entries (an,nn, Xn) €

P%* u(pp,t,) such that

(pn; tn; u(pnatn); Qn, nnaXn) — (p07t07u(p07t0)a a, 777X)

as n — oco. A similar definition holds for P u(po, to)-

Definition 5.2. Assume H : G X R x g, x 8™ — R is a continuous and proper operator. Let u € USC(Qr):
We say u is a parabolic viscosity subsolution to (5.1) if for each (pg, to) € Q7 and each (a,n, X) € P> u(po, to)
we have

a+ H(pOathn7X) < 0.

A function v € LSC(Qr) is a parabolic viscosity supersolution to (5.1) if for each (po,to) € Q7 and each
(b,1,Y) € P>~ v(po,to) we have
b+H(p07t07V7Y) >0

— or equivalently, if —v is a parabolic viscosity subsolution. A function w € C(Qr) is called a parabolic

viscosity solution if w is both a parabolic viscosity sub- and supersolution.

Remark 5.3. Following the conventions of the previous subelliptic sections, we will refer to parabolic

viscosity (sub-/super-)solutions to (5.1) as parabolic co-(sub-/super-)harmonic functions.

The Lemma 3.9 which we previously utilized has a parabolic analogue which we state below. It provided
an explicit relationship between the Euclidean upper jet (denoted as Pj;jlu(po,to)) and the Grushin-type
upper jet P%* u(po,to). Because the temporal coordinate a of the ordered triple (a,n, X) requires no twisting,

the lemma is proven almost identically to Lemma 3.9

Lemma 5.4 (Parabolic G Twisting Lemma). Let O C G be open, let u: O, 1, — R, and let (po,to) € Oy 1 -

Suppose that (a,n,X) € PeQ’:'lu(po,to): Then

u

(as A(po) -1, A(po) - X - AT (po) + M1, po)) € P u(po.to). (5.4)
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where

(APo)ke =\ pulp), 2<k=(<n (5:5)

0, otherwise

and

_3Pe(

i p)pr(p)ne, k<t

D=

(M p0)e =4 5 SE@pelp)m, €<k (5.6)

D=

0, otherwise.

We will close this section with an examination of what [26] calls parabolic viscosity solutions. Consider

the set A~ (u(po,to)) which contains all ¢ € CZ(O) N CL ,([0,T)) satisfying

eucl

0= d)(pOatO) - U(Poyto) < ¢(p7 t) - U(pv t) near (pOa tO) for all £ < tO'

This collection corresponds physically to those test functions where the past alone plays a role in determining
the present; evidently, it is a larger collection than A (u(po,tp)). We can define the collection B~ (u(po, to))

similarly, and are then able to present a notion of past solutions.

Definition 5.5. Let u € USC(2r). The function w is a past parabolic viscosity subsolution to (5.1) if for

each (po,to) € Qr and each ¢ € A~ (u(po, o)) the inequality

é+(po, to) + H(po, to. Ve ¢(po, to), (D*¢)* (po.to)) <0

is satisfied. A function v € LSC(Qr) is a past parabolic viscosity supersolution to (5.1) if for each (pg, tg) € Qr

and each ¢ € B~ (u(po, to)) the inequality

Yi(po, to) + H(pos to, Ve 1 (po, to), (D*¥)*(po, o)) > 0

is satisfied. A continuous function w is a past parabolic viscosity solution to (5.1) if it is both a past parabolic

viscosity sub- and supersolution.

A proposition whose proof is obvious follows. We will study the converse in the forthcoming chapter.
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Proposition 5.6. Past parabolic viscosity sub-/supersolutions to (5.1) are parabolic viscosity sub-/super-

solutions to (5.1).
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CHAPTER 6:
SOLUTIONS TO CAUCHY-DIRICHLET PROBLEMS INVOLVING THE
SUBPARABOLIC INFINITY LAPLACIAN

In the current chapter we will present a litany of results which we divide into sections. The first of
these sections treats a maximum principle for the parabolic setting which, as in the subelliptic setting, is
essential for uniqueness results. Next we prove a subparabolic comparison principle for Cauchy-Dirichlet
problems involving the co-Laplace equation and show as a corollary that past parabolic viscosity solutions
and parabolic viscosity solutions are identical. We then present a proof of the existence of parabolic oco-
harmonic functions which, unlike in the subelliptic setting, requires the use of uniqueness results in our proof.
We then conclude by considering Cauchy-Dirichlet problems over infinite cylinders €2 x (0, c0) and show that,
under certain restrictions, solutions to these problems will stabilize to the unique subelliptic co-harmonic

function us in €.

6.1 A Subarabolic Iterated Maximum Principle

Our first step in establishing a comparison principle is proving a parabolic maximum principle. This is
the content of the following lemma, which is similar in structure to [14, Lemma 3.6] and [5, Theorem 4.1]

and imitates certain steps and calculations found in Chapter 4.

Lemma 6.1. Suppose that v € USC(Q2r) is a parabolic viscosity subsolution to (5.1) and that v € LSC(Qr)
is a parabolic viscosity supersolution to (5.1). Denoting T := (71,...,7n), where each T is a positive, real

parameter, define

1 n
oz(p,q,t) = 3 ];Tk(zk —yi)?

and suppose that for each such n-tuple T the maximum

Mz :=  sup (u(n t) —v(g,t) — so;(p,q,t)) (6.1)
QxQx[0,T)
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occurs at an interior point (pz, gz, t7) € U x Q x (0,T). If
lim 907?(277?3 qz, t?) = Oa

T1yeeeyTn —>00

then there exist triples

(a/v "77—!’_7 X’?) € ﬁ27+u(p775 t’?) and (b? 77-,:7 y’?) € Fz’iv(q?, t’?) (62)

so that:

1. We have the equation a —b = 0.

2. The vector coordinates 77:{ and = are given by

77; = A(p‘?) : Deucl(p)wF(p?a qz, t?) (63)
777; = A(qF) : (_Deucl(q)w?(pﬁ qz, t?)) :
3. The matrices Xz and Yz and vector entries satisfy the inner-product estimate
ot N (Ve o)) =
Jim e tim (e nd) = (Vrnznz) ) = 0. (6.4)

Before we present the proof of the lemma, we make some necessary observations and comments. First,

recall the results of the Iterated Maximum Principle and its corollary results from Chapter 4, which we will

need in our work below: The equations

lim --- lim (u(pz) — v(gz) — 0z(p,q))

Tn—>00 T1—>00
im - lim ¢z(p,q) = lim  @z(p,q)
Tn —>00 T1—>00 7'17...,7'"—>(X)
iti — (27 7 () 7
and, writing pr = (¢],...,2}) and g7 = (y7,--.,¥%),
= lim --- lim pr= (29
pﬁ,-nﬂ'k . br 1r° -
Tk —> 00 T1—>00
= lim --- lim ¢gz= (29
Ary,...,7 . qr IR
T —00 T1—00
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for each 1 < k < n are true. Additionally, these limits will hold true even if the order of the iterated limits
is changed (although the sequence (pz,¢z) may change). Because ¢=(p,q,t) = v=(p,q) = v=(p, ¢, s) for all
s,t € [0,T), Equations (6.5) and (6.6) may be used without alteration in the proof of the lemma.

Second, in the elliptic setting one may show that co-harmonic functions belong to W' by appealing
to [28] and exploiting standard techniques of the theory (see, for example, [25].) This fact permits us to
assume that either the (elliptic) viscosity sub- or supersolution is locally Lipschitz — from which the Limit
(6.4) can be proven. In the current setting, such an assumption is not so clearly founded in the theory. As a
consequence of [19], one may show that certain nonlinear parabolic PDE (such as the parabolic p-Laplacian)
possess locally Holder solutions, but it is not known whether such functions belong to W, To circumvent

this difficulty, we introduce the following condition on the functions p; and py:

: . Ope Ipe 7 7
Tk_hlfgoo : "Tlhgloo ( ((%k/’épi> (p=) — <awkpeﬂi (gz) | ~ (xk - yk)

foralll1 <k </t <n.

(6.7)

Remark 6.2. The condition is easily shown to be satisfied in the case that n = 2 and py is a polynomial.

As an example in which (6.7) holds and the functions p, ps need not be polynomials, let n = 2 and define:

1

p2(p) == 3 sin (27) .

Since we must have k =1 and £ = 2 in (6.7) by our assumptions, and since p; = 1, direct calculation shows

<§£pri) (p7) = (%pmi) (a7) :%xfsm (1)) cos ((aF)?)

. 4 4 (6.8)
— 5u7 sin (1)) cos ((5)?) -

Applying the Mean Value Theorem, the right-hand side of (6.8) becomes
7 L. 7 7
(] — ) - (4 sin (2(27)°) + (= )2>

for some 2" in the open interval whose endpoints are 2] and y]. For 71, 7 sufficiently large, since 2] — xg <

y] as 7,72 — 00, the second factor in the above is bounded and we have satisfied our desired condition.
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Remark 6.3. As an example of a frame which fails to satisfy Condition (6.7), consider the case where n = 3
and p3(p) = p3(21,x2) == 21 + 29 as on [4, p. 21]. Then

9 0 7T T
(aﬁf psp%) (p7) - (ap psp%> (¢7) = (& +a3) = (u] +95),

which does not uphold the desired relationship.

Proof of Lemma 6.1. Ttems (A) and (B) above require [18, Theorem 8.3] to find members of the Euclidean
parabolic jet closures, after which we apply Lemma 5.4. This necessitates that we show [18, Condition 8.5]
is satisfied first, similar to the proof of [13, Lemma 3.4]. Once this is done, we may focus on the proof of
Item (C).

We recall [18, Condition 8.5] for convenience: There exists an r > 0 so that for every M > 0 there is a

C > 0 so that if (a,7, X) € PZHu(p,t) then a < C' whenever
7 = Plenat|tz — t|<r and |u(p, t)|+[nl[+|X|< M. (6.9)

Suppose that this condition doesn’t hold: That is, assume that for every » > 0 there is an M > 0 such that
a > C for all C' > 0 despite the inclusion (a,n,X) € Pzdzu(p, t) and the Inequalities (6.9) holding. The

Lemma 5.4 (the Parabolic G Twisting Lemma) now implies
(a, A(p) -1, A(p) - X - AT (p) + M (n,p)) € P> u(p, ). (6.10)

The membership (6.10), however, contradicts our assumption that u is a parabolic viscosity subsolution of
(5.1). Similar work with —v produces a similar contradiction. Therefore, [18, Condition 8.5] must hold.

Utilizing [18, Theorem 8.3], we obtain the (Euclidean) jet memberships

(a7Dcucl(p)ql)?(p?7 qf"at‘l_")aX?) € Pezt,l:lu(p?vt?)

11
2, (6 )
(ba Leucl(q)wF(p?vq‘Fa t'?)v )?) € 1 euclv(Q?vtF)v

where Xz, Yz are symmetric n x n matrices. The Parabolic G Twisting Lemma implies the desired Grushin-
type parabolic jet memberships; Item (A) is a direct consequence of [18, Theorem 8.3], and the Equations
(6.3) of Item (B) follow from the twisting lemma.

We now turn to Item (C). Write
(X ntond) = (Vznzmz) =L+ 1
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by defining the terms
I == ((A(pz) - X7 - AT (pz)) -0 k) — ((Algr) - Yz - AT (a7)) - 07 7 )

and

Iy := (M (Deyei(p) 7 (p7: a7 t7), p7) - 12 02 ) — (M (Deyer(q)¥7(p7, @7, 7). q7) - 1= 0= ) -

The proof that
lim --- lim I; =0 (6.12)

Tpn—+00 T1—00

proceeds precisely as in the proof of Lemma 4.10. Denoting by M, and M, the matrices resulting from
M(-,-) evaluated at (Deyci(p)97(P7, q7),pz) and (Deyei(q)#(Pr, ¢7), ¢z) respectively, the work presented in

Chapter 4 for Lemma 4.10 again permits us to show that

1 n 8 -
22(8Z 4>(p$)'7z($é_yp2 h=1
=2
(M, nfln=1q 1" /8, L —un
/=1
I ) ”
+5 <3zpzﬂh> (p7) - 72 (2] — )’ h=22
l=h+1
and 1 o
2 (af e) (¢z) - 72 — w)? =1
=2 1
(M, 2] =3 152 (o) 77 [
' 2 > (31‘};/’2) (g7) - e(ag —ye) - (2}, — yp)
/=1
1 n 6 . —
+5 (agzpmh) (q7) - T2 (2] —y7)? h=2.
l=h+1 h

Direct computations with these matrices results in the equation

2l = ZTZ i =yt ] — ) Tu(pr, a7)
n h—1
+ > melap —yi) - i@k = yi)? - She(pr, ar) (6.13)
h=2 (=1
+Z Z (2 ( —yz) 'S}%é(p'?a(ﬁ)v
h=2 f=h+1
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where we have used the definitions

Tipa) = (500) 00— (20e) (@)
Shelprq) = (ggjpw?) (p) — (giﬁ/%ﬁ%) ()
St(pq) = ((?g:;pepi) (p) — (ggipepi) (9)-

Since we do not have 1 (z7—7) = O(1) as 7, — 0o, the remainder of our work will be dedicated to showing

lim --- lim I, =0
Tp—>00 T1—>00

and will differ from the exposition of Chapter 4.

From the Condition (6.7) we may deduce:
o Ty(pz,qz) ~ (] —y]), from which

7

7'52(95? — Y )2 : Tl(mf - Z/f) “Te(pz,qz) ~ TZQ(JJ; — Yy )2 : T1(xf — y1)2. (6.14)

e AsTi,...,Tp_1 — 00,

To(wg —yi) - i (@h = yh)? - She(prr az) ~ Te(ag — 7 )* -7 (2], — yi)>. (6.15)
e AsTy,...,Th1 — 00,
(k= yh) - 72 (2 —yi)® - She(pr,gz) ~ T(ah — uh)? -7 (2] —yi)>. (6.16)
Recalling (6.5) as it applies to ¢z, we also have:
lim (2] —y])? 7i (] —yi)® = 0

T1—>00
lim --- lim 7p(z] —yp)? - 72(z] —yi)? = 0, whenl<h (6.17)

adeel T1—00

lim --- lim 7,(z] —y})? 72(z] —y;)> = 0, when h < £.
Th —>0Q T1—>00
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Tterated limits of Iy are now calculated from Equations (6.14), (6.15), (6.16), and (6.17):

lim 2, ~ 0+ 7@ —y)? - (2] — y7)’

T1—00

lim lim 20, ~ 0+ Y m(zd —y5)? R (2] — yf)?

T2—>00 T1 — 00

h=4
n h—1
+Z Tg(Ie _yZ)'Tf%(x;_y;)Q'Siﬁ(pﬁ,Tw(JTh‘@)
h=5 (=
n
+> 7y(2f —yi)? - (2] —yp)?
(=4
n—1 n
+ Z Th(x;;_y;)'7—22(37;_yZ)Q'SI%Z(pTl,quTl,Tz)’
h=4 ¢=h+1

i - - FoRN2 2T T2
T§£HWT§ILIIWT}ILHOO2I2 0+ ) ma(zi—yi)” 7 (zh — yp)

n h—1
+ Z Tf(xz - y}—) ’ T}%(I;—l - y;)2 ’ Sllzé(pﬁ,mmz,qﬁﬁzﬁs)
h=6 £=5
n
+> m(af —yi)? (] —yp)?
=5
n—1 n
+ Z Th(x;; - y;;) ’ 742(372 - y47>2 ’ S}%Z(p‘rl,‘rzﬂ'mq7’1,7'2,‘r3)’
h=>5{¢=h+1
n
lim - lim 25, ~ 0+ Z Tno(xl o =yl )2 -2 (x] —yi)?
Tn—3—>00 T1—00
h=n—1
il T 20,7 _ ,T\2 Sl
+Tn—1 Tp—1 ynfl) Tn(mn yn) n(nfl)(pT ..... T34y, Tre3)
n
+ Y Taa(@n o —yn_o)® (2] —yp)?
l=n—1

This pattern and the last of the limits shown above imply that

Tp—1—00 Tp—2—>00 T1—00 Tp—1—>00

lim lim --- lim 2, ~ lim <0 + 2Tn_1(:v::_1 —yr )? 7'721($:: — y::)Q) =0,
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and hence we infer

lim lim --- lim I, =0. (6.18)
Tp—>00 Tp—1—>00 T1—>00
Equations (6.12) and (6.18) together result in the limit (6.4). O

6.2 The Parabolic Comparison Principle

The Cauchy-Dirichlet Problem which is under investigation is the following:

W+ Axoow = 0 inQp (CDP)

w = g on apar Qr,
where we assume that @ € G is a domain, 7' > 0, and g € C(Opar 7). Similarly to the terminology used
for our previous Dirichlet problems, we say: A parabolic viscosity subsolution u of (CDP) is a parabolic
oo-subharmonic function u which also satisfies u < g on dpar €2; parabolic viscosity supersolutions and
solutions of (CDP). As before, we call a parabolic viscosity (sub-/super-)solution w a parabolic co (sub-

/super-)harmonic function.

Theorem 6.4. Let Q € G be a domain, T > 0, and g € C(Opar 2) be given; suppose that the functions py, pe

satisfy Equation (6.7). If u is a parabolic viscosity subsolution and v is a parabolic viscosity supersolution of

Problem (CDP), then u < v on Q.

Proof. Observe that u may be assumed to be a strict oo-subharmonic function without loss of generality:

Indeed, if not then, similarly to [18], we note that

€
uep,t) = ulp,t) - =
is co-subharmonic and satisfies
A < c
(te)t + Ax oole *m <0
(6.19)
limu. = —oo uniformly in €.

T

Since u, < v implies u < v as € — 0, we may proceed by proving the theorem under the assumption that u

satisfies the Relation (6.19).
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Assume that there exists some (pg,tg) € Qr such that

8= s;)lp(u —v) = u(po, to) — v(po,to) > 0.

Clearly, (po,to) & Opar 21 since u < g < v on the parabolic boundary. Employing ¢ as in Lemma 6.1, we

obtain triples (pz, ¢z, tz) for each 7= (71,...,7,) so that

Mz:= sup  (u(p,t) —v(g,t) — pz(p,q,t) = u(pz tz) — v(gz tz) — o=(P7, gz, t7).
QxQx(0,T)
and (pz,tz) — (po,to) < (¢z,t7) as 11,72, ..., Tn — 00. Since (pg, to) € Qr, we can infer that pz, gz € Q for
sufficiently large 71,72, ..., T,. Additionally, 0 < ¢z for large 71, 72, ..., T, since otherwise

§ < Mz =u(pz,0) — v(gz,0) — pz((p#,0), (¢7,0))

<g(pz,0) — g(gz,0) — pz((pz,0), (¢7,0)),

but the right-hand side is continuous and must tend to 0 as 71,72,...,7, — 00. We may therefore treat
(pz,tz) and (gz,t7) as interior points of the parabolic domain and may now apply Lemma 6.1.

By Lemma 6.1, there exist (a, 77;?, Xz) € Pt u(pz,tz) and (b,n=,YVz) € P v(gr, tz) satisfying

a—(Xontod) < - (6.20)

Utilizing the relations above,

€
0< — b—(Vz-nz,nz)—a+{X=-nint
T2 <y nT n‘r> a < 777' n-r> (621)

(X mF )y —(Vrmz,mz ).

IN

However, the right-hand side of (6.21) tends to 0 as 71,72, ..., T, — o0 by Lemma 6.1, Item (C), and this is

a contradiction. Therefore, u < v in Qr as desired. O]

The following corollary completes our examination of past parabolic viscosity solutions begun in Chap-
ter b; together with Proposition 5.6, it implies the equivalence of parabolic co-harmonic functions and past

parabolic solutions to (5.1). Under the assumption that G satisfies Hérmander’s Condition (H), it is precisely
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[5, Corollary 4.4]. However, in the more general setting of this dissertation, we are unable to utilize compar-
isons between the CC-metric and a smooth gauge N (-, -); the fundamental issue lies with [2, Theorem 7.34],
which requires Hérmander’s Condition among its assumptions. To circumvent this difficulty, we impose a
more general assumption that encompasses, for example, the spaces under consideration in [29] and utilizes

the observation that ||-|7, is smooth for sufficiently large m > 1.

m
euc
Corollary 6.5. Suppose that Q and T are as in Theorem 6.4, that the functions pg, pe satisfy (6.7), and

that there exists mg € N so that for every pg € €2,

lp = polltra < dec (po,p) (6.22)

for mg < m and p near py. Then:
1. A parabolic co-subharmonic function u is a past parabolic viscosity subsolution of Equation (5.1).
2. A parabolic co-superharmonic function v is a past parabolic viscosity supersolution of Equation (5.1).
3. A parabolic co-harmonic function w is a past parabolic viscosity solution of Equation (5.1).

Proof. We need only prove Item 1 due to the similarity of the other items. Since this proof is similar in layout
to the proofs of [26, Theorem 1], [13, Corollary 3.7], and [14, Corollary 4.4], we will restrict our attention to
the essential details.

Assume that u is not a past parabolic viscosity subsolution and let (pg,to) € Qr be a point such that

there is ¢ € A~ (u(po, to)) satistying

&¢(po,to) + Ax 0 ®(po,t0) > >0

for a small parameter €. Select even m > mg so that |-[|% is smooth and fix » > 0 so small that

m
euc

B(po,4r) € Q. Denoting B := {p € Q : ||p— po||lt < r}, we have B € Q by (6.22); define the parabolic
ball S, := B X (to — r,tg). Then the function

¢T<p7 t) = (b(?“, t) -+ ||p — pOHZﬁCH‘(t _ tO)m _pm

is a classical supersolution to (5.1) in S,., provided that r is chosen sufficiently small. Observe that u < ¢,. on
Opar Sy, but u(po,to) > ér(po,to). This contradicts Theorem 6.4, and therefore u must be a past parabolic

viscosity subsolution. O
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As in [14], we may also utilize Theorem 6.4 to obtain some estimates resulting from the boundary data; the

proofs of the following corollaries mimic those of [14, Corollary 4.6] and [14, Corollary 4.7].

Corollary 6.6. Let Qp €@ G,T > 0, and pg, pr. be as in Theorem 6.4. If wy,ws are parabolic co-harmonic

unctions with given boundary data g1, g2 € C(Opar Q1) respectively, then
P

sup |wi —wa| < sup [g1 — ga. (6.23)

T Opar QT

Proof. We define

W(p,t) := wa(p,t) + sup |g1 — gol
Opar Q0T

and

W(p,t) :==wa(p,t) — sup [g1 — gol.
Opar Qr

By these definitions, we infer that W < w; < W on dpar Qr; applying Theorem 6.4, W < w; < W in Qp.
Subtracting W from each member of this inequality, we have

0 <wi(p,t) —wa(p,t) + sup [g1 —g2| <2 sup |g1 — g2

Opar Qr Opar Q1
— from which Inequality (6.23) follows. O

Corollary 6.7. If Qr € G, T > 0, and pg, pr are as in Theorem 6.4, then every co-harmonic function w
satisfies the inequality

sup|lw|<  sup |g|
Qr Opar Q1

with respect to its boundary data g € C(dpar Qr).

Proof. The results is proven by following the methods of Corollary 6.6, but defining

W(p):= sup |g| and W(p):=— sup |g|- O

Opar Q1 Opar Q1
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6.3 Existence of Parabolic Infinity-Harmonic Functions

Having established uniqueness of oco-harmonic functions in Grushin-type spaces G whose frames X are
weighted by functions pg, p satisfying Condition (6.7), it now remains for us to show that oco-harmonic
functions exist for each cylinder Q7 over a bounded domain Qr € G. As in [14], we will accomplish this
by employing Perron’s Method and utilizing our comparison principle, Theorem 6.4; our results and their

proofs are also similar to those presented in [21, Chapter 2].

Lemma 6.8. Let Q,T, and mqg be as in Corollary 6.5. Let L denote a family of parabolic co-superharmonic

functions and define

uz(p,t) :==inf{u(p,t) : we L}.
Then if uz is finite in a dense subset of Qr, it is also a parabolic co-superharmonic function.

Proof. Firstly, since each member of L is lower semicontinuous, standard techniques establish u, is also
lower semicontinuous. Fixing any point (pg,to) € Qr, any ¥ € B~ (ug, (po,to)), and selecting even m > 4

larger than my, define

P(p,t) == P(p,t) — [Ip — polldher—( — t0)™

and notice

uﬁ(pv t) - 1&(1% t) - ||p - pO”lelcl_(t - tO)m U[;(p7 t) - ’l/J(p, t)

> uc(po,to) — ¥ (po, to)
= uc(po,to) — ¥ (po, to)
= 0.
This implies
ur(p.t) — ¥(p,t) > llp — pollaa+(t — to)™ (6.24)

near (pg,tog). The lower semicontinuity of u, permits us to find a sequence (pg,tx) — (po,to) with tx < to

so that

we (prs t) — D(prs tr) — ue(Po, to) — P(po, to) = 0. (6.25)

For each k, since u, is an infimum there exists some v € L so that

1
ur(Prstr) < vk(prsti) < uc(pr, te) + o (6.26)
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(6.24) and the left-hand side of (6.26) together imply

Uk(pv t) - 12)(]97 t) > U/;(p, t) - &(pv t) > Hp _pOHQECI—’_(t - to)m' (627)

Taking any compact neighborhood B € Qr containing (po, to), the lower semicontinuous vy — 1[) attains its

minimum at some point (gx, sx) € B. From (6.26) and (6.27),

. 1 .
g (Prste) — V(o tr) + z > vk, te) — Pk, tr)
> o(qr, sk) — 1/3(611@7810 (6.28)
> llgk = poll&ha+(sk — o)™ >0

when k is so large that (pg,tr) € B. The limit (6.25) and Relation (6.28) together imply (g, sk) — (Po, to)

as k — oo.

Claim 6.9. Defining

d)k(pv t) = ’lZ)(pv t) + ||p - quglLlCl+(t - Sk)mv (629)
we have ¢ € B~ (vg, (qk, k).

Proof of Claim 6.9. The definitions of ¥ and 1[}, together with Equation (6.29), imply that ¢y is C%; Equa-
tion (6.29) also implies

Ok (qes sk) = 1 (qr: sk) = Vi(qr, sk)- (6.30)

For (p,t) near (qx, si), Inequality (6.27) shows

0c(p,t) = or(p.1) = vn(pt) = d(p. 1) = (IIp = qullfhar+(t = 52)™) > 0. (6.31)

Equations (6.30) and (6.31) complete the claim. [ |

Claim 6.10. With ¢, defined as in Claim 6.9, the following equations hold:

(6x), (qK, k) Di(qr 1)
Ve ¢k (qx, sk) Ve ¥(qr, i) (6.32)
(D2¢k)* (qr; k) = (DzﬂA’)* (qr, 51)-

Proof of Claim 6.10. Explicit calculation yields the temporal derivative

(6)e(p, t) = Pr(p,t) + m(t — s)™
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and, writing gr = (y¥,v5,...,y¥), the spatial derivatives

Xipn(p.t) = Xit(p.t) +mpi(p)(2; — y¥)|lp — arl|le

X; Xion(qr, 1) = X;X0(qn, sk)

+m(m — 2)ps(p)(w: — y&) (5 — yM)llp — aelllit’s i<

X; Xidn(qr, sx) = XjXﬂ/;((Ilek)

Bpi m—
s (220) 0 o1 = o)l

J

+m(m — 2)p;(p)(z; — yF) (x5 — y¥)llp — @', 5 <i-
Replacing p by ¢x and t by s in the results above, we recover the desired equations. |

Since each vy is a parabolic co-superharmonic function, Claim 6.9 now implies

(Dr)e(qrs sk) + Ax,00Pr(qr, $K) = 0. (6.33)

Replacing derivatives in (6.33) via the equations in (6.32), we obtain

Di(qr, ) + Ax,00(qr, s1) = 0;
allowing £ — oo, we obtain

Yi(po, to) + Ax 00 (po, to) > 0,
as desired. 0
A similar result can be proven for collections of parabolic co-subharmonic functions.

Lemma 6.11. Let £ denote a family of parabolic co-subharmonic functions and define

ve(p,t) :=sup{o(p,t) : v € L}.

Then if vz is finite in a dense subset of Qr, it is also a parabolic co-subharmonic function.

We wish to utilize families of co-superharmonic and oo-subharmonic functions to produce a continuous
solution to the parabolic co-Laplace Equation (5.1), and this is the content of the forthcoming results. We

require a definition.
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Definition 6.12. Given a function u : Oy, 1, € G X R = R, the upper and lower semicontinuous envelopes

for u are
u*(p,t) == limisoup {u(q, s) : dec (q,p) + |t — s|<r}
and
us(p, t) := lirnﬁ)nf {u(g,s) : decc (g,p) + |t — s|<r}
T
respectively.

Lemma 6.13. Let v be a given parabolic co-superharmonic function on Qr, and let L(v) be the family of all
parabolic co-subharmonic functions u satisfyingu < v. If 4 € L(v) but i, is not a parabolic co-superharmonic

function, then there exists some (p,t) € Qr and some w € L(v) such that W(p,t) < w(p,t).

Proof. Let (po,to) € Qr and ¢ € B~ (ii«, (po,to)) be a point and touching below function for which 4, fails

to be a parabolic oco-superharmonic function: That is,

Yt(po, to) + Ax,00?(po, to) < 0. (6.34)

Define

¥(p,t) == (p,t) — [Ip — polleta—(t — to)™
as in the proof of Lemma 6.8, observe that 1& € B(ii«, (po,to)); the equations

VYi(po,to) = i(po,to)

Ve i(po,to) = Vet(po,to)

(D21;) ) (po.to) = (D) (po,to)

hold; and, finally,

Uy (p, t) — (P, t) > |lp — pollehat(t — o)™,

similar to Inequality (6.24). Given a compact neighborhood B € Qr of (pg,to) and some integer m, we also

introduce the useful notation

Bie == B0 {(p.t) : [Ip = pollener, (t — to)™ < me}.
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Now @ € L(v) implies & < v and P (po, to) = Gix(po,to) < @(po,to) < v(po,to). Moreover, we see that
U(po, to) < v(po,to), since otherwise 1h € B~ (v, (po,to)) and then the relationship between the derivatives
of ¢ and 1[) and Inequality (6.34) would contradict the assumption that v is a parabolic co-superharmonic

function in Q7. Hence there exists some ¢ > 0 so that

Y(p,t) + 4e < v(p,t)
in By.. The definition of By, also suggests
a(p,t) > i (p,t) > P(p,t) + de (6.35)
in By \ B.. If we define

max {1/3(}9, t) + 4e, i(p, t)} , (p,t) € B
ﬁ(p, t)v (pv t) € QT \ Baa

w(p,t) :=

then the Inequality (6.35) implies
w = max {1/3 + 4e, ﬂ} = sup {1& + 4e, a}

so that by Lemma 6.8 we conclude w is a parabolic co-subharmonic function in Qp — hence w € L(v).

Additionally, because

0 = @ (po, to) — P(po, to) = h%ionf {ﬂ(Pa t) —b(p,t) : dec (p,po) + [t — to] < T} )

there exists (p,1) € B. so that @(p,?) — 1 (p,f) < 4e; we may infer that w(p,i) = ¥(p,f) + 4e > a(p, 1), and

this completes the proof. O

Theorem 6.14. Let Q € G, T > 0, and assume that the functions pg, pi. satisfy Condition (6.7). Suppose u
is a parabolic co-subharmonic function, v is a parabolic co-superharmonic function, and that these functions

satisfy

uw<wv in Qp
uy =v* on Ipar Q.

Then there exists a parabolic co-harmonic function us v satisfying ue v € C(Qr).
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Proof. Notice that the collection L£(v) of parabolic co-harmonic functions in Q7 which are bounded above

by v is nonempty — in particular, u € £L(v). Define

uOO,T(p’ t) = S;)lp {f(pv t) : f € ﬁ(U)},

and note that u < ueo 7 < v in Qp. By Lemma (6.11), we know that u. 1 is a parabolic co-subharmonic

function. Also, we must have (uc,7)« i a parabolic co-superharmonic function: Otherwise there is some

(p,t) € Qr and w € L(v) so that us 7(p, ) < w(p,?), and this is contradictory to the construction of ueg 7.
Now

Uso, T = (Uoo,7)" < V" = Uy < (Uoo, 1)« ON Opar Or

by our assumptions on u and v. We may therefore apply our comparison principle, Theorem 6.4 to conclude
Uso, T < (Uoo,T)x- Since (Uso,1)s < Uso,r by definition, we have found that the function e, 7 = (Uso,1)x =

(Uoo,7)* is continuous and parabolic co-harmonic. O

6.4 Asymptotic Limits With Respect to Time

With our elliptic and parabolic existence results complete, we now have interest in the asymptotic limits

of parabolic viscosity solutions to the (parabolic) co-Laplacian
wy + Ax oow = 0. (6.36)

more specifically, we wish to prove the following theorem.

Theorem 6.15. Let Q € G be a bounded domain; let U € C(Q2 x [0,00)) be a solution to

wi(p,t) + Ax cow(p, t) =0 in Q x (0, 0c0)
(6.37)

w(p,t) =g(p) on Opar (2 x (0,00))

with continuous boundary data g. Let us be an (elliptic) co-harmonic function in . Assume also that O
satisfies the condition of positive geometric density; that the functions py, pe satisfy (6.7); and that there

exists mg as in the statement of Corollary 6.5. Then we will have U — uso uniformly in Q0 as t — co.
For convenience, we state the definition of positive geometric density as it appears on [19, p. 1].
Definition 6.16. Given a bounded domain 2 € R"”, the boundary 02 is said to satisfy the condition of

positive geometric density if: There exists a € (0,1) and € > 0 such that for every p € 9Q and each ball
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Beual(p,0) with 0 < e, the inequality
m (Q N Bcucl(pa 5)) < (1 - a) -m (Bcucl(p, 5)) )

where we have used m(-) to denoted n-dimensional Lebesgue measure.

To prove Theorem 6.15 we shall construct parabolic test functions from elliptic ones as in [26]. To accom-
plish this, we will need two observations, the first of which is a homogeneity property. Specifically, direct
calculation shows that if u € CZ is a solution to (6.37), then the function v(p,t) := EY2u(p, kt) is a C2
solution; this homogeneity property also holds for parabolic viscosity solutions to Equation (6.37). The

second observation is the lemma below whose proof appears on [19, p. 170] and in [26].

Lemma 6.17. Let U be as in Theorem 6.15. Then for every (p,t) € Q x (0,00) and for 0 < s < t,

lolloce s

[U(p,t =) = U(p,t)|< A-s)? T

Proof of Theorem 6.15. Suppose that U : Q x (0,00) — R is a parabolic viscosity solution to Problem
(6.37). By the results of [19, Chapter III], the family {U(-,t) : t € (0,00)} is equicontinuous and, moreover,
bounded uniformly above by ||g|l,co< 0. The Arzela-Ascoli Theorem therefore implies the existence of
some subsequence (t;) so that ¢t — oo and U (-, tx) uniformly to some function u(-) € C(Q2) as k — oo which
satisfies u = g on 0. In light of Theorem 4.3 and because proving u is a viscosity supersolution will proceed
similarly to the subsolution case, we will only prove that u is a viscosity subsolution of (6.36).

Let py € © be given and let ¢ € CZ(£2) be any function satisfying

0 = ¢(po) — u(po) < ¢(p) — u(p) near po.

By uniform convergence, there exist py — pg as k — oo such that U(-,t;) — ¢(-) possesses as minimum at

pi. Define

—3/2,
o) =60 + ol (1)

Notice that ¢, € CZ(Q) N C}

eucl

((0,0)). By Lemma 6.17,

U(pr,tr) — o (x> te) = U(pr, te) — d(pr) 2U(p, tr) — ¢(p)

N —t
k k

:U(pv t) - (bk(pa t)
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for all p € Q and t € (0,t;). This shows that ¢ € A~ (u(pg, tr)) and, invoking Corollary 6.5,

(Dr); (Prs th) + Ax 00Ok (Pr, tr) < 0.

Calculating (¢r), (pk,tx) directly from the definition of ¢ and recollecting terms,

191le2,00

Ax oo Ok (Prstr) <
tg

Now we may let k& — oo and conclude the desired result.
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