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5.5.3 Contribution of the Hypotenuse Cut and Tuning kD and kP .......... 147
5.5.4 CSBnC Algorithm Performance ................................................... 150

5.6 Conclusion ............................................................................................. 154

Chapter 6: Equitable Workload Allocation in Vehicle Routing Problem with
Heterogeneous Driver ......................................................................................... 156

6.1 Introduction ........................................................................................... 156
6.1.1 Literature Review ...................................................................... 158
6.1.2 Contributions ............................................................................ 159
6.1.3 Paper Structure ......................................................................... 161

6.2 Problem Setting and Formulation............................................................. 161
6.2.1 Problem Formulation.................................................................. 165
6.2.2 An Illustrative Example.............................................................. 168

6.3 Computing the Minimum Total Mileage Cost z˚ ........................................ 170
6.3.1 Branch and Price to Solve the MTMC ......................................... 171

6.4 Optimizing the Nash Social Welfare.......................................................... 174
6.4.1 Branch and Price to Solve the NSW Program ............................... 176

iii



6.5 Computational Study.............................................................................. 180
6.5.1 Instances ................................................................................... 181
6.5.2 NSW vs. Maxmin ...................................................................... 181
6.5.3 Hypotenuse Cut Evaluation......................................................... 182
6.5.4 Sensitivity Analysis on the Company’s Allowable Cost of

Equity: α...................................................................................184
6.5.5 Sensitivity Analysis on β ............................................................ 186
6.5.6 Sensitivity Analysis on γ ............................................................. 190

6.6 Conclusion ............................................................................................. 191

Chapter 7: Conclusions and Future Research Directions ............................................. 194
7.1 Rebalancing Problem in Free-Floating Bike Sharing Systems ...................... 194
7.2 Query Batching Optimization in Database Systems ................................... 194
7.3 Solving Mixed Integer Linear Minimum/Maximum Multiplicative

Programs ............................................................................................... 195
7.4 Equitable Vehicle Routing Problem with Heterogeneous Fleet..................... 197

References.............................................................................................................. 221

Appendix A: Proof of Theorem 3.1........................................................................... 221

Appendix B: Online Supplement on Chapter 6 .......................................................... 227
B.1 Arc-based Formulation ............................................................................ 228
B.2 Proof of Proposition 6.2 .......................................................................... 231
B.3 Proof of Proposition 6.3 ......................................................................... 235

Appendix C: Copyright Permissions ......................................................................... 238
C.1 Reprint Permission for Chapter 3 ............................................................. 239
C.2 Reprint Permission for Chapter 4 ............................................................. 239

iv



List of Tables

Table 2.1 Notations used in Figure 2.6................................................................ 28

Table 2.2 Results for different hub determination methods.................................... 35

Table 3.1 The number of records in each table of TPC-H for three values of SF...... 70

Table 3.2 The statistics of the regression model for different values of SF on
TPC-H databases .............................................................................. 72

Table 3.3 Performance of RCSA-I and RCSA-II on TPC-H databases.................... 73

Table 3.4 Comparing the quality of the solutions obtained by the proposed
heuristics with optimal solutions on the TPC-H .................................... 76

Table 3.5 The statistics of the regression model on the TPC-DS............................ 78

Table 3.6 Performance of RCSA-I and RCSA-II on the TPS-DS............................ 78

Table 3.7 Comparing the quality of the solutions obtained by the proposed
heuristics with optimal solutions on the TPC-DS .................................. 80

Table 3.8 Performance of RCSA-I and RCSA-II on the JOB ................................. 82

Table 3.9 The statistics of the regression model on the JOB ................................. 83

Table 3.10 Comparing the quality of the solutions obtained by the proposed
heuristics with optimal solutions on the JOB ........................................ 85

Table 4.1 Performance comparison of DSSA and CSSA on instances with p “ 2...... 115

Table 4.2 Performance comparison of DSSA and CSSA on instances with p “ 3...... 117

Table 4.3 Performance comparison of DSSA and CSSA on instances with p “ 4...... 119
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Abstract

This dissertation presents four sets of contributions in the field of theory and algo-

rithms for system optimization. In the first set, we introduce a simulation optimization

method for redistributing bikes in a free-floating bike sharing system. The second set of

contributions is a framework for batching queries in large databases to optimize the data

retrieval time. The third set includes two branch-and-bound algorithms to solve minimum

multiplicative programming problems and one branch-and-bound algorithm to solve the max-

imum form of the mentioned problems. At last, the fourth set presents an approach to fairly

assign delivery tasks in an outsourcing last-mile delivery system using Nash Social Welfare

solution.

In this dissertations, we propose dynamic hubbing and hybrid rebalancing, i.e. com-

bining user-based and operator-based strategies, along with a novel multi-objective simula-

tion optimization approach to solve bike rebalancing problem in free-floating bike sharing

systems as the first set of contributions. Thanks to advances in location and communication

technologies, the need for docks and stations in bike sharing systems has been removed. But

rebalancing bikes is still a challenging problem in these bike sharing systems. In the proposed

model, the users are encouraged to return the bikes to predetermined hubs using an incentive

program. Then, for the remaining unbalanced bikes, an operator-based rebalancing opera-

tion will be planned. This method determines the number of hubs, their locations, the start

time for initiating the user incentive program, and the amount of incentive by considering

two conflicting objectives, i.e., level of service and total rebalancing cost. Our results on

a real case, Share-A-Bull running on the campus of the University of South Florida, show

that a hybrid rebalancing and dynamic hubbing strategy significantly improves the level of

xi



service and reduces the total rebalancing costs. We, also, show this method can entail some

promising environmental impacts by decreasing greenhouse gas emission.

Our second set of contributions presents an approach to optimize query-batching

in large database systems. Query batching in database systems is very similar to a well-

studied problem called order batching in the warehousing context. However, unlike order

batching, the literature of optimization techniques for query batching is outstandingly rare.

In this dissertation, we develop a Mixed Binary Quadratic Program (MBQP) to optimize

query-batching using predicted query retrieval time. We use a simple regression model for

this prediction that can be quickly and dynamically trained. Also, two iterative heuristics

are proposed to solve the mentioned problem fast enough. The results on two benchmark

databases show that the returning data for batches formed by the proposed method can

improve the performance by 19–61.8% comparing to returning the required data for all the

queries together.

In the third set of contributions, this dissertation presents three branch-and-bound

algorithms to solve multiplicative programming problems; two algorithms for minimization

form and one for maximization form of the problem. We showed that the algorithms for

the minimization form of the problem outperform SCIP, a genetic-purpose solver, by a fac-

tor of over 10 on many instances out of 960 test instances. We, also, numerically show that

selecting the best algorithm between the proposed algorithms depends on the class of the

instances. Specifically, the performance of the algorithms is highly dependant upon the di-

mension of decision and criterion space of the instances, since the search mechanism in one

of the algorithms works over the decision space and the other one over the criterion space.

The algorithm for maximization form is limited to only bi-linear maximum multiplicative

programs that, yet, has many applications such as finding Nash bargaining solution (Nash

social welfare optimization), capacity allocation market, reliability optimization, etc. We

proposed several enhancements to tighten the bounds and improve the performance of the

algorithm. The result on 400 randomly generated instances is compared with the one ob-

xii



tained by the latest algorithm in the literature and the Second Order Cone Programming

solver of CPLEX. We show that the proposed algorithm outperforms the winner of the two

mentioned rival methods by the factor of 6.54 on average.

As the last set of contributions in this dissertation, we introduce an equitable crowd-

sourced last-mile delivery model using Nash social welfare solution for coalition points among

different drivers. In this model, the efficiency of the delivery company is guaranteed by

putting a cap on the deviation of its cost from the minimum value. Fairness considerations

that capture non-monetary performance requirements including equitable service provision

to external stakeholders have a long history in routing applications in the public/nonprofit

sector. In the private logistics service sector, however, such considerations are new and

growing due to public or governmental pressures to improve equity in workload allocation

among internal stakeholders, i.e., the drivers or other personnel providing the service. This

is more crucial when employing crowdsourced workforce considering their inherent hetero-

geneity in terms of skills, availability, and productivity levels. A column generation method

is developed to solve and study the behavior of the proposed model. We studied the changes

in company’s cost, drivers’ total profit, and the level of achieved equity among the drivers

when the three parameters of the problem vary. We show the superiority of the proposed

method to the well-known max-min approach in terms of balancing the workload among the

driver and their efficiency. For example, we observe a 50.15% decrease in the average range

of profit ratios among drivers only by 5% deviation of the company’s cost from the minimum

value.
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Chapter 1: Introduction

In this Chapter, we discuss the research questions and motivation of the presented

contributions in this dissertation. All of the research questions are related to the theories and

applications of multi-objective optimization in equity and transportation. In the following,

we break down these questions in more detail and describe their motivation in Section 1.1.

Also, a list of our contributions, including both published and submitted papers, is provided

in Section 1.2. Finally, the outline of the dissertation is presented in Section 1.3.

1.1 Motivation

The first research question that this dissertation tries to answer is about rebalancing

bike distribution in a newly-emerged type of bike sharing systems called free-floating bike

sharing systems. Spatial and temporal imbalance of demand and supply is an inevitable

problem that roughly exists in all kinds of sharing businesses. Thanks to advances in real-

time location and information technologies, such as GPS and the internet, the situation

became ready to get rid of docks and traditional payment stations in bike sharing systems,

which brought about the growth of free-floating bike sharing systems. Beside all the facili-

tation and flexibility, these new bike sharing systems offer no advantage comparing to their

older generations in terms of rebalancing problem. There are two groups of rebalancing

methods in the literature of bike sharing systems; first, static rebalancing that is done from

time to time and commonly when the demand is very low, and second, dynamic rebalancing

that is carried out continuously while the system runs. The first work in this dissertation

takes advantage of two mentioned rebalancing methods and specifications of free floating

bike sharing systems to answer the following question:
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• Q1: what is the best way of rebalancing bikes in a free-floating bike sharing system

considering both cost and level of service?

Traditional database management systems process queries individually, often in a

first-come-first-serve order. However, by the growth that happened both in the volume of

needed data and computer hardware, shared work systems that can process queries in batches

were introduced. Typically, there is a high likelihood for the queries on a database to share

computing resources such as IO (reading/writing data from/to disk), CPU (processing data

by the processor), memory, etc. Therefore, executing queries as batches could introduce

savings in terms of computing resource usage and processing time, which raises the research

question of the second work in this dissertation:

• Q2: How should a given set of queries be “optimally” partitioned into one or multiple

batches of possibly different sizes?

Most of the real world optimization problems have more than one objective that

are often conflicting, where multi-objective optimization methods are used to provide the

decision makers with a view of trade-offs among considered objectives. In recent years,

however, a few studies have applied the multi-objective techniques to handle the complexity

of some single objective problems such as minimum Multiplicative Programs and Maximum

Multiplicative Programs. In the third work of this dissertation, we attempted to answer the

following questions:

• Q3: Can we use the multi-objective optimization techniques to solve the general min-

imum multiplicative problem?

• Q4: Can we further accelerate the solution of the maximum bi-linear multiplicative

program?

We developed two algorithms to address Q3 and proposed one algorithm that outperforms

the fastest algorithm in the literature.
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Finally, as the last work, we address optimizing the equity among volunteer drivers in

a crowdsourcing last-mile delivery system. Workload assignment equity has been receiving

more attention over the past decade and delivery systems are not an exception. Setting

workload equity among a delivery system with a heterogeneous fleet of drivers is particularly

difficult as the capacity and distance of origin and destination of drivers which directly

influence their workload can be different. In this dissertation, we used the Nash Social

Welfare as a measure and maximum multiplicative programming to formulate an equitable

crowdsourcing last-mile delivery system. This research is answering the following research

question:

• Q5: How to assign the delivery tasks among occasional drivers in a crowd-sourcing

last-mile delivery system to distribute the available benefit as equitable as possible?

1.2 Contributions of the Dissertation

Our attempt to answer the mentioned questions led to three published, one accepted

for publication, and one under review paper (by the time this dissertation was written). It

should be mentioned all papers are published or accepted in peer-reviewed journals. In the

following, we provide a list of our contributions.

• P1: Vahid Mahmoodian, Yu Zhang, Hadi Charkhgard (2021). Hybrid Rebalancing

with Dynamic Hubbing for Free-Floating Bike Sharing Systems. International Journal

of Transportation Science and Technology (To appear).

• P2: Eslami, M., Mahmoodian, V., Dayarian, I., Charkhgard, H., & Tu, Y. (2020).

Query batching optimization in database systems. Computers & Operations Research.

https://doi.org/10.1016/j.cor.2020.104983 (Available online).

• P3: Mahmoodian, V., Charkhgard, H., & Zhang, Y. (2021). Multi-objective optimiza-

tion based algorithms for solving mixed integer linear minimum multiplicative pro-

3

https://doi.org/10.1016/j.cor.2020.104983


grams. Computers & Operations Research. https://doi.org/10.1016/j.cor.2020.105178

(Available online).

• P4: Mahmoodian, V., Dayarian, I., Ghasemi, P., Zhang, Y. & Charkhgard, H. (2021).

Criterion Space Branch-And-Cut Algorithm For Mixed Integer Bi-Linear Maximum

Multiplicative Programs. INFORMS Journal on Computing (To appear).

• P5: Mahmoodian, V., Dayarian, & Charkhgard, H. (2021). Equitable Workload Allo-

cation in VRP with Heterogeneous Drivers (Under review).

1.2.1 Related Publications and Preprints

We present our paper P1 in Chapter 2. In paper P1, we answer question Q1. We

propose dynamic hubbing and hybrid rebalancing bikes in a free-floating bike sharing system

and solve the problem with a novel multi-objective simulation optimization approach. Given

historical usage data and real-time bike GPS location information, the basic concept is that

dynamic hubs are determined to encourage users to return bikes to desired areas towards

the end of the day through a user incentive program. Then, for the remaining unbalanced

bikes, an operator-based rebalancing operation will be scheduled. The proposed modeling

and optimization solution algorithm determines the number of hubs, their locations, the start

time for initiating the user incentive program, and the amount of incentive by considering

two conflicting objectives, i.e., level of service and rebalancing cost. We implemented the

proposed method on the Share-A-Bull free-floating bike sharing system at the University of

South Florida. Results show that a hybrid rebalancing and dynamic hubbing strategy can

significantly reduce the total rebalancing cost and improve the level of service. Moreover,

taking the advantage of crowd-sourcing (or job-sharing) reduces the negative impacts of the

operation of rebalancing vehicles.

We present our paper P2 in Chapter 3. In paper P2, we answer question Q2. We de-

velop a Mixed Binary Quadratic Program (MBQP) to optimize query-batching in a database
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system. This model uses the coefficients of linear regression on the query retrieval time,

trained by a large set of randomly generated query sets. We also propose two heuristics,

the so-called restricted-cardinality search methods I and II, for solving the proposed MBQP.

To demonstrate the effectiveness of our proposed techniques, we conduct a comprehensive

computational study over randomly generated instances of two well-known database bench-

marks.

We present our paper P3 and P4 in Chapter 4 and 5. In papers P3 and P4, we

answer questions Q3 and Q4, respectively. We present two new algorithms for Mixed Integer

Linear minimum Multiplicative Programs. A computational study on 960 instances demon-

strates that the proposed algorithms outperform a generic-purpose solver, SCIP, by a factor

of more than 10 on many instances. Also, we introduce a branch-and-bound algorithm to

solve Mixed-Integer Bi-Linear Maximum Multiplicative Programs. The proposed algorithm

applies multi-objective optimization principles to solve this class of problems exploiting a

special characteristic that holds for the optimal solution. Moreover, several enhancements

are applied and adjusted to tighten the bounds and improve the performance of the algo-

rithm. The performance of the algorithm is investigated by 400 randomly generated sample

instances. The obtained result is compared against the outputs of the mixed-integer Second

Order Cone Programming solver in CPLEX and a state-of-art algorithm in the literature for

this problem.

We present our paper P5 in Chapter 6. In paper P5, we answer question Q5. We

introduce an equitable crowdsourced last-mile delivery model by adopting Nash social welfare

solution as the coalition point among different drivers. While the ultimate goal is to maximize

the equity and efficiency of drivers, the efficiency of the company is guaranteed by putting a

cap on the deviation of the company’s cost from the least-cost solution value. To solve the

proposed new formulation, a column generation method is developed and used to study the

behavior of the model. Through a comprehensive computational study, we investigate the
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behavior of the system in terms of the company’s cost, drivers’ total profit, and the level of

achieved equity among the drivers when the main parameters of the problem vary.

1.3 Outline of the Dissertation

The remaining content of this thesis is organized as follows:

• In Chapter 2, we propose a hybrid hubbing and rebalancing method for free-floating

bike sharing systems. In this work, the literature on the redistribution problem in bike

sharing systems is investigated, categorized, and discussed from different angles. Also,

the difference and challenges of newly emerged free-floating bike sharing systems in

terms of this problem are detailed. Then, a simulation optimization-based approach is

introduced to daily determine the number and location of hubs and the specifications

of an incentive program to redistribute bikes in a free-floating bike sharing system.

The performance of the proposed method is examined and analyzed on a real case,

called Share-A-Bull, that is running on the campus of the University of South Florida.

• In Chapter 3, we present a new query batching optimization method in database sys-

tems. In this work, we formulate the query batching problem in the form of a mixed

binary quadratic program and introduce two heuristic algorithms to solve the problem

in an iterative fashion. In this method, we use the linear regression to estimate the

needed time for processing a certain batch of queries given the required tables and the

number of queries. Also, the effectiveness of the proposed techniques is studied by a

comprehensive computational experiment.

• In Chapter 4, we present two new algorithms to solve mixed-integer linear minimum

multiplicative programs. One of these algorithms searches the decision space, and

the other one uses a desirable feature in these problems to find the optimal solution

in the criterion space. In specific, the optimal solution is one of the optimal non-

dominated points when each of multiplicative terms is considered a separate objective.
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Our experiment on 960 random instances shows that the proposed algorithms can

outperform the available generic solver SCIP. We also show that the algorithms are

faster than CPLEX for those instances that can be linearized.

• In Chapter 5, we extend our idea to solve mixed-integer bi-linear maximum multi-

plicative programs. This class of problems appears in many applications, especially

in finding Nash bargaining solution. We featured the algorithm with several enhance-

ments to tighten the bounds and improve the performance. The outcome is studied

on 400 random instances and compared by those obtained from Second Order Cone

Programming (SOCP) solver of CPLEX and the latest algorithm in the literature. The

result shows that the proposed algorithm is over 6 times faster than the fastest rival

solver.

• In Chapter 6, we formulate and solve the Nash bargaining problem among the drivers

of a crowdsourcing last-mile delivery system. In this work, the ultimate goal is to max-

imize the efficiency and equity of drivers under a limited deviation of the company’s

cost from the optimal cost. We developed a column generation approach to solve and

study the behavior of the model for different values of parameters. Our targeted char-

acteristics of the model are the company’s cost, drivers total efficiency, and achieved

level of equity among the drivers.

• In Chapter 7, we summarise the results of the dissertation and provide some directions

for future research.
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Chapter 2: Hybrid Rebalancing with Dynamic Hubbing for Free-Floating Bike

Sharing Systems

In this chapter, we present paper P1. In this work, we develop a simulation optimization-

based dynamic redistribution approach for free-floating bike sharing systems. The objectives

of this method are cost and level of service, and takes advantage of multi-objective optimiza-

tion techniques to provide the decision makers with several non-dominated solutions.

2.1 Introduction

In recent years, bike sharing has received much attention [2, 3, 4, 5], as highlighted

in a study conducted by Shaheen et al. [6] that indicates the existence of 150 bike sharing

systems across more than 30 countries until 2010. This number was expected to increase

to 1,608 programs by the end of 2018 [7], indicating a sharp rise in this business. The

booming of bike sharing was driven by many factors, including that environmental issues

in transportation have attracted more attention in recent years [8], and the public desires

better first/last-mile solutions for seamless multi-modal transportation [9, 10].

It is known that for bike sharing systems, the flow of customers can change the

temporal and spatial distribution of bike availability. Easing the imbalance of demand and

supply is key to ensuring the efficiency of bike sharing systems [11]. As described in existing

literature (see, for example, [12, 13]), rebalancing of bikes can be done either by users with

an incentive program or by the operator with a fleet of rebalancing vehicles. In an operator-

based rebalancing method, the operator collects and repositions bikes to balance a certain

number of bikes to predetermined locations. The rebalancing can be static or dynamic or

a combination of the static and dynamic [14]. Static rebalancing means that the bikes are
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rebalanced without interference of user activities and is usually operated during the night

when no customers borrow or return bikes. In contrast, dynamic rebalancing is operated

periodically during the day when the borrowing and returning of bikes continuously occur.

Advances in real-time location and information technologies, such as GPS and in-

ternet, prepared the situation to remove the docks from bike sharing systems and allowed

free-floating bike sharing systems (FFBSs) to flourish. This change reduced the investment

costs, but at the same time, entailed some new operational challenges. For example, every

single bike, in a FFBS, is a moving station holding one bike whose location can constantly

alter during the service time window and within service area, which increases the complexity

of rebalancing problem of FFBSs and makes the measures of level of service of FFBS different

from those used commonly for SSBSs.

In this study, a dynamic hubbing and hybrid rebalancing method is introduced to

redistribute the bikes to desired areas towards the end of the day considering two objectives,

cost and level of service. The proposed approach, uses the prospect demand of the second

day to locate the hubs in the current day and takes advantage of incentives to encourage the

users to return the bikes back to the hubs in the favor of rebalancing. At the end of the day,

an operator-based static relocation completes the rebalancing for the remaining unbalanced

bikes. The number and location of the hubs, the time of starting user incentive program, and

the amount of incentives for each discretized time slot are optimized using a multi-objective

simulation optimization method.

The remainder of this paper is organized as follows. In Section 2.2, the literature of

dynamic rebalancing, especially using incentives, is reviewed. Section 2.3, provides a detailed

description of the problem on which this study focuses. Section 2.4 explains the proposed

approach, Section 2.5 presents the numerical results and analyses of a real-world dataset,

and Section 2.6 includes final remarks.
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2.2 Literature Review

Static rebalancing has been studied widely in literature on shared mobility, especially

bike sharing systems [15, 16, 17]. Some researchers started evolving the idea of dynamic

rebalancing and developing methods to apply it to different types of vehicle sharing systems.

Most of these studies focused on operator-based dynamic rebalancing methods; however,

some deal with incentive programs to encourage users to contribute to dynamic redistribu-

tion. One of the first works in this category was by Chemla et al. [18], who built a theoretical

framework for dynamic redistribution of bikes in a station-based bike sharing system (SBBS).

The authors proved the hardness of the problem and proposed five heuristic algorithms to

solve it by incorporating a pricing technique. Fricker and Gast [19] presented an Ordinary

Differential Equation (ODE) model to a homogeneous bike sharing system and studied its

steady-state behavior when there is no incentive or redistribution mechanism. They then

investigated the influence of a two-choice incentive program in which it was suggested to

users to drop off the bike at the least congested station. The result shows that this simple

incentive mechanism improves the performance by an exponential factor. This research also

included determining the speed by which one solo truck must re-distribute the bikes between

empty or over-filled stations of a basic (without incentive) bike sharing system to satisfy a

minimum quality of the service. Li and Shan [20] developed a Bidirectional Incentive Model

(BIM) by dividing customers into two groups—commuters and leisure travelers. Bidirec-

tional incentive refers to the idea that in this model, not only customers who are biking in a

high traffic flow are charged (or penalized) but also inverse-traffic flow travelers are awarded.

Accordingly, they categorized the travels of these customers into three groups based on the

fact that their trip was in the direction of the peak flow or inverse flow or only one of their

origin or destination was among high-traffic stations. The authors used the Stackelberg

Game to model this problem in three scenarios—implementation of BIM by the operator

10



without government subsidy, implementation with government subsidy, and implementation

by cooperation of both the operator and the government.

Some studies take advantage of mathematical modeling’s benefits to deal with incen-

tivized rebalancing problems. [21] presented an incentivized relocation model for station-

based vehicle sharing systems in which the origin and destination of trips along with the

willingness to enter into the incentive program are given by users in the reservation process.

The model collects the information of received reservations for short time intervals and then

optimizes the transfers in the destinations so that the profit of the vehicle sharing system is

maximized. Their study examined two schemes in offering the incentives. In the first, the

authors considered the profit of the system; in the second, the utility of users resulted from

these destination changes and the received incentive was taken into account. The authors

admitted that using the second scheme is impractical because of its need for inputting a large

amount of information by the user through the mobile application’s interface. Although the

authors tested their model on a bike sharing system, the requirements of the model fit more

with car sharing systems. In addition, the study did not consider any uncertainty in the

customer behavior and assumed that a specific ratio of users would agree to enter the incen-

tive program and accept an offered incentive. Haider et al. [22] developed a deterministic

bi-level model to find the best price in a predetermined range in a bike sharing system. In

their model, it is assumed that customers will always select the cheapest option from every

suggested alternative origin-destination pair of stations. The added walking and biking of

customers to pick up or drop off the bike at other stations rather than their actual desired

ones is deterministically transformed to a cost in this model. They solved the model by

changing it to a single level model, as the integrality constraints of the lower level model

can be removed because of the unimodularity. Furthermore, their model requires the user

destination in the reservation process, which is not applicable in most bike sharing systems.

Pfrommer et al. [23] combined an operator-based dynamic rebalancing model with an incen-

tive optimization model. The latter transforms the value of a user’s wasted time as a result
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of accepting the incentives to a random cost and assumes that he/she will select the most

profitable offer. Such random behavior is simply formulated as a linear probability vector in

the optimization model. In the model, the value of offered incentives is not optimized and

is limited to only a maximum value.

Common features of the above-mentioned incentive-based rebalancing methods are

that all are designed for station-based sharing systems, and system demand is measured and

predicted based on pick-ups and drop-offs at stations. Accordingly, the objective of these

models or performance measure is the number of rejected demands caused by empty stations

(for pick-ups) or full stations (for drop-offs). However, a new type of bike sharing system,

the dockless/free-floating bike sharing system, has emerged and is being implemented in

many cities. Such systems do not need docking stations, which consume a large percentage

of start-up investment in station-based bike sharing [9]. With the built-in GPS device,

the free-floating bike sharing system allows users to leave a bike almost anywhere, which

removes the docking capacity limitation in these systems. The locations of bikes are tracked

by GPS and displayed on smart phones or web-based apps. Users can access the app to

locate the bikes and reserve them if the program is designed to allow them to do so. This

means that a demand can enter the system from any point inside or the margin of the

system’s service area. Given these advantages, free-floating bike sharing has been expanded

dramatically around the world. However, the advantages of flexibility also raise operational

challenges. Compared to station-based bike sharing, the rebalancing of a fully free-floating

bike sharing system is more difficult to manage because of the higher uncertainty in demand.

Thus, many bike sharing companies are running free-floating bike sharing systems as station-

based or partially station-based, and some start-up bike sharing companies do not consider

rebalancing at all.

Observing the needs, the research community has put in effort to develop methods to

tackle the rebalancing problem of free-floating bike sharing [24, 25]. For example, Pal and

Zhang [9] presented a mixed integer linear programming model for solving the static complete
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rebalancing problem in a free-floating bike sharing system. They solve this problem with

a hybrid nested large neighborhood search algorithm for both single and multiple vehicles.

In another study, Pal et al. [26] extracted the mobility patterns and imbalance of a free-

floating bike sharing system by considering the interaction of independent variables in a

statistical model on historical trips and weather data. In two very recent studies, Caggiani

et al. [27, 28] introduced methods for clustering the region under consideration based on

the temporal patterns and optimizing the weighted objective of two measures through the

clusters; one is the number of lost users and the other is the cumulative time in which

the number of bikes in a cluster is below a threshold. Also, Du et al. [29] developed a

mathematical model for complete static rebalancing problem in a free-floating bike sharing

system. This model was generalized to consider collecting malfunctioning bikes as well as

heterogeneous trucks, multiple depots, and multiple visits from a node.

In light of the above, we further the rebalancing research of free-floating bike sharing

system. The main contributions of our research are (1) developing hybrid rebalancing by

combining user-based incentive program with operator-based rebalancing to take the advan-

tage of both; (2) introducing dynamic hubbing (i.e., geofencing areas varying from one day

to another) for incentive program design; and (3) solving the problem with a novel multi-

objective simulation optimization method. Specifically, on a daily basis, our approach makes

three important decisions—the optimal number and location of hubs, the starting time for

offering an incentive to customers, and the amount of the incentive. To make these three de-

cisions, our approach considers two conflicting objectives—total rebalancing cost and system

level of service.

2.3 Problem Description

In hybrid rebalancing with dynamic hubbing, dynamic rebalancing during the day is

achieved by offering incentives towards the late hours of each day (or service time), and then

the operator-based static rebalancing occurs during the night. It is assumed that the demand
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patterns of the next day are known and that the goal of the rebalancing is to maximize the

service level for tomorrow’s first users with the lowest relocation cost. In light of these

assumptions, this study attempted to answer the following key questions for a given day:

• What time of day should the user-based rebalancing or incentive program be started?

The start time is denoted by t0, and end of the service time is denoted by te in this

study.

• What should be the incentive for the user-based rebalancing method? The incentive

for time interval t is denoted by pt in this study and shows the amount of the incentive.

These incentives could be bonus points for a certain amount of minutes or times of free

riding. The operator may put restrictions on use of the bonus points, e.g., allowing the

points to be used only during non-peak hours.

• What are the number and places of the hubs for rebalancing the bikes in both user-

based and operator-based rebalancing methods in a daily fashion? These hubs are

areas (for example, 50ˆ50 m2), but not stations at specific locations, as are those in

station-based systems. In the redistribution process, we determine nh of such hubs

where bikes are relocated to respond to the demand in earlier hours of a second day.

The optimal values of t0, pt, @t P tt0, t0`∆, t0`2∆, . . . , teu and nh will be determined

using a multi-objective simulation optimization approach for every day. The two objectives

are system level of service (LOS) and cost. The system LOS is measured with two metrics:

average amount of walking required for users to reach the bikes during early t1 hours of

the following day, W1, and during the rest of day after the incentive program starts, W2.

The next day’s walking in the first t1 hours is controlled by the initial distribution of the

bikes, which is the result of the hubbing decision and bike rebalancing. Also, when the

incentive program starts, it will change the locations of usable bikes and affect the walking

distance of users during the rest of the day. The incentive program does not affect user

walking distance if their trips are completed before the program starts, i.e., t0 (see Figure
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2.1). For free-floating bike sharing systems, the lower value of this measure means that

the bikes have better distribution to meet the demand, and, hence, provide a better level

of service for users. The cost also has three components—operator-based rebalancing cost,

cost of incentives, and cost of lost users. Compared to doing nothing during the day, the

incentive program with hubbing encourages users to return bikes to the hubs. If this is done

regardless of the demand distribution during the rest of the day, such incentive program

may cause the loss of users because the dispersion of bikes can decrease and users cannot

find a close bike (within a reasonable willingness-to-walk threshold). Considering conflicting

objectives, we propose a multi-objective optimization approach to approximate the set of

(the so-called) Pareto-optimal or non-dominated solutions of the problem, i.e., a solution in

which it is impossible to improve the value of one objective without making the value of the

other objective worse. Decision-maker(s) can then see the trade-offs and choose the most

beneficial solution.
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(a) Time-line of a day without incentive program
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(b) Time-line of a day in proposed method with incentive program

Figure 2.1: Time-line of a day
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2.4 Proposed Method

FFBSs are different from conventional station-based bike sharing. In SBBS literature,

the LOS of the system is measured mostly as the number of rejected drop-off demands from

full stations and pick-up demands from empty stations [22, 30, 31]. Since SBBSs have fixed

stations and all customers in a certain radius from a station will refer to it, the arrival rate of

customers to stations can be a good estimation of the demand in these systems. In FFBSs,

however, there is no station that challenges both LOS evaluation and demand prediction

using traditional methods. Instead, every bike can be considered a station that answers only

one pick-up demand. Users decide if they will go to pick up a bike based on how far they

have to walk to reach the bike; a closer distance makes it more likely they will use the system.

Thus, in our study, we consider both the number of lost customers and the walking distance

of customers who used the service, which can be two measures of LOS. We assume that the

willingness to walk to reach available bikes is a piece-wise linear distribution. If a customer

demand pops up in the system but the available bike is too far away for him/her to reach,

the customer decides to not use the service and becomes a lost customer. Otherwise, the

customer’s walking distance to get the bike is counted into the walking distance measure.

A simulation model of a system is basically imitating the behavior of that system

based on the formulated relationships between its components. If the internal and external

variables of the system are deterministically given, a mathematical model can answer all

questions about the system. However, the main difference between a mathematical model

and a simulation model can be the capability of the simulation model to account for the

uncertainty of input variables in high-complexity systems and capture the effect of this

uncertainty in performance indicators or other outcomes of the system [32]. In other words,

a simulation model helps to statistically study and identify reasons for the changes in the

outputs of a system by defining "what-if" experiments, which may not be doable in a real

system because of the high or even sometimes impossible cost, danger, or resource it requires.
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In optimization, we look for the best values of some variables (usually called decision

variables) in a system, which maximizes or minimizes a specific measure. Most of the time,

mathematical modeling is used in optimization, and except in rare cases, it is done with many

simplifications that results in not representing all the aspects of complex systems. Whereas

simulation models can cover a significant part of this simplification, which mostly has roots

in uncertainty. Needless to say, when the number of input variables and the complexity

of the simulation model increases, the simulation may become computationally difficult as

well [33]. Nevertheless, advances in computing technologies in recent years have alleviated

this difficulty and turned coupled simulation and optimization into a strong tool to optimize

complex systems [34]. Simply speaking, simulation optimization is used when the objective

functions or constraints of a model can be evaluated only by simulation [35]. A variety

of simulation optimization methods has been used to solve a broad group of optimization

problems in the literature (see [36]), especially in the field of transportation (see [32]).

In this study, simulation optimization is used to handle the uncontrollable amount

of uncertainty in the considered FFBS. The proposed simulation optimization method uses

a simulation model of an FFBS to evaluate the objectives associated with the solutions of

individuals in a population-based heuristic multi-objective optimization method (see Section

2.4.6). For each solution denoted by pnh, t0,pq, in the simulation process, we first determine

the locations of the hubs based on the distribution of the demand for the early hours of

the next day and the number of hubs (nh). Then, the system is simulated throughout

a day, mimicking the pop-up of customers, their decisions of approaching available bikes

and using bikes to get to their destination, and the locations of bikes due to the dynamic

usage of system. Once the incentive program starts at t0, customers will respond to the

incentive programs. A detailed simulation of the system during the incentive program period

is explained in Section 2.4.4. The simulation will be run several times and, at the end, the

average of both objective values over all runs will be computed. The average values will be

considered as the fitness, i.e., objective values, of an individual solution pnh, t0,pq. Figure
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2.2 schematically demonstrates the framework of the proposed method and relationships

between its steps. Next, we explain these steps and needed details.
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demand distribution

Hub
Location

Hubs

System operation
simulation

System oper. &
incentive simulation

N
SG

A
II

nh

p & t0

Cost & Walking

Figure 2.2: Framework of proposed simulation optimization method

2.4.1 Demand Prediction

Researchers have put much effort into predicting demand in bike sharing systems,

both when there is no such service in the area yet [37, 38, 39, 40] and when future demand of

an existing system is intended [41, 42, 43, 44]. In this study, we aim to predict and simulate

demand for an existing FFBS system with historical pick-up and drop-off data. We first

divide the service area of the system into small parts with equal square or hexagonal shapes

called zones and service time windows into temporal intervals. We assume that demand

arrivals to each zone follow a Poisson distribution and that the average of the aggregated

demand in each time interval will depend on an arrival rate (λt), which will be predicted

according to historical data. We also assume that the demand that pops up in each zone could

be anywhere in the zone, i.e. spatially evenly distributed. Furthermore, for the destination

of demands originating from a specific zone in time interval t, we simply elicit the percentage

of the flow to other zones, denoted by ODt. We use an Auto-Regressive Moving Average

(ARMA) model to predict these parameters in this study.
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The proposed method could be improved if the operators refine the data collection

process and obtain the location where users start to use the app to search for available

bikes. Such information could reveal better estimation of origins of users than the bike

pick-up locations. This is because in FFBS, if a user starts searching for a bike in zone

A, depending on the location of the nearest available bikes, he/she may end up actually

picking a bike in zone B. Also, knowing the location when the user starts searching bikes,

the nearest available bikes, and his/her final decision of picking-up the bike or not, we can

analyze the demand better, understand the walking limit of the user, WL, and develop a

better willingness-to-walk model for bike sharing users.

2.4.2 Finding Locations of Hubs

The locations of the hubs for organizing an incentive program and operator-based

rebalancing on the current day are determined based on the distribution of the demand in

the early hours of the following day, D2. nh of such hubs are selected aiming at facilitating

bike re-balancing on the current day to meet the demand of the early t1 hours of the next

day. The value of t1 could be determined by operators who intend to implement the proposed

method in this study. An intuitive way is aiming for the morning peak hours, usually 2-3

hours between 6:00 and 9:00 AM for most of cities. In this study, we used t1 equal to 2

hours.

Finding the locations of the hubs given the predicted demand D2
t , @t P rt

1
s t1s ` t1s is

generally a continuous location-allocation problem, i.e., locating a set of facilities and allo-

cating a set of given customers to different facilities while optimizing an objective function.

For general transportation problems, the objective function is usually transportation cost,

and the allocations are allowed to be partial [45]. However, in an FFBS system, each trip

is responded by only one hub, so there is no partial allocation. As a result, this problem
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reduces to the clustering problem, which can be formulated as follows:

Model (1): min
nh
ÿ

k“1

ÿ

iPD2

ξikdpxk, liq,

s.t.
nh
ÿ

k“1

ξik “ 1 @i PD2,

ξik P t0, 1u @k “ 1, ..., nh, i PD2,

where dpxk, liq specifies the distance function between the location of the hub’s center

xk, @k “ 1, ..., nh, and the location of the demand li, @i P D
2. Remember that D2 de-

notes the set of all predicted demands for the following day’s early hours. Moreover, ξik

represents the binary decision variable that indicates the allocation of demand i to hub k.

This problem has been proved to be NP-hard ([46]), and, because of its numerous applica-

tions, many heuristic algorithms have been introduced to deal with different types of it (see

[47]).

There are three common distance functions, all of which make Model (1) non-linear—

Manhattan, Euclidean, or general Minkowski distance [48]. In bike sharing systems, Man-

hattan distances are used in cities because of the blocky structures that buildings make,

and Euclidean distances in open spaces such campuses can be used. However, both will

have some errors because there is no city with perfectly blocky-shaped streets or completely

open space places. The only way to take the accurate distance into account is diverting the

problem into the discrete location-allocation problem. To this end, a set of candidate points

are determined in the considered region, and the location of the facilities are selected among

them. This method facilitates using the actual walking distance by creating a network be-

tween the candidate hub and demand points. Taking the center of all zones as candidate

hub points, given the walking distance between zone j and customer i, dij, this problem is
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formulated as follows:

Model (2): min
nz
ÿ

j“1

ÿ

iPD2

xijdij,

s.t.
nz
ÿ

j“1

xij “ 1 @i PD2,

xij ď yj @i PD2, @j “ 1, . . . , nz,

nz
ÿ

j“1

yj “ nh,

xij, yj P t0, 1u @j “ 1, ..., nz, i PD2,

where yj indicates the selection of zone j as a hub and xij denotes the assignment of demand

i to zone j.

In this study, we employ K-means [49] and DBSCAN [50] clustering algorithms using

both Manhattan and Euclidean distance functions as a fast and approximate solution for

the continuous location of hubs. While the number of the hubs is an input in K-means,

the number of the hubs in DBSCAN is controlled by two distinct inputs—neighborhood

density and neighborhood radius. As opposed to K-means, which finds only circular clusters,

DBSCAN is able to find clusters with random shapes, which can be both helpful and adverse

in our method. For example, Figure 2.3.a shows the case where locating a hub in the center

of a cluster will reduce both walking and redistribution costs, but in Figure 2.3.b the center

of the found cluster as a hub will not help the walking measure. The reason is that this

method works based on the density of the objects and can join all demand points into one

cluster if they are densely connected. Thus, while applying this clustering method we limit

the size of the clusters by putting a cap on the distance that two demands can have in a

cluster. Furthermore, we fix the two original parameters of the algorithm and attempt to

change the number of the clusters, which determines the number of hubs, by changing the

value of this limit. Another issue that arises using this algorithm is the existence of single

demands that fall far apart from all clusters such that the algorithm cannot assign them to
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any clusters. These points are called noise points in the algorithm’s terminology. We solve

this problem by assigning these demands to the closest cluster.

In addition to these heuristic methods for continuous hub location, we can also use

Model (2) to select some of the zones as hubs. The results of using each of these methods

for case study FFBS systems are analyzed in Section 2.5. It is worth mentioning that using

DBSCAN and Model (2) allows us to use any type of distance, especially real distance. In

contrast, K-means requires the coordinates of the points and is limited to the types of distance

that can be calculated from the pair of points’ coordinates. For some systems, depending on

the geographic features of the service area, hub locations obtained from different methods

may be very similar.

(a) A arc shape cluster for which using
DBSCAN is helpful

(b) A long rectangular cluster for which
using DBSCAN is adverse

Figure 2.3: Shape of clusters DBSCAN can find (
Â

is center of the cluster or hub).

In sequel, we use the percentage of the total demand assigned to a cluster to determine

the percentage of bikes required in a hub for the following day. Specifically, if γ% of all

demands are assigned to a cluster, γ% of all bikes should be in the associated hub the next

day. Consequently, the rebalancing methods including the incentive program and static

relocation must ensure that by the end of the day, γ% of all bikes will move into that hub.
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2.4.3 Incentive Program and Customer Behavior

Different incentives can affect customer behavior (demand response) in different ways.

To evaluate any incentive program, it is necessary to have enough information about the

customer’s reaction to different values of the incentive and also the cost the operator bears

for implementing the incentive program. The cost of the incentive becomes more important

when there is no control over the accepted offers. For example, offering a discount on the

price of a product in a store may lead to uncontrollable selling-out, whereas in online systems

such as flight ticket reservations the discount can be changed and even stopped at any time

according to the situation. In bike sharing systems, since the state of the system is monitored

online and communication of the system with the customers is done through an online mobile

application or web interface, the number of accepted offers can be controlled. However, we

need to model the reaction of customers to the incentive program so it can be included in

the overall multi-objective optimization problem.

In this research, we explain the incentive program that is being planned to run on

the case study bike sharing system to provide a better illustration of the proposed method.

However, operators may come up with different designs of incentive programs. In the sample

incentive program, any drop-off in the suggested hub is encouraged by pt, @t P tt0, t0`∆, t0`

2∆, . . . , te ´∆u points (or credit). Each unit of the incentive is worth the same amount of

units of free ride outside the incentive time window in the system. In other words, if the

unit of rides in the bike sharing system is one minute, two points means two minutes free

ride some time outside the incentive window. Some studies model an incentive program

in SSBSs by requesting customer destination information prior a trip [21, 22]. However,

the incentive program designed in this study does not require customers to reveal their

destination; instead, all incentivized hubs are suggested to all users, and at the drop-off

point the system can know if the user accepts the offer or not.

Time value and price sensitivity are two major factors that influence a customer’s de-

cisions on accepting a specific offer in the incentive program. When simulating the customer’s
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reaction to the incentive program, we assume that there are two types of customers— regu-

lar customers and opportunistic customers. Regular customers accept the incentive program

offer only if they need to ride a bike to a destination and the geofenced hub with incentive

offer is relatively close to their destination. Compared to regular customers, opportunistic

customers are those with relatively low perceived value of time, high price sensitivity, and

schedule flexibility. Similar examples are leisure passengers who would take flights because of

a significant discount offered by airlines. Opportunistic users will accept the incentive offer

if riding a nearby bike to the closest hub-with-incentive-offer does not elongate their original

trip (from where they are to their destination) and the earned credit is worth more than what

they have to pay for riding the bike (e.g., paying one minute of riding the bike but earning

five minutes of future free riding). Such customers were observed in bike sharing systems in

China when Ofo and MoBike started “Red Envelop" incentive programs. Although details

of those incentive programs vary from one service provider to another, the basic idea is the

same, i.e., offering free ride credits as an incentive to encourage customers to help with bike

rebalancing.

In the proposed model, the acceptance of offers is a probability function of the amount

of the incentive pt at time interval t and the specific distance that users have to walk or bike,

called effective distance. The definition of the effective distance for both types of customers

is illustrated in Figure 2.4. Regular customers are assumed to leave the bike at the hub

closest to their actual destination in case they accept the offer. Therefore, the effective

distance is how far they have to walk from dropping off the bike to their true destination

(Figure 2.4a). However, opportunistic customers will reach the nearest bike and ride it to

the closest hub for earning the credits. Therefore, the effective distance for these users is

the distance between the pick-up point and the closest hub. Pfrommer et al. [23] modeled

user reactions to an incentive by converting the customer’s additionally-traveled distance

to cost. However, we assume that the acceptance probability of an offer p is a decreasing

function with respect to effective distance and can be learned from records of users. Overall,
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Figure 2.5 shows the simplest form of acceptance probability of an incentive offer versus

the effective distance for p “ 1 and p “ 1.5. Here, the effect of p is assumed to be only

on proportionally stretching or shrinking the curve along the horizontal axis. Apparently,

higher values of p imply higher acceptance probability. It should be mentioned that these

functions are different for two types of users, as the effective distance is walked by regular

users but it is biked by opportunistic users. In this study, we used simple forms of acceptance

probability function such as that shown in Figure 2.5.

Walking distance
Biking distance
Effective distance

(a) Effective distance for regular customers (b) Effective distance for
opportunistic customers

Figure 2.4: Effective distance based on customer decision to accept an offer
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(b) Acceptance probability with p “ 10

Figure 2.5: Acceptance probability vs. effective distance

2.4.4 Simulation

In this section, we explain the simulation of the system in detail. This proposed

simulation model requires the initial distribution of bikes. Therefore, the real locations of
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the bikes one or two hours before a potential moment of t0, where we want to start optimizing

the system, is obtained from the system and provided to the model. Needless to say, for a

large-size FFBS, this makes the model computation costly, so we need to obtain the bike

location inputs and start to run the simulation earlier. The normal simulation, with regular

customers, is carried on until t “ t0. When the incentive program kicks in, out-of-hub bikes

are incentivized and the users are encouraged to drop them off inside one of the predetermined

hubs. In other words, hubs with fewer bikes than what they are planned will be offered to

customers as incentivized destinations. Depending on the group they belong to, i.e., regular

or opportunistic, customers will be simulated as following the behavior explained in Section

2.4.3.

At the end of the simulation (t “ te), the static operator-based rebalancing will be

conducted and the static relocation cost evaluated. To do so, the final location of bikes

and hubs will be given to one of the fast and effective static rebalancing algorithms in the

literature called NLNS + VND [9]. This algorithm is a recent output of our research group

and takes advantage of both Large Neighborhood Search (LNS) and Variable Neighborhood

Descent (VND). NLNS+VND is equipped with four granular neighborhoods and multiple

large neighborhoods specifically designed for large-scale bike redistribution problems. Recall

that after the static operator-based rebalancing, the number of bikes in each hub will be ex-

actly equal to the number planned in the hub determination step, i.e., complete rebalancing.

Next, we discuss the simulation process in more detail.

Figure 2.6 shows a detailed flowchart of the proposed simulation model, shown in

Figure 2.2 by a dashed frame. The notation used in the flowchart can be found in Table 2.1.

We explain the steps of this flowchart block by block following the direction of the arrows.

After "Start", the first step addresses the demand generation for next day’s first t1 hours

(see Section 2.4.1) and accordingly determining hub locations for a given nh (explained in

details in Section 2.4.2). Next, the current location of the bikes (Bike.L) and their availability

(Bike.Avail), incentive program starting time t0, and incentive level pt are initialized. Then,

26



the user’s origin (Dem.Location) and destination (Dem.Dest) for a unit of simulation time

step are generated (through the function Generate_customers). The simulation’s time step,

step, must be set to a small enough time interval (e.g., six minutes) to cover and record the

most information about the behavior of the system. However, the smaller the step is, the

more computational load the simulation requires. User generation follows the distribution

of demand associated with each moment of the day. Therefore, the time counter, i.e., t, has

been passed into the function Generate_customers as an argument. After that, the number

of generated users is computed by function size, and the part of the simulation related to

the behavior of the customers starts.

For each regular user, first, the closest available bike will be found. Then, the model

examines if the distance to the closest bike is acceptable to the user, i.e., it is not greater

than walking limit WL. If the user chooses to not pick up the bike, meaning the closest bike

is farther than WL, the system fails to serve the customer and, consequently, the number

of lost customers, nLC will increase by 1. Otherwise, the user picks up the bike and,

depending on the time and the value of t0, if the incentive program has not started yet or

it has started but the user decides to not accept the offer, he/she will ride the bicycle to

his/her destination and drop off the bike. However, if the incentive program has started and

the user decides to accept the offer, the user rides the bike to the incentivized hub that is the

closest to his/her destination and the number of accepted offers (nAO) will increase by 1.

For different scenarios, the status of the bike will be updated accordingly once it is dropped

off. Note that the user’s decision about an offered incentive is made based on the value of

pt and EDR as explained in Section 3.3.

Once the incentive program starts, i.e., t ą t0, in addition to regular users, the sim-

ulation will generate additional demand, which represents opportunistic users. The number

of opportunistic users is considered proportional to the number of regular demands at the

moment t, and it is generated around incentivized (or out-of-hub) bikes within walking limit

WL. Each opportunistic user makes a decision on accepting the incentive offer based on ef-
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fective distance (as explained in Section 3.3) and the comparison of the distance from his/her

generated location to destination and the distance of where the bike will be dropped off to

his/her destination. In other words, an opportunistic user accepts an offer if the effective

distance to riding the bike is not too far and relocating to the incentivized hub does not make

hos/her way to the destination any farther. If an opportunistic user decides to not accept an

incentive offer, he/she will disappear from the system without changing any variables, i.e.,

not be counted as a lost customer. Under different scenarios, the status of bikes, Bike.Avail

and Bike.DT, will be updated accordingly.

The simulation will continue until the time reaches the end of day, te, when the static

operator-based rebalancing starts.

Table 2.1: Notations used in Figure 2.6

nh number of hubs
t0 start time for incentive offering
pt incentive amount at time period t
α ratio of opportunistic customers
te time horizon of simulation
step time step of simulation

WL maximum distance that a customer walks to find a bike
before giving up

D2 tomorrow’s predicted demand
Hubs locations of the hubs
nAO number of accepted offers
nLC number of customers who have given up
EDR effective distance for regular customers
EDO effective distance for opportunistic customers
Bike.L location of bikes
Bike.Avail status of bike which is true if it is available and false, otherwise
Bike.DT time by which rented bike will be dropped off
Dem.L point in which a demand appears
Dem.Dest destination of demand
Cost value cost objective
Walking value of walking objective
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Figure 2.6: Flowchart of proposed simulation

2.4.5 Objective Evaluation

In this study, two objectives are considered—service level and cost. For free-floating

bike sharing systems, service level is defined as the amount of customer walking to bikes and

is denoted byW . In this study, we consider hourly average walking distance, which includes

two parts. The first part, denoted by W1, is the average walking distance of customers in

the first t1 hours of the next day, which is dependent on the determination of the hubs. We

use simulation to calculate W1 by recording the walking done to pick up a bike from hubs

and dividing it into t1. The second part, W2, is the average required walking of users in

the current day after the incentive offering starts, which is computed through the simulation
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as well. Specifically, W2 is the summation of distances that regular users need to walk to

reach a picked-up bike (after starting the incentive program) divided by the length of the

incentive offering period. The reason for considering average hourly walking instead of total

distance is because the start time of the incentive program, t0, is also a decision variable.

The value of W2 is dependent on t0 and will naturally be smaller for a bigger t0 (or shorter

incentivized period). Note that, to compute W2, we ignore lost users because they are taken

into account as a cost. Moreover, since the goal of the system is improving the service level

for regular customers, the walking of the opportunistic users is also not considered in this

objective function.

The second objective, i.e., cost, includes several parts. The first and major part is

the cost of static operator-based rebalancing, calculated by applying the algorithm NLNS

+ VND. The second part is the cost of lost customers, i.e., summation of the income of the

rides the system misses because of losing users. The third part is the cost of accepted offers,

which sums the number of accepted offers during t multiplied by the cost of pt for the period

of incentive program. In other words, we consider the worst case and assume that all gained

points will be used by the customers in their future rides.

2.4.6 Multi-objective Optimization

For this hybrid rebalancing with dynamic hubbing, we solve the multi-objective op-

timization and generate a Pareto-optimal frontier to help decision-makers understand the

trade-off between objectives. Non-dominated Sorting Genetic Algorithm (NSGA II) is a

widely used heuristic algorithm in solving multi-objective problems [51, 52, 53]. This algo-

rithm uses the framework of a genetic algorithm in the context of multi-objective optimization

to optimize the non-dominated solutions. Moreover, it is equipped with a fast subroutine

that can draw the layers of non-dominated points in a given population. In general, this

algorithm improves the quality of approximate Pareto-optimal frontier in each generation,
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nh t0 p1 p2 p3 . . .

p

Figure 2.7: The solution representation in the proposed NSGA II

imitating the idea of evolution on the information obtained from the Pareto-optimal solutions

in the previous generations.

In light of the above, we use NSGA II as the optimizer in our proposed simulation op-

timization approach. Specifically, the simulation model discussed in Section 2.4.4 plays the

role of fitness evaluator in NSGA II, i.e., it calculates the value of objectives associated with

each solution pnh, t0,pq. Figure 2.7 shows the solution representation in the proposed algo-

rithm. Depending on the length of the intervals for which we want to determine the amount

of the incentive, i.e., the number of entries of p, the length of the solution representation

differs.

It should be mentioned that the results of a simulation will be statistically reliable

only if their average after enough duplications tends to be a stable value. The number by

which the simulation is duplicated to evaluate each solution is denoted by Duplication and

was set to 20 in this study.

Algorithm 1 summarizes the steps of the proposed simulation optimization approach.

In this algorithm, first, the parameters of the algorithm are initialized. These parameters

include the number of population (nPop), Duplication, and the termination condition of the

algorithm (Termination_Condition). The number of the population shows the number of

solutions with the form pnh, t0,pq that we want to keep in the current generation’s pool.

The larger this parameter is, the better the algorithm will perform, which, in turn, requires

more computational time. Termination condition determines when the algorithm will finish

and can be set based on different measures in the algorithm. In this study, we use the most

common termination condition that is an upper bound for the number of generations or

iterations (Termination_Condition).
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In the next step, nPop number of solutions pnh, t0,pq are generated randomly within

a given interval (Pop), and their objective values are evaluated by simulation. This interval

for variables can be obtained by a sensitivity analysis or expert estimation. The function

Simulation, moreover, receives the value of the variables and runs the process, as explained

in Sections 2.4.4 and 2.4.5. Note that this step is repeated Duplication times for i ’th solution

and the average values will be considered as the final objectives’ values, Pop(i).Obj. Then,

the population will be sorted by function Sort_Frontiers based on two measures in the

context of multi-objective optimization; ranking and distribution in the space of objectives.

This sorting algorithm is the main part of NSGA II; interested readers can refer to [52] to

learn more about it.

The algorithm’s main loop runs until the termination condition is met. The first

step of this loop is the selection of Parents, which is a set of solutions selected from the

population. In this study, the parents are chosen randomly from the population by the

function Select_Parents. Then, some new solutions (which are 80% of nPop in this study)

are generated by applying reproduction operators on parent solutions. Reproduction is

mainly done by operations called crossover and mutation in a Genetic algorithm, and there

are several methods to apply them [54, 55]. In the proposed NSGA II algorithm, we use the

random linear combination of two parents to generate the offspring. The only integer part

of the solution representation is the number of the hubs, which is replaced by the closest

rounded number if the linear combination results in a fractional value. For mutation, we

randomly add or reduce a random value from each part of the solution representation. These

random additions or subtractions are limited to 10 percent of the provided range used to

generate the initial population. Moreover, if any value exceeds the bounds of the ranges, it

will be replaced by the value of the violated bound. These reproduction steps are summarized

within function Recombine in Algorithm 1. Then, the new solutions are evaluated and added

to the population. Finally, each iteration is completed by sorting the population and then
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removing those solutions that are not eligible to survive for the next generation. This is

done by keeping nPop number of the best solutions.

Algorithm 1: Proposed simulation optimization method
1 Initialize nPop, Duplication and Termination_Condition
2 for i “ 1 : nPop do
3 Pop(i).[nh, t0,p] Ð Generate solution [nh, t0,p] randomly within the given ranges
4 CostÐ 0; Walking Ð 0; Obj Ð r0, 0s
5 for j “ 1 : Duplication do
6 rCost, Walkings Ð SimulationpPoppiq.rnh, t0,psq
7 Obj Ð Obj ` rCost, Walkings

8 Poppiq.Obj Ð Obj{Duplication

9 Pop Ð Sort_frontiers(Pop)
10 while Termination_Condition is not met do
11 Parents Ð Select_parents(Pop)
12 Children Ð Recombine(Parents)
13 for i “ 1 :size(Children) do
14 CostÐ 0; WalkingÐ 0; Obj Ð r0, 0s
15 for j “ 1 : Duplication do
16 rCost, Walkings Ð SimulationpChildrenpiq.rnh, t0,psq

17 Obj Ð Obj ` rCost, Walkings

18 Childrenpiq.Obj Ð Obj{Duplication
19 Pop Ð [Pop, Children]
20 Pop Ð Sort_frontiers(Pop)
21 Pop Ð Pop(1:nPop)

2.5 Numerical Results

The proposed method was implemented in Julia 0.6.4 [56] and applied on a real

dataset obtained from a free-floating bike sharing system (Share-A-Bull) that operates at

the University of South Florida (USF) in Tampa. The university serves more than 38,000

students with 1,700 faculty and staff on a 1500ˆ3000-meter campus. SoBi has provided a

free-floating bike sharing system called Share-A-Bull at USF since 2015. Currently, after

four years, this system includes 300 bikes and covers the main USF campus and student

housing areas in the vicinity. Trip data of this system were analyzed and used to extract

the demand distribution in different zones through each hour of 12 randomly-selected days

from each month. The results show that the demand was significantly low in some months

because of breaks (in Summer and Winter). Therefore, we ignored 4 days and considered

8 days in the experiments. The service area was split into 50ˆ50-meter zones and, as the

data show only pick-up points, we uniformly spread each zone’s demand in neighbor zones
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to get the actual points from which the demands had arisen. It should be mentioned that in

this system, the demand approaches zero from 00:00–06:00 AM; hence, the operator starts

static rebalancing at 12:00 mid-night. In the experiments, we assumed that this bike sharing

system uses a rebalancing crew with 10 trailers, each with the capacity of 10 bikes that can

load or unload a bike in 60 seconds. In the simulation, the time was discretized in 6-minute

intervals and the start of the day ts was set to 06:00 AM. Also, the walking limit and the

ratio of opportunistic users were respectively set to 200 meters and 20 percent. The results

for all the experiments are based on the average of 20 replications in simulation part.

2.5.1 Comparison of Hub Determination Methods

First, we investigated the performance of the clustering methods introduced in Section

2.4.2. In this experiment, we selected representative days and generated the demand in the

first two hours following the simulation procedure described earlier. We set the number of

hubs to 15 and applied different methods to find the locations of the 15 hubs and compare

the corresponding average walking distance of users obtained from simulation. As shown

in Table 2.2, for some days, the methods gave out fewer than 15 hubs. Possible reasons

include the following: 1) for continuous location methods, hubs falling into a same zone are

considered as one hub; 2) the number of clusters in DBSCAN was not as controllable as K-

means or mathematical modeling and can be different given a fixed set of parameters; 3) for

some days or during some duplicated simulations, the generated demand was low, so fewer

hubs would be needed. We repeated the experiment several times and reported the averages.

As shown in Table 2, Model (2) almost always had the minimum average walking distance

among all methods. However, the performance of the clustering methods was not so different

from that of Model (2), which means we can save on computational time using clustering

methods for this part of the model. Furthermore, there was no clear dominance between

the two clustering methods for a specific type of distance, although K-means was expected

to perform better on Euclidean distance. Thus, in our case study, we used K-means along
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Table 2.2: Results for different hub determination methods

Distance Type Day
DBSCAN K-means Model (2)

Walking (m) nh˚ Walking (m) nh˚ Walking (m) nh˚

Euclidean

1 1005.6 9 975.3 10 972.2 15
2 1370.0 11 1383.0 13 1282.9 15
3 375.8 6 410.1 5 360.0 14
4 565.9 3 475.1 3 443.7 13
8 1840.2 10 1636.2 13 1788.6 15
9 2146.4 13 2097.3 15 2041.8 15
10 2889.9 15 2844.9 15 2748.3 15
11 2744.9 14 2784.0 15 2599.3 15

Manhattan

1 473.2 9 474.5 10 434.3 15
2 833.3 12 864.9 14 828.9 15
3 202.9 7 200.8 5 187.6 15
4 190.4 4 188.9 4 164.5 13
8 881.6 11 912.2 12 855.9 15
9 1094.7 15 1148.3 14 1081.5 15
10 1670.4 17 1693.2 15 1554.1 15
11 1665.7 16 1585.9 15 1580.0 15

*Number of hubs that are the average of several runs are rounded to the closest integer

with Euclidean distance, which is a better fit for a campus area, to determine the locations

of hubs.

2.5.2 Multi-objective Result

In this section, we present the results of the multi-objective simulation optimization

model. For this purpose, the allowed ranges that the variables pnh, t0,p can take were set to

pr5 50s, r16PM 24PMs, r0 15sq, respectively. It is worth mentioning that in this experiment,

variable pt, according to the original model, can take different values for each hour during

the incentive program (from 16:00 PM to 24:00 PM). We also set the population to 15 and

the termination condition to 10 generations. We used Julia’s parallel processing features to

accelerate the evaluation process in the algorithm. To combine the different parts of the cost

objective, we set the labor and equipment cost, incentive cost, and lost customer cost to

300$/hour, 0.3$/point, and 3$/user, respectively, based on the estimation of system experts.
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Figure 2.8 shows the trade-offs obtained by the (approximate) Pareto-optimal solu-

tions in the space of the objective values for two scenarios; when the incentive program is

considered (black circles), and when incentive program is canceled from the optimization

(red stars) by fixing the variable, pq, to 0. This setting will remove the effect of the incentive

program from relocation. In the second scenario, the optimization is basically focused on

only one variable, nh, and since there is a smaller feasible region, the result is expected to be

more robust. The number printed on top of each point indicates the corresponding number

of hubs as the most sensitive variable. In these Pareto solutions for scenario one, the increase

in the number of hubs likely leads to lower cost and higher walking. Another experiment

(see Figure 2.10) shows that the required time (and accordingly its cost) to relocate bikes is

higher when there are more hubs. This reveals the dominance of two other parts of the cost

objective function. We observe that there are not so many Pareto solutions for scenario two

because the optimization is done based on only one variable and the feasible region is limited,

which helps the algorithm have even a better performance compared to the first scenario.

Nevertheless, comparing the Pareto frontier of these two scenarios shows the difference that

an optimized incentive program makes in the system. We observe that the difference (or

improvement) varies for different days.

In multi-objective decision making, the best possible values of objective functions

obtained from the exact Pareto-optimal frontier are called ideal points. Sometimes, proximity

to the ideal point is a simple way to select one solution among the Pareto-optimal frontier.

Although it is the decision-makers’ job to select a final solution, if we assume that they will

use proximity to the approximate ideal point, Figure 2.8 shows that the system will have

different values for the number of hubs and other variables every day, which points out the

dynamic function of the model.

Green House Gas (GHG) emission is an environmental effect that is recently con-

sidered in all the industries and businesses due to global warming. According to U.S. En-

vironmental Protection Agency (EPA) report in 2017, transportation has the largest share
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Figure 2.8: Trade-offs obtained by (approximate) Pareto-optimal solutions for days 5–8

of GHG emission, as CO2, the product of combustion in engines, is known as the major

GHG. Therefore, environmental effects are another aspect from which using incentive to re-

distribute bikes in a BSS are important. To show how much a simple incentive program can

save on the operation of trucks, we calculated the average operation of each truck in non-

dominated points under two scenarios—with and without an incentive program—for days 4

and 7. We used EPA’s last report on automotive CO2 emissions to find the average emission

rate (350 g/mile) and converted the operation to the amount of carbon dioxide. Although

a decision maker or the policy of a company determines which non-dominated point will be

chosen, we draw these amounts in the form of a box-plot (Figure 2.9). This graph helps to
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Figure 2.9: Box plot of average CO2 emissions of rebalancing trucks with and without
incentive program (g)

compare the interval, quarters, and median of CO2 for the scenarios in general. The figure

shows that the proposed method (or offering of an incentive in general) can make a difference

in terms of GHG emission.

2.5.3 Sensitivity Analysis on Variables

We examined the behavior of the system for a range of valid values for each variable,

keeping the other variables and parameters fixed. Figure 2.10 shows how the number of

hubs, i.e., nh, changes the static relocation cost when pt “ 10, @t P r18 24s and t0 “ 18 : 00

PM For all days, although there were some fluctuations (because of the uncertain nature

of the process), the required time to relocate the bikes is increasing. This is not surprising

because by increasing the number of hubs, the system needs more dispersion of bikes, which

requires more labor-hour resource. It should be mentioned that this experiment was done

with nh P r5 50s. However, for days that have fewer demands in the next day’s morning, the

number of hubs is different from what was given since the model combines the hubs that

are closer than 50 meters. Figure 2.11 shows the next day’s walking per hour for the same

experiment. As expected, the walking distance of users in the first two hours of next day
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decreases (service level increases) because the visibility of the bikes becomes higher in the

demand-prone regions.
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Figure 2.10: Static relocation cost for different number of hubs
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Figure 2.11: Tomorrow’s walking for different number of hubs

We also examined the changes in the average walking of users during the incentivized

period, W2. Figure 2.12 shows an increasing trend of this measure up to around 25 hubs.

However, there is some decrease in the track of W2 for the higher number of hubs, especially

for days with higher demand (see Day 7 at 30 hubs and Day 8 at 35 hubs). The reason is
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that when the number of hubs is low and the incentive program starts soon, the collection

of bikes to the hubs decreases the bike dispersion in the service area and users need to

walk more to pick up a bike. This negative influence disappears when the number of hubs

increases, and the collection of bikes to the hubs becomes a redistribution by itself. The

inverse behavior, but with the same pattern, is seen in curves that show the number of lost

(rejected) users in the system (Figure 2.14). Basically, these two graphs together reveal that

part of the increase in the walking is because the system serves more customers rather than

rejecting them when the number of hubs goes up. The walking limit plays a critical role in

this trade-off, as discussed in Section 2.5.4. Also, the number of accepted offers increases

as the number of hubs increases (Figure 2.13). A higher number of hubs leads to shorter

effective distances for both types of users, which makes the acceptance of offers more likely.

Hence, dynamic relocation is intensified when there are more hubs in the system, whereas a

higher number of hubs adversely affects the static relocation time (see Figure 2.10).
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Figure 2.12: Today’s walking for different number of hubs

A similar analysis was done on the start time of the incentive program for t0 P r16 24s

when there were 35 hubs and pt “ 10, @t P r16 24s. We increased the number of hubs to

35 to have enough accepted offers in the system and to be able to study their influence on

the outcomes. We selected days 5–8 for this experiment because the following day of days
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Figure 2.13: Number of accepted offers for different number of hubs

5–8 had enough demand to keep the number of hubs around 35. Figure 2.15 shows the

changes in the static relocation cost. The graphs exhibit different and sometimes multiple

local minimals for different days. This variety in behaviors relates to the demand distribution

of the days because sometimes a high demand in the middle of the incentive time window

can disperse all collected bikes by the incentive and basically cancel the effect of accepted

offers on bike redistribution. However, regardless of fluctuations, an increasing track can

be seen for the last hours of the days, which shows that incentive program helps the static

relocation costs because it is less likely to have a high enough demand in the last hours of

the day to anticipate enough accepted offers or relocation. Hourly walking and accepted

offers demonstrate a decreasing trend in three of the days (6, 7, and 8), and day 5 had a

peak at 22:00 PM (see Figures 2.16 and 2.17). The hourly number of lost users for days 6,

7, and 8 fluctuates around a consistent value until 20:30 PM. and takes either an increasing

or decreasing trend after that (see Figure 2.18). However, this measure for day 5 keeps

fluctuating, and it shows a peak around 22:00 PM. This reveals that there must be an

instant increase in the demand of day 5 at this time. This also justifies the lower effect of

incentive program on the static relocation cost for day 5 (Figure 2.15). The last variable

whose influence in the system was investigated is the amount of the incentive. Since analysis
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Figure 2.14: Number of lost users for different number of hubs
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different start times of incentive program
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Figure 2.16: Todays’ walking for different
start times of incentive program

on the start time showed that in the late hours we can cancel a major part of the demand

distribution’s impacts and see a trend in the system’s behavior, in this experiment, we fixed

the start time to 9:00 PM. The number of hubs stays at 35, and all other parameters have the

same values as the previous experiments. Figure 2.19 shows how the amount of the incentive

affects the static relocation cost in the system. For all days, the cost had a decreasing track

until around 10 points of incentive and remained consistent for higher values. The reason is

that in the late hours of the days in the considered system, the demand is not high and, for

more than 10 points, the number of accepted offers does not change (see Figure 2.20).
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Figure 2.20: Number of accepted offers for
different amounts of incentive

2.5.4 Sensitivity Analysis on Parameters

In the proposed model, there are parameters whose values are not determined based

on any historical data since they are not recorded in the current system, such as walking

limit and ratio of opportunistic users. In this section, we discuss more experiments that were

conducted to explore how the variation of these two parameters would change the outcomes

of rebalancing.

First, we fixed the variables as nh “ 35, t0 “ 18p.m., andpt “ 10, @t P r18 24s, and all

parameters were the same as in previous analyses except walking limit, which changed in the
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range r100 1500s. Generally, by increasing the walking limit in the system, the number of lost

users decreases and, as a result, the system serves more customers. Thus, this analysis can

provide information about the system’s behavior to demand increase as well. Figures 2.21

and 2.22 show the changes of the lost users and accepted offers in the system for different

values of walking limits. A quick look at these graphs reveals that the number of lost users

drops by increasing the walking limit, and these saved users proportionally lead to a higher

accepted offer. From another point of view, this means that the number of served customers

increases. Figure 2.23 shows that when the number of served customers(or the demand in

general) is high during late hours, an earlier start of the incentive program will not help to

save on static relocation costs. This outcome stems from the fact that high demand disperses

the collected bikes in the hubs again and, consequently, cancels the effect of accepted offers

on static relocation cost. Also, the result demonstrates a consistent increase in walking as

the walking limit grows.
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Figure 2.22: Number of accepted offers for
different walking limits

Second, a similar analysis was performed on the ratio of opportunistic users from 0 to

50 percent of regular users. It shows no remarkable changes in the values of the considered

measures. For example, Figure 2.24 shows that the number of accepted offers increases by

a maximum 15, which has no significant effect on static relocation cost (see Figure 2.25).
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Although this result can be different for other values of the controlled variables and param-

eters, it implies that the behavior of the system is not sensitive to this parameter unless the

incentive program causes a bigger than 50 percent increase in demand.
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2.5.5 Large-scale Case

To show the capability of the algorithm on larger scales of the problem, we used

the trip data of MoBike in Shanghai. MoBike is a free-floating bike sharing system recently

acquired by Meituan Dianping, a Chinese group with a website for local food delivery services,

consumer products, and retail services. A part of the MoBike Shanghai sharing system

with a 10ˆ10 km2 area was selected and split into 250ˆ250 m2 zones. The walking limit

was set to 300 meters and the K-means and Manhattan distance were used. As we did

not have access to detailed information of this bike sharing system, we assumed that the

operation costs were the same as the previous numerical experiment and that there were

100 trucks available for static relocation. The ranges for variables pnh, t0,pq were set to

pr20 150s, r0 15s, r16PM 24PMsq, respectively, and the termination condition was set to 15

generations. Figure 2.26 shows the Pareto-optimal frontier for this case. It clearly shows the

trade-off between average hourly walking distance and the total cost. By increasing about

1 Km (from 4.5-5.5) hourly walking distance, the operator can save more than 30% of total

cost.
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2.6 Conclusion

In this study, we proposed a hybrid rebalancing strategy, i.e., combining an incentive

program and an operator-based rebalancing and dynamic hubbing concept, i.e., determining

daily hubs (number and locations) to assist hybrid rebalancing. We presented a multi-

objective simulation optimization method for solving the proposed strategy for free-floating

bike sharing systems by considering two objectives—cost and service level. The optimized

outputs are the number and location of hubs, start time of incentive program, and incentive

level. Using the solution algorithm proposed in our previous work, we also obtained the

routing of rebalancing trucks and the number of bikes being picked up or dropped off at each

stop along the routes.

We showed the effectiveness of the proposed approach on a real data set at the

University of South Florida and applied this model on a large-scale free-floating bike sharing

system in Shanghai to demonstrate its applicability on systems with different characteristics.

The numerical example shows the trade-off between the hourly walking distance of users and

the total cost of the operator. Given the Pareto frontier, the operator may make decisions

on which solution to implement based on its business interests. Free-floating bike-sharing

has been promoted as an environmentally-friendly micromobility solution. However, the air

pollution emissions caused by operator-based rebalancing offset the environmental benefits

of the mode. Due to the intrinsic mismatch of supply and demand (spatial and temporal),

rebalancing is necessary to improve the efficiency of the system. Hence, this study presents

a way to make free-floating bike sharing more sustainable.

In future research, we will apply user-based redistribution for rebalancing bikes during

the whole day according to demand distribution of the near future (for example, two hours

ahead) instead of the following day. Additionally, obtaining and using offer-acceptance be-

havior of users by artificial intelligence based on his/her record is another direction of future

research.
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Chapter 3: Query Batching Optimization in Database Systems

In this chapter 1, we present paper P2. In this work, we take advantage of machine

learning techniques to learn about the processing time of a batch of queries in database

systems. This estimated time is used to develop a query batching model that clusters a

given set of queries into some batches minimizing the total processing time. We propose two

fast heuristic algorithms to solve the model. The copyright permissions for reusing previously

published material in this chapter can be found in Appendix C1.

3.1 Introduction

Despite being barely 50 years old, database research has had a profound impact on

the economy and society, creating an industry sector valued between US$37-US$50 billion

annually [57]. The history of database research over the past 40 years has demonstrated a

tremendous productivity that has led to the database system becoming arguably the most

important development in the field of software engineering. The database system software

is the foundation of today’s Information Technology (IT) infrastructure and has fundamen-

tally changed the way many organizations operate. In particular, the developments in this

technology over the last few years have produced systems that are more powerful and more

intuitive to use [58, 59]. This development has resulted in increasing availability of database

systems for a wider variety of users.

Traditional database management systems process user-issued tasks (called queries)

one by one, often by the order they arrive in the system. However, as a result of ongoing
1This chapter was published at C&OR. Eslami, M., Mahmoodian, V., Dayarian, I., Charkhgard, H.,

& Tu, Y. (2020). Query batching optimization in database systems. Computers & Operations Research.
Permission is included in Appendix C.1
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increases in both the number of users/requests and data size, as well as improvement in com-

puter hardware, the last fifteen years have seen a shift from one-query-at-a-time approaches

towards shared work systems where queries are executed in batches. A batch of query in-

cludes one or more queries on the same database that are executed together. Typically,

there is a high likelihood for the queries on a database to share computing resources such

as IO (reading/writing data from/to disk), CPU (processing data by processor), memory,

etc. Therefore, executing queries as batches could introduce savings in terms of computing

resource usage and processing time. To process a batch of queries, two main questions must

be answered:

1. How should a given set of queries be “optimally” partitioned into one or multiple batches

of possibly different sizes? and,

2. How should a given single batch of queries be “optimally” processed?

Most previous studies have focused on the second question and have presented dif-

ferent methods to process a batch of queries by efficiently retrieving required data by the

queries of a batch from a database. The proposed methods are different ways of sharing

the computation resources or taking advantage of query overlaps [60]. As a result of that

stream of research, many single-batch processing databases including PsiDB [61], SharedDB

[62], Datapath [63], MQO [64], Qpipe [65] have been developed. As for the query batching

optimization (the first question above), however, even though it has been stated in many of

these articles as a means to improve the performance and a line of potential future study, to

the best of our knowledge, no prior article has thoroughly investigated that field.

The main goal of the query batching problem is to partition a set of queries into

different batches in order to minimize the total query processing time. In that sense, the

query batching problem has a close resemblance to the order batching problem [66, 67]. The

order batching problem is an optimization problem, which involves the operation of retrieval

of goods in a warehouse [68, 69]. Specifically, the order batching consists of grouping a
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set of orders together, forming a batch, which is then assigned to a picker whose job is

to retrieve all the orders within the same batch on a single tour through the warehouse.

A common objective of order batching problem is to reduce picker travel time. In order

batching problem, the retrieving time of a given batch of orders can be pre-calculated by

solving a traveling salesman problem [70]. In the query batching problem, however, the

processing time of a given batch is unknown until it is actually processed/executed. This is

because of several reasons including (1) the size of the data that will be retrieved to process

a query batch is unknown in advance; (2) defining the similarities between queries is not a

trivial task; and (3) the processing time depends highly on the methods used for processing

the batch.

As mentioned above, the processing time of queries depends on the database that is

used. In this study, we mainly focus on the so-called relational database management systems

(RDBMS). Such a commonly used database system software stores data in the form of tables,

using columns and rows and follows the database normalized structure introduced by Codd

[71]. Most of the well-known industrial database systems such as Microsoft SQL Server,

Oracle, MySql, Postgres are for relational databases. The single-batch processing databases

that have been mentioned before, are a type of RDBMS. Although the approach that we

develop for generating the batches is independent from the methods used for processing

each batch, our focus is mainly on PsiDB for processing each batch in this study (because

its implementation/code was available to us). PsiDB is a single-batch processing database

system, which is newly developed and has shown to perform better than retrieving queries

one by one, by a factor of almost 30x on workloads with large number of queries [61].

Our main contributions in this paper can be summarized as follows.

1. An effective query batching requires an understanding of the processing time of each

potential batch of queries, before that batch is formed and executed. We therefore,

develop a quadratic function based on the resulting coefficients of a linear regression

model to predict the processing time of a given batch using PsiDB.
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2. Building upon our batch processing time predictor, we develop a Mixed Binary Quadratic

Program (MBQP) to efficiently partition any set of queries into batches (of possibly dif-

ferent sizes). We also propose an effective symmetry breaking technique to strengthen

the proposed MBQP.

3. Since the main goal of the proposed algorithm is to minimize the query processing

time, the solution time of the MBQP becomes critical. We first prove that the pro-

posed MBQP is in fact an NP-hard problem. Consequently, one cannot afford to solve

the MBQP for large-scale problems using exact approaches, as it could be too time

demanding. Therefore, we develop two heuristics, the so-called Restricted-Cardinality

Search Methods I and II (RCSA-I and RCSA-II), to generate high-quality solutions for

the proposed MBQP in a relatively short amount of time.

4. We conduct a comprehensive computational study on three well-known benchmark

database systems: TPC-H [72], TPC-DS [73], and Join-Order Benchmark (JOB) [74].

We consider instances of TPC-H with 5 tables and up to 10 GB of data, instances of

TPC-DS with 10 tables and up to 5 GB of data, and instances of JOB with 23 tables

and up to 4 GB of data. We generate a total of 600 random instances based on these

database systems, each containing between 32 to 4096 queries. The computational

results show that the proposed heuristics can generate optimal solutions to the MBQP

for the instances for which checking the optimality was possible (instances with up to

512 queries). More importantly, we show that the total processing time of the queries

by batching generated by the MBQP is up to 61.8% smaller than using PsiDB directly,

i.e., processing all queries as a single batch. Moreover, we show that the proposed

quadratic time prediction function has a high accuracy, i.e., R-squared value between

0.86 and 0.98.

The rest of this paper is organized as follows. In Section 5.2, we provide preliminaries

on database systems. In Section 3.3, we describe the problem in hand in details. In Sec-
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tion 3.4, a detailed description of the proposed solution approach is given. In Section 3.5,

we conduct a comprehensive computational study. Finally, in Section 3.6 some concluding

remarks are given.

3.2 Preliminaries

In this section, we provide a high-level description of a well-known type of database

systems, Relational Database Management System (RDBMS), and its main components

[71, 75, 76]. Due to the significant number of applications of this class of database systems,

it is the main focus of this research. One of the critical components of a RDBMS is the so-

called query optimizer, which has raised a lot of research questions in the last four decades. In

this section, we briefly review the existing body of literature on query optimizer and explain

a research gap, which is the main motivation of this study. In addition to the traditional

RDBMS, we also cover a few new database systems based on RDBMS, developed for specific

needs such as single-batch processing database systems.

3.2.1 A Relational Database Management System

Since in this paper we mainly focus on relational databases, it is essential to have

fundamental knowledge about databases. Hence, we survey a few key components of rela-

tional databases in this section. The system software that handles the database functionality

is called a Database Management System (DBMS). An RDBMS is a type of DBMS which

follows certain rules designed by [71] using the relational model. In the following, we explain

the structure of data in relational databases and the methods of retrieving data efficiently

from such a database. Figure 3.1 shows the main components of an RDBMS. We briefly

explain each component in this section.
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Figure 3.1: A relational database management system for one-query-at-a-time processing

3.2.1.1 Data Structure

Data values in an RDBMS are stored in the form of tables. A table is a fixed data

structure that consists of columns (also called attributes) and rows (Tuples). A table has

a specified number of columns, but can have any number of rows. Each row is a record

stored in the database and each column is a type of data whose domain (e.g., data type,

length, range of value) is pre-described. In designing a database table, certain attribute(s)

of a table are set to be unique identifiers of the entire row, and such attribute(s) is called a

key. There can be multiple keys in a table, e.g., Social Security Number (SSN) and Student

ID are both keys in a University Student table as they both can be viewed as IDs of students

(rows). Typically there are two kinds of key: Primary key, which is chosen among all keys in

a table by the database designer, and foreign keys, referring to another table’s primary key.

The computations in such systems are described by an algebraic system named Relational

Algebra (RA). Among the RA operators, concatenating rows from different tables is called

join.

3.2.1.2 Queries

A query is a language expression that describes data to be retrieved from a database

based on specific criteria. All the queries in an RDBMS are in Structured Query Language

(SQL) form. The SQL language has changed through the time and deviated in several ways

from its theoretical foundation. Our focus in this paper is on standard query expression of
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SQL. Such expressions are done in a declarative manner, which focuses on descriptions of the

query results. A simple SQL statement (i.e. SELECT a1, ..., aw FROM t1, ..., tm WHERE c1, ..., cf )

has the following parts:

• SELECT: Specifies the columns in the result

• FROM: The table(s) which data is stored in

• WHERE: A set of conditions which specifies criteria for the retrieved rows

The scope of this study is on the queries of the form SELECT..FROM..WHERE (SFW). Such

queries are known to be one-to-one mappings to core operators in relational algebra, which

is the query language used to described actual computations required to process the queries.

3.2.1.3 SQL Parser

SQL parser handles two tasks: Syntax validations and query transformation. Any

query that is being executed, needs to be translated to the relational algebraic statement

first. We have the same main components in the relational algebra:

• Projection: The set of columns/attributes written as Πa1,...,aw ;

• Join: The tables needed to execute the queries;

• Selection: The specific conditions on the attributes σc1,...,cf .

A SFW query in SQL language, translates to Πa1,...,awσc1,...,cf pt1ˆ ...ˆ tmq in algebraic form.

After this transformation, the query is ready to be optimized and then executed.

3.2.1.4 Query Optimizer

The query optimizer is a main component in terms of database performance enhance-

ment [58]. The query optimizer attempts to determine the most efficient way to execute a

query by creating multiple execution plans and choose the optimal one. This happens right
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after parsing the query and before accessing the data. A query plan determines the query

execution plan and how to access the data. Two different plans for the same query would

have the same results but the execution time and resource consumption for each of them can

be different.

3.2.1.5 SQL Executor

Given a query execution plan, the query processor fetches the data in the tables and

generates the results. There are many factors that play major roles in a query execution

such as buffering or sequential reading, which are outside the scope of this paper.

3.2.2 A Research Gap

As mentioned above, query optimizer plays a key role in any database system. Query

optimizer techniques have been an active research topic in the last four decades. Up to this

day, there are three main lines/streams of research:

1. How to efficiently process a given single query and retrieve the results?

In traditional database systems, each query is expected to be executed independently

[77, 78, 79, 80]. Figure 3.1 shows all the components of an RDBMS for executing a

single query. A request from the user translates into a query, and the query will go

through the parser, optimizer and executor to get the data from the storage and send

the results to the user [81, 76]. The underlying idea of this line of research is to compute

optimal execution plans for a single query. As a result of this line of research, several

query optimizer techniques such as indexing and sequential scanning are developed

[82, 83, 84, 85].

2. How to efficiently process a given set of queries as a single batch?

The landscape of data management systems has changed dramatically over the last

decade, and traditional RDBMS are frequently criticized for not meeting requirements
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P1

P2

. . .

Pn

t1, t2, ...., tm

Query Optimizer

q1, ..., qn

S

Figure 3.2: A single batch-processing, query optimizer model. Here t1, t2, . . . , tm are Tables,
q1, . . . , qn are the queries and P1,P2, . . . ,Pn are output data for each query

of modern data-intensive applications. Today’s database systems often need to serve

a multitude of user queries in a short period of time. For example, Alibaba, a leading

Chinese online retailer, needs to process a workload at the rate of 10,000 query a

second. Under such high demand, the one-query-at-a-time model falls short in meeting

performance requirements because it can easily lead to resource contentions. On the

other hand, the database community observed that queries in a workload may have a

significant overlap in the data access paths and intermediate query results. Plausible

efforts to harness computation and data access sharing among processing multiple

queries have been reported [63, 61, 62, 65, 64].

In light of the above, the database community developed several database systems

that combine a set of queries into a single batch and attempts to efficiently process

the batch. Examples include: relational database management systems for batch pro-

cessing i.e., PsiDB and SharedDB designed for workloads with large number of users.

These databases are capable of handling a set of queries instead of one single query.

The idea of this line of research is demonstrated in Figure 3.2. The query optimizer

in Figure 3.2 gets a set of queries q1, . . . , qn and combines them into one query S so

it can be processed by the database. After executing the combined query, P is the

table containing all information required by the set of queries, which in the next step

is distributed among them.
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3. How to efficiently partition a given set of queries into batches and process each batch

individually?

While there are many studies for the first and second lines of research, there are no

studies for this line of research (to the best of our knowledge). Therefore, the goal of

our research is to study whether partitioning the queries into batches can improve the

batch-processing database systems performance.

The idea of such a database system is demonstrated in Figure 3.3. In this database

system, a set of queries q1, . . . , qn are partitioned into multiple batches S1, . . . , Sv. As-

sociated with each batch Si, there is a result Pi, leading into a set of results: P1, . . . ,Pv.

Each Pi is then distributed among the queries in batch Si.

Figure 3.3: A batch-processing model with partitioned query. Here t1, t2, . . . , tm are Tables,
q1, . . . , qn are the queries, S1,S2, . . . ,Sv are batches of queries and P1,P2, . . . ,Pv are output

data for each batch

3.3 Problem Description

Batching is one of the main functions of modern databases due to how directly it

affects the performance of data retrieval. On a PsiDB, the performance is impacted by the

way we batch a set of queries because it impacts the required run time to retrieve the data.

In this research, the main goal of the query batching problem (QBP) is to find the best way
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of partitioning a given set of queries into batches in order to minimize the total processing

time. For example, let Q “ tq1, q2, q3u be a set of queries that needs to be processed. In

this case, Q can be processed in 5 different ways by partitioning it into 1, 2, or 3 batches

as follows: tpq1q, pq2q, pq3qu, tpq1, q2q, pq3qu, tpq1, q3q, pq2qu, tpq1q, pq2, q3qu, and tpq1, q2, q3qu.

The total processing time of each solution of the query batching problem may vary due to

the correlation between the queries. The correlation between queries can be established by

comparing the data that each query is attempting to retrieve. For example, if q1, q2, and

q3 request similar data from similar tables, it will probably be faster to process them as a

single batch.

Overall, in order to solve the query batching problem, it is important to know how long

the processing time of any potential batch would be. However, computing such a processing

time is not a trivial task. This is because to process a batch, a database system typically

takes two steps and each one requires some computational efforts [61, 86]. In the first step,

it combines/converts all the queries in the batch into a single global query containing all the

attributes and records of each query in the batch. The database system will then process

the global query and retrieve the entire data requested by the global query. It is also worth

mentioning that processing the global query in an efficient manner is not a trivial task by

itself because it requires operations such as joining tables and filtering. More importantly,

the amount of data retrieved as a result of processing the global query is unknown in advance.

In the second step, some additional computational efforts should be made for searching the

retrieved data (that its size is unknown in advance) and distributing it among queries in the

batch. Due to the existence of unknown parameters in these two steps, computing the exact

total processing time of a given batch (in advance) is a challenging task that depends highly

on the single-batch-processing method used.

In light of the above, if one can generate a function for predicting the processing time

of any possible batch, then a mathematical program for obtaining an optimal solution of

the QBP can be developed. Specifically, let Q :“ tq1, . . . , qnu be the set of queries. Observe

58



that since the total number of queries is n, the maximum number of possible batches would

be n, i.e., each batch will contain exactly one query. We denote batch j P t1, . . . , nu by

Sj Ď Q and its predicted processing time by P pSjq. By using these notations, the QBP can

be stated as follows:

min
S1,...,SnĎQ

 

n
ÿ

j“1

P pSjq : Yni“1Sj “ Q and Si X Sj “ H @i, j P t1, . . . , nu, i ‰ j
(

.

Note that due to the significant variability of processing times in practice, it would be

hard to predict the processing times accurately. So, instead of predicting processing times,

we predict the value of an indicator of processing times. In other words, in the remaining of

this paper, P pSjq basically represents the predicted value for the processing-time indicator

of batch Sj. So, for the convenience, whenever we say the ‘predicted processing time’, we

mean the ‘predicted value for the processing-time indicator’ in the remaining of this paper.

In the next section, we will explain that the processing-time indicator of batch Sj is

defined as the square of log2-transformation of the processing time of the batch Sj in this

paper (see Eq. (3.3) for details). Hence, P pSjq attempts to predict the value of the indicator

for the batch Sj. We observe that the indicator consists of a ‘square’ function and a ‘log-

transformation’ function. We use the square function because of two main reasons including:

(1) linear functions cannot capture the impact of the number of queries allocated to batches

when being used in our developed optimization model for the QBP, see Section 3.4.2 for

details; and (2) square function can be handled effectively by (commercial) mixed integer

programming solvers such as Gurobi or CPLEX since it is convex. Also, we use the log-

transformation because that is a common heuristic way to reduce the variability of data.

Through this article, we use base 2 for the log-transformation function because it is a natural

choice given that computers use binary encoded systems. However, during the course of this

study, we observed that our proposed method is not sensitive to the base value.
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Finally, we assume that queries are not empty. In other words, we assume that each

query in Q should involve (i.e., search) at least one of the tables in the database system under

consideration.This assumption is needed only for the purpose of defining valid instances when

proving that the QBP is NP-hard (see the Appendix).

3.4 The Proposed Approach

In this section, we explain our proposed approach for solving the query batching

optimization problem. Our approach contains three phases as follows.

1. Developing the batch processing time prediction function

2. Developing an optimization model to effectively partition the queries into batches

3. Developing effective solution methods to solve the optimization model

In the remaining of this section, we will provide further details about each phase.

3.4.1 The Batch Processing Time Prediction Function

In this section, we develop a function P pS 1q that serves to predict batch processing

time for any arbitrary query batch S 1 of a given database. An ideal function P pS 1q has

the two following desired characteristics: (1) The function has high accuracy; and (2) The

function is simple as the complexity of the optimization model for the QBP and its solution

approaches highly depend on it. The use of the QBP is justified only if the sum of the

solution time of the QBP and the processing time of the batches prescribed by the QBP is

dominated by the processing time of the same set of queries when the QBP is not employed.

Accordingly, if one cannot solve the QBP quickly then the benefit of batching may not be

significant.

As mentioned in Section 3.3, for a given query batch S 1, its predicted (indicator of)

processing time, P pS 1q, depends on the size of the data that must be retrieved for processing
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batch S 1. However, such information is not known in advance and becomes available only

while executing the batch. Therefore, in our approach we benefit from some other attributes

(or features) of S 1 that are either available in advance or easy to compute to predict the

processing time of batch S 1.

Let T :“ t1, . . . ,mu denote the index set of all tables in the database (where m is

the total number of tables). To predict the processing time of a batch S 1, we introduce

|T S
1

| ` 1 attributes associated with batch S 1, where T S1 Ď T denotes the index set of all

tables required by the queries in batch S 1. The first |T S1 | attributes are indicators of the

size of tables required for batch S 1. Specifically, we introduce the attribute log2pstq for each

t P T S
1 with st being the number of records in table t. Note that the size of tables in a

database can be significantly different and hence the proposed log2-transformation can be

helpful in normalizing the size of the tables in such cases. We also introduce one additional

attribute, indicating the number of queries in batch S 1, denoted by n1. Using the proposed

attributes, we construct a function that can predict the processing time of any given batch.

This function takes the following form.

P pS 1q :“
“

β0 ` β1n
1
`
ÿ

tPT

βt`1 log2pstqy
1
t

‰2
, (3.1)

where y1t P t0, 1u is a parameter indicating whether table t is required to process queries

in batch S 1. Also, β0, β1, . . . , β|T |`1 P R are the coefficients that should be estimated. In

Section 3.5, we will numerically show that the proposed function has high prediction accuracy

on the three different database benchmarks that we consider. This implies that the proposed

function addresses the first required characteristic, mentioned at the beginning of this section.

Additionally, we observe that the proposed P pS 1q is a quadratic function of n1 and y11, . . . , y1m.

Despite being a quadratic function, P pS 1q can still be handled easily by commercial solvers

such as CPLEX and Gurobi when used in the optimization model that we develop for the

QBP, which satisfies the second desired characteristic mentioned above. Note that we do
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not use a linear function of the form,

β0 ` β1n
1
`
ÿ

tPT

βt`1 log2pstqy
1
t (3.2)

instead of Eq. (3.1), since Eq. (3.2) has a significant weakness when being employed in the

QBP. In Section 3.4.2, we will explain in detail why such a linear function is not suitable.

We estimate coefficients β0, β1, . . . , β|T | through a training procedure over a large set

of randomly generated batches of queries. In Section 3.5, we discuss in details how a random

batch is generated. For each batch S 1, one can compute the value of each attribute and then

actually process the batch to compute its real processing time, denoted by RealTime. The

goal is to estimate the coefficients of the proposed processing time prediction function P pS 1q

such that,

P pS 1q « rlog2pRealTimeqs2. (3.3)

This implies that,

a

P pS 1q “ β0 ` β1n
1
`
ÿ

tPT

βt`1 log2pstqy
1
t « log2pRealTimeq.

This itself implies that in order to estimate the coefficients of the proposed function, one can

simply fit a linear regression function. Specifically, log2pRealTimeq can serve as the depen-

dent variable and the proposed attributes can serve as independent variables. In this study,

we employed the package linear_model from sklearn in Python to compute the coefficients

based on Ridge linear regression [87].

3.4.2 The Optimization Model

In this section, we develop a MBQP to solve the QBP using the proposed processing

time prediction function. In the remaining of this section, it is assumed that coefficients
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β0, β1, . . . , βm`1 are already estimated and are available as parameters. However, the assign-

ment of the queries to batches, and consequently the number of queries in each batch and

the set of tables required for processing each batch are unknown and are to be determined by

the optimization model. Let Qt Ď t1, . . . , nu be the set of queries that requires table t P T .

Note that, by assumptions, each query requires at least one table. Let k be a user-defined

parameter denoting the maximum number of possible batches that are allowed to be formed.

Note that in the worst case the number of batches equals the number of queries; one batch

per query. Hence, one can set k to n if no information about the value of k is available.

Let xij be a binary decision variable that equals 1 if query i P t1, . . . , nu is assigned to

batch j P t1, . . . , ku, and 0 otherwise. Also, let yjt be a binary decision variable indicating

whether table t P T is used by at least one query in batch j P t1, . . . , ku. For each batch

j P t1, . . . , ku, we introduce the continuous variable nj for indicating the number of queries in

batch j. As an aside, although nj is defined as continuous decision variable, it will naturally

take integer values in the proposed formulation for each batch j P t1, . . . , ku. So, one can

define nj as an integer variable in practice for each batch j P t1, . . . , ku. Finally, for each

batch j P t1, . . . , nu, we introduce the binary decision variable zj that takes the value of 1 if

at least one query is assigned to batch j, i.e., batch j is not empty. Using these notations,

the query batching problem can be formulated as the following MBQP,

min
k
ÿ

j“1

“

β0zj ` β1nj `
ÿ

tPT

βt`1 log2pstqyjt
‰2 (3.4)

s.t.
k
ÿ

j“1

xij “ 1 @i P t1, 2, . . . , nu (3.5)

nj “
n
ÿ

i“1

xij @j P t1, 2, . . . , ku (3.6)

xij ď yjt @t P T, @i P Qt, @j P t1, 2, . . . , ku (3.7)

yjt ď zj @t P T, @j P t1, 2, . . . , ku (3.8)

yjt ď
ÿ

iPQt

xij @j P t1, 2, . . . , ku, @t P T (3.9)
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zj ď nj @j P t1, 2, . . . , ku (3.10)

nj ě 0 @j P t1, 2, . . . , ku (3.11)

xij, yjt, zj P t0, 1u @j P t1, 2, . . . , ku, @i P t1, . . . , nu, @t P T,

(3.12)

where the objective function (3.4) measures the total predicted processing time of non-

empty batches. Constraint (3.5) ensures that each query is assigned to exactly one batch.

Constraint (3.6) computes the value of nj for any batch j P t1, . . . , ku. Constraint (3.7)

ensures that if table t P T is required by at least one query in batch j, then yjt “ 1. Constraint

(3.8) guarantees that if batch j needs some tables to be processed, i.e., yjt “ 1 for some t P T ,

then zj “ 1 because the batch j must be non-empty in that case. Constraint (3.9) ensures

that if for any given batch j P t1, . . . , ku table t P T is not needed, i.e.,
ř

iPQt
xij “ 0, then

we must have that yjt “ 0. Finally, Constraint (3.10) guarantees that if no query is assigned

to a given batch j P t1, . . . , ku, i.e., nj “ 0, then we must have that zj “ 0. We note that

Constraints (3.9) and (3.10) are not necessary for solving the QBP if β0, β1, . . . , βm`1 ě 0.

However, for the purpose of studying the computational complexity of the QBP (see Section

3.4.2.1) we include them in the formulation. These two additional inequalities combined

with the assumption that each query should involve at least one table guarantee that the

(predicted) processing time of each batch is computed properly even if there exists l P

t0, 1, . . . ,m ` 1u such that βl ă 0. Moreover, these two constraints ensure that if a batch

is empty and/or do not need to explore any table then its associated predicted processing

time is zero. Also, if a batch does not need some of the tables then those will not impact

the processing time of that batch. In the remaining of this paper, we denote the formulation

(3.4)-(3.12) by MBQP(k) where k is the input parameter set by users.

Observe that if k “ n then the objective function of the proposed formulation simply

captures
řn
j“1 P pSjq where P pSjq is the quadratic function obtained in Section 3.4.1. So,

it is natural to ask why cannot P pSjq be a linear function, i.e., Eq. (3.2)? Note that the
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objective of the QBP is to minimize the total predicted processing time of a set of queries

by regrouping them into batches. A linear function may have high accuracy for predicting

the processing time of each batch individually but when used in the optimization framework

for minimizing the total predicted processing time, it will perform poorly. Specifically, if

one uses a linear processing time prediction function, the objective function of the proposed

formulation (when k “ n) will change to

n
ÿ

j“1

β0zj ` β1nj `
ÿ

tPT

βt`1 log2pstqyjt “ β1n`
n
ÿ

j“1

β0zj `
ÿ

tPT

βt`1 log2pstqyjt.

This implies that the number of queries in the batches will not play any role in the optimiza-

tion process because β1n is a constant. In that case, by assuming that β0, β1, . . . , βm`1 ě 0

(which is likely to be the case in practice), the optimal solution for the QBP is to create only

one batch containing all queries. Therefore, such linear functions are not suitable for show-

ing the effectiveness of batching. Hence, the main purpose of using the proposed quadratic

function is that it allows to capture the importance of the number of queries assigned to

different batches. We next present a technique to strengthen the proposed formulation.

The proposed model can be strengthen by reducing the level of existing symmetry

in the formulation. As a result of the existing symmetry, one can expect that commercial

solvers such as CPLEX and Gurobi struggle to solve the proposed MBQP without applying

symmetry breaking techniques [88]. To break the symmetry, we propose to add the following

constraints to the model,

xij “ 0 @i P t1, . . . , nu and @j P ti` 1, . . . , ku. (3.13)

Observe that without using the proposed symmetry breaking constraints, a query

i P t1, . . . , nu can be assigned to any batch j P t1, . . . , ku in the optimization model. This is

in fact one of the main reasons that symmetry exists in our proposed formulation. Hence,

our proposed symmetry breaking technique limits this flexibility by forcing the optimization
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model to assign query i P t1, . . . , nu to only a batch j P t1, . . . , ku with j ď i. This implies

that query 1 is only allowed to be assigned to batch 1, query 2 is only allowed to be assigned

to either batch 1 or 2, query 3 is only allowed to be assigned to either batch 1 or 2 or

3, and so on. This process obviously does not remove any feasible solution of the QBP

and will (partially) break the symmetry in the proposed formulation. Finally, in terms of

implementation, instead of explicitly adding the proposed symmetry breaking constraints, it

would be computationally better not to generate xij for all i P t1, . . . , nu and j P ti`1, . . . , ku

when creating the model. This efficient implementation is used in this study.

3.4.2.1 Computational Complexity

We now explore the computational complexity of the QBP when its objective function

is the proposed quadratic function. We again note that although Constraints (3.9) and (3.10)

are not necessary for computing optimal solutions for the QBP when β0, β1, . . . , βm`1 ě

0, we assume that they are included in the formulation for the purpose of studying the

computational complexity of the QBP. This is because for identifying the computational

complexity of the QBP, the decision problem of the QBP should be explored. The decision

problem of the QBP (when employing the proposed quadratic function), denoted by QBP,

can be stated as follows: does there exist a solution that can satisfy the following set of

constraints,

k
ÿ

j“1

“

β0zj ` β1nj `
ÿ

tPT

βt`1 log2pstqyjt
‰2
ď U

(3.5)´ (3.12)

where U is a given parameter. The QBP is basically a feasibility problem in which the

objective function of the proposed MBQP has changed to a constraint. Therefore, in order

to make an accurate analysis on the computational complexity of the QBP, the objective value
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of each feasible solution must be captured accurately in the QBP. That is the main reason

that Constraints (3.9) and (3.10) are included in the QBP.

Theorem 3.1. The query batching problem when employing the proposed processing time

prediction function (3.1) is NP-hard.

Proof. The proof is rather lengthy and is provided in the appendix.

3.4.3 Heuristic Solution Methods

Observe that if k “ n then the size of the proposed formulation, i.e., MBQP(n), is

Opmn4q because the number of constraints is Opmn2q and the number of variables is Opn2q.

This combined with Theorem 3.1 implies that there is little hope that the proposed MBQP

can be solved quickly enough for practical-sized instances with possibly thousands of queries

and multiple tables. In Section 3.5, we will show that instances with up to 500 queries on

a database benchmark with 5 tables and around 10 GB of data can be solved to optimality

using commercial solvers within a few hours (on a typical computing node). Obviously, for

larger instances, the solution time for the MBQP is expected to increase significantly. As a

result, even if optimal or near optimal batching can offer some savings in terms of processing

time of a set of queries, these savings can be dominated by long solution time of the MBQP.

As a consequence, in this section, we propose two simple heuristic algorithms permitting us

to quickly generate high-quality feasible solutions to the proposed MBQP.

We refer to the first algorithm as the Restricted-Cardinality Search Method I (RCSA-

I). The underlying idea of RCSA-I is to set the value of k to values smaller than n. Observe

that for such values the size of MBQP(k) is significantly smaller than the MBQP(n). Hence,

one can expect to solve the MBQP(k) faster than MBQP(n) using commercial solvers when

k is smaller than n. To improve the solution time even further, RCSA-I restricts the formu-
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lation even more by adding the following set of constraints to the MBQP(k),

k
ÿ

j“1

yjt ď 1 @t P T. (3.14)

Constraint (3.14) forces all queries requiring a given table t to be assigned to the

same batch. The addition of Constraint (3.14) results in a restricted variant of MBQP(k)

that we refer to as the MBQP-I(k) and it plays a key role in RSCA-I. Starting from k “ 1,

RCSA-I iteratively increases k with a stepsize one and solves the corresponding MBQP-I(k)

in each iteration considering a time limit. As an aside, we note that the solution for k “ 1

is trivial and hence MBQP-I(k) does not need to be solved for k “ 1. If in a given iteration

there is an improvement in the obtained objective value of MBQP-I(k) compared to the

previous iteration, the algorithm increases k by one and starts a new iteration. Otherwise,

the algorithm terminates and returns the best solution found and the corresponding number

of batches, k˚. It is worth mentioning that for implementing RCSA-I, three points should

be considered. First, the solution of each iteration can be used as a warm-start for the next

iteration. Second, the proposed symmetry breaking technique developed for strengthening

MBQP(k) can be used for MBQP-I(k). Third, because of Constraint (3.14), the maximum

number of iterations of RCSA-I is m.

We refer to the second algorithm as the Restricted-Cardinality Search Method II

(RCSA-II). RCSA-II is a two-phase method and its underlying idea is to improve the solution

obtained by RCSA-I further (if possible). Hence, RCSA-II first calls RCSA-I in its first

phase. Let k˚ be the value of k in the last iteration of RCSA-I. For the second phase, the

algorithm initializes k by k˚ and then iteratively solves the MBQP(k), instead of MBQP-

I(k). Similar to the first phase, the algorithm increases the value of k by one as long as

some improvements in the obtained objective value of MBQP(k) is observed (compared to

its last iteration). Otherwise, the algorithm terminates and returns the best solution found.
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It is worth mentioning that the implementation points discussed for RCSA-I should also be

considered for the RCSA-II.

3.5 A Computational Study

In this section, we investigate the performance of our proposed approach on three

database benchmarks. For conducing the experiments, we employ SQL Server 2017 and

Julia programming Lagrange 0.6.4. Also, to solve optimization models, we use CPLEX 12.9

and we employ PsiDB for processing each batch of queries in database. All the computational

experiments are conducted on a workstation with Intel quad-core 3.6GHz i7-7700 processor,

32GB of DDR4-2400 memory, a 256GB SSD system disk, and a 2TB 7200 RPM hard drive

for database storage. Also, in this study we impose a time limit on each iteration of RCSA-

I and RCSA-II. The proposed time limit is 300 seconds for each iteration. All the data

involved are stored on the same hard drive to ensure consistent Input/Output (I/O) rate

across different experimental runs. The workstation runs on Windows 10 Enterprise Version

1709.

Figure 3.4: The structure of a TPC-H database

3.5.1 Database Benchmark TPC-H

In this section, we employ the well-known TPC-H database benchmark for showing

the effectiveness of the QBP and our proposed heuristics [89, 72]. TPC-H database represents
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a customer-supplier system. It contains information of the provided parts by the suppliers

and the orders by the customers.

This database benchmark takes a parameter, the so-called Scale Factor (SF), as an

input. This parameter indicates the approximate size (in gigabytes) of the random TPC-H

database that will be generated. In this section, we consider three different values for the

SF, i.e., t1, 5, 10u. That is, we generate three random TPC-H database replicas with the size

of approximately 1, 5, and 10 GB, respectively. The generated databases have 5 tables with

established relationships between some of them as shown in Figure 3.4. The relationships are

defined by the so-called foreign keys and shown by arrows in Figure 3.4. These relationships

are important because PsiDB uses them when processing a batch of queries. For example,

if there is a batch of queries on only tables PART and SUPPLIER, PsiDB has to also use

table PARTSUPP (when joining tables) as it contains both foreign keys of tables PART

and SUPPLIER. As an aside, we note that since there are only 5 tables, in theory, there

should be 25 ´ 1 “ 31 scenarios for a query to involve the tables. However, because of the

relationships between tables, only 17 scenarios are feasible. The number of records in each

table for different values of SF are reported in Table 3.1.

Table 3.1: The number of records in each table of TPC-H for three values of SF

Table Name SF=1 SF=5 SF=10
LINEITEM 6,001,215 30,006,075 60,012,150
ORDERS 1,500,000 7,500,000 15,000,000

PARTSUPP 800,000 4,000,000 8,000,000
PART 200,000 1,000,000 2,000,000

SUPPLIER 10,000 50,000 100,000

We first attempt to estimate the coefficients of the batch processing time prediction

function, i.e., β “ pβ0, β1, . . . , βm`1q. Since each SF basically defines a new database, the

coefficients should be estimated for each one independently. Hence, for each SF, we ran-

domly generate 2754 data points, i.e., batches of queries. These data points are divided

over 81 classes, each containing 34 batches, based on the number of queries that they in-

volve. Specifically, the number of queries in each class of batches is taken from the set
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t50, 75, 100, 125, . . . , 2050u. To create the batches of each class, we first generate two ran-

dom scenarios for showing the percentage of the data that should be retrieved as the result

of processing a batch. Each scenario can take a value from the interval p0%, 5%s. For each

scenario, we create 17 batches. For example, suppose that the first scenario for the class 50

is 1% and the second scenario is 5%. So, we create 17 (random) batches that each has 50

queries and requires to return 1% of the total size of the database for processing its queries.

Similarly, we create 17 (random) batches that each has 50 queries and requires to return

5% of the total size of the database for processing its queries. The reason that we create 17

random batches for each scenario is that, as mentioned earlier, there are 17 possible ways of

utilizing tables in (a batch of) queries for TPC-H databases. So, for each one, we randomly

generate one batch of queries such that the amount of data that should be retrieved for it

matches its associated scenario. For example, tables PART, PARTSUPP, and SUPPLIER

construct one valid combination. So, for the class 50 and the scenario 1% that we mentioned

earlier, one random batch will only utilize tables PART, PARTSUPP, and SUPPLIER. In

other words, to process (all 50 queries of) that batch, 1% of the total size of the database

will be returned from only tables PART, PARTSUPP, and SUPPLIER.

After creating random batches for each SF, we execute them individually and record

their associated values for the dependent and independent variables of linear regression (see

Section 3.4.1). We randomly pick 70% of data as the training set and use the remaining 30%

as the test set. Overall, the results show that

β “ p1.6032, 0.0023, 0.1165, 1.7646, 1.0794, 2.4355, 0.9743q,

β “ p10.8716, 0.0028, 0.1977, 3.0068, 1.9187, 4.0763, 1.6231q,

and

β “ p17.1205, 0.0028, 0.2480, 3.7526, 2.4400, 5.1369, 2.0199q
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for SF=1, SF=5, and SF=10, respectively. Table 3.2 shows the accuracy of the regression

model on this database for different values of SF where ‘MSE’ refers to Mean Squared Error

and ‘MAPE’ refers to Mean Absolute Percentage Error.

Table 3.2: The statistics of the regression model for different values of SF on TPC-H
databases

SF Training set Test set
R-squared MSE MAPE(%) R-squared MSE MAPE(%)

1 0.94 0.04 3.44 0.94 0.05 3.46
5 0.95 0.04 2.15 0.95 0.04 2.13
10 0.95 0.09 1.83 0.96 0.04 1.82

In order to show the effectiveness of solving the query batching problem, a total of

120 instances are generated for each SF. An instance includes a specific number of queries

on SF 1, 5, or 10 of the TPC-H database. With SF taking three values 1, 5, and 10,

a total of 360 instances are generated in this experiment. The instances associated with

each SF are regrouped into three classes of small, medium, and large instances. For the

small-sized instances (denoted by S), the number of queries is taken form the set t32, 64u.

For the medium-sized instances (denoted by M), the number of queries is taken form the

set t256, 512u. Finally, for the large-sized instances (denoted by L), the number of queries

is taken form the set t2048, 4096u. Therefore, each class of instances contains two sub-

classes. For example, for Class S, the first subclass has instances with 32 queries each and

the second subclass has instances with 64 queries each. Within each instance subclass, 20

random instances are generated. We note that since TPC-H simulates a customer-supplier

system database in the real world, it comes with some suggested scenarios for generating a

set of queries to make sense in practice (see the details in [89, 72]). Hence, when creating

an instance, we follow the suggested scenarios. Specifically, to generate each instance, we

first randomly select a subset of all 17 valid combinations of employing tables and then

generate all randomly queries based on the selected combinations. Table 3.3 summarizes

the performance of RCSA-I and RCSA-II on all 360 instances of this experiment. Numbers

reported in this table for each instance subclass are averages over 20 instances.
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Table 3.3: Performance of RCSA-I and RCSA-II on TPC-H databases

SF n
Default RCSA-I RCSA-II Imp (%)
Total

Time (s)
# of

batches
Opt

Time (s)
Total

Time (s)
# of

batches
Opt

Time (s)
Total

Time (s)
RCSA-

I
RCSA-

II

1

32 75.0 2.4 0.6 41.4 2.4 0.3 41.3 44.8 45.0
64 130.9 2.3 0.2 83.1 2.3 0.7 83.1 36.5 36.5
256 306.5 2.6 0.2 182.6 2.8 1.0 182.1 40.4 40.6
512 414.6 1.9 0.2 319.9 2.3 2.1 317.8 22.9 23.4
2048 756.7 2.2 4.3 550.2 2.7 40.1 550.6 27.3 27.2
4096 964.4 2.1 13.1 745.1 2.6 353.3 761.8 22.7 21.0

5

32 453.5 2.1 0.2 268.1 2.1 0.2 272.3 40.9 40.0
64 710.2 2.1 0.1 453.7 2.1 0.2 453.7 36.1 36.1
256 1548.1 2.4 0.4 964.3 2.4 1.1 954.5 37.7 38.3
512 2335.7 2.0 0.4 1822.2 2.0 2.9 1822.2 22.0 22.0
2048 3772.3 2.1 1.9 2835.8 2.4 32.3 2873.4 24.8 23.8
4096 5176.5 2.3 9.4 3751.3 2.6 217.1 3787.3 27.5 26.8

10

32 1120.8 2.1 0.1 702.6 2.1 0.1 703.2 37.3 37.3
64 1638.4 2.3 0.1 969.5 2.3 0.2 969.5 40.8 40.8
256 3259.4 2.4 0.2 2057.7 2.4 1.0 2054.2 36.9 37.0
512 4479.9 2.2 0.4 3192.3 2.2 2.8 3192.3 28.7 28.7
2048 8165.0 2.3 2.6 5484.4 2.5 51.0 5460.7 32.8 33.1
4096 10502.2 2.3 10.1 7505.9 2.3 186.4 7507.4 28.5 28.5

In Table 3.3, the columns labeled ‘# of batches’ report the number of batches obtained

by using a heuristic; the columns labeled ‘Opt Time (s)’ show the solution time of a heuristic

in seconds; the columns labeled ‘Total Time (s)’ show the total processing time of an instance

(in seconds) which include the solution time of a heuristic (if used any) and the processing

time of the prescribed batches by the model; the column labeled ‘Default’ contains the results

for the default setting of PsiDB, which is a single batch containing all queries; Finally, the

columns labeled ‘Imp (%)’ report the percentage improvement in the total time obtained by

using a heuristic to solve the QBP. As an aside, we note that PsiDB is shown to be faster

than processing queries one by one by a factor of around 30 [61]. Consequently, we do not

report any results for processing queries individually.

The last two columns of Table 3.3 reveal an improvement ranging from 21.0% to 45.0%

in the query processing time, based on the proposed heuristic methods when compared to

the default setting. Another interesting outcome from comparing the results of the two

heuristics for large instances is that their total times are close. This implies that the time

that RCSA-II’s solution saves by a better batching is compromised by the additional time

it spends in the optimization phase. For example, the last row of Table 3.3 shows that the

processing time reduction achieved by potentially improved batching of RCSA-II can barely
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Figure 3.5: Total time (in seconds) of all 20 instances of the smallest and largest subclasses
on TPC-H databases (white bars: default setting, gray bars: RCSA-I, black bars: RCSA-II)
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compensate the 176.3 seconds of extra computational time that it needs for optimization

compared to RCSA-I.

Figure 3.5 shows the total time of all instances of the subclasses n “ 31 and n “ 4096

for different SF values. In the Figure, white bars, gray bars, and black bars represent the

total time (in seconds) of the default setting, RCSA-I, and RCSA-II, respectively. Observe

that batching the queries using the proposed heuristics reduces the total time except for the

cases in which final recommendation of the optimization model coincides the default setting

(assigning all queries to one single batch).

Table 3.4 shows the (relative) optimality gap between the objective values reported

by the heuristic methods and the global dual bounds reported by CPLEX when solving the

exact MBQP formulation, i.e., MBQP(n), on instances with n ď 512 over a two-hour time

limit. In this table, the column labelled ‘Exact Opt Time (s)’ shows the solution time of

CPLEX for solving the exact MBQP. Again, numbers reported in this table for each instance

subclass are averages over 20 instances. CPLEX was able to solve all instances with n ď 256

and most instances with n “ 512 to optimality within the imposed time limit. Among the

instances with n “ 512, only two, three, and two of them were not solved to optimality for

SF“ 1, SF “ 5, and SF “ 10, respectively. From the table, we observe that RCSA-II was

able to generate an optimal solution for all instances that their optimal solutions were known,

i.e., solved within 2 hours time limit by CPLEX. Even for those few large instances that

CPLEX was not able to prove optimality within 2 hours, the RCSA-II relative optimality

gap from the global dual bound is below 5%. This provide evidences that RCSA-II can at

least provide near optimal solutions for such instances. Note that the optimality gaps of

RCSA-I are similar to the optimality gaps of RCSA-II but slightly worse for instances with

n “ 512. This explains the observation that we made earlier about the similarity of the total

time of RCSA-I and RCSA-II for large instances in Table 3.3.
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Table 3.4: Comparing the quality of the solutions obtained by the proposed heuristics with
optimal solutions on the TPC-H

SF n Exact Opt Time (s) RCSA-I gap (%) RCSA-II gap (%)

1

32 0.4 0.00 0.00
64 1.2 0.00 0.00
256 324.1 0.02 0.00
512 2463.0 2.54 2.45

5

32 0.6 0.00 0.00
64 0.9 0.00 0.00
256 309.3 0.00 0.00
512 2887.8 3.37 3.37

10

32 0.5 0.00 0.00
64 1.0 0.00 0.00
256 392.9 0.00 0.00
512 2143.2 2.14 2.14
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Customers_
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Store_Sales
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Address
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Band
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ss_sold_date_sk

Figure 3.6: The structure of the TPC-DS database
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3.5.2 Database Benchmark TPC-DS

In this section, we employ another database benchmark, i.e., TPC-DS [73, 72], that

consists of 10 tables and 5GB of data for showing the effectiveness of the QBP and our

proposed heuristics. The database describes a retail product supplier. The supporting

schema contains vital business information, such as customer, order, and product data. All

the tables in this database and their relationships are shown in Figure 3.6. Note that while

there were only 17 valid combinations for involving tables in the TPC-H benchmark, the

TPC-DS benchmark involves a significantly larger number of valid combinations. Specifically,

the total number of potential combinations is 210´1 but because of the relationships between

the tables not all combinations are valid. In this section, we only select 55 valid combinations

and employ them for generating instances. These 55 valid combinations are obtained based

on the suggested scenarios that come with the TPC-DS benchmark to ensure the generated

queries make sense in practice (see the details in [73]).

We again start by estimating the coefficients of the batch processing time prediction

function, i.e., β. We randomly generate 4,455 data points, i.e., batches of queries. We

generate the data points for the TPC-DS benchmark following a similar procedure that we

used for the TPC-H benchmark. Specifically, the data points are divided over 81 classes,

each containing 55 batches, based on the number of queries that they involve. The number

of queries in each class of batches is again taken from the set t50, 75, 100, . . . , 2050u. For each

class, we generate a single scenario for showing the percentage of the data that should be

retrieved as the result of processing a batch. Each scenario can take a value from the interval

p0%, 5%s. For each scenario, we created 55 batches. Specifically, there are 55 selected valid

ways of including tables in (a batch of) queries for the TPC-DS databases. So, for each one,

we randomly generate one batch of queries such that the amount of data that should be

retrieved for it matches its associated scenario.

After creating random batches, we execute them individually and record their as-

sociated values for the dependent and independent variables of linear regression (see Sec-
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tion 3.4.1). We randomly pick 70% of data as the training set and use the remaining 30%

as the test set. Overall, the results show an R-squared of around 0.86 (see Table 3.5) can be

obtained by setting,

β “ p0.326, 0.003, 0.002, 0.004, 0.001, 0.002, 0.002, 0.004, 0.002, 0.004,´0.000, 0.003q.

Observe that β11 is negative and close to zero, i.e., the coefficient corresponding to

the ninth table is negative. This is mainly because of the size of this table (which is small)

and the structure of the database.

Table 3.5: The statistics of the regression model on the TPC-DS

Training set Test set
R-squared MSE MAPE(%) R-squared MSE MAPE(%)

0.87 0.48 10.46 0.86 0.55 10.43

Table 3.6: Performance of RCSA-I and RCSA-II on the TPS-DS

n
Default RCSA-I RCSA-II Imp (%)
Total

Time (s)
# of

batches
Opt

Time (s)
Total

Time (s)
# of

batches
Opt

Time (s)
Total

Time (s)
RCSA-

I
RCSA-

II
32 19.8 1.7 0.1 13.6 1.7 0.5 14.0 31.2 29.2
64 38.1 1.9 0.1 23.0 1.9 0.4 22.5 39.5 41.0
256 137.4 3.0 0.3 58.8 3.4 61.8 112.3 57.2 18.3
512 399.0 3.2 0.6 181.7 4.5 188.4 306.8 54.4 23.1
2048 4524.8 3.3 4.5 2068.4 5.0 668.3 2019.8 54.3 55.4
4096 18049.2 3.8 27.3 7566.9 4.1 532.1 6889.1 58.1 61.8

In order to show the effectiveness of solving the query batching problem on the TPC-

DS database, a total of 120 instances are generated. Similar to what we did for the TPC-H

database, the instances are divided over three classes of S, M, and L (based on their number

of queries). Each class contains two subclasses, each with 20 instances. Table 3.6 shows the

results of the proposed heuristics on the TPC-DS database. Numbers reported in this table

for each instance subclass are averages over 20 instances. From columns ‘Opt Time(s)’, we

observe that the solution time of our proposed heuristics has increased compared to the pre-

vious database, i.e., TPC-H. This can be because more batches are constructed (on average)

using our heuristics on the TPC-DS database as indicated in columns ‘# of batches’. We also

78



0

5

10

15

20

25

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20

(a) n = 32

0

5

10

15

20

25

30

35

40

45

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20

(b) n = 64

0

50

100

150

200

250

300

350

400

450

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20

(c) n = 256

0

100

200

300

400

500

600

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20

(d) n = 512

1000

1500

2000

2500

3000

3500

4000

4500

5000

5500

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20

(e) n = 2048

2000

4000

6000

8000

10000

12000

14000

16000

18000

20000

22000

1 2 3 4 5 6 7 8 9 1011121314151617181920

(f) n = 4096

Figure 3.7: Total time (in seconds) of all 20 instances of different subclasses on the
TPC-DS (white bars: default setting, gray bars: RCSA-I, black bars: RCSA-II)
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observe from the table that our proposed algorithms can result in processing time reduction

of between 18.3% to 61.8% on average. This is much larger than the improvement that we

observed for the TPC-H and can be because of the structure of the TPC-DS database. Fi-

nally, we observe that RCSA-I and RCSA-II are competitive. In some subclasses of instances

RCSA-I is better and in other subclasses of instances RCSA-II is better. The main reason

that RCSA-I is better than RCSA-II in some cases is that the second phase of RCSA-II has

been very time consuming, as shown in columns ‘Opt Time(s)’. Figure 3.7 highlights this

observation further because it shows the total time of all instances of all subclasses under

default setting, RCSA-I, and RCSA-II. From the figure, we observe that RCSA-II has per-

formed poorly for the Class M, i.e., instances with n “ 256 and n “ 512, which is again

because the second phase of RCSA-II has been time consuming. Note that the imposed

time limit for each iteration of RCSA-I/RCSA-II is 300 seconds in our study. Hence, one

can make the results of RCSA-II close to RCAS-I by significantly decreasing the time limit

imposed on each iteration of the second phase of RCSA-II.

Table 3.7: Comparing the quality of the solutions obtained by the proposed heuristics with
optimal solutions on the TPC-DS

n Exact Opt Time (s) RCSA-I gap (%) RCSA-II gap (%)
32 9.8 0.24 0
64 1144.3 4.53 3.84

Table 3.7 shows the (relative) optimality gap between the objective values reported

by the heuristic methods and the global dual bounds reported by CPLEX when solving

the exact MBQP formulation, i.e., MBQP(n), on instances with n ď 64 over a two-hour

time limit. Note that we did not report any result for larger instances, e.g., instances with

n “ 256 or n “ 512, because CPLEX was unable to handle them as their optimality gap was

close to 100% in 2 hours (and even hours beyond that). This observation is not surprising

because as we mentioned earlier, even the second phase of RCSA-II was very time consuming

for instances with n “ 256 or n “ 512. We note that in Table 3.7, 39 out of 40 instances

were optimally solved within two hours using CPLEX and the optimality gap of only one
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instance was 46.53% after two hours. With this mind, we observe that both RCSA-I and

RCSA-II have performed well on generating optimal solutions. Specifically, the optimality

gap of RCSA-II is zero for all 39 instances (that we know an optimal solution) and only for

one instance is non-zero.
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Figure 3.8: The structure of the JOB database

3.5.3 Database Benchmark JOB

The last benchmark we use to test the effectiveness of the QBP and our proposed

heuristics is the Join-Order Benchmark (JOB) [74]. JOB is a fixed-sized database with almost

4GB of data which is created based on the well-known Internet Movie Database (IMDB).
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It contains detailed information about movies and related facts about actors, directors,

production companies, etc. This database contains 23 tables, and relations among them. All

the tables in this database and their relationships are shown in Figure 3.8. Again note that

while there were only 17 valid combinations for involving tables in the TPC-H benchmark, the

JOB benchmark involves a significantly larger number of valid combinations. Specifically, the

total number of potential combinations is 223´1 but because of the relationships between the

tables not all combinations are valid. In this section, we only select 165 valid combinations

and employ them for generating instances. These 165 valid combinations are obtained based

on the suggested scenarios that come with the JOB benchmark to ensure the generated

queries make sense in practice (see the details in [74]).

Table 3.8: Performance of RCSA-I and RCSA-II on the JOB

n
Default RCSA-I RCSA-II Imp (%)
Total

Time (s)
# of

batches
Opt

Time (s)
Total

Time (s)
# of

batches
Opt

Time (s)
Total

Time (s)
RCSA-

I
RCSA-

II
32 145.1 2.4 0.2 115.3 1.9 0.3 111.2 20.6 23.3
64 325.4 2.2 0.1 263.9 1.9 0.3 257.4 18.9 20.9
256 1031.0 2.4 0.3 836.5 2.2 1.0 805.7 18.9 21.8
512 1757.6 1.9 0.4 1408.3 1.7 2.8 1377.0 19.9 21.7
2048 3694.3 1.8 1.6 3094.9 1.8 74.5 3083.2 16.2 16.5
4096 4502.8 2.3 14.6 3394.0 2.1 293.8 3765.2 24.6 16.4

Again, we first start by estimating the coefficients of the batch processing time pre-

diction function, i.e., β. We randomly generate 13,365 data points, i.e., batches of queries.

We generate the data points for the JOB benchmark following a similar procedure that we

used for the TPC-H benchmark. Specifically, the data points are divided over 81 classes,

each containing 165 batches, based on the number of queries that they involve. The number

of queries in each class of batches is again taken from the set t50, 75, 100, . . . , 2050u. For

each class, we generate a single scenario for showing the percentage of the data that should

be retrieved as the result of processing a batch. Each scenario can take a value from the

interval p0%, 5%s. For each scenario, we created 165 batches. Specifically, there are 165

selected valid ways of including tables in (a batch of) queries for the JOB databases. So,
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for each one, we randomly generate one batch of queries such that the amount of data that

should be retrieved for it matches its associated scenario.

After creating random batches, we execute them individually and record their as-

sociated values for the dependent and independent variables of linear regression (see Sec-

tion 3.4.1). We randomly pick 70% of data as the training set and use the remaining 30%

as the test set. Overall, the results show an R-squared of around 0.98 (see Table 3.9) can be

obtained by setting,

β “ p2.3028, 0.0004, 0.0278, 0.3033, 0.2566, 0.2659, 0.2682, 0.2899, 0.2718, 0.2552,

0.2516, 0.2580, 0.2620, 0.2466, 0.2462, 0.2602, 0.2625, 0.2661, 0.2879, 0.3121,

0.3717, 0.3307, 0.3476, 0.2571, 0.2639q.

Table 3.9: The statistics of the regression model on the JOB

Training set Test set
R-squared MSE MAPE(%) R-squared MSE MAPE(%)

0.98 0.04 2.18 0.98 0.04 2.17

In order to show the effectiveness of solving the query batching problem on the JOB

database, a total of 120 instances are generated. Similar to what we did for TPC-H database,

the instances are divided over three classes of S, M, and L (based on their number of queries).

Each class contains two subclasses, each with 20 instances. Table 3.8 shows the results of

the proposed heuristics on the JOB database. Numbers reported in this table for each

instance subclass are averages over 20 instances. The last two columns demonstrate that

the proposed heuristics reduce the total time up to 24.6%. Observe that since the JOB

database contains more tables compared to the TPC-H and TPC-DS databases, the difference

between the performances of RCSA-I and RCSA-II is more noticeable. Although, RCSA-

II performs better in small instances (in terms of the total time), RCSA-I outperforms
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Figure 3.9: Total time (in seconds) of all 20 instances of different subclasses on the JOB
(white bars: default setting, gray bars: RCSA-I, black bars: RCSA-II)
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RCSA-II by around 8.2% for the largest subclass of instances. This can be mainly because

of the significant increase in the optimization time of RCSA-II. Figure 3.9 highlights this

observation further because (similar to Figure 3.5) it shows the total time of all instances

of all subclasses under default setting, RCSA-I, and RCSA-II. Another interesting point

from Table 3.8 is that, unlike the TPC-H databases, the number of batches for RCSA-II is

smaller than the number of batches for RCSA-I. That is, RCSA-II sometimes assigns queries

requiring the same table(s) to different batches, which can potentially result in a smaller

number of batches.

Table 3.10 shows the (relative) optimality gap between the objective values reported

by the heuristic methods and the global dual bounds reported by CPLEX when solving the

exact MBQP formulation on instances with n ď 256 over a two-hour time limit. CPLEX

was able to solve all instances with n “ 32 and most instances with n “ 64 and n “ 256

to optimality within the imposed time limit. Among the instances with n “ 64, only 2

instances and among the instances with n “ 256, 8 instances were not solved to optimality.

From the table, we observe that both RCSA-I and RCSA-II performed similarly. They were

both able to generate an optimal solution for all instances that their optimal solutions were

known, i.e., solved within 2 hours time limit by CPLEX. Even for those few large instances

that CPLEX was not able to prove the optimality within 2 hours, both heuristics relative

optimality gap from the global dual bound is below 11%, while their required computational

time is a small fraction of the time required by CPLEX.

Table 3.10: Comparing the quality of the solutions obtained by the proposed heuristics with
optimal solutions on the JOB

n Exact Opt Time (s) RCSA-I gap (%) RCSA-II gap (%)
32 5.9 0.00 0.00
64 726.9 0.93 0.93
256 3938.2 10.10 10.10
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3.6 Final Remarks

In this paper, for the first time (to the best of our knowledge), we studied the query

batching problem. This problem aims at partitioning a given set of queries into some batches

before retrieving them from a database system in order to minimize the total retrieving/pro-

cessing time. This optimization problem is challenging because predicting the time required

for processing a given batch of queries is not a trivial task. We developed a generic three-

phase approach for solving the problem for any given database system. In the first phase,

using a quadratic function, our approach attempts to predict the processing time of any

batch of queries for the given database. In the second phase, our approach uses the ob-

tained quadratic function and develops a mixed binary quadratic programming formulation

for the query batching problem accordingly. Finally, in the last phase, our proposed ap-

proach uses two custom-built heuristic approaches, i.e., RCSA-I and RCSA-II, to quickly

solve the obtained formulation in practice. We tested our proposed approach on three well-

known database benchmarks by conducing a comprehensive computational study. The re-

sults showed that a reduction of up to 61.8% is achievable for the total processing times in

the database benchmarks when employing our proposed approach.

We hope that the simplicity, versatility, and performance of our proposed approach

encourage practitioners/researchers to consider employing/developing effective query batch-

ing optimizers. There are several future research directions that can be considered for this

study. One direction can be developing better exact or heuristic solution approaches for

solving instances with larger number of queries. Alternatively, developing effective machine

learning methods for predicting the outcome, i.e., an optimal solution, of the proposed mixed

binary quadratic program can be an interesting research direction too. Another research di-

rection can be developing some theories and/or methodologies for identifying an optimal

amount of time that one should wait to accumulate queries before starting to solve the

query batching problem.
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Chapter 4: Multi-objective Optimization Based Algorithms for Solving Mixed

Integer Linear Minimum Multiplicative Programs

In this chapter 2, we present paper P3. In this work, we develop two algorithms to

solve mixed-integer linear minimum multiplicative programs. The copyright permissions for

reusing previously published material in this chapter can be found in Appendix C2.

4.1 Introduction

Multi-objective optimization provides decision-makers with a complete view of the

trade-offs between the objective function values that are attainable by feasible solutions.

It is thus a critical tool in engineering, where competing goals must often be considered

and balanced when making decisions. Combined with the fact that many problems can be

formulated as mixed integer linear programs, the development of fast and reliable multi-

objective mixed integer programming solvers has significant benefits for problem solving in

industry and government. Consequently, it is not surprising that in the last decade, many

researchers have focused on developing effective algorithms for solving multi-objective mixed

integer linear programs, such as the ones conducted by Ehrgott and Gandibleux [90], Özlen

and Azizoğlu [91], Özpeynirci and Köksalan [92], Dächert et al. [93], Lokman and Köksalan

[94], Eusébio et al. [95], Kirlik and Sayın [96], Soylu and Yıldız [97], Boland et al. [98], and

Przybylski and Gandibleux [99].

While promising, a non-trivial (but interesting) question that has received less at-

tention in the literature is whether multi-objective optimization methods can be useful for
2This chapter was published at C&OR. Mahmoodian, V., Charkhgard, H., & Zhang, Y. (2021). Multi-

objective optimization based algorithms for solving mixed integer linear minimum multiplicative programs.
Computers & Operations Research. Permission is included in Appendix C.2
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solving single-objective optimization problems? In recent years, a few studies have explored

this question and have shown the superiority of multi-objective optimization based techniques

(compared to the existing methods) on solving two classes of single-objective optimization

problems including minimum Multiplicative Programs (mMPs; see for instance [100, 1]) and

Maximum Multiplicative Programs (MMPs; see for instance [101] and [102]). A mMP is the

problem of the form

min

" p
ź

i“1

yipxq : x P X , ypxq ě 0

*

, (4.1)

where X Ď Rn represents the set of feasible solutions and it is assumed to be bounded. Also,

ypxq :“
`

y1pxq, . . . , yppxq
˘

is a vector of affine/linear functions. As an aside, throughout

this article, vectors are always column-vectors and are denoted in bold fonts. It is assumed

that the optimal objective value of a mMP is strictly positive. We note that if X is defined

by a set of linear constraints, the problem is referred to as Linear mMP (L-mMP). If in

a L-mMP, all decision variables are integers, the problem is referred to as Integer Linear

mMP (IL-mMP). Finally, if in a L-mMP, some but not all decision variables are integers,

the problem is referred to as Mixed Integer Linear mMP (MIL-mMP).

It is worth mentioning that if in a mMP, one changes ’min’ to ’max’, a MMP will

be constructed. Although MMPs and mMPs look almost the same, they are very different

in terms of their computational complexity. Specifically, L-MMPs (meaning linear MMPs)

are polynomially solvable but L-mMPs are NP-hard [101, 1]. This negative result may

have contributed to the fact that (to the best of our knowledge), all (multi-objective based)

methodological studies on mMPs have focused only on solving mMPs involving no integer

decision variables. For example, Konno and Kuno [103] showed how L-mMPs when p “ 2 can

be solved by combining the parametric simplex method and any standard convex minimiza-

tion procedure. Benson and Boger [104] proposed a heuristic method for solving L-mMPs.

In another study, Kuno [105] proposed a branch-and-bound algorithm for solving L-mMPs.

Kim et al. [106] presented an outcome-space outer approximation algorithm for L-mMPs.

Recently, Shao and Ehrgott [1] proposed two objective-space algorithms for solving L-mMPs.

88



It is worth mentioning that there are also some other studies such as those conducted by

Van Thoai [107], Kuno et al. [108], Benson [109], Gao et al. [110], Oliveira and Ferreira [111],

Gao et al. [110], and Shao and Ehrgott [100] on developing algorithms for mMPs involving

no integer decision variables (but not necessarily L-mMPs) that interested readers may refer

to.

In light of the above, there is a clear gap in the literature about developing effective

multi-objective optimization based techniques for solving mMPs involving integer decision

variables. Consequently, the goal of this study is to develop new exact multi-objective

optimization-based algorithms that can solve any MIL-mMP by just solving a number of

single-objective (mixed integer) linear programs. In other words, we attempt to develop new

algorithms that can exploit the power of commercial single-objective mixed integer linear

programming solvers such as IBM ILOG CPLEX for solving a MIL-mMP (which is a non-

linear optimization problem).

We note that developing more effective techniques for MIL-mMPs can have signif-

icant impacts on problem solving in practice as MIL-mMPs (and in general mMPs) have

several applications in different fields of study including (but not limited to) bond portfolio

management, economic analysis, and VLSI chip design [112] as well as conservation planning

or natural resource management [113]. For example, in conservation planning, a typical goal

is to preserve biodiversity. For doing so, solution x P X typically represents a subset of

parcels (or sites) that should be selected for protection within a geographical region. Also,

yipxq typically represents the probability of species i P t1, . . . , pu being extinct if solution

x is implemented. In other words, the objective function of a mMP in conservation plan-

ning represents the probability of all species being extinct and the goal is to minimize it (to

preserve biodiversity).

The proposed exact algorithms in this study are developed based on a critical obser-

vation that an optimal solution of Problem (4.1) is an efficient or Pareto-optimal solution

(i.e., a solution in which it is impossible to improve the value of one objective without making
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the value of at least one other objective worse) of the following multi-objective optimization

problem,

min

"

y1pxq, . . . , yppxq : x P X , ypxq ě 0

*

. (4.2)

Specifically, by minimizing the function
śp

i“1 yipxq over the set of efficient solutions

of Problem (4.2), an optimal solution of Problem (4.1) can be obtained. We prove this obser-

vation in Section 5.2 but similar proofs can be found in Benson and Boger [104], Charkhgard

et al. [101], Saghand et al. [102] and Shao and Ehrgott [100, 1]. Overall, this critical observa-

tion indicates that Problem (4.1) can be viewed and solved as a special case of the problem

of optimization over the efficient set in multi-objective optimization. It is worth noting that,

in optimization over the efficient set, the goal is to compute an optimal solution directly, i.e.,

without enumerating all efficient solutions if possible [114, 115, 116, 117, 118].

The main contribution of our research is that we employ the above observation and

develop two new algorithms for solving MIL-mMPs. The first proposed algorithm is a deci-

sion space search algorithm, i.e., an algorithm that works in the space of decision variables

of a multi-objective optimization problem. The algorithm performs similar to the classi-

cal branch-and-bound algorithm for solving single-objective mixed integer linear programs.

Specifically, the algorithm solves a number of L-mMPs in order to solve a MIL-mMP. To

solve each L-mMP, existing multi-objective optimization algorithms can be employed and

they solve only a number of linear programs to compute an optimal solution. In other words,

our first algorithm solves only (single-objective) linear programs for solving each MIL-mMP

and we use the power of commercial linear programming solvers to solve each one. For im-

proving the performance of our first algorithm, we also propose some enhancement techniques

and show their effectiveness in a computational study.

Our second proposed algorithm is a criterion space search algorithm, i.e., an algo-

rithm that works in the space of objective values of a multi-objective optimization problem.

The proposed algorithm solves a number of (single-objective) mixed integer linear programs

(rather than linear programs) to solve each MIL-mMP. So, the main advantage of the second
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algorithm is that it uses the power of commercial mixed integer linear programming solvers.

To show the effectiveness of the proposed algorithms, we conduct a comprehensive computa-

tional study on 960 instances and compare the performance of our proposed algorithms with

a generic-purpose solver, SCIP. Note that SCIP is one of very few solvers freely available to

academics capable of solving MIL-mMPs (at the time of conducting this research), and the

solver has been widely used in research articles for solving L-mMPs, e.g., [1]. Our results

show that our proposed algorithms can outperform SCIP by a factor of more than 10 on

many instances in terms of solution time. By a detailed comparison, we show that for many

instances with p “ 2, our proposed criterion space search algorithm outperforms the pro-

posed decision space search algorithm by a factor of more than 8 in terms of solution time.

However, as p increases, our criterion space algorithm starts to struggle. Hence, we show

that for instances with p “ 4, the proposed decision space search algorithm significantly out-

performs our proposed criterion space search algorithm in terms of optimality gap obtained

within the imposed time limit. We also numerically show that as the number of integer

decision variables increases, the proposed decision space search algorithm starts to struggle.

Hence, for instances with p “ 3, if the number of integer decision variables is large, the

proposed criterion space search is the best choice. Otherwise, the proposed decision space

search algorithm is the best approach. Furthermore, we show that linearizing the objective

function of IL-mMPs, i.e., when no continuous variable exists, is possible but it will result

in large single-objective integer linear programs. So, in the computational study, we show

that a commercial solver, CPLEX, struggles to solve such linearized instances. Hence, using

the proposed algorithms is a better choice.

The rest of the paper is organized as follows. In Section 5.2, some preliminaries about

MIL-mMPs are introduced. In Section 4.3, the details of the proposed decision space search

algorithm are provided. In Section 4.4, the proposed criterion space search algorithm is

explained. In Section 5.5, a comprehensive computational study is presented. Finally, in

Section 4.6, some concluding remarks are given.
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4.2 Preliminaries

A Mixed Integer Linear minimum Multiplicative Program (MIL-mMP) can be stated

as follows,

min
p

Π
i“1
yi

s.t. y “ Cx` d

Ax ě b

x,y ě 0, x P Rnc ˆ Zni , y P Rp,

(4.3)

where nc and ni denote the number of continuous and integer decision variables, respectively.

Also, C is a p ˆ n matrix where n :“ nc ` ni and p shows the number of variables in the

objective function. Finally, d is a vector of length p, A is an mˆn matrix, and b is a vector

of length m.

We refer to the set X :“ tx P Rnc ˆ Zni : Ax ě b, x ě 0u as the feasible set in the

decision space and to the set Y :“ ty P Rp : x P X , y “ Cx ` d, y ě 0u as the feasible

set in the criterion space. We assume that X is bounded (which implies that Y is compact)

and the optimal objective value of the problem is strictly positive, i.e., 0 R Y . Throughout

this article, we refer to x P X as a feasible solution and to y P Y as a feasible point (y is the

image of x in the criterion space).

Definition 4.1. A feasible solution x P X is called efficient, if there is no other x1 P X such

that y1 ď y and y1 ‰ y where y :“ Cx ` d and y1 :“ Cx1 ` d. If x is efficient, then y is

called a nondominated point. The set of all efficient solutions is denoted by XE. The set of

all nondominated points is denoted by YN and referred to as the nondominated frontier.

Proposition 4.1. An optimal solution of Problem (4.3), denoted by x˚, is an efficient

solution and therefore its corresponding image in the criterion space, denoted by y˚ where

y˚ :“ Cx˚ ` d, is a nondominated point.
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Proof. Let x˚ be an optimal solution of Problem (4.3) but not an efficient solution. By

definition, this implies that there must exist a feasible solution x P X such that it dominates

x˚. In other words, we must have that y ď y˚ and y ‰ y˚ where y :“ Cx ` d and

y˚ “ Cx˚ ` d. Also, by assumptions of Problem (4.3), we know that y,y˚ ą 0. Therefore,

the inequalities 0 ă
śp

i“1 yi ă
śp

i“1 y
˚
i must hold. However, this immediately implies that

x˚ is not an optimal solution (a contradiction).

Proposition 5.1 implies that Problem (4.3) is equivalent to minyPYN
śp

i“1 yi and this

is precisely optimization over the efficient set. This observation indicates that developing

multi-objective optimization techniques for solving MIL-mMPs is possible and this idea will

be explored in this paper.

4.3 A Decision Space Search Algorithm

In this section, we propose a new decision space search algorithm for solving MIL-

mMPs. We often refer to the proposed algorithm in this section as DSSA throughout this

paper. As mentioned in the Introduction, in the field of multi-objective optimization, decision

space search algorithms refer to solution approaches that work in the space of decision

variables. To the best of our knowledge, developing decision space search algorithms has not

yet been explored for MIL-mMPs. However, it is recently studied (see [102]) in the literature

of MIL-MMPs for instances with p “ 2. Note that as mentioned in the Introduction,

MIL-MMPs are quite different from MIL-mMPs. Overall, DSSA is similar to the classical

branch-and-bound algorithm for solving single-objective mixed integer linear programs with

the main difference being the process of computing dual bounds in each node of the search

tree. Specifically, the underlying idea of DSSA is to effectively employ a technique that can

solve any L-mMP within a classical branch-and-bound framework to compute dual bounds.

Note that the combination of the classical branch-and-bound algorithm with the method

that we use for computing dual bounds (as a whole) is one of the contributions of our study,

but none of them individually is our contribution. Our initial idea for developing DSSA
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Figure 4.1: An illustration of the workings of the method proposed by Shao and Ehrgott
[1] on a L-mMP with p “ 2

was to use it as a benchmark for comparison purposes in the computational study. However,

surprisingly as it will be discussed in the computational study, such a simple algorithm works

well for some classes of instances after including some enhancement techniques. In the rest of

this section, we first review one of the fastest algorithms for solving L-mMPs. After that, the

proposed branch-and-bound framework is explained. Finally, a few enhancement techniques

are introduced.

4.3.1 A Method for Solving L-mMPs

Although our proposed algorithm can employ any method for solving L-mMPs, in

this section we briefly review the one that we found to perform the best within DSSA during

the course of our research. The method is developed by Shao and Ehrgott [1] and is one of

the fastest and (relatively) easy-to-implement algorithms for solving L-mMPs. This method

acts as the default solution approach for solving L-mMPs at the heart of our proposed

branch-and-bound framework.

The method of Shao and Ehrgott [1] maintains a global lower bound and a global

upper bound and it terminates whenever these two values converge. The underlying idea of
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the method is to use Proposition 5.1 for solving a L-mMP. Hence, the method attempts to

find an optimal point of the L-mMP by searching over its nondominated frontier. It is worth

mentioning that the nondominated frontier of a feasible L-mMP is known to be a convex

curve and consists of only some plane/line segments. An illustration of the nondominated

frontier of a L-mMP when p “ 2 can be found in Figure 4.1a. Overall, the method of

Shao and Ehrgott [1] is iterative but in order to start, it requires to be initialized by the

so-called ideal point of the L-mMP, i.e., the imaginary point in the criterion space that

has the minimum possible value for each objective. Note that to compute the ideal point,

denoted by yI , p linear programs should be solved since yIi :“ minyPYR yi for i “ 1, . . . , p

where YR :“ ty P Rp : x P XR, y “ Cx`d, y ě 0u and XR :“ tx P Rn : Ax ě b, x ě 0u.

An illustration of the ideal point, denoted by yI , when p “ 2 can be found in Figure 4.1b.

Observe that the set of nondominated points of the L-mMP is a subset of S :“ ty P Rp :

y ě yIu. We call S as the relaxed set and it plays a key role in the method of [1].

In each iteration, the method computes a global dual/lower bound for the optimal

objective value of the L-mMP using the relaxed set. Specifically, it can be shown that

an extreme point of the relaxed set, denoted by yl, that has the minimum value for the

multiplicative function, i.e., the objective function of the L-mMP, is a global dual bound.

For example, in the first iteration, the only extreme point in the relaxed set is the ideal point,

i.e., yl “ yI , and
śp

i“1 y
I
i is obviously a global lower/dual bound (see Figure 4.1b). As an

aside, to compute the vertices of the relaxed set, the algorithm proposed by Chen et al. [119]

can be employed. In each iteration, the method also uses yl to compute a new feasible point,

denoted by yu with yl ď yu. In order to do so, the following linear program needs to be

solved that attempts to find a feasible point with the minimum Chebyshev distance from yl,

yu P arg min yPYR
 

z P R : z ě 0 and yi ´ yli ď z @i P t1, . . . , pu and yli ď yi @i P t1, . . . , pu
(

,

(4.4)
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where z is a continuous decision variable that captures the Chebyshev distance. An illustra-

tion of yu can be found in Figure 4.1b. Note that whenever a new nondominated point is

found, it can provide an upper bound for the optimal objective value of the L-mMP because

it is a feasible point. So, the global upper/primal bound needs to be updated after comput-

ing a new nondominated point in each iteration. Moreover, it can be shown (see [1]) that

the inequality λᵀy ě λᵀyu will not remove any nondominated point of the L-mMP where

λ is a vector of length p. For each i P t1, . . . , pu, λi captures the dual value associated with

constraint yi ´ yli ď z in Problem (4.4). So, the inequality λᵀy ě λᵀyu will be added at the

end of each iteration for the purpose of restricting/updating the relaxed set. An illustration

of the relaxed set after adding the cut can be found in Figure 4.1c.

4.3.2 The Proposed Branch-and-bound Framework

The key idea of DSSA is similar to the classical branch-and-bound framework for

(single-objective) integer linear programming. The search in DSSA starts by relaxing the

integrality condition on binary/integer decision variables of the input problem, which is

a MIL-mMP. By doing so, a L-mMP will be generated that if being solved, it provides

a dual/lower bound for the MIL-mMP. Note that to solve any L-mMP during the course

of DSSA, we employ the method of Shao and Ehrgott [1]. If the solution obtained by

solving the L-mMP turns out to be naturally integer, i.e., the integrality condition on all

binary/integer decision variables hold, then the obtained solution has to be optimal for

the MIM-mMP. Otherwise, the algorithm will pick one of the binary/integer variables that

has taken a fractional value and branch on it exactly similar to the classical branch-and-

bound algorithm. For example, suppose that the integer decision variable xj has taken

the fractional value of v is chosen by the algorithm for branching. In that case two child

nodes will be created by branching: one with additional constraint xj ď tvu and the other

with additional constraint xj ě rvs. We note that there are multiple strategies for selecting

a variable for branching. During the course of this research, we implemented four well-
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known variable selection strategies (see [102] for details) including random branching, most

infeasible branching, pseudo-cost branching, and reliability branching. The most promising

variable selection strategy for our proposed framework is pseudo-cost branching and hence

it is used as the default setting of our algorithm in the rest of this paper.

The algorithm then starts to explore the unexplored nodes in the search tree. Similar

to the classical branch-and-bound algorithm, DSSA maintains a global upper/primal bound,

denoted by GUB, and a global dual/lower bound, denoted by GLB. The algorithm updates

the global primal bound as soon as it finds a better feasible solution than the one it already

has. Also, at any point in time, the global dual bound represents the best/minimum dual

bound among all unexplored nodes. The algorithm explores the nodes as long as GUB ´

GLB ě ε1 and GUB´GLB
GUB

ě ε2, where ε1, ε2 P p0, 1q are the user-defined absolute and relative

optimality gap tolerances, respectively. Specifically, in each iteration, one node will be picked

by the algorithm and its corresponding L-mMP will be solved for computing a dual bound

for that particular node. If the node becomes infeasible and/or its associated dual bound is

worse than the global primal bound, it will not be explored further. We note that there are

multiple strategies for selecting a node for exploring. During the course of this research, we

implemented five well-known node selection strategies (see [102] for details) including depth-

first search, best-bound search, two-phase method, best-expected bound, and best estimate. The

most promising node selection strategy for our proposed framework is the best estimate and

hence it is used as the default setting of our algorithm in the rest of this paper.

4.3.3 Enhancements

In this section, we introduce two enhancement techniques that can be used to possibly

improve the performance of DSSA.
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4.3.3.1 Enhancement-I (Preprocessing)

According to Proposition 5.1, optimal points of a MIL-mMP must be nondominated

points. Therefore, any nondominated point can potentially result in computing a good pri-

mal/upper bound for a MIL-mMP. So, one trivial enhancement technique is to compute a few

nondominated points before starting DSSA and then feeding the best primal bound obtained

from them as the initial GUB to DSSA. In order to generate nondominated points, we use

the so-called weighted sum operation. This operation attempts to compute a nondominated

point ȳ by solving the following optimization problem,

ȳ P arg min t
p
ÿ

i“1

λiyi : y P Yu,

where λ1, . . . , λp ą 0 are user-defined weights. We denote the weighted sum operation

by WSOpλq. As an aside, it is known that the weighted sum operation always returns

a nondominated point but not all nondominated points can be necessarily found using the

weighted sum operation (even by considering all possible values of λ1, . . . , λp) for non-convex

optimization problems [120, 121].

In the literature of multi-objective optimization, there exist several exact algorithms

for effectively choosing values for the vector λ (see for instance [92]). However, such ap-

proaches can be very time consuming for MIL-mMPs and we do not want to spend the

valuable computational time on generating the nondominated points. So, instead, we pro-

pose a (preprocessing) heuristic approach which is motivated from the study of [122] for

computing some nondominated points. Specifically, we impose a time limit for generating

nondominated points in our heuristic approach. It is worth mentioning that during the

course of this research, we found that setting the time limit to 0.01n seconds, where n is the

number of decision variables, results in the best performance for our algorithm (in our test

instances). So, the default value for the time limit of our heuristic approach is 0.01n in the

remainder of this paper.
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The proposed heuristic is an iterative approach that terminates whenever the time

limit is reached. In each iteration, the components of the weight vector λ will be generated

randomly from the standard normal distribution, denoted by RandNormalp0, 1q. How-

ever, we use the absolute value of the generated random numbers. Also, for convenience, we

normalize the components of each weight vector to assure that the summation of its compo-

nents will be equal to one. After generating λ in each iteration, the proposed heuristic calls

WSOpλq to compute a nondominated point ȳ. Afterwards, the proposed heuristic updates

the global upper bound value, i.e., GUB, if
śp

i“1 ȳi is better than its current value.

Algorithm 2: A preprocessing approach
1 Input: A feasible instance of Problem (4.3)
2 GUB Ð `8

3 while Time ď TimeLimit do
4 foreach i P t1, . . . , pu do
5 λi Ð |RandNormalp0, 1q|

6 foreach i P t1, . . . , pu do
7 λi Ð

λi
řp
j“1 λj

8 ȳ ÐWSOpλq
9 if

śp
i“1 ȳi ă GUB then

10 GUB Ð
śp
i“1 ȳi

11 Y Ð Y X ty P Rp :
řp
i“1 λiyi ě λiȳiu

12 return Y,GUB

It is worth mentioning that an automatic advantage of solving the weighted sum

operation (in each iteration) is that a valid inequality/cut can be added to the set of con-

straints defining Y which can potentially remove many fractional solutions and improving

dual bounds. Specifically, after computing ȳ by calling WSOpλq, the following cut is valid

(due to the optimality of ȳ for the weighted sum operation),

p
ÿ

i“1

λiyi ě
p
ÿ

i“1

λiȳi.
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A detailed description of our proposed preprocessing heuristic for computing a good initial

global primal bound and adding cuts using the weighted sum operation can be found in

Algorithm 2.

4.3.3.2 Enhancement-II (Exchanging Bounds)

In our proposed decision space search algorithm, one can view DSSA as a solution

approach for solving a master problem, i.e., a MIL-mMP, and the method proposed by

[1] as a solution approach for solving its corresponding subproblems, i.e., L-mMPs. Both

DSSA and the method of [1] have internal procedures for computing (primal and also dual)

bounds when solving their corresponding problems. So, the underlying idea of our second

enhancement technique is to effectively employ/exchange the information about these bounds

between the master problem and the subproblems. Specifically, during the course of solving

a subproblem, it is possible that the method of [1] finds some solutions that are feasible for

not only the L-mMP (that it is trying to solve) but also its corresponding MIL-mMP, i.e., the

solutions are luckily not fractional. So, such solutions can be immediately used for updating

the global primal/upper bound, i.e., GUB, of DSSA (if they are better). Moreover, we know

that at any time during the course of solving a subproblem, the method of [1] maintains a

global dual bound for the L-mMP. So, one can immediately terminate solving the L-mMP,

if its dual bound is not strictly better/smaller than the global upper bound that DSSA has

already obtained, i.e., GUB.

4.4 A Criterion Space Search Algorithm

In the previous section, we proposed a decision space search algorithm that solves a

number of L-mMPs in order to solve a MIL-mMP. To solve each L-mMP, DSSA solves a

number of single-objective linear programs. So, in some sense, DSSA relies on the power of

commercial linear programming solvers for solving a MIL-mMP. In this section, we propose

a completely different approach. Specifically, we introduce a new criterion space search
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algorithm for solving MIL-mMPs. We often refer to the proposed algorithm in this section

as CSSA throughout this paper. As mentioned in the Introduction, in the field of multi-

objective optimization, criterion space search algorithms refer to solution approaches that

work in the space of objective functions. The underlying idea of CSSA is to solve a MIL-

mMP by solving a number of single-objective mixed integer programs. So, in some sense,

CSSA relies on the power of commercial mixed integer linear programming solvers for solving

a MIL-mMP.

In the remainder of this section, we first provide a high-level description of CSSA, then

we give its detailed description, and finally we explain some implementation issues. However,

before doing so, we introduce a key operation that is frequently used in CSSA and also a

critical proposition that guarantees the correctness of the algorithm. The operation is used

for solving a min-max optimization problem and takes a reference point, denoted by yl P Rp,

as input. The reference point basically defines a search region, i.e., ty P Rp : y ě ylu, in the

criterion space for the min-max operation. For a given reference point yl P Rp, the operation

attempts to compute a feasible point, denoted by yu, where yl ď yu that has the minimum

Chebyshev distance from the reference point by solving the following single-objective mixed

integer linear program,

yu P arg min yPY
 

z P R : z ě 0 and yi ´ yli ď z @i P t1, . . . , pu and yli ď yi @i P t1, . . . , pu
(

.

(4.5)

We denote this operation by Min-Maxpylq. Note that if yu “null then Problem (4.5) is

infeasible. Also, in this paper, we sometimes refer to the point yl as the lower bound point

and to the point yu as the upper bound point. Next we provide a proposition that builds

the foundations of our algorithm. The importance of this proposition will be explained in

Section 4.4.3.

Informally, the proposition claims that because of using the min-max operation, we

can always create a hypercube (in the p-dimensional criterion space) containing yl and yu
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y1

y2

yl

yu ȳu

Figure 4.2: An illustration of Proposition 4.2 when p “ 2

with no feasible point in its interior. For example, in Figure 4.2, an illustration of the points

yl and yu when p “ 2 can be found. Observe that in the figure, yu2 ´ yl2 ą yu1 ´ yl1. So, let

ȳu1 :“ yl1 ` y
u
2 ´ y

l
2 and ȳu2 :“ yl2 ` y

u
2 ´ y

l
2. It is evident that the area between yl and ȳu is a

square, i.e., a hypercube of dimension 2. The proposition claims that there cannot exist any

feasible point yf with yf ě yl, i.e., yfi ě yli for i “ 1, . . . , p, and yf ă ȳu, i.e., yfi ă ȳui for

i “ 1, . . . , p, because of solving the min-max operation to optimality. A formal description

of the proposition and its proof are given next.

Proposition 4.2. Let yu be an optimal point obtained by Min-Maxpylq and z˚ :“ maxtyu1´

yl1, . . . , y
u
p ´ ylpu be the Chebyshev distance of yu from yl. Also, let ȳu P Rp be a point in

the criterion space with ȳui :“ yli ` z˚ for i “ 1, . . . , p. There cannot exist any feasible point

yf P Y such that yf ě yl and yf ă ȳu.

Proof. Suppose not. So, there exists a feasible point yf P Y with yf ě yl and yf ă ȳu.

We know that z˚ is the Chebyshev distance of yu from yl and by construction it should be

minimum because of calling Min-Maxpylq. However, since yfi ă ȳui “ yli`z
˚ for i “ 1, . . . , p,

we have that maxtyf1 ´ yl1, . . . , y
f
1 ´ yl1u ă z˚. This immediately implies that yu cannot be

an optimal point of the min-max operation since yf is feasible and has a strictly smaller

Chebyshev distance from yl (a contradiction).
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(a) Result of the min-max
opeartion in the first

iteration

y1

y2

yl

yu

(b) Result of
Proposition 4.2 in the first

iteration

y1

y2

yl,1

yl,2

(c) Branching and creating
new lower bound points

Figure 4.3: An illustration of the key steps of the proposed criterion space search algorithm
when p “ 2

4.4.1 A High-level Description

CSSA starts by computing the initial lower bound point. The initial lower bound

point is basically the (imaginary) ideal point of the MIL-mMP that we are trying to solve.

So, computing the initial lower bound point, denoted by yl, can be done by solving p mixed

integer linear programs. Specifically, yli :“ minyPY yi for i “ 1, . . . , p. Observe that
śp

i“1 y
l
i

is a global dual/lower bound for the optimal objective value of the MIL-mMP. Based on the

initial lower bound point, we can now apply the min-max operation to compute an upper

bound point yu. Observe that
śp

i“1 y
u
i is a global primal/upper bound for the optimal ob-

jective value of the MIL-mMP. An illustration of the nondominated frontier of a MIL-mMP

as well as yl and yu when p “ 2 can be found in Figure 4.3a. Note that the nondominated

frontier of a MIL-mMP can be very complicated since it may not be a convex and/or con-

tinuous curve as opposed to the nondominated frontier of a L-mMP. Interested readers may

refer to [123] to learn more about the nondominated frontier of multi-objective mixed integer

linear programs.
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Next we can apply Proposition 4.2 to create an empty-interior hypercube. An illus-

tration of such a hypercube when p “ 2 is shown in Figure 4.3b. Afterwards, we can remove

the discovered empty region from the search by branching and creating p new lower bound

points, denoted by yl,1, . . . ,yl,p. In order to do so, we first set z˚ “ maxtyu1´y
l
1, . . . , y

u
p´y

l
pu.

Now, for each j P t1, . . . , pu, we can define yl,j by setting yl,jj “ ylj ` z˚ and yl,ji “ yli for all

i P t1, . . . , puztju. An illustration of the new lower bound points when p “ 2 can be found

in Figure 4.3b.

Observe that each new lower bound point defines a new (but smaller) search region

for which the product of the components of its lower bound point is a dual bound. In other

words, for each j P t1, . . . , pu, the search region corresponding to yl,j is ty P Rp : y ě yl,ju

and we know that
śp

i“1 y
l,j
i is a dual bound for that search region. So, in each iteration, one

can easily update the global dual bound of the MIL-mMP. Specifically, in each iteration, we

can first compute the dual bound of each existing (meaning not yet explored) search region

and then set the global lower bound to the minimum one. Similarly, the global primal bound

can be updated in each iteration. Specifically, in each iteration, whenever the algorithm finds

an upper bound point, we can first compute the product of its components and then set the

global primal bound to it if the current value of global primal bound is (strictly) larger. It

is evident that the algorithm can terminate as soon as the global primal bound and global

dual bound converge.

4.4.2 A Detailed Description

CSSA maintains a queue of lower bound points, denoted by Tree. The algorithm

also maintains a global upper bound, denoted by GUB, and a global lower bound, denoted

by GLB. At the beginning, CSSA sets GUB “ `8 and GLB “ ´8. The algorithm also

computes the ideal point, i.e., pminyPY y1, . . . ,minyPY ypq, and then initializes yl by setting

it equal to the ideal point. After that, the algorithm updates GLB by setting it equal to
śp

i“1 y
l
i and initializes the queue by yl. The algorithm then explores the queue as long as it is

104



nonempty and GUB´GLB ě ε1 and GUB´GLB
GUB

ě ε2, where ε1, ε2 P p0, 1q are the user-defined

absolute and relative optimality gap tolerances, respectively. Next, we explain how each

element of the queue is explored.

In each iteration, the algorithm pops out an element of the queue and denotes it by

yl. During the course of this research, the best bound strategy, i.e., selecting the node with

the minimum dual bound, was found to perform the best for popping out an element. So,

in the remainder of this paper, the best bound strategy is set as the default setting of our

proposed algorithm. After popping out an element, the algorithm then calls Min-Maxpylq

to compute an upper bound point yu.

If yu=null then the search region corresponding to yl is infeasible. So, the algorithm

simply updates GLB (as discussed in Section 4.4.1) and starts a new iteration. Otherwise,

because yu is a feasible point, the algorithm checks whether it would be possible to update

GUB. Specifically, if
śp

i“1 y
u
i ă GUB then the algorithm sets GUB to

śp
i“1 y

u
i and also

the best feasible point found, i.e., y˚, to yu. Next, the algorithm computes the Chebyshev

distance z˚ of yu from yl, i.e., it sets z˚ to maxtyu1´y
l
1, . . . , y

u
p´y

l
pu. Afterwards, the algorithm

attempts to create at most p new nodes. To create node j P t1, . . . , pu, the algorithm first

generates yl,j based on yl (as discussed in Section 4.4.1). The algorithm then adds yl,j to

the queue if there is hope to find better feasible points there, i.e., GUB ´
śp

i“1 y
l,j
i ě ε1 and

GUB´
śp
i“1 y

l,j
i

GUB
ě ε2. Finally, the algorithm updates GLB before starting a new iteration.

For further details about our proposed criterion space search algorithm, readers can

refer to Algorithm 3. We complete this subsection by making one final comment. In multi-

objective optimization, one generic issue about criterion space search algorithms (especially

for large values of p) is that some nodes in the priority queue could be redundant (see for

instance [98, 124, 125]). Hence, in our algorithm, whenever we want to add a node to the

priority queue with the lower bound point yl, we check whether there is already a node in

the tree with the lower bound point yl such that yl
i
ď yli for all i “ 1, . . . , p. If yl exists then
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Algorithm 3: The Proposed Criterion Space Search Algorithm
1 Input: A feasible instance of Problem (4.3)
2 Queue.createpTreeq
3 GLB Ð ´8; GUB Ð `8

4 yl Ð pminyPY y1, . . . ,minyPY ypq

5 GLB Ð
ś

yli
6 Tree.add

`

ylq

7 while not Queue.emptypTreeq & GUB ´GLB ě ε1 & GUB´GLB
GUB

ě ε2 do
8 Tree.PopOut

`

yl
˘

9 yu ÐMin-Maxpylq
10 if yu ‰null then
11 if

śp
i“1 y

u
i ă GUB then

12 GUB Ð
śp
i“1 y

u
i

13 y˚ Ð yu

14 z˚ Ð maxtyu1 ´ y
l
1, . . . , y

u
p ´ y

l
pu

15 foreach j P t1, . . . , pu do
16 yl,j Ð yl; yl,jj Ð ylj ` z

˚

17 if GUB ´
śp
i“1 y

l,j
i ě ε1 & GUB´

śp
i“1 y

l,j
i

GUB
ě ε2 then

18 Tree.add
`

yl,jq

19 Update GLB

20 return y˚
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yl is redundant and should not be added to the priority queue. This is because in that case

the search region corresponding to yl is a subset of the search region corresponding to yl.

y1

y2

yl

yu ȳu

(a) An illustration of a box
vs a hypercube

y1

y2

yl,yl,1

yu,yl,2

(b) Branching based on the
area of a box

y1

y2

yl

yu,yl,2

yl,1

(c) Branching based on the
area of a hypercube

Figure 4.4: An illustration of the importance of Proposition 4.2 when p “ 2

4.4.3 Implementation Issues

The main purpose of this section is to explain the importance of Proposition 4.2 for

the correctness of our algorithm. Before doing so, it is worth mentioning that Enhancement-I

which is developed for DSSA (see Section 4.3.3) can be directly used for CSSA. However,

during the course of this research, we found out that the performance of CSSA does not

improve by employing Enhancement-I in practice because (unlike DSSA) the proposed cri-

terion space search algorithm naturally finds feasible solutions/points for a MIL-mMP in

each iteration. Also, in theory, one should be able to employ Enhancement-II for possibly

improving the performance of CSSA. However, since each min-max operation in CSSA will

be solved using a commercial solver (and not an open-source solver) in this paper, it would

be technically impossible (to the best of our knowledge) to implement Enhancement-II in

practice.

We now explain the importance of Proposition 4.2. Observe that the branching

procedure in CSSA relies on Proposition 4.2. However, in the literature of criterion space
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search algorithms for multi-objective optimization problems, this type of branching is not

typical. This is because in the literature of multi-objective optimization, there are multiple

ways for generating a (nondominated) point and employing a Chebyshev-based operation

(similar to the proposed min-max operation) is just one of them [126]. By using a min-max

operation, it is always possible to identify an empty-interior hypercube in the criterion space

according to Proposition 4.2. However, this observation may not be true for other operations.

Specifically, instead of identifying an empty-interior hypercube, other operations can possibly

identify empty-interior boxes. However, branching based on boxes rather than hypercubes

can be problematic and hence requires further considerations/research.

To see how a box can be created rather than a hypercube, consider Figure 4.4a in

which p “ 2. Suppose that by calling Min-Maxpylq, we were able to compute yu. By

Proposition 4.2, the area defined by yl and ȳu is an empty-interior hypercube. However,

one can claim that the box between yl and yu is also empty-interior. This implies that if

we apply a different operation (than the proposed min-max operation) and find yu then we

may not be able to claim that yl and ȳu is an empty-interior hypercube but at least we

can claim that the area between yl and yu is an empty-interior box. This is because even

if we do not use Proposition 4.2, we know that there cannot exist any feasible point that

strictly dominates yu. So, the question is now why not branching based on the obtained box

rather than a hypercube? Of course one can argue that the area that the hypercube will

remove is larger. So, it is probably better to use a hypercube. However, we now illustrate a

more significant problem that can be created as a result of branching based on a box using

Figures 4.4b and 4.4c.

Suppose that the nondominated frontier of a MIL-mMP with p “ 2 consists of a single

point and a line segment as shown in Figures 4.4b. Observe that the result of Min-Maxpylq is

the top endpoint of the nondominated frontier. In this case, the box between Min-Maxpylq

and yu is basically a line as shown in Figure 4.4b. So, if we apply branching based on this

line, the new lower bound points will be yl,1 “ yl and yl,2 “ yu. Observe that it is not
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necessary to add yl,2 because yl,2 is a feasible point (and Line 17 of Algorithm 3 will take this

observation into account). However, yl,1 should be added to the queue and this implies that

the algorithm falls into an infinite loop since yl,1 is exactly yl (and we have already explored

that). However, this issue will never happen if we apply branching based on hypercubes as

shown in Figure 4.4b because yl,1 ‰ yl.

4.5 A Computational Study

In this section, we conduct an extensive computational study and compare the per-

formance of DSSA and CSSA with a generic-purpose solver which is capable of solving MIL-

mMPs, i.e., SCIP 6.0.0. We use Julia 0.6.4 3 in this section and employ CPLEX 12.8 for

solving (single-objective) linear programs and mixed integer linear programs arising during

the course of DSSA and CSSA. In addition, all the computational experiments are conducted

on a Dell PowerEdge R640 system with two Intel Xeon (Silver 4116) 2.1GHz 12-core proces-

sors, 128GB of memory, and RedHat Enterprise Linux 7.4 operating system, and using only

a single thread. A time limit of 3600 seconds is imposed for solving each instance and this in-

cludes the time of employing any enhancement technique. Our instance generator and codes

of this study can be found at https://github.com/vahidmhn/MMP_Instance_Generator and

https://github.com/vahidmhn/MIMMP.jl, respectively.

In our computational study, a total of 960 instances are generated and solved. Specifi-

cally, for each p P t2, 3, 4u, we generate 320 instances. For each p P t2, 3, 4u, its corresponding

instances are divided into two equal-sized classes denoted by Class-I and Class-II. For the

first class, we set nc “ ni “ n{2. However, for the second class, we set nc “ 0 and ni “ n.

For convenience, we assume that all integer decision variables are binary. Note that because

by our assumptions X is bounded, in theory, any instance with generic integer decision vari-

ables can be transformed to an instance with only binary decision variables with the cost of

introducing an additional set of binary variables and constraints. Furthermore, by assuming
3Since the start time of this study, several newer versions of Julia are introduced. However, users can

still use our implementation if they employ the configurations described in the links.
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that all integer decision variables are binary, Class-II contains only pure binary instances

that can be easily linearized and solved directly by CPLEX. So, this assumption enables us

to directly compare the performance of our methods with CPLEX for linearized instances.

For example, consider a MIL-mMP with an objective function of the following form,

min p2x1 ` 3x2qpx2 ` 4x3q “ 2x1x2 ` 8x1x3 ` 3x2
2 ` 12x2x3,

where x1, x2, and x3 are binary variables. It is evident that x2
i “ xi and also any bi-linear

term xixj where both xi and xj are binary variables can be linearized by adding the following

three constraints and introducing a new binary variable q,

xixj :“

"

q P t0, 1u : q ď xi, q ď xj, xi ` xj ´ 1 ď q

*

.

Since the example is in the form of minimization and its coefficients are non-negative, the

first two constraints, i.e. q ď xi and q ď xj, are redundant and can be eliminated. In light

of this observation, the linearized objective function is as follows,

min 2q1 ` 8q2 ` 3x2 ` 12q3

s.t. x1 ` x2 ´ 1 ď q1, px1x2q

x1 ` x3 ´ 1 ď q2, px1x3q

x2 ` x3 ´ 1 ď q3, px2x3q

qi P t1, 0u @i P t1, 2, 3u.

Given the possibility of linearizing instances of Class-II, it is natural to ask whether

it is better to use our proposed algorithms to solve them or first linearize such instances and

then solve them directly as (single-objective) mixed integer linear programs using CPLEX?

We refer to the second approach as L-CPLEX in the remainder of this paper and we will ex-
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plore this question in this computational study. Next, we explain how each class of instances

are generated.

Each class of instances in this study contains 16 subclasses with different number of

variables n and constraints m. Specifically, each subclass is denoted by mˆ n for which we

have that n P t400, 800, 1200, 1600u and m “ α ˆ n where α P t1, 2, 3, 4u. Each subclass

contains 10 random instances and to generate each, the value of the parameters in A, C,

and d are randomly generated from the discrete uniform distribution in the interval r1, 10s.

In addition, the sparsities of the matrices A and C are set to 50%, i.e. we set 50% of their

elements to zeros. To ensure that X is bounded (which is an assumption of this study),

we impose an upper bound of equal to one for all n decision variables when generating an

instance, i.e., we set xi ď 1 for all i “ 1, . . . , n. Finally, to ensure the feasibility of an

instance, the value of bi is randomly generated from the discrete uniform distribution in the

interval r0,
řn
j“1 aijs for each i P t1, . . . ,mu.

In this computational study, we frequently use performance profiles [127]. A per-

formance profile presents cumulative distribution functions for a set of algorithms being

compared with respect to a specific performance metric, i.e., the run time or optimality gap

in this study. The run time performance profile for a set of algorithms is constructed by

computing for each algorithm and for each instance the ratio of the run time of the algorithm

on the instance and the minimum of the run times of all algorithms on the instance. The run

time performance profile then shows the ratios on the horizontal axis and, on the vertical

axis, for each algorithm, shows the percentage of instances with a ratio that is smaller than

or equal to the ratio on the horizontal axis. This implies that values in the upper left-hand

corner of the graph indicate the best performance. The optimality gap performance profile

can be constructed and interpreted similarly. As an aside, in this study, the optimality gaps

and/or the run times are sometimes close to zero and this can create problems when com-

puting ratios in the performance profiles. To resolve this issue, when creating performance
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profiles, we first add 0.01% to all reported optimality gaps and 0.01 second to all reported

run times.
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Figure 4.5: Performance profiles of the proposed enhancement techniques on DSSA over all
instances

Finally, as mentioned in Section 4.3, DSSA can be potentially improved by employing

Enhancement-I (E1) and Enhancement-II (E2). So, before we compare the performance of

different algorithms, we check whether activating the proposed enhancement techniques can

be helpful. Figure 4.5 illustrates the run time and optimality gap performance profiles of

DSSA under three different scenarios: no enhancement is active (Scenario 1), only E1 is

active (Scenario 2), both E1 and E2 are active (Scenario 3), on all our 960 instances. We

observe that both the run time and optimality gap performance profiles under Scenario 3 are

slightly better than Scenario 2 but they are significantly better than Scenario 1. Specifically,

by comparing Scenarios 1 and 3, we observe that around 10% of instances are solved 6 times

faster. Also, the optimality gap of around 15% of instances are at least 6 times smaller.

Hence, in the remainder of this section, whenever we refer to DSSA, we assume that both

enhancements are active.
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Figure 4.6: Run time performance profiles when p “ 2

4.5.1 Two Objectives (p “ 2)

In this section, we compare the performance of different methods including DSSA,

CSSA, SCIP, and L-CPLEX, on solving instances with p “ 2. The run time performance

profiles of the different methods on instances of Class-I and Class-II can be found in Fig-

ure 5.5. Also, the optimality gap performance profiles of different methods on instances of

Class-I and Class-II can be found in Figure 4.7.
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Figure 4.7: Optimality gap performance profiles when p “ 2
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Note that L-CPLEX is only tested on instances of Class-II since they do not have

any continuous decision variables. Observe that for both Class-I and Class-II, CSSA has

the best performance and SCIP has the worst performance. For Class-I, CSSA has been

able to solve around 10% and 98% of instances at least 3 times faster than DSSA and

SCIP, respectively. For Class-II, CSSA has been able to solve around 16%, 50%, and 99%

of instances at least 3 times faster than L-CPLEX, DSSA, and SCIP, respectively. So,

the second best method for solving instances of Class-II has been L-CPLEX. However, the

difference between Algorithm 3 and L-CPLEX is significant in Class-II and this is highlighted

by this observation that around 8% of instances are solved at least 8 times faster using CSSA.

In terms of the optimality gap, a similar pattern can be observed. Specifically, Algorithm 3

has been able to solve all instances to optimality within the imposed time limit. However,

DSSA has performed poorly on Class-II but has been able to solve almost all instances of

Class-I within the imposed time limit. This is mainly because, by construction, Class-I

contains significantly fewer integer decision variables compared to Class-II. Therefore DSSA,

which is a decision space search algorithm, struggles to solve such instances because the size

of its search tree depends highly on the number of integer decision variables. Finally, we also

observe that, for around 30% of instances, CSSA has reached an optimality gap which is at

least 3 times smaller than SCIP on Class-I and DSSA on Class-II.

Table 4.1 provides further details about the performance of DSSA and CSSA on

instances with p “ 2. Columns labeled ‘Time (s)’ show the solution time in seconds, columns

labeled ‘Gap (%)’ show the optimality gap, and columns labeled ‘Solved (#)’ show the

number of instances solved to optimality. Numbers in this table, except those in Columns

labeled ‘Solved (#)’, are averages over 10 instances. The table clearly shows that CSSA

outperforms DSSA significantly. Observe that the largest subclass of instances are solved

to optimality in around 50.72 seconds and 259.16 seconds using CSSA under Class-I and

Class-II, respectively. However, DSSA was not able to solve 1 and 6 instances of the largest
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subclass of instances to optimality within the imposed time limit under Class-I and Class-II,

respectively.

Table 4.1: Performance comparison of DSSA and CSSA on instances with p “ 2

Subclass
Class-I Class-II

DSSA CSSA DSSA CSSA
Time
(s)

Gap
(%)

Solved
(#)

Time
(s)

Gap
(%)

Solved
(#)

Time
(s)

Gap
(%)

Solved
(#)

Time
(s)

Gap
(%)

Solved
(#)

400 ˆ 400 5.43 0.00 10 3.07 0 10 5.53 0.00 10 1.06 0 10
800 ˆ 400 20.17 0.00 10 7.00 0 10 501.63 0.03 9 2.26 0 10
1200 ˆ 400 47.15 0.00 10 14.46 0 10 1674.59 0.08 6 3.56 0 10
1600 ˆ 400 20.25 0.00 10 14.90 0 10 2199.49 1.09 4 7.08 0 10
800 ˆ 800 10.96 0.00 10 6.57 0 10 10.14 0.00 10 1.15 0 10
1600 ˆ 800 20.72 0.00 10 32.72 0 10 796.25 1.45 8 4.40 0 10
2400 ˆ 800 147.65 0.00 10 40.35 0 10 733.05 0.54 8 7.05 0 10
3200 ˆ 800 334.57 0.00 10 98.65 0 10 2224.25 3.37 4 16.63 0 10
1200 ˆ 1200 15.17 0.00 10 15.83 0 10 15.95 0.00 10 3.30 0 10
2400 ˆ 1200 105.38 0.00 10 50.35 0 10 880.78 0.47 8 8.38 0 10
3600 ˆ 1200 506.98 0.18 9 68.54 0 10 1464.86 1.41 7 19.94 0 10
4800 ˆ 1200 132.27 0.00 10 145.50 0 10 2888.05 1.43 2 46.29 0 10
1600 ˆ 1600 20.16 0.00 10 17.16 0 10 24.60 0.00 10 5.69 0 10
3200 ˆ 1600 74.18 0.00 10 102.61 0 10 860.45 0.22 9 19.83 0 10
4800 ˆ 1600 80.60 0.00 10 129.56 0 10 3077.95 5.25 4 38.06 0 10
6400 ˆ 1600 695.01 0.00 9 259.16 0 10 2621.50 10.00 4 50.72 0 10

4.5.2 Three Objectives (p “ 3)

In this section, we compare the performance of different methods including DSSA,

CSSA, and SCIP, on solving instances with p “ 3. Note that, in the remainder of this paper,

we do not provide any further result for L-CPLEX because for p ą 2 many constraints and

decision variables need to be added for linearizion and CPLEX will struggle to solve such

linearized instances. With this in mind, the run time performance profiles of the different

methods on instances of Class-I and Class-II can be found in Figure 4.8. Also, the optimality

gap performance profiles of different methods on instances of Class-I and Class-II can be

found in Figure 4.9.

One interesting observation is that, unlike instances with p “ 2, DSSA outperforms

CSSA for Class-I. Specifically, DSSA has been able to solve around 20% and 30% of instances

at least 3 times faster than CSSA and SCIP, respectively. This is mainly because of two

reasons. (1) Class-I involves less integer decision variables and hence a decision space search
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Figure 4.8: Run time performance profiles when p “ 3
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Figure 4.9: Optimality gap performance profiles when p “ 3
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algorithm can be expected to perform well for such instances. (2) CSSA is a criterion space

search algorithm and hence as p increases, more nodes need to be added after exploring

each node of the search tree. So, the global dual bound is expected to improve at slower

rate during the search. For Class II, however, CSSA has the best performance and DSSA

has the worst performance. Specifically, CSSA has been able to solve around 40% and 30%

of instances at least 3 times faster than DSSA and SCIP, respectively. In terms of the

optimality gap, for Class-I, DSSA and CSSA have similar performance. However, for around

70% of instances of Class-I, CSSA has reached to an optimality gap which is at least 3 times

smaller than SCIP. For Class II, DSSA has performed poorly in terms of the optimality gap.

Specifically, we observe that, for around 80% of instances in Class-II, CSSA has reached to

an optimality gap which is at least 3 times smaller than DSSA.

Table 4.2: Performance comparison of DSSA and CSSA on instances with p “ 3

Subclass
Class-I Class-II

DSSA CSSA DSSA CSSA
Time
(s)

Gap
(%)

Solved
(#)

Time
(s)

Gap
(%)

Solved
(#)

Time
(s)

Gap
(%)

Solved
(#)

Time
(s)

Gap
(%)

Solved
(#)

400 ˆ 400 1762.16 3.01 6 2184.25 0.18 5 3135.94 9.73 2 98.45 0.00 10
800 ˆ 400 1925.29 2.99 5 3334.84 0.34 2 3600.00 18.25 0 377.61 0.00 10
1200 ˆ 400 1956.08 10.02 5 3405.11 0.19 2 3600.00 14.38 0 682.83 0.00 10
1600 ˆ 400 3000.39 4.99 2 3357.12 0.23 1 3600.00 16.55 0 1403.17 0.30 9
800 ˆ 800 1234.85 1.52 7 1991.53 0.04 6 2882.26 5.65 2 103.00 0.00 10
1600 ˆ 800 2229.45 3.27 4 3295.56 2.80 2 3600.00 16.24 0 680.56 0.00 10
2400 ˆ 800 3258.70 5.65 1 3600.00 2.26 0 3600.00 24.81 0 1098.76 0.00 10
3200 ˆ 800 3204.88 5.24 2 3600.00 3.46 0 3600.00 23.62 0 2226.01 0.34 8
1200 ˆ 1200 1115.15 0.75 7 1612.77 0.02 8 2618.78 5.86 4 231.66 0.00 10
2400 ˆ 1200 2125.83 4.38 6 3385.22 10.12 1 3600.00 15.21 0 1130.86 0.00 10
3600 ˆ 1200 3198.68 4.89 2 3600.00 5.37 0 3600.00 29.85 0 2907.52 3.05 5
4800 ˆ 1200 3331.31 5.90 1 3600.00 12.24 0 3600.00 24.61 0 3145.63 5.61 4
1600 ˆ 1600 504.71 0.35 9 1768.84 0.76 7 2634.85 3.41 4 241.15 0.00 10
3200 ˆ 1600 2954.51 8.21 3 3250.68 8.63 1 3600.00 14.94 0 1354.44 0.00 10
4800 ˆ 1600 2799.84 6.64 4 3156.85 9.78 2 3600.00 18.46 0 2839.52 2.92 5
6400 ˆ 1600 3600.00 9.54 0 3600.00 21.70 0 3600.00 26.24 0 3320.17 7.10 4

Table 4.2 provides further details about the performance of DSSA and CSSA on

instances with p “ 3. Observe that the solution times have increased dramatically for

instances with p “ 3 compared to instances with p “ 2. It is evident that DSSA has been

able to solve significantly more instances to optimality for Class-I. However, for Class-II,

CSSA has solved significantly more instances to optimality. The average optimality gap
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reported for each subclass indicates a similar pattern. Specifically, for the largest subclass

of instances, we observe that the average optimality of CSSA is more than 2.2 times larger

than DSSA under Class-I but it is more than 3.6 times smaller under Class-II.

4.5.3 Four Objectives (p “ 4)

In this section, we compare the performance of different methods including DSSA,

CSSA, and SCIP, on solving instances with p “ 4. Unlike the previous cases, i.e., p “ 2 and

p “ 3, we do not provide any run time performance profiles because almost all instances are

not solved to optimality by any of the solution methods within the imposed time limit. The

optimality gap performance profiles of different methods on instances of Class-I and Class-II

can be found in Figure 4.10.
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Figure 4.10: Optimality gap performance profiles when p “ 4

From the figure, we observe that DSSA has completely outperformed CSSA in terms

of the optimality gap. Specifically, for around 20% and 40% of instances of Class-I, DSSA

has reached to an optimality gap which is at least 5 times better than those obtained by

CSSA and SCIP, respectively. Similarly, for around 30% and 70% of instances of Class-II,

DSSA has reached to an optimality gap which is at least 1.5 times better than those obtained

by CSSA and SCIP, respectively. Table 4.3 provides further details about the performance
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of DSSA and CSSA on instances with p “ 4. Observe that very few instances are solved

to optimality by the methods within the imposed time limit. The average optimality gap

reported for each subclass indicates that DSSA has completely outperformed CSSA. This is

another evidence that for large values of p, the proposed decision space search algorithm is

a better choice.

Table 4.3: Performance comparison of DSSA and CSSA on instances with p “ 4

Subclass
Class-I Class-II

DSSA CSSA DSSA CSSA
Time
(s)

Gap
(%)

Solved
(#)

Time
(s)

Gap
(%)

Solved
(#)

Time
(s)

Gap
(%)

Solved
(#)

Time
(s)

Gap
(%)

Solved
(#)

400 ˆ 400 3282.43 15.88 1 3600.00 59.25 0 3600.00 24.73 0 3600.00 36.57 0
800 ˆ 400 3600.00 12.43 0 3600.00 30.31 0 3600.00 31.26 0 3600.00 56.83 0
1200 ˆ 400 3600.00 12.47 0 3600.00 38.53 0 3600.00 27.60 0 3600.00 63.95 0
1600 ˆ 400 3600.00 10.43 0 3600.00 36.79 0 3600.00 36.72 0 3600.00 67.02 0
800 ˆ 800 3273.97 9.69 1 3600.00 55.89 0 3600.00 23.57 0 3504.52 40.83 1
1600 ˆ 800 3087.01 18.51 2 3600.00 65.06 0 3600.00 36.15 0 3600.00 72.58 0
2400 ˆ 800 3600.00 22.51 0 3600.00 63.75 0 3600.00 36.73 0 3600.00 73.35 0
3200 ˆ 800 3600.00 11.90 0 3600.00 68.32 0 3600.00 30.67 0 3600.00 76.33 0
1200 ˆ 1200 3600.00 12.18 0 3600.00 47.08 0 3600.00 32.21 0 3600.00 54.36 0
2400 ˆ 1200 3600.00 18.90 0 3600.00 69.25 0 3600.00 45.16 0 3600.00 69.40 0
3600 ˆ 1200 3600.00 18.00 0 3600.00 81.08 0 3600.00 50.78 0 3600.00 78.44 0
4800 ˆ 1200 3600.00 40.70 0 3600.00 70.59 0 3600.00 24.53 0 3600.00 85.33 0
1600 ˆ 1600 3323.96 6.67 1 3600.00 50.39 0 3600.00 35.52 0 3600.00 47.60 0
3200 ˆ 1600 3567.38 12.69 1 3600.00 74.71 0 3600.00 49.32 0 3600.00 68.65 0
4800 ˆ 1600 3600.00 55.16 0 3600.00 84.29 0 3600.00 47.78 0 3600.00 76.75 0
6400 ˆ 1600 3600.00 49.08 0 3600.00 82.58 0 3600.00 61.08 0 3600.00 84.45 0

4.6 Conclusions

We studied a class of single-objective non-convex non-linear (mixed) integer optimiza-

tion problems, i.e., MIL-mMPs, with applications in different fields of study, e.g., natural

resource management. We showed that because the objective function of a MIL-mMP is a

multiplication of p non-negative linear functions, a MIL-mMP can be viewed as the problem

of optimization over the efficient set of a multi-objective mixed integer linear program with

p objective functions. Consequently, we developed two novel multi-objective optimization

based algorithms for solving MIL-mMPs. The first algorithm is a decision space search algo-

rithm that relies on the power of (single-objective) linear programming solvers for solving a

MIL-mMP. The second algorithm, however, is a criterion space search algorithm that relies
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on the power of (single-objective) mixed integer linear programming solvers for solving a

MIL-mMP.

We developed several enhancement techniques for the proposed algorithms and tested

the performance of our algorithms on 960 random instances against the non-linear optimiza-

tion solver of SCIP. Our numerical results showed that SCIP is significantly outperformed

by our proposed algorithms. We also showed that commercial mixed integer programming

solvers struggle to directly solve instances of MIL-mMP when their objective functions are

linearized in advance. The results showed that when p “ 2 the proposed criterion space

search algorithm is the best solution method. However, as p increases, the proposed crite-

rion space search algorithm starts to struggle because the dimension of the criterion space

increases. Consequently, for p “ 4, we observed that the proposed decision space search

algorithm outperforms the proposed criterion space search algorithm. Similarly, we also

observed that as the number of integer decision variables increases, the proposed decision

space search algorithm starts to struggle because the dimension of the decision space in-

creases. Consequently, for p “ 3, we observed that the decision space search algorithm was

the best choice for our mixed integer instances because they involved fewer integer decision

variables (compared to our pure integer instances). However, for pure integer instances with

p “ 3, the criterion space search algorithm was the best choice because they involved more

integer decision variables (compared to our mixed integer instances).

We hope that the simplicity, versatility, and performance of our proposed algorithms

encourage practitioners/researchers to consider developing/employing multi-objective op-

timization based algorithms for solving certain single-objective optimization problems in

particular multiplicative programs. There are several future research directions that can be

considered for this study. One direction could be exploring whether the proposed algorithms

can be combined together through an effective parallelization framework to integrate their

advantageous. Another research direction is to explore how the proposed methods can be
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customized effectively for solving the so-called ‘generalized’ MIL-mMPs in which the only

difference is that each term in the objective function may have a positive power.
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Chapter 5: A Criterion Space Branch-And-Cut Algorithm For Mixed Integer

Bi-Linear Maximum Multiplicative Programs

In this chapter, we present paper P4. In this work, we introduce a branch-and-bound

algorithm to solve Mixed-Integer Bi-Linear Maximum Multiplicative Programs.

5.1 Introduction

A maximum multiplicative program (MMP) can be formulated as

max

" p
ź

i“1

yipxq : x P X , ypxq ě 0

*

, (5.1)

where X Ď Rn is the set of feasible solutions, and ypxq is a vector of p non-negative linear

functions of x P X . If X consists of a set of linear constraints, the problem is called linear

maximum multiplicative program (L-MMP). If the values of all variables are expected to be

integers, it is referred to as an integer linear maximum multiplicative program (IL-MMP).

Finally, if the variable set incorporates both integer and continuous variables, the problem

becomes a mixed integer linear maximum multiplicative (MIL-MMP). Further details about

extensions of MMPs can be found in the work done by [128].

The MMP, in its general form, has numerous applications. The MMP essentially

finds the Nash solution in a bargaining problem [129]. Due to the importance of the MMP

in solving real-world bargaining problems, the MMP is sometimes referred to as the Nash so-

cial welfare program in the literature [130]. For example, Caragiannis et al. [131] employed

IL-MMPs to solve the allocation of indivisible goods among heirs, which is a real-world

bargaining problem. Other application domains of bargaining problems that require the
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MMP include but not limited to energy [132, 133], conservation planning [134], and health-

care [135, 136]. Supply chain management is another important domain that gives rise to

bargaining problems [137, 138]. Forming collaboration in supply chains through solving bar-

gaining problems involving two players, i.e., p “ 2, has been the topic of several studies

in the literature [see 139, 140, and the citations therein]. In addition to the bargaining

problems, the MMP can be used for computing an equilibrium for Fisher’s linear or Kelly’s

capacity allocation market [141, 142, 143, 144]. Systems reliability is another application of

such optimization problems [145, 146, 147].

Although the MMP has only one objective function, it has strong connections to the

problem of optimization over the efficient set in multi-objective optimization [116, 118, 115,

117, 114]. In multi-objective optimization, the efficient set is the set of solutions for which it

is impossible to improve the value of one objective without making the value of at least one

other objective worse. While a large body of literature on multi-objective optimization has

sought to compute the efficient set of multi-objective (mixed integer) optimization problems

both in the linear form [94, 95, 96, 97, 98] and nonlinear form [148, 149, 150], the goal of the

problem of optimization over the efficient set is to directly find the most desirable efficient

solution without necessarily exploring the entire efficient set. This will be done by optimizing

a super-criterion function over the efficient set of a multi-objective optimization problem.

The connection between the MMP and optimization over the efficient set in multi-

objective optimization comes from an idea that in Problem (5.1), each element of y can

be viewed as a dummy objective function. Without loss of generality, the multi-objective

optimization problem counterpart to Problem (5.1) can be stated as

max

"

y1pxq, . . . , yppxq : x P X , ypxq ě 0

*

. (5.2)

with p, X and ypxq bearing the same definitions as in Problem (5.1). It is known that an

optimal solution of Problem (5.1) lies on the efficient set of its multi-objective problem coun-
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terpart. Charkhgard et al. [101] proved this property for L-MMPs, however the same proof

applies to MMPs in general as used by Saghand et al. [102] and Saghand and Charkhgard

[128] for MIL-MMPs (with p “ 2) and IL-MMPs, respectively. Hence, the optimal solution

of Problem (5.1) can be found by identifying the element in the efficient set of Problem (5.2)

that maximizes the objective function of Problem (5.1); namely
śp

i“1 yipxq. This implies

that instead of directly solving Problem (5.1) using single-objective optimization solvers, the

super-criterion
śp

i“1 yipxq can be maximized over the efficient set of Problem (5.2).

The above-mentioned idea has been the basis of developing novel and highly-effective

multi-objective optimization based solution approaches for solving the MMP in recent years

[101, 102, 128, 151]. However, such approaches are mainly designed for solving IL-MMPs

and not MIL-MMPs. This is not surprising as the multi-objective optimization counterpart

of an IL-MMP is a multi-objective pure integer linear program (MOPILP). However, the

multi-objective optimization counterpart of an MIL-MMP is a multi-objective mixed integer

linear program (MOMILP). In multi-objective optimization, it is known [123] that MOMILPs

are significantly more challenging than MOPILPs because the image of the efficient set of

a MOMILP in the criterion space, i.e., the space of objective values, is not necessarily a

collection of discrete points and may contain disjoint continuous segments. In fact, this is

the main reason that the literature of solution approaches for MOMILPs has been mainly

limited to cases involving only two objectives, e.g., [152], and there are very few studies on

cases with more than two objectives, e.g., [153].

In light of the above, the focus of this study is on developing effective multi-objective

optimization based solution approaches for solving any MIL-MMP with p “ 2, referred to

as mixed-integer bi-linear maximum multiplicative program (MIBL-MMP) in the remaining

of this paper. We introduce a new approach that, from a computational time perspective,

outperforms not only the existing approaches in the literature, but also CPLEX 12.10—the

latest version of the commercial solver, while guaranteeing the optimality of the solution.

Our contributions can be summarized as follows.
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• We introduce a novel criterion space branch-and-cut (CSBnC) algorithm to solve any

MIBL-MMP by solving a finite number of single-objective mixed integer linear pro-

grams. The proposed CSBnC framework explores the efficient set of the multi-objective

problem counterpart of the MIBL-MMP through a criterion space-based branch-and-

cut paradigm. Starting with an initial set of primal and dual bounds, the proposed

branch-and-bound iteratively improves the bounds until the desired optimality gap is

achieved. The bounds will be obtained using novel custom-built operations developed

based on Chebyshev distance and piecewise McCormick envelopes. CSBnC employs a

criterion-space cut-generating mechanism adopted from [101] and [128] that generate

a cut for any feasible solution with strictly positive objectives.

• We conduct an extensive computational study by first evaluating numerically the con-

tribution of the main algorithmic component of the proposed framework. We also

obtain the optimal number of pieces for the piecewise McCormick envelopes. Next,

we compare the performance of our proposed CSBnC algorithm with a state-of-the-art

multi-objective optimization solution approach [151] and the mixed integer Second Or-

der Cone Programming (SOCP) solver of CPLEX 12.10. Our tests demonstrate that

our approach outperforms the SOCP solver by a factor of 6.60 on average while the

SOCP solver itself outperforms the state-of-the-art approach by a factor of 1.25 on

average.

The remainder of this paper is organized as follows. In Section 5.2, we introduce some prelim-

inaries about MIBL-MMPs, introduce some existing methods, and explain some important

concepts and notations. In Section 5.3, we introduce the key operations/components of CS-

BnC. In Section 5.4, we provide the details of CSBnC. Section 5.5 includes a comprehensive

computational study, and finally, in Section 5.6, some concluding remarks are provided.
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5.2 Preliminaries

A Mixed Integer Bi-Linear Maximum Multiplicative Program (MIBL-MMP) can be

stated as
max y1y2

s.t. y “ Cx` d

Ax ď b

x,y ě 0, x P Rnc ˆ Zni , y P R2,

(5.3)

where nc and ni denote the number of continuous and integer decision variables, respectively.

Given n “ nc ` ni, C is a 2ˆn matrix and d is a vector of size two, which include the

coefficients and constants of the two multiplicative terms, respectively. Also, A is an m ˆ

n matrix that denotes the technological coefficients, with m being the number of linear

constraints. Accordingly, b represents the m-sized vector of right-hand side values. We refer

to the set X :“ tx P Rnc ˆ Zni : Ax ě b, x ě 0u as the feasible set in the decision space

and to the set Y :“ ty P R2 : x P X , y “ Cx`d, y ě 0u as the feasible set in the criterion

space. We assume that X is bounded (which implies that Y is compact) and the optimal

objective value of the problem is strictly positive. Throughout this article, we refer to x P X

as a feasible solution and to y P Y as a feasible point (y is the image of x in the criterion

space).

5.2.1 Existing Solution Approaches

Note that Problem (5.3) can be stated as maxyPY y1y2. Considering this observation,

in order to solve an MIBL-MMP, there are two standard single-objective optimization based

solution approaches. The first one applies the log-transformation, i.e., maxyPY log y1` log y2,

and then solves the transformed problem by standard mixed integer convex programming

solvers. The second approach, which is a faster approach, transforms an MIBL-MMP into a
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mixed integer SOCP [101], i.e.,

max
yPY

γ

s.t. γ2
ď y1y2 and γ ě 0

and then solves the transformed problem by powerful commercial solvers such as CPLEX.

In addition to the standard single-objective optimization approaches, it is also possible to

develop multi-objective optimization-based solution approaches for solving any MIBL-MMP

based on the following definition and proposition.

Definition 5.1. A feasible solution x P X is called efficient, if there is no other x1 P X such

that y1 ě y and y1 ‰ y where y :“ Cx ` d and y1 :“ Cx1 ` d. If x is efficient, then y is

called a nondominated point. The set of all efficient solutions is denoted by XE. The set of

all nondominated points is denoted by YN and referred to as the nondominated frontier.

Proposition 5.1. An optimal solution of Problem (5.3), denoted by x˚, is an efficient

solution and therefore its corresponding image in the criterion space, denoted by y˚ where

y˚ :“ Cx˚ ` d, is a nondominated point.

Proof.

It is straightforward and can be found in [102].

Proposition 5.1 implies that Problem (5.3) is a spacial case of the problem of opti-

mization over the efficient set because it is equivalent to maxyPYN y1y2. A straightforward

way to solve any optimization over the efficient set problem is to first compute its non-

dominated frontier and then search the nondominated frontier for a point that optimizes

the super-criterion function (which is y1y2 in this paper). Such a two-phase multi-objective

optimization-based approach can be computationally expensive as the first phase, i.e., com-

puting the entire nondominated frontier, can be time consuming in practice. Therefore, in

the literature of optimization over the efficient set, the focus has been mainly on develop-
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ing multi-objective optimization-based solution methods that can directly find the optimal

point without having to generate the entire nondominated frontier by employing bounding

mechanisms and/or cut-generating techniques [118, 116].

In the context of MIBL-MMPs, [102] are the first to develop such an algorithm. They

embed the multi-objective linear programming-based algorithm proposed by [101] for solv-

ing L-MMPs with p “ 2 into a branch-and-bound framework to solve any MIBL-MMP.

Thus, their approach relies on the power of (commercial) single-objective linear program-

ming solvers to solve linear programs arising during the course of solving MIBL-MMP. [151]

propose a multi-objective optimization-based approach that outperforms the approach pro-

posed previously by the same authors as it relies on the power of (commercial) single-objective

mixed integer programming solvers to solve any MIBL-MMP. Specifically, in each iteration,

their algorithm solves a mixed integer linear program which maximizes y1 ` y2 over the

remaining part of the feasible set in the criterion space for finding a new efficient solution.

After finding a new solution, their algorithm takes the two following steps. In the first step,

it seeks to compute the best possible feasible solution that can be obtained by changing only

the values of continuous variables while fixing the values of integer variables to the integer

support vector of the solution found in that iteration. This will be done by simply fixing

the integer support vector of the solution obtained (in each iteration) in the mixed integer

SOCP counterpart of the MIBL-MMP. By doing so, the mixed integer SOCP reduces to a

continuous SOCP that is then solved by a commercial solver such as CPLEX. In the second

step, a no-good constraint [154] is added to the model to remove the integer support vector

explored in that iteration permanently from future iterations.

The two steps that the algorithm of [102] relies on are computationally expensive

in practice; the first step is expensive due to its non-linear nature and the second step is

expensive as it is a cut in the decision space that increases the size of the model in each

iteration but has no strong impacts on the criterion space. Therefore, the main motivation

of this study is to present an effective multi-objective optimization-based approach capable

128



of solving mixed integer instances without requiring such expensive steps. We do this by

employing new search mechanisms, bounding procedures, and cut-generating technique. As

an aside, we note that the proposed approach in this study cannot be directly used for solving

minyPY y1y2. At first glance, this problem may look similar to an MIBL-MMP. However, they

are substantially different in theory. This can be observed from the fact that for the case of

maximization, if there is no integer decision variable, the problem is polynomially solvable.

However, for the case of minimization, the problem is NP-hard even if there is no integer

decision variable [100, 1, 155].

5.2.2 Concepts and Notations

In this section, we introduce a few concepts and notations that are important for

understanding the motivation behind the main operations in our proposed approach for

solving an MIBL-MMP. The first concept is the ideal point, denoted by yI P R2, which is a

point in the criterion space reflecting the best (maximum) value of each objective function

(when considered individually) over the nondominated frontier. The second concept is the

nadir point, denoted by yN P R2, which is a point in the criterion space reflecting the worst

(minimum) value of each objective function (once again when considered individually) over

the nondominated frontier. Both ideal and nadir points are often imaginary points in the

criterion space as they may not be feasible.

Fortunately for p “ 2, computing the ideal and nadir points is straightforward and

can be done by simply computing the endpoints of the nondominated frontier. We note that

this observation does not hold for p ą 2 [96]. An illustration of the entire nondominated

frontier of the multi-objective counterpart of an MIBL-MMP and its corresponding ideal and

nadir points can be found in Figure 5.1. In order to compute each endpoint, a lexicographic

operation can be applied. The lexicographic operation is basically two sequential optimiza-

tion problems that should be solved. In the first one, a primary objective function should

be optimized over the entire feasible set and in the second one a secondary objective should
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y1

y2

(a) The nondominated frontier

y1

y2

yI

yN

(b) Ideal and nadir points

Figure 5.1: An illustration of the entire nondominated frontier of the multi-objective
counterpart of an MIBL-MMP

be optimized over all feasible solutions that are optimal for the primary objective function.

To compute the bottom endpoint of the nondominated frontier, i.e., pyI1 , yN2 q, the primary

objective function is y1 and the secondary objective function is y2. Hence, yI1 “ maxyPY y1

and yN2 “ max yPY
y1“yI1

y2. To compute the top endpoint of the nondominated frontier, i.e.,

pyN1 , y
I
2q, the primary objective function is y2 and the secondary objective function is y1.

Hence, yI2 “ maxyPY y2 and yN1 “ max yPY
y2“yI2

y1.

y1

y2

yI

ȳ

yN

(a) Boxes to remove

y1

y2

pȳ1, y
I
2q

pyN1 , ȳ2q

(b) Top box

y1

y2

pȳ1, y
N
2 q

pyI1 , ȳ2q

(c) Bottom box

Figure 5.2: An illustration of new boxes after finding a nondominated point

It is evident that after computing the ideal and nadir points, one can claim that the

entire nondominated frontier of the multi-objective optimization counterpart of an MIBL-

MMP must be in the box, denoted by BoxpyN ,yIq, between the nadir and ideal points
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(as shown in Figure 5.1b). Now, suppose that by searching BoxpyN ,yIq we find a weakly

nondominated point denoted by ȳ. We call ȳ a weakly nondominated point if there exists no

feasible point ȳ1 P Y that can strictly dominate ȳ, i.e., ȳ1 ă ȳ11 and ȳ2 ă ȳ12. An illustration

of a weakly nondominated point can be found in Figure 5.2a. From the figure it is clear

that ȳ is not a nondominated point as there is a point slightly above it. Observe too that

after finding a weakly nondominated point two boxes can be removed from BoxpyN ,yIq as

shown in Figure 5.2a. Specifically, BoxpyN , ȳq can be fully removed because all the points in

that box are dominated by ȳ and dominated points cannot be optimal for an MIBL-MMP

based on Proposition 5.1. Also, Boxpȳ,yIq except its two sides that intersect in ȳ can be

removed because there cannot exist any feasible point within the box due to the fact that ȳ

is a weakly nondominated point.

Another important property of working with p “ 2 is that after removing BoxpyN , ȳq

and Boxpȳ,yIq, the remaining region which actually contains the entire nondominated fron-

tier is basically two boxes (referred to as the top box and bottom box) that are shown in

Figures 5.2b and 5.2c. We note that this observation does not hold for p ą 2, i.e., the

remaining region is not two boxes anymore and instead would be a complex volume in the

p-dimensional space. We also observe from the figures that the ideal and nadir points of the

portion of the nondominated frontier trapped in each box can be bounded by using yI , yN ,

and ȳ. This means that a point can be constructed based on yI , yN , and ȳ to bound its

nadir point from below. Similarly, a point can be constructed based on yI , yN , and ȳ to

bound its ideal point from the above. For example, in Figure 5.2c, pȳ1, y
N
2 q is a lower bound

point for the nadir point of the portion of the nondominated frontier trapped in the box and

pyI1 , ȳ2q is an upper bound point for its ideal point. This observation plays a key role in the

branching mechanism embedded in the search tree of our proposed algorithm.

In specific, the search tree of our proposed algorithm contains only boxes. Each box

has a lower bound point, denoted by yl, and an upper bound point, denoted by yu. The

lower and upper bound points simply bound the ideal and the nadir points of the portion of

131



the nondominated frontier trapped in Boxpyl,yuq. The main property of yl and yu is that

by construction yu ě yI and yl ď yN where yI and yu denote the ideal and nadir points

of the portion of the nondominated frontier trapped in Boxpyl,yuq. When exploring a box

Boxpyl,yuq, our algorithm attempts to find a weakly nondominated point within the box.

It then creates two new boxes (if needed) using a process similar to the above-mentioned

process with some slight changes that will be explained later in Section 5.3.3.

The last concept that plays a key role in our proposed method is McCormick en-

velopes/relaxation of y1y2 [156]. Let w be a continuous variable representing the value of

y1y2. The value of w in Boxpyl,yuq is bounded by the following four linear inequalities

(referred to as McCormick envelopes/relaxation)

w ď y1y
u
2 ` y

l
1y2 ´ y

l
1y
u
2 (5.4)

w ď yu1y2 ` y1y
l
2 ´ y

u
1y

l
2 (5.5)

w ě yu1y2 ` y1y
u
2 ´ y

u
1y

u
2 (5.6)

w ě yl1y2 ` y1y
l
2 ´ y

l
1y
l
2 (5.7)

w ě 0. (5.8)

Constraints (5.6) and (5.7) are not needed in this study since in an MIBL-MMP, we

seek to maximize y1y2. Thus, in the remaining of this section, we drop these two constraints.

McCormick relaxation can be improved at the cost of introducing some additional binary

variables and constraints. The improved version is referred to as piecewise McCormick relax-

ation [157, 158]. In the piecewise McCormick relaxation, the box Boxpyl,yuq should be par-

titioned either horizontally or vertically into k boxes where k P t0, 1, 2, . . . u is a user-defined

parameter. For example, Boxpyl,yuq, can be horizontally partitioned into Boxpyl,1,yu,1q,

. . . , Boxpyl,k,yu,kq where for each j P t1, . . . , ku we define

yl,j1 :“ yl1, yl,j2 :“ yl2 `
“

pj ´ 1q ˆ
yu2 ´ y

l
2

k

‰

,
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and

yu,j1 :“ yu1 , yu,j2 :“ yl2 `
“

j ˆ
yu2 ´ y

l
2

k

‰

.

Note that in this study, if k “ 0 then the piecewise McCormick relaxation auto-

matically becomes inactive and will not be used. After creating the boxes, the McCormick

envelopes of each (smaller) box will be added. For each box j P t1, . . . , ku, one binary vari-

able, denoted by qj, will be defined and some constraints and non-negative variables will be

added to ensure that exactly one box and its corresponding McCormick envelopes can be

active at any time. With this in mind, the piecewise McCormick relaxation of y1y2 can be

stated as

w ď
k
ÿ

j“1

y1,jy
u,j
2 ` yl,j1 y2,j ´ y

l,j
1 y

u,j
2 qj (5.9)

w ď
k
ÿ

j“1

yu,j1 y2,j ` y1,jy
l,j
2 ´ yu,j1 yl,j2 qj (5.10)

k
ÿ

j“1

qj “ 1 (5.11)

yl,j1 qj ď y1,j ď yu,j1 qj @j “ 1, 2, . . . , k (5.12)

yl,j2 qj ď y2,j ď yu,j2 qj @j “ 1, 2, . . . , k (5.13)

y1 “

k
ÿ

j“1

y1,j (5.14)

y2 “

k
ÿ

j“1

y2,j (5.15)

qj P t0, 1u @j “ 1, 2, . . . , k (5.16)

y1,j, y1,j ě 0 @j “ 1, 2, . . . , k (5.17)

w ě 0 (5.18)
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where y1,1,. . . y1,k are additional non-negative variables that exactly one of them takes the

value of y1 and the remaining ones take the value of zero based on Constraints (5.11)-(5.15).

Similarly, y2,1,. . . y2,k are additional non-negative variables that exactly one of them takes the

value of y2 and the remaining ones take the value of zero based on Constraints (5.11)-(5.15).

In the remaining of this paper, for the sake of convenience, we use the following notation to

refer to the piecewise McCormick relaxation,

McCormickpyl, yu, kq :“ tw P R : (5.9)´ (5.18)u.

5.3 Algorithmic Components of CSBnC

In this section, we introduce the key components/operations of our proposed CSBnC

algorithm to solve an MIBL-MMP. The algorithm builds upon a search tree structure fol-

lowing a branch-and-cut scheme, by exploiting the structure of the nondominated frontier of

the multi-objective optimization counterpart of the MIBL-MMP. The latter is constructed

by taking each multiplicative term as an independent objective function. Similar to any

branch-and-cut algorithm, our proposed method contains four key components: dual bound

finder, primal bound finder, branching scheme, and cut generator. The novelty of our pro-

posed approach comes directly from the novelty of the first three components while the last

one is adopted from the work of [101]. Next, we provide the details of each component.

5.3.1 Dual Bound Finder

The search tree of our proposed method contains boxes that need to be explored.

Our proposed method employs two approaches for computing dual (upper) bound for a

Boxpyl,yuq. The first approach is trivial and comes from this observation that by construc-

tion yu ě yI where yI is the ideal point of the portion of the nondominated frontier trapped

in Boxpyl,yuq. This immediately implies that yu1yu1 must be a dual bound for the best ob-

jective value of the MIBL-MMP that can be found within the Boxpyl,yuq. The second or

134



the main mechanism for computing a dual bound is built based on the piecewise McCormick

relaxation of y1y2. Specifically, in order to find a dual bound, one can solve the following

optimization problem,

pŵ, ŷq P arg max
 

w : w PMcCormickpyl, yu, kDq ^ y P Y
(

,

where kD is a user defined parameter showing the number of pieces in the piecewise Mc-

Cormick relaxation. Observe that by construction ŵ provides a dual bound for the best ob-

jective value of the MIBL-MMP that can be found within the Boxpyl,yuq. For convenience,

we denote the second/main operation (i.e., the above-mentioned optimization problem) for

finding a dual bound by Dualpyl,yu, kDq in this study. Next, we will make two remarks.

The first one is that setting kD “ 0 would make the above optimization problem irrelevant.

Thus, in that case, Dualpyl,yu, kDq simply reports ŵ “ yu1y
u
2 and ŷ “ 0 to show that the

operation has been irrelevant. The second remark is that if Dualpyl,yu, kDq is infeasible

then it reports ŵ “ null and ŷ “ null.

5.3.2 Primal Bound Finder

Similar to computing dual bounds, our proposed algorithm employs two approaches

for computing primal (lower) bound for a Boxpyl,yuq. The first approach is computationally

free as it simply uses the outcome of Dualpyl,yu, kDq. Specifically, we know that ŷ P Y

by construction. Therefore, ŷ1ŷ2 must provide a primal bound. The second or the main

mechanism for computing a primal bound simply seeks to find a feasible point that has the

minimum Chebychev distance from yu within the Boxpyl,yuq. Specifically, in order to find

a primal bound, one can solve the following optimization problem,

pz̄, ȳq P arg min
 

z P R : z ě 0 ^ yu1 ´ y1 ď z ^ yu2 ´ y2 ď z ^

y P Y ^ y P Boxpyl,yuq ^
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w PMcCormickpyl, yu, kP q ^ Glb ď w
(

,

where Glb denotes the best global primal (lower) bound known by the proposed algorithm

for the optimal objective value of MIBL-MMP at the time of exploring Boxpyl,yuq. Also,

kP is a user defined parameter showing the number of pieces in the piecewise McCormick

relaxation. Finally, continuous variable z is defined to capture the Chebychev distance of any

feasible point from yu. The first three constraints, i.e., z ě 0, yu1 ´ y1 ď z, and yu2 ´ y2 ď z,

ensure that z will take the value of Chebychev distance when being minimized. Constraints

y P Y and y P Boxpyl,yuq ensure that the point that will be found is feasible and located

in Boxpyl,yuq. The latter means that y1 ě yl1, y2 ě yl2, y1 ď yu1 , and y2 ď yu2 . Finally,

constraints w P McCormickpyl,yu, kP q and Glb ď w ensure that the relaxed value of

y1y2, i.e., w, should be at least as good as the best global primal bound known.

For convenience, we denote the second/main operation for finding a primal bound by

Primalpyl,yu, kP ,Glbq in this study. Next, we will make three remarks. The first one is

that if users set kP “ 0 then w PMcCormickpyl,yu, kP q and GLB ď w will become irrele-

vant, in which case, those constraints will be removed when calling Primalpyl,yu, kP ,Glbq.

The second remark is that if kP ą 0 then the constraint y P Boxpyl,yuq is redundant be-

cause it naturally exists in w P McCormickpyl,yu, kP q – see Constraints (5.11)-(5.15).

Therefore, in that case, y P Boxpyl,yuq will be removed. Finally, the third remark is that if

Primalpyl,yu, kP ,Glbq is infeasible then it reports z̄ “ null and ȳ “ null.

5.3.3 Branching Scheme

The branching scheme developed in this study is similar to the process previously

explained in Section 5.2.2 about Figure 5.2 but with some slight changes. For now, we

ignore the slight changes and assume that the branching scheme is precisely the same as the

one presented in Section 5.2.2. Specifically, based on our discussions in Section 5.2.2, by

finding a weakly nondominated point, denoted by ȳ in Boxpyl,yuq, we replace Boxpyl,yuq
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with two new child nodes/boxes including the top box denoted by Boxpyl,t,yu,tq and the

bottom box denoted by Boxpyl,b,yu,bq where yl,t :“ pyl1, ȳ2q, yu,t :“ pȳ1, y
u
2 q, yl,b :“ pȳ1, y

l
2q,

and yu,b :“ pyu1 , ȳ2q. Suppose that all the boxes that currently exist in the search tree are

created based on our discussions in Section 5.2.2. The following proposition is helpful.

Proposition 5.2. Let pz̄, ȳq be the (optimal) outcome of calling Primalpyl,yu, kP ,Glbq.

If z̄ ‰ null, i.e., the operation is feasible, then ȳ is a weakly nondominated point.

Proof.

Suppose ȳ is not a weakly nondominated point. In that case, by definition, there

must exist a feasible point y1 P Y with the property that ȳ1 ă y11 and ȳ2 ă y12. We now show

that y1 must be feasible for Primalpyl,yu, kP ,Glbq. This can be obtained from following

three observations. (1) By assumptions, we have that y1 P Y . (2) We must have that

y1 P Boxpyl,yuq. This is because Primalpyl,yu, kP ,Glbq guarantees that ȳ P Boxpyl,yuq.

Based on the branching scheme proposed in Section 5.2.2, for any (unexplored) box other

than ȳ P Boxpyl,yuq in the search tree denoted by Boxpryl, ryuq we will have either ryu1 ď yl1

or ryu2 ď yl2. This combined with the fact that (by definition) ȳ1 ă y11 and ȳ2 ă y12 imply that

y1 P Boxpyl,yuq. (3) The piecewise McCormick relaxation value of y11y12 is not smaller than

Glb. This is because Primalpyl,yu, kP ,Glbq guarantees that the McCormick relaxation

value of ȳ1ȳ2 not to be smaller than Glb. Therefore, since by definition ȳ1 ă y11 and ȳ2 ă y12,

the piecewise McCormick relaxation value of y11y12 cannot be smaller than Glb too.

From discussions given above, we know that y1 is feasible for Primalpyl,yu, kP ,Glbq.

Also, by definition, we know that ȳ1 ă y11 and ȳ2 ă y12. Therefore, the Chebychev distance of

y1 from ȳu should be strictly smaller than z̄. So, ȳ cannot be optimal (a contradiction).

Based on Proposition 5.2, by calling Primalpyl,yu, kP ,Glbq, a weakly nondomi-

nated point (if any) will be found in Boxpyl,yuq. So, the branching scheme proposed in Sec-

tion 5.2.2 can be used when exploring each box based on the outcome of Primalpyl,yu, kP ,Glbq.

Although the branching scheme is valid, it suffers from one major weakness. That is when
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exploring Boxpyl,yuq, the same box will be created again as a child node/box if the weakly

nondominated point ȳ obtained is equal to either pyl1, yu2 q or pyu1 , yl2q which are two other

corner points of Boxpyl,yuq. So, the algorithm may get trapped in an infinite loop. As

mentioned in Section 5.2.1, the existing algorithms such as the one proposed by [151] uses

no-good constraints to break the infinite loop (which is costly). However, in this study, we

use a property of Primalpyl,yu, kP ,Glbq, described in the following proposition, to modify

our branching scheme.

Proposition 5.3. Let pz̄, ȳq be the (optimal) outcome of calling Primalpyl,yu, kP ,Glbq.

If z̄ ‰ null, i.e., the operation is feasible, then there cannot exist a feasible point y1 for

operation Primalpyl,yu, kP ,Glbq with y11 ą yu1 ´ z̄ and y12 ą yu2 ´ z̄.

Proof.

Suppose not, i.e., there exists a feasible point y1 for operation Primalpyl,yu, kP ,Glbq

with y11 ą yu1 ´ z̄ and y12 ą yu2 ´ z̄. This implies that maxtyu1 ´ y11, y
u
2 ´ y12u ă z̄, i.e., the

Chebychev distance of y1 from ȳu is strictly smaller than z̄. Therefore, ȳ cannot be optimal

(a contradiction).

y1

y2

yu

yl

(a) Boxpyl,yuq

y1

y2

yu

ȳ

yl

z̄

(b) Point ȳ

y1

y2

yu

ry

yl

z̄

z̄

(c) Point ry

Figure 5.3: An illustration of the impact of Proposition 5.3

An illustration of Proposition 5.3 can be found in Figure 5.3. Suppose that we are

exploring Boxpyl,yuq as shown in Figure 5.3a. Suppose that when exploring Boxpyl,yuq,
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we find the weakly nondominated point ȳ with the Chebychev distance of z̄ from yu as

shown in Figure 5.3b. From discussions given in Section 5.2.2, we know that since ȳ is

weakly nondominated, there cannot exist any feasible point in Boxpȳ,yuq (except its two

sides intersecting at ȳ) as shown in Figure 5.3b. Proposition 5.3 shows that because we

have used Primalpyl,yu, kP ,Glbq to compute pz̄, ȳq we can change the green box shown

in Figure 5.3b into a perfect square. Specifically, let ry be a point in the criterion space such

that

ry1 :“ yu1 ´ z̄ and ry2 :“ yu2 ´ z̄.

Proposition 5.3 shows that optimal solutions of an MIBL-MMPs cannot be in Boxpry,yuq

(except possibly on its two sides intersecting at ry) as shown in Figure 5.3c. Note that,

by construction, we always have Boxpȳ,yuq Ď Boxpry,yuq and consequently Boxpyl, ryq Ď

Boxpyl, ȳq.

y1

y2

yu

ry

yl

(a) Boxes to remove

y1

y2

yu,t

yl,t

(b) Top box

y1

y2

yl,b

yu,b

(c) Bottom box

Figure 5.4: An illustration of the modified branching scheme

Overall, Proposition 5.3 is helpful because it suggests that instead of branching based

on ȳ, we can branch based on ry as shown in Figure 5.4. Specifically, based on the outcome

of Primalpyl,yu, kP ,Glbq, the algorithm will generate ry. We then remove two boxes

Boxpyl, ryq and Boxpry,yuq from Boxpyl,yuq as shown in Figure 5.4a. Note that Boxpry,yuq

can be removed based on Proposition 5.3. Also, Boxpyl, ryq can be removed since we know

that Boxpyl, ryq Ď Boxpyl, ȳq and Boxpyl, ȳq can be removed based on our discussions in
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Section 5.2.2. We can then replace Boxpyl,yuq with two new child nodes/boxes: the top box

denoted by Boxpyl,t,yu,tq and the bottom box denoted by Boxpyl,b,yu,bq where yl,t :“ pyl1, ry2q,

yu,t :“ pry1, y
u
2 q, yl,b :“ pry1, y

l
2q, and yu,b :“ pyu1 , ry2q. As final remark, we note that branching

based on ry would never result in a child node represented by Boxpyl,yuq. This is because

Boxpry,yuq is always a square while Boxpȳ,yuq would be a line segment if ȳ is equal to either

pyl1, y
u
2 q or pyu1 , yl2q.

5.3.4 Cut Generator

During the course of our algorithm, whenever we find a feasible point y1 P Y with

y11, y
1
2 ą 0, we add a cut known as the hypotenuse cut [128, 101] to restrict Y . The hypotenuse

cut can be stated as
y1

y11
`
y2

y12
ě 2, (5.19)

and for convenience we use the notation Hpy1q to represent the hypotenuse cut. To under-

stand why this cut is valid, consider the following set

T py1q :“ ty P R2 : y1, y2 ě 0 and
y1

y11
`
y2

y12
ď 2u.

The set T py1q basically represents a right-angle triangle in the criterion space where
y1
y11
`

y2
y12
“ 2 is its hypotenuse. [101] proved that the (unique) optimal point of maxyPT py1q y1y2

is y1. Therefore, there is no need to search the triangle.

5.4 Criterion Space Branch-and-cut Algorithm

In this section, we explain the details of our proposed algorithm, CSBnC, which is

shown in Algorithm 4. The algorithm maintains a queue (or search tree) of boxes and their

corresponding initial upper (dual) bounds. The initial upper bound of each node is basically

the best (minimum) of the upper bound obtained for its parent and its trivial upper bound,

i.e., the first upper bound approach explained in Section 5.3.1. For the root node, since there
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Algorithm 4: The CSBnC Algorithm
1 Inputs: A feasible instance of Problem (5.3), ε1, ε2, kD, kP

2 Queue.createpTreeq //creating an empty search tree//
3 yl Ð p´8,´8q and yu Ð p`8,`8q //computing the initial lower bound and upper bound points//
4 yu1 Ð maxyPY y1 and yl2 Ð max yPY

y1“yu1

y2

5 yu2 Ð maxyPY y2 and yl1 Ð max yPY
y2“yu2

y1

6 GlbÐ maxtyu1y
l
2, y

l
1y
u
2 u and GubÐ yu1y

u
2 //computing the initial global lower and upper bounds//

7 if Glb “ yu1y
l
2 then

8 y˚ Ð pyu1 , y
l
2q //initializing the best solution found//

9 else
10 y˚ Ð pyl1, y

u
2 q //initializing the best solution found//

11 Tree.add
`

pBoxpyl,yuq,Gubq
˘

//creating the first node of the search tree//
12 while not Queue.emptypTreeq & Gub´Glb ě ε1 & Gub´Glb

Gub ě ε2 do
13 Tree.PopOut

`

pBoxpyl,yuq, ubq
˘

//popping out a node from the search tree for exploration//
14 pŵ, ŷq Ð Dualpyl,yu, kDq //computing a dual bound value for the node//
15 if ŵ ‰ null then
16 if ŷ ą 0 then
17 Add the cut Hpŷq to Y //generating and adding the hypotenuse cut//

18 if ŷ1ŷ2 ą Glb then
19 GlbÐ ŷ1ŷ2

20 y˚ Ð ŷ //updating the best solution found//

21 if ŵ ´Glb ě ε1 & ŵ´Glb
ŵ ě ε2 then

22 pz̄, ȳq Ð Primalpyl,yu, kP ,Glbq //computing a primal bound value for the node//
23 if z̄ ‰ null then
24 if ȳ ą 0 then
25 Add the cut Hpȳq to Y //generating and adding the hypotenuse cut//

26 if ȳ1ȳ2 ą Glb then
27 GlbÐ ȳ1ȳ2

28 y˚ Ð ȳ //updating the best solution found//

29 ry Ð pyu1 ´ z̄, y
u
2 ´ z̄q //computing the point required for decomposing the node//

30 yl,t Ð pyl1, ry2q and yu,t Ð pry1, y
u
2 q //generating the top box/node//

31 ubt Ð mintŵ, yu,t1 yu,t2 u //generating the initial dual bound for the top box/node//
32 if yl,t ď yu,t & ubt ´Glb ě ε1 & ubt´Glb

ubt
ě ε2 then

33 Tree.add
`

pBoxpyl,t,yu,tq, ubtq
˘

//adding the top box/node to the tree//

34 yl,b Ð pry1, y
l
2q and yu,b Ð pyu1 , ry2q //generating the bottom box/node//

35 ubb Ð mintŵ, yu,b1 yu,b2 u //generating the initial dual bound for the bottom box/node//
36 if yl,b ď yu,b & ubb ´Glb ě ε1 & ubb´Glb

ubb
ě ε2 then

37 Tree.add
`

pBoxpyl,b,yu,bq, ubbq
˘

//adding the bottom box/node to the

tree//

38 Update Gub

39 return y˚
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is no parent node, its initial upper bound is basically its trivial upper bound. The algorithm

also maintains a global lower (primal) bound Glb and a global upper (dual) bound Gub.

The algorithm continues to explore the queue as long as it is non-empty and if the absolute

and relative optimality gaps are not smaller than thresholds ε1 and ε2, respectively (where

ε1, ε2 ě 0 are user-defined parameters) (Line 12). Otherwise, it returns the best feasible

point found during its course denoted by y˚ as an optimal point (Line 39).

In the initialization phase, the algorithm first computes the endpoints of the non-

dominated frontier, i.e., pyu1 , yl2q and pyl1, yu2 q, through lexicographic operations (Lines 3-5).

The endpoints are important since they can create the first box denoted Boxpyl,yuq. As

mentioned in Section 5.2.2, for the first box, yl represents the nadir point of the entire

nondominated frontier. Similarly, yu represents the ideal point of the entire nondominated

frontier. Therefore, the algorithm uses yu to initialize Gub, i.e., it sets Gub to yu1yu2 (Line 6).

Moreover, since the endpoints are feasible points, the algorithm uses the objective value of

the best endpoint to initialize Glb (Line 6). The best endpoint will be also used to initialize

y˚ (Lines 7-10). The algorithm then initializes the queue, by the node
`

Boxpyl,yuq,Gub
˘

(Line 11). Next, we describe the procedure that the algorithm uses to explore each node of

the search tree.

In each iteration, the algorithm pops out one of the nodes of the queue (Line 13)

and denotes it by
`

Boxpyl,yuq, ub
˘

. As an aside, we note that in this study, we use the

best bound strategy to pick a node from the search tree. Also note that when a node in

the queue is picked and popped out then it is fully removed from the queue. The algorithm

then immediately calls Dualpyl,yu, kDq to compute pŵ, ŷq, (Line 14). Next, the algorithm

checks whether ŵ “ null or not (Line 15). Note that if z̄ “ null then the dual bound finder

was not able to find a feasible solution and so there is no need to explore the node any

further (since it is empty), in which case the iteration terminates. However, at the end of

each iteration, Gub will be updated (Line 38), i.e., it will be set to the maximum value of

upper (dual) bounds associated to nodes available in the search tree.
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If ŵ ‰ null then the algorithm first attempts to add the cut Hpŷq to restrict Y . The

cut will be added if ŷ ą 0 (Lines 16-17). Afterwards the algorithm updates Glb and y˚

if the objective value of ŷ, i.e., ŷ1ŷ2, is better than Glb (Lines 18-20). Next, in Line 21,

the algorithm checks whether there is hope to find better Glb in the current node, i.e.,

the algorithm checks whether the current node can be fathomed due to its corresponding

local relative/absolute optimality gaps. If there is no hope then the algorithm stops the

search in this iteration and simply updates Gub before starting the next iteration (Line

38). Otherwise, it calls Primalpyl,yu, kP ,Glbq to compute pz̄, ȳq (Line 22). Next, the

algorithm checks whether z̄ “ null or not (Line 23). Note that if z̄ “ null then the primal

bound finder was not able to find a (better) feasible solution and there is no need to explore

the node any further (since it is empty). In such a case, the iteration terminates and again

Gub will be updated before starting a new iteration (Line 38).

If z̄ ‰ null then the algorithm first attempts to add the cut Hpȳq to restrict Y .

The cut will be added if ȳ ą 0 (Lines 24-25). Afterwards, the algorithm updates Glb

and y˚ if the objective value of ȳ, i.e., ȳ1ȳ2, is better than Glb (Lines 26-28). Finally, the

algorithm applies the proposed branching scheme to complete the iteration. Specifically, it

first computes ry (Line 29). It then creates the top node/box by computing yl,t and yu,t (Line

30). Also, it computes the initial upper bound corresponding to the top node, denoted by ubt

(Line 31), by setting it to the minimum of two values: ŵ (which is the outcome of applying

the sophisticated dual bound finder on the parent node) and yu,t1 yu,t2 (which is the trivial

upper bound for the top node). The algorithm then adds the node
`

Boxpyl,t,yu,tq, ubt
˘

to

the search tree given it is possible to find better primal bounds than Glb (Lines 32-33).

Similar process will be followed to create and add the bottom node/box (Lines 34-37).

Next, we provide a few theoretical results to explain the convergence of the proposed

algorithm. For convenience, we first provide a few notations. Recall that yN and yI denote

the nadir and ideal points of the entire nondominated frontier. We define L :“ yI1 ` yI2 and

0 ă S ď minyPYN y1 ` y2. Note that we must have minyPYN y1 ` y2 ą 0 because otherwise
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the optimal objective value of the MIBL-MMP is zero which violates our assumption given

in Section 5.2. Overall, by assuming that yN1 ` yN2 ą 0, we can simply set S “ yN1 ` y
N
2 .

Proposition 5.4. Let 0 ď ε1 ď
S2

4
. When exploring Boxpyl,yuq using Algorithm 4, if child

nodes are created then

z̄ ě
L´

?
L2 ´ 4ε1

2
.

Proof.

Based on Lines 32 and 36 of the proposed algorithm, in order to create any child node

we must have

yu1y
u
2 ´ ȳ1ȳ2 ě ε1.

Since by construction,

yu1y
u
2 ´ py

u
1 ´ z̄qpy

u
2 ´ z̄q ě yu1y

u
2 ´ ȳ1ȳ2,

we have

yu1y
u
2 ´ py

u
1 ´ z̄qpy

u
2 ´ z̄q ě ε1 ùñ z̄2

´ pyu1 ` y
u
2 qz̄ ` ε1 ď 0.

Observe that z̄2´pyu1`y
u
2 qz̄`ε1 is a strictly convex function of z̄ since its second derivative is

a positive constant, i.e., 1. So, it can take non-positive values only if z̄ takes values between

its roots:
pyu1 ` y

u
2 q ˘

a

pyu1 ` y
u
2 q

2 ´ 4ε1

2
.

Observe too that since ε1 ď
S2

4
, we must have pyu1 ` yu2 q2 ´ 4ε1 ě 0. These two observations

suggest that z̄ is bounded below as follows,

z̄ ě
pyu1 ` y

u
2 q ´

a

pyu1 ` y
u
2 q

2 ´ 4ε1

2
ě
L´

?
L2 ´ 4ε1

2
.
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Proposition 5.5. If 0 ă ε1 ď
S2

4
then Algorithm 4 terminates after at most 2T`1 ´ 1

iterations where

T :“ t
2pL´ yN1 ´ y

N
2 q

L´
?
L2 ´ 4ε1

u.

Proof.

Observe that the total distance between yN and yI over both axes is

pyI1 ´ y
N
1 q ` py

I
2 ´ y

N
2 q “ L´ yN1 ´ y

N
2 .

After each iteration, at most two child nodes will be created where in each of them the total

distance reduces by z̄ (based on Lines 29, 30, and 34). Observe too that based on Proposition

5.4, in order to create child nodes in each iteration, we must have that z̄ ě L´
?
L2´4ε1
2

. So,

in order to make the total distance equal to zero, the algorithm needs to explore at most

2T`1 ´ 1 nodes.

5.5 A Computational Study

In this section, we conduct a computational study to evaluate and compare the per-

formance of CSBnC with alternative approaches. To this end, first, we investigate the effect

of each component of our algorithm and tune its hyperparameters, e.g., kD and kP . We then

compare CSBnC with a state-of-the-art algorithm [151] and a commercial (mixed integer)

SOCP solver, i.e., CPLEX 12.10. We implement the proposed algorithm in C++ and use

CPLEX 12.10 to solve its corresponding single-objective mixed integer linear programs aris-

ing. All the computational experiments are done on a Dell PowerEdge R640 system with two

Intel Xeon (Silver 4116) 2.1GHz 12-core processors, 128GB of memory, and RedHat Enter-

prise Linux 7.4 operating system, and using only a single thread (unless stated otherwise).

For each experiment, a time limit of 3600 seconds is imposed in this study. Our instance gen-

erator and codes of this study can be found at https://github.com/Vahidmhn/MIBL-MMP.
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5.5.1 Instances

In this computational study, a total number of 400 random MIBL-MMP instances are

generated. The instances are divided over two classes, each containing 200 instances. The

first class contains only mixed binary instances and the second class contains only mixed

integer instances. In each class, exactly half of the variables are continuous. Each class

includes 20 subclasses with different number of variables, n P t1000, 1500, 2000, 2500, 3000u,

and constraints m “ α ˆ n, with α P t1, 2, 3, 4u. We generate 10 random instances for each

subclass. Specifically, for each instance, the entries of A, and vectors C and d are randomly

selected from the set t1, 2, . . . , 10u. We set the sparsity of the matrices A and C to 50%, i.e.,

we change 50% of the entries of each matrix to zero. For each j P t1, . . . ,mu, we randomly

select the value of bj from the set t0, 1, . . . ,
řn
j“1 aiju, where aij is the the entry of A at i-th

row and j-th column.

5.5.2 Contribution of the Hypotenuse Cut Hpȳq

In this section, we investigate the effect of the hypotenuse cut discussed in Section

5.3.4. In order to do so, we assume that kD “ kP “ 0 and explore the performance of CSBnC

under two settings: activating or deactivating the cut generator. Note that since kD “ 0, the

operation Dualpyl,yu, kDq is inactive (see Section 5.3.1). This implies that by activating

the cut generator only Hpȳq can be added and no cut of the form Hpŷq can be generated.

The performance of the algorithm under both settings for each class of instances can be

found in Table 5.1. In the table, the numbers reported under columns labeled ‘Time (sec.)’

are averages of the solution times in seconds over 10 instances. Also, columns labelled “# of

Improvements" show the number of instances that their solution times are improved after

activating the cut generator. It is evident that activating the cut generator is crucial and can

decrease the solution time of CSBnC between 53.54% and 91.17% for the mixed binary class

and between 18.59% and 57.92% for the mixed integer class on average. More importantly,

in at least 96.25% of all instances, the solution time has improved after activating the cut
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generator. Note that we used the term ‘at least’ because only the instances that are solved

to optimality within the limited time are counted.

Table 5.1: The impact of Hpȳq when kD “ kP “ 0

Subclass
Mixed Binary Class Mixed Integer Class

Time (sec.) # of Time (sec.) # of
No cut Hpȳq Improvements No cut Hpȳq Improvements

1 105.3 44.3 10 110.6 9.8 10
2 728.3 319.8 10 773.9 255.0 10
3 312.1 147.8 10 992.5 179.5 10
4 922.5 446.4 10 1,678.3 598.2 10
5 456.6 231.3 10 661.1 112.7 10
6 1,407.3 783.4 10 1,160.1 280.2 10
7 1,048.0 774.9 10 1,533.5 199.2 10
8 197.9 131.6 10 1,623.7 191.0 10
9 418.6 218.9 10 1,948.8 581.4 10
10 1,689.4 897.0 10 2,207.1 726.7 10
11 766.4 587.3 9 2,720.2 634.8 9
12 1,257.9 904.1 9 3,104.6 566.4 10
13 506.8 292.6 10 1,906.2 587.7 10
14 1,259.0 846.8 9 3,146.9 978.8 9
15 1,108.4 874.8 10 3,536.1 893.3 9
16 1,047.6 692.0 10 3,600.0 1,531.7 7
17 148.6 103.4 10 2,130.7 830.6 8
18 1,385.3 1,129.2 9 3,600.0 820.5 9
19 1,415.8 948.0 10 3,511.0 927.7 9
20 1,494.5 966.9 10 3,600.0 1,673.0 9

Average 883.8 567.0 9.8 2177.3 628.9 9.5

5.5.3 Contribution of the Hypotenuse Cut and Tuning kD and kP

In this section, we investigate the importance of Hpŷq. Note that the cut Hpŷq can

only be generated if kP ą 0. Therefore, in order to explore the importance of the cut, we

first tune kD and kP . Since the cut generator turned out to be critical in the experiment

described in the previous section, we keep it active during the tuning process. This implies

that during the tuning process, the algorithm is allowed to add both Hpȳq and Hpŷq. After

tuning kD and kP , we deactivate Hpŷq to measure its impact compared to the case that

both Hpȳq and Hpŷq are active.

In order to tune kD and kP , we assumed that kD, kP P t0, 1, . . . , 6u and tested all 49

combinations. In addition to the 49 main scenarios, we considered two extreme scenarios

pkD “ 0, kP “ 10q and pkD “ 10, kP “ 0q. Recall that setting kP “ 0 and kD “ 0 would

deactivate McCormick in the primal and dual finder operations, respectively. We ran CSBnC
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on all 400 instances over all 51 scenarios for kD and kP . From the 49 main scenarios, we

identified the best, second best, and the worst scenarios for each classes of instances. For

the purpose of illustration, we only show the performance of these three scenarios and the

two extreme scenarios in this section. To illustrate and compare the performance of these

five scenarios, we plot the performance profile [127] of their solution times for each class. To

construct the solution time performance profile, for each algorithm and for each instance,

we first need to compute the ratio of the solution time of the algorithm on the instance

and the minimum of the solution times of all algorithms on the instance. The solution time

performance profile then shows the ratios on the horizontal axis and, on the vertical axis,

for each algorithm, the percentage of instances with a ratio that is smaller than or equal to

the ratio on the horizontal axis. Therefore, the values in the upper left-hand corner of the

graph indicate the best performance.
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Figure 5.5: Performance profiles of different pkD, kP q

Figure 5.5 shows the performance profile for the five selected scenarios of pkD, kP q in

each class of instances. The graph shows that p0, 0q is one of the worst scenarios. The best

scenario is p1, 1q which implies that the best number of pieces for the piecewise McCormick

relaxations is just one. Comparing the performance of scenarios p0, 0q and p1, 1q shows

that activating (piecewise) McCormick relaxations have significant impacts on improving

the solution times. The graph shows that around 60% of instances are solved at least
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1.3 times faster under scenario p1, 1q compared to p0, 0q in both classes of instances. In

fact based on our results, on average, the solution time of the proposed algorithm under

scenario p1, 1q is 9.67 times smaller. This significant impact is mainly because if kD “ 0

then the operation Dualpyl,yu, kDq is fully inactive. Note that based on our discussions

in Section 5.3.2, if kP “ 0 the operation Primalpyl,yu, kP ,Glbq is still active but its

enhancement, i.e., piecewise McCormick relaxation, is disabled. So, the negative impact of

kD “ 0 is significantly more important than the negative impact of kP “ 0.

Another interesting observation is that the optimal value of kD and kP is one, which

is very small. At first glance, this may look surprising. However, this observation can be

explained by the following two reasons: (1) For larger number of pieces, piecewise McCormick

relaxation will involve more constraints and binary variables that can make the problem

more challenging; and (2) The operation Dualpyl,yu, kDq is active as long as k ě 1. If

the nondominated frontier trapped in Boxpyl,yuq is so curvy that some parts of it is close

to yu then we expect that the dual bound obtained by Dualpyl,yu, kDq is not going to be

significantly better than the trivial dual bound, i.e., yu1yu2 . In such a case, it is expected

that kD to be set to small values to reduce the complexity. Moreover, if the nondominated

frontier trapped in Boxpyl,yuq is not curvy (it is more like a line segment) then it is natural

to set kD to small values as more number of pieces does not have any advantage.

Now that the tuning process is complete we can evaluate the impact of the hypotenuse

cut Hpŷq. Table 5.2 shows the average solution time of the proposed algorithm per subclass

when both hypotenuse cuts, i.e., Hpȳq and Hpŷq, are active compared to the case where

only Hpȳq is active. In the table, columns labelled “# of Improvements" show the number

of instances that their solutions times are improved (per subclass) when both hypotenuse

cuts are active. We observe that more than 75% of instances are being solved faster when

both cuts are active. In fact on average an improvement of 19.03% can be achieved after

activating Hpŷq.

149



Table 5.2: The impact of Hpŷq when kD “ kP “ 1

Subclass
Mixed Binary Class Mixed Integer Class

Time (sec.) # of Time (sec.) # of
Hpȳq Hpȳq `Hpŷ) Improvements Hpȳq Hpȳq `Hpŷq Improvements

1 4.4 3.2 7 6.3 4.3 10
2 9.2 7.7 5 13.8 10.7 8
3 13.7 12.0 5 24.9 17.2 10
4 20.3 15.4 8 29.6 21.0 8
5 10.9 10.1 4 17.1 12.3 9
6 26.4 23.6 5 33.4 23.0 9
7 37.8 32.2 9 54.0 41.4 9
8 55.2 36.9 10 72.0 51.3 10
9 19.1 16.4 8 29.3 26.2 8
10 55.9 47.9 7 69.5 52.5 9
11 87.1 69.5 8 107.5 77.9 8
12 99.5 79.4 8 123.6 101.6 7
13 38.5 30.2 7 49.4 37.0 9
14 70.3 60.5 6 111.5 75.9 9
15 119.1 96.2 8 161.5 122.5 9
16 168.7 133.6 10 194.5 169.0 7
17 54.6 45.2 7 76.0 49.4 10
18 120.6 110.9 7 140.1 97.4 9
19 171.7 146.1 7 227.9 190.8 7
20 223.1 182.4 7 304.5 278.8 8

Average 70.3 58.0 7.1 92.3 73.0 8.7

5.5.4 CSBnC Algorithm Performance

In this section, we compare the best setting of CSBnC algorithm, i.e., kD “ kP “

1 when all the cuts are active, with the existing state-of-the-art methods. Note that as

mentioned in Section 5.2.1, a straightforward multi-objective optimization-based approach

to solve an MIBL-MMP would be to first compute the nondominated frontier of its bi-

objective optimization counterpart, and then pick the nondominated point that maximizes

y1y2 as the optimal point of the MIBL-MMP through a simple post-processing operation.

The results show that CSBnC is significantly faster as CSBnC employs bounding mechanisms

and cuts to avoid generating the entire nondominated frontier. In other words, CSBnC seeks

to directly compute an optimal point of an MILP-MMP by searching only the parts of the

nondominated frontier where an optimal point possibly lies.

In light of the above, in this section, we only compare the best setting of CSBnC

algorithm with the (mixed integer) SOCP solver of CPLEX 12.10 and a state-of-the-art

algorithm proposed by [151] which we refer to as S&C. Both CSBnC and S&C use CPLEX

to solve optimization problems arising during the process of solving an MIBL-MMP. In all
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previous experiments, we employed only a single thread to reduce the variability of solution

times. However, in this experiment, we do the comparison under 4 settings: T1, ¨ ¨ ¨ , T4

where T1 and T4 show that one or four threads have been made available to CPLEX,

respectively.
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Figure 5.6: Box plots of solution time ratios for T1

A comparison between the performance of all three algorithms under setting T1 can

be found in Figure 5.6 for each class of instances. In order to create the figure, for each

instance and algorithm, we first computed the ratio of the solution time of the algorithm

on that instance to the minimum solution time of all algorithms on that instance. We then

plotted the box plot of the solution time ratios of each method. Note that since the ratios

cannot be smaller than one by construction, a box plot that is closer to one is better. Observe

that CSBnC is almost flat in both Figures 5.6a and 5.6b. This is because from the total

of 400 instances, 393 instances are solved (significantly) faster by CSBnC than the other

two methods. Comparing the results reveals that, on average, SOCP is faster than S&C

by a factor of 1.27 and 1.21 on mixed binary and mixed integer instances, respectively. As

an aside, we note that by construction S&C needs to substantially increase the size of each

instance for mixed integer instances. Specifically, S&C needs to transform a mixed integer

instance to a mixed binary instance in order to solve it. Overall, we observe that CSBnC
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has the best performance. Comparing the medians of the box plots reveals that CSBnC is

at least 5 times faster on 50% of instances than SOCP. In fact, our results show that CSBnC

is 6.6 times faster than SOCP on average.

Table 5.3: The number of calls on primal and dual bound operations in CSBnC

Subclass Mixed Binary Class Mixed Integer Class
# Primal Calls # Dual Calls # Primal Calls # Dual Calls

1 4.7 6.8 4.4 6.6
2 5.2 8.2 5.7 8.4
3 5.3 7.2 5.5 7.8
4 4.7 7 4.8 7.6
5 6.1 8.6 5.3 7.8
6 6.6 9.6 4.8 6.8
7 5.6 7.8 5.6 7.8
8 4.2 6.2 4.7 6.2
9 5 7.2 6.6 9.8
10 7.1 10 5.9 8.4
11 6.3 8.6 5.2 7.6
12 4.6 7.4 4.7 6.6
13 5.9 8 5.9 8.6
14 5 7.4 5.8 7.6
15 5.2 7.2 5.4 7.6
16 5.3 7.6 5.6 7.8
17 5.7 7.4 5.1 7
18 6.5 9 4.5 6
19 5.1 7.6 5.8 8
20 4.6 6.6 6.2 8.6

Average 5.4 7.8 5.4 7.6

The outstanding performance of CSBnC is mainly because of the small number of

single-objective mixed integer linear programs that it requires to solve. This can be observed

from Table 5.3 that shows the average number of calls on Primalpyl,yu, kP ,Glbq, (see Line

14 of Algorithm 4), and Dualpyl,yu, kDq, (see Line 22 of Algorithm 4), per subclass. Note

that the number of calls on dual bound finder basically reflects the number of iterations

of CSBnC. The table reveals that the average number of iterations per subclass is at most

10 implying that the CSBnC quickly converges to an optimal solution in practice. Note

that by construction the primal bound finder will not be necessarily called in each iteration.

Consequently, the number of calls on the primal bound finder is significantly less than the

number of calls on the dual bound finder.

Tables 5.4 and 5.5 show the average solution time (in seconds) of the three methods

under all 4 settings for both classes of instances. The numbers reported in the tables are

averages of solutions times over 10 instances (of each subclass). We observe that CSBnC
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Table 5.4: Solution time (sec.) of different algorithms on mixed binary class using different
number of threads

Subclasses CSBnC SOCP S&C
T1 T2 T3 T4 T1 T2 T3 T4 T1 T2 T3 T4

1 3.2 3.2 3.5 3.5 4.7 3.2 2.8 2.3 6.9 6.3 6.3 6.4
2 7.7 8.1 8.1 8.3 26.4 16.5 12.9 10.8 32.1 27.8 28.0 27.8
3 12.0 12.7 12.8 12.5 49.2 29.2 22.1 18.5 62.2 54.8 54.8 55.2
4 15.4 16.4 16.4 16.4 100.8 57.6 42.8 35.2 124.2 110.0 112.2 110.4
5 10.1 10.6 10.9 11.0 26.1 16.7 14.4 12.0 31.3 27.1 27.1 27.0
6 23.6 25.5 25.2 25.4 110.9 65.6 47.2 39.7 126.9 113.8 113.0 111.9
7 32.2 34.7 34.7 34.0 210.4 122.0 85.3 70.1 254.4 224.6 226.0 224.1
8 36.9 38.6 38.8 38.9 307.8 166.5 117.1 96.7 361.3 312.5 324.7 327.3
9 16.4 17.6 17.6 17.6 48.9 31.0 24.9 21.9 60.5 54.7 53.8 53.7
10 47.9 51.4 50.7 50.6 254.9 146.8 106.6 85.3 326.0 280.9 284.0 270.0
11 69.5 72.5 72.3 72.7 492.5 286.6 203.4 156.7 548.2 502.3 511.7 513.8
12 79.4 83.4 82.1 83.8 983.7 566.9 395.5 324.0 1176.1 1083.5 1104.0 1091.7
13 30.2 32.7 31.8 32.8 99.0 63.7 47.6 41.5 123.3 110.0 110.6 110.9
14 60.5 63.1 62.5 62.6 454.4 275.4 193.4 156.8 568.5 502.6 509.9 502.0
15 96.2 101.0 101.2 101.7 981.2 551.6 382.7 301.6 1,102.6 1,002.0 979.1 985.2
16 133.6 141.8 140.1 140.8 1,709.6 1026.5 694.6 560.1 1,931.2 1,766.4 1,761.0 1,677.3
17 45.2 47.3 47.7 47.4 142.1 91.7 67.7 56.5 184.6 166.1 163.9 163.1
18 110.9 116.7 116.6 115.7 800.2 476.0 320.9 262.0 952.3 872.8 862.2 866.8
19 146.1 153.0 152.7 154.1 1,774.3 950.9 700.4 586.9 1,979.4 1,837.5 1,725.4 1,816.3
20 182.4 192.2 191.8 190.5 2,966.6 1,529.5 1,204.0 1,082.7 3,338.8 3,194.9 3,140.8 3,114.1

Average 58.0 61.1 60.9 61.0 577.2 323.7 234.3 196.1 664.5 612.5 604.9 602.8

Table 5.5: Solution time (sec.) of different algorithms on mixed integer class using different
number of threads

Subclasses CSBnC SOCP S&C
T1 T2 T3 T4 T1 T2 T3 T4 T1 T2 T3 T4

1 4.3 3.8 3.9 3.8 4.7 3.7 2.8 2.5 7.3 7.2 5.7 7.4
2 10.7 9.9 9.6 9.7 27.7 18.0 13.6 11.9 32.4 32.0 29.0 32.3
3 17.2 15.7 15.6 15.5 49.7 29.4 22.7 18.8 56.0 55.9 51.6 56.6
4 21.0 19.8 19.2 19.7 108.8 62.9 46.4 38.4 115.0 115.8 109.1 115.5
5 12.3 11.1 11.2 11.2 21.9 14.9 11.9 10.1 28.1 28.2 23.4 28.6
6 23.0 21.3 21.0 21.3 84.7 52.8 38.0 32.1 96.6 96.2 87.3 96.5
7 41.4 39.0 39.1 39.6 161.5 100.6 69.6 57.3 186.8 186.9 171.2 187.1
8 51.3 48.9 48.8 48.9 348.1 191.4 137.8 109.4 349.7 350.6 327.3 346.5
9 26.2 23.3 23.4 23.6 59.4 37.7 30.9 27.3 77.4 77.7 67.6 78.9
10 52.5 48.5 48.6 48.1 236.7 133.4 102.9 85.1 263.6 259.4 235.1 259.8
11 77.9 73.4 73.2 74.6 482.7 265.2 205.1 154.7 533.4 538.7 501.7 537.0
12 101.6 93.1 95.4 93.9 873.7 467.2 359.9 272.1 931.4 921.5 909.4 925.0
13 37.0 36.4 37.0 37.0 102.0 62.0 50.1 41.6 144.7 145.1 123.4 146.3
14 75.9 76.5 75.9 76.7 497.5 270.5 213.4 162.2 564.3 565.8 542.2 578.5
15 122.5 121.2 121.8 121.3 1,034.0 530.5 429.6 323.4 1,095.5 1,095.3 1,038.0 1,099.6
16 169.0 167.3 167.7 167.9 2,076.5 1,015.3 846.5 692.6 2,175.8 2,176.0 2,110.8 2,183.2
17 49.4 48.8 49.6 48.0 199.9 106.2 90.5 76.8 238.8 241.0 201.2 242.4
18 97.4 95.6 94.3 93.5 760.8 386.7 293.4 249.7 847.6 832.1 731.0 829.3
19 190.8 182.7 183.0 185.8 1,707.0 905.1 647.5 529.6 1,874.0 1,874.6 1,855.3 1,909.3
20 278.8 275.9 276.0 277.9 3,431.2 2,001.3 1,292.5 1,122.2 3,291.3 3,299.7 3,188.9 3,284.1

Average 73.0 70.6 70.7 70.9 613.4 332.7 245.3 200.9 645.5 645.0 615.5 647.2
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does not improve when more threads are available to CPLEX. This is partly because in our

algorithm CPLEX will be called a few times. In each call, there is a setup cost for enabling

parallelization in CPLEX that may not offset the time saving obtained through activating

parallelization for solving the subproblem. The same observation is true for S&C and (not

surprisingly) no tangible improvement can be seen in the performance of S&C in both classes

of instances. For SOCP, we observe that solution times have improved consistently through

enabling parallelization in CPLEX. Comparing settings T4 and T1 in SOCP, we observe that

an improvement of around 62.69% and 62.20% on average has obtained through enabling

parallelization in CPLEX for mixed binary class and mixed integer class, respectively. Again

this is not surprising as SOCP pays the initial cost of parallelization in CPLEX only once.

Overall, comparing setting T4 of SOCP with T1 of CSBnC reveals that CSBnC is faster

than SOCP on average by the factor of 2.53 and 2.03 for mixed binary and mixed integer

classes, respectively.

5.6 Conclusion

We studied a class of multiplicative programs, MIBL-MMP, involving both continuous

and integer variables through the lens of bi-objective optimization and introduced a generic

criterion space branch-and-cut algorithm for it. The proposed algorithm, CSBnC, employs

novel dual-bound and primal-bound computing operations based on the concept of piece-

wise McCormick envelopes. It also employs a highly effective cut-generating mechanism.

Through a computational study, we demonstrated the impacts of the main components of

our algorithm and numerically showed how its main parameters can be tuned. Our numerical

analysis showed that tuning can improve the solution time of our algorithm by a factor of

11.78 on average. Moreover, CSBnC outperforms the mixed integer SOCP solver of CPLEX

12.10 and a state-of-the-art algorithm in the literature by factors 6.54 and 7.54 on average,

respectively. The main future research direction of this study is how the proposed solution
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method can be customized when the dimension of the criterion space is more than two, i.e.,

p ą 2.
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Chapter 6: Equitable Workload Allocation in Vehicle Routing Problem with

Heterogeneous Driver

In this chapter, we present paper P5. In this work, we introduce an equitable crowd-

sourced last-mile delivery model by adopting Nash social welfare solution as the coalition

point among different drivers. While the ultimate goal is to maximize the equity and ef-

ficiency of drivers, the efficiency of the company is guaranteed by putting a cap on the

deviation of company’s cost from the least-cost solution value. To solve the proposed new

formulation, a column generation method is developed and used to study the behavior of

the model.

6.1 Introduction

A solution that maximizes the sum of utilities of all the players might not be im-

plementable, because some of the parties might consider it “unfair” as such a solution may

be achieved at the expense of some players [159]. In many environments, fairness might be

more important than efficiency. To address fairness, the concept of equity has received a

resurgence of interest in various fields over the last decade [160]. Transportation and logistics

is not an exception from this trend [161, 162]. Although efficiency-based objectives serve

the needs of commercial distribution problems, routing applications in the public/nonprofit

sector such as public transportation and humanitarian logistics [163, 164] often require other

objectives that capture their non-monetary performance requirements including equitable

service provision to their external stakeholders, i.e., the users or customers [165]. In rout-

ing problems in the private sector, the most common equity considerations concern internal

stakeholders, i.e., the drivers or other personnel providing the service [166]. The aim is
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to balance the workload allocation to ensure acceptance of operational plans, to maintain

employee satisfaction and morale, to reduce overtime, and to reduce bottlenecks in resource

utilization. Practical examples include balancing the workload of service technicians [167],

home healthcare professionals [168], and volunteers [169].

Workload assignment equity in applications of the vehicle routing problem (VRP)

has been receiving more attention over the past decade [165, 162, 170]. Workload assign-

ment equity is particularly important and often harder to achieve in settings that involve

heterogeneous fleets of drivers. One of the most prominent examples of such a setting is

the context of crowdshipping. Crowdshipping, relying on the overarching concept of shared

economy, proposes making the excess capacity of private vehicles on their passenger trips

available to delivery operations. Although the business idea of crowdsourced delivery arose

in 2013 with the foundation of Postmates [171], followed by ideating the concept by some

giant retailers such as Walmart, Amazon, and Home depot [172, 173, 174], it attracted the

academic attention first in 2016 [175]. Since then, several papers addressed different aspects

of problems that are involved in this idea [176, 177, 178, 179].

In a typical implementation of crowdshipping, a group of ad-hoc/occasional drivers

take over the delivery task of one or multiple online orders to online shopper locations [171,

175, 180, 181, 182, 183]. Perhaps the most distinguishing characteristic of crowdshipping

from the conventional applications of the VRP in last-mile delivery is the fact that drivers

are not employees of the company that provides the delivery service, become available to

render service only occasionally, and usually use the spare space on their personal vehicles

to make such deliveries on the way to their next destination. In that sense, crowdsourced

drivers differ in terms of the time they become available, the amount of time they are

willing to dedicate to make deliveries, the capacity of their vehicles and finally their next

destinations. In such a setting, an equitable workload assignment is crucial since usually

the workload assignment has a direct impact on the compensation paid to and the cost

incurred by each driver. These factors play an important role in the overall satisfaction of a
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driver from their participation in the delivery platform and a more positive impression would

entice a larger group of (returning and new) crowd-based drivers for future participation.

Therefore, the main goal of this study is to provide an implementable framework to improve

workload equity while maintaining the cost of the commercial distribution platform within

an acceptable threshold.

6.1.1 Literature Review

The concept of crowdsourced last mile delivery, although being a quite novel concept,

has received up-growing attention recently and therefore the relevant literature is rather rich.

On the other hand, the concept of fairness, has been around for a much longer time and

once again possesses a rich literature. In this survey of the literature, we mainly focus on the

intersection of these two areas; crowdsourced last-mile delivery and workload equity require-

ments in commercial settings. The existing body of literature on commercial crowdsourced

last-mile delivery includes several studies. Some of which explore the pricing of delivery for

consumers and compensation rate for drivers [184, 185, 186]. The difference in these studies

comes from the authors different perspective to the problem that is cast into a variety of

assumptions. For example, some of the papers assume that the occasional drivers are in-store

customers who are willing to support delivery operation on their way home [175, 180]; while

others consider the occasional drivers as hired couriers with limited time and area coverage

[184, 183]. The latter setting is more compatible with most of the commercial crowdsourced

last-mile delivery platforms such as Amazon Flex, Walmart Spark Delivery, DoorDash, etc.

The dynamic nature of the problem is another assumption that some studies account for

[180, 182], beside the ones that only focus on solving a static version of the problem in a spe-

cific time period where the demand and available drivers are given [175, 181]. The number

of delivery tasks assigned per driver and pick-up points are other features that are addressed

differently in the literature. Some of the papers allow more than one delivery task per driver
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[181, 182, 184, 180] and multiple pick-up points [182, 183]. For a comprehensive review of

all assumptions and methodologies, interested readers may refer to [171].

Although the literature on crowdsourced last-mile delivery is relatively rich, there

are very few studies that focus on improving workload equity in the context of commer-

cial crowdsourced last-mile delivery, partly because of the relatively recent emergence of the

concept. Existing studies mainly attempted to introduce the concept and highlight its impor-

tance/properties rather than proposing an implementable framework to improve workload

equity while maintaining the cost of the commercial distribution platform within an ac-

ceptable threshold. For example, [187] analyze the effect of different criteria of workload,

indicated to as “workload resource”, on balanced VRP solutions of some equity measures. By

comparing the marginal cost of equity, the authors report that the cost-equity trade-off is

more subject to workload resource than the equity measure. In another research, [162] ana-

lyze axiomatic properties of some equity measures on some small bi-objective VRP instances

where the cost is one objective and the other objective is an equity measure.

In general, in the existing body of literature on fairness in optimization, two measures

are popular [159]: Max-Min and Nash social welfare (NSW). Max-Min seeks to improve the

profit of the worst player (i.e., driver in VRP) while NSW seeks to improve the profit of

all players at the same time. Although Max-Min has been studied in the context of VRP

[188, 189, 190], there is no study, to the best of our knowledge, on how NSW can be adopted

for improving workload equity in VRP, perhaps due to its nonlinear nature.

6.1.2 Contributions

In this paper, we explore how the workload equity can be improved while maintaining

the cost of the commercial distribution platform within an acceptable range from the least-

cost solution. We focus on static commercial crowdsourced last-mile delivery problem where

the available drivers and demand points are given and there is only one pick-up point (depot).

Moreover, we assume that multiple delivery tasks can be assigned to one driver as long as the
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capacity of the vehicle is not exceeded. The main contributions of this paper are summarized

as follows:

• We are the first to introduce a new equitable VRP model that relies on the concept

of the NSW, by maximizing the product of drivers’ profits (rather than maximizing

the sum of drivers’ profits) while maintaining the cost of the commercial distribution

platform within an acceptable threshold. The main advantage of the NSW-based

formulation is that it naturally seeks to simultaneously maximize the total profit of

drivers paid by the company and split it among the drivers as equitable as possible.

An equitable allocation of profits in an environment that the drivers are heterogeneous

is more complex than simply dividing the total profit equally among the drivers, as

the profit of each driver must be proportional to his effort as well as the potential

maximum profit he can make given his characteristics.

• We discuss different compensation schemes that rely on a combination of per mile and

per delivery payments, and show that in a setting with purely per delivery compensa-

tions, achieving equitable distribution of tasks and profits is much harder than when

the compensation includes both per mile and per delivery payments.

• We develop an exact solution approach based on a branch-and-price framework to

solve the proposed NSW-based VRP formulation. We discuss how an exact linear

master problem formulation for the proposed NSW-based VRP formulation can be

generated. In the proposed decomposed formulation, the subproblems take the form

of an elementary shortest path problem with resource constraints (ESPPRC), which is

characterized by a nonlinear cost function. We then propose new techniques to adapt

the classical Bellman-Ford labeling algorithm to account for the nonlinearity in the

cost function.

• We conduct an extensive computational study to evaluate the performance of our pro-

posed models as well as the developed solution approach. Focusing on measures such
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as the efficiency of the company, the efficiency of drivers, and the equity among the

drivers, we show that the NSW solution can improve the equity in profit allocation

among the drivers significantly, while keeping the level of company’s efficiency in an

“acceptable” range from the non-equitable least-cost solution. Our experiments also

show the superiority of the NSW solutions compared to those of the Max-Min formu-

lation.

6.1.3 Paper Structure

The remaining of the paper is organized as follows. First, the problem is introduced,

and the required notation is described. The proposed method to solve the problem has two

stages, in the first of which a classical VRP is solved to determine the minimum total cost

of the company and the selected drivers. In the second stage, the NSW problem is solved to

obtain the equitable job assignment among the hired drivers. In Sections 6.3 and 6.4, the

elements of the branch-and-price algorithm to solve the first and second stage is described,

respectively. Section 6.5 covers the computational study, analyses, and our procedure to

generate the used instances. Finally, the concluding remarks and future directions for this

research is provided in Section 6.6

6.2 Problem Setting and Formulation

In this section, we describe a last-mile delivery problem that aims at maximizing profit

equity (as a proxy for workload assignment equity) among drivers while maintaining cost

efficiency for the company. The problem is defined on a graph G “ pN ,Aq, where N and A

represent the set of locations and the arcs within graph G, respectively. A group of customers

place orders online and expect deliveries at their home locations. Let D Ă N be the home

locations of the customers with outstanding orders, where qj denotes the quantity/size of the

delivery at the location of customer j P D. The travel time between each pair of locations
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pj, j1q, j, j1 P N for which an arc exists in A is given by tjj1 while the transportation cost

along an arc pj, j1q, denoted by cjj1 , is proportional to tjj1 .

Online orders are all fulfilled from a single depot o. The deliveries are performed by

a set of available occasional drivers, denoted by V . Each driver v P V is characterized by

their vehicle capacity, Qv, their origin, sv, and their destination where they are headed after

finishing the delivery task, ev. Set Nv represents the subset of nodes associated with diver v:

Nv “ to, sv, evuYD Ď N , while Av Ď A is the set of arcs associated with the subgraph Gv of

driver v. The availability of driver v is given as a function of the travel time associated with

a direct trip from their origin to their destination, tsv ,ev . That is, a driver may be willing

to dedicate a maximum of γvtsv ,ev minutes to make deliveries, where γv is an indication of

time flexibility of driver v. Although our proposed approach in this study is generic, for

convenience we assume that γ1 “ γ2 “ ¨ ¨ ¨ “ γ|V| in all numerical examples/experiments in

this paper, and use the notation γ to represent the time flexibility of any driver.

Drivers are compensated based on the deliveries they make (the prize received by

serving a customer), and the mileage traveled. Let wj be the prize collected by a driver after

serving customer j P D. In its most generic form, wj can be defined as wj :“ at0j ` bqj,

where a and b are two weights set by the company. Through this compensation scheme,

the company recognizes the extra time and effort required to deliver a larger quantity to a

far away location. Additionally, the company compensates the mileage cost associated with

trips to make deliveries to the customers.

Let Dv Ď D be the set of customers assigned to driver v and c1rv be the mileage cost

(variable cost) of the route the driver takes from his origin, to the depot, then to visit the

customers in Dv in the most efficient sequence to finally return to his destination. Moreover,

let c1sv ,ev be the mileage cost that driver v has to pay in order to directly go from his origin to

his destination. Logically, the company will (partially) compensate the additional mileage

cost to c1sv ,ev because c
1
sv ,ev has to be paid by the driver v anyway. Consequently, the mileage
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compensation paid by the company to the driver v for the route rv is

crv :“ βpc1rv ´ c
1
sv ,evq,

where parameter 0 ď β ă 1, referred to as the mileage rate, corresponds to the percentage of

the mileage cost incurred by a driver that the company reimburses. Note that β ě 1 is not a

logical assumption because in that case during the process of improving equity, drivers would

not seek to automatically reduce the mileage cost of the company; In fact the optimization

process can create unfair arbitrage opportunities for them by assigning them non-optimal

routes for a given set of tasks while in practice the drivers may choose to take the optimal

routes and make additional hidden profits.

Note that for convenience wev :“ ´βc1sv ,ev can be viewed as the fixed mileage cost

of the driver at his destination, i.e., the cost that should be paid by the driver v when he

reaches to his destination. With this in mind, the yield of driver v (the total compensation

paid by the company) for the route rv can be given as

yrv :“
ÿ

jPDv

wj ` crv “
ÿ

jPDvYtevu

wj ` βc
1
rv .

Based on this notation, the profit of driver v for the route rv can be written as

prv :“ yrv ´ c
1
rv “

ÿ

jPDvYtevu

wj ` pβ ´ 1qc1rv .

It is assumed that drivers become aware of the company’s compensation scheme before

signing up to the platform. Thus, if after signing up to the platform, a driver is assigned a

given delivery task, he typically accepts it. Furthermore, delivery assignments are done in

such a way that the last delivery on the driver’s route is as near as possible to the driver’s

next destination. This policy not only reduces the amount of inconvenience for the drivers,

it can potentially reduce the cost paid by the company as the company is committed to
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partially cover the mileage cost of drivers (indicated by the value of β). The problem is then

a variant of the open vehicle routing problem (OVRP) with single depot which although the

vehicles are not required to return to the depot, they still have prefixed ending points. The

company aims at maximizing workload assignment equity while maintaining certain level of

efficiency. In our definition, a workload assignment is said to be equitable when profit ratios

of the drivers employed are as close as possible to each other. The profit ratio of driver v is

defined as ρv “ pv{pv, where pv is the profit of employed driver v under the given workload

assignment, and pv represents the maximum profit that the employed driver v can possibly

earn in a setting where each employed driver must be assigned at least one delivery task. In

essence, pv is a representative of the potentials of driver v, given his personal characteristics

including his time flexibility, vehicle capacity and the location of their next destination.

Based on this definition of equity, our goal is not to compensate all drivers equally, but

instead to compensate them fairly based on what they bring to the table, as having ρv as

close as possible for all employed drivers has little to no implications in terms of closeness of

their actual profits pv.

It is obvious that such an equity comes at a cost. The extra cost paid to improve

workload assignment equity in a solution is called the cost of equity. From the company’s

perspective, the costs to pay are the prizes paid to serve customers plus the mileage costs.

Since given a set of customers to serve, the total delivery prizes paid is constant regardless of

delivery assignments to the drivers, the cost component to optimize is the mileage costs paid

to the drivers. We assume that the company is willing to accept a set of routes that involves

α% increase in the total mileage compensation, if an improvement in workload assignment

equity can be achieved. In that sense, any solution with a mileage cost within the interval

rz˚, p1 ` αqz˚s is considered efficient for the company, where z˚ corresponds to the least

mileage compensation paid given the set of customers D and the available fleet of drivers

V , ignoring workload assignment equity requirements. That is, in our setting, the cost of

equity is caped at αz˚. Therefore, the company’s primary objective is to promote workload
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assignment equity within the limits of the acceptable efficiency measure, while its secondary

objective is to minimize the mileage cost. Notice that the routing solution associated with

z˚ does not necessarily employ all available drivers in V and may suggest using only a subset

V˚ Ď V . Once the subset of drivers V˚ associated with z˚ is identified, we then aim at

improving workload assignment equity in a solution that only involves drivers in V˚. The

following remark about the above-mentioned problem setting is helpful, and it is the main

focus of our computational study (in Section 6.5).

Remark 6.1. In our problem under study, there are three main parameters α (the company’s

willingness to sacrifice efficiency to improve equity), β (the company’s willingness to partially

compensate the mileage cost incurred), and γ (drivers’ time flexibility) that need to be

explored in order to measure their impacts on equity when employing our proposed approach

for improving equity.

6.2.1 Problem Formulation

Balancing profit ratios has been studied in the context of Nash Social Welfare (NSW).

The NSW solution has roots in game theory and pertains, in particular, to a well-known

cooperative game problem called bargaining problem. In the solution of a bargaining problem

the players, who compete for a higher gain, agree to form a grand coalition [191]. The

necessary condition for this coalition is the consent of players on the obtained under-coalition

gain. One of the well-known techniques to compute under-coalition gain was first introduced

by [129, 192]. In this study, we aim at maximizing the profit ratio of drivers as the players

of a bargaining game using Nash’s method. In a setting where drivers tend to return to

provide services, it is conceivable that they would agree to under-coalition gains, increasing

the expected total profit of all drivers in the long run. From the company’s perspective, such

solutions entice a larger proportion of the drivers to return to participate.

Let X be the set of all feasible routing solutions that partition orders. The definition

of a feasible route is given next.
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Definition 6.1. A route is considered feasible for driver v P V if the following four conditions

hold: (a) Departing from his origin, a driver, if employed by the company, would go directly

to the depot to collect the items to deliver to a subset of customers, otherwise he goes

directly to his destination; (b) The delivery route assigned to a driver must respect vehicle

capacity and time availability constraints of the driver; (c) The overall profit of a driver

who’s assigned a delivery route from executing that route must be non-negative; and (d)

The additional profit of serving customer j immediately after customer i by the driver v

must be non-negative, i.e.,

wj ` pβ ´ 1qc1ij ě 0.

This is because drivers being gig-workers, have an incentive to decline serving a customer if

it results in a loss of profit.

The set of feasible routes X incorporates the assignment of delivery tasks to the

drivers, while specifying the sequence of visits to the customers (routing decision) by each

driver. Therefore, ρvpxq represents the profit ratio of driver v given a routing decision

x. Suppose also that gpxq returns the mileage cost of a given routing solution x, i.e.,

gpxq “
ř

vPV crv . Notice that if a driver is not assigned any delivery tasks, his compensation

is assumed to be zero.

Inspired by the expanded version of NSW [193], to equitably assign a set of delivery

jobs among drivers in V˚, the problem can be formulated as

max
ź

vPV˚
ρvpxq (6.1a)

s.t. x P X , (6.1b)

gpxq ď p1` αqz˚, (6.1c)

where objective function (6.1a) maximizes the Nash social welfare that is the product of

drivers’ profit ratios, while Constrains (6.1b) guarantee the feasibility of routes assigned to
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the drivers. Constrains (6.1c) ensure that any chosen routing schedule remains within the

efficiency limits of the company. Notice that Constrains (6.1c) can be embedded into the

definition of X , however, for the sake of clarity, we chose to state them explicitly.

Proposition 6.1. The NSW problem is scale-free: Maximizing
ś

wPW λwfwpxq is equivalent

to maximizing
ś

wPW fwpxq, where λw ą 0, @w PW are arbitrary constants.

Proof.

The proof is rather straightforward and can be found in [194]

According to Proposition 6.1, one can substitute profit ratios of drivers by their actual

profits in objective function (6.1a). Intuitively, since the denominator pv in the profit ratio of

all drivers v is constant and independent from any routing decision x P X , it has no impact

on the choice of the optimal routing decision. Consequently, Model (6.1) reduces to

max
ś

vPV˚ pvpxq (6.2)

(6.1b)´ (6.1c)

Model (6.2) is an extension of the VRP where the objective is to maximize workload

assignment equity while keeping the cost of equity in terms of mileage cost under certain

threshold. In Appendix 7.4, we present an arc-based formulation of such a VRP. A NSW

solution for the introduced delivery problem establishes a balance between the maximum

attainable efficiency and workload assignment to drivers. To clarify this, we refer to the

following theorem proved by [195].

Theorem 6.1. For any optimal solution of the following (mixed-integer) linear program,

denoted by x˚,

x˚ P Argmax
 

ÿ

vPV˚
pvpxq : x P X

(

,
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the following inequalities hold.

ź

vPV˚
pvpx

˚
q ď max

xPX

ź

vPV˚
pvpxq ď

ˆř

vPV˚ pvpx
˚q

|V˚|

˙|V˚|

.

The above inequality can be interpreted as follows. If a routing solution maximizes

the sum of drivers’ profits and all drivers make equal profits, then such a solution coincides

the optimal solution of the NSW. Since
ř

vPV˚ pvpx
˚q yields the maximum attainable total

profit, no solution can be more equitable than a workload allocation that allows all drivers

to make a profit equal to
ř

vPV˚ pvpx
˚q

|V˚| . Note that, because of the discrete nature of most

real world problems including the VRP, it is unlikely to exist a solution x˚ P X so that all

the drivers make exactly the same profit. Thus, Theorem 6.1 indicates that NSW solution

provides the nearest solution to the fairest possible solution than all the feasible solutions

with the maximum total profit. However, to achieve a higher level of fairness, NSW approach

may sacrifice the efficiency or vice versa. The multiplicative objective function in this method

acts as a super-criterion that compromises the trade-off between efficiency and fairness to a

natural balance between them [196, 197]. Interested readers may refer to [? 195] and [198]

to learn more about the NSW problem and existing solution methods.

6.2.2 An Illustrative Example

We now provide a small example of the proposed approach and analyze the obtained

solution by comparing it with that of a classical VRP. In the mentioned example, there are

10 delivery requests and 6 drivers with the vehicle capacity of 80 units. The mileage cost

is almost fully compensated, i.e., β “ 0.99, and the drivers’ time availability is γ “ `8.

Figure 6.1 shows the location of depot, delivery requests, and the origin and destination of

drivers in this example. The demand size of each delivery request in terms of the unit of

capacity (i.e., weight or volume) is reported by a number above its location. First, we solve

this problem using the classical VRP where the minimum total cost is obtained 353.5 and
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(a) Solution of the classical VRP model
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(b) Solution of the NSW model (α “ 0.05)

Figure 6.1: Routes for the example in both classical VRP and NSW models

the company chooses to hire drivers 2 and 3. The route of all drivers is demonstrated in

6.1a. We can observe that the destination of the drivers plays a main role in the assignment

of the delivery requests. After plugging z˚ “ 353.5 and restricting the driver set to V˚, we

solve the proposed NSW model using the mixed integer Second-Order Cone Programming

(SCOP) solver of CPLEX 12.10 for two values of α. Interested readers may refer to [? ] or

[199] to learn how a NSW model can be transformed to a mixed integer SOCP model using

the geometric-mean transformation proposed by [200].

Table 6.1: Results of the illustrative example

Players Max.
Profit

Trad. VRP
Profit

NSW with α “ 0 NSW with α “ 0.05
Profit Ratio Profit Ratio

v “ 2 130.64 113.46 113.46 0.87 113.45 0.87
v “ 3 224.00 204.23 204.23 0.91 170.80 0.76
v “ 4 53.98 6.20 6.20 0.11 38.45 0.71

Company (cost) - 61.86 63.04 - 205.20 -

The results are summarized in Figure 6.1b and Table 6.1. The first column of the

table reports the maximum revenue of each driver that are obtained by solving separate
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classical VRPs when the objective function is the corresponding driver’s revenue. Note that

the first column is important as it is used to compute profit ratios. Also, the minimum total

cost and revenue of both drivers in column “Trad. VRP Profit” is the outcome of solving

the classic VRP from the previous step. The rest of the table shows the outcomes of the

NSW model. We observe that, the solution of the classical VRP model is the most equitable

solution for α “ 0 as well. However, by allowing a 5% increase in the company’s mileage

cost, the equitable model finds a much fairer solution where the difference in profit ratios

drops to 0.04 (as opposed to 0.48 when α “ 0).

6.3 Computing the Minimum Total Mileage Cost z˚

In order to compute the minimum total mileage cost (MTMC), i.e., z˚, we propose to

employ a branch-and-price approach. Let Rv be the set of all feasible routes for driver v P V .

Note that we assume that all drivers must go from their origin nodes to their destination

nodes. If a driver goes directly from his origin node to his destination node, it is implied that

the driver has not been selected by the company, rendering a profit of zero for the driver.

If a driver is selected by the company, he must first go to the depot to pick up the orders

assigned to him, and deliver them on the way to his destination.

Let binary variable xvr “ 1 if driver v P V is selected and is assigned route r P Rv;

0 otherwise. Suppose binary parameter δjr equals 1 iff delivery of order j P D is performed

on route r P Rv of driver v P V . Recall that crv is the total mileage compensation that the

company should pay to driver v P V for taking route r P Rv. Using these notations, the

path-based formulation of the VRP problem can be stated as follows,

pMTMCq z˚ “ min
ÿ

vPV

ÿ

rPRv

crvxvr (6.3)

s.t.
ÿ

vPV

ÿ

rPRv

δjrxvr “ 1 @j P D, (6.4)
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ÿ

rPRv

xvr “ 1 @v P V (6.5)

xvr P t0, 1u v P V , @r P Rv, (6.6)

where Constraints (6.4)-(6.6) guarantee that each customer is visited exactly once and each

vehicle is assigned to exactly one route.

6.3.1 Branch and Price to Solve the MTMC

In the presented model MTMC, since the cardinality ofR :“ YvPVRv is large in practice,

the approach used to solve these set partitioning formulation problems is based on a branch-

and-price algorithm. In such an approach, one tries to find an integer solution using a

branch-and-bound scheme, in which the lower bound of each node of the search tree is

calculated by applying a column generation to solve the linear relaxation of the model MTMC.

The column generation is based on iteratively solving a restricted master problem (RMP) and

one or more subproblems. The RMP consists of the the linear relaxation of the augmented

model which has been restricted to a subset of its variables. This subset simply contains

those variables which have already been generated through solving the subproblems. Solving

the RMP using a linear programming solver, usually based on the simplex algorithm, results

in a primal and dual solutions. The subproblems, often taking the form of an elementary

shortest path problem with resource constraints (ESPPRC), are typically solved using a

dynamic programming-based algorithm [see 201, 202]. The negative reduced cost columns,

newly generated through solving the subproblems, are then added into the RMP and another

iteration begins. The process stops when none of the subproblems is able to find new negative

reduced cost variables for the RMP.

The branch-and-price search tree is properly initialized by adding a set of initial

columns into the RMP, in the root node. At each node of the tree, the lower bound is calculated

through the back-and-forth exchanges between the master problem and subproblems, as

described above. If the solution of the RMP is integer, it is a feasible solution to the original
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problem and it is compared to the current incumbent solution and the current incumbent is

updated, if necessary. Otherwise, if the solution of the RMP does not satisfy the integrality

condition, a branching procedure is applied to cut off the fractional part of the solution. The

optimal solution corresponds to the current incumbent solution, when all the branches have

been fathomed.

The RMP contains only a subset of feasible routes rRv Ď Rv for each driver v and takes

the following form

pRMPq min
ÿ

vPV

ÿ

rP rRv

crvxvr (6.7)

s.t.
ÿ

vPV

ÿ

rP rRv

δjrxvr “ 1 @j P D, (6.8)

ÿ

rP rRv

xvr “ 1 @v P V , (6.9)

xvr ě 0 v P V , @r P rRv. (6.10)

Let πj and µv denote the dual variables associated with Constraints (6.8) and (6.9),

respectively. The subproblem associated with each driver v P V can be stated as

pSPvq εv :“ mintcrv ´
ÿ

jPD
δjrπj ´ µv : @r P Rvu.

The subproblem associated with driver v, SPv, corresponds to an ESPPRC defined on

network Gv. It can, thus, be solved using a labeling algorithm. In this algorithm, a partial

path from node sv to a node j P Nv is represented by a tuple λλλ “ pλcost, λtime, λload,
`

λcusti
˘

iPCq

called a label: λcost is the path reduced cost; λtime is the arrival time at node j; λload is the

load accumulated in the current trip; and λcusti , i P D, indicates whether or not customer i

has been visited along the path to node j.
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Starting from the initial label p´µv, 0, 0,
`

0
˘

iPDq associated with node sv, a labeling

algorithm extends the labels in network Gv to enumerate feasible partial paths, all starting

from node sv. Note that all paths visit the depot o, immediately after departing from the

driver’s origin sv and need to finish at the driver’s destination ev. The extension along an

arc pj, kq P Av of a label λλλj “ pλcostj , λtimej , λloadj ,
`

λcustij

˘

iPDq associated with node j yields

a new label λλλk “ pλcostk , λtimek , λloadk ,
`

λcustik

˘

iPDq whose components are computed using the

following resource extension functions:

λcostk “

$

’

’

’

’

’

&

’

’

’

’

’

%

λcostj ` βc1jk if k “ o

λcostj ` βc1jk ` πk if k P D

λcostj ` βc1jk ` wev if k “ ev

(6.11)

λtimek “ λtimej ` tjk (6.12)

λloadk “

$

’

&

’

%

λloadj ` qk if k P D

λloadj otherwise
(6.13)

λcustik “

$

’

&

’

%

λcustij ` 1 if i “ k

λcustij otherwise
@i P D (6.14)

Recall that wev “ ´βc1sv ,ev . By Definition 6.1. Label λkλkλk is associated with node k and is

deemed feasible only if λtimek ` tk,ev ď γvtsv ,ev , λloadk ď Qv, λcustik ď 1 for all i P D, pλk ě 0 if

k “ ev, and wk ´ pβ ´ 1qc1jk ě 0 if k P D. If one of these conditions is violated, label λkλkλk is

discarded. To avoid enumerating all feasible sv ´ ev paths, the following dominance rule is

applied.

Definition 6.2. For a given vehicle v P V , let λλλ` “ pλ`,cost, λ`,time, λ`,load,
`

λ`,custi
˘

iPDq, ` “

1, 2, be two labels associated with (partial) paths ending at the same node in Nv. Label λλλ1

is said to dominate label λλλ2 and is discarded if

λ1,cost
ď λ2,cost, (6.15)
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λ1,time
ď λ2,time, (6.16)

λ1,load
ď λ2,load, (6.17)

λ1,custi ď λ2,custi , @i P D, (6.18)
$

’

’

&

’

’

%

either pλλλ2j ď pλλλ1j ,

or pλλλ1
j‘i˚‘ev

ą 0,

and at least one of the above inequalities is strictly satisfied.

In our proposed column generation algorithm, for driver v P V with εv ă 0, we add

all complete paths (labels reached ev) with a negative reduced cost (i.e., λcostev ă 0) to rRv

and resolve the RMP. The column generation algorithm stops when εv ě 0 for all v P V , in

which case no more columns are added and the solution of RMP is optimal. The proposed

column generation, however, does not guarantee integrality of the solutions. Therefore, a

branching mechanism is put in place. Due to the asymmetric nature of the problem (drivers’

routes start and end at different locations), it is likely that the shortest path visiting all the

delivery tasks assigned to a given driver to be unique. Thus, we focus on a binary branching

scheme that assigns delivery tasks to drivers. That is, in a given fractional solution, if a

delivery location is served by more than one driver, we select a (location, driver) pair, and

create two child nodes; one enforcing the assignment of the (location, driver), and the other

one forbidding it. In rare situations where this branching scheme is not sufficient, i.e., the

solution is still fractional while delivery tasks are partitioned among the drivers, we apply

the classical branching on flow variables.

6.4 Optimizing the Nash Social Welfare

Recall that V˚ Ď V is the subset of vehicles selected by the company as the result

of minimizing its total cost through solving the MTMC problem. In order to compute the

NSW solution for improving the workload equity for drivers selected through solving the

MTCP problem (referred to as drivers in the coalition), we employ a second branch-and-
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price approach. Let prv be the profit generated for driver v P V˚ by executing feasible route

r P Rv. Using these notations, the path-based formulation of NSW can be stated as follows.

(NSW) max
ź

vPV˚
p
ÿ

rPRv

prvxvrq

s.t.
ÿ

vPV˚

ÿ

rPRv

δjrxvr “ 1 @j P D, (6.19)

ÿ

rPRv

xvr “ 1 @v P V˚, (6.20)

ÿ

vPV˚

ÿ

rPRv

crvxvr ď p1` αqz
˚, (6.21)

xvr P t0, 1u v P V˚, @r P Rv, (6.22)

Observe that NSW is nonlinear. So, in order to employ a branch-and-price approach,

it should be linearized. This can be done using the following theorem.

Theorem 6.2. NSW is equivalent to the following integer linear program,

(NSW-L) max
ÿ

vPV˚

ÿ

rPRv

logpprvqxvr

s.t. (6.19)´ (6.22).

Proof. Proof. Since by definition of feasible routes (i.e., Definition 6.1), the profit of each

driver is nonnegative for any feasible solution, we know that the objective function of NSW-I

can be replaced by its log-transformation, i.e.,

ÿ

vPV˚
logp

ÿ

rPRv

prvxvrq.
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Now, as based on Constraints (6.20) exactly one route is assigned to each driver, the trans-

formed objective function is equivalent to,

ÿ

vPV˚

ÿ

rPRv

logpprvqxvr.

6.4.1 Branch and Price to Solve the NSW Program

Theorem 6.2 is important as it uses a transformation trick in order to create an integer

linear programming formulation, i.e., NSW-L, for optimizing NSW. Therefore, to solve its

linear programming relaxation, once again, we can employ column generation. However, the

column generation approach presented in this section is substantially different from the one

proposed for the MTMC problem because its subproblems are significantly more challenging

than those available in literature of classical VRPs. Specifically, we solve the following

restricted master problem (NSW-L-RMP) where rRv Ď Rv for each v P V˚,

pNSW-L-RMPq max
ÿ

vPV˚

ÿ

rP rRv

logpprvqxvr (6.23)

s.t.
ÿ

vPV˚

ÿ

rP rRv

δjrxvr “ 1 @j P D, (6.24)

ÿ

rP rRv

xvr “ 1 @v P V˚, (6.25)

ÿ

vPV˚

ÿ

rRv

crvxvr ď p1` αqz
˚, (6.26)

xvr ě 0 v P V˚, @r P rRv. (6.27)

We use the optimal feasible solution found from solving MTMC, i.e., x˚, as an initial

solution to NSW-L-RMP. Let ζj, θv, and η be the dual variables associated with Constraints
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(6.24), (6.25), and (6.26), respectively. With these notations, the subproblem associated

with each driver v P V˚ can be stated as

pNSW-L-SPvq εv “ maxtlogpprvq ´
ÿ

jPD
ζjδjr ´ θv ´ crvη : @r P Rvu. (6.28)

We solve the ESPPRC associated with the NSW-L-SPv using the labeling approach,

similar to the one described in Section 6.3.1. However, note that the first term in the

objective function of Problem (6.28), logpprvq, makes it nonlinear, requiring extra care when

implementing the dominance rules.

Similar to the approach explained for solving the SPv, a partial path from node sv to

node j P Nv is encoded by a tuple λλλ “ pλcost, λtime, λload,
`

λcusti
˘

iPCq, referred to as a label.

Starting from the initial label p´θv, 0, 0,
`

0
˘

iPDq associated with node sv, the labeling algo-

rithm extends the labels in network Gv, knowing that all paths visit the depot o immediately

after departing from the driver’s origin sv and must finish at the driver’s destination ev. The

extension along an arc pj, kq P Av of a label λλλj associated with node j yields a new label λλλk

whose components are computed using extension functions (6.12)-(6.14), and (6.29),

λcostk “

$

’

’

’

’

’

&

’

’

’

’

’

%

λcostj ´ logppλjq ` logppλkq ´ ηβc
1
jk if k “ o

λcostj ´ logppλjq ` logppλkq ´ ζk ´ ηβc
1
jk if k P D

λcostj ´ logppλjq ` logppλkq ´ ηβc
1
jk ` wev if k “ ev

(6.29)

where pλj denotes the profit of the corresponding driver along the partial path represented

by label λj. By Definition 6.1, label λkλkλk is deemed feasible and is kept only if λtimek ` tk,ev ď

γvtsv ,ev , λloadk ď Qv, and λcustik ď 1 for all i P D, pλk ě 0 if k “ ev, and wk ´ pβ ´ 1qc1jk ě 0 if

k P D. Note that the latter basically implies that we must have that pλk ě pλj if k P D. Note

too that in Equation (6.29), logarithmic functions can become ‘undefined’. Thus, in terms

of implementation, ‘undefined’ can be represented by a large negative number (denoted by

´M). In other words, we can simply replace logppλjq (or logppλkq) with ´M if pλj ď 0 (or
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pλk ď 0). However, we avoid checking the domination rules for a partial route with undefined

objective value. In fact, due to the nonlinearity of the objective function of the NSW-L-SPv,

using the domination rules similar to those given in Definition 6.2 can result in dominating

columns that could end up being more profitable than the dominating labels. Therefore,

instead, we use Propositions 6.2 and 6.3 to identify and remove dominated labels.

To facilitate the presentation of the propositions and their proofs, we introduce the

notation ‘ to denote the immediate extension operator for a given label. For example, λλλj‘i

is the extension of label λλλj to node i as its immediate successor. We also make the following

remarks about the immediate extension operator:

• If i is already a node in λλλj then immediate extension to i is not valid, i.e., λλλj‘i=λλλj.

• Let σ be a sequence of nodes with no node in common with λλλj. In this case, λλλj‘σ implies

that label λλλj is extended with sequence σ by connecting the node j (the current node

of label λλλj) to the first node in σ.

• If σ is empty, then λλλj‘σ “ λλλj.

Proposition 6.2. For a given vehicle v P V˚, let λλλ`j “ pλ`,costj , λ`,timej , λ`,loadj ,
`

λ`,custij

˘

iPDq,

` “ 1, 2, be two labels associated with (partial) paths, denoted by 1 and 2, ending at node

j P Nvztevu. Let Nλλλ1j and Nλλλ2j be the set of nodes visited in partial paths 1 and 2, respectively.

Label λλλ1
j is said to dominate label λλλ2

j and is discarded if the following conditions hold:

(6.16)´ (6.19),

pλλλ1
j‘i˚‘ev

ą 0 (6.30)

λ1,cost
j‘i˚‘ev

ě λ2,cost
j‘i˚‘ev

(6.31)
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where Dλλλ
2
j :“ DzNλλλ2j and i˚ :“ arg min

iPDλλλ
2
jYtju

pλλλ1j‘i‘ev
, with pλλλ1

j‘i˚‘ev
being the profit

of the complete path obtained following the extension of label λλλ1
j to i˚ and then to ev.

Proof. Proof. Proof is rather long and is provided in Appendix 7.4.

Proposition 6.3. For a given vehicle v P V˚, let λλλ`j “ pλ`,costj , λ`,timej , λ`,loadj ,
`

λ`,custij

˘

iPDq,

` “ 1, 2, be two labels associated with (partial) paths, denoted by 1 and 2, ending at node

j P Nvztevu. Let Nλλλ1j and Nλλλ2j be the set of nodes visited in partial paths 1 and 2, respectively.

Label λλλ1
j is said to dominate label λλλ2

j if the following conditions hold:

(6.16)´ (6.19),

pλλλ1j‘ev
ą 0 (6.32)

ζi ě 0 @i P Dλλλ
2
j (6.33)

λ1,cost
j‘ev

ě λ2,cost
j‘ev

(6.34)

where Dλλλ
2
j :“ DzNλλλ2j .

Proof. Proof. Proof is rather lengthy and is provided in Appendix 7.4.

To identify dominated labels, our proposed approach is to first employ Proposition 6.3,

i.e., we first check conditions given in Proposition 6.3; If any of them fails then we check

conditions given in Proposition 6.2 as they are more time-consuming. As an aside, we note

that when applying Proposition 6.2 or Proposition 6.3, it is possible that two labels dominate

each other. In terms of implementation, for such a case, one of the labels can be kept and

the other one should be discarded.
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In our proposed column generation algorithm, for driver v P V˚ with εv ą 0, we add

all complete paths (labels reached ev) with a positive reduced cost (i.e., λcostev ą 0) to rRv and

resolve the NSW-L-RMP. The column generation algorithm stops when εv ď 0 for all v P V˚,

in which case no more columns are added and the solution of NSW-L-RMP is optimal. We

note that the proposed column generation does not guarantee integrality of the solutions.

Therefore, a branching mechanism is put in place. We use a branching scheme similar to the

one discussed in Section 6.3.1.

6.5 Computational Study

In this section, we study the performance of the proposed approach through several

experiments and sensitivity analysis. Specifically, we study the effect of different parameters

on the obtained equity among the selected drivers. We implemented the proposed branch and

price algorithm in C++ and used CPLEX 12.10 to solve the linear master problems. All the

experiments were run on a Dell PowerEdge R640 system with two Intel Xeon (Silver 4116)

2.1GHz 12-core processors, 128GB of memory, and RedHat Enterprise Linux 7.4 operating

system. For each experiment, a time limit of four hours was imposed and CPLEX was limited

to use only one thread. For those instance for which the algorithm did not converge to an

optimal solution, we use the best found solution for analysis. Our instance generator and

codes of this study can be found at XXX and XXX, respectively. For initialization, we used

Google OR-Tools [203] for generating a feasible solution to the MTMC. The obtained routes

are used to initialize rRv for each v P V . In the following sections we will first compare the

results of our method with the ones we obtained from the existing max-min approach in the

literature. Then, in a set of comprehensive experiments we study the behavior of the model

for different values of parameters α, β, and γ with respect to a series of KPIs, including the

summation of profits of the drivers, the actual sacrifice of the company in cost, summation

of traveling compensation, and finally the range of profit rations among the drivers.
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6.5.1 Instances

In this study, we generated 20+60 random instances by adapting instance “R101”

of Solomon’s vehicle routing problem benchmark [204] with time windows. The first 20

instances with 10 customers and 5 vehicles are relatively small and can be optimally solved

using an arc-based formulation, similar to the one provided in Section 7.4. The other 60

instances are larger and are equally divided into six classes with different number of customers

and different vehicle capacities. In these classes, the number of customers |D| is either 16

or 20, and vehicle capacities are assumed to be equal for all drivers v P V and selected from

t50, 75, 100u. Note that since the origin and destination of the drivers are different, the

fleet remains heterogeneous. The location of customers as well as the origin and destination

of the vehicles are determined by selecting random points from “R101”. We also used the

information of demand in “R101” to set the quantity of deliveries, qj. Parameter wj is

computed by setting a and b to one in all the experiments. The other parameters of the

problem including α, β, and γ have different values for each experiment that will be stated

and discussed in the following sections.

6.5.2 NSW vs. Maxmin

We first compare the outcomes of our proposed approach against those of the max-

min (the same as min-max discussed in Section 6.1). The selected drivers are determined

similarly in both methods. To make sure the comparison is accurate, we use a set of 20

small instances which are solved to optimality in the considered time limit while α “ 5%,

β “ 50%, and γ “ 4. The results are reported in Table 6.2. Column ”Cost” in this table,

shows the cost of the company (i.e., summation of delivery and mileage compensation). The

second column reports the profit ratio of drivers and their average and standard deviation for

both approaches. We can observe that the average profit ratio of the drivers in the Max-min

approach is mostly less than or equal to the one of NSW, as an indication that NSW tends

to find equitable solutions in which the individual profits ratios are higher. By looking at the
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Table 6.2: NSW v.s. maxmin

Cost Drivers’ Profit Ratio

Ins.
Company Driver #1 Driver #2 Driver #3 Avg. STD

M-M NSW M-M NSW M-M NSW M-M NSW M-M NSW M-M NSW

1 337.98 157.86 0.50 0.63 0.15 0.15 0.83 0.69 0.49 0.49 0.338 0.294
2 250.30 145.32 0.77 0.77 0.82 0.82 0.88 0.88 0.83 0.83 0.054 0.054
3 257.43 126.05 0.76 0.76 0.89 0.89 0.70 0.70 0.78 0.78 0.097 0.097
4 282.22 156.16 0.58 0.58 0.82 0.82 0.85 0.85 0.75 0.75 0.145 0.145
5 266.08 132.55 0.69 0.81 0.84 0.67 0.71 0.71 0.75 0.73 0.080 0.075
6 274.75 151.92 0.85 0.85 0.60 0.60 0.84 0.84 0.76 0.76 0.143 0.143
7 200.76 104.19 0.70 0.70 0.77 0.77 0.93 0.93 0.80 0.80 0.115 0.115
8 222.74 116.16 0.87 0.87 0.77 0.77 0.80 0.80 0.81 0.81 0.049 0.049
9 303.55 136.74 0.63 0.66 0.56 0.56 0.86 0.84 0.68 0.68 0.157 0.141
10 352.07 214.10 0.56 0.56 0.68 0.68 0.69 0.69 0.65 0.65 0.076 0.076
11 264.71 148.26 0.56 0.56 0.35 0.35 0.76 0.76 0.56 0.56 0.209 0.209
12 285.23 189.35 0.76 0.76 0.71 0.71 0.88 0.88 0.78 0.78 0.088 0.088
13 284.88 120.51 0.63 0.63 0.86 0.86 0.60 0.60 0.70 0.70 0.142 0.142
14 274.83 162.65 0.87 0.86 0.80 0.81 0.77 0.77 0.81 0.81 0.051 0.044
15 266.39 155.56 0.58 0.81 0.91 0.76 0.23 0.23 0.57 0.60 0.338 0.322
16 250.59 105.45 0.63 0.63 0.75 0.75 0.76 0.76 0.71 0.71 0.070 0.070
17 233.68 129.41 0.87 0.87 0.85 0.85 0.15 0.15 0.62 0.62 0.414 0.414
18 313.45 201.07 0.90 0.90 0.70 0.70 0.24 0.24 0.61 0.61 0.335 0.335
19 268.00 148.76 0.62 0.62 0.77 0.77 0.83 0.83 0.74 0.74 0.109 0.109
20 259.39 126.81 0.37 0.37 0.64 0.64 0.86 0.86 0.63 0.63 0.246 0.246

Avg. 272.45 146.44 0.68 0.71 0.71 0.70 0.71 0.70 0.70 0.70 0.163 0.158

standard deviation of the profit ratios among the drivers, lower values of NSW method can

be translated into a more equitable distribution of profits among the drivers. Interestingly,

the cost of the company is higher in maxmin method. This is because the drivers other

than the one that has the least profit are not considered in the optimization and can travel

a non-optimal route. This entails a higher cost for the company (because of the mileage

compensation) but not necessarily a higher profit for the drivers.

6.5.3 Hypotenuse Cut Evaluation

To evaluate the effect of hypotenuse cut we add for each feasible solution that the

branch-and-price algorithm finds for NSW program, we report the computational time for

20 small instances. Table 6.3 shows the total computational time with and without the

hypotenuse cut.
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Table 6.3: The effect of hypotenuse cut on the computational time

Instance Com. Time W. Cut Com. Time W.O. Cut
1 1.793 1.734
2 2.302 2.167
3 2.006 2.023
4 1.737 1.886
5 1.881 1.882
6 2.238 2.306
7 2.673 2.591
8 1.485 1.481
9 12.409 12.253
10 2.151 2.011
11 2.577 2.773
12 1.372 1.366
13 1.549 1.661
14 8.459 8.466
15 2.422 2.416
16 2.122 2.221
17 2.459 2.358
18 12.171 12.240
19 1.788 1.788
20 2.311 2.372
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6.5.4 Sensitivity Analysis on the Company’s Allowable Cost of Equity: α

Next, we look at the difference that the flexibility of the company in its cost can make

in terms of the level of equity in solutions. To this end, we study the company’s efficiency,

drivers’ efficiency, and the level of equity among the drivers for different levels of α, given

set values β “ 0.99 and γ “ 4. Table 6.4 shows the average sum of the drivers profit for

each instance class including when the equity requirements are disregarded, i.e., the solution

of MTMC. For the sake of simplicity in comparison, we report the percentage of changes

in this measure for NSW solution with respect to MTMC. These information are reflected

in the last six columns of the table. Columns “# customers" and “Qv" show the number

of customers and vehicle capacity in each class, while the third column shows the average

CPU time for MTMC. Column “V˚" reports the average number of drivers, and the rest of

the table shows the average of total drivers profit. For MTMC, we report the absolute value

of the average sum of drivers’ benefits, while for NSW, the percentage of the change w.r.t.

MTMC for different values of α is reported. By comparing MTMC and NSW when α “ 0, we

observe that, except for the sixth class of instances, total profit of drivers in NSW’s remains

unchanged. When α ą 0, more opportunities to improve the equity arise. A better level of

equity comes at a cost that is mostly paid by the company. However, a small portion (1´β)

of the cost of equity is paid by the drivers. This explains the fact that the average sum of

drivers’ benefits has slightly decreased for the solutions of NSW with α ą 0 compared to

MTMC. Another observation from Table 6.4 is that the average sum of drivers’ profit drops

more as the flexibility of the company (α) increases. A higher α translates into a better

chance to achieve a higher level of equity, and consequently a higher cost of equity which

will be shared between the company and drivers.

For the same experiments, we studied the variation of company’s actual sacrifice made

over the maximum flexibility it offers, α. Figure 6.2a shows boxplots for the percentage of

the amount that the company is willing to spend (z˚α) that is actually used in the solution

of NSW on equity for different thresholds (α). Due to the discrete nature of the VRP, the
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Table 6.4: The average sum of drivers’ profit for different values of α

# Customers Qv MTMC CPU time V˚
Summation of profits

MTMC
NSW

α “ 0% α “ 2.5% α “ 5% α “ 7.5% α “ 10%

16 50 591.60 4.2 560.41 0.0000 -0.0077 -0.0248 -0.0340 -0.0489
16 75 264.62 3.4 596.75 0.0000 -0.0063 -0.0169 -0.0209 -0.0311
16 100 452.45 2.8 602.49 0.0000 -0.0069 -0.0120 -0.0162 -0.0205
20 50 3118.47 5.0 694.75 0.0000 -0.0082 -0.0187 -0.0339 -0.0458
20 75 4881.86 4.4 751.86 0.0000 -0.0094 -0.0172 -0.0314 -0.0411
20 100 4395.40 3.2 765.40 0.0190 0.0160 0.0104 0.0069 0.0021

maximum level of equity is not necessarily achieved by a routing solution that maxes out

the available equity budget, z˚α. On average, 50% of the instances consume 71.60% of the

available budget for maximizing equity.

As we discussed in Section 6.2, the compensation of delivery tasks has two parts.

One part is the prize of fulfilling the delivery tasks whose summation is fixed, independent

from task assignment since all the delivery tasks must be completed. The other part of

the compensation corresponds to the mileage cost that depends on delivery task-to-driver

assignments and the routing decisions for each driver. When β « 1, the entire mileage cost

of the drivers is reimbursed by the company where the sacrifice of the company is being

spent. In other words, a part of the company’s sacrifice is spent to eliminate the sources of

heterogeneity among the drivers, more specifically, their differences in terms of their origins

and destinations. Considering the fact that the compensation for fulfilling all the deliveries

is fixed, the efficiency of drivers can be better analyzed by summing the compensated trav-

eling costs. Figure 6.2b shows the boxplots of drivers travelling compensation obtained by

NSW under different flexibility allowance of the company. The horizontal axis in this graph

represents α, and the vertical axis is the compensated traveling cost. By comparing the

medians of these box-plots, one can observe that the travel compensation increasing with

the company’s flexibility as more budget becomes available for equity among drivers. From a

technical perspective, increasing α relaxes Constraint (6.1c), and makes more solutions with

longer and at the same time possibly fairer routes feasible for the model. In this experiment,

most of the cost for these longer routes are paid by the company, which leads to the rising
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box-plots in Figure 6.2b. As we discussed in Table 6.4, drivers bear a small part of this cost

increase, depending on the part of the mileage cost that is nor reimbursed (1´ β).

Equity among drivers is also investigated in the obtained solutions. For this purpose,

we study the range of drivers profit ratios which is the difference between the maximum

and minimum profit ratios among all drivers, i.e., maxvPV˚tρvu ´ minvPV˚tρvu. To reflect

the effect of company’s flexibility in the equitable assignment of delivery tasks, the boxplots

for the range of drivers profit ratios are shown in Figure 6.2c. To compute the maximum

achievable profit for each driver, we replaced NSWP-Master’s objective function by a certain

driver’s profit. One can observe that this measure has a decreasing trend. This is because

the chances to find more equitable solutions (i.e., with closer profit ratios) become higher

as the company’s flexibility increases. Another interesting observation is that sometimes

the variability of this measure increases when the company’s flexibility has grown although

the median is always dropping. Specifically, the size of the box is not always shrinking.

For example, from α “ 2.5% to α “ 5% the difference of the first and third quartiles has

increased. It is because NSW objective function optimizes the efficiency and equity at the

same time. That is, with a larger α, the model may find solutions that improve more on the

efficiency than the equity.

6.5.5 Sensitivity Analysis on β

In this section, we study the effect of variations in the value of parameter β on the

model’s behaviour. A lower β means less effort from the company to bring about profit

equity among the drivers, since it means leaving a higher part of the mileage cost to the

drivers (see Figure 6.3b). Specifically, with a lower β, higher portion of the equity cost will

be taken over by the drivers. To understand this better, one should remember that, first,

in our experiments the source of heterogeneity among drivers originates from their different

origins and destinations, and second, a fairer job assignment may involve a higher mileage

cost. For example, when β « 0, the solution of NSW will be a pure cooperation of the drivers
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Figure 6.2: Sensitivity analysis for different values of α when β “ 0.99 and γ “ 400%
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to equally distribute the profit opportunity among themselves. Table 6.5 shows the same

columns as those in Table 6.4 for three values of β “ t0.99, 0.50, 0.01u. As one can notice,

the average of the drivers total profit mostly drops as β decreases. In the same vein, Figure

6.3c shows that the range for profit ratios increases, that is, the level of equity deteriorates.

Comparing the boxplots for β “ 0.99 and β “ 0.01 illustrates the effect of company’s

compensation policy for the mileage cost on equity among drivers. From β “ 0.99 to

β “ 0.01, the average range of profit ratios has increased by 91.16%. This leads to the

overall conclusion that when α is fixed, with a lower β the chances to find an equitable

solution diminish. Therefore, the actual sacrifice of the company has a decreasing trend

(Figure 6.3a) too, meaning the available budget to find equitable solutions will no be fully

used. We plot the routes for two extreme values of β, i.e., β “ 0.99 and β “ 0.01 in Figure

6.4. In this figure, all the signs and numbers serve similar to Figure 6.4b. By comparing these

two cases, we first observe that the change in percentage of mileage cost that is reimbursed

by the company results in changes in the assignment of delivery tasks to different drivers.

Specifically, we can observe that the farther customers are removed from the routes of drivers

that gain less profit when β decreases. For example, Driver 4 (the blue dotted line) loses

demand points indicated by 8 and 27 to Driver 7 because Driver 7 will travel significantly

shorter route to serve them. In summary, reimbursing a larger portion of the mileage cost by

the company (larger β) creates more opportunities to achieve equitable profit equity among

the drivers.

Table 6.5: Average of the drivers profit

# demand Qv
β “ 0.99 β “ 0.50 β “ 0.01

V˚ MTMC NSW V˚ MTMC NSW V˚ MTMC NSW

16 50 4.2 560.388 -0.023 4.2 386.273 -1.098 4.2 212.288 -2.083
16 75 3.5 596.721 -0.019 3.5 440.912 -0.533 3.5 286.305 -1.117
16 100 2.8 602.490 -0.012 2.8 455.164 -0.487 2.8 307.838 -1.256
20 50 5.1 694.676 -0.019 5.1 490.820 -0.846 5.1 286.963 -2.928
20 75 4.4 751.825 -0.019 4.4 565.342 -0.826 4.4 378.859 -1.209
20 100 3.3 761.509 -0.011 3.3 596.173 -0.398 3.3 430.370 -0.038
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Figure 6.3: Sensitivity analysis for different values of β when α “ 5% and γ “ 400%
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Figure 6.4: Solution of NSW for an instance when β “ 0.99 v.s. β “ 0.01

6.5.6 Sensitivity Analysis on γ

Finally, we study the effect of drivers time flexibility, i.e. γ on the same performance

metrics when α “ 5% and β “ 0.90. From a modeling perspective, this parameter is a budget

for a resource, and the larger it becomes, the better results we must obtain. Table 6.6 reports

the average profit of all drivers for MTMC and NSW (the changes for NSW in particular) under

three scenarios for γ, 2, 3, and 4, when α “ 5% and β “ 0.50. We observe that the drivers’

total profit of MTMC solution rises when γ increases. This is mainly because for smaller values

of γ the company has to deploy more drivers.We also observe that the total profit of drivers

exhibit a decreasing trend. This is mainly due to the fact that a larger γ results in employing

a smaller number of drivers in MTMC. Since in our setting the NSW model is constrained

to use the same drivers as the MTMC model, the average traveled distance of each driver

would increase, which could result in a lower total profit of the drivers when β ă 1.
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The same conclusion can be drawn from Figure 6.5b where the mileage compensation

of drivers exponentially drops as γ increases. However, if we remove the effect of dimension

and look at the result proportionally, we observe that the proposed model gives the desired

results. For example, Figure 6.5a shows that the model takes the most advantage of the

company’s flexibility as β increases. This allows to improve the equity among the drivers and

can be observed in Figure 6.5c. Specifically, the range for profit ratios of drivers decreases,

testifying a higher level of equity, as γ grows.

Table 6.6: Average of the drivers profit

# demand Qv
γ “ 200% γ “ 3 γ “ 4

V˚ MTMC NSW V˚ MTMC NSW V˚ MTMC NSW

16 50 5.0 362.256 -0.890 4.3 384.418 -1.309 4.2 386.273 -1.098
16 75 4.0 422.018 -0.406 3.5 438.083 -0.615 3.5 440.912 -0.533
16 100 3.6 420.819 -0.534 2.9 449.800 -0.451 2.8 455.164 -0.487
20 50 5.3 462.481 -0.423 5.0 489.307 -0.574 5.1 490.820 -0.846
20 75 5.0 539.701 -0.612 4.4 561.785 -0.630 4.4 565.342 -0.826
20 100 4.5 561.647 -0.886 3.3 591.767 -0.301 3.3 596.173 -0.398

6.6 Conclusion

In this paper, we studied the problem of improving workload allocation equity in

the VRP. The need for creating equal opportunities for profit making among heterogeneous

personnel is growing as more companies are adopting crowd-sourced workforce. Any im-

provement in the level of workload allocation equity usually comes at a cost, referred to as

the equity cost. Therefore, the desired equity among the employed (crowd-sourced) employ-

ees is achievable only if the employer is willing to deviate from the least cost solution, to

cover the equity cost. To this end, we proposed the first formulation of the VRP under the

form of a Nash social welfare problem, by imposing a cap on the cost of equity paid by the

company. We proposed an exact approach based on branch-and-price framework to solve

both the company’s baseline and NSW problems. We conducted a series of sensitivity analy-

sis to study the behaviour of the model w.r.t. variations in the level of company’s flexibility
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in paying for the cost of equity and in the structure of the compensation function. Our

results show that the proposed method can effectively improve equity in workload allocation

and consequently profit among a fleet of heterogeneous drivers. Due to the exact nature of

the proposed algorithm, the size of instances that can be solved within a reasonable amount

of time is limited. Therefore, our future work will focus on developing hybrid approaches

that rely on the framework of branch-and-price, and can generate “good” solutions within

short amount of times. Other future work directions include extending the proposed setting

into ones that promote equity in service to service beneficiaries (customers) too.
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Chapter 7: Conclusions and Future Research Directions

Here we summarize the conclusions of the presented works in this dissertation and

provide directions for future research.

7.1 Rebalancing Problem in Free-Floating Bike Sharing Systems

In this dissertation, we proposed a hybrid rebalancing strategy, i.e., combining an

incentive program and an operator-based rebalancing and dynamic hubbing concept, i.e.,

determining daily hubs (number and locations) to assist hybrid rebalancing. We presented

a multi-objective simulation optimization method for solving the proposed strategy for free-

floating bike sharing systems by considering two objectives—cost and service level. The

optimized outputs are the number and location of hubs, the start time of incentive program,

and incentive level. Using the solution algorithm proposed in our previous work, we also

obtained the routing of rebalancing trucks and the number of bikes being picked up or

dropped off at each stop along the routes.

In future research, one can apply user-based redistribution for rebalancing bikes dur-

ing the whole day according to demand distribution of the near future (for example, two hours

ahead) instead of the following day. Additionally, obtaining and using the offer-acceptance

behavior of users by artificial intelligence based on his/her record is another direction of

future research.

7.2 Query Batching Optimization in Database Systems

In this dissertation, we studied the query batching problem. This problem aims at

partitioning a given set of queries into some batches before retrieving them from a database
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system in order to minimize the total retrieving/processing time. This optimization problem

is challenging because predicting the time required for processing a given batch of queries

is not a trivial task. We developed a generic three-phase approach for solving the problem

for any given database system. In the first phase, using a quadratic function, our approach

attempts to predict the processing time of any batch of queries for the given database. In the

second phase, our approach uses the obtained quadratic function and develops a mixed binary

quadratic programming formulation for the query batching problem accordingly. Finally,

in the last phase, our proposed approach uses two custom-built heuristic approaches, i.e.,

RCSA-I and RCSA-II, to quickly solve the obtained formulation in practice. We tested our

proposed approach on three well-known database benchmarks by conducting a comprehensive

computational study. The results showed that a reduction of up to 61.8% is achievable for the

total processing times in the database benchmarks when employing our proposed approach.

We hope that the simplicity, versatility, and performance of our proposed approach

encourage practitioners/researchers to consider employing/developing effective query batch-

ing optimizers. There are several future research directions that can be considered for this

study. One direction can be developing better exact or heuristic solution approaches for

solving instances with a larger number of queries. Alternatively, developing effective ma-

chine learning methods for predicting the outcome, i.e., an optimal solution, of the proposed

mixed binary quadratic program can be an interesting research direction too. Another re-

search direction can be developing some theories and/or methodologies for identifying an

optimal amount of time that one should wait to accumulate queries before starting to solve

the query batching problem.

7.3 Solving Mixed Integer Linear Minimum/Maximum Multiplicative Programs

We studied a class of single-objective non-convex non-linear (mixed) integer optimiza-

tion problems, i.e., MIL-mMPs, with applications in different fields of study, e.g., natural

resource management. We showed that because the objective function of a MIL-mMP is a
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multiplication of p non-negative linear functions, a MIL-mMP can be viewed as the problem

of optimization over the efficient set of a multi-objective mixed-integer linear program with

p objective functions. Consequently, we developed two novel multi-objective optimization-

based algorithms for solving MIL-mMPs. The first algorithm is a decision space search

algorithm that relies on the power of (single-objective) linear programming solvers for solv-

ing a MIL-mMP. The second algorithm, however, is a criterion space search algorithm that

relies on the power of (single-objective) mixed integer linear programming solvers for solving

a MIL-mMP. We also developed several enhancement techniques for the proposed algorithms

and tested the performance of our algorithms on 960 random instances against the non-linear

optimization solver of SCIP. Our numerical results showed that SCIP is significantly outper-

formed by our proposed algorithms.

We hope that our proposed algorithms inspire practitioners/researchers to develop

multi-objective optimization-based algorithms for solving other single-objective optimiza-

tion problems. There are several future research directions that can be considered for this

study. One direction could be exploring whether the proposed algorithms can be combined

together through an effective parallelization framework to integrate their advantages. An-

other research direction is to explore how the proposed methods can be customized effectively

for solving the so-called ‘generalized’ MIL-mMPs in which the only difference is that each

term in the objective function may have positive power.

In another work, we focused on a class maximum multiplicative program, MIBL-

MMP, involving both continuous and integer variables and introduced a generic criterion

space branch-and-cut algorithm for it. The proposed algorithm, CSBnC, employs novel

dual-bound and primal-bound computing operations based on the concept of piecewise Mc-

Cormick envelopes. It also employs a highly effective cut-generating mechanism. Through

a computational study, we demonstrated the impacts of the main components of our al-

gorithm and numerically showed how its main parameters can be tuned. Our numerical

analysis showed that tuning can improve the solution time of our algorithm by a factor of
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11.78 on average. Moreover, CSBnC outperforms the mixed-integer SOCP solver of CPLEX

12.10 and a state-of-the-art algorithm in the literature by factors 6.54 and 7.54 on average,

respectively. The main future research direction of this study is how the proposed solution

method can be customized when the dimension of the criterion space is more than two, i.e.,

p ą 2.

7.4 Equitable Vehicle Routing Problem with Heterogeneous Fleet

Finally, we studied the problem of improving workload allocation equity in the VRP.

The need for creating equal opportunities for profit making among heterogeneous personnel

is growing as more companies are adopting crowd-sourced workforce. Any improvement in

the level of workload allocation equity usually comes at a cost, referred to as the equity cost.

Therefore, the desired equity among the employed (crowd-sourced) employees is achievable

only if the employer is willing to deviate from the least cost solution, to cover the equity cost.

To this end, we proposed the first formulation of the VRP under the form of a Nash social

welfare problem, by imposing a cap on the cost of equity paid by the company. We proposed

an exact approach based on a branch-and-price framework to solve both the company’s

baseline and NSW problems. We conducted a series of sensitivity analyses to study the

behavior of the model w.r.t. variations in the level of the company’s flexibility in paying for

the cost of equity and in the structure of the compensation function. Our results show that

the proposed method can effectively improve equity in workload allocation and consequently

profit among a fleet of heterogeneous drivers. Due to the exact nature of the proposed

algorithm, the size of instances that can be solved within a reasonable amount of time is

limited. Therefore, a future work can focus on developing hybrid approaches that rely on

the framework of branch-and-price, and can generate “good” solutions within a short amount

of time. Other future work directions include extending the proposed setting into ones that

promote equity in service to service beneficiaries (customers) too.
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Appendix A: Proof of Theorem 3.1

Theorem .1. The query batching problem when employing the proposed processing time

prediction function (3.1) is NP-hard.

Proof. In order to prove that the QBP is NP-hard, it is sufficient to show that its corre-

sponding decision problem, QBP, is NP-complete. Note that QBP is obviously in NP and an

instance of QBP can be shown by

rm,n, U, β0, β1, β2 log2ps1q, . . . , βm`1 log2psmq, Q1, . . . , Qms.

In the remaining, we show that Partition-Problem is polynomially reducible to QBP, where

Partition-Problem is defined as follows: given a set tc1, . . . , cm1u of positive integers, does

there exist a subset A Ď t1, . . . ,mu such that

ÿ

iPA

ci “
ÿ

iPAzt1,...,m1u

ci.

Observe that an integer programming formulation for Partition-Problem can be

stated as follows (the second constraint is redundant but we keep it for the sake of the

proof),

´

řm1

i“1 ci
2

`

m1
ÿ

i“1

cixi “ 0

´

řm1

i“1 ci
2

`

m1
ÿ

i“1

cip1´ xiq “ 0

xi P t0, 1u @i P t1, 2, . . . ,m1
u
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Now, given an arbitrary instance of Partition-Problem, denoted by rm, c1, . . . , c
1
ms,

we construct an instance of QBP by setting,

• m “ n “ m1

• U “ 0

• β0 “ ´
řm1

t“1 ct
2

• β1 “ 0

• βt`1logpstq “ ct for all t P t1, . . . ,m1u

• Qt “ ttu for all t P t1, . . . ,m1u

Observe that the created instance of QBP is valid in a sense that it can be constructed in

polynomial time and each of its queries involves at least one table. Now, we show that an

instance of Partition-Problem, rm, c1, . . . , c
1
ms, is a Yes-instance if an only if its correspond-

ing QBP instance is a Yes-instance. For doing so, we use the formulation proposed for the

QBP and we show that when we plug the constructed instance into it, the formulation will

be simplified/equivalent to the formulation of Partition-Problem.

In light of the above, observe that because β1 “ 0 and nj “
řn
i“1 xij, the formulation

of QBP can be simplified to,

n
ÿ

j“1

“

β0zj `
ÿ

tPT

βt`1 log2pstqyjt
‰2
ď U

yjt ď
ÿ

iPQt

xij @j P t1, 2, . . . , nu, @t P T

zj ď
n
ÿ

i“1

xij @j P t1, 2, . . . , nu

n
ÿ

j“1

xij “ 1 @i P t1, 2, . . . , nu

ÿ

iPQt

xij ď nyjt @j P t1, 2, . . . , nu, @t P T
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ÿ

tPT

yjt ď mzj @j P t1, 2, . . . , nu

xij, yjt, zj P t0, 1u @i P t1, 2, . . . , nu, @j P t1, 2, . . . , nu, @t P T.

Moreover since Qt “ ttu for all t P t1, . . . ,m1u the term
ř

iPQt
xij is equivalent to xtj. So,

the formulation can be simplified to,

n
ÿ

j“1

“

β0zj `
ÿ

tPT

βt`1 log2pstqyjt
‰2
ď U

yjt ď xtj @j P t1, 2, . . . , nu, @t P T

zj ď
n
ÿ

i“1

xij @j P t1, 2, . . . , nu

n
ÿ

j“1

xij “ 1 @i P t1, 2, . . . , nu

xtj ď nyjt @j P t1, 2, . . . , nu, @t P T

ÿ

tPT

yjt ď mzj @j P t1, 2, . . . , nu

xij, yjt, zj P t0, 1u @i P t1, 2, . . . , nu, @j P t1, 2, . . . , nu, @t P T.

Note that a constraint of the form xtj ď nyjt is equivalent to xtj ď yjt since both xij and yij

are binary variables. Therefore the formulation simplifies to,

n
ÿ

j“1

“

β0zj `
ÿ

tPT

βt`1 log2pstqyjt
‰2
ď U

yjt “ xtj @j P t1, 2, . . . , nu, @t P T

zj ď
n
ÿ

i“1

xij @j P t1, 2, . . . , nu

n
ÿ

j“1

xij “ 1 @i P t1, 2, . . . , nu

ÿ

tPT

yjt ď mzj @j P t1, 2, . . . , nu
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xij, yjt, zj P t0, 1u @i P t1, 2, . . . , nu, @j P t1, 2, . . . , nu, @t P T.

Consequently, the decision variable yjt can be replaced by xtj since m “ n “ m1. So, the

formulation can be simplified further to,

m1
ÿ

j“1

“

β0zj `
m1
ÿ

i“1

βi`1 log2psiqxij
‰2
ď U

zj ď
m1
ÿ

i“1

xij @j P t1, 2, . . . ,m1
u

m1
ÿ

j“1

xij “ 1 @i P t1, 2, . . . ,m1
u

m1
ÿ

i“1

xij ď m1zj @j P t1, 2, . . . ,m1
u

xij, zj P t0, 1u @i P t1, 2, . . . ,m1
u, @j P t1, 2, . . . ,m1

u.

Now, since U “ 0, β0 “ ´
řm1

t“1 ct
2

, and βt`1logpstq “ ct for all t P t1, . . . ,m1u, the formulation

can be rewritten as,

m1
ÿ

j“1

“

´

řm1

i“1 ci
2

zj `
m1
ÿ

i“1

cixij
‰2
ď 0

zj ď
m1
ÿ

i“1

xij @j P t1, 2, . . . ,m1
u

m1
ÿ

j“1

xij “ 1 @i P t1, 2, . . . ,m1
u

m1
ÿ

i“1

xij ď m1zj @j P t1, 2, . . . ,m1
u

xij, zj P t0, 1u @i P t1, 2, . . . ,m1
u, @j P t1, 2, . . . ,m1

u.
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Since the sum of squares is not positive, each square must be zero. So, the formulation can

be simplified to,

´

řm1

i“1 ci
2

zj `
m1
ÿ

i“1

cixij “ 0 @j P t1, 2, . . . ,m1
u (1)

zj ď
m1
ÿ

i“1

xij @j P t1, 2, . . . ,m1
u (2)

m1
ÿ

j“1

xij “ 1 @i P t1, 2, . . . ,m1
u (3)

m1
ÿ

i“1

xij ď m1zj @j P t1, 2, . . . ,m1
u (4)

xij, zj P t0, 1u @i P t1, 2, . . . ,m1
u, @j P t1, 2, . . . ,m1

u. (5)

Observe that Constraints (2) and (4) guarantee that zj “ 1 if an only if
řm1

i“1 xij ą 0. This

combined with Constraint (1) ensure that for any j P t1, . . . ,m1u,
řm1

i“1 cixij “
řm1

i“1 ci
2

if and

only if zj “ 1 (or
řm1

i“1 xij ą 0). This itself combined with Constraint (3), which is defined

for partitioning the set of queries, guarantee that (if the instance is feasible then) there will

be exactly two batches j, j1 P t1, . . . ,m1u with j ‰ j1 such that
řm1

i“1 cixij “
řm1

i“1 ci
2

and
řm1

i“1 cixij1 “
řm1

i“1 ci
2

. Note that the remaining batches must be empty since by assumptions

c1, . . . , cm1 ą 0. So, the above formulation is equivalent to,

´

řm1

i“1 ci
2

`

m1
ÿ

i“1

cixij “ 0 @j P t1, 2u

2
ÿ

j“1

xij “ 1 @i P t1, 2, . . . ,m1
u

xij P t0, 1u @i P t1, 2, . . . ,m1
u, @j P t1, 2u
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This itself is equivalent to,

´

řm1

i“1 ci
2

`

m1
ÿ

i“1

cixi “ 0

´

řm1

i“1 ci
2

`

m1
ÿ

i“1

cip1´ xiq “ 0

xi P t0, 1u @i P t1, 2, . . . ,m1
u

This is precisely an integer programming formulation of Partition-Problem. Therefore, the

result follows.
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Appendix B: Online Supplement on Chapter 6

B.1 Arc-based Formulation

In this Appendix, we provide the arc-based formulation of the introduced vehicle rout-

ing problem with equity considerations. Model EXP-MTMC represents the expanded formula-

tion to solve the MTMC problem, namely the problem that that minimizes the company’s

total cost and yields z˚ and V˚. Table B.1 introduces the notation used for this formulation.

Table B.1 Notation of expanded models

Notation Description
Sets
V set of all available drivers V “ t1, 2, . . . ,mu
D set of customers (delivery locations)
o depot
o1v dummy copy of depot for driver v P V
sv origin of driver v P V
ev destination of driver v
Nv the set of nodes that driver v P V can visit, Nv “ D Y to, sv, evu
Parameters
c1ij the mileage cost incurred along arc pi, jq,@i, j P Nv
β the mileage rate, i.e., the percentage of the mileage cost incurred by a driver that

the company reimburses.
tij the travel time of arc pi, jq,@i, j P N
wj the prize collected by a driver after serving customer j P D
wev the fixed mileage cost of the driver at his destination, i.e., ´βc1sv ,ev .
qj the quantity/size of the delivery at the location of customer j P D
Qv the vehicle capacity of driver v P V
Lv the longest route that the driver v P V would accept to travel, Lv “ γtsvev
z˚ the minimum cost of company for delivering all the demands without equity
α the maximum ratio that the company is willing to increase its total mileage cost by.
Variables
xijv 1 if vehicle v P V travels from i P Nv to j P Nv; 0 otherwise.
ui A Miller–Tucker–Zemlin (dummy nonnegative) variable for capturing

the time indicator of visiting i P YvPVto1v, sv, evu YD
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pEXP-MTMCq min
ÿ

vPV

ÿ

iPNv

ÿ

jPNv

βc1ijxijv `
ÿ

vPV
wev (6)

s.t.
ÿ

vPV

ÿ

iPNv

xijv “ 1 @j P D (7)

xsvov ` xsvevv “ 1 @v P V (8)
ÿ

iPDYtsvu

xievv “ 1 @v P V (9)

xsvjv “ 0 @v P V , j P D (10)

xisvv “ 0 @v P V , i P Nvztsvu (11)

xeviv “ 0 @v P V , i P Nvztevu (12)

xiov “ 0 @v P V , i P D (13)
ÿ

iPNv

xijv “
ÿ

iPNv

xjiv @v P V , j P D Y tou (14)

ÿ

iPDYtou

ÿ

jPD
qjxijv ď Qv @v P V (15)

ÿ

iPNv

ÿ

jPNv

tijxijv ď Lv @v P V (16)

ÿ

iPDYtou

´

wj ` pβ ´ 1qc1ij

¯

xijv ě 0 @v P V , @j P D (17)

ÿ

iPNv

ÿ

jPDYtevu

wjxijv `
ÿ

iPNv

ÿ

jPNv

pβ ´ 1qc1ijxijv

ě ´c1svevxsv ,ev

@v P V (18)

us1 “ 1 (19)

usv ´ uo1v ` 1 ď 0 @v P V (20)

uev ´ usv`1 ` 1 ď 0 @v P Vztmu (21)

uo1v ´ uj ` 1 ďMp1´ xojvq @j P D, v P V (22)

ui ´ uj ` 1 ďMp1´
ÿ

vPV
xijvq @i P D, j P D (23)
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ui ´ uev ` 1 ďMp1´ xievvq v P V , @i P D Y tsvu, (24)

xijv P t0, 1u @v P V , i P Nv, j P Nvztiu

(25)

0 ď ui ďM @i P YvPVto
1
v, sv, evu YD

(26)

where M “ |D| ` 3m. In this model, the objective function (6) minimizes the total cost of

the company. Note that the second term of this function deducts the cost of traveling from

sv to ev by driver v, since the company does not compensate this distance, regardless if the

driver is employed or not. Constraints (7) guarantee that each customer is visited only once.

Constraints (8)-(14) enforce each driver to start a route from his origin and finish the route at

his destination. A route may include a delivery task where the vehicle has to visit the depot

immediately after the origin. While, if no delivery task is assigned to a vehicle, Constraints

(8) and (9) force the driver to move from his origin straight to the destination. The latter

case means that the driver is not employed in the system, and therefore, the cost of travel

on arc psv, evq is canceled out by the second term in the objective function. Capacity and

the longest travel time limits are imposed on assigned delivery tasks to each driver by (15)

and (16), respectively. Also, possible subtours are eliminated using Miller–Tucker–Zemlin

method by adding Constraints (19)-(24). In this method of subtour elimination, we only

need to build an order of node visits independent from the vehicles. Therefore, we created m

copies of depot node corresponding to each vehicle and combined all the routes by connecting

the destination of one route to the start node of another route (Constraint (21)) as if only

one vehicle sequentially travels through all the routes. Finally, the type of the variables are

declared in Constraints (25) and (26).

After solving EXP-MTMC and obtaining the values of z˚ and the optimal set of drivers

V˚, we can solve the arc-based NSW (EXP-NSW) model. For the sake of brevity, we use the

common constraints between traditional and equitable model by a simple transformation in
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parameters. For this purpose, we rename the drivers in V˚ to 1, 2, . . . , |V˚|, and accordingly,

rearrange all the affected parameters by setting V :“ V˚ and m :“ |V˚|. With these

transformation in parameters and sets, the EXP-NSW problem can be formulated as follows:

(EXP-NSW)max
ź

vPV

„

ÿ

iPNv

ÿ

jPDYtevu

wjxijv `
ÿ

iPNv

ÿ

jPNv

pβ ´ 1qc1ijxijv



(27)

s.t. (7), (11)–(24), (25), (26),

xsvov “ 1 @v P V (28)
ÿ

iPD
xievv “ 1 @v P V (29)

xsvjv “ 0 @v P V , j P D Y tevu (30)
ÿ

iPNv

ÿ

jPDYtevu

wjxijv `
ÿ

iPNv

ÿ

jPNv

pβ ´ 1qc1ijxijv ě 0 @v P V (31)

ÿ

vPV

ÿ

iPNv

ÿ

jPNv

βc1ijxijv `
ÿ

vPV
wev ď p1` αqz

˚. (32)

where, the objective function (27) is the multiplication of drivers’ profits. Also, Constraints

(28)–(30) are slightly changed form of their counterparts in EXP-MTMC. The small changes

in the mentioned constraints is because at least one delivery task will be assigned to each

vehicle in EXP-NSW. Constraints (31) guarantee a nonnegative profit for each vehicle and

Constraint (32) restricts the company’s total mileage cost to p1` αqz˚.

B.2 Proof of Proposition 6.2

For a given vehicle v P V˚, let λλλ`j “ pλ`,costj , λ`,timej , λ`,loadj ,
`

λ`,custij

˘

iPDq, ` “ 1, 2, be

two labels associated with (partial) paths, denoted by 1 and 2, ending at node j P Nvztevu.

Let Nλλλ1j and Nλλλ2j be the set of nodes visited in partial paths 1 and 2, respectively. Label λλλ1
j

is said to dominate label λλλ2
j and is discarded if the following conditions hold:
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(6.16)´ (6.19),

pλλλ1
j‘i˚‘ev

ą 0, (33)

λ1,cost
j‘i˚‘ev

ě λ2,cost
j‘i˚‘ev

, (34)

where Dλλλ
2
j :“ DzNλλλ2j and i˚ :“ arg min

iPDλλλ
2
jYtju

pλλλ1‘i‘ev , with pλλλ1
j‘i˚‘ev

being the profit of

the complete path obtained following the extension of label λλλ1
j to i˚ and then to ev.

Proof. Proof. Conditions (6.16)-(6.19) are required based on Definition 6.2. Conditions

(33) and (34), on the other hand, are necessary because of the nonlinearity of the objective

function of the NSW-L-SPv. Specifically, we need them to show that for any feasible common

extension of labels 1 and 2 all the way to ev, the objective value associated with the extended

path 1 is not worse than the one for the extended path 2. Let σ be an arbitrary sequence of

nodes in Dλλλ
2
j (possibly an empty sequence). To prove the assertion, we need to show that

λ1,cost
j‘σ‘ev

ě λ2,cost
j‘σ‘ev

,

for any arbitrary feasible sequence of nodes σ in Dλλλ
2
j , i.e., the routes corresponding to

λ1
j‘σ‘ev or λ2

j‘σ‘ev should not violate conditions in Definition 6.1. To that end, we first

note that the objective function of the NSW-L-SPv consists of two parts: a linear function

and a logarithmic function. So, for simplicity the objective function can be represented as

logpProfitq`LpPathq where Lp.q captures the linear part of the objective function. Using

this notation, we would like to show that

logppλλλ1j‘σ‘ev
q ` L1

pj ‘ σ ‘ evq ě logppλλλ2j‘σ‘ev
q ` L2

pj ‘ σ ‘ evq.
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for any arbitrary feasible sequence of nodes σ in Dλλλ
2
j . We note that due to linearity, the

contribution of σ‘ ev in L1pj ‘ σ‘ evq and L2pj ‘ σ‘ evq is the same. Thus, the inequality

can be further simplified to:

logppλλλ1j‘σ‘ev
q ` L1

pjq ě logppλλλ2j‘σ‘ev
q ` L2

pjq ðñ

logppλλλ1j‘σ‘ev
q ´ logppλλλ2j‘σ‘ev

q ě L2
pjq ´ L1

pjq ðñ

logppλλλ1j ` pj,σ ` pσ,evq ´ logppλλλ2 ` pj,σ ` pσ,evq ě L2
pjq ´ L1

pjq,

where pj,σ is the profit gained by moving from the current node of label 1, j, to the start

node of sequence σ and completing sequence σ. We also define pσ,ev as the profit obtained

by moving from the end of sequence σ to node ev. Note that if sequence σ is empty then by

the definition of the immediate extension operator, j ‘ σ ‘ ev “ j ‘ ev. So, in summary, we

need to show that

logppλλλ1j ` pj,σ ` pσ,evq ´ logppλλλ2j ` pj,σ ` pσ,evq ě L2
pjq ´ L1

pjq, (35)

for any arbitrary feasible sequence σ (in Dλλλ
2
j ) in the remaining of the proof.

We start our proof by showing that pj,σ`pσ,ev ě pj,i˚`pi˚,ev . Note that by definition

of the immediate extension operator, we know that if i˚ “ j then j ‘ i˚ ‘ ev “ j ‘ ev,

hence we set pj,i˚ “ 0 if i˚ “ j. Moreover, we know by condition (d) in Definition 6.1 that a

route is not feasible if there is an arc on the route with endpoints in D Y tou and negative

additional profit. Therefore, it follows that

pj,σ ` pσ,ev ě min
iPDλλλ

2
jYtju

pj,i ` pi,ev “ pj,i˚ ` pi˚,ev (36)
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for any arbitrary feasible sequence σ (we also know that pj,i˚ ` pi˚,ev ď pj,ev ď 0). This

combined with Conditions (6.19) and (33), i.e., pλλλ2 ě pλλλ1 and pλλλ1
j‘i˚‘ev

ą 0 imply that

pλλλ2j‘σ‘ev
“ pλλλ2j ` pj,σ ` pσ,ev ě pλλλ1j ` pj,σ ` pσ,ev “ pλλλ1j‘σ‘ev

ě pλλλ1
j‘i˚‘ev

“

pλλλ1j ` pj,i˚ ` pi˚,ev ą 0.

(37)

for any arbitrary feasible sequence σ. Therefore, we can conclude that the function logppλλλ1j `

pj,σ ` pσ,evq ´ logppλλλ2j ` pj,σ ` pσ,evq in the left side of Equation (35) is not undefined for any

for any arbitrary feasible sequence σ, that is the terms in logs are positive. Next, we show

that this function is non-decreasing with respect to Cσ :“ pj,σ ` pσ,ev . The derivative of

logppλλλ1j ` C
σq ´ logppλλλ2j ` C

σq with respect to Cσ is

1

pλλλ1j ` C
σ
´

1

pλλλ2j ` C
σ
“

1

pλλλ1j‘σ‘ev
´

1

pλλλ2j‘σ‘ev
ě 0.

Note that the derivative is non-negative for any sequence σ because of Equation (37). Thus,

logppλλλ1j ` Cσq ´ logppλλλ2j ` Cσq is non-decreasing with respect to Cσ. This is an important

property when considering Condition (34). Based on this condition, λ1,cost
j‘i˚‘ev

ě λ2,cost
j‘i˚‘ev

which can be simplified as follows

logppλλλ1
j‘i˚‘ev

q ` L1
pj ‘ i˚ ‘ evq ě logppλλλ2

j‘i˚‘ev
q ` L2

pj ‘ i˚ ‘ evq ðñ

logppλλλ1j ` pj,i˚ ` pi˚,evq ´ logppλλλ2j ` pj,i˚ ` pi˚,evq ě L2
pjq ´ L1

pjq.

The last inequality combined with the fact that logppλλλ1j ` Cσq ´ logppλλλ2j ` Cσq is

non-decreasing with respect to Cσ, and Equation (36) imply that

logppλλλ1j ` pj,σ ` pσ,evq ´ logppλλλ2j ` pj,σ ` pσ,evq ě

logppλλλ1j ` pj,i˚ ` pi˚,evq ´ logppλλλ2j ` pj,i˚ ` pi˚,evq ě L2
pjq ´ L1

pjq.
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which is precisely what we sought to show (see Equation (35).)

B.3 Proof of Proposition 6.3

For a given vehicle v P V˚, let λλλ`j “ pλ`,costj , λ`,timej , λ`,loadj ,
`

λ`,custij

˘

iPDq, ` “ 1, 2, be

two labels associated with (partial) paths, denoted by 1 and 2, ending at node j P Nvztevu.

Let Nλλλ1j and Nλλλ2j be the set of nodes visited in partial paths 1 and 2, respectively. Label λλλ1
j

is said to dominate label λλλ2
j if the following conditions hold:

(6.16)´ (6.19),

pλλλ1j‘ev
ą 0, (38)

ζi ě 0 @i P Dλλλ
2
j (39)

λ1,cost
j‘ev

ě λ2,cost
j‘ev

(40)

where Dλλλ
2
j :“ DzNλλλ2j .

Proof. Proof. Let σ be an arbitrary sequence of nodes in Dλλλ
2
j . We explore two cases in this

proof:

• Case 1: pj,σ ` pσ,ev ď pj,ev ,

• Case 2: pj,σ ` pσ,ev ą pj,ev ,

where pj,σ is the profit gained by moving from node j to the start node of sequence σ and

completing sequence σ. We also define pσ,ev as the profit obtained by moving from the end

of sequence σ to node ev.
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First consider Case 1. We claim that λ1,cost
j‘ev

ě λ1,cost
j‘σ‘ev

and λ2,cost
j‘ev

ě λ1,cost
j‘σ‘ev

under

Case 1. This can be derived by exploring the objective function of NSW-L-SPv. Note that

we must have that η ą 0 by the duality theory. This implies that in NSW-L-SPv, the value

of crvη for longer routes is a smaller negative value, i.e., results in a smaller objective value.

Moreover, we know that δv is a constant and has no impact in the process of optimization

in NSW-L-SPv. Additionally, by Inequality (39), we know that visiting more nodes from Dλλλ
2
j

cannot improve the objective function of NSW-L-SPv. Therefore, the only way to improve the

value of the objective function in NSW-L-SPv is to increase the profit, which cannot happen

because in Case 1 we have that pj,σ ` pσ,ev ď pj,ev . Therefore, the claim is true and this

combined by Inequality (40) imply that λ1,cost
j‘ev

dominates λ2,cost
j‘ev

and all possible extensions

that fall into category of Case 1.

Next, consider Case 2. It is sufficient to show that

λ1,cost
j‘σ‘ev

ě λ2,cost
j‘σ‘ev

,

for any arbitrary (and possibly empty) sequence of nodes σ in Dλλλ
2
j that falls into category

of Case 2. To that end, we first note that the objective function of the NSW-L-SPv consists

of two parts: a linear function and a logarithmic function. So, for simplicity the objective

function can be represented as logpProfitq ` LpPathq where Lp.q captures the linear part

of the objective function. Using this notation, we would like to show that

logppλλλ1j‘σ‘ev
q ` L1

pj ‘ σ ‘ evq ě logppλλλ2j‘σ‘ev
q ` L2

pj ‘ σ ‘ evq.

for any arbitrary sequence of nodes σ in Dλλλ
2
j that falls into category of Case 2. We note that

due to linearity, the contribution of σ ‘ ev in L1pj ‘ σ ‘ evq and L2pj ‘ σ ‘ evq is the same.

Thus, the inequality can be further simplified to:

logppλλλ1j‘σ‘ev
q ` L1

pjq ě logppλλλ2j‘σ‘ev
q ` L2

pjq ðñ
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logppλλλ1j‘σ‘ev
q ´ logppλλλ2j‘σ‘ev

q ě L2
pjq ´ L1

pjq ðñ

logppλλλ1j ` pj,σ ` pσ,evq ´ logppλλλ2 ` pj,σ ` pσ,evq ě L2
pjq ´ L1

pjq,

Note that if sequence σ is empty then by the definition of the immediate extension operator,

j ‘ σ ‘ ev “ j ‘ ev. So, in summary, we need to show that

logppλλλ1j ` pj,σ ` pσ,evq ´ logppλλλ2j ` pj,σ ` pσ,evq ě L2
pjq ´ L1

pjq, (41)

for any arbitrary sequence σ in Dλλλ
2
j that falls into category of Case 2 in the remaining of the

proof. We first note that under Case 2 and because of Inequalities (6.19) and (38), we have

that

pλλλ2j‘σ‘ev
“ pλλλ2j ` pj,σ ` pσ,ev ě pλλλ1j ` pj,σ ` pσ,ev “ pλλλ1j‘σ‘ev

ě pλλλ1j‘ev
“ pλλλ1j ` pj,ev ą 0. (42)

Therefore, we can conclude that the function logppλλλ1j`pj,σ`pσ,evq´logppλλλ2j`pj,σ`pσ,evq in the

left side of Equation (41) is not undefined (i.e., the terms in logs are positive) for any arbitrary

sequence σ that falls into category of Case 2. Next, we show that this function is non-

decreasing with respect to Cσ :“ pj,σ` pσ,ev . The derivative of logppλλλ1j `C
σq´ logppλλλ2j `C

σq

with respect to Cσ is

1

pλλλ1j ` C
σ
´

1

pλλλ2j ` C
σ
“

1

pλλλ1j‘σ‘ev
´

1

pλλλ2j‘σ‘ev
ě 0.

Note that the derivative is non-negative for any sequence σ because of Equation (42). Thus,

logppλλλ1j ` Cσq ´ logppλλλ2j ` Cσq is non-decreasing with respect to Cσ. This is an important

property when considering Condition (40). Based on this condition, λ1,cost
j‘ev

ě λ2,cost
j‘ev

which

can be simplified as follows

logppλλλ1j‘ev
q ` L1

pj ‘ evq ě logppλλλ2j‘ev
q ` L2

pj ‘ evq ðñ
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logppλλλ1j ` pj,evq ´ logppλλλ2j ` pj,evq ě L2
pjq ´ L1

pjq.

The last inequality combined with the fact that logppλλλ1j ` Cσq ´ logppλλλ2j ` Cσq is

non-decreasing with respect to Cσ, and the definition of Case 2, imply that

logppλλλ1j ` pj,σ ` pσ,evq ´ logppλλλ2j ` pj,σ ` pσ,evq ě

logppλλλ1j ` pj,evq ´ logppλλλ2j ` pj,evq ě L2
pjq ´ L1

pjq.

which is precisely what we sought to show (see Equation (41).)
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