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ABSTRACT

Modern data science problems revolves around the Koopman operator C,, (or Composition
operator) approach, which provides the best-fit linear approximator to the dynamical system
by which the dynamics can be advanced under the discretization. The solution provided by
Koopman in the data driven methods is in the sense of strong operator topology, which is
nothing better then the point-wise convergence of data (snapshots) in the underlying Hilbert
space. CHAPTER 2 provides the details about the aforementioned issues with essential counter-
examples. Thereafter, provable convergence guarantee phenomena is demonstrated
by the Liouville weighted composition operators A¢, over the Fock space by providing the
boundedness (cf: THEOREM 2.17) and compactness (cf: THEOREM 2.25) establishment
of As,, over the Fock Space. Modern learning algorithms such as support vector machines
and activation function for Neural Nets heavily relies on the kernel function which arises
from the Lebesgue measure and reproducing kernel of Fock space. Thus, this chapter serves
its related results by establishing the norm convergence which benefits the practitioners of
learning algorithms community.

CHAPTER 3 investigates the interaction of the weighted composition operators over the
Paley-Wiener Space. For sampling and interpolation of signals, Paley-Wiener Space is crucial.
The distinctive contribution of this chapter is the discussion of the Phragmén-
Lindelof indicator function and the Pdélya representation in the presence of the
weighted composition operators over the Paley-Wiener Space. Additionally, it has
been demonstrated that there exist no compact composition operators over the Paley-Wiener

Space. However, due to the presence of an extra symbol (multiplication- 1) in the

iv



weighted composition operator, one can leverage it to attain the compactness of
it over the Paley-Wiener Space.

CHAPTER 4 introduce the Koopman or composition operator over the Poly-logarithmic
Hardy Space. As a result of this, we also learned about the Nevanlinna Counting Function
for the Poly-logarithmic Hardy Space.

CHAPTER 5 provides the theory of Mittag-Leffler Space of entire functions in the setting
of LP space. The chief contribution of this chapter are the duality, isometry,
boundedness of integral operators via the Schur’s test which leads to perform

the atomic decomposition of the Mittag-Leffler Space.



CHAPTER 1
INTRODUCTION

The research progress made in the present dissertation sits in the center of the theory of

Reproducing Kernel Hilbert Spaces (RKHS) and Operator Theory.

Definition 1.1 (cf. [1]). Let K be either R or C and X # 0. Then H is defined as a

K-reproducing kernel Hilbert space comprising if for functions f : X — K such that

1. A function K : X x X — K is called a reproducing kernel of H if K(-,x) € H Vx € X

and the reproducing property holds i.e.

(RK) flx)={(f,K(,z))u, Vf € H and x € X.

2. H 1is called RKHS over X if Vx € X, the point evaluation functional B, : H — K
defined by P.(f) = f(x) for f € H is continuous.

The existence of the reproducing kernel K (-, z) in (RK) is ensured by the Riesz Represen-

tation theorem; states as follows:
Theorem 1.2 (Riesz Representation Theorem). Let H be a Hilbert Space and let L : H —

K be a bounded linear functional. Then 3 a unique vector hg € H such that L(h) =
(h,ho)r, Yh € H. Furthermore, ||L||g= ||hol|x-



1.1 Examples of RKHS

The examples of RKHS for entire functions are provided here. These examples will play

an important roles in this dissertation.

1.1.1 Fock Space

1 2
Consider the Gaussian measure as dAg = —e #'"dA(2) for z € C", where dA is
,/Tn

ordinary Lebesgue measure over C". Consider L? (C",dA¢) as the Lebesgue measurable

space comprising of measurable functions g for which the following holds:

(1.1) lglis cny= [ l9(2)PdAc(z) < .

The Fock space, F2(C™), is given as the subset of L?(C", dA¢) whose elements have an entire
function as a representative of their equivalence class. Since analyticity is preserved through
convergence with respect to the L?(C", dA¢) norm, F2(C") is closed, and is identified as a
space of entire functions. F2(C") is a reproducing kernel Hilbert space, see [53], with the

kernel given as
(1.2) Ku(2) = K(z,w) = e®) = *% 2, we C",
and the normalized kernel function at w € C™ for F?(C") is given as

[wl?

(1.3) ko (2) = exp <<z,w> - T) , zecCnm



1.1.2 Mittag-Leffler Space

Recall the one-parameter Mittag-Leffler’s classical function; that is defined by the power

series given as follows:

[e%s) k

_ z — o T—-1_-—7
(1.4) E,(z) = kz::()—l"(qk-l- Iy where I'(7) /0 t" e "dt.

The Mittag-Leffler space, ML?(C; q), of entire functions of order q > 0, is defined as follows:

M) = { 1) = 3= Fw s I fmPrian +1) < o
n=0 n=0
We define the norm of f € ML?(C;q) as follows:
(15) 1£12 = [1f)Pdug(z),  where,
(1.6) dtg(2) = qiw|z|§_2e_|z|%dA(z).

Remark 1.3. Note that if ¢ =1 in (1.6), then du,(z) is the usual Gaussian measure (see
[58, Chapter 2, Page 33]). For additional and particular details about the norm, measure of
ML?(C; q) given in (1.5) and (1.6) and its connection with the Fock space, follow [34].

Proposition 1.4 (cf. [34] and [18].). Following properties holds for ML?(C;q):

1. The set {e;}2, in (1.7), forms the orthonormal basis for MIL?(C;q)

) @) =12\
I'(gj +1) ;

2. For all f € ML?(C; q), the following inequality is enjoyed by f,

(1.8) [f()P< Eg(J2P)I 1



For q > 0, we define the normalized reproducing kernel k, at z € C for ML*(C;q) as

follows:

1.9 kz = 3
(19) K.

where || K.||= 1/ K(z,2) = \/E, (|2]?).

Lemma 1.5. The normalized reproducing kernel of ML*(C;q) given (1.9), is a unit vector

in ML?(C;q).

Proof. The proof is easy once we use the reproducing property of the reproducing kernel K,

that is, (f, K)) = f(\) in ML?(C;q). Now, we give the proof for this as follows:

1 2 5 _1,2
MW=E4mw%v%”mw,

:i K)\(2) |z |-—2 —Izlq dA(z),
gr Je | [Ky\(N)
1 22 -
= —— | K\(?)K, 19 4.4
R0 @K (=),
=1.
Therefore, k) is a unit vector in ML?(C; q), as desired. O

1.1.3 Paley-Wiener Space

Definition 1.6. An entire function f is of exponential type T if | f(2)|< O (exp ((T + €)|2]))
Ve > 0.

We will use either 7 or o symbols are reserved for ‘type’ for a function which is an
entire function of exponential type EFET, in this dissertation. Recall the classic result of

Paley-Wiener theorem given as:



Theorem 1.7 (Paley and Wiener). Suppose f € L*(R). Then the necessary and sufficient
condition that the Fourier transform of f vanish outside of [—o, o] is that f(x) be of exponential

type o.

Paley-Wiener space, PW2, is comprised of entire functions of exponential type o less than
or equal to m whose restriction to the real line belongs to the space L?(R), that is, entire
function f with |f(2)|< O (exp ((o +¢€)|z|)) for all € > 0, and for all o < , satisfies the

following:

(1.10) 1 ly= [ If@Pde <00, ¥ fePWE

The aforementioned definition of PW? is the result of THEOREM 1.7. PW? is a RKHS
whose norm ||e|| pyy2 is given as (1.10), that is, || f||pw2= || fl|l2®)< co. For f € PW? and
with z = x + iy, the Plancherel-Pélya theorem states that [;|f(2)|>dz < ||f ||%)W362”|Im2| for
f being an EFET since o < 7 [27, Page-51, Theorem 4]. The reproducing kernel of PW?

is K(z,w) = sinc (z —w) = sin (7 (z — w))

. For n € Z, {K,},, forms the orthonormal basis

7 (2 — W)

—int

V2r

f € PWZ, the relationship || f||72g)= Znezll f(n)||? is true by the virtue of Parseval’s identity.

of PW?, since sinc (z — n) is the image of under the inverse Fourier transform. For

Every candidate f € PW?2 enjoys the following representation against f € L*(—m,m):

fo=[" f<t>e“z%.

There exists a unitary Fourier isometric isomorphic transform from PW? — L? (—m, ), and

again as an application of Parseval’s identity we have

(1-11) ||f||%2(R)= ||f||%2(—w,w)-



Let f € PW2. Recall [27, Lecture-10, Page-69] as follows:

. 6_7T|y| T A
12)  fe+iyl< S [ If@ld
—2nly|
(1.13) |f(z +iy)|* < c o ||f||f3W3, (use Cauchy-Schwarz & (1.11)).

We now include important examples of RKHS over a finite measure space, in particular the

unit disc D.

1.1.4 Hardy Space

The Hardy space, H?(DD), is a Hilbert space comprised of all holomorphic functions f in
D for which the following holds:

1 m .
(1.14) 1 le= sup - [ |f(re?)?d0 < oo.
0<r<1 4T J—7

Upon the calculation of (1.14) for f(z) = 222, f(n)z", the following summation correspon-

dence holds true for f € H?,
(1.15) 1£1I72= D1/ (n)P< oo,
n=0

1.1.4.1 Littlewood-Paley Identity for H?> We need following elementary equality that

can be easily proved by integration by parts technique.
(1.16) /1 P log lar— L pez
' 0 84T a2 *

The Littlewood-Paley Identity for H? is given above and we give the proof of it for clarity.

(147 = F QP+ [ 1F(2)Plog TdA(:),  for f € B2



Proof of (1.17). The LHS of (1.17) is ¥2°,|f(n)[%. On the other hand,

[19 ) P1og aA(:) = [ 3 nf(e log [1dA(2),
= — 7 g 1 n+m— 1
= 3 3 nmf(w)f(m)2nbu, |7t log ~a,
= 27r7;2l112|f(n)|2/01 r?"~!log %dr, (use (1.16)),
=3 2l
Therefore, | f(0)|2+% LIF(2)Pog |71|dA(z) — 1O+ T2 1 F () 2= 11f 12 D

Remark 1.8. The Littlewood-Paley Identity for H? is useful for instance, as one can
learn from (1.17) that for f € H?, its norm is equivalent to the condition that f' €
L? (]D, % log édA(z)) up-to the addition of |f(0)|>. In other words, here %log% is the
right measure that matches with the derivative of function in H? in L? setting over D. The
similar phenomena will rise for different Hilbert space of entire functions. However, the

name of equivalent norm representation, abbreviated as ENR will be utilized for the discussed

Hilbert space. Therefore, the Littlewood-Paley Identity is only associated with H?.

Let us now define the Polylogarithmic Hardy space as follows:

1.1.5 Polylogarithmic Hardy Space

Definition 1.9. Let s € C. The Polylogarithmic Hardy space PL?*(D;s) is defined as follows:

(1.18) PL*(D;s) = {fs(z) = i @zk : i f(k))z < oo} :

Note that f, € PL?*(D;s) is entire in s and analytic for |z|< 1 (cf. [33]). The fact that f,

is analytic implies the existence of holomorphic character of f,. PL?*(D;s) is a reproducing



kernel Hilbert space with the kernel function K (z,w;s,t) given as:

K(z,w;s,t) = Lsy+(2w), where Ly(2) =) 2" -n"*

n=0

for s and t € R. Consider f, and g, in PL?(D;s), then that inner product for the same is

defined in relation with H? as:

<fs> Gs, >PL2(]D);5) = <S*f07 S*QO>H27

(1.19) 1 /0 8" o ()5 go (@),

=27r

where S = M, is the shift operator. In addition to this, the norm of f, € PL?(D;s) is:
2 L2 g (L i0y2
(1.20) 1 fillbra o= 5 [ 18" Fole?)Pa8 < oo.

1.1.6 Dirichlet Space

The Dirichlet space, D?(DD), is a Hilbert space comprised of all holomorphic functions f

in D for which the following holds:
1
(1.21) | £l 2= |f(0)|2+; / |f'(2)|*dA(2) < oo, where dA is the area measure.
D

Note that for f(z) = 3%, f(n)z" with the calculation of (1.21), the following summation

correspondence holds true for f € D?,

e o]

(1.22) 1F1Be= > (n + DIf (n)P< co.

n=0



1.1.7 Bergman Space

The Bergman space, A%(D), is a Hilbert space comprised of all holomorphic functions f

in D for which the following holds:

(1.23) 9= > [1f()PaAG) < oo.

For f(z) = X2 f(n)2" € A

(120 Iie= 5 H0F < o

The following space containment relation among all three Hilbert spaces, is true:

(1.25) D?*c H? C A%

Now, we revisit some modern theory of weighted composition operators over various RKHS.

1.2 Weighted composition operators

Let H be a Hilbert space of entire functions over C. Let 1) and ¢ be entire functions.Then,

the weighted composition operator denoted formally by Wy . is defined as
Wyof=2 - (f op) under Wy, : dom (Wy ) — H.

The dom (W, ,) is the domain of Wy, such that ¢ - (foy) € H. For ¢ = 1, W,,, is the
classical Composition operators.
The history of Wy, traces back to 1964 when FORELLI demonstrated the isometries

among the Hardy spaces H? for 1 < p < co and p # 2, see [11].



1.2.1 Disjoint Support Property

Let X be a Hausdorff topological space and let E be a real or complex Banach space.
The space of continuous E valued functions on X will be denoted by C(X, E). This space is

a Banach space when endowed with the usual norm

Ifll= sup{|f(z)]: = € X}.

Disjoint support property of an operator T' on C(X, E) is defined then as:

if ||f(z)||[lg(z)||= 0 for every x € X = ||T'f(x)||||Tg(x)||= 0 for every z € X.

It has been demonstrated that the only bounded operator over C(X, E') which satisfy with
the disjoint support property are precisely the weighted composition operators Wy, ,,; which

was shown by JAMISON and RAJAGOPALAN in [21].

1.2.2 Results by Carswell, MacCluer and Schuster

CARSWELL, MACCLUER and SCHUSTER characterized bounded and compact C, over

the Fock space F?(C") of entire functions [4].

Theorem 1.10 (Theorems-1 & 2, [4]). Composition operator C,, is bounded on F?(C™) only
when ¢(z) = Az + B with ||A||< 1. Conversely, suppose that p(z) = Az + B with A being a
n X n complez matriz and B € C". If ||A||=1 then C, is bounded on F2(C") if and only if
B =0. If |A||< 1 then C, acts compactly on F*(C™).

10



1.2.3 Results by Ueki and Le

For this particular section, we will use UEKI’s notation: uC,f to denote the weighted
composition operator. Study of uC, f := u - f o ¢ with certain integral transforms denoted by

B,(Ju|?)(w) in [49] by UEKI. The quantity B,(Ju|?)(w) is given as follows:

2
Jwl® |z

Mz?)m e 2 e 2 dA(2).

B,(jul)(w) = 5 [[Iu(z)P

The boudedness and compactness characterization of uC,, f over the Fock space (for a single

variable, F2) by UEKI is given as follows:
Theorem 1.11. Follow [49, Theorem 1 & Theorem 2] respectively for following results.

1. uC, is a bounded operator on F? if and only if B,(|ul*) € L>(C).

2. Suppose uC,, is bounded over F?, then there is a positive constant C such that

lim sup By, (ul*) (w) < [[uCyl.< Climsup B,(Jul*)(w).

|w|too w[too

In particular, uCy, is a compact operator on F? if and only if limyy|reo By(|ul?)(w) = 0.
Related results were further-up simplified in [26] by LE.

Theorem 1.12. Follow [26, Theorem 2.2. & Theorem 2.4.] respectively for following results.

1. Wy, is bounded on F? if and only if f belongs to F2, o(2) = ¢(0) + Az with |A\|[< 1 and
M(f,¢) = sup |f(2)Pexp (|o(2)]*~2[?) : 2 € C} < o0.
2. W;, is compact on F? if and only if p(2) = ¢(0) + Az for some |A\|< 1 and

lim |£(2) Pexp(lp(2) P~ =[%) = 0

holds.

11



1.3 Liouville operators and Occupation Kernels

ROSENFELD, RUSSO and KAMALAPURKAR et.al. studied Dynamic Mode Decomposition
(DMD) for continuous dynamical systems in the setting Liouville operators paired up with
Occupation kernels [35, 36, 37, 42]. Further, occupation kernels have played a key role to
study the motion tomography in [43] and fractional order system identification [28].
Definition 1.13 (Liouville Operators). Lety = f(7) be a dynamical system with f : R® — R™
as a locally Lipschitz function. Let H be a RKHS over compact X C R", then Liouville

operator native to the given dynamics Ay : D(Af) — H operates as
(1.26) Arg(x) = Vg(x) - f(*) where D(Af) ={h€ H|Vh- f € H}.

Fruitful results are discovered when Ay is coupled with Occupation Kernel, defined as

follows:

Definition 1.14 (Occupation Kernel). Take a continuous trajectory v : [0,T] - X C R™
where X is compact in R™. Let (H, (x,*)g) be the RKHS over X consisting of continuous
functions; the functional g — [ g(v(7))dr is bounded. Appealing to the Riesz Representation

theorem,

[ 9rmdr = (.0 )u

for someI', € H. This Iy is called as an occupation kernel corresponding to v € H.

Letting K (-, -) be the kernel function corresponding to H, then following holds:

Ay = K (9(T)) — K (-,7(0)) .

A3L', provides the input-output relationships that enable DMD of time series data. Liouville
operators in a DMD routine allows the dynamics to be locally rather than globally Lipschitz.

{A} when examined via {I',} avoids the limiting relations of Koopman operators that might

12



not be well defined for a particular discretization of a continuous time nonlinear dynamical

system. Readers are encouraged to follow important references for this: [36, 38].
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CHAPTER 2
PROVABLE CONVERGENCE GUARANTEE SOLUTION FOR LEARNING
ALGORITHMS

Since the beginning of the 21st century, there has been a tremendous data production,
of which a majority of it is unprocessed and unanalysed which eventually is unused. Giant
domains where the data misses the opportunity of even being understood are commerce,
technology, health and network sectors. Often times, these data are affiliated with certain
dynamical systems which are nonlinear and chaotic. To understand and process the generated

data, Koopman operator framework is employed.

2.1 Koopman Operator

2.1.1 Forward Complete Dynamics

Koopman operator framework or mathematically just the Composition operator has
emerged as one of the main candidates for machine learning of dynamical processes. In
particular, practitioners employ C,, in the sense of Koopman [24] to deal with the discretizable
dynamical systems and Dynamic Mode Decomposition (DMD) [15, 25, 29, 50] and etc.
Koopman operator technique/analysis fails to capture the data-driven analysis for the
dynamics which are not discretizable, for instance © = 1 + z2. Here, for a fixed and
finite time-incremental 6t in (0, g) the corresponding discrete time dynamics are x,,11 =
tan (arctan(z,,) + 0t). Observe that when z,, takes tan (g - 6t) , it results into the absurdity
of ,,+1. Hence, the symbol ¢ to the corresponding Koopman operator is not well-defined. The

example discussed here is one of the simplest example belonging to the polynomial dynamics.
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These dynamics are prevalent in the literature of mass-action kinetics in thermodynamics,

chemical reactions and species populations. These situation makes the study of Liouville

operators as a big industry in various themes.
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Figure 1. Vector field of dynamical system ()
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2.1.2 Affine Symbols

2.1.2.1 For the Fock Space A proof-sketch of THEOREM 1.10 is addressed here for the

Koopman operators C,, interacting on the Fock Space F?(C™).

Proof sketch of THEOREM 1.10. If C,, is bounded over F?(C™) then

€5 (k) (o)
> e B € n - < .
s el = sup exp (g (lew)P—ful?) ) < oo

From above, we infer that

()l _ |

(2.1) lim sup
fwlteo ]

Thus, each coordinate of ¢ is linear, that is, p(z) = Az + B. Besides this, say |A¢|> |¢| for
some ¢ € C™ whose norm is 1. Letting z = 7(, where 7 > 0 and then making 7 — oo and

combined with (2.1) as follows:

. |AC+1B|
lim

T—00 |C|

<1

The above inequality implies |A{|< |¢| which is a contradiction. For compactness, let ||Al|=1

and note that

) 1
|Colle> timsupexp ( (lp(w)P—fuwl))

|w[too

which allows ||Cy||# 0, so C,, is not compact. Thus, ||A]< 1. O
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2.1.2.2 For the Paley-Wiener Space Fundamental to the data sampling and data
interpolation is the classical space PW?2. We learned from SUBSECTION 1.1.3 that it
comprises of only those entire functions of exponential type whose restriction of it on real
axis is L?(R)-integrable. It has been demonstrated in [5] that the only Koopman operators
that can act bounded over PW? are affine. Moreover, aforementioned reference also proved

that there exist no compact Koopman operators for PW2.

2.2 Preliminaries

Remark 2.1. Unless otherwise stated, all vectors v € C" are column vectors, v’ denotes
the transpose of a vector or matriz. When n = 1, the symbols |-| implies the modulus of a
complex number. The symbols ||e|| will represent either F2(C™) norm (defined in (1.1)) or
operator norm depending on the context. det(.A) denotes the determinant of a matriz A. The
multi-index notation is employed as j = (j1,...,Jn) and |jl= g1+ -+ Jn- If 2= (21,...,2s)

then 27 = (20',...,20"), and dz = dz; - - - dz,.

Definition 2.2. Let D(Ay,,) be a subspace of F?(C"), As, : D(Ay,) — F2(C"), then the
Liouville weighted composition operator induced by entire multiplication symbol f and an

entire composition symbol ¢ with f : C* — C" and ¢ : C* — C", is given as follows:

(2.2) Ajeg =Vyg(p()) - Dp() - f(), where

D(Ay,) = {g € F*(C") such that Vg(¢()) - Dep(-) - f(-) € F*(C")}.

The term Vg’ implies the usual gradient of g and Dy implies the matriz-valued derivative

taken on .
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2.2.1 Simple Preliminaries

Lemma 2.3. Let ¢ : C* — C be holomorphic on a domain 2 containing the closed unit ball.

If p(2) = ¥|jj=0 @;27, then

1 Q m )
e | [ JePde = SlaPr, e e

l7l=0

Jensen’s Inequality will also be utilized in this manuscript, and it is stated here for clarity.

Proposition 2.4. (Jensen’s Inequality, [12, Lemma 6.1, Page 33]) Let (0,3, u) be a

probability space, and g a real-valued function that is p-integrable. If ¥ is a conver function

d)(/ﬂgd@ S/deogdu-

Theorem 2.5 (Cauchy’s integral formula for distinguished boundary). Let f(z) be an-

then,

alytic function of several complex variables z = (z1,---,2,) in a closed polydisc D, D =
{z € C": |zx — ag|< rr}. Then, at each point of D, f(z) is representable by a multiple Cauchy

integral:

23) 10 =(55) f 2554

where

T:{CGC":|(k—ak|:rk, kzl,,n}

is the distinguished boundary of the polydisc, ¢ = (C1,...,(n), dC =d(1---d¢, and { — z =
(Cl - zl) T (Cn - zn)'

Proof. Follow [20, Page 553, Equation 17], or [13, Page 11, Theorem 12]. O
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2.2.2 Closeness

The following theorem establishes that Liouville weighted composition operators are closed
operators. Hence, when the domain of the operators encompass the entire space, Liouville

weighted composition operators are bounded by the closed graph theorem.

Theorem 2.6. Let H be a reproducing kernel Hilbert space of continuously differentiable
functions over C". Consider entire mappings f : C* = C" and ¢ : C* — C™. Then Ay, is a

closed operator.

Proof. Suppose {gm}._; C D(Ay,,) such that ||gm, —g||lg— 0in H. It follows that {%qzm (z)}

35 (2) on compact subsets of C" (cf. [48, Corollary 4.36]). Suppose

also that Af,gn — h for some h € H, then

converges uniformly to

ointwise
POIWIR Vg

Vm((2))D((2)) f (2) (0(2))D((2)) f(2)-

Since, Af,,9m(2) = Vgm(p(2))D(p(2)) f(2), it follows that

h(z) = lim Asogm(z) = lim Vgn(p(2))D(e(2))f(2) = Vg(p(2))D(¢(2))f (2).

m—00

Thus, Vg(¢)D(¢)f = h and g € dom(Ay,,). O

Note that the THEOREM 2.6 generalizes of [39, Theorem 3.3].

2.2.3 Liouville weighted composition operators & Occupation Kernels

Recall the definition of Occupation kernels from DEFINITION 1.14. The interaction of

Ay, on the occupation kernels is given as follows:

Theorem 2.7. Let H be a RKHS of continuously differentiable functions with K(-,-) as

its kernel. Let v be a continuous trajectory, v : [0,T] — R" satisfying ¥ = f(vy) where
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f:R" = R" 4s Lipschitz continuous and g — (Ay,,9,T'y) i bounded, then for I', € D(43 ),

Aj Ly = K(,0(y(T))) — K (-, 0(7(0)))-
Proof. Tt can be proved as follows:

(Ao, T = [ Agpar(e))de
= [ L gowtrie) at
= [ Valet)Deh@))ioa,
= g(e(v(T))) — g(¢(7(0))), (Fundamental theorem of Calculus)
= (9, K (1, (+(T))) = K (1, 0(+(0)))) ur,

7oLy = K (- 0(1(T))) = K (-, (7(0)))-

]

The proof of THEOREM 2.7 generalizes the result of [36, Lemma 2| and [38, Proposition

5).

2.2.4 Null-Space

Theorem 2.8. Let two holomorphic functions on a domain Q C C" coincide on a nonempty

open subset U C Q). Then, they are the same on the whole of €.
Proof. Follow [22, Proposition 1.7.10] or [44, §1.2.2]. O

Theorem 2.9. Let H be a reproducing kernel Hilbert space over the C. Consider holomorphic
functions f : C = C and ¢ : C =+ C where f # 0 and ¢ is non-constant. Let Ay, be densely

defined over H induced by two holomorphic functions f and ¢. Then the null-space of Ay,
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18:

(2.4) nullsp(Ay,) = {g € D(Ay,,) : g is a constant function € C}.

Proof. Let g € nullsp(Ay,,) and therefore, As,g(2) = ¢'(¢0(2))¢'(2)f(2) =0 for all z € C
where f # 0 and ¢ is non-constant. Consider {wm}m€Z+ — w for some w € C and w,, # w,
if m # n. Holomorphicity of ¢ in C ensures p(w,,) = ¢(w). For the sake of contradiction,
suppose there exist a sub-sequence {wy,;}; of {wn},, that are the zeros of . Then, p(w) =0
and zeros of ¢ does accumulate. Therefore, ¢ = 0 but this cannot happen as ¢ is non-constant.
For sufficiently large m, p(w,,) # 0.

Similarly ¢(w,,) has no constant sub-sequence. Thus, the selection of distinct p(w,,) is
possible. Set v,,, = ¢(wy,) and observe that v,, — @(w) such that ¢’ (¢(wm)) = ¢'(vm) = 0 for
all m € Z,. From above, we concluded that each one of {v,,}, ’s are distinct and v,,, = p(w)
that they must have an accumulation point. Hence, by THEOREM 2.8, ¢’ = 0, yielding g a

constant function in C. O

The following example demonstrates that we cannot provide the null-space for Ay, over
C™ unless n = 1.
Example 2.10. Let z = (21,25) € C2. Let g : C> — C defined by g(z) = v121 — vo2y for

some non-zero complex constants v1 and vy. Let ¢(2) = z and f(2) = (n1,v2) . Then

10 T
A19() = V9 (@) D () = |y ] | | |;n | =vami—mim=0.
01
Note that in above, the Euclidean dot product of (Vg(p(2)))" (which is (# 0)) with that of
Dy(2)f(2) is 0 implying that the vectors (Vg(p(2)))" and Dp(2)f(z) are mutually orthogonal
in C2. Due to the Euclidean dot product being 0 here, it might tempt to include a linear

function in several variables in the null-space of Aj, over C2. However, vector valued

21



functions of several variables are not integral domains with respect to the Euclidean dot

product.

2.3 Boundedness

Similar to methods for weighted composition operators (cf. [4, 26]), determining a
characterization of the symbols that result in a bounded Liouville weighted composition
operator will rely on the action of the adjoint of these operators on kernel functions, which is

established in LEMMA 2.11 over F2(C").

Lemma 2.11. Suppose f : C* — C" and ¢ : C* — C" are entire functions that yield a
bounded Ay, over F2(C"), then

(2.5) 1A% K ||*= (f(ZO)TDSO(Zo)T(In + w(zo)w(zo)T)Dgo(zo)f(zo)) eleGol”,

The quantity I,, in (2.5) corresponds to the n X n identity matriz.

Proof. By the definition of Ay, following expression can be written for z; € C" with the

help of reproducing kernel K, at z, € C”,

Af#Pg(ZO) = <Af,<pg, KZ0> = (g’ ;,(pKZO> = Vg((p(ZO))DQO(ZO)f(zO)'

For z € C", the evaluation of A} K, (z) may be determined through the inner product of

the Hilbert space as

A;‘,LPKZO('Z) = <A;,¢KZ07 KZ> = < Z07Afy<PKZ> = <Af,90KZ7 KZO> = Af#PKZ(ZO)

= 2K y(z)(2) D(20) f (20)-
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Therefore,

”A},(pKZOHZ = <Af,90 },goKZoa zo)
= Af A} Ko (20)

=(f@dTDw@@T05+¢mamx%f50¢@@f@@)ammw_

[]

The proof of LEMMA 2.11 may be adapted to show that K, is in the adjoint of Ay, for
each z € C. Analogous to the approach in [18] the following quantities are defined.

Definition 2.12. Let ¢ : C* — C" and f : C* — C™ be entire mappings that yield a bounded

Ay . Then the following are defined as

A K i
(2.6) M. (f,p) = —=2——, where z € C" and,
|| K [|?
Ax K|
(2.7) M(f, ) = sup M,(f,p) = sup —” 1® 2”
zeCn zecr || K|

Proposition 2.13. Let W : C* — C" and ¢ : C* — C" be entire functions with W (z)
non-vanishing. If

W (z)|2el?@P-1* < ©
for all z € C™ then ¢ is linear (affine) i.e. p(z) = Az+ B where B € C" with || A||< 1.

Proof. We begin by taking the logarithm of both sides,

210glW (2) -+ (|io(2) P~ |2I%) < 1og(C).
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Now we introduce z = (rie?,...,m,e?) 7. Now, |2|?= 37 ,|2|? and |p(2)>= S0, |we(2)|?,

where ¢, : C"* — C is a component function of ¢. If we fix a k € {1,...,n} we have

(2.8) log(C) > 21og|W (2)|+ (le(2)P~2I?) ,
> 2log|W (2)|+ (le(2)P—|2P*)

— 210 W I+l 3072
=1
We integrate both sides over T"
L/ﬂ /ﬂlo |W(z)|d9—|—L/7T /W| (2)|?df — Zr < log(
@) Jon )08 @m)n Jn ) P ¢ <log(C

Again, the above is written using multi-index notation. By analyticity of W (z), Jensen’s

inequality in PROPOSITION 2.4, and monotonicity of log and THEOREM 2.5, we get

21log(|W(0)]) = 2log <| (27:7;)7» / e d£‘>

§2log<(27r)n/ /|W |d9>

We have,

21og(|W(0) 2dh — ng < log(C

By an application of our LEMMA 2.3,

2log(|W(0)|) + Z|a |*r 2”1-.. r2n — Zré log(C

|7]=0

here we used a super-script of k£ to indicate this a decomposition of the k-th component of

the function ¢. Let e; be the multi-index with a 1 in the i-th spot and zeros else where. The
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above rearranges to:

2log(|W(0)]) + Z |a Ka 2. r2in 4 |a’(§|2+ Z(|a'§e|2—1)r§ < log(C).
=2 =0

This inequality is true for all 7 = (ry,...,7,)" € R™. As the second term is unbounded if
any |a%|> 0 for j > 2, this is enough to imply up to a relabelling that @i(z) = ap121 + - +
(nzn + b, Thus, o(z) = Az + B where, A = (az )7, and B = (by,...,b,)". From (2.8),

notice the following;:
|2 +10g(C) > |p(2)|*.
Thus, it follows that

(2.9) im PG 1,

lzl=oo  |2]

| Az+B]|

||

which is same to say lim,|_, o0 < 1. Now, suppose that |A{|> |¢| for some ¢ whose norm

1
AC+—B
is 1. Setting z = ¢¢ and ¢t > 0 in (2.9) yields lim;_,, g <1, which is a contradiction

and therefore, || A< 1. O

Remark 2.14. If A is an invertible n X n complex-valued matriz, then ¢ = Az + B is an

injective entire self-mapping on C™.

Remark 2.15. For the remainder of the chapter, p will be an affine self-map on C"; that
is to say that ¢(z) = Az + B is an injective self-mapping entire function on C" and A is
invertible. This convention follows that found in [4, 18, 51] and [17] for the affine structure
of .

Following proposition delivers an important result when ¢(2) = Az + B with 0 < ||A||< 1.
Proposition 2.16. The quantity M, (f, @) present in (1.5) belongs to L*(C™, dA(2)), when
©(z) = Az + B where ||A||< 1.
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Proof. We are given that ¢(z) = Az + B and ||A||< 1. Introduce W4(z) = f(2)" A" and
Va(z) = f(2)TAT(Az + B). To prove that M, (f,¢) € L*(C",dA(z)), proceed as follows:

A5 K
[M.(f0)aA) = [ % a4

= /C (WA(?«)WA(z)T + VA(z)T(z)T) MBIl el 4 A(2)  (use (2.5))

< el [ [IWa)PHVAR)P] 4 dA(z).

A standard multi-variable limit argument shows that [|W4(2)|?4|Va(2)[?] e4<*~ " = 0 as
|z| = oo whenever 0 < ||.A||< 1. Therefore, the last integral present above converges and the
integral evaluation of it over C™ is finite. That is, [on [|Wa(2)[2+|Va(2)[?] e ~1#*dA(2) < oo,

forcing in conclusion to have:

L MLF9)dAR) < e [ [[Wa@P+Va() ] 4 dA(2) < oc.

Thus, ||M.(f, )|l (crda()< oo O

The above proposition will play an important role in determining the bound of Ay, over

F2(C™) discussed as follows.

2.3.1 Boundedness

Consider following notation:
(2.10) W(z) = (Wi(2),...,Wa(2)) = f(2) 'Dp(2)".

Theorem 2.17 (Boundedness of A;,,). Let f = (f1, fa,-++, fa)" be an entire functions with
f:C* — C™ such that f is not identically the zero vector in C"™ and ¢ be an entire functions

with ¢ : C* — C". Given Ay, : D(Ay,) — F2(C") is bounded then,
1. M(f,¢) < o0,
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2. ¢(2) is affine with ||A||< 1,

3. if A is invertible then {f;}7, belongs to F2(C™).

4. Furthermore, if 0 < ||A||< 1, then the bound of Ay, is \/ ”Mz(f’Az+i),L||L1(C”’dA(Z)) over
F2(Cn).

Proof. Suppose that Ay, : D(Ayf,) — F?*(C") is bounded. Leveraging [|As[l= [ A%, it

follows that || A} || is also bounded. Set C := || Ay|-

1. For part (1), we have following for z € C",

A
(2.11) M(fy) = sup i < A7, I°= 1 47e]°< O < co.

2. By considering the notation in (2.10) and following PROPOSITION 2.13, it follows that

¢o(z) = Az + B and || A||< 1.

3. Now we prove that with A, being bounded with invertible .4, each component of f
that is {f;} € F?(C"). For this, let 7; be the projection function from C" to the i-th

component. Then with Dy(z) = D(Az + B) = A, one can have following:

h
2
(212)  Apem(2)=(0,..., 1 .., 00AF =(0,...,1,...,0)4
ithentry
_fn._

Since A happens to be invertible, this implies that the rows of A are linearly independent.

Let @; denote the i** row of A and note that
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By the above we know that the dot product of @; and f is in F2(C") for all € {1,...,n}.

Hence, linear combinations of these vectors are in F2(C") as well, i.e.

(; cic‘ii) - f € F?(C™).

Since A is invertible and the rows thus form a basis for C® we can construct the

standard basis from linear combinations of @;, hence each component of f must also be

in F2(Cn).

4. Assume ¢(z) = Az + B with ||A||< 1, then Proposition (2.16) yields that M, (f, Az +
B) € L'(C",dA(z)) implying ||M.(f, Az + B)||11(c»,da(:)) < 00. Take g € F?(C") and

then proceed as follows:

1As090* = % /cn|Af,<p9(z)|2dAG(z)
- % Xgn|Af,<p9(z)|2€_|z|2dA(z)
= % [cJ(Af’“pg’ K.)|?e"*°dA(z), (veproducing property of K.)
- % [N Ay K A
< = [ NglP43 K.lPe™* dA(z),  (Canchy-Schwars on |(g, 43, K. )

2 A% K12
=||g|| / AT Fl dA(z)

™ || K2
2
— ”;;H /C ML(f, Az + B)dA(2),  (use (L5))

llgll?
= F”Mz(fa Az + B) |11 (cr aac))

< 00, (conclude from Proposition (2.16)).

M. (f, n
Hence, taking the square-root of above delivers that the bound of || Ay, || < \/ IM-(f sa)||7anl e

over F2(C") with p(2) = Az + B and ||A||< 1.
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2.4 Essential norm & Compactness

2.4.1 Essential norm of Ay, ¢

We recall important terminologies here for this section.

Definition 2.18. Consider the power series expansion of f(z) around origin as f(z) =

2, f(k)2F, then we define an operator Q,, as follows,
(2.13) Qf(2) = > f(k)z".
|k|=m

The operator 2, defined in (2.13) is self-adjoint and idempotent.

For g € F%(C") with £, acting on it, for z € C", we have

Q1) (OGP [(Omg, KPS g1 = (0. () = ||g||2( > B ) -

|k|=m

We recall the definition of essential norm of an operator as follows.

Definition 2.19. For two Banach spaces X; and Xy we denote by K(X1,X,) the set of
all compact operators from X, into Xy. The essential norm of a bounded linear operator

A : Xy = Xy, denoted as ||Al|. is defined as
|Alle=1inf{||A = T|: T € K(X1,X2)}.

On the account of the fact that ||As,|le= 0 if and only if A is compact.

We will use the following notion of compactness for Ay, on F?(C™).

Proposition 2.20. A bounded and linear operator T is compact on F2(C") if and only if
lim,—so0|| T gm — T gl|— 0 whenever {gm},._, — g weakly.

The following is the notion of weakly convergence in F?(C") that we adopt in this paper.
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Proposition 2.21. Let {gn}_, be any sequence in F?(C™). Then the sequence {gm}o_,

converges to 0 weakly if and only if following are true,
1. the sequence {gm}o_, is bounded in the norm in F2(C"),
2. {gm}ro_o s uniformly convergent to 0 on the compact subsets of C™.

The immediate consequence of PROPOSITION 2.21 is following.

Corollary 2.22. Suppose we have sequence {wy, }or_o € C™ such that |wy,|— oo as m — oo.
The sequence of normalized kernel (from (1.3)) given as gn = Ko(w,,), where p(wp,) = Awn,+B

with A being a complex n X n matriz with B € C", converges weakly to 0 in F2(C").

Lemma 2.23. Consider f: C" — C™ and ¢ : C* — C™ as an entire mappings. Assuming
that As, : D(Ay,) — F?(C™) is bounded, then the essential norm of Ay, enjoys the following

inequality:
(2.15) 1Az lle< liminf[| A7, Qull,

where ., is the operator introduced in (2.13).

Proof. Let 2l be any compact operator on F2(C"), then
(2.16) [Ase — A< (| Ag Q|+l Ao (I — Qi) — 2]l

The operator I means the identity operator. Taking the infimum over compact operators 2(

and letting m — oo in (2.16) we have following:

liminf|| Ay, — || < lim inf || A7 Q||+ lim inf[| Az, (1 — Q) — A,
= lim inf[| A7, |40,

= lim inf|| A Q|-
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Since, I — Q,, is compact on F2(C"), s0 || Af,(I — Q) |le= 0 and thus, lim inf,, || Af,(I —
Qm) — A||= 0. We used this fact from second step to third step to conclude the result. Thus,

we establish (2.15). O

2.4.1.1 Essential norm of Ay,
Theorem 2.24 (Bounds of ||A;,|lc). Consider As, : D(Af,) — F2(C") to be bounded,
induced by entire functions f : C* — C™ with f #£ 0, and ¢ to be affine with | A||< 1. Then

the essential norm estimates of Ay, is given as follows:

lim sup \/MAZ+B(f, Az + B) < ||Afpfle< 7T—”/2\/||Mz(f, Az + B)||11(cr da()-

|z| =00

Moreover, if A is invertible, then ¢ is an automorphsim of C™ and we have that

| Af,sle= lim sup \/Mz(f, Az + B).
|

z| =00

Proof. Consider a compact operator F' over F2(C"); by Schauder’s theorem, F* is also
compact over F2(C"). Meanwhile consider {z,,} as a sequence such that |z|,,— oo and by
COROLLARY 2.22, k;,,) converges weakly to 0 as m — oo which is why F*k,,,.) — 0 as

m — oo. Therefore, we have following:

||Af,<p - F” = ”A},so B F*”’
> lim sup||(A},, — F") k(e
> 1im sup (145 Kt | =1 Kt 1)

— i A% kool
lgjogpll toFo(zm |l

= lim sup \/Mv(z) (f,Az+ B).

|z| =00
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By application of THEOREM 2.17, we have the affine structure of ¢(z) = Az + B and

therefore the lower bound becomes lim sup,,;_,, \/ M 4.+5(f, Az + B). This establishes the

lower bound of || Ay, |le-

Working on the upper bound of ||Af||e, as follows. We will use LEMMA 2.23 and due to
the affine structure of ¢, we have p(z) = Az + B along with 0 < ||A|< 1.
Take g € F2(C") and fix R > 0, then,

147,60l = [ 145.00m9()PdAc(2)

1
= o [ AreQumg(2) e dA(2),

ﬂ-n

1 « e
= = [ 1(@ng, 43 K) P dA(),

1 2
g, A% K ) [Pe#°dA
T l(/lzlgR /|ZI>R> [(Qmg, Fio )|%e dA(z)|,

=1+ L.

We will consider both I; and I, simultaneously. For I;, we have:

1 * 2_—|z|?
Li=— |Z|§Q|(ng, 5 ) e dA(2)
1 12 g a2 :
< 5”9”2 <R (ngT |43 K|’ dA(2), (use result in (2.14))
00 2k
<lol*= [ > ) [ M(f9)dA), (use |2|< B).
™ \ e k! |2|<R

Note that, since g € F?(C") by choice, thus ||g|| is finite-valued and s0 is [, i< r M..(f, p)dA(2).
The latter one is finite-valued because Ay, is bounded over F2(C") forcing ||M.(f, ©)||1(cr,da() <
oo by THEOREM 2.17 followed by the integral monotonicity of M, (f,¢) on {z € C" : |2|< R}
vs. z € C". If m — oo, then <Zi’,§’|:m Rk—z,k) — 0 which implies that lim,,, .., I; = 0.

For I, we have:

1 * —|2|?
IL=— {Qng, f,(pKz>|26 Il dA(z)

7™ J|z|>R
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< i/ ||ng|| ||Af¢K ||2 _|Z|2dA( ), (Cauchy-Schwarz on |(£2,,g, A}7¢Kz>|)

_ 2l

" |z|>R

<M N f 0)aAc), (12ngl1< llgl)

= 7™ Jz|>R

< llgl sup< Mz(f,go)dA(z)>.
R |z|>R

7TTL

M. (f, p)dA(2)

Due to the integral monotonicity, [,;»zr M. (f, )dA(2) < [M.(f, ¥)ll1(craa()< 0o, there-
fore taking the ‘sup’ in the previous chain of inequalities results that supp ( Jioi>r M:(f, cp)dA(z)) <

0o. Now, recall the result of LEMMA 2.23 as follows:

I Atlle < liminf||Af Qmg]|

Jllgll2 Rp< M ())
||g||\/;,,sup\// M.(/, 9)dA(2).

Since limsupg_, o, \/f|Z|>R M. (f,¢)dA(z) = ||M.(f, ¢)||lL1(cr,da(2)), We get the desired conclu-

sion after we let R — oo in the above argument as explained. We now need only note that if

 is an automorphism of C” that

llmsup\/MAz+B f,.Az—|—B)—11msup\/M (f, Az + B).

2.4.2 Compactness

Theorem 2.25 (Compactness of Ay ). Consider the bounded As, : D(A;,) — F(C")
induced by an entire function f Z 0 and ¢ to be affine with |A||< 1. Then bounded
Af ¥

’

: D(Ay) — F2(C") is compact if and only if lim,|_,oo M.(f, Az + B) = 0.
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Proof. We consider the bounded Ay, : D(Ay,,) — F2(C") and we proceed the proof by first
showing the = direction by assuming that Ay, is compact over F?(C"). Since Ay, is

compact then by Schauder’s theorem A% , is so over F?(C"). In the light of the fact that
145 K-

- 0. This can be readily understand

k, = “Ifg—:” — 0 weakly as |z|— oo implies that

by realizing following chain of equalities:

K

143 KL (A5 K., A K .
I K|l

- 0.
(el 1511

* KZ * KZ
= <Af"p||Kz||’Af"P||Kz||> —0 because

Upon recalling (1.5) and THEOREM 2.17, we see that lim,|_,., M.(f, Az + B) = 0. For the
converse, we note that if lim,|_,. M., (f, Az + B) = 0 then the essential norm is zero, hence

the operator is compact. ]

The following example illustrates the boundedness, essential norm and compactness
characterization of Ay, over the F?(C™) that is discussed in this paper. It also serves an
example for [36, Corollary 1]. Following section provides an example for the bounded and

compact Ay .

2.5 Example

Example 2.26. Suppose z € C. Let fx(z) = 2V where N € Z, and let p4(2) = Az for

some complex A such that 0 < |A|< 1. Incorporate LEMMA 2.11 to yield:

I

|45 K.
M. (fx, pa) = — AT

P = VAP (14 JAPIP) 27 [exp (AP 2 12)]

With a direct calculation,

(2.17) M(fvs pa) = sup {JAP(1+ |AP|2I7) [ [exp (14712217 |}
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and the value of z € C for which the supremum of argument present in (2.17) attains, is the

solution® of p4(|z]) = 0, where

_ 2 [ NIAP2IAP-1 N
pa(l2]) = |2*+]z] ( |AJ4—] A2 + |A[A—| A2

Therefore
M(fn,o4) = {|A|2(1 + |A|2|z|2) | 2>V [eXp (|A|2|z|2—|z|2)] : z satisfying p4(|z|) = O} < 0.

Now, we will determine the bound of Asy ,,, by showing that M,(fn,¢4) € L*(C,dA(2)) as

follows:

IV (fns p)ll it (caac) = /(CIAI2(1 + [AP|2[?) 21 [exp (JAP|2I*~|I*) | dA(2).

PROPOSITION 2.16 dictates that Wa(z) = |A]|z]*Y and Va(z) = |A|*|2|**2 for this
example. Observe that both W4(z2) [exp (—(1 — |A|?)|2]?)] and Va(2) [exp (—(1 — |A|?)|2]?)]
are L' integrable on C with respect to the usual Lebesque area measure dA(z) on C. This is

explicitly demonstrated as follows:

(2.18)
|A|2/C|z|2N [exp (—(1 - |A|2)|z|2>] dA(z) = 27r|.A|2/00o r2N [exp (—(1 - |A|2)r2)] rdr

e TD
— A

(2.19)

|.A|4/C|z|2N+2 [exp (—(1 - |A|2)|z|2>] dA(z) = 27r|.A|4/00o r2N+2 [exp (—(1 - |A|2)r2)] rdr

e TV +2)
— A e

N|AP+2]A]>—1 ; \[ PRV PP
et p= (%) and v = W then the solutions of p4(|z|) are £1/ —* V2P 3
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As N < 00 and 0 < |A|< 1, thus the result present above in two parts are finite. Hence the

bound of ||Agy.o4ll here is \/|A|2% + |A|4% as explained in THEOREM 2.17.
Also, fn(2) € F2(C) as ||fn||= VN! < co. Since for the considered pa(z), its inverse is

¢4'(2z) = %z, therefore THEOREM 2.24 dictates to have

1
2

147 p.lle = limsup [IAR(1+ JAP[2%) |21 [exp (JAP2*—22)]]

= |Alim sup [(1+ LARIR) 122 [exp (JAR-1) 2]
As 0 < |A|< 1, limsup,|_,q, [(1 + |A22?) |2)*V [exp (]A|2—1) |z|2]]% = 0 and therefore the
essential norm Ay, is 0, hence it is compact over F?(C) as established in THEOREM 2.25.
Had |A|> 1 been into account, then the evaluation in (2.18) and (2.19) will consequently
not be finite, leading to |M..(fn, v4)|L1(cdac) € 00. As a result, Ay, o, is not bounded, let

alone Ay, ,, to be compact.

2.6 Conclusion

In this chapter, we established the bound of Ay, and its compactness as well, followed by
the essential norm estimates over F2(C"). A concrete example is also delivered to support the
aforementioned claims. These results eventually shows and establishes the norm convergence
of the DMD methods, which is superior to the strong operator topology convergence methods
of the Koopman operators. The norm convergence is actually the provable convergence
guarantee method that helps the practitioners in performing the data-driven methods, for

instance in [36].

36



CHAPTER 3
WEIGHTED COMPOSITION OPERATORS OVER THE PALEY-WIENER
SPACE

Detailed discussion for the interaction of weighted composition operators Wy ,, with
crucial topics for EFET, in particular, Phragmén-Lindeldf indicator function and the Pdlya
Representation theorem in scope of PW? are made in this chapter.

The notion of Phragmén-Lindeldf indicator function for EFET is center to it and therefore,
we recall the definition of it. The Phragmén-Lindel6f indicator function is defined as follows:
Definition 3.1. With z = re”, adopt |z|=r and AMz = 0. The function h; (AM z) is called
as the Phragmén-Lindelof indicator function for an entire function f of exponential type:

h¢ (AM z) := lim sup log|/(z)]

Hmoo |2

with respect to the order p. If T represents the type of f then T = max hy (AM2) (cf. [41]).
The Phragmén-Lindelof indicator function for an EFET describes the growth of the function
along the ray {z : AMz = 9}.

Recall the relevant introductory details from SUBSECTION 1.1.3. Then the analysis of

Wy, over PW?2 begun after giving the simple results given in PROBLEM 3.2.

Problem 3.2. Let f € PW?2. Then for all 0 < x; < z < 0o on R, prove following:

eitz _ eitml

[ Fa)ds - # [ i,
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where || f|1Z2@= | f |1Z2(_nnm)- Furthermore, the following inequality is also true for f €

L'((z1,7))

II£1l

T (z1+ ) [%+2817r].

(t dt‘

Proof. In order to establish the desired equality, observe that for all f € PW2, f € L'((z1,))

automatically! true. So proceed as follows:

/:f(x)dzz/: _if(t)eit"”dtdx— \/_/ ¢ (/ ztmdx)d :\/%/_if(t)#dt.

Furthermore,

eztz _ ezta:l

1t

ztz _ zt.’nl 2
= e [

) (costx — costz;)? + (sintz — sintz;)?
ey | >

dt.

£ dt

2 1 T N
<5/
T 2m )

dt

— cos ( tx + tz1)

:%mmw/

1 — cos (tx + tz1)
12

Introduce y = t(z + x1) to the indefinite integral of dt as follows:

/1—cos(tz+tx1)dt_/ 1—cosy dy

12 ( y )2z1+x
1+

o [Lm ey
Y Y

_ /w 1—cos(tz+tm1)dt: (1 + 2) Kl—cosy) |:T+/W slIylydy]

t2 y -7

IFor z1 < = < oo on R, it can be observed as follows:

L fo)da| < ( / f|f<x)|dx)2 < / dz / Tlf(w)lzdw < (@ —a1) / F(@)Pdz = (@ — 21) | £220 < 0.

Hence f € L'((z1,)).
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= (z1 + ) E+2817r] .

]

Besides the interesting and simple result in PROBLEM 3.2, it helps in the application of

Wy, after we have established the compactness of it on PW2.

3.1 Key Lemma

Following theorem is an application of Hadamard’s factorization theorem.

Theorem 3.3. (cf. [46, Exercise-12, Page-155]) A non-vanishing entire function of finite
order along with its higher-order derivatives also non-vanishing is of the form of eA**8 for

some constants A and B.

THEOREM 3.3 will play an essential role in establishing the key characterization of Wy, ,’s

symbols over PW?2.

Proposition 3.4. The relation sinc(2|¢|) < sinc(¢ — ¢) holds for any ¢ € C.

2
Proof. Note that (¢ — ¢) = 2iIm¢ and sinc{ =[], (1 — %) Combine these results and

proceed as follows:

=
|

[
—3

sinc (C — Z)

n2

ing)

3
I
—

—
+

[
—13

M)

n2

3
I
—

_M>

n=1 n2
= (2]’
=11 (- %)

v
—8
S5 oo

N
LA

)-

|
&,
=
o
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Thus the desired manipulation is established?. m

Lemma 3.5. Let 1 : C — C and ¢ : C — C be entire functions over C. Suppose there exist
,sine (¢(2) — (2))
sinc (z — 2)

a positive constant C such that |1(2)| < C, then ¢(z) = Az + B where A

and B are complex constant.

sinc (go(z) - @)

. — < C is true
sinc (z — 2)

Proof. If for some positive constant C, the relation |1 (z)|?

then it is evident that following holds:

sinc (¢(2)~9() ¢
sinc (2 — 2) [Y(2)|*

It is evident by PROPOSITION 3.4 that sinc ((p(z) - go(z)) > sinc (2|¢(2)|). Therefore,

sinc (2]o(2)]) < C sinc (z — 7) = C sin2rilmz  C sinh(27rImz)
NI T WEP 2mimz T WEP 2rimz
2mIm z
Use the definition on ‘sinh’ function, deduce that sinh (27 Im 2) < ( 5 ) and therefore
the above inequality indicates that
. 27 Im z
sinarlp(z) €' (L)

ome(2)] W) 2nrlsing]

1 sin 27| (2)]

A oo @] = 2nle(2)]

for any ¢ defined over C, therefore following prevails:

[b(2)Prisin6] _ [4(2)[*r|sin6]

|(,0(Z)| < Cl (6271'Imz + 1) C/

Set f(z) = ) and observe following:

|f(Z)|: |6‘P(Z)|§ exp (|(p(z)|) < exp <|'¢)(z)| 7T7‘|sin9|) '

Cl

2Also noted by Pélya [31, Equation-(11) Page-68].
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Now, we need the order of f. So denote the order of f as p. Compute the order of f as

follows:

log log (exp (—'W)'Z‘T |Sin9|)>

p = limsup

r—00 10g7‘
— limsup 2log|(2)|+ log(r) + log|sin 6|
r—00 10g7"
6 de B f d9 g 2log|v(re®)| d
p ot - 1— o hITl’izljp log,,. o
i 7 2logly(re’)| d
= 1 < log|p(re”)|
p27r 2T + lfgségp 0 log r o

Approach 8 — 27 above to have following:

é 0
lim p— 4 = lim i + lim limsup Mﬁ
Goor’ 2T G52m 2T Go2r rooo JO logr 2w

| 0
= p=1+2limsup —0g|¢( )
r—00 ogr

=1.

Hence p is 1 (finite). That implies that e#(*) is of order 1 < co. Note that neither f never
vanishes nor its higher-order derivatives vanishes. Together with these facts on f = e¥(®,

THEOREM 3.3 dictates that ¢(z) = Az + B for some constants A and B. O

3.2 Boundedness

Proposition 3.6. Let Wy, : dom (Wy,) — PW? induced by entire functions Y #0

W5 K *

and ¢ over C. If there exists a finite positive constant M which bounds ——7——— ” K TEE then
o(z) =az+b.
: Wy I
Proof. Following should be acknowledged for W
”W?Z#PKZlP _| ( )|2K<P(Z)( ( )) |¢( )| SlIlC( ( ) go(z))
| K. |12 K.(2) sinc(z —2)
Now, upon the application of LEMMA 3.5, the desired result is achieved. O
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Theorem 3.7. Let Wy, : dom (Wy,,) = PW2 be induced by entire functions 1 # 0 and ¢
defined over C. Then Wy, acts bounded over the PW? if and only if v € PW?2, ¢ = az +b,

0<|a|<1 and

s e RC)

e sinc (z — Z)

Proof. Suppose Wy, is bounded over PW7, that is [|[W; || 3y2= Wyl M < oo.

2 =
PW?2

Then

50 (9(2) = 0(2)) (@) P Ky (0(2) W K

|¢(Z)| sine (Z—z) - KZ(Z) B ”I{z“2

< ||WJ,¢||2< 00.

sinc (go(z) - w)

Take the supremum over z € C above yields that sup,¢ ||¢(2)[? - —
sinc (z — Z)

< 0,

W |
I K[>

¢(z) = az +b. Suppose a € C with |a|> 1. So, for f € PW? with order p and type o, f o az

as desired. From above we observe that < M, apply PROPOSITION 3.6 to yield

is of the same order but type |a|’c. Given that |a|> 1, hence dom (Wy ) ¢ PW? from the
previous conclusion. Thus, failing the map Wy, : dom (W, ,) — PW?2. Therefore 0 < |a|< 1.
Moreover, for f(z) = sincz € PW?2 and hence f(z) = (f(z), K.(z)) = [ f(z)K,(z)dz holds

sinh 2z
by the reproducing property. However, if a = ¢ then foaz = sinh z and foaz = ¢ PW?
z
as
sinh z sinh sinhz|?
foaz= =/ K, (z)dz = oo, as/ x = 00.
z R R|

Due to the failure of reproducing property as demonstrated above while assuming that a € C,
it leads to conclude that a ¢ C but a € R. Now, proceed further by assuming that ) € PW?

and p(z) = az + b where b = by + iby. Pick f € PW2 and proceed as follows:

W fliz = [ [0(@) 1S (p()) Pdo

< WlEaqey [ 1S (02 + by + iby) P
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ds

= IlEzqe) [ 1o+ ba) i

lal
1
< la| ”¢”%2(R)627r|b2| 1£11Z2 (R) (Plancherel-Pdlya theorem)
< 00.
1
Hence the bound of Wy, is He%llm b[4)]| 2wy Over PW2. 0
a

3.2.1 Boundedness Application-1

Following theorem deals with the interaction of Phragmén-Lindel6f indicator function

and PW2.

Theorem 3.8. Let h(AMz) be the Phragmén-Lindeldf indicator function. Then:

1. Following inequality holds true:

logl| K=l _ 1 log (sinh (27|z|sin AM
hf(AMZ) < limsupw — —1imsup og (Sln ( ’IT|Z|Sln z))

oo 1217 2 00 EL ’

for all f € PW? with respect to the order p.

2. Let Wy, : dom (W) — PW?2 be bounded over PW? and ¢(z) = az + b where
0<|a|<1 and b=by +iby. Then

log||W* K,
hw,,.s(AMz) < limsup g”—w:o”
|z =00 |2
= lim sup log|¢)(2)| | 1logsinh (27 (al2(sin AM z + b,)) — log(alz[sin AM z + by)
o - ? |2|”' ;

for all f € PW? with respect to the order p' where p' = max (order of 1, order of f).

Proof. 1. Let f be arbitrarily picked from PW? with | f|| pw2< oo. Then f(z) = (f, K.)

holds by the reproducing property of K, in PW?2. Proceed by the definition of Phragmén-

43



Lindel6f indicator function as follows:

h¢(AM 2z) = lim sup log|/(2)]

|2| =00 |Z|p
1 K
< tim s ]
|z| =00 |z|p

log|| K
g 81
|z| =00 |Z|p

_ llim sup log (sinc (z — 2))
|z|—o00 |z|p

log (sinh (27| 2|sin AM 2))

1.,
= — limsu
|z|] =00 |z|p

2. With Wy, : dom (Wy,,,) = PW2, then Wy, . f(2) = ¥(2)f (¢(2)) for all f € PW? with
| fllpw2< oo. Since ||[Wy | pw2< oo, thus Wy, f(2) = (Wyf, K.) via (again) the
reproducing property of K, in PW?2. Let p' = max (order of 4, order of f). As Wy, is
bounded over PW2, therefore ¢(z) = az + by + ib2. Proceed (again) by the definition

of Phragmén-Lindelo6f indicator function as follows:

th),(pf (AM z)

1
=1imsup”3?|W¢—as0lJC('z)|
|z|]—o0 |Z|p
= lim sup log] <W¢"P,f’ K:)|
|z|] =00 |Z|p
log|{f,W? K,
= lim sup l{f P )
|2]—00 |z]°
lo +log||W; K,
< timany B 01V K|
|z| =00 |Z|p
log|W; K,
:limsupg”¢’j"||
|z] =00 |Z|p
. 10g(|1/1(z)| Ko, (p(2))
= lim sup i
|z| 200 |Z|p
_ limsup BV | 1) logsink (27 Im p(2)) — log Im p(2)
oo |27 2 olro0 Elld
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= lim sup log|yp(2)| | 1logsinh (2 (a|z|sin AM z + by)) — log(alz(sin AM 2 + by)

oo [ 217 2 |27

Hence proved. O

3.2.2 Boundedness Application-2

Following is another interesting application of Wy, , : dom (W ,) — PW2 when Wy, is
bounded over the PW?2.

Theorem 3.9. Let ¢ and q3 be two continuous function of period 2m whose respective Fourier
coefficients c, and &, satisfy Y|nc,|?*< 0o and Y|né,|?*< oo. Let Wy, : PW2 — PW? be

bounded and p(z) = az + b, then following relation holds:

[2¢( )W«/Jw—?(ﬁ(ﬂ)] K(z,2) = ¢(2i1mz)7rc,0 (2zImZ)/ (6(t) — §(—t)di] eieZim )t gy
_ 2iI7rmz /_7; [q@(t) —qAS(—t)] e—2tImz gy

Proof. Recall the following relationship for the EFET, f(z) that belongs to L?(R)3.

(3.1) £(2) +26(r) 22 = 2 [ lo(t) - g(-t)] e=at,

where ¢ is continuous function with ¢(e + 27) = ¢(e) whose Fourier coefficients ¢, satisfy
>|ne,|*< co. Let Wy, be bounded over PW2. Pick an arbitrary f € PW?2, then following

is evident from (3.1):

WS (pl) + 2810 T = / (6(6) - (1) s

32) Ww,¢f<z>+2¢<f>w<z>m&—§”=¢<> () [ 160) — o~

3In fact, this is true for LP(R) setting as well. Follow [2, 23, 30] for this relationship held by the EFET in
LP setting.

45



According to the prerequisite, Wy, is bounded over PW?2, thus by THEOREM 3.7, ) € PW?

and hence Wy, ,f(z) = ¥(2) f (¢(2)) is of exponential type which belongs to L? (R). Hence

following is true for Wy, f(2)

sin Tz

(33) Waof (1) +20(r) 2 =2 [ [9(6) - d(-0)] eat,

where (again) the Fourier coefficients of ¢ as &, satisfy ¥|né,|>< oo. Combine (3.2) and (3.3)

to have following;:

sin7(2) ~, (SINTZ

20(r)p(a) " 57~ 26(0)

417@@)—$@¢ﬂaﬁﬁ.

—(2)e(2) [ [8(t) — (1)) eVt

As both ¢ and qg are continuous, therefore take the limit on 7 to 7 to yield following:

20(mp) 5 = 20 =061 [ 1600 - o]t

¢(z)

2 /_ ] [&(t) - 3~ )} ¢ dt.
Divide above equality by 7 to have following:

~ . sinmz

28(r() s — 2d(m) o PN [

Replace z by (z — Z) above to have:

sinmp(z — Z) ~, sinm(z —Z)
(W)lb(z - )W - 2¢(”)w
Yo @/ 9(8) — ()] et~

z—Z)/ ¢(t )] i(=2)t gy
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The above setting now can be easily transferred to following:

2(]5(7T)W¢,¢K(z, z) _ 2(;3(7T)K(z, z) :77/)(21' Im 2)90(22' Im Z) /_: [¢(t) _ ¢(—t)] ei<p(2i1mz)tdt

T
21 G N .
_ ( 1 :12) /_7T [(}5(t) N ¢(—t)] ez(ZzImz)tdt
— [2¢(71-)W¢7(p _ 2&(7‘,)] K(z, z) :’lb(Qz Im 22:0(21 Im Z) /_: [¢(t) _ ¢(—t)] ei<p(2iImz)tdt
21 GINN n
_ @ /_7T [¢(t) _ gb(—t)] e~ (@Im2)t gy
This establishes the desired result. Hence proved. O

3.3 The Pdlya Representation Theorem for W, , over PW?

Following are the standard and obvious theory prevalent in the domain of EFET [27,
Lecture-9]. The following build-up is essential for the smooth understanding of the upcoming

result between Wy, ,, acting on PW? via the Laplace transform L.

Definition 3.10. A closed non-empty set E is convex in C if it contains the line segment

joining any two points of the set E. Precisely, tzy + (1 —t)ze € E, V 21 & 25 € E holds.

Let 0 < ¥ < 2. Now, project E on the ray AM z = . Denote k(«) the distance from the

origin to the most remote point of this projection. That is the computation of,
— —-9\) — ;
(3.4) k() = max (Re(ze )) = max (x cos ¥ + ysindd)

of this projection.
Definition 3.11. The function k() in (3.4) is called the supporting function of E.
Indeed, points z ¢ F can easily be characterised by the fact that x cos +y sind—k(«#) > 0.

Definition 3.12. Let Hy (00) be set of all functions that are holomorphic near co and that

vanish at co.
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Definition 3.13. Let f(z) = > o2y an2" be an EFET with type 7. The Borel transform of

this f is given as

a,n!
(3.5) F(w) =) o
n=0
|
and lives in Hy (00). The radius of convergence of F(w) = >, % is in fact T.

Definition 3.14. The smallest conver compact set D containing all the singularities of F
defined in (3.5) is called the conjugate indicator diagram of f(z).

We know that f(z) = Y00 ja,2" is an EFET if and only if its Borel transform F that
are holomorphic near oo and F(oo) = 0 (cf. [27, 40]). That is:

Theorem 3.15 (The Pdlya Representation Theorem). Let f be an EFET and T be a contour

containing the conjugate indicator diagram of f then following relation holds

(3.6) f(z) = % [ Fw)edw.

The relation in (3.6) is referred as the Pélya representation for f.

The Borel transform deals with great importance in relation with Schrédinger equation
and Schrodinger operator and provide important results in quantum mechanics [7, 14]. The
function F present in (3.5) is the Laplace transform of f (that is £(f)) under the justified
strip of convergence. Additionally, it is also the analytic continuation of f. The justification

for the Laplace transform of f is given as follows:

L(f)[w] = /OOO (Z a,ns”> e ds=> a, /Ooo s*e™ds =Y anlw " = F(w).
n=0 n=0 n=0

—n—1

Term by term integration in [5° Y00 o|an|s"e "ds = 322 y|an|n! z , makes sense by the ap-

3=

plicability of Fubini’s theorem. Here the RHS converges for > 7 since limsup,,_, ., (n! a,)

T.
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Theorem 3.16. The Pdlya Representation for Wy, , acting over PW?2 is given as follows:

1. Let ¥ and ¢ be entire functions defined over C. Let the Laplace transform of ¢ be
L(¥)[w] with oy < Re(w) < By. Similarly, let the Laplace transform of ¢~ be L(p™)[w]
with as < Re(w) < Ba. Let f(2) = >0 4 an2". Then the Laplace transform of ¢ - f o

£ Foplul = 5 S an [ LWL — slds

where a; + ay < Re(w) < f1+ B2 and oy < ¢ < B.

2. Let Wy, : dom (W, ,) — PW? be bounded and p(z) = Az + B with 0 < |A|< 1. Then

following adaption for Wy, acting on f holds true:

BT Weuf(2) Z Yy T L)L) w — sledsdw,

for all f(z) = X2 ,a,2" € PW2 where T' is the contour containing the conjugate
indicator diagram of LWy f) (= L(¢ - f o p)). The relation present in (3.7) between

Wy, and the Laplace transform of it symbols is a one-to-one relationship.

Proof. The proof are given as follows:

1. With the given formatting of f, it is self-explanatory that f o ¢(z) = Y02, an¢"(2)
and hence ¥(z) - fop(2) =9¥(2) - X0 ane™(2) = 2o g anth(2) - ¢™(2). Consider the
Laplace transform of ¢ and ¢™ as given in the prerequisite along with the respective

strip of convergence and then proceed as follows,
L@ foplu]= [~ 6(s)- £ op(s)e " ds
=X |9 gn(s)eds
=3 0 (57 [ EOSEGw — slds).
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where the last step is concluded from [3, Page-385] with additional details for the
strip of convergence. Therefore, the desired result is achieved for the justified strip of

convergence.

. Since Wy, is bounded over PW?. Therefore, » € PW? and affine structure of ¢
is already prevalent. As % is an EFET, therefore its Borel transform exist which is
eventually £(v). Moreover, the product of ¥ with f o (A2 + B) € PW? will still be
EFET not exceeding 7 and therefore, their Laplace transform also exists, which is
eventually L(¢ - f o ¢), already derived in the preceding part. The relation in (3.7) is
the one-to-one relationship between Wy, and its symbols via f(z) = Y02 a,2". We

are now in position to apply the THEOREM 3.15 as follows:

Woinf(2) = 5 [ LWy f)luleduw
or: [ LG o @)uledu

- 27r'i

= 4#22 //C+wo V) [s]L(e")[w — s]e**dsdw.

Hence, the desired result is achieved. n

3.4 Compactness

3.4.1 Compactness of W, 6 over PW?

Let N € Z,. With pn(2) = popo---0¢p(z), i.e. N-times composition of ¢ by itself.

Adopt following;:

(W)™ f(2) = 9(2)9(0(2)) - $(on-1(2))f (on(2)).

Proposition 3.17. Let Wy, : dom (Wy ) — PW? be bounded over PW? and ¢ € PW?

and ¢(z) = az +b with 0 < |a|< 1 and b € R. Consider (Wy,,)" as defined in (3.8) for
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N € Z,.Then (Wy,)" is bounded over PW? and the bound is given as: H Wy.0) NH

N
(||¢||L2<R>) |
a

Proof. Let Wy, be bounded over PW? and hence ¢ € PW? with ¢(z) = az + b where 0 <

PW2 -

la|< 1. Easy calculation for N composition on ¢(z) = az +b yields ¢n(2) = a¥2z + b3~ a.

Given that b € R; then Im ¢y (z) = 0. Pick an arbitrary f € PW? then:

|70 £ = [ 0@ ERR@DE - [W(on()PIf (on (@) Fda.
Notice following for ¢ (¢m(z)) for m=1,...,N — 1

”d}HLQ(R) Zt(P (w) ”d}”%z(R) i Im tom () 2
(39 [ (@n@) < | dt = =2 [ et = |3,

For f € PW?2, notice following for f(on(z)),

2 ||f||pW2

eV

(3.10) [1f(en@)iaz = [ ‘f (aNx+b§ ¢ as

Combine the results of (3.9) and (3.10) to deduce following:

s e W By (Wlew)”
[Weo) 7y < 191y (1122 ) P a1 T2
Taking the square-root of above yields the desired result. m

Proposition 3.18. Let Wy, : dom (W, ,) — PW? be bounded and ¢(z) = az + b where
N
¥l 22z

Vil

0 < la|]< 1 and b € R. Define By = (

1912y < 4/lal-

Proof. Assume the prerequisite of the proposition. The proof is as follows:

) . Then By — 0 as N — oo if and only if
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= If ||¢||z2®)< 4/|a|, then this imply that By < 1 for all N € Z,. Therefore, By — 0
assuming that ||¢||r2@)< 1/|al is true.
1%z

el

<= Suppose that By — 0 as N — oo, this imply that < 1. Hence, ||[¢||r2m)< 4/|a

given that By — 0 as N — oo.
Hence proved. O

Following proposition dictates the weakly convergence of {(Wd,,L,g)'"| K"}n over the PW?2.
Proposition 3.19. Let Wy, : dom (Wy,,) — PW2 be bounded where p(z) = az + b with
0 < |a|]< 1 with b € R. Assume that |2 Pw2< la|. Consider {(sta )" K. } forn € Z
where {K,},, is the orthonormal basis in PW?2. Then the sequence {(Ww,w )i K”}n converges
weakly to 0 in PW2.

Proof. Conclude from PROPOSITION 3.17 that (Wwp)m| K,, is bounded over PW? and also
it converges to 0 over C followed by the PROPOSITION 3.18 under the mentioned conditions.

Combining these arguments results into the weakly convergence of {(W,/W)l"| Kn} over

PW2. 0

Hence, following is the compactness characterization of Wy, , over PW?.

Corollary 3.20. Let Wy, : dom (Wy ) — PW2 be bounded with ¢(z) = az + b where
0 < la|< 1 andbe R. Then Wy, acts compactly over the PW? if and only if ||| pw2< \/|al.

Proof. As following is true:

[Woo (W)™ Ko [ = (W)™ K)oy < Bl

[ w2
| ||| | < 1. This shall

”'Qb“PW2
|al

By PROPOSITION 3.18, we already have Bj,+; — 0 if and only if

<1 [l

imply that “Wtbﬁp ((WT/W)'"| Kn) H — 0 as n — +oo if and only if

PW?2
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3.4.2 Compactness Application

Following theorem further provides the existence of a Borel measure over R under the

restrictions of Im z > 0 for the Im ¢.

Theorem 3.21. Let Wy, : dom (Wy,) — PW2 be bounded. Suppose 0 < a < 1 and
y > 0 and also let by > 0 where b = by + iby. Consider (Wy,,)" acting over PW?2 with
Impy = a™y + by Ej.vz_ol a’. Then there exists a non-negative a Borel measure over R, u(t)

such that

/du( __W]VZ
RE2+9y2  y

=0
In particular, letting du(t) = F(t)dt then F(t) is essentially a positive constant function with

F(t) = b2 z;\f:—ol aj.

Proof. Observe that Im oy = a™y + by Z?’:_Ol a’ is non-negative and harmonic function for

Im z > 0. Thus following relationship holds due to the Poisson representation:

N-1
y [ du(t)
a y—i—bQZa’—py—i- /
s 2 4 2

Impy _

where p = lim,_, N > 0. Putting this value of p, the above setup simplifies to

the following:

wo by
R t2 4+ 42 ¥y =

du(t
Additionally [ %(t)? < oo where u(t) is the desired Borel measure over R. Since we

have established this representation for Im ¢y, then we can apply Fatou’s Theorem to
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du(t) = F(t)dt to yield

N-1
F(t) = hmImgoN =by Y .
7=0
1
Also, this F(t) is L' (R) integrable with respect to [ 28 can be seen as follows:

|F(t N-1 ;
/1+t2dt bzz /1 by 3 o/ < 0.

=0

]

Theorem 3.22. Let Wy, : dom (Wy,,) — PW? be compact, then following attributes are

carried over 1:
1. ) is bounded over R.
2. Let ¢ be of EFET with type T.

(a) There exists 1, which are of bounded variation on (—,7) for all n such that for

each z, following holds:

(=) = lim [ edi(0).

—T

(b) Following inequality is true with no possibility of improving the constants for ¢

oo f)role- )<t

(c) Suppose v is real for real x and hy, (:I:%) <c and [¢(z)|< M for all x € R then

[ (z + iy)|< M cosh cy,
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and there is equality at some non-real point only if ¥ (z) = M cos (cz + B) where
B eR.
Proof. Following are the respective proof for each attributes on .

1. Consider now that Wy, is compact over PW?2, then by the COROLLARY 3.20

[l Bw2= /R|t/1(m)|2dx < 2r|ale=7ltel,

Therefore 1 is bounded over R by [27, Remark-Page-51].
2. (a) This result follows from [2, Theorem-6.8.14] when combined with the above result
of boundedness of ¥ over R.

(b) This result follows from [2, Theorem-11.5.4] when combined with the above result

of boundedness of ¥ over R.

(c) This result follows from [9, Page-556 | or [32, Theorem-4, Page-826] or [2, Theorem-
3, Page-83].

]

Theorem 3.23. Let Wy, : dom (W) — PW? be compact and ¢(z) = |a|z + b where
b e R,. Consider I, = [0,1] C R. Let f € PW2 which is bounded over R. Additionally

suppose both f and i are monotonic on the real axis, then

4
Wy of (z)|< ”d}ll'_% E + 28171'] sup \/zp(z) = W [; + 28177] sup 4/ |a|z? + bz.

el zel;

The equality above will holds when

. 9
P = St {7y /2) (:7—1577/2), and
sin?(7n/2)

f= T
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almost everywhere (a.e.)* where 7, and 7; are the respective exponential type of ¥ and f in

PW2.

Proof. Follow [2, Theorem 11.3.7, Page 212] along with the setting of the Fundamental

theorem of Calculus. The result is now established as follows:

(Wyof (@) = |9 (2)f (p(2))|

(=)

< ool [ o] s | [ 10
1l i 1o

- S ) U oo

||¢||||f||[ +2Si ]sup wo(z)

zel;
_ lllf]
[ +281W]21€1£\/M'

In the perspective of achieving equality again [2, Theorem 11.3.7, Page 212] to realize that

/Zv,/;(t)dt — /Oz SmQ(;—;M/Q)dn

/ f(t)dt = /Z sin (Tf17/2)d77

2

where 7, and 7; are the respective type of ¢ and f and obviously 7, - 7 < 7. Therefore,

following are the additional consequences of above equalities:

/z¢(t)dt—/z Sin2(7—1“7/2%:0 — = Sm%—f"m ae.,
0 U L, n

/Z ()t — /z sin (Tfn/2) =0 — f= sin®(74n/2)
0 n’

a.e.
2
n

4Iffo=fXg, then f =g, a.e. over X.
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3.5 Hilbert-Schmidtness Property

Theorem 3.24. Let Wy, : dom (Wy,) — PW2 be compact with ¢(z) = az + b where
0<lal< 1 andbe R. Then Wy, is not Hilbert-Schmidt over the PW?.

Proof. From the preliminary, {K,}, ., are the orthonormal basis for the PW?2. Therefore,

Wy ellfis = D I1Wepo Knll w2

nez

sm(7r (az +b—n)) ?
< d
L o R
Wl _
|a’| neZ
Thus, Wy, is not Hilbert-Schmidt over PW?. O
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CHAPTER 4
COMPOSITION OPERATORS OVER THE POLY-LOGARITHMIC HARDY
SPACE

After providing all the basic details related to PL?(D;s) in SUBSECTION 1.1.5, this
chapter aims to provide further in-depth analysis on PL?(DD;s). The target interest is the
determination of the Nevanlinna counting function for the PL?(ID; s) and its consequences
related to the composition operator (or, Koopman Cj). Now, we move to following section

where we develop the crucial equation of Littlewood-Paley Identity for PL%*(D; s).

4.1 Littlewood-Paley Identity for the Poly-Logarithmic Hardy Space

Recall that f; € PL?(D;s) is entire in s and analytic for |z|< 1. We will use f; as being
holomorphic to establish the Littlewood-Paley Identity for PL? (D;s) in THEOREM 4.1. The

theory developed in this section will be employed further for defining the Nevanlinna counting

function for PL%(D; s).

Theorem 4.1. If f, belongs to PL*(D;s), then following equality is true:

1-2s
40 Wl OP g gy [1HOP(20e ) dac)

2|
The equality (4.1) is the Littlewood-Paley Identity for PL*(D; s).

Proof. The LHS of (4.1) is straightforward, that is 352, | f(k)|?, followed by the definition of
fs € PL*(D;s) given in (1.18). Now, by the virtue of the fact f;(0) = 0, thus we focus on
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the remaining part of RHS of the (4.1) as follows,

/le;(z)lz(2 log %)Hs dA(z) = /D

; 1
= ks z
© 0 Ll . —~ lklll 1-2s
=YY o fwF2nsy [ (2 log —) rdr,
i kel 0
00 k2 ) ok 1 1 1-2s
:2w;k28|f( W r (210g;) dr,
_ S B R — 2
=3l T2~ 29),
= 72— 25) Y| f(k)?
n=1
Therefore and hence,
1 1 1-2s
2 10N (2 1 _ 2
1 OP+ g [P (2008 ) d4G) = 1B
Thus, we established the Littlewood-Paley Identity for PL?(D; s). O
Let’s assume for brevity,
21—23
(42) Crie = 12y

with this constant, from now, we will consider the following formatting of the PL?(DD; s).

1 1-2s
1= 1O+ o 17 (08 ) dCe)

2|

Notation 4.2. Lets have some useful notation for s < %, that will show their presence in

the rest of the paper frequently. We have following notation

(4.3) dH () = Cpp2 <log %) dA®),

where Cprz2 is being defined in (4.2).
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4.2 Nevanlinna Counting Function

In this section, we develop the theory and the notion of Nevanlinna counting function for
PL?*(D; s). Before we shall define Nevanlinna counting function for PL?(D; s), we shall first
recall the notion of partial counting function, usual Nevanlinna counting function and change

of variables.

4.2.1 Partial Counting Function

Definition 4.3. Suppose ¢ is a holomorphic map on D. Let {z;(w)},, denotes the points
of the pre-image of ¢~ {w} where w € C\ ¢(0) and sequenced in the increasing moduli order
along with its multiple repetition, if necessary. Denote #(r,w) as the number of these point

in the disc rD for 0 < r < 1. Then the partial counting functions for ¢ is defined as follows:

(4.4) Ny(r,w) = Z log —-.

4.2.2 Nevanlinna Counting Function
We give the definition of Nevanlinna counting function that is prominent in the study of
H? as follows:

Definition 4.4 (Nevanlinna counting function for H?). Suppose ¢ is holomorphic on D.

Then Ny is the Nevanlinna counting function of ¢ given as follows:

1
Zwe 1wy log — 4 € ¢o(D),
(4.5) Nyw) = | @8 T E9D)

0 if w & ¢(DD).
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With (4.5) as the definition of the (original) Nevanlinna counting function, we can have

following relation with partial counting function that is defined in (4.4):

Ny(w) = Ny(1, w)

(4.6) Zlog |z] ik

We have an important inequality called as Littlewood’s inequality and is given as follows:

Proposition 4.5 (Littlewood’s inequality for H?). Suppose for all w € D\ ¢(0), then

Nevanlinna counting function Ny satisfies following inequality:

(4.7) Ny(w) < log M|

¢(0) —w

Proof. See [45, Section 4.2.]. O

We are now, in good shape to define the Nevanlinna counting function for PL?(D; s) as

follows.

Definition 4.6 (Nevanlinna counting function for PL*(D; s)). Consider w € C\ ¢(0), and

r€10,1) and s < § we write:

#(rw) 1-26
N, lo ( ) , and
oalw) = 2, log |

Noalw) =Mool w) = 2 ll"g <|zj<1w>|>]

J=1

Here, again {z;(w)} represents the multiplicity sequence of ¢-pre-images of w. On the account
of brevity, Ny implies Ny s. The function N is called as the Nevanlinna counting function

for PL*(Dy s).

Useful to note that following equalities are true:

(4.8) No(w) = Ny(w), and
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(4.9) Ni(w) = #(r,w).

2

We have new version of Littlewood’s inequality involving the Nevanlinna counting function

N for PL*(DD; s) which is given in PROPOSITION 4.7 as follows:

Proposition 4.7 (Littlewood’s inequality for PL?(D;s)). For all s <0 and w € D\ ¢(0),

the Nevanlinna counting function N, enjoys the following inequality:

1— $(0)w |) -

(4.10) Ns(w) < (log 50) —w

Proof. The proof for (4.10) is divided in two parts and given as follows:

1. First case, suppose s = 0, then

Ni(w) = No(w) (use s = 0),
= Ny(w) (use (4.8)),

1-—- Ww
< log ¢(0)——w‘ (use (4.7)).

That is, this situation that corresponds to the original Littlewood’s inequality presented

in (4.7) in PROPOSITION 4.5.

2. Second and last case, on the other hand if s < 0, then v > 1 where v = 1 — 2s. Use this
along with the proof of Proposition 6.3 of [45], and thus we are done with the proof of
(4.10).

]

One can realize that the behaviour of Nevanlinna counting function for PL*(D;s) in
(4.10) is similar to the original Nevanlinna counting function that we observe in Littlewood’s

inequality in (4.7).
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4.2.3 Change of Variable Formula

We recall the change of variable formula from H? as follows:

Proposition 4.8 (Change of variable in H?). If g is a positive measurable function on D,

then:
[(god)ePar =2 [ gNyda,
where
d\(w) = log ﬁdA(w).
Proof. See [45, Section 4.3]. 0

In the spirit of PROPOSITION 4.8, we can have the following LEMMA 4.9 which shows
the change of variable formula for PL%*(DD;s). In actual sense, the proof is similar to the

original one, therefore we do not include the proof for this here.

Lemma 4.9 (Change of variable in PL*(ID;s)). If g is a positive measurable function on D,

then:

(4.11) /D (g0 )| [2dH = Cpy /D gNdA,

where the constant Cpr2 is already defined in (4.2) and dH is defined in (4.3).
The direct consequence of LEMMA 4.9 is the following corollary.

Corollary 4.10. If f, € PL*(D;s), then
(4.12) £y © Gl sa09= £ ($O) +Crrz [ |FIEN A

Proposition 4.11. If s is strictly negative that is s < 0, then

No(t, w)

VAR
log ;)
(ogt

(4.13) %Ns(r,w) —s2s-1) [ dt.
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Proof. Use v =1 — 2s in [45, Proposition 6.6] and the result is established. m

Theorem 4.12 (Sub-harmonic property of N;). Suppose s < 0, then the sub-harmonic

property of N is given as follows for g being holomorphic on a plane region Q:
(4.14) Area(A)N.(9(a)) < [ Mi(g(w))dA(w),

where A is an open disc in Q\ g~(¢(0)) with center a.

Proof. See [45, Corollary 6.7.]. O

4.3 Upper Bound of Essential norm

4.3.1 Upper Bound

Proposition 4.13. Suppose T is a bounded linear operator on a Hilbert space H. Let {P,}
be a sequence of compact self-adjoint operator on H, and write 3, = I — P,. Suppose

IBrll= 1 for each n, and ||Bpz||— 0 for all x € H. Then:
[T lle=Jim [[7°B],

where || T||e represents the essential norm of the operator T.
Proof. See [45, Proposition 5.1.]. O

Lemma 4.14. Suppose f, € PL*(D;s) and consider it has a zero of order n at the origin,

then for each z € D, following is true:

1. For s > 0, following is true:

|z|2n

(4.15) |fs(2)IP< m”ﬁ”%ﬂ(m;s)'
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2. For s > 0, following is true:

|Z|2n

(416) |f;(z)|2S n2s—2 (1 _ |Z|2) ”f5||%3L2(]D>;s)'

Proof. We give the proof of inequalities presented above as follows. Consider following series

representation for f,

1. Upon considering the above power series expansion, we have following immediately:

= f(k
Fl=|> T,
k=n
< f: 1(k) , i|z|2’“ (use Cauchy-Schwarz),
\kzn ks k=n

<

||
\ n2s Z'f m’

2"

< ———=|fsllpr2mss)-
nsy/1 — |z|2

Squaring the above inequality establishes (4.15).

2. Similarly, we have following,

> f(k
7@l =3 T8,
k=n
00 zk IENPE
< \ Z Z| HOI (use Cauchy-Schwarz),
k=n
o |g[2lktn-D)
< \kX_:l (k+ 1)25 2||f8||PL (Dss)»

_ I &
< |z 14 —5z 2P fsllpremss)s
k=1
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2|
<

< —————|fsllPr2ss)-
ns—l /1 _ |Z|2

Squaring the above inequality establishes (4.16).

Thus, our proof is done. O

Lemma 4.15. The Nevanlinna counting function N, for PL*(D;s) satisfies the following

inequality:

(4.17) /D NodA< .

PL2

Proof. Considering ¢ = z in (4.12), the following is obtained:

61122200 = 16(0)+Criz [ NdA.

Hence, with easy transportation in above:

Crur [ NudA = 9]z —I6(O)P< 1= [6(O)P< 1

Therefore, dividing above inequality by Cpr yields the desired inequality (4.17). ]

Now, we have the main goal of the chapter given in THEOREM 4.16.

Theorem 4.16 (Principal Goal 1). The upper bound of the essential norm of Cy in PL?*(Dj; s)

represented by ||Cs||e is given as follows:

(4.18) 1Col2< limsup — 2
w|—1— ( 1 )
log —
]

where N is the Nevanlinna counting function for PL*(D;s) and 0 < s < %
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Proof. We will implement the PROPOSITION 4.13 with P,, operator defined as follows on

fs(2) = 3% %Z’“ € PL?(D;s):

(4.19) Prnfs(z Xn:

Notice that P, defined in (4.19) is the orthogonal projection of PL?(DD;s) onto the closed
subspace which is spanned by the monomials z, - - -, 2™ (see inner product in (1.20)), it is self

adjoint and compact. Since *33,, defined as follows:
mn =1- Pn)

is the complimentary projection, therefore its norm is 1. Hence, in the light of PROPOSI-

TION 4.13, we have

1Cslle=Jlim [[CBall,

n—oo

where ||Cy||. is the essential norm of Cy over PL?(DD;s). Therefore, by COROLLARY 4.10,

we have following

“C¢mn‘f8”%’L2(D;s)= |mnfs(¢(0))|2+CPL2/D|(an;|2-/vtsdA

Since || fs||pr2(n;s)< 1, the same reasoning applies for B, f;. Since B, f; has a zero of order n

at the origin, therefore by incorporating results (4.15) and (4.16) of LEMMA 4.14, we get
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following:

ICsPBnllpramss) < lCPLZ sup /D \TD|‘an;|2/\GdA]

! [(;m rDNS"A] ¥ ln28<|1¢£0|)q|::o>|2>] /

<|Cresuw [ IoRur)ENA

" lC nzs—%inﬂ)cpp] ' ln%(lfbE |)<|z::o>|2>] ’
~ ez [ IoRurENaA

" ln(l— r?)] " ln28<|1¢£0|)5:o>|2>] |

Note that, in the second step above we used (4.17) for the middle term in the RHS. Letting

n — oo and denoting B as the unit ball for PL?*(D;s), and denoting

Now)
(o)

Proceeding further, we get

2< 2 / — 112 < 112 < .
(o< Crresup [ 17INaA=sup [ 1:P0d < | sup o(u)|sup [ 7P < sup (w)

r<|w|<1 r<|w|<1

The last statement follows by the Littlewood-Paley Identity for PL?(ID; s) and by approaching

7 to 1, consequently establishes the upper bound of the ||Cy||c, that is (4.18). O

68



4.4 Angular Derivative

4.4.1 Definition

Definition 4.17. By supposing ¢ to have a finite angular derivative at { € 0D, we mean

that the following difference quotient,

$(2) —w
z2—C

is finite as z approaches to { non-tangentially for some w € OD. If this limit exists, it is

called as the angular derivative of ¢ at ¢ and is represented by ¢'(().

1. ¢ has angular derivative at (,

2. ¢ has a non-tangential limit of modulus 1 at ¢, and the complex derivative ¢’ has a

finite non-tangential limit at (.

3. ¢'(¢) = ¢*(¢){d, provided following is true:

1—
(4.20) lim inf {1_|—¢|(:|)| when z — ( unrestrictedly in ]D} =d < oo.

In accordance with the Schwarz lemma, the quantity d present in (4.20) cannot be 0. With
that being noted, this imply that the angular derivative can never be 0. Follow [45] for more

details to this.

4.4.2 Angular Derivative and Upper Bound Estimate

For w € D and k > 0 we have:

)= 2 Fert
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where |¢/({)| denotes the magnitude of the angular derivative of ¢ at (, if it exists and oo if

it does not exist. We define £(¢,w) as follows:

E(¢,w) ={C €D, ¢"(¢) = w}.

We recall useful results from H? as follows:
Proposition 4.18. Let ||Cy|l. be the essential norm of C, on H?. We have following
inequality when k = 1:

sup {e1(w)} < [|Cyll2-
w€edD

Proof. See [45, Theorem 3.3.]. O

Note that, Schwarz lemma assures that |¢'(z)| is bounded away from 0 on dD by a
constant that is dependent only on ¢(0). Therefore, supposing that 0 < x < &/, then the

Julia-Caratheodory theorem forces to have,
ew (W) < 9o - ex(w),

where this ‘py’ depends only on «, k" and ¢(0). Therefore, with the advantage of PROPOSI-
TION 4.18, the quantity €;(w) is bounded on the unit circle. Hence, the same is valid for
ex(w) for all k > 1.

We recall famous results from H? in PROPOSITION 4.19, that will be used later in the
paper.

Proposition 4.19. Recall |Cy||. as the essential norm of Cy on H?, then:

N,
(4.21) |C;||2= lim sup ¢(“1’).
[wl=17 Jog —
|wl
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Ny(w)

In fact, in particular, Cy is compact on H? if and only if limy,, - — 1 = 0.
log —
|w
Proof. See [45, Section 5]. O
Proposition 4.20. Suppose ¢ is an inner function, then following is true:
1+ |¢(0)]
(1.22) ict= |1 50|
’ 1~ $(0)
Proof. See [45, Theorem 2.5]. O

Now, we prove our second and last principal goal of this chapter.

Theorem 4.21 (Principal Goal 2). The essential norm of Cy on PL*(D;s) satisfies the

following in relation with the angular derivative of ¢ for 0 < s < %

(4.23) ICs12< 1Csli2sup {16'(O)17>} -
¢{edD

Proof. We begin the proof of having the upper bound for ||Cy||. as follows: For each w €
D\ (0, $(0)), we will pick z = z(w) € ¢! {w}, which is of minimum modulus, therefore the
following is true:

log —

1 —2s
E

Ny(w) —_ Nofw)

(4.24) TR é
log _) log — |log —
( ] w| L fw]

Now we will choose w € D and a sequence of points {w,} € D such that w, — w and
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By passing to a further sub-sequence (supposing that is required), we may also assume that
the sequence of selected pre-images {z(w,)} also converges. Under the influence of Schwarz
lemma, its limit must be a point ¢ which lives in . In accordance with the last part of the

Julia-Caratheodory theorem:

1
log m
lirn sup 7| =18
VAad 10 -
®(z)

g
A

timsup 02 o],

= 1|13|1_§}1P Lﬁ)) [|¢’(C)|—1] 2 (use (4.8)),
7 (o).
= lICsI2[l9' )1, (use (4.21)).

With this, we have achieved the upper bound on the essential norm of Cy over PL?(D;s). [

Corollary 4.22. If ¢ is an inner function, then following inequality is true for 0 < s < %

2. |1+ 19(0)] (Y28
(425) iz |1 O] [sup (i)
Proof. Use (4.22) in (4.23) and hence, (4.25) is established. O
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CHAPTER 5
MITTAG-LEFFLER REPRODUCING KERNEL HILBERT SPACE

One can immediately realize that functions e®, cos z and cosh z can be recovered from
E, defined in (1.4) upon putting ¢ = 1 against z and ¢ = 2 against —2? and 2? respectively.
Follow [16] for more on this. In the present avenue of the discussion, lets replace z by a?z in

(1.4) where both a and ¢ are positive and we get following eventually:

[es) aqz k
(02)
kz:% I'(gk+1)’

and in the spirit of defining the kernel represented by Kéa](-, +), we have following:

(5.1) K(Ea] (z,w) = E, (azw) = z>:0 %.

The present chapter serves the purpose of studying the Mittag-Leffler reproducing kernel
Hilbert space represented here by M with its associated kernel defined in (5.1). Note that,
we loose no generality if choose any particular value of «, in fact, in particular if o =1 in
(5.1), we get the standard Mittag-LefHler kernel function K(El](z, w) which was introduced by
Rosenfeld et.al. in [34] (see Definition 4).
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5.1 Basics

Consider following measure over the complex plane C for any positive parameter «,
2
(5.2) dT0(2)? = dJ,(2) = ﬁq|z|%—2e—alzl"d,4(z),
7

where dA is the Euclidean area measure on the complex plane C. We see that a calculation
with polar coordinates shows that dJ,(z) defined and introduced in (5.2) is a probability
measure.

5.1.1 Orthonormal Basis for M*(2)

Theorem 5.1. For f € M*(2), the norm f is as follows:

(53) 1= [1f(2)FdTa(2)2.

Proof. The proof can be provided by standard and considerable adjustments to the proof of
[34, Theorem 3.2.]. O

Lemma 5.2. The collection of orthonormal basis for M*(2) is {,/F(Z‘Tﬁ’_l)z"} .

Proof. Follow [34]. O

Now we present the equivalent norm representation for f € M*(2).

Theorem 5.3 (Equivalent norm representation of M*(2)). Let f(z) = 52, f(n)z* € M*(2),

then:

e—at

(5.0) 1= 1742 (1R ( [y ) a4,
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Proof. The LHS of (5.4) is of course, || f||3:= * |f(n)|*T(gn + 1)/a™. Note that f(0) =
£(0), therefore |f(0)|2= |f(0)[2. Now we will focus on the remaining part of RHS in (5.4) as
follows:

firer( [

—at

[]¢
S
:'3
S
N
S
AN

Ms s~

2 0o e—at
( / ) dt> dA(2),

212 1
—~ 00 e —at
f(m)2md,m, /0 prlpml ( / dt) rdr,

—at
n)| / / ¢ dtdr,
3 t

o) e—at tq

n)| / / r?~Ydr | dt (by Fubini),

R 0o —attna
n?|f(n) / o,

dt) dA(2)

3
[
—

S
S
:':)
S

3
Il
A

||
MS ||M8 ||M8 ﬁmg

*'»

1

3
I

- gi |f<n>|2[nqr<nq) ]

Hence after dividing above by g in the last step above, we get following;:

(5.5) %/@If’(z)?(/l; e_:td) i:: L:Ll)

Here, we use the property of Gamma function, given as I'(s + 1) = sI'(s). Thus, setting

s = nq, establishes nql'(nq) = I'(ng + 1). Now, adding |f(0)|* to (5.5) yields following:

IO )dA( OF+ 1oL
(5.6 - FOP+ 1P,

=Z|f nq+1)

= [Ifll3-
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We used |£(0)[2= | /(0)|? in (5.6). Therefore, (5.4) is established. O

The M?(2) consists of all entire functions f such that f € L?(C,dJ,(z)). Now, we will
show that M*(2) is a closed subspace of L?(C, dJ,(2)).

Theorem 5.4. M*(2) is a closed subspace of L*(C,dJ,(z)).

Proof. Recall that a subspace M of a Hilbert space H is a closed subspace if and only if it is
itself a Hilbert space (with the same inner product). Applying this fact to our case, provides

the desired result. O]

5.1.2 Reproducing Kernel

Definition 5.5. Consider both a > 0 and q > 0, the reproducing kernel for M*(2) represented
by tha](z,w) is given as follows:
zw)"™
K!®(z,w) = E, (a%2w) = (a—.
Fllew) = By o) = T e "
With the abuse of notation, we often prefer to go for K,E',’u], for a fixed w € C to imply

Kéa] (z,w). For any fixed w € C, the mapping f + f(w) is a bounded linear functional on

M?*(2), due to the mean value theorem. By the Riesz representation theorem in THEOREM 1.2:
(f Ky = fw)  Vfe M)

Lemma 5.6. If f € M*(2), then % € M*(2).

[
q,w

Proof. We begin by considering the inner product for M*(2) as follows:

()
K "

= |[ 143,

(2) o
(C mK(E,u])(Z)dJa(Z)

Y

)
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S/lf 2)|dTa(2),
\/ / |f(2)[2dJo(2 \/ / dJo( (use Cauchy-Schwarz)

= [Ifll< o0 (as f € M3(2)).

]

We recall following inequality from [18, Remark 2.3] which will be extensively implemented

in further discussion here.

Lemma 5.7. With both q and a > 0, there exist positive constants C; and Cy such that
following is true:

1 1
C’le“ S |Eq(t)|S 026“.

Corollary 5.8. Let f >0 and f € L! ((C,dJa(z)[z]), then for any z € C, following is true:

(5.7) /f 2 — w)dTo(w)? = /f aq|z_w| )dJa(w)[zl,
and also,
(5.8) /Cf(z+w )dJ /f( ) K;f w)l )dJa(w)[Zl.
Proof. We will provide the proof of (5.7) as follows:

[ G = w)dda(w) /fz— Yl ~Zel* 4a(w),

—/ —f[a]( ,Z))Ké“](z,w)|w|r2e-a'w'%dA<w>,
7(0)

= el (apply LEMMA 5.6, then reproducing property),
Ky (z,2)

= |5 1) dJo(w)?,
C K (z—w,z —w)
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_ (2]
/f oﬂlz w|2)dJa(w)2

Thus, with this we have established the relation presented in (5.7). Now, we will show the

relation given in (5.8) and the whole procedure will be same as what we have done above.

JLfe+wydTaw)® = 2 [ f+ W)l eIl dA(w),
o f(Z + w) (a4 2_ —a|w %
= g e Ky K8 (Bl e dA ),
ic)
Ki(z,2)

— / f(w) K22, w)dJ o (w)?
[a] (z —w,z —w)

. 2z , W) )12
= [ St E(aq|w—z|2)‘”“( )

(apply LEMMA 5.6, then reproducing property),

]

Lemma 5.9. Define following quantity which one can see a relation between I and N €

Z-i— U {0};

5.9 ]\ (gN +1) .
(5.9) = l ¢V qul+1)I‘(qN—ql+1)]

Suppose a > 0 and B € R, then following is true:

(5.10) [ |KPz, )] ata(z) = K (f—‘; f—‘;)

Proof. In order to proof (5.10), first we realize first that, in the light of (5.9), following
relation holds:

Kgﬂ] (2,a) = (K,g"‘] (a, z))2 .
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It follows from the definition of the reproducing kernel that
2
K1®)(a,a) = /(C K (a,2)[ dTa(2).

Now, replacing a by )"B—G, yields the desired result. m
e

Now, consider o > 0 and p > 0, we use the notation L to denote the space of Lebesgue

measurable functions f on C such that the function f (z)|z|%_ e~ 317 ¢ LP(C,dA). With the

following measure,

P po %
(5.11) AT o(2)P) = 2”7";|z|rpe—7|zl dA(2).
we write f € L as following:

”f”p *(p)"™ /(C|f(z)|dea(z)[p].

Again, with @ > 0 and p = oo, we use the notation L to denote the space of Lebesgue

measurable functions f on C such that

2
£ lltz(00y= esssup { £ (2)le M1 for z € C < o0,

Its important to note that f is entire under the consideration. Following is the isometry

relation in M*(p) that will be used in complex interpolation of M*(p) further.

Theorem 5.10 (Isometry in M3(p)). Let ¢ € C\ {0}, then define ¢, as following:

1—-2
P

G=CY and  fo(2) =& P f(C2).

Then, f(z) — fc(2) is an isometry from M}(p) onto M*

2
[4EX

(p) for 0 < p < oo.
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Proof. We have following calculation:

paC% p_p _pldia 2
5@, = P20 [ gy pletire 2= aace),

c17a 2mq

_pald]s [ a2 ’
= Tq/@ G "f(¢2)

_ pal(|s “

~ 2ng /CC(%—l)]%f(Cz)
_pol¢le | ¢
~ 2mq /(C C(l -1)2

_palcl o g)ET ol (2p_—22ics3
= o C|C|§_2|f(CZ)I 2] Pe dA(2),

2
|2|577e % A" dA(2),

2
|25 7Pe 7 A" dA(2),

F(C)Plef5Pe 510417 4A(2),

27rq/|f w)[Plw|a P _Elwlqu( ) (where w = (z)

= [1£ 15z -

O

Theorem 5.11. For f € M} and 0 < p < oo, the point evaluation inequality is satisfied as:

£ 1z VK (2, 2).

Proof. In the consideration of 0 < p < oo, following is achieved:

)P 22 [1G)Plof e F1 dac)

_2q

due to the sub-harmonicity of |f|? and integration in polar coordinates. Now, consider

function F' in the following format,

, where f € M*(p) and any z € C.
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In the light of the fact that |F(0)[P< ||F'||},), we proceed as follows:

‘f(Z) Ii,[]ﬁ(())) < e ) —w)% ul#re ¥ dA(w),
P <o x © | = w) Kl w, 2)f s reF aA(w),
%q = 1 = w)lP (Ko, ) ol e Fe dA(w)
27rq % [ 1z~ )P [ K1, 2 KT, 2)] ol 0 #0 aaw),
%q = 1 = )P [, 2) K e, )] e F101F daw),
= 2 [ 6w) [KE e w)] ol e F dAw),

Y4
2

We have the function G(z,w) = |f(z — w)[" [K [o] (w, z)} and now we use the reproducing

p
property of M2(2) to have: |fP< | £(0) |p[ K, z)] < If 1B [\/KF] (= z)] . Thus, in
- - . [Tl -
conclusion, after taking 1/p power above, we have: |f|< || fllamzmV Ky (2, 2), as desired. [

Proposition 5.12. Suppose 0 < p < oo and put f,(z) = f(rz), then following holds:
1L ||fr = fllmzy— 0 asr — 17,

2. There is a sequence of polynomials {p,} of polynomials such that lim, o ||pr — fl| Mz @)=

0.

Proof. 1. We recall the basic result from the usual LP-spaces theory as follows:

lim/|gn—g|pd,u=0 <= lim / |gn|pd,u=/ lg|Pdy,
n—oo Jx X

n—oo Jx

where {g,}, and g lives in LP(X,du). Now, letting f € M} and then we proceed as

follows:

1B = 1 dTa(),
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_ b PlofsPe 5 44
pq JL\Fr2)PIel i e R dAC),

po @« _poyw 2 dA(w
= 22 [ || 2] et LA

Y

w
r

B ﬁ r2
pa B_p _pajw|s
= B [Pl e T daw)
Tqro" e
b [l e e T )
. M — w)lPlwle Te 2 e w).
2mqrite? Je
_peya1Z_
Since, we have 0 < r < 1, we have following: e ? |w|q[rq 1] <1, VweC. An
b ) g —_— b

application of Lebesgue Dominated Convergence Theorem shows that following is true:

| fellazmy= N1 fllmzw)y  @s m— oo,

Combining this argument with the previous arguments yields the desired result.

. In the light of the THEOREM 5.11 we have M3(2) C M;(p), for 8 from (r%a, a) where

obviously 0 < 7 < 1. Due to this set containment relationship, we obtain following;:

I9llaz < Cllgllarg @),

where we pick g € Mj(2). We consider p, as the n'® Taylor-polynomial for f, and
therefore

”fr _prL||1\/f¢§(I’)S C”fr _pn”M/’;(Q)_) 0 as m — 00.

]

Theorem 5.13. Let g > 0 and % < 1. Suppose 0 < p < p’' < oo, then || fllaze)< C|l fllmzm)s

where C = <£) p.
b
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Proof. Since, % < 1, this means that |z|%_p/§ |z|§_p . For any entire function f € Mx(p), we

consider the integral in the following manner:

1B = o 11215 ),
© [ el e E e aace),

27Tq

- p/ apzq
_%q = LA [VES )| 1Pl e I A z),

/

r p'-p p_p _op |
- 2211k / Ey(atle)| ISPl dA ),

_ [ Nt Fop p_ ap | 12
< 220 it | [Vt | ppattore T aao)

- . zz% % p_ —a—p/z%
2Mufn v | qu)] £PJ2l5 e H T dA(z),

/
b —p

[ 2 2 P ap’ 2
goll 2 p—F |s]a
2@ AWz [ eT] 7 1ol E  aA ),

Y0 i, [ O D pppatire et aac),
27rq
Bop —92|, 2
oo Izt 1112157 F A,
= ;”f”p *(p)"
Now, taking the 1/p’ power of the above inequality yields the desired result. Now we will see
that the inclusion as discussed above is proper. Let I : M(p) — M3(p’) be the identity map

under the assumption that M*(p') = M*(p). Therefore, I is one-to-one, and onto. By the

open mapping theorem, there must exist a constant C > 0 such that

1
(5.12) EIIfIIM;(p)S 2l a0 < Cll Fll az )-
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On the other hand, with the help of Stirling’s approximation of Gamma function, we have

following:

g B
e 2 r("Pe P _ P
12" I3z ) = P op —+5 - +q,

4t g ()T R &
R pa i 2 3 e
ap ap e
Similarly
M-Fp—/—ﬂ-l-q / / /
' 2\ ¢ npq p  pq
n||p — - 1" e
I s = () (55 -5 ),

af

It is then obvious that there is no positive constant C' with the property that (5.12) is
satisfied. [

Definition 5.14. We define fi7. as the space of entire functions such that following is

satisfied by f:
f(z)

22—
KMz, 2)

lim
Z—00

Theorem 5.15. The space fgp. is separable in contrast to Mj(oo).

Proof. Note that fp. is a closed subspace of Mj(c0). Also, for the set of polynomials, f3p.
is the closure in M*(oo). This imply that [iix 1s separable but the same cannot happen in

M (00). 0

Lemma 5.16. For any positive parameters o and vy, the set of functions of the form

n
Z zwk
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is dense in M} (p) for 0 < p < oo and also in fiy:.

Proof. Since, the points wy are arbitrary, we may assume that v = . The result is obvious
when p = 2. In fact, if a function A € M3(2) is orthogonal to each function f(z) = K™ (z,w),
then h(w) = 0 for every w. In general, with the help of THEOREM 5.11, we can find a

positive parameter § such that M3(2) C M (p) continuously, say

1fllaz ) < Cllf 2z 2),

for all f € M}(2), (in fact every B from (0,a) works). Now, if f is a polynomial and

{wy,...,w,} € C, then

Y

< CHf i (2, w)
=1 M3
o gl
=1 g

Combining this with the density of the functions > 7_, K (2, u) € M3(2), we conclude

Hf(z chK[ (2, wg)

M (p)

M3 (2)

that every polynomial can be approximated in the norm topology of MX(p) by functions of
the form 7, cthga] (z,ug). Since the polynomials are dense in M*(p), we have proved the

result for M (p) for 0 < p < co. The proof for f37, is similar. O

We have interesting technical lemma for 0 < ¢ < 2 that are inspired by the study of [6].

Lemma 5.17. For 0 < g < 2, and 0 < p < oo, then there exists a positive constant C such

that following is true for all entire functions f:

@)l e dAw) > © [ 1fw)pe v dAGw)
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LI )Pl dA@w) < C [ |f)Phufi-e M daq)

lw|=1

Proof. Considering 0 < g < 2.

1. First part result follows from the subharmonicity of | f(z)|P and the maximum principle,

there is a positive constant C' such that,

/|w|§1|f(w)|pdA(w) <C |f(w)|p|w|§_2dA(w),

w|<1

2
for all entire functions f and 0 < p < oco. Since, e #*l* is both bounded above and

bounded below on |w|< 1, we deduce that
5 2 2
[1rPluli=e v aaw) > ¢ [ )P daw)

which is our desired result.

2. Second part result follows from the subharmonicity of |f(z)[P |z|§_2 and integration in

polar coordinates.

5.2 Integral operators

We recall previously known results from theory of integral operators.
1 1
Lemma 5.18. Say, 1 < p < oo and 2—9 + 17 = 1. If an integral operator given as T f(z) =
Ix H(z,y) f(y)du(y), is bounded on LP(X,du), then its adjoint with mapping given as T* :
LP (X, du) — LP (X, du), is the integral operator given as T* f(x) = [y H(y, ) f(y)du(y).
Proof. See [19] or [53]. O
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Lemma 5.19. Say H(z,y) is a positive kernel and Tf(x) = [x H(z,y)f(y)du(y), is the
1 1

associated integral operator. Suppose p € (1,00) with — + — = 1. If there exist a positive
b p

function h(x) and positive constants Cy and Cs such that

[ H@.y)h@) du(y) < Cih(a)’, va € X,
J H@v)h@)Pdu(z) < Coh(y)", Wy € X,
then the operator T is bounded on LP(X,dy) and ||T||< C¥ CF.
Proof. See [54] or [53]. O

Definition 5.20. We fiz two positive parameters o and 3 for the rest of this section and we

define following integral operators P, and Q, over LP(C,dJg(2)) as follows:

(513) Puf(2) = § [ F0) KL 0)e10 3, w),
and
(5.14) Quf(z) = % /(C f(w) ’ KOz, w1 | 43, ().

Following can easily be retrieved by LEMMA 5.18.

(5.15) PLf(z) = e [ f)Kiel(e, w)ads(w)
and
(5.16) Quf() = 5 [ fw) Kz, 0)| s (w).

Lemma 5.21. If P, is bounded on LP (C, dJﬁ(z)m), then ap < 28.
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Proof. We will use f,x(2z) = z*e=#1#1". See [8, 52, 53] for this. Its natural to deduce the

following calculations:

) a B pak
/((J'fx,k(z” dJﬂ(z) - (5+px)%+lr< 2 +1) .

With the following definition of P, from (5.13), we have:

Puf(2) = § [ 1)KL w)e0 a3y ),

and applying above to the function f, ; as follows:

Pafer(2) = - [ Fer(w) K e 0wl 61" dAw),
=2 [K[a](z w)w]dJ (w)
Tatzlcle okai
__«a A " 1 kqJ
a+x/@[n%:0(a+x) ((a+m)q> Flgnt 1) W dJ gy (w),

= s e ((G55) )

(5.17) a—l—a:/ch arz) PY)v dJ ot o(w)

a1+qk

(5.18) = mz

We applied reproducing property of M2, from (5.17) to get to (5.18). Now, we have following

pka+p I' (B2 + 1
" [lerazss) = () ey
o+

[1Pafaslrazs(a) = ( =

oz—i—:c)

In the consideration of the statement of the lemma, we have a constant C' > 0 such that

following is true:

a \Pkatp T (’% + 1) B pgk
(=) al <C T (P 1),
atz B (B8 +pz)2
kq+
otz BT (B+pz)Tt



( o )pkq+pSC Bﬂ’%

o+ (B+pz)E+t

2
Fix > 0 and raise the above inequality to —- and letting letting £ — oo in (5.19) to (5.20),

pk

in to have following:

2(g+1/k) q+2/pk
(5.19) ( a ) < b ,

a+z (B + px)at2/vk

o 2q Bq
5.20 ( ) <7
(5:20) at+z/ T (B+px)?

a?(B +pz) < Bla+ )%

Letting £ — 0 yields ap < 24. Similarly, if we let £ = 0 and let x — oo in the previous

paragraph, the result is p > 1. This completes the proof of the lemma. m
Lemma 5.22. If1 < p < oo and P, is bounded on LP (C,dJ3(2)), then pa > S.

Proof. Here, we have 1 < p < oo and if P, is bounded on LP(C,dJs(2)), then P} is

/ 1 1
bounded on L? (C,dJg(z)) where ’ -+ i 1. Applying the formula for P* to 1, we have

2 /
elP=a)lzl® ¢ [P (C,dJ4(2)), thus with the calculation in polar coordinates we have following:
/Oo 21 _—(8—p' (B-))r
ra e dr < ¢y < 00,
0

which implies that 8 > p'(8 —a) = pa > (. Hence proved. H

[0S

Lemma 5.23. If P, is bounded on L*(C,dJs(2)), then a < \,8 (O‘Tgﬁ)

Proof. Consider the following format of the function for a € C

_ Ki(z0q)
fa(z) - ‘K(;a](z7a)‘ )
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Then we have following:

Pifula) = GeO=l" [ fy(w K[a<a w)dds(w),

_ & - a)lalq/ (w, a) [a]
= —e¢ K'Y(a,w)dJg(w),
3 ‘ [a )‘ q ( ) 5( )

= Be(ﬁ—aﬂalq /(C ‘K(Eoc (,w,a)‘ dJB('w),

a 2 aa  aa
= —e(B=a)la|? p(B] ( )
e
B T\ B AB
1

a2|

a|2
> 0% ol ( A%ﬂ2) .
- B

Use LEMMA 5.9 in the above second last step. Since, P’ is bounded on L*(C), we have

following

Q=

2,12
2 IB(Q la| )
2ot ) < pfl < Olfle=

Thus we have following after essential calculation from above:

QN

<0 — ag)\qﬁ(a—_ﬂ)i

(6 - a)+ﬂ( qﬂ) p

which is our desired result. O]

Lemma 5.24. Suppose 1 < p <2 and P, is bounded on L? (C,dJ (%)), then pa = 2.

2
Proof. Once again, we consider functions of the form f,(z) = zFe~1I°. We then have

following calculations:

o 2] _ B pak
/C|fx,k(z)| ds(2)" = (ﬁ+p,x)’“7q’“+1r< 2 +1)'
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On the other hand, we have following;:

1+qk

a

2 2 2 2
Pafor(z) = %e(ﬂ_a”z'q /Ctha] (2, w)e~ 1T w2~ gA(w) = SreB—a)lz]T

Therefore,

2| P BT | PR 5| a 2RI A(2)
wq Jc ’

[1Ptall 35 = (5%

(14qk)p’ /
53 g (),
fta B-pB-a) "

In the consideration of the hypothesis, we have following:

L IP:fer (D d35() < C [1fen(2) d35(),

which results into following:

(1+qk)p’ / /
( a ) b __ I‘(qu—i-l)SC BW I‘(qu—i-l),
Ptz B-pB-a)FH \ 2 (B+pz) T+ \ 2
( a >2q - (B—p’(ﬂ—a))q
B+z) ~ B+px ’

(25 5)

Reducing above by taking % of above, we have following;:
(pa — B)x* + (28(pa — B) — &®) z + B*(pa — B) — o®(p — 1)3 > 0.

Let g(x) denote the quadratic function on the left-hand side of the above inequality. By
LEMMA 5.22, we already have pa > 3, ¢(z) attains its minimum value at zy = ’%,

and since p < 2, the top part of x is greater than or equal to pa?—2a8p+pB* = p(a—pB)? > 0.
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Also, q(z) > q(zo) for all z and from this, we deduce that the discriminant of ¢(x) cannot be

positive. Therefore, (pa — 28)?2 <0 = pa = 2. This gives the desired result.

Lemma 5.25. Suppose 2 < p < co and P, is bounded on L*(C,dJz(w)), then pa = 20.

Proof. Again, given that P, is bounded on L?(C, dJs(z)) then P! is bounded on L (C, dJ 5())

1 1
with 1 < p’ <2 and — + ~ = 1. We have a positive constant C' such that
p p

J

where f € LP'(C,dJs(2)). Let f(z) = g(z)e®9#? where g € L”(C,dJs_p(5-a))- By,

c(B-a)l2l /(C K1) (z,w) [f(w)e(a—ﬂﬂzl%] dJa(w)'pl dJs(2) < C /C |f (w)I¥'dI5(w),

LEMMA 5.22, we have 8 —p'(8 —a) > 0. We obtain another positive constant C (independent

of g) such that

[C |Pagl?'ddg—p(5-a) < C /(C|9|pld~]ﬂ—p’(6—a)’

for all g € Lpl((C,ng_p/(ﬁ_a)). Since 1 < p’ < 2, it follows from LEMMA 5.24, we have

pa=2(—p (B — a)). The last equation above is pa = 23 and this is our desired result. []
Theorem 5.26. Recall \; and suppose p =1, then following are equivalent:

1. Qq is bounded on LP(C,dJs(z)),

2. P, is bounded on LP(C,dJg(2)),

3. finally, « < A\ ("‘Tgﬁ)% .

Proof. (1.) = (2.) obvious. (2.) = (8.) by LEMMA 5.23. Lastly, (8.) = (1.) from

Fubini’s theorem and LEMMA 5.9. O

Theorem 5.27. Suppose 1 < p < oo, then following are equivalent:

1. Q4 1is bounded on LP(C,dJgs(2)),
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2. P, is bounded on LP(C,dJs(2)),

3. finally, pa = 2.

Proof. By LEMMA 5.24 and LEMMA 5.25 on 1 < p < oo we have (2.) = (3.) and
(1.) = (2.) is still obvious. We shall consider 1 < p < oo and show (8.) = (1.) and we

1 1
do this with the help of Schur’s test. Let 7 + ’ = 1 and consider the positive function
2
h(z) = €#°.

Recall that
Quf(z) = [ Hiz,w)f(w)dIs(w),

where

2

is a positive kernel. We first consider the integrals
(5.21) 1(z) = / H(z,w)h(w)? dJ 5(w)
C

and assuming a — p'd > 0 we have following

_ « [a—p'3] az az
101= (25) K0 (o e =79

R N )

a o¥'6 | 5 s | eIt
S Cl p e Ag(a—p’9) .
a—pd

The above C) comes from the following inequality:

2 2 2
_ / q a|z| < a_plél:)\q(aa—p’é)} |z|q
E, ((a p'0) (—)\q(a —p’5)> ) < Cie .
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Now, if we choose § so that

(5.22 (o~ /o) (M%M) -5

then one can have

(07

(5.23) /(C H(z, w)h(w)? dJ 5(w) < (o )h(z)p’.

a—pd

In similar ways, we have following for all w € C,

J(w) = /(C H(z,w)h(2)PdI5(2),

and assuming that 8 — pd > 0, then we have following

o 2 ow ow
J(w) = e(B=)wl? [r[B—pd] ( , ) ,
W)= 5% 0B —p9) M~ D)

_ O (el _ alw| \*
= e E, ((5 pb)" (ﬁ—pé) )

2
& (gl P e el
<Oy 66 e aF-r .

- "B-p

Again, the C5 above comes in the same way as C; came in the above paragraph. If we choose

6 so that

(5.24) (B—a)+p—pé l—_p

then we see that

(5.25) /@ H(z,w)h(2)PdI5(2) < C h(w)?.

(0%
B — pd
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In the view of Schur’s test and the estimates in the conditions (5.23) and (5.25) we conclude
that the operator @), would be bounded on LP(C,dJs(z)) provided that we could choose a
real § to satisfy conditions a — p'd > 0, f — pd > 0 along with (5.22) and (5.24) to be true.

These leads to following equality:

(5.26) (a—p6) ' po= (/\%)2 :
and
(5.27) (B—p)i ™ (p5— B +a) = (%) .

1 1
In the view of pa = 28 and » + 7 = 1, indeed the solution of (5.22), (5.24), (5.26) and
(5.27) when solved for § will be same upon the consistency of the equations and following be

satisfied with = d, as the solution:

a 5_ a—p'é, ! pd, — B+ -
o))

This completes the proof of the theorem. O

The 6, coming from (5.28) will be used in the following theorem and subsequent corollary.

1 1
Theorem 5.28. If1<p<oo, -+ — =1 and pa = 2, then
p b

L

[1PufPats(2) < [[1QufPats() < © [(ﬁ) (5 _“péq)%] [17Pass(z)

1

for all f € LP(C,dJg(2)) and C = (C1)¥ (Cg)% > 0, where Cy and Cy comes from the

THEOREM 5.27.
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Corollary 5.29. For any o >0 and 1 < p < oo, P, is a bounded projection from L? onto
M;(p)

1

(8} I% o P
(5.29) IIPafIIM;<p>SCl(a_p,5q> (525 }nfnm(p),

L

for all f € L2 and C = (C1)¥ (Cg)% > 0, where Cy and Cy comes from the THEOREM 5.27.

Proof. The case 1 < p < oo follows from THEOREM 5.28 and for p = oo follows from

LEMMA 5.9. O

5.3 Duality

In this section, we will identify all the bounded linear functional on the Mittag-Leffler
space M5 whenever 0 < p < oo and also for f7.. Its interesting to know that for ¢ > 0, the
duality of Mittag-Lefller space depends on the geometric mean of a and S.

Theorem 5.30. Suppose 8>0,1< p < oo and 1—1) +I% =1, then dual of M(p) is M3(p')
under the following integral pairing:

(5.30) ()= 2 fim [ PG dAG),

NI

where v = (af)?.

Proof. To begin with, we assume that g € Mj(p') and say F is defined as follows:

F(f)=Laim [ f(2)g@)leli e dA(2).

mq R—c0 J|2|<R

We proceed to show that F' gives rise to a bounded linear functional on M*(p) by the

assumption that g is is a finite linear combination of kernel functions. If f(z) = K (2,a) for
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some a € C, then with the help of reproducing property of Kgﬂ(z, a), we have following:

@) = L [ Kz a)g(@)el e aaca),

(5.31) _ 7 / F@D ()23 e dA(z).

On the other hand, by the reproducing property of K,Ea] (z,a), we have following:

g9(a) =g ((ﬂ) Z;a) :
= Wﬁq CKCEa] (z_za, z) g ((g) 2 Z) |z|§—2e—a|z|%dA(z),

B q7qa_ n
a (O‘ Ez> (

B Tq JC | 150 T(gn+1)

l2|s 217 dA(2),

™| Q
~
N
N
~ .~

(5.32) -2 mg((ﬁ) )|z|f2 ol gA(2),

Therefore by (5.31) and (5.32), we have following:

(5.33) /C fdefy—— / f(z (() )|z| ikl A (2),
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This shows that

7rq/f (( ) )Izl “2e-aklTgA (),
= 7%1 ; [f(z)|z|%_16_%|z|%] !@ (<%>% z) IzI%‘le—%Izlg

for all functions f of the form f(z) = XN, cng’] (z,ax), that are dense in M*(p). Now, it is

dA(2),

clear that g € L¥' ((C |z| 4 ! “'z|q dA(z )) is equivalent to the condition that

d(z)=g ((%)% z) e ¥ ((C, |z|%_le_%|z|%dA(z)) .

Applying the Holder’s inequality to have

(5.34) IENIS Cllf sz |8llaz )= C'll f sz 191l a15 1)

where again, f any linear combination of kernel functions, and C and C” are positive constants.
This shows that F' defines a bounded linear functional on M*(p). Next, we assume that

F : M*(p) — C is a bounded functional linear in nature. Define g as follows on C

m =F, (K(£7] (Z,’LU)) .

It is easy to note that g is entire and now we will show that g € ME( ') and F(f) = (f, 9)
for all f dense in M;(p). The equivalent of g € Mj5(p') is g(w)|w| - "'“"q € L¥(C,dA).
Consider the following integral for h € L (C,dA)

9() = [ hw)gle)luli e dA(w).

It suffices to show that 1 defined above is bounded functional on L*(C, dA). Without loss of

generality, we assume that h has compact support in C. In this case, the integral given as
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follows:
[ b))z, ) ol 2500 ),
converges in the norm topology of M*(p) and thus

W(h) = /(C h(w) . (K1 (2, 0) fold 2301 4 )
= P ([ hw)K e w)uwli2e 5 daw))

_%p ( / h(w)Kgal(z,w)|w|§-2e—%lw|%dA(w)) ,
Q/2 2

_ > @ [a] %—2 —2|w|d

=" %F (/@h ((5) w) K1) (2, w)|w|i % dA(w)) ,
‘1/2 2

_m o @ (o] %—2 —2|w|a

=5 F (wq/ch (<5> w) K™ (2, w)|lw|s"e dA(w)) ,

B
and since the projection P, maps L? (C, |z|q - _‘|Z|qu( )) boundedly onto M*(p) and

q 2 2
where ¢(z) = h ((Q) : z) |z|%_le%|z|q ,since h € LP'(C, dA) which implies that ¢ € L? ((C, |z|1_%e_%|z|qu(z:

therefore, we conclude that

w(h)< = IIFIIIIP @D)llaz< CllA-

With this we have completed the proof of g € Mj(p'). Now, lastly, let f = Kg’] (z,a) for some

a € C then

Frghy=-L1im [ f(2)g@)eli e 97 dA(z) = g(a) = F(f).

Tq B—oo Jiz|<R

Thus, whenever f is linear combination of kernel functions we have F(f) = (f,g),, a

desired. O
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The relation given in (5.33) assumes that both f and g are linear combinations of kernel.
Also, (5.34) ensures that the right-hand side of (5.33) converges for all f € M*(p) and
g € Mj(p') and the integral is dominated by || f||asz )|l M5 (p)- With all these proceeding

and under the influence of LEMMA 5.16, we have following:

lim F(2)g(2)|2|+ e "le'qu (2) = /f 9(2)|2|7 % 7|Z|qu(z)

and hence,
Jm [ F@e()d1() = [ f(2)a()dd ().

Theorem 5.31. Let 0 <p <1 and B > 0, then the dual space of M}(p) can be identified

with M}(oco) under the integral pairing given as follows:

(f.0h =L aim [ fE)gEl e dac),

t\JI»—\

where v = (af)?.

Proof. Assume that g € Mj(oo) and as of now, we will show that F'(f) is a bounded linear

functional over M*(p) for 0 < p <1 as follows:

F() = 2 [ SR ekt daG) = 2 [ [f)1l s e 50| [aalelt e8| aaca),

[0S

where ¢(z2) = g ((%) z) , then we see that

[E(HIS Clldllmz ool fllz < Cll@llagg oo | £l sz w)-
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This shows that F' is bounded linear functional over M*(p) and now we will show that
g € Mj(00) and for that we first consider g(w) = F; (Kp] (z,w)) . Then,
pa P, 2_p _pay3
9P < G 1P [ KD w)f 2l 7e F A z),
I P L SYRP R
= PN [ [ ) K )| |25 E e da),

= NP [ K] (K, 2)] el e A ),

= ||F||P [Kp] (w, w)] :

This shows that g € Mj(oco) with ||g||ME(oo)§ | E|- O

Corollary 5.32. 1. Let 1 < p < oo, then the dual of M}(p) can be identified by M3 (p')
1,1 _
where st = 1.

2. If0 < p < 1, then the dual of M}%(p) can be identified by M}(co) under the same integral

pairing (f,g)-

Theorem 5.33. The dual of f37s can be identified by M3 (1) under the integral pairing of
<f7 g)’Y

Proof. If g € Mj(1), then by the THEOREM 5.31, we have F'(f) = (f, g), defines a bounded
linear functional on f37.. With this F' in our hand, we have the set of linear combination of

kernels to be dense in f§7. not in M;(c0), we have following:
oy 1 1222 |
F(f)=Lim [ f)g@heli e dA(w),

for f in a dense subset of fp., where g(w) = F, (Ky] (2, w)) Now, we will show that

g € Mj(1) by showing following:
(£ 94| < CllF lImz(00),
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for all f € Mj(co). This is so because, since the dual space of Mj(1) is identified with

M (oc0) under the integral pairing (f, g),. Let

) =1 (7).

n—l—lz

Vn € Z,; and z € C. It is clear that f € M}(co) and || fu| sz (o)< || f a2 (00), then following

chain of equalities follows:

gy =L tim [ fw)F. (KD (zw)) jwli 2! da(w),

= (l lim Fw)KD(z, w)|w|%_26_7|w|%dA(w)> ,

mq B—oo Jjw|<R

n—00 mq R—o0 |'u)|<R

= lim F (l lim fn(w)Kg’](z,w)|w|§_2e_7|“’|adA(w)) )

n—oo

— 1 i & 222 oful?
lim F <7rq/<cfn(w)Kq (z,w)|w|a e dA(w)) ,

= lim F(f,).

n—oo

With the above observations, following can be deduced:
(£ DA< NE N fnll sz 00y < IE NS Nz 000
for all f € Mj(oco). This implies that g € M3(1) and we are done. O

5.4 Complex Interpolation

Theorem 5.34. Suppose w, wg, and wy are positive weight functions on C and if 1 < py <

p1 < o0 and 0 € [0,1], then

[L7(C, wodA), LP (T, widA)], = LP(C, wdA),
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with equal norms, where

1 1-6 0 -8 8
+
b Do D1

Proof. Follow [47] or [10] for this. O

2
L? contains all the Lebesgue measurable function on C such that f (z)|z|%_1e_%|z|q €
LP(C,dA). With the inherited norm, M*(p) is the closed subspace of L, consisting of entire

functions.

Corollary 5.35. Suppose 1 < py < p; < 00 and § € [0,1], then for any positive weight

parameters oy and oy, we have following

72, 22, = %

ap?

where
1 1—-6 6
- = +— and a=oa(l—0)+ 0.
b Do D1

Proof. 1t follows from the Stein—Weiss interpolation theorem that [LPO Lpl}e is

_ [LPO (@, |z|5_1e_0;_0|2|adA(z)) I (C, |z|%—1e—%1|zladA(z))] ,
0

o

=17 ((C, |z|%_1e_%|z|adA(z)) =1IP

1
This proves the desired result under the observation of — = +— and a=a(l-—
p Do b1

9) + 0(19. O

We consider the case when the weight parameter « is fixed.
Theorem 5.36. Withzl) = 117;004_1% and1 < py < p1 < oo andb € [0,1], then [M}(po), M%(p1)ly =

M;(p).
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Proof. The inclusion of [M}(po), M(p1)], in Mz (p) follows from the definition of complex
interpolation, the fact that each M*(px) is a closed subspace of LP* and we already have
the interpolation done on L?* in COROLLARY 5.35. Now, we proceed further by showing
the other side of the inclusion by picking f € M}(p) C L2 which is entire. Due to the
interpolation there exist a function F'(z,() with z € C and 0 < Re({) < 1 with following

conditions, where § = 0 and 1 and C is a positive constant.
1. F(2,0) = f(z) for all z€ C
2. |IF(,Ollazs) < € with Re(C) = 4.

Define G(z, () as follows
G(2,() = —/ K[a](z w)F(w §)|w|§ %e °‘|w|%dA(w).
Y q Y Y

By the COROLLARY 5.29, we have following

1. G(z,0) = f(z) forall ze€ C

a 1% o 1% ~
(a—p’(5> <ﬂ—p5) ] C with Re({) = 4.

As z = G(z,() is entire thus, this implies f € MX(p) C [M%(po), M%(p1)]y, and thus our

2. 16 Dlazwn< €

desired result is achieved. O

Now, we consider the case when we have different weight parameters oy and a4 as follows.

Theorem 5.37. Suppose 1 < py < p; < o0 and 0 € [0,1], then for any positive weight

parameters oy and oy, we have
Mz, (po), Mz, (p1)], = Mi(p),

for




Proof. Consider a dilation operator ¢ defined as follows:

_2 (C—9)%
Scf(2)=¢ " f ((3—?) z)

where ¢, = ¢ oL By the THEOREM 5.10 we have S; an isometry from M (po) to M (po)
when Re(¢) = 0. On the other hand, S; is again an isometry from M (p1) to M}(p) when
Re(¢) = 1. Furthermore, both S; and its inverse are analytic in { whenever f is so. Thus by
the abstract Stein interpolation theorem, we have the operator Sy must be an isometry from
[M;o (po), M, (pl)]o to [Mx(po), M%(p1)],- Since, Sp = I, is the identity operator, we must

have
[M (o), Mg (p1)]y = M5(p),
where this step follows from THEOREM 5.36. a

5.5 Atomic Decomposition

This section provides the atomic decomposition of M} which is of high importance in

applied direction.

Proposition 5.38. Suppose a and p > 0. Let K be a non-empty, closed and bounded subset
of C and for s € [0,7] define &, p4(sla) : K x [0,7] = Ry by following:

(535) ga’p,q(sla) — 6_% |:|8+a|a—(|5|2+|a|2) q] .

Then &E,.p4(s|la) attains both mazimum and minimum over K x [0,7] for s € [0,7].

Proof. To begin with, we note that &£, ,,(s|a) is continuous and also we have, by the closed
and bounded nature of K X [0,r] which makes it compact. Combining these two, we have

the image of K x [0,7] to be compact in R under the mapping &, ,,(s|a) and therefore,
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since every compact subset of R, has both maximum and minimum values, our desired result

follows immediately. m

Let me, , ,(s|la) be the minimum of &, ,4(s|a) and will be used in the following lemma.

Lemma 5.39. For any positive parameters o, p, and R, we have following:

. W 2P
2)za e 2T dA(2),

faartetf < oS [ g
a)as e 2 < —
T2Me, , o(sla) /Bla;r)

for all entire functions f, all complex numbers a, and all v € (0, R] and mg, , ,(sja) 95 coming

from the PROPOSITION 5.38 for s € [0,r].

Proof. To begin with, we first consider following equalities:

1 oo 1 1_
jw + als= [lwl+wa +@a + |a]?]* =3 (2") (|w|2+|al2)‘11 ¥ (wa +wa)"
k=0
1 o /1 1_
= (lwP+lal?)" + > (2) (lwP+al?)® ¥ (wa +wa) .

k=1

This imply that we have following;:

2 1 1 1 g _
e~ T lwtal? _ e_%(|w|2+|a|2)qe_% Zﬁl(ﬁ)('“’PHalz)q (wa+wa)k.

1
Let F(w,a) = f(w+a)(w + a)%_le_Tp(WPH“P)q. We consider the integral on the right side

of above lemma and then following follows:

) Wi 2P
I= f(2)za te 21| dA(2),

B(a,r)
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and then following consequences follows up:

. N 2P
I= fw+a)(w+ a)s e 2wl dA(w),

|w|<r

flw+a)(w+ a)%_l‘p e_%“’“'%dA(w),

|lw|<r

= |F(w, @) e~ F Lien (D) (wP+1a?) 7" @ara)* g 4 ).

|w|<r

oo 1 1_ _
> |F(0, a)|p/ e~ F 2z (7) (lwl*+lal?) @ k(’”‘”“’“)de(w),

|w|<r

P ap 2 ap e % .
=|f(a)|p|a|5_pe_7|a|q/ 6—72k=1(k)(|w|2+|a|2)‘? (wa-l—wa)de(w),

|w|<r

P ap| (2 —%wa%—w2 aQ%
~p@plafire et [ et g,

|w|<r

)

o3 2 _ap g_ l:l
:2”|f(a)|p|a|§_pe_7p'“'q/Te P Il () 7]
0

2

B_p, _api,3 r
< 2nf(a)Plal = e F 1 me, ety 5

P_. _op 2
= 7T|f(a)|p|a|q Pe Oépla“mga,p,q(sm)rz'

Thus, our desired result is achieved and from now-on-wards meg, , , will be used to represent

ME, g (sla)- [

Lemma 5.40. Let Ry be the fundamental region A where A is same as given in Section 1.2
in [53], then for any positive number d, following is true for all w € C:

1 112
-5 [|z|q—|w|q]

<C.

e

z€EA

Proof. We will proof the above result for the fundamental region Ry of A by realizing the
fact that

1
E‘ < —, which is why
z 2

9 1 1,2
1 1 2 2
[12la—[wls|" = |4 1> e "

1—’9
z

1
1—|=
:

2 112
—§lzla [1—]L]|9
Since, > ,cp € I [ i ] is obviously convergent, we obtain the desired result. O
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Proposition 5.41. We propose following as an asymptotically equivalence relation for a

fized z € C
ea|zu|‘1 ea|zw|‘1
(5.36) |kl (z) — k) (2)| ~ € |— = ——,
e%"u"a e§|w|a

under the situation |u — w|< §, where ¢ is arbitrarily positive.

Proof. To understand above, we first consider the right side of above and proceed as follows:

1
eclzul? eclzw|d 1 2 1 2 1
_ S e3lul? galzul® _  gulf jalwl?
eE'ulq 62|w|q e§|u|qe%|w|q
n 2m k 2l
1 Q™™ | zu| s jw| e ot | zu| 7wl
- 2 2 m - l )
e Sluld 3wl |, m30 n!m! 2 P k!l 2
n 2m 3 2l
1 Y ¥ o™t zula|w|T ok |zule|w|
= 2 2 m - I ’
eSlulT g2 1wl |30 k50 n!m) 2 k!l 2
]_ a{n+m n 2m k+l k 21
N—g 7 > ST |zl e w] e — > 2lkll'|zu|q|w|q :
e5lul? gglwl? |pm>g < T ki>0 2 2

Now, fixing z and grouping all the terms present above at the same index makes the result
immediately 0, and therefore we see that the difference is asymptotically equivalent to
|2t |u — w]?2 for some ji,&js € Z, on unequal indices. Before proceeding further we first

recall two basic inequalities for F,(a%|u|?) and E,(a?u|?) as follows:

2 2
(5.37) Chrewe™™!® < E (a|w]?) < Coape™!”,
and

2 2
(5.38) Clee®!™® < E,(o%ul?) < Coepe™? .
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Now, we have following:

K™ (2, w)
K™ (w, w)’
_ K (zw)
 VE afwp?)
K[a](z w)
- 02 ealul
Kifl(zu) Kz w)

2 2
q q
Clouea|u| C2owea|w|

kil(2) =

= [kll(2) — K2(2)] <

The above quantity is same as to have following:

%|w|§n alzu)" |w]e ’ alzu)
L g d )Z>0F< ) mZ( ) 5t

C’lmealuI%CQ.wealwIE 20 n! (gm + 1) k>0 k! 150 T(gl+1) '

Again, with the same reasoning of asymptotically equivalence as given above, here we have
27 |u — w}’? for some ji,&js € Z, on unequal indices. Combining these two above results

and with the fact that |u — w|< 6, thus (5.36) is proved. O

Proposition 5.42. For C > 0, we have following:

alzul? alzw| 1
(5.39) [kl (z) + K (2)| < 0| S + &
65|u|q e%lwlq
Proof. Consider the left side of above and then
£l (z) + kL (2)| < [k ()] +
< K w) |K<£"](z,w)|
2
Clo ea|u,|<1 C'loweoélwlq

|Eq(a?2u)| | |Ey(af2w)|
= 7t 2
C’l.wea|w|‘1 C’l.wea|w|‘1
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Recall that for any positive number r,
rZ7? = {r(m+in) : m,n € Z*},

is a square lattice in C, with following as the fundamental region which is obtained by

removing the boundary points

S, —{z—m+i 1T 6[—2 t)}
T - y' ,y 272 M

The following decomposition of C is admissible:
(C:U{Sr—l—z:zGrZQ},

and therefore,

/C f(2) / - (2)du(=),

since, the fundamental region defined by S, doesn’t overlap with each-other; for f € L!(C, du).

werZ?

Theorem 5.43. We may have following 0 < p < oo with

f(z) = Z kaz[;!](z)v

werZ2
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where c,, € £P for w € rZ2. Moreover, there ezists a positive constant C (independent of f)

such that

1 .
EHfHM;(p)S inf{|lcull}er < Cllfllrrzw)s

for all f € M*(p).

Proof. To begin with, assume that 0 < p <1 and f(2) = X ,erz2 okl (2), with {c,} € ¢*.

Then by Holder’s inequality and k. ](z) unit vector in M*(p)

2P
ko] (z)z%_le_%ld !

p
< Z |Cw|p

werz?

1113 (p) = Z |cwl”.

werZ?

2
Fei e g

Thus, f € M;(p) and || f[[}: ) < inf Yuerzz|cwlP. Now, {c,} € £, then

F@le 3T < C'l{eutloo X EDI()]e307,

werZ?

1
ot
<Olele ¥ 25 et
wETrZ2 (Clea|w|%) 2
- ~5 [l it ]
< COl{cw}lloo D e :
werZ2
< Cl{cw}loo (by LEMMA 5.40, other C > 0).

Taking the infimum is taken over all sequences {c, }s~ to have ||f||az(< Cinf|[{cy}|e-
After interpolating between p = 1 and p = oo, we have now shown that, for all 0 < p < c©
and f(2) = Cperzz ok (2), is in M2(p) {cu} € £ and finally, || f||rzm< C infl|{cw}e,
where C' is positive constant depending on «, p and r and the infimum is taken over all
sequences {c,} € ¢P, that give rise to the representation of f as f(2) = X, crz2 ki (2).

To prove the other part of the theorem, we assume that 0 < r < 1 and consider the linear
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operator T, defined on the space of entire functions as follows:

Tfe) = Y KR [ flufi e 8 e im0 ),

mq werZ?

We claim that ||I — T,||< 1 on M*(p), where I is the identity operator, which is why T, is a

bounded linear operator on M}(p). We proceed as follows by realizing that

- / F)KIE) (2, u)d (),

_ / f(u K[a (Z u)|u| -2 —9|u|q—mlm(wu) |u|%+ai1m(wﬁ)dA(u).
ﬂ—q wEr, ZQ r+

It follows that D, = I — T, is as follows:

(5.40) D, f(z) = Z / H(z,w,u)dA(u),
9 werze /Srtw
2 _
where H(z,w,u) = [kq[f] (2) — kq[?](z)e_“”m(“’m] |u|s~2e~$lul +ailm(w®)  We now estimate the
norm of the operator D, on M*(co) and on M*(1).

a2
Case 1: p=oco By (5.40) we have |D, f|e 2 g < 2l fllaz 00y Jr(2), and

Z / ‘k[a (Z —ai Im(wa) k[a )||Z| -2 —2|z|‘1+azlm(wu)dA( )
+w

werZ?
2 _
< 3 [ [EE @]+ R )] 2l e esimeD ),
werz2 ¥ PrTW
[o] [a] [a [o]
< z/ [kle1(z) = 1(2)] + [kle(2) + KL (2)|
wer
|z|%—26—%|z|%+aiIm(wE)dA(u),
Z a|zu|‘1 ea|zw|% ea|zu|% ea|zw|%
< / — + Cy +
w5t e%m% Sl cSlulf Sl
|Z| - ——|z|‘1+azIm(wu)dA( )

112



ol L 172 ol L 172
—5[|z|q—|u|q] e—g[|z|q—|w|q]

zgz‘/

werz?

e

C’|z|§_2l

rt+w

“[I E Ill}2 “[I 7| Ilr
—& 1 |zl9 —|ulg —=1lzl9 —|w| 9
2 e 2

+ |e

] dA(u).
Therefore, J,.(2) is less than or equal to following:
(5.41) Jr(2) < E(z,w),

where £(z,w) is given as follows.

E(z,w) = Z/ C|Z|§_ze—%[|z|%—|w|%] L€

werz2 Y Prtw -5 [|z

e
[+

1 1 - 112
|q—|w|q] —5[|z|q—|w|q]
e

Now, for any ¢ € C we have |1+ eS|+|1 —e¢|< 14 elél - €l¢l — 1 = 2¢l¢l applying this to have

following:
o 1 1 2 a 1 1 2 [ 12 2
e 2 [|z|q—|u|q e 2 [|z|q—|u|q} a |z|%_|w|% _|:|z|%—|u|%:| ]
1- S i | <27 L : :
~ [l -tul?] ~5 [l -1l
11 172 1172
g | [l -t = [je17 —rs] ]
<2 L - ,
& (1ot —pl#]”
5 | |R —|w
(5.42) < 2re’l ]

Combining (5.41) and (5.42) to have following:

Jr(z) < 2CT|Z|§_2 Z 6_% |:|Z|%_|w|%:|2€%|:|Z|%_|w|%i|2/ dA('U,),

werZ?2 Sr+w

1
= 2073 —,
meg T

@,2,q

(me,.,., in LEMMA 5.39).
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This shows that in conclusion, we have following, independent of 0 < r < 1,
1Dr £ sz (00) < Ol fllasz(00) = 1 Drllasg(o0) < 1.

To estimate the norm of D, on M*(1), first note that |D,f(z)| is less than or equal to

following:

2% [ K@) = K@ e )l e 84 dAw)
r+w

wE'rZ2

2
By Fubini’s theorem, the integral [-|D, f(z)|e~2!*" |z|§_1dA(z) is less than or equal to

25 [ rlli e 1w, udAw),

wErZ2

where H(w,u) is defined as follows:

. _ a2
[k (2) — K () e || i=2e~ 51417 g A (u),

H(w,u):/

C
1 112 172
IRAESNE ~ [l -l ~ [t -l
< [ Clafi% L I P Y NCIL A | DY
8 |11 —lwi?] 5 |11 —lwi?]
Now, again from we pick-up from (5.42) as follows:
[ L 112 _ o l_ 112 2 2
e §[|z|q lul4 e 2[|z|q Iulq} a ['zlq |w|%] [|z|q |u|‘1:|:|
11— 12| T 1+ FEEENEE <2 L ,
8 -l 5 -t

2 12 1
S [lw| 7 —2|zw| 7 —rd +2|2r| ‘1]

1 1\2 2
a (|z|q—|w|q) el

< 2re
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With this, it is now clear that we can find a positive constant C' depending only on «, such

that H(w,u) < Cr for all w and u. It follows that
1D £l eliaA() < or [If et jufh - dAG)
for all f € M*(1). Thus, the norm of D, satisfies
| Dy || vz )< Crry 0<r<l

By the fact that || D,||az()< Cr and || D;||az1)< Cr, this imply that for sufficiently small
7, || Dr||Mx(o0)< 1 and || Dy||pz1y< 1. By the complex interpolation, we have || D, ||azp)< 1
for all p € [1, 00]. This shows that T, is invertible for r being small enough on M}(p) for all
p from [1,00]. Hence, for f € M*(p), we can write f = T,g with g = T."1 f, and we obtain

the atomic decomposition f(z) = Y, c,z2 Cokl! (z), with

(07

2 _
(5.43) Cw g(w)|u| 2= Sl T roilm(wa) g 4 ().

qm JS 4w

and with the help of LEMMA 5.39 shows that the above sequence {c,} € ¢, whenever

g € M*(p). This completes the proof. O

We will complete the proof of the case 0 < p < 1 after we have proved the following three

lemmas.

Lemma 5.44. Say0<r<1and0<p <1 andm € Z,. For any entire functions f we
define a sequence,

{(Sf)w’k cwerZt0<k< m}

(Sf) — g eaiImz(E—E)_%|z_w|2 (E — w)k
w,k

_ E=0) 1t )i 20A ).
2= 0r fore ror e Nl )

Then S maps MZ(p) boundedly into ¢P.
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Proof. For any w € rZ? z € S, +w and 1 < k < m, we have |(Sf),x[P as follows:

= o o m(E—E)z—@ ( _) [a] — -1 a|w2|% ot Im(z—w)w P
(qm)? /sr+we I I‘(qk+1)f (2)zn " [KJ (2 —w,w)] e E e dA(2)|
— af —a|z—w|2—¢ @, __1 (Z —)k D
(qﬂ')p /Sr-l-we [Kq (Z w,w)] f(z) ( k+_1)dA(z) )
aP _%|w|§ —a|z—w|? %_1 (. -1 (z _ ,w)k p
= (gmp le fiu f@z 7 (K e —ww)] o dA(z)] ’

aP rpk ey L y B »
< (qw)PC(I‘(qk+ 1))p [e gt /Sr+w f(z)za ! [K,E ](z—w,w)] 'dA(z)] ,
<GP ol gy {’f(z)zé_l (K (z — w,w)]

—1|P

:zES,A—w},
(2),

= Curt 2 [ )P o | Kz — )| T dAC)
+

< CyrP@Hh-2g—Fluld /
Qr+’w

f@)a (K = w,w)]

r

2 p_ -
= Cur?ER 2 E [ ()P (2] | Byfat(ew — )| dA(2),
ap|. 2 —a zﬁ—wz%
< ettt [ g () g,
rt+w

2 L2
< C’zrp(2+k)_2/ |f(z)|p|z|§_pe_%|2|qup|z|q __|w|qu(z)

T

1
apy 2 eplzl? |,
:C2rp(2+k)—2/ |f(z)|p|z|§—pe—7p|z|qe 2 [| 74— |w|q]dA(Z),
Q

r+w

< Cyro(+h=2 / 1F(2)P 12577 e T dA(2).

rTw

Finally, by letting Cy = C3(m + 1), then

w2 P
) Z( SF)usl < Car®® ™D / 27 lem 8T dA(),
werZ? k=0 werz2 Y @rtw
1 ar 2P
< Csr 2)ze e T dA(2),
which proves the desired result. O
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Lemma 5.45. Suppose r € (0,1) and p € (0,1] and m is a non-negative integer. For every
sequence

c={cw,k:w€rZQ,0§k§m},

define a function T'c by

= 3 S curlo(z — w)]F R (),

werZ? k=0

then T' is a bounded linear operator from ¢ into M%(p).

Proof. We have following chain of inequalities:

TP < S SolewsPllotz — w)]* (B,

werZ? k=0

k| lal/ [P | (B=p 2P 1,13
ITelty < Zlcwk|”a‘”’k/ e+l [k ()] [2]i 77 e~ F147 dA(z),

werZ? k=0

m
<C Z Z|cw,k|paq”k|2w|pk.

werZ? k=0

This proves the desired result. m

Lemma 5.46. Let rq be the number from THEOREM 5.43 in the case p = 0co. Suppose

0<r<ryandp€ (0,1]. Then every monomial z* can be represented as

=3 cwki(2),

werZ2

where {c,} € .

Proof. Fix p € (r,10). By the already-proved case p = oo of THEOREM 5.43, every monomial

2* can be represented as

=3 ckll(2),

werZ2
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where {c,} € £*°. For w € pZ?, we can write w = p(m + in) for some integers m and n.

Since,

K™ (2, w)
K™ (w, w)

)

Hel(2) =

we have for w’ = r(m + in) that

kw((z)z)_ Kz, w) VES (', w)
B p \/Kéa (w', w') \/Kq w,w),

it follows that,

where

L, _KPw.w) _ BatwP) _ B, (@i m? +n?)
Y K ww)  Baslul) T B, (atpP(m? +n?))

Recall that r < p, therefore, this sequence is in /? and this shows the atomic decomposition

of monomials. ]

Case 2: p =00 We will now finish the proof for the atomic decomposition for M (p) for
0 < p < 1. Fix a sufficiently small 7 € (0,1) and let m be the integer part of 2(1 — p)/p and

let S and T be the operators defined in previous two lemmas. We have then,

(I-T7S)f(z) =— Z /T+w G(z,w,u)f(u )e_%|“|%|u|%_2dA(u)

werZ?
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where

G(z,w,u) = k* (z)eo‘“m“(ﬂ_m_%|“_“’|2K[°‘] (z —w,u—w)

. kl[gc](z)eailmu(ﬂ—ﬁ)— lu—w|? [Z [a?(2 —;Z)iulg w)] ] ’

which is same to say that

o0 q _ —_ k
Gz, w,u) = klo) () mui-m)—§ ju—uf? [@9(z — w)(u —w)] |
() =R 2 Tak+D)

and therefore, for u € S, + w, we have |u — w|< r, therefore,

[es) q _ k
Gl < [kl o]z = w|r["
1G] ‘ ( )‘ kzgn:—i-l [(gk+1)

and so by Holder’s inequality |(I — T'S) f(2)|P is less than or equal to

p
/Sr—i-w

oy E ear | £ et [ e

w€7‘Z2 k=m+1

| aaq]"

It follows from this and Fubini’s theorem that

J

less than or equal to less than or equal to

(I - T8) f(2)e 5417 2471 da(z)

[/T |f(u)||u|§e—%|u|§dA(u)]p’

w€rZ2

where

Cw) = [ Kol [ > S| o),

I'(gk+1)
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< s leleoul
| By(ag|w]?)|? Je [t Tlgk+1)
m k
L Tp( ) /| (zw)'p aq[|z|+|w|]
|Ey(at|w]?)|? Jc b mH T(gk +1)
a? [2|w|]*

- 7«p(m+1)|w|p—565|w|5 — =P
k=;+1 I'(¢k+1)

dA(2),

dA(2),

So, there is a constant C' > 0 such that

| -s) f@)z e 311 qa(z)

is less than or equal to

B0 fufi T dAGw)]

CyrPm+p Z [ /

werZ? Srt

On the other hand,

[, e i A <o sup [ pfuli?

rt+w UES’V‘_'_'LU

and an application of LEMMA 5.39 produces another constant C' > 0 which is independent

of r € (0,1) such that

[ [ f(u)|e—%lul%|u|%-1dA(u)]p <o | - [| Fa)luli e 544 daqw).

I

Thus,

/‘I TS) f(z )|z|q 1 —§|z|q

"aA) < et S [Pl e 0 dAG).

werZ?
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So, we can find another constant C' > 0 independent of r such that
1 = TSllasg< Cr™ 75,

where 0 < r < 1 and obviously m + 3 — % > 0. We see that there exists some 79 € (0, 1) such
that ||I — T'S||mxp)< 1 whenever r € (0,79). Thus, T'S is an invertible operator on M}(p)
where r € (0,7)). Since, for all r € (0,79), the operator T is onto and thus every function

f € M*(p) can be written as

(5.44) = > Z cor(z — w)*E (2).

werZ? k=0

Now, the coefficients ¢, in (5.44) above all depends on f linearly and we have

m
Z Z'Cw,k|pS C”f”p *(p)?

werZ? k=0

where C' is a positive constant independent of f. Given any § > 0 and V r € (0,70), it follows

from LEMMA 5.46 that there exist coefficient ¢, x, 0 < k < m, w € 7Z? and |w|< N such

that
Ao Y e <6
uerZ? |ulsN M (p)
for all 0 < k < m. By a change of variables,
(z —w)*kll(2) — > o kM (2 — w)klM(2) <4,
uerz? M (p)

for all 0 < k < m and w € rZ%. The above inequality can be modified as follows:

<.
M (p)

(z — w)kl(z) = 3 ¢, e ekl (2)

uerz?
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Now, define an operator A, on M3(p) as follows:

Af)= 3 cop Y e @RS ()

werZ? u€rZ?,|ul<N

It then follows from Holder’s inequality that,

1 = Af By < Y leuslPs® < OISR

werZ2,0<k<m

for all f € M}(p). Now, choosing ¢ in such a manner that Cé? < 1, then ||[I — A, ||pzp< 1
and so the operator A, is surjective on M*(p). Since w + u € rZ? whenever w € rZ? and

u € rZ?2, the proof of atomic decomposition of M*(p) is now complete.

5.6 Maximum Principle

We provide the maximum principle for the M*(p) in this section.

Theorem 5.47. Let p > 1 and o > 0 and suppose |f(2)|< |g(z)| over the region |z|> R,

then following is true:

/le(z)ldea(z)[p] < /C |9(2)[PdT o (2)P.

Proof. Without loss of generality, we will assume that g € M*(p). Otherwise, the desired

result is obvious. Under this assumption, we also have

PdJ,(2) < / PdT . (2)® <
S PP < [ lglPdda(a) < oo,

and therefore, f € M*(p) also. We consider following for the positive  and any complex

function F,
2w

I(r,F) = / F (rew) de.

0
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Let some positive R is fixed and we proceed by assuming |f(z)|< |g(z)| over the region

R < |z|< o0. For r € (0,R) and p € (R, 0), we will compare I(r,; A,) with I(p, —A,),

f(z)
9(z)

where fA, = |f[P—|g|?. Note that, considering w(z) = over the region |z|€ (R, 00), w(z)
is analytic with its modulus strictly less than 1. Even if, the modulus of w(z) is 1 for some 2
where |zp|€ (R, 00), then by the classical maximum modulus principle, the analytic function
w(z) is constant. In this case, f and g differs by a constant multiple in the whole complex
plane, from which the desired result clearly follows.

Pick a point {(p) € C such that its modulus is p where p € (R, c0) and along with this

following is also satisfied:

|w(¢(p))|= max {|w(2)|: |2|= p} .

Thus, 0 < |w({(p))|< 1 for all p € (R, c0). Here, we are not assuming the f = 0, otherwise
the result follows trivially. For the sake of simplified notation, say w, = w({(p)). Now consider

following two inequalities for p > 1 and both x and y at-least greater than 0:

(5.45) TP — P < prPl(z —y)
and
(5.46) pyPH(z —y) <af —y”

We will use both of the above inequalities to discuss the comparison between I(r, A) with

I(p,—A) as follows. We use (5.45) to have following:

Iy 8g) = [ 1) P=lg(re”) s,
< [ BlAre 1) | ~lwpgre )] o,

(5.47) < T L) £ (rei?) — wpg(re]] b,
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(5.45) < [ BlAoe ) 1£(0e?) — wpg(pe?)] o

ar |wlpt 0\ 1p -
= | i o laloe =17 ko = wylde,

We used the property of subharmonicity & increasing in r nature of the argument in the
integral in (5.47) to (5.48). We use (5.46), to realize that following is true:

|w[Pt 1 14w 2

< = < .
PP = 1—w] ~ 1= S 1P

Therefore, in conclusion we have following:

Irsa)< [ lw — wl[lg(oe™) P~ £ (pe)1?] db.

0o 1—|wl?
Consider 7(p) as a following quantity:

v(p) = max { |w(1z)_—|:)((zg;(|§))| tzl=pp € (R, oo)} :

Therefore following is achieved V0 <r < R < p < o0,

I(r,; Ag) < 27(p)1(p, —Ay),

(5.49) /0% [1£(re?)P—lg(re”)P7] o < /0% (l9(pe™)P—1 £ (pe™) 7] db.

2_9
q 2

We will integrate both sides of (5.49) against the measure A e=orrdr over the limits of
T

[0, R] as follows:

2

/ 1Agd3(2)B < /R ﬂe_"”"%rdr ’y(p)/ — A, dT o (2)P,
ek o mg plsp Y

q (1 _ 6—aR ) 2
—_— — a 2 .
= oo v(p) /IZISR £AdJa(2)

2
q
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This implies that

(5.50) % </|z|§R ngdJa(z)[2]> < q( - q) /lzISR AT ()2

2_o 2
We will integrate (5.50) against the measure AP7_ o—api pdp to have following;:
™q

©pi 2 _ 2 2 (1 - e_aRq) 2]
——e " pd A,dd,(2)P < / — A ,dT,(2)P
/R ’7(/)) € pap 2|<R =g (Z) — o l2|>R =g (Z)

In conclusion, we get following:

2] < _ 2
/MSR 10,434 (2)2 < Cr / 10,34 (2)

|zI=R

where
2
q (1 — e“"Rq)
(5.51) Cr = i, 2
2a [ pr e dp
B A(p)

We will show Cgr < 1 (in LEMMA 5.48) and as of now we are assuming and proceeding

further as follows:

[ 185d3a(2)® = / |£P-lglPdda(2)?),

1fP~lol d3a(2) + [ 15P~lol]aTa(z)?,

lz|I<R

< Cr /W gl =11 o) + / 1£7=IgP"] dJa(2),
G RO L N S NORS

=0,

— [IfPd1a()® < [ lgPdTa(2).
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Lemma 5.48. The value of Cg in (5.51) is less than 1.
Proof. Recall the Mobius pseudo-hyperbolic metric in the unit disc D as follows:

Z—w

(5.52) m(z,w) =

1—zw|

After recalling m(z,w) in (5.52), we can have following setting:

(5.53) u—vl __ mwy) VI
1= ful” \/1 — m(u,v)? \/1 — |ul?

Replacing u by w(z) and v by w({(p)) in (5.53) to have following consequences:

|w(2) —w(C(p))| m(w(z),w(C(p) V1)
1—|w(z)?

If we take H(z) = w(R/z), then we realize that it has removable singularity at 0 and is
bounded in the neighbourhood of 0. Also, it maps 0 < |z|< 1 analytically to the unit disc D.
Thus, we can picture this map as a self-analytic map over ID. Hence, with the application of

Schwarz lemma, we have following deduction:

m(H(2), H(w)) < m(z,w),
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which is why,

m((w(2),w(((p)))) < m(H(R/2), H(R/w(C(p)))) < m(R/z, R/w(((p)))-

for all |z|= p. Therefore,

m(R/z, R/w(¢(p)))

" = \1 = m(R/z, R/ ()

When we take the symmetry of D into account,

sup m(R/z, R/w({(p))) = m(—R/w(((p)), R/w(((p))) =

therefore
2Rp
7(p) < 2R
1 p* — R?
—2 Z )
v(p) 2Rp
2 2
pi e pdp _ (p* = R*)pr~*e~*"" pdp
7(0) - 2Rp ’
2
/ pi~*e=*"" pdp 26 ‘“""pdp > [ (0* — B?)pi—*e=**" pdp
~Jr 2Rp ’
2R
q -2 apg d o[ 9 R2 2_9 _ap%d ’
e SR Ry ety
2
R 1 — exR?
o, < ( )

[ (p* — RO)pi Pemortdp

as R — 0. Therefore, we have Cr < 1.
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5.7 Translation

Suppose a € C, then we define following three analytic self-maps of C:

to(2) = 2z+a,
7.(2) ==z — a,

¢a(2) =a—z.

We have following attributes for t,, 7, and ¢,. The map ¢, is called the translation by a, and
it is clear that 7, =t_, = ¢;'. The map ¢, is the composition of the translation ¢, with the
reflection z — —z. Note that ¢, is its own inverse. From (5.7) and (5.8), following easily

follows:

prerter s L ?"]Iz—wmd‘] ()
[C fotu(z)ddq / f(w) Kaqﬁz w)| )dJa(fw)[z].

Corollary 5.49. We have following calculations:

(5.54) / For(z)
(5.55) / fota

a<>|dJ e = [ f()dda(2),
SIOIANE 2]—/fz+2a)dJ()

Proof. We give the proof of (5.54) as follows:

[a]
o 7a(2) |E (2)[* 2)B = z—a‘K za)‘ z)2!
[ £ o7& K@) dda(2)® = [ f(z=a) KTy e,
W/ f(z—a)K [a](z a)K[a (a,2)dJo(2),
= f(0),
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= [ £)dTa(2).

In similar ways (5.55) can be proved.
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