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Abstract

We first investigate the solvability of an integrable nonlinear nonlocal reverse-time six-component fourth-
order AKNS system generated from a reduced coupled AKNS hierarchy under a reverse-time reduction.
Riemann-Hilbert problems will be formulated by using the associated matrix spectral problems, and exact
soliton solutions will be derived from the reflectionless case corresponding to an identity jump matrix. Sec-
ondly, we present the inverse scattering transform for solving a class of eight-component AKNS integrable
equations obtained by a specific reduction associated with a block matrix spectral problem. The inverse
scattering transform based on Riemann-Hilbert problems is presented along with a jump matrix taken to be

the identity matrix to derive soliton solutions.



Chapter 1

Introduction

1.1 History of the background

Over centuries, local integrable systems of equations have been the main center of research interest by
mathematicians and physicists. We mean by integrable equations partial differential equations (PDEs) that
can be presented through a Lax pair [42]-[43], and that have infinitely many symmetries and conservation
laws. The Korteweg-de Vries (KdV) equation [7, 8, 33, 34], the nonlinear Schrédinger (NLS) equation [6],
Sine-Gordon (SG) equation or Kadomtsev-Petviashvili (KP) equation were some of the best well known
integrable equations even though the list of integrable evolution equations was not exhaustive [49]. In fact,
The KdV equation was discovered by Diederik Korteweg and his student Gustav De Vries in 1895 as a
nonlinear partial differential water wave equation. Its solution is the Scott Russell’s solitary wave observed
on the Edinburgh-Glasgow canal in 1834 [19, 35]. As to the KP equation, it was called a generalization to
two spatial dimensions, z and y, of the one-dimensional KdV equation. It was written by Kadomtsev and
Petviashvili in 1970s [49]. Both, the KdV and KP evolution equations has described weakly nonlinear shal-
low water waves. The nonlinear Schrédinger equation is a nonlinear variation of the Schrodinger equation
found in 1925 by Erwin Schrodinger. It created a great impact in quantum physics.This evolution equation
has described a weakly nonlinear dispersive wave trains in a media. Beyond the mathematics aspect, these
integrable equations have described many physical phenomena such as magnetic fields, plasma physics,
blood flow in arteries, and nonlinear optics [53], etc.

Some models of theses evolution equations are:

The Korteweg-de Vries equation:

pt($7t) - 6p(l’,t)px($,t) +pxmx(myt) =0, (1.1)



the nonlinear Schrodinger equation:

ipt(z,t) + pex(x, t) + 2|p(z, t)\Qp(w, t) =0, (1.2)

and the Kadomtsev-Petviashvili equation: [49, 48]

(pt(xa Y, t) - 6p(x,y,t)px(:t, yvt) +pxm($7y,t))x - 3pyy(x>yat) = O (13)

Although those integrable equations were found, explicit soliton solutions were not easily derived. We
mean by a soliton, a type of localized solitary wave which maintains its shape after it collides elastically
with another wave of the same type. During this period, numerical experiments and observational methods
were utilized to find results or solve them. In 1960s, Krustal and Gardner found the inverse scattering
transform (IST) to solve exactly those integrable nonlinear evolution equations (the KdV, the NLS, the sine-
Gordon and the KP), and derived explicitly soliton solutions. This was a great method that has permitted to
solve many integrable equations by then. This finding method was analogous to the method of the Fourier
transform for linear partial differential equations (PDEs). The main point of the study and the work over
those integrable equations was local.

In the recent years, Mark Ablowitz and Ziad Musslimani discovered that some nonlinear local integrable
systems could be reduced under parity-time (PT) symmetric reductions to nonlocal integrable equations
[1]-[3]. That is to say, it is invariant under the joint transformation: x — —x, t — —t, and ¢ — —¢. This
means that the solution of the particles at the location x and —x could be coupled in the space by a suitable
reduction of the AKNS. This notion was extended to the time symmetry ¢ — —t, and to the space-time

symmetry z — —x and t — —t.

Ablowitz and Musslimani found that the system of the coupled nonlinear Schrodinger AKNS equations
[25, 37]:
'L.pt($, t) = pw:v(xa t) - 27“172(557 t)v
(1.4)
—iry (2, 1) = rop(z,t) — 2pr(z, 1),
under the PT preserving symmetric reduction r(z,t) = pp*(—xz,t), for p = £1, gives the nonlocal NLS

equation

ipt(x,t) + prx(z,t) + 2p2(m, t)p*(—x,t) = 0. (1.5)



Interestingly, this equation (1.5) is invariant under the joint transformation

xr — —x,
t — —t, (1.6)
T — —1.

Also, p(x,t) and p*(—x, —t) are both solutions of the PT symmetric nonlocal Schrodinger equation (1.5).
The system of the coupled mKdV AKNS equations:

pt(:pv t) = —Pzzzx (LII, t) + GP(% t)’r'(ﬂf, t)pa:(% t)v
(1.7)

ri(z,t) = =1y (x,t) + 6p(x, t)r(x, t)re(x, t),

becomes under the PT symmetric reduction r(z,t) = pp*(—z, —t), for p = +1, the nonlocal complex

mKdV equation:
pt(xa t) + pzx:p(xv t) - 6pp($7 t)p*(_$7 _t)pm ($, t) =0. (1.8)
The system of the coupled sine-Gordon AKNS equations:

;

Pat(z,t) = —2s(z, t)p(x, t),

ret(z,t) = —2s(x, t)r(z,t), (1.9)

sz(z,t) = —(p(z, t)r(z, t))t,

\

becomes under the reverse space-time symmetric reduction r(x,t) = —p(—=z,—t), the nonlocal sine-
Gordon equation:

pat(x,t) + 2s(x, t)p(x,t) =0, for  s(—z,—t) = s(z,1). (1.10)

Although those nonlocal evolution equations are integrable, they also posses an infinite number of conserva-
tion laws. Besides the PT of the nonlocal nonlinear Schrodinger (NNLS), Ablowitz and Musslimani derived
the reverse-time and reverse space-time NNLS equations, but they did not solve them. Recently, Jianke

Yang has contributed in helping solve them.

Under the reverse-time symmetric reduction r(z,t) = pp(x, —t), for p = £1,



the system (1.4) gives the nonlocal NLS equation:

ipe(x, ) — pag(z,t) + 2p% (2, t)p(z, —t) = 0, (1.11)

and under the reverse space-time symmetric reduction r(x,t) = pp(—x, —t), for p = %1, we obtain the

nonlocal NLS equation

ipt(x,t) — P, t) £ 2p2(a:,t)p(—x, —t) =0. (1.12)

Many researches were done on NNLS [38, 39], and some remarks came up that solutions of nonlocal in-
tegrable equations in finite time could collapse. Such solutions might have singularities at finite time. In
contrast, this kind of behavior of the fundamental solitons do not blowup in finite time [47]. Those nonlocal
evolution equations were solved by the IST, and explicit solutions were found.

Over five years ago, Jianke Yang has done researches on the nonlocal NLS, and he solved them in the reverse-
time, in reverse-space, and in reverse space-time using the inverse scattering based on Riemann-Hilbert
problems [9]-[12]. Many other methods like Darboux transformation [4] and Hirota’s bilinear method [5]

have been used to investigate the solvability of the nonlocal NLS equations.

1.2 Motivation

The main problem is that most investigations in solving integrable local or nonlocal nonlinear evolution
equations are based on the use of the inverse scattering transform, Darboux transformation or Hirota’s bi-
linear method. In addition, investigating the dynamics of nonlocal evolution equations is still an active
exploration. This perspective leads us to focus the dissertation on the solvability of a nonlinear nonlocal
reverse-time six-component higher-order AKNS system, and the inverse scattering for a nonlocal reverse-
time eight-component AKNS system via Riemann-Hilbert problems from different spectral matrices. Lat-

terly, we investigate different dynamical behaviours of exact solutions.

1.3 Overview of the dissertation

We are going to lay out the dissertation as follows: in chapter 2, we exhibit certain methods used to solve
integrable evolution equations, such as the inverse scatting transform, Darboux transformation, Hirota’s bi-

linear method, and Riemann -Hilbert problems. In chapter 3, we present the AKNS hierarchy of multiple

4



components along with a six-component AKNS hierarchy of coupled fourth-order integrable equations. As
to chapter 4, we analyse the Riemann-Hilbert problems associated with the corresponding matrix spectral
problems which are closely related to the inverse scattering method. In chapter 5, we generate soliton so-
lutions from reflectionless problems by taking the identity jump matrix [13]-[16]. In chapter 6, we present
a few examples of soliton solutions and snoop in the dynamics. Also, in chapter 7, we present the inverse
scattering transform of a nonlocal reverse-time nonlinear second-order nonlinear Schrédinger equation, and
present exact one-soliton solution. Finally, the last two chapters will be the concluding remarks and refer-

€nces.

1.4 Preliminary

1.4.1 Lax pair
1.4.1.1 Introduction and concept

The Lax pair was introduced by Peter Lax in 1968 [36]. It consists of finding a pair of linear differential

operators L and M such that if they can represent a corresponding evolution equation

K(z,t,p,pg,...) =0, (1.13)

which is often called integrable.
The Lax operator L is self-adjoint i.e., L is equal to its complex conjugate. Together with the required

differential operator M, they can be expressed in the form:

Ly=[M,L] = (ML —LM), or L;—|[L ,M]=0. (1.14)

The operator M has sufficiently many freedom including unknown parameters or functions. Both operators

M and L could be scalars or matrix operators.

1.4.1.2 Operator form of a Lax pair

For a given linear operator L that depends upon the function p(x, t),

Ly(x,t) = Mp(x,t), (1.15)



is called a spectral problem, where A = \(¢) is an eigenvalue, and 1) is an eigenfunction .

The idea is to find another operator M such that

Yi(x,t) = Mip(x,t). (1.16)

Differentiating both sides of (1.15) with respect to ¢, we get

Ly + Lipy = M + \ify. 1.17)

Substituting (1.16) and (1.15) into (1.17) we get

Loy + LM = Mtp + MLy, (1.18)

SO

(Ly + LM — ML) = Ab. (1.19)

Therefore (1.19) gives the following operator equation

L+ [L,M]=0, aslongas M\ =0. (1.20)

Thus, when each eigenvalue is constant (A\; = 0, called an isospectral property), the equation (1.20) is

called a Lax representation. Also, the Lax pairs are tools to generate conserved quantities [17].

Example 1. Let us consider the Lax pair

= aa; —p (1.21)

and
M = —4883:3 + 6p% + 3%’ (1.22)

and
Lp(z,t) = Mp(z,t) (1.23)

is the Sturm-Liouville problem.



Hence

Op 03 Op
LI = =—— — 1.24
exactly gives the KdV equation

1.4.2 Zero curvature representation
1.4.2.1 Introduction and concept

In 1974, Ablowitz, Kaup, Newell and Segur contructed a Lax pair formulation in a matrix form [6]. This
matrix formulation uses only the first-order operation 0,, and J; instead of using higher-order Lax operators.

This method was called the AKNS scheme. They introduced the following system:

v, = UV, (1.26)

7, =V, (1.27)

where U represents the operator L, and V represents the operator M and ¥ represents the eigenvector
function. If L is a 2nd-order operator, then ¥ = (¢ 1),)” and U and V" will be each 2 x 2 matrix whose
components are determined by the coefficient of the operators L and M. The compatibility of the equations
(1.26) and (1.27) gives

(W)t = (U¥)e = (Wt)z = (V¥)u, (1.28)

and then

(U= Vo + UV — VU)¥ = 0. (1.29)

As the Lax pair has a nontrivial solution ¥ with det(¥) # 0, we obtain

U, —V, +[U,V] =0, (1.30)

which is equivalent to the Lax equation and called a zero curvature equation.



Example 2. Let’s consider the following Lax matrices,

0 1 —Pz —4X+2p
U= , V= . (1.31)

A4p 0 —4X% = 2Xp + 2p* — pas Pz

By inserting them into (1.30) gives the NLS equation

1.5 General methods of soliton hierarchies

1.5.1 Introduction and concept

We start from the spatial isospectral problem [44],[50]

e (2,t) = Ulu, Np(2, 1), (1.33)

where 1 is an eigenfunction , U is a matrix belonging to a loop algebra i.e., U is a matrix in a Lie algebra
expandable in a Laurent series of the spectral parameter A, and u is a column vector of variables x and .

Let’s suppose that there exists a matrix W such that
o .
W =W(u,X) =Y WA, (1.34)
j=0

where Wy ; is a matrix in the associated Lie algebra, presents a solution of the stationary zero curvature
equation

W, =i[U,V]. (1.35)

Using the solution W, we define the Lax matrix
vl = W), + A, for me{0,1,2,...}, (1.36)

where (AW will be a matrix in the loop algebra, being a polynomial in A, and 4,,, are the modification

terms. Choosing A,,, — 0 permits to define:



the temporal spectral problems

ipe(z,t) = VI (u, N (2, 1),

(1.37)

and also leads to derive a soliton hierarchy from the zero curvature equation obtained by the compatibility

condition ()3t = (1)se
U, — Vl[m] +i[U, V[m}] —0.

This method is an extension of the AKNS scheme.

(1.38)

Remark 1.5.1. The choice of the special matrix U gives rise to different sorts of hierarchies. Some well

known are the AKNS hierarchy, the Kaup-Newell (KN) hierarchy, the TA hierarchy, etc.

Because those equations are integrable, they possess Hamiltonian structures [15]:

OH
Uty = JTJ; for m e {07 1,2,.. .}7

oH m

where 3
u

is the variational derivative of the Hamiltonian with respect to u.

Example 3. (AKNS hierarchy) In s[(2, R), the spatial isospectral problem is given by:

with
-
U (u, ) = Pl
rooA

where u = (p,7)T, ¢ = (11,12)7, and X is a spectral parameter.

If we set

(1.39)

(1.40)

(1.41)

(1.42)



then the stationary zero curvature equation W, = i[U, W] gives

.

a; = i(pc—br),

by = i(—2a\b + pd — 2ap), (1.43)

¢z = 1(2aAc + 2ra).

If we expand W in Laurent series, i.e.,
a=Y a7, b= bAT, =) A7, for je{0,1,2,...}, (1.44)
j=0 =0 j=0
then we get from (1.43),

aj+1,0 = i(pcj1 — rbjt1),

bj-‘rl = —%(—i%z — 2ajp), (1~45)

\ Cj+1 = %(Z’Cj,m — 27"aj).

By taking the initial values

apg = —1,b0 = O,CO = 0, (1.46)

and choosing the constant of integrations to be zero, which is equivalent to the following condition:
Wilu=0 =0, je{1,2,...}, (1.47)

we determine the sequence {a;,b;, c;} for j € {1,2,...} as follows:

bl =p, C1=4¢g, a1= 07 (148)
1 1 1
b2 = lipx, C2 = _Zirma g = 5107"’ (149)
1 9 1 9 1.
by = _Z(pa:x +2p T‘), 3 = _Z(Txx +2r P)a az = —ZZ(P% _p:cr)a (1.50)
1. 1. 1
b = =5 i(Paza + 6ppor),  Ca = ilTaae + 6rpp2),as = =2 (PTaw = Pate + Paar + 3p*r%). (151)
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Thus, by taking the modification terms to be zero, the temporal Lax matrix will be
VI = (AW )gxa, (1.52)
and it will satisfy the zero curvature equation

U, — vim 4+ i[u, vim = o. (1.53)

As aresult, we get the AKNS soliton hierarchy as follows

P _2b[m+1}
u, = =1 , m € {0,1,2,...}. (1.54)
r 20[m+1]

If m = 2, we obtain a system of integrable equations

ipr, = %pxw - p27“7
(1.55)
: __1 2
Zrtg - _irzva: + pre,
which is the integrable system of the standard nonlinear Schrédinger equations.
The AKNS soliton hierarchy can be written in operator form:
p —2pIm ] —2p oH
Uy, = =i =" =J—=, m € {0,1,2,...}. (1.56)
r 2clm+1] 2r ou
tm

Now, if 971 = /. then we derive the hereditary recursion operator

—19+po! 91
g | 20T T PP (1.57)

—ro~r %8 —r0~p

and the Hamiltonian operator reads

J = . (1.58)

11



Using the trace identity [50] or variational identity [18], we get the Hamiltonian functional given by

2
Am+4-2 da
m+1

Hm:

(1.59)

If m = 2, then the Hamiltonian explicitly becomes

2
Ho = / ﬁdx = —— (3p27‘2 + DPTye — DaTz + pmr)dx. (1.60)
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Chapter 2

Techniques for solving integrable equations

2.1 Inverse scattering method

2.1.1 Introduction

The inverse scattering transform (IST) is a method used to solve some non-linear partial differential equa-
tions (PDEs) by reducing nonlinear integrable PDEs to linear PDEs [1, 7, 19, 41]. It consists of recovering
the time evolution of potentials from the time evolution of scattering data. The IST follows three steps and

at each step we have to solve a linear problem:
1. The direct scattering maps the initial potential p(z, 0) to the initial scattering data {s(\,0)}.

2. The time evolution of scattering data maps the stationary scattering data {s(\, 0) } to the time evolution

scattering data {s(\,¢)} in any time.
3. The inverse scattering maps the scattering data {s(\, ¢)} to the potential p(x, t) in any time.

Let’s consider the Cauchy problem for a nonlinear evolution equation:

e = K(D, Dzs Pazs ---),

2.1
p(x,0) = po(x).
If the evolution equation can have a Lax pair
Lip = M, 22
Yy = M, (2.3)

13



and {s(A,t)}, the scattering data for p(x, t), are:
the discrete eigenvalues {k,, };
the norming coefficients of the eigenfunctions {c,(0)};
the reflection coefficient b(k, 0);
the transmission coefficient a(k, 0);

then the scheme of the inverse scattering problem is as follows:

p(z,0) — {s(\,0)} — {s(\,t)} — p(x, 1), 2.4)

which can be represented as:

Direct Scattering

p(x,0) > s(A,0)
i Time Evolution
p(x,t) < s(\ 1)

Inverse Scattering

Figure 1.: Representation of the inverse scattering transform.

2.1.2 Example of the KdV solution

Let’s consider the KdV equation

pe(x,t) — 6p(x, t)pe(x,t) + Proe(z,t) = 0. (2.5)
The Lax pair reads
82
L=— 2.6
2 +p, (2.6)
03 0 0
M=-4 vepL +3% 4 A@), 2.7)

oz3 oz Oz

14



and derive from (2.6) and (2.2) the Sturm—Liouville equation
Yoz + (A =)y = 0. (2.8)
In case of the direct scattering, we need to solve this Strum—Liouville equation
Yoz + (A = p(z,0))¢ = 0, (2.9)
in order to derive the scattering data
S = {kn,cn(0),a(k,0),b(k,0)}. (2.10)
whereas the time evolution process will derive the time dependent scattering data
S = {ky, = constant, ca(t) = co(t)e™ !, a(k,t) = a(k,0), b(k,t) = b(k, 0)e>*"*}. (2.11)

In order to perform the inverse scattering to recover the potential, the Gelfand—Levitan—-Marchenko (GLM)

integral equation found in 1950s below will be used:

K(x,y)+F(:c+y)+/ K(z,2)F(y + 2)dz = 0, (2.12)
where
al 3 1 [ -y
F(z,t) =) ca(0)e¥ni~Fnm 4 — / b(k; 0)eSik ke g (2.13)
= 2 J_

satisfies the GLM equation (2.12) for K (x, y;t) and allows to recover the KdV equation’s potential

0
p(x,t) = fQ%K(x,x,t), (2.14)

where
—2]€162 (0)e—k1x+8kft—k1y

2k1+62(0)€—2klx+8k5t )

K(z,y;t) = (2.15)

for N = 1, with the discrete eigenvalue k,, = k1, and the reflection coefficient b(k, 0) = 0.
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Based on this case, the potential for one soliton reads

p(z,t) = —2k?sech?(kix — 4kt — x,) (2.16)

with the phase z, = 3 In 022(]?).

2.1.3 Conclusion and remarks

The inverse scattering transformation is very useful in the process of solving integrable nonlinear partial
differential equations, but many issues related the IST remain. It is not easy to characterize nonlinear
PDEs. It is not simple as well to find a necessary, and sufficient condition that guarantees an initial value
problem or the Cauchy problem for the integrable evolution equations that can be solved by inverse scattering
transformation.

Another issue is that, it is not evident to find a corresponding linear ordinary equation for a given nonlinear

integrable partial differential equation.

2.2 Darboux transformation

2.2.1 Introduction

In 1998, Darboux transformations [32] aim to solve the Liouville equation

Yow + (A —p(x,0)) =0 (2.17)

and was extended later to solve many integrable equations that are solvable by the inverse scattering trans-

form such as the KdV, the NLS, the AKNS hierarchy, etc.

Proposition 2.2.1. If ¢)(x, \) and ¢(x,t) are solutions of the Strum—Liouville equation

Ve + ()\ - p(-ra 0))¢ =0,

then Y[1] = 1, + o is a solution of the equation

Yax[l] 4+ (A = p(z, 0)[1))9[1] = 0, (2.13)
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where 0 = —(Ing), and p(z,0)[1] = p(x,0) + 20,.

The form of ¥[1] and p[1] represent functions of the solutions that define respectively the Darboux transfor-

mation of ¢ and p(x,0).
In other words, (1, p(x,0)) — (¢[1], p(z,0)[1]).
2.2.2 Example of solutions of the KdV equation

Let’s consider [51]

The KdV equation has the Lax pair

82
L=—gz 1P
4.0 o . 0p
M= — +3p— +3°L 4 A).

83 Por ™ "oz

This gives the Strum-Liouville equation

wx:c + (>‘ - p(xv 0))¢ =0,

or

Yz = —(A = p(x,0))1).

From the Proposition 2.2.1, we have

1/’[1] = wCE + U%

where 0 = —(Iny ), = % and 1); satisfies

Yaz[1] + (A = p(z, 0)[1])9[1] = 0.

If we substitute (2.24) in (2.23), we get

Yaa[l] = =((A = p(z,0)[1])¢r — o(=p(z,0)[1] + A)¢.
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Differentiating (2.24) twice with respect x, we get

wma}[l] = Yuza + Oz + 20505 + OPzy.

Now differentiate (2.23) we get

Vaex = _()‘ - p(l’, 0))¢x + px(x, O)¢

Using (2.23) and (2.27) in (2.26) gives

Vzz[l] = —(A — p(x,0) — 20,)0y + (p(z,0) + 04z + op(x,0) — TA)2P.

Matching (2.27) and (2.28), we deduce that
p(z,0)[1] = p(x,0) + 20,.

If we take p(x,0) = 0, then the Lax pair becomes

wzax = _/\wa
wt = _4¢x:px7

for wt = _4¢x:cx + 617(% 0)¢x + 3pr($7 O)¢

The solutions of both ODEs are given by

U (.’E, t) = e%(klx_k?t) + e—%(lﬁx—k?t)

(2.27)

(2.28)

(2.29)

(2.30)

(2.31)

(2.32)

where A\ = %. Thus using (2.30) with p(z,0) = 0 and (2.32), we obtain the one-soliton solution of the

KdV equation:

18
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Remark 2.2.2. We can recursively apply the Darboux transformation to get N-soliton solutions. For the

two-soliton solution, the recursive expression gives from (2.24)
P[2] = (1] + o9[1] (2.34)
where 0 = —(Inys[l]),, Y[1] = ¥, + %;@Z). Thus the potential for ¢[2] reads
p(x,0)[2] = p(x, 0)[1] + 2(In Y2 [1]) - (2.35)

2.2.3 Conclusion and remarks

Even though the Darboux Transformation presents explicit solutions by simple techniques, it does not solve
the initial value problem. The above approach is the basic one. The general Darboux transformation could

be applied with any convenient spectral problem.

2.3 Hirota’s bilinear method

2.3.1 Introduction

In 1971, Hirota noticed that the best dependent variables for constructing soliton solutions are those in
which the solution appears as a finite sum of exponentials. Due to this idea, he found a method to transform
nonlinear evolution equations into a type of bilinear differential equations called Hirota form by introducing

bilinear differential operators [5]. He defined the bilinear operator as follows:

o 0 0 0

D?Dg(f : 9) = (& - @)m(a - %)nf(x’t)g(x/>t,)’a:’:x)t’:t7 (2.36)

where m and n are positive integers, and f and g are two functions [19, 26, 27, 28].

Example 4. If f = ¢ and g = ™2, where a1 = k1o — w1t +01 and ao = kox — wot +69, for x and ¢, then
DD (e* - e*?) = (wg — wy)™ (k1 — k) e T2, (2.37)

Thus, if f = g, we get
DD (f - f) = D{*D2 (et - e*) = 0. (2.38)
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Also if f = 1, we obtain

0%g
D¢Dg(1-g) = .
This Hirota’s bilinear derivative has many properties.
If m = 0, then
n 9 9. )
Dz(f : g) = (% - @) f(x,t)g(x ot )’I’:mt’:t
or

Dﬁ(f-g)Zzn:(—l)”‘i. n (%ig)(a;;ig)’ ne{l,2,3,.)

1=0

Example 5. If n = 2, then

D?c(f ) g) = fea9 — 2fe9z + [9ua-

If nisodd,ie.,n=2m —1and f = g, then

Dg‘m_l(ff) :07

because the Hirota operator is antisymmetric when it is odd.

If nis even,ie.,n = 2mand f = g, then

pn(r )= o |7 (20 (2

=0 (4

Example 6. If m = 2, then

2.3.2 Example of solutions of the KdV equation by Hirota’s method

We consider the KdV equation

pe(w,t) — 6p(x,t)pe(,t) + Praz(z,t) = 0.

20
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(2.40)
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Let’s suppose that

p= _2(lnf)ara: (2.47)

satisfies the KdV equation (2.46), where f(z,t) is the determinant of the appropriate matrix.

We deduce that if p — 0, then the KdV in bilinear form is

(DyD; + DH(f - f) = 0. (2.48)

In order to solve this bilinear equation, let’s substitute into (2.48) the pertubed function at the first order of

F=1+> €fi(xt). (2.49)
i=0
Therefore the equation (2.48) becomes
(DeDi+DH(1-14€l-fi+efi-1+€Xf1- f1) =0, (2.50)

and gives

(DeDi4+D3(1-1)+€[(DeDi+ DA+ f1)+ (DD + D) (f1-1)]+€2(Dp D+ D) (f1- f1) = 0. (2.51)

From (2.39),
(DD; +DH(1-1) =0, (2.52)
so to get (2.51), we need
(DaDy + D) (1 f1) + (De Dy + D) (f1 - 1) =0, (2.53a)
(DzDi + D3)(f1- f1) = 0. (2.53b)
From (2.39), (2.53a) reads
0 03
(5 + ) fi =0 @59
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From (2.37), if we assume that f; = ek?=wt then (2.53b) holds true. In that case, (2.54) can be rewritten

as
0 83 kr—wt
= —wt _
(Gt T a3 ’
which leads to the dispersion relation [29]
w = k.

(2.55)

(2.56)

Finally, we get the one-soliton solution for the KdV equation, which will be guaranteed by the choice of

flz,t) =1+ ko=t
If we arbitrarily take € = 1, then

p(,t) = =2(Inf) gy = —2(In(1 + "~F))

zx’

Remark 2.3.1. In order to get the 2-soliton solution, one can use the perturbed second order of f
f=1+ efl(a:, t) + 62f2(.%', t),

and for /N-solitons

N
f=1+ Zﬁifi(x,t)~
=0

2.3.3 Conclusion and remarks

(2.57)

(2.58)

(2.59)

(2.60)

Hirota’s bilinear method has turned out to be very direct and efficient in deriving soliton solutions for in-

tegrable equations, but the existence of more than three-soliton solutions requires constraints. Like the

Darboux transformation, it does not solve the Cauchy problem.

2.4 Riemann-Hilbert problem approach

2.4.1 Introduction

The Riemann-Hilbert problem appears in solving inverse scattering problems, nonlinear integrable systems

and other types of integral equations [52],[9],[16],[10].
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This approach consists of finding a matrix of functions in the complex plane that is analytic, except at a

certain contour of the plane. At that contour, the matrix of functions jumps. There are many contours that

we can define such as a circle, the real line, etc. in the complex plane. In the course of this dissertation, the

contour will be the real line.

2.4.2 Definition of a Riemann-Hilbert problem

Let’s consider the oriented contour (X' = R). The purpose is to find a function v that is analytic off the 3.,

that means

YvT(z)= lim (), and ¥ (2)= lim (2)

ZeXt z—z ZeX— 2=z

2+
) >
-

Figure 2.: Oriented contour in the complex plane A-plane from —oo + 0¢ to oo + 0.

are analytic respectively in X7 and X ~, such that

YT (t) =¥~ (H)G(t), for teR,

where G is the jump matrix function, and G is smooth, invertible and integrable.

The uniqueness of the solution(1) ™ (2), 1~ (2)) of a RH problem requires the normalization

P(z) = I,as z—o00, ze€C\X.

The RP problem is solvable by the pair (X, G).
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2.4.3 The Cauchy integral

The Riemann-Hilbert problem can be solved by the Cauchy operator defined as:
Cf: ¥ —C\X (2.64)

such that
1
= — L(T) dr

(Ch)(2) = 5 s (2.65)

where f has to be a smooth function.

Definition 2.4.1. (Schwartz space) The Schwartz space denoted S(R™) is the topological vector space of
functions

f:R" 5 C (2.66)

such that

feC®R"), and z°0°f(z) — 0 as |z] — oo (2.67)

for n, o and 8 € N{}. It is the space of all functions whose derivatives are rapidly decreasing.

Theorem 2.4.2. (Plemel)) If f(t) € S(R) along X, then the Cauchy operator

fe) == [ 104 2.68)

2mi Jy T — 2

is analytic in C \ X, but not on X, and

(CHT(E)—(CH™ () = f(t) (2.69)

and

1 [ re)

m e T —2

(CHT W) +(CH™ (1) =

dr, (2.70)

where (C f)T(t) is the limit of (C'f)T(2) as 2z € Y7 — t € Rand (Cf)~(t) is the limit of (Cf)~(2) as

zeX~ —teR

Therefore we have

_ 1 [ )

2 o T — 2

(CH* @) dr + % ), 271
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€10 =5 [ L Sr

Corollary 2.4.3. If (Cf)(z) € S(R), and

(CHTW —(CH M) =f(t) as tER,

then

N =5 [ 7 ) 4y

t—=z

is a particular solution of (2.73).

2.4.4 Solving the RHP problem

The factorization of the RHP problem is given by

YT (t) =y (t)G(t), for teR.

Subtracting both sides by ¥~ (t) gives

Using Plemelj’s theorem, we get

YT(E) =1 =(CHT() and ¢~ (t) =1 =(Cf)"(t).

Therefore (2.76) becomes

(CHT(W) = (CH™ (1) = (CHOGE) - I).

Thus, (C'f)(z) € S(R), the solution of the RHP problem is given by

21 T—1
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Remark 2.4.4. The existence of the pair of solutions ()" (2), %~ (z)) will depend on the jump function G
and the contour X. In our theory, we assumed f € S(R) in order to have a solution from the Plemelj’s

theorem. We wonder what will happen if G is in the L2-space and in any other space .

2.4.5 Example of Riemann-Hilbert problems to inverse scattering

Let’s consider the Cauchy problem for the KdV equation [10],[30]

pt(xv t) - GP(% t)px(% t) +pxmx(aj7 t) = Oa
(2.80)

p(w, 0) - po(x)-

The construction of the inverse scattering depends on the solution for solving this Sturm-Liouville equation

Ve + (A —p(x,0))Y = 0. (2.81)

In order to find a solution, the initial condition p(z, 0) has to belong to the Schwartz space (p(z,0) € S(R)).

Thus, the boundary condition imposes

p(xz,0) -0 as z — too. (2.82)
After a tedious analysis, one derives
- 1 — ’T(k)’Q _?(k)e—i(ka—i-Sk%)
¢ (k) = ¢~ (k) | \ : (2.83)
r(k)ez(Qka:+8k t) 1

which is the RH problem in the k-plane.
¢ are eigenfunctions and r is the reflection coefficient. The contour is the real line R, and the jump function
is the scattering matrix

1— |T(k)|2 _F(k)e—i(2k1+8k3t)

G(k) = ‘ , as keR. (2.84)
,r.(k)ei(2k:c+8k:3t) 1
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¢ is analytic in C \ R, and the normalization condition is
¢o—1 as k— £oo. (2.85)

As the direct scattering show a bijection from the initial potential to the scattering data, so the reflection
coefficient (k) € S(R).
Now, if ¢ is the solution of the RH problem (2.83), and the expansion of ¢ is defined as

1

o(ksx,t) =1+ 2

+O(

qbl(Z’t) ) as k— oo, (2.86)

then the potential solution of the KdV can be recovered as follows:

p(x,t) = 2i($1(z,))12. (2.87)

2.4.6 Conclusion and remarks

The Riemann-Hilbert problem technique is very powerful in applications of solving integrable nonlinear
evolution equations. It is present in the inverse scattering transform, and even in the Fokas method. In both

entities, It solves the Cauchy problem with some constraints.
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Chapter 3

Riemann-Hilbert problems for a nonlocal reverse-time AKNS system of fourth-order

3.1 Multi-component AKNS hierarchies

We begin with the following spatial spectral problem of (n + 1)-order:

—it)y = U(u, A, (3.1
and
A
v= | 3.2)
r g,

where v = (p,7")T,p = (p1,p2, s Pn ), 7 = (11,72, oy ) T 2b = (Y1, 2, ..., )T, a1 and avp are real, A
is a spectral parameter, u is 2n—dimensional potential, and I,, is n X n identity matrix [13]. Our purpose is
to derive temporal Lax matrices, and the associated multi-component integrable systems.

Let’s solve the stationary zero curvature equation

W, = i[U, W], (3.3)
corresponding to (3.2). If we take
a b
W = , (3.4
c d

where « is a scalar, b’ and ¢ are n-dimensional columns, d is an n X n matrix, and & = a7 — s, then using

the zero curvature equation, we get
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By expanding W in Laurent series form

where bl = (b[lﬂ, il ..

the system (3.5) will generate these recursion relations:

Now, let

a; =i(pc—br),

dy =1i(rb—cp).

by = i(a\b+ pd — ap),

g =i(—adc+ra—dr),

W=> Wo;A7 with Wy, = :
=0 clil gl
,bg}),c[j] = (c[lj],c[zﬂ, .. .,cg])T,d[j] = (dg])nm, and

a = Z alIx=i,
=0

plol =0,
clol =0,
agﬂ =0,
=0

o0

h— Z b[j])\*j7

J=0

c— Z =i,
=0

pli+1]  — é(—ib;[yj] _ pd[j] + a[j]p),

bt = Lidlll y pgli) — glily),
Vo —ibl) — lp),  for j>1.
a” =p1, and d¥ = B,
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where 31, 8o are real values. If we take zero to be the constant of integration of aﬁ? Vand d
Wj’u:O = 07 ] > 1,

then using (3.8) and (3.9), we will have the following results:

m_ B m_ B o a_ g
bj = Epj’ ¢ = ar], altl = 0, djl = 0;

2 _ B 2 _ . B g B 2 _ B
b] — 72@1)]'@; Cj — Z?"“j,xa (I[ } — 7@1)7‘7 djl — ?plrja

3 B 3 B
ZFZ—g@mrﬂmm%szjg@w+%mm

3] ] s

B 3 .
a’[ = _Zg(prz _pxr)v djl - l@(pl,ﬂ’j _plrj@);

B
bgﬂ - Z@(pj,xm + 3prpje + 3paTp;),

4 B
cg- - —zg(rj@m + 3prrj o + 3prarj),
g
altl = g(?’(pr)z + Prow — PaTz + Paal),
4 B
d;,] = —5(3101]9?”7‘;' + Plaalj = Plalja + PiTjea);

where 8 = 81 — B2, and  j € {1,2,...}, [ <.

Hence, by taking the modification terms to be zero, the Lax temporal Lax matrices will be

VI = (™W) s 1) x (n 1)
and will satisfy the zero curvature equation

U, — vim 4o, vim = o.

m

As aresult, we get the multi-component AKNS hierarchies of integrable equations:

P ab[erl]T
Uy = =1 , for me{0,1,2,...}.
r —aelmt]

tm

]

, this requires

(3.10)

(3.11)
(3.12)
(3.13)
(3.14)
(3.15)
(3.16)
(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

Remark 3.1.1. If m is odd, then the multi-component AKNS soliton hierarchy presents a modified KdV-
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type integrable equation, whereas if m is even, then the multi-component AKNS soliton presents an NLS-

type integrable equation.

Obviously, when n = 1 and m = 2, we get the classical AKNS NLS equations given by the system of

the coupled NLS equations

P 1) = = Di(paal, 1) + +2p(o (e, p 1), (3.22)

ri(z,t) = %i(rm(a:,t) + 2r(z, t)p(z, t)r(x, t)). (3.23)

Whereas, when n = 1 and m = 3, we get the classical AKNS mKdV equations given by the system of the

coupled mKdV equations
pe(x,t) = —%(pm(ﬂc, t) + 3p(z, t)r(z, t)pa(z,t) + 3pa(z, t)r(z, t)p(z, 1)), (3.24)
ri(z,t) = —%(rm(w, t) + 3r(z, t)p(x, t)re (2, 1) + 3ra(z, t)p(z, t)r(z, t)). (3.25)

3.2 Six-component AKNS hierarchy of coupled fourth-order integrable equations

Let us consider the pair of spatial and temporal spectral problems for the six-component AKNS system:

Ve = iU, (3.26)

Wy = iV, (3.27)

where 1) is the eigenfunction. The spectral matrix is given by

oA p1 p2 p3

Uu, \) = , (3.28)

T

where ) is a spectral parameter, 1, oo are real constants, p = (p1, p2,p3) and r = (r1,r2,73)" are vector

functions of (x,t), and u = (p,7T)T is a vector of six potentials.
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The Lax matrix operator V4 is given by

alOlxt 222 plUA3 4 pPa2 a3 a2 plas 4l
N N N I L . S W

P e G DU e D L ) G D N By D)

I ala - dl] +d +dl
v — ) (3.29)
ez a2z gl a4 alae a2 4 gl
e +db] +d5A + db +d)

AN N ala2 4 dfin i dfin dat o+ dflNe
e +dj] +di +dg A + dy
where all the involved functions are defined as follows:
a[O} - /317
ol =0,
3
a[2} = _% Z DpiTs,
i=1
3
a[3] = _Z% Z (pzrz T pi,xri)a
=1
3 3
CL[4} = % |:3(Z piri)Q + Z (Pm xzx — PixTizx + pi,:c:r;ri) s
i=1 i=1
5 3 3 3
CL[5] =15 |:6(Z piri) - Z (plrz x pi,xri) + Z (piri,xzz — DixxxTi + DixxTix — pi,xri,xm) s
i=1 i=1 =1
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by
bl
b
by
by

bl

0,

B
ok

72’%]9/@387

3
-5 |:pk,xac + 20> piri)p |5
i=1
.8 3 3
s [pk,xwm + 3(2 piri)pk,x + 3(

i=1 i

pi,xTi)pk:| ;
1

3 3 3
% |:pk,;r$xx + 4(2 piTi)pk,acx + (6 Z PiaTi + 2 Z pi”,x)pk,x
=1 =1 =1

3 3 3 3
+(4 Z DixxTi +2 Z DiaxTix +2 Z DiTixx + 6(2 piri)Q)pk::| ,

i=1 i=1 i=1 =1

0,
2,
= i%rk,a‘a
5 3
-5 [Tk,m + 20 piri)ri |,
i=1

3 3
—_ib [k 30 par)res + 3( p>k}

i=1 =1
3 3 3

= % |:Tk,xxarx + 4( piri)rk,cca: + (6 Z DiTiz + 2 Z pi,xri)rk,x
‘ =~

+

i=1 i=1 =
3 3 3 3 )
(4> PiTize + 2 PiaTiae +2 Y Pigari +6(D pirs) )Tk] ;
i=1 i=1 i=1 i=1
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and

o _
dk] - ﬁ2[3?
1 _
)
2
d[k} = Lpiri,
3 .
dL} = —Zg(pj,ﬂk — PiTha),
4 8 ¢
dij = =47 |35 (22 Piri)Tk + PjaaTh = PjaThae + DiThax |,
=1
5 _ 8 ¢ ’
dij = 551202 Piati — Pitia)Tk + 4pja (X Piri)TE — Pi (X2 PiTi) Tk
=1 =1 =1
+pj,m:0mrk — DjTkxxx + PjaTkxx — pj,rzrk,x:| .

We always assume that all are scalars, bl = (b1 51, bg]), clil = (1, c[zi],cg])T, and dll = (dgg)gxgg, for
ie{1,2,3,4,5).

The compatibility condition 1),; = ¥y, will lead to the zero curvature equation:
U, - Vi iU, v =o, (3.30)

which gives the six-component system of soliton equations

pT Ozb[5]T
wp = — , (3.31)

T —acl)
t

where b5 and ¢! are defined earlier. Thus, we deduce the coupled AKNS system of fourth-order equations:

;

3 3 3
Pkt = i%[pk,mxx:p +4(>° piri)Prgr + (6 2 Piari +2 Y PiTie)Pha
i=1 i=1 i=1
3 3 3 3 )
+(4 Y Piaari +2 Y DigTie +2 D DiTiwa + 6( PiTi)”) Pk,
i=1 i=1 i=1 i=1 (3.32)
s 3 3 3
Tkt = 71?[7‘k,x$xw + 4(2 p'i'ri)rk,ac:c + ( Z DiTix + 2 Z pi,xri)rk,m
i=1 i=1 i=1
3 3 3 3 ,
+(4 Z DiTixa + 2 Z DiaTix + 2 Z DixxTi + 6( pﬂ“i) )Tk]a
i=1 i=1 i=1 i=1

where k € {1,2,3}.
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3.3 Nonlocal reverse-time six-component AKNS system

Let us consider a class of specific nonlocal reverse-time reductions for the spectral matrix

Ul (z,—t,—\) = —CU(z,t,\)C 1, (3.33)

10
where C' = and X is a constant invertible symmetric 3 x 3 matrix, i.e., X7 = X and det X # 0.
0 X

0 p
AsU(x,t,\) = AA + P(x,t), for P = and A = diag(ay, asl3), then we have
0

PT(z,~t) = —CP(z,t)C~L. (3.34)
From the above (3.34), we get
pl(x,—t) = =Zr(z,t), ie., r(zt)=—-X"1pl(x, —1). (3.35)
As VI (2,8, \) = A2 + Q(x,t, \) and from (3.34), we prove that
VIO (e ) = oVt )0 and QT (x, —t,—N) = CQ(a,t, O, (3.36)

where (2 = diag(f1, B213).

4T

Importantly, the two Lax pair matrices U’ (z, —t, —\) and V" (z, —t, —\) satisfy an equivalent zero

curvature equation.

Proof: The zero curvature equation:

U, — vl i, viml) = o (3.37)
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SO

CUp(z, t, ) — VI @, 6, \) + iU (2.t, ), VMl (2, 6, )))C ! =0, (3.38)
C(Up(z.t,\)C™F — C(VI (z.t, \))C™ +iC[U (x.t, \), VI (z.t, \)]C =0, (3.39)
C(U(zt,\))C™F = C(VIM(z.t, A)C! (3.40)

+i(CU(t, NV (2, O™ — OVIM (2.8, X).U (2.t,1).C71) =0, (3.41)
(CU(z.t,\)C™ 1) — (CVIM(zt, YO, (3.42)

+i(CU(@t, e tevim (e, )e=! — ovIml(z.t, \)C~ U (2., \)C7Y) = 0,

UT (2, —t, —\) — VI (2, —¢, —\) (3.43)
iU (e, —t, VI (@, =, —A) — U (2, —t, ~ NV (2, =, —\)) = 0, (3.44)
UT (2, —t,~\) — VIO (2, —t, —\) iU (&, —t, NV (2, —t, —\)] =0, (3.45)

4T

which is the zero curvature equation of the Lax pair U’ (z, —t, —\) and V4" (z, —t, —)).

From this specific nonlocal reduction, the coupled six-component fourth-order AKNS equations can be re-
duced to the nonlocal reverse-time six-component fourth-order equations.
As X is invertible and symmetric so diagonalizable, then we can take X = diag(p;*, py ', p3 "), for

p1, p2, p3 non-zero real. Thus X! = diag(p1, ps, p3) leads (3.35) to

ri(x,t) = —pipi(xz,—t) for i€ {1,2,3}. (3.46)

Therefore the coupled equations (3.32) reduce to the nonlocal reverse-time fourth-order equation
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pk,t(xy t) /84 pk TTTT l’ t <Z pzpz x, t pz t))])k,m(% t) (347)
3

- <6 > pipia(@, Opi(e,—t) + 2 pipi(a, t)pia(z, —ﬂ)pk,x(x, t)

i=1 i=]
3 3

< szpz Tz l’ t)pz(x _t +22p2pzx X t)pz :E(x _t)

=1 =1
3

4
+2) " pipi(@, )pi ga(z, —t) = 60O pipi(z, )pi(a, —t))2>pk($a 75)]

i=1 =1

for k € {1,2,3}.

We should notice that if X is negative definite, i.e., each p; < 0 for i € {1,2,3}, then we obtain the
focusing nonlocal reverse-time six-component fourth-order equation due to the fact that the dispersive term
and nonlinear terms attract [40]. If p;’s are not all the same sign for i € {1,2,3}, we obtain combined

focussing and defocussing cases.

3.4 Riemann-Hilbert formulation

The Lax pair of the six-component fourth-order AKNS equations can be written:

Yy = iU = i(AA + P)ib, (3.48)

Y = iVIHY =i\ + Q)v, (3.49)

where (2 = diag(S1, B2, B2, B2), A = diag(a1, ag, as, a), and

0 p1 p2 p3
rm 0 0 O
pP= , (3.50)
ro 0 0 O
rg 0 0 O
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a2 4 aBln b3 4 pPIa2 plIa3 4 plIa2 pllas 4 bl

+ald N A N
D 1 DN ) G DN 1/ D A Y
oy +d)] +d) +di
Q- . (3.51)
AN 4 N2 BN a2 dlBIN dlIN2 4 A
+cIN + Y +db] +db) +d]

D« D Uy DN | DY DN v DR | 3

e+ +dl] +di +di)

Our purpose is to find soliton solutions from an initial condition (p(z,0), T (z,0))T
(p(x,t), 7T (x,t))T at any time t. We assume that any p; and r; decay exponentially, i.e., p; — 0 and 7; — 0
as x,t — doo fori € {1,2,3}. Therefore from the spectral problems (3.48) and (3.49), ¢ will behave

asymptotically ¢ (x,t) ~ IMa+iX 2t We can then expect the solution for the spectral problems to be:
W(z,t) = () Metin et (3.52)
For the Jost solution [9, 19], we require that
o(x,t) = Iy, as x,t— Fo0o, (3.53)

where [, is the 4 x 4 identity matrix. Substituting (3.52) into the Lax pair, (3.48) and (3.49), will result in

the equivalent expression of the spectral problems
¢z = INA, @] + P, (3.54)

by = iN02, B] + iQé. (3.55)
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Now, we are going to work with the spatial spectral problem (3.54), assuming that the time is ¢ = 0 for

the direct scattering process.

Theorem 3.4.1. (Liouville) Let A(x) be a square matrix of dimension n with complex or real entries, and

Y is a matrix-valued solution on an interval I. If
Yy = A(2)Y, (3.56)
then
(detY )y =trA-det(Y). (3.57)

Therefore by Liouville’s formula, as ¢r(:P) = 0 and tr(iQ) = 0, so det(¢) is a constant, and using the
boundary condition (3.53), we get

det(¢) = 1. (3.58)

To construct Riemann-Hilbert problems and their solutions in the reflectionless case, we are going to use the

adjoint scattering equations of the spectral problems v, = iUt and ¢, = iV, Their adjoints are

Yy = —ipU, (3.59)
by = —ipV14, (3.60)

and the equivalent spectral adjoint equations read

¢r = —iN[¢, A] — igP, (3.61)

¢r = —iN g, 2] — idQ. (3.62)

As ¢t = —¢p 1,07, we have from (3.54),

¢t = —iNg ™, A —i¢p ' P. (3.63)

Therefore, we deduce that (¢*) ! satisfies the adjoint equation (3.61). Similarly, we can show that (¢¥)~!

satisfies (3.62) as well.
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Now, if the eigenfunction ¢(z,t, ) is a solution of the spectral problem (3.54), then C'¢~(x,t, \) is a
solution of the spectral adjoint problem (3.61) with the same eigenvalue because ¢! = —¢ 1,01
Also ¢” (2, —t, —\)C is a solution of the spectral adjoint problem (3.61). As both solutions have the same

boundary condition as x — F-co which guarantees the uniqueness of the solution, so

ol (z,—t,—~\)C = Cop Yz, t,\) or ¢F(z,—t,—\) = Co Yz, t,\)CL. (3.64)

This tells us that if ) is an eigenvalue of the spectral problems, then —\ is also an eigenvalue.

For the rest of the problem, we assume that o < 0 and 8 < 0 and Y'* tell us at which end of the 2-axis the

boundary conditions are set. We know that

¢t — Iy when 2z — +oo. (3.65)

We can then write

w:ﬁ: — gb:l:ei)\/lm. (3.66)

As ¢ and v~ are two solutions of the spectral spatial differential equation of first-order (3.48), they are

then linearly dependent, and so they are related by a scattering matrix S(\). As a result,

v =¢TS(N), (3.67)

using (3.66), we have
¢~ = pTeMEG(N)e M for N e R, (3.68)

where

511 S12 S13  S14
§21 S22 S23 S24

S(A) = (si5)axa = . (3.69)
831 832 533 S34

S41 542 543 S44

Because det(¢*) = 1, one has

det(S(V)) = 1. (3.70)
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From (3.64) and (3.68), we have this involution relation

ST(—x) =cst(ne (3.71)
Proof: As

¢ (z,t,N) = ¢ (2,1, \)ePMTG(N)eMT N eR, (3.72)
o (@, —t, —\) = ¢ (2, —t, —\)e MTG (=), (3.73)
(¢~ (z,—t, =) = Mz gT(_\)e M (pF (2, —t, —\))T, (3.74)

also (3.72) gives
(¢ (,t, N)H = €M N) e M (G (2,1, M) 7, (3.75)
C(¢™ (w,t,N) 'O = CeMP ST (N)e M (¢F (2,8, 1) O, (3.76)
Clop~ (z,t,\) L0t = M08~ Y N O~ 0e M (¢t (, ¢, M) 1O, (3.77)
Clo~ (z,t, ) L0t = Mo s\ O te= Mo (¢t (2,8, 0)) O L (3.78)

From (3.64), we have (¢~ (z,—t,—A\)T = C(¢(z,t,)\)"1C~! and also (¢T(z,—t,—-A))T =
(¢t (x,t,7\))"TO~L. As aresult, if (3.74) and (3.78) match, we deduce then

ST(-\) =cs~tne . (3.79)

From (3.79), we deduce that
§11()\) = 511(—)\), (380)

where the inverse scattering data matrix S—! = (§;;)4x4 for i, j € {1,2,3,4}.
We can see that the recovery of the potentials will depend on the information of the scattering data from the
scattering matrix S(\). As ¢* — I, when 2 — o0, we need to analyse the analyticity of the Jost matrix

¢* in order to formulate the Riemann-Hilbert problems.
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One can write the solution ¢ in a uniquely manner by the Volterra integral equations using (3.48):

xT

¢ (z,\) = Iy +i / eME P(y)p (y, \) eV dy, (3.81)
—+oo
¢ (w,N) =1, — i / ¢MEP(y)pt (y, \) e dy, (3.82)

T

Proof: We have from (3.48)
Yy = U = i(AA + P), (3.83)

The homogeneous solutions are given by

Pz, \) = eMTC O isa constant matrix. (3.84)

For the general general solution, we could take

Y(x, \) = MO (). (3.85)

Differentiating both sides of (3.85), and substituting into (3.83), we get

C'(z) = e M2 P)eMr (), (3.86)
/_ " Oy = /_ " e M P) IO () dy, (3.87)
Clx) =1+ /_ ’ e~ MY PYeMYC (y)dy, (3.88)
/ T )y = /_ " M) () dy, (3.89)
Clz)=1- / ’ e~ MY P)eMYC (y)dy. (3.90)
From (3.66) and (3.85), we have
VE(@, ) = ¢ (2, \)eMT = MToE (), (3.91)
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Thus

Ci (33) — efi)\/l:pqsi (.73, A)ei)\/lx7
and so (3.88) becomes

T

e—iAAm¢— (CC, A)ei)\Ax = I+ / e—i)\/ly (,L-P>ei>\/1ye—i)\/ly¢— (:E, )\)eiAAydy‘

— o0

As a result, we obtain the Volterra integrable equations

¢ (2, \) =T+ / e~ MED (P)p™ (2, X)) gy,

ot () =1 — /OO o~ M (z—y) (iP)o™ (x, )\)ei/\/l(y—x)dy.
If the matrix ¢~ is
11 P12 P13 Py
$o1 P2 Pa3 P
P31 P32 P33 Pm
$n P12 P13 Pu

then the components of the first column of ¢~ are

on =1+i / " 01()63 5 M) + 22 (3)651 (95 V) + Ps()0m (4, V),

—0o0

¢y =i / r1(y) oy (y, Ne @V gy,

—0o0

b =i / ra(0)6T; (3, e D@Dy,

—00

o, =i / r3(y) b7 (y, e P gy,

—00
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(3.93)

(3.94)

(3.95)

(3.96)

3.97)

(3.98)

(3.99)

(3.100)



Similarly, the components of the second column of ¢~ are

b1y =1 / (Pl(y)%}(% A) 4 p2(y) 35 (y, A) + p3(y)daa (v, A))G’M(“y)dy,

—0o0

bp=1+i / 1 (1) 613 (> Ny,

—00

b =i / ra ()67 (u, Ny,

—00

o =i / ra ()61 (3> Ny,

—0o0

and the components of the third column of ¢~ are

on=i [ (m (9)63(3: N) + p2(0)655 (9. N) + P3(W) b3 v, A))eim(my)dy,

—0o0

b =i / r1(9) 61 (9> Ny,

—0o0

b= 1+1 /_ ra ()7 (v, Ny,

o =i / ra ()6, Ay,

—0o0

and finally the components of the fourth column of ¢~ are

Gy =i / (pl(y)ebzl(% A) + p2(y)d3a (Y A) + p3(y) by (v, A))e’“a(x”d%

—0o0

b =i / r1 ()62 (u, Ny,

—00

by =i / ra ()62 (u, Ny,

— 00

b =1+i / ra ()67 (y, A) .

—00

(3.101)

(3.102)

(3.103)

(3.104)

(3.105)

(3.106)

(3.107)

(3.108)

(3.109)

(3.110)

(3.111)

(3.112)

We can see that as &« = a1 —ag < 0, if Im(\) > 0, then Re(e‘“‘a(m_y)) decays exponentially when y < ,

and so each integral of the first column of ¢~ converges. As a result, the components of the first column

of o7, i.e., ¢1;,dq;, P31, Py, are analytic in the upper half complex plane for A € C_, and continuous

for \ € C; UR. But, if Im(\) < 0, Re(e*(==)) also decays, then the components of the last three

columns of ¢~ converge, and thus they are analytic in the lower half plane for A\ € C_ and continuous for

Ae C_UR.
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In the same way for y > x, the components of the last three columns of ¢ are analytic in the upper half
plane for A € C and continuous for A € C; UR, and the components of the first column of ¢t are analytic
in the lower half plane for A € C_ and continuous for A € C_ UR.

Now let us construct the Riemann-Hilbert problems. Note that
WF = pteMe g0 ¢ = ptemiMe, (3.113)
Let qui be the jth column of ¢ for j € {1,2, 3,4}, and so the first Jost matrix solution can be taken as
PO (2, )) = (61,6363 .¢1) = ¢ Hi + " Ha, (3.114)
where @7 = (611,021,031, 001) "> @5 = (Do, Pozs 03, P1) T B3 = (D13, D3y 033, 043) " 61 =

(614, 315 a4, d41)T and Hy = diag(1,0,0,0) and Hy = diag(0,1,1,1).

P is then analytic for A € C and continuous for A € C, UR.
To construct the analytic counterpart of P € C,, it is going to be simpler to use the equivalent spectral

adjoint equation (3.63). Because ¢+ = (¢=)~! and ¢y = ¢Fe** we have
((Z)i)_l — ei)\/l:c(w:t)—l' (3115)

Now, let (53[ be the jth row of ¢= for j € {1,2,3,4}. In the same way we proved for P(+) above, we can
get

T
PO(a, ) = <¢I,¢;,¢§,¢I> = Hi(¢7)™" + Ha(¢") 7. (3.116)
P is analytic for A € C_ and continuous for A € C_ UR.

Also we have

Pz \) > 1y as AeC_UR — 0. (3.117)

From (3.114), (3.116) and (3.113) along with ¢ (z, —t, —\) = C¢~(x,¢,A\)C~!, we have the nonlocal
involution property

(PN (2, —t,—X) = CP) (2,4, ), 3.118)
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Proof: Equation (3.114) gives
P(Jr)(x’ ta A) = Qﬁi(x? tv A)‘H'l + ¢+(Z’, ta )‘)H27
P(+) (JT, _t’ _)\) = d)i (.’13, _tv _)‘)Hl + d)+(.’17, _ta _)‘)H27

(P(+))T(x7 _tv _)‘) = Hl(gi)i)T(xv _tv _)‘) + H2(¢+)T($7 _tv _>‘)'

As (3.116) gives
P(_)($7t> >\) = Hl(gb_)_l(l'vt? >\) + H2(¢+)_1(Jf,t, )‘)7

CPT(z, 6, O™ = H\C(¢7) M (a, t, \)C™' + CHy(¢F) M, t,\)C L.

But (3.64) gives
¢" (x,—t,=A) = Co~ (x,t, \)C .

Therefore, matching (3.121) and (3.123), we deduce

(PN (2, —t,—\) = CP) (a,t, \)C .

(3.119)

(3.120)

(3.121)

(3.122)

(3.123)

(3.124)

(3.125)

Through what have been done above, we have been able to construct the matrix of eigenfunctions P(*) and

P() that are analytic in C, and C_ respectively, and continuous in C; U R and C_ U R respectively.

From (3.121) and (3.116), we have

PO (2, NYPH) (2, A) = eMT(Hy + HoS)(Hy + S~ Ha)e ™7 for X € R,

where the inverse scattering data matrix S~ = (8ij)axa fori,j € {1,2,3,4}.

Using (3.68) in (3.114), we have

pH) (z,\) = ¢+(€i)\AﬂcSefi)\AxH1 + Hy),
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and as ¢* (z,\) — I, when z — +o00, then

811()\) 0 0 0
0 10 0
lim P = , for AeC,LUR. (3.128)
pheo 0 010
0 001
In the same way, we have
311(A) 0 0 0
0 10 0
lim P = , for e C_UR. (3.129)
e 0 010
0 001
Thus if we choose
sit(A) 0 0 0
0 100
GH(z,\) = PH)(x, ) , (3.130)
0 010
0 00 1
and
5700 0 00
0 100
(G (z,\) = POz, N), (3.131)
0 010
0 00 1

then on the real line, the two generalized matrices generate the matrix Riemann-Hilbert problems for the

six-component AKNS system of fourth-order given by

G (z,0) = G2, \)Go(z, ), for XeR, (3.132)
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where the jump matrix Go(z, A) can be cast as

(0 0 0 0 s;t(A) 0 0 0
. 0 100 0 1 00 .
Go(z, \) = €M (Hy + HS)(Hy + S~ Hs) =M
0 010 0 010
0 0 01 0 0 01
(3.133)
which can be explicitly written as
31_11 él—ll §12§1—11€i)\x(a17a2) §13SA1—1167;)\$(0¢17042) §14§1—116i/\x(a17a2)
szlsl_lle*iAz(a1*O‘2) 1 0 0
G0<w7 A) — I
s3157; e e(@1—a2) 0 1 0
34181_116_i)‘m(a1_a2) 0 0 1
(3.134)
with its canonical normalization conditions being given by:
Gz, ) > 1y as AeCypUR — oo, (3.135)
Gz, A\) =1y as AeC_UR — . (3.136)
From (3.118) along with (3.80) and (3.130), we obtain
(GNT (2, —t, =) = C(GT)) " Ha, £, \) O (3.137)
Proof: From (3.130), we have
st(A) 0 00
1 00
G (z,t, ) = PH(z,t,\) , (3.138)
0 010
0 00 1
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st(=2) 0 0 0
0 100
(GNT(z, —t,—X) = (PN (2, —t, — ), (3.139)
0 010
0 00 1

using (3.118) and (PUN)T (2, —t, —\) = C(P))(z,t, \)C~1, we get

st(=2) 0 0 0

0 1 00
(GENT (z, —t, =) = C(PO)(z,t,\)C~ L. (3.140)
0 010
0 00 1
As (3.131) is
57(0) 0 00
0 1 00
(G, \) = POz, \), (3.141)
0 010
0 00 1
we have
5700 0 00
0 1 00
C(GEN "z, O™ = CPE) (z, \)C~ L, (3.142)
0 010
0 00 1
But (3.80) is
§11()\) = 511(—A), (3143)
SO
S () = 577 (=), (3.144)
Therefore, matching (3.140) and (3.142) we have the proof of
(GNT (&, —t, =) = C(G ) Ha, t, \)C 7L (3.145)

49



Also, from (3.133) and (3.80), we have this involution property

G¥(x, —t,—\) = CGo(z,t,\)C ™ . (3.146)
Proof: As (3.133) is
57\ 0 00 s;tA) 0 0 0
A 0 100 . 0 100]| .,
Go(z,\) = M (Hy + HaoS(\))(Hy + S™'(\) Ha) emiMT,

o O
o O
(e
=
o O
o O
(e R
= )

(3.147)
SO
55\ 0 0 0 sit(A) 0 0 0
. 0 100 0 100
CGo(z,\)C™1 = M2 M e~ M, (3.148)
010 0 010
0 00 1 0 00 1
s (=A) 0 0 0 (=N 0 0 0
4 0 100 0 100
GT(x, —t,—)) = M N e "M (3.149)
0 010 0 010
0 00 1 0 00 1
where
M = (Hy + H,CS(\)C™ Y (H, + CSTYNC™ 1 Hy), (3.150)
N = (Hy + Hy(S™HT (=, =\))(Hy + ST (—t, —\)H>). (3.151)

As ST (=) = CS~H(\)C~'and 3,1 (\) = 57 (—\), matching (3.148) and (3.149), we get the proof of

GE(x,—t,—\) = CGo(z,t,\)C L. (3.152)
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3.5 Time evolution of scattering data

The process of the inverse scattering transform requires the time evolution of the scattering data. Differen-

tiating equation (3.68) with respect to time ¢ and applying (3.55) gives
Sy = X102, S].
Proof: Using (3.68), we have
¢~ = ¢TGN e MT for X eR,

SO

¢t — ¢+ z)\AxS( ) —iAAx + ¢+€i/\Ax5’t(/\)€_i>\A$.

Using (3.55): ¢ = iA[02, ] +iQep, we get

i/\4[Q, (bf] + ZQ(Zﬁi _ (i)\4[(2,¢+] + Z'ngJr)eMAxS(/\)e*i)‘Ax + ¢+ei)\AxSt()\)efi)\Ax

_ i)\40¢+ei)\AxS(>\)e—MAx _ ’i>\4¢+ QeiAA:cS(/\)e—i/\Ax

+ iQ¢+€i)\AIS()\)6_i)\Ax + ¢+ei>\AxSt()\)€_i>\Am,

but also

iIN(02,67] Q07 = iX[2, 6T (eMTS(N)e M) +iQeT (€M (N)e M)
_ i)\49¢+ (eiAAocS(/\)e—iAAoc> _ i)\4¢+(ei/\AxS<)\)e—i)\Ax)Q

+ ZQ¢+ (BM/RS()\)@_M/M).
Matching (3.156) and (3.157), we deduce that

i)\4¢+gei)\AmS(>\)efi)\Am — i)\4¢+ (ei)\/lms()\)efi)\/lx)g + ¢+ei)\/1x5t()\)€fi)\/lx.
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Because multiplications of diagonal matrices permute, we get

Hence,

which is

As a result, we have

oM (IAS(N)2) = ¢TeMT(IARS(N) + Si(N),

Si(A) = iAt2S(\) —idtS(\) .

Se(A) = ixt[2, S(V)],

0 iﬁ)\4812 ’L'ﬁ)\4813 ’i,B)\4Sl4

—iBAs 0 0 0
St _ 21

—if\s31 0 0 0

—iBA sy 0 0 0

s12(t, A) = 512(0, \) PNt
s13(t, \) = s13(0, )\)eiﬁ’\4t,
s1a(t, \) = s14(0, \)etPA't,
s21(t, A) = 591(0, N)e PNt
sg1(t, ) = s31(0, \)e A,

S41 (t, )\) = 841 (0, )\)efiﬁ)‘zlt,

and s11, 822, 823, 524, $32, 533, 534, 542, 543, S44 are constants.
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Chapter 4

N-Soliton solutions

4.1 General case

In this section, we are going to compute explicitly the one-soliton and two-soliton solutions from the N-
soliton solution based on the Riemann-Hilbert problems. In fact the Riemann-Hilbert problems generate a
unique solution in the regular case, i.e. the det(G*)) # 0 when G(*) — I, as X — co. However, there are
possible contingencies that det(G™)) could be zero for some discrete A € C. when non-regular. In that

case, it is opportune to transform the non-regular case to a regular in order to guarantee a solution.

From (3.114) and (3.116) with (3.68), as det(¢*) = 1, we prove that
det(P™(z, 1)) = s11()\), (4.1)
and
det(P)(x, 1)) = 811 (\). (4.2)
T
Because det(S()\)) = 1,50 S71()\) = (cof(S(A))) , thus
S22 S23 S24

s11 = S32 S33 S34]| - 4.3)

542 543  S44

In order to get soliton solutions, the solutions of det(P) (x,\)) = 0 are assumed to be simple. Let’s
suppose that s11(\) has simple zeros A, € C for k € {1,2,..., N} and 3;1()) has simple zeros A, € C_
for k € {1,2,..., N}, which are the poles of the transmission coefficients [19].

From (3.80), we know that §11(A) = s11(—A\). Hence we have the involution relation

A=\ (4.4)



Each Ker(P™)(z, A,)) contains a unique column vector vy, and also Ker(P(~)(z, A;;)) contains a unique

row vector Uy, for k € {1,2,..., N} such that:
Pz, \)vg =0 for ke{l,2,..,N}, (4.5)

and

0P (@, M) =0 for ke{l,2,..,N}. (4.6)

The Riemann-Hilbert problems can be solved explicitly when Gg = I4. This will force the reflection
coefficients s91 = 531 = s41 = 0 and §10 = §13 = 514 = 0.

In that case, we can present the solutions to special Riemann-Hilbert problems as follows: [9, 16, 20]

N _ ~
?)k(M 1)kj7)j

G (2, \) =14 — —_ 4.7
RV kz_j .y (4.7)
J=1 J
and
(G, ) = I + ZNj oM gty (4.8)
€, — 14 ' N\ — )\k ) .
k,j=1
where M = (my;) nx N is a matrix defined as follows [20]
BT P
P ’ k,je{1,2,..,N}. (4.9)

0 it N =M\

The scattering vectors v, and vy are functions of (z,t), but Ay and 5\k are constants, and so differentiating
both sides of P(+)(x, Ai)vp = 0 with respect to = and knowing that P satisfies the spectral spatial

equivalent equation (3.54) along with (4.5) gives
(+) dog, .
P (x,)\k) T — i\ Av, | =0 for k,je {1,2,...,N}, (4.10)
x
and also differentiating it with respect to ¢ and using the temporal equation (3.55) along with (4.5) gives

P<+>(x,Ak)<CZ;’“ - 'Aimk> =0 for k,je{l,2,..,N}. 4.11)
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In the same way by using (4.6) and the adjoint spectral equations (3.61) and (3.62), one can prove that

(“Z”“ n z‘&k@k/l> PO (2, 5y) =0, (4.12)
XT
and

d@k NV/DN (=) E\

o + iNL0p 2 | PV (2, Ag) = 0. (4.13)

As vy, is a single vector in the kernel of P 5o % — i\ Avg, and %’“ — i)\i (Qvy, are scalar multiples of vy.

This permits one to obtain

vg(z,t) = eMATTIN DL for k€ {1,2,...,N}. (4.14)

In the same way, we will have for P(_),

(2, 1) = e MATTINR for ke 11,2, N}, (4.15)

where the column vector w;, and the row vector w;, are constants.

Now from (4.5) and using (3.118), we get

ol (@, —t, = Xe) (PN (2, —=t, =) = vf (&, —t, = X\g)OP T (2,8, \,)C~ L =0 for ke {1,2,..,N}.
(4.16)

Because vg(ag —t,—X\)C P (x,t, \;) could be zero and using (4.6) leads to

’Ul{(l‘v —t, _Ak)cp(_)(wv t, >‘k’) = f[}k(mv t, S‘k’)P(_) (IE, t, j\k) = @k(:E? t, _S\R)P(_)("L‘a t, _S\k‘) =0.
4.17)

As 5\k = —\;, from (4.4), then we can take

op(2,t, =) = vf (&, —t,—A\)C  for ke {1,2,..,N}. (4.18)
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These involution relations give

op(a,t) = eMRATHN2Ly, - for ke {1,2,.., N}, (4.19)

ip(z,t) = wle MAT=XNAC for ke {1,2,.. N} (4.20)

4.2 Recovery of potentials

The jump matrix being G = I, allows to recover the potential P from the generalized matrix Jost eigen-
functions. Because P(*) is analytic, we can expand G(*) as \ — oo in this form at order 2,

1

1
G (@A) = L+ 61" (@) + 0(5;

S ) when A\ — oo. (4.21)

Because G(1) satisfies the spectral problem, substituting it into (3.54) and matching the coefficients of the

same powers of +, at order O(1), we get
P=—[4G{"). (4.22)

If

+

G
G)as
)
i)

: (4.23)
G

G

34

(
(
(
(GY)aa
then

(+)
oG
P=—-4G6" = (G )

(4.24)
As a result, we can now recover the potentials p; and r; for i € {1, 2, 3} as follows

p1 = *Oé(Gng))w, Ty = Oé(Gng))zl,
P2 = —Oé(Gng))l:s, ro = a(Gng)):ﬂ’ (4.25)
p3 = —Oé(G§+))147 r3 = Oé(G§+))41~
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Also, from (4.21), we have
G =\ lim (GM) (2, \) — 1),

A—00

and so from (4.7) we deduce that

N

G§+) = — Z Uk(M_l)kJ@j.
k=1

From (3.34) and (4.22), we easily prove the nonlocal involution property
(G (2, —t) = G (z, 1)

Proof: From (4.22), we get
P(x,t) = ~[4,G{P(@,1)),
P(z,~t) = —(AG\" (z, ~t) - G (2, ~1)4),
PPz, —t) = —((G{)T (2, ) A = AG) (, 1)),
P (2, ) = [4, (G (@, —1)].

Using (3.34) and (4.29), we get

PT(z,~t) = —CP(z,t)C},
PT(z,—t) = C[A, G\ (@, 1)) C L,
PT(z,—t) = (4, G (z, ).

We deduce from (5.32) and (5.35) that

Hence, we has this nonlocal involution property
(G(Jr))T(x’ —t, _)‘) = C<G(7))71(.T, —t, )\)Cil.
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4.27)

(4.28)

(4.29)

(4.30)
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4.32)

(4.33)

(4.34)

(4.35)

(4.36)

4.37)



Proof: We have from (4.7),

N - R .
GOt N =I— Y vk, 8 Ae) (M D)y, )05 (8, Aj) 4.38)
) Uy oyt )\ - )\J )
N - R .
a) (z,—t,—A) = I; — Z vg(z, —t, \g) (M l)kj(xv _t)vj(xv —t, )‘j) (4.39)
b b k7j:1 _A - A] b
N T 3 —IN\T T
05 (z, —t, \j) (M )k (x, —t)vk (z,—t, \g)
GINT (2, —t, —\) = Iy — 1 d 7 . (4.40)
( ) ( ) =14 k;I Y

We have first from (4.18),

o2, t, =) = v} (x, —t,—M\p)C  for ke {1,2,..,N}, (4.41)
b (, —t, \) = vl (z,t, —Ap,)C, (4.42)
as ;\k = —)\k,
(2, —t, ) = 0% (,t, A\ C, (4.43)
B (@, —t, Ae) = Cogla, t, M. (4.44)

Secondly, using (4.9) and (4.43) and (4.44), we obtain

(M) (@, —t) = (MT) (z, ~1)

[( —t, \e)vj(z, —t, )) ] - (UJT(JU; —t, )0 (x, —t, j\k))—l
A\ —-Ak Aj — A
1 R R (4.45)
B (U j)CC™ ( x, —t, )\k))l B (@j(x,t, )\j)vk(x,t,)\k)>*1
Aj— A Ak — A
= (Mil)fk(wat)
Finally, from (4.40),
N AT 3 —1\T T
o5 (x, —t, \;) (M (x, —t)vy (x,—t, A
(@WU%4ﬁMzhf§:J( DM )iy (2, e w, (4.46)

him1 A=A
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and substituting (4.44) and (4.45), into (4.46), and using the fact that ;\j = —)j, we obtain

N . . _
) ) k7‘]:1 _)\_’_)\] )
N
U'(l‘ata A)(M_l) ’k(x7t)@k(x7ta )‘k)c_l -1
(GNT (&, —t,—\) = C (14 + J J J oL (4.48)
(1r 32 A, )
Interchanging k and j into (4.48), we get
N
t, ) (MY g (2, 0)0 (2, 8, M) O~ -
CNT (e —t N =C(I Uk, Ak EASATACASE RaAd) L 4.4
(G (@, ~t, ) C<4+;§1 . )e (4.49)
As aresult,
(GNT (g, —t,—\) = C(G))~to~L. (4.50)

Using the above equations along with (4.20) and (4.19) will generate the N-soliton solution to the nonlocal

reverse-time six-component AKNS system of fourth-order as follows:

N

pi=a > vp(M b for i€ {1,2,3}, (4.51)
kj=1

_ T & (s a A N
where v = (Uk1, Uk2, Vk3s -+ Vknt1)" 5 Ok = (Dk1, Ok2, Uk3, -+, Oknt1)-

4.3 Exact soliton solutions and their dynamics

4.3.1 One-soliton solution

A general explicit solution for a single-soliton in the reverse-time case when N = 1, w; =

(wi1, w12, w13, wig)’, A1 € C is arbitrary, and A = =)\ is given by

2p2p3 1 (01 — Q2)wygwygeM (@1 +a2)eHN (Bi—F2)t

pr(.) = ‘ — (4.52)
(1) pLP2p3wT €2MOT + (papswiy + pLpswiy + p1pawty)eiMror
(2.1 2p1p3A1 (1 — a2)w11w13€m(a1+a2)x+ixll(61752)t (4.53)
b2 l‘,t = ; ‘ ’ .
pLP2p3WT €M MOT + (pap3wty + p1p3wiy + prpawi,)eritioa
2p1p2A1 (01 — o w11w14€i/\1(O‘1+a2)x+i/\%(61_62)t
pa(z.t) = p1paXi( ) (4.54)

pLP2p3wi €27 + (papswiy + p1pswis + prpawiy)e? ez
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We can get the amplitude of p;:

|p1 (33, t)| = 26_1771()\411(/31—52)t+)\1(a1+a2)x)
4.55
)‘1:02[73(061 — az)w11w12 ( )

>< ) . .
PLP2P3wT €N + (popgwis + prpswiy + prpawiy)ertiazr

About the dynamics of the one-soliton, we can see from p; that there is no speed, i.e. the soliton is not
a travelling wave. By choosing any arbitrary constant x = xg, 1 — 2 < 0 and \; ¢ iR in |p;(x,1)]
we see that the soliton’s amplitude grows exponentially if Im(A{) > 0, while it decays exponentially if
Im(\}) < 0, but when I'm(A}) = 0 the amplitude is constant over the time. If we choose z = z and
A1 € 1R we have a constant amplitude for the soliton, indeed.

In this reverse-time case, any one-soliton does not collapse, either it strictly increases, decreases or stays

constant.

From the spectral plane, let \; = & + in = re’’, where r > 0 and 0 < # < 27 then:

ISR

0€(0,2)U(E,3) U (m, 3E)U (3, T, then the amplitude of the soliton is increasing,

" 0c (%, 5)U (?jf, ) U (%, 37“) U (%“, 27), the amplitude of the soliton is decreasing,
i
0e{f. 5. %’T, %’r, 37’7, %’r , the amplitude of the soliton is constant,

0 € {0,7,2r}, we obtain one breather with constant amplitude.

(4.56)

This illustration is shown by the figure below.
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Constant Constant Constant

Increasing Decreasing
T |
|
=
Decreasing Increasing
s ; T ? ; 1‘ Constant
. EIS axis .
Increasing ecreasing
o
Decreasing Increasing

n=¢ £=0 n=-&

Figure 3.: Spectral plane of eigenvalues.

Let us graph the one-soliton solution. When A; does not lie on the real axis (n = 0), the imaginary
axis (¢ = 0) or the bisectors (n = *££) , the amplitude of the potential grows or decays exponentially, if
Im(\}) > 0 or Im(\]) < 0 respectively. Two examples are illustrated in Figure 4 and Figure 5, where we
have growing and decaying amplitudes.

When Im()\}) = 0 the amplitude does not change. In that case, \; lies on the imaginary axis, the
bisectors or the real axis. If A\; lies on the imaginary axis or on the bisectors, then we have a fundamental
soliton (figure 6), whereas if A\; € R, then we have a periodic one-soliton with period m which is a

breather (figure 7).

AN

A ing
«  Increasin

Increasing e
’

>
[ t—0——t—2=—1t-—4

Figure 4.: Spectral plane along with 3D plot and 2D plots of |p;| of the one-soliton in the focusing case
with parameter values p1 = —1,p2 = =2, p3 = -1, A\ = 001 +i, 01 =—-1l,ae =1, =—-1,08 =1,
wy = (1,4,2 +4,1)”. The 2D plot is for time values, t=0, 2 and 4.
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\ ' 0.8
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v d AN x
n=¢ £=0 n=-§ [—t=0=—t=2=—1t=4]|

Figure 5.: Spectral plane along with 3D plot and 2D plots of |p;| of the one-soliton with parameter values
m=Lp=Lp3s=1,A=001l44a01=—-1La=1,08=-1,08=1w = (1,i,2+’i,1)T. The
2D plot is for time values, t=0, 2 and 4.

Constant Constant Constant

@M

i
:

Figure 6.: Spectral plane along with 3D plot and 2D plots of |p;| of the one-soliton with parameter values
pP1 = 1, p2 = 1, pP3 = 1, )\1 = 2i, a1 = —1, Qo = 1, ﬂl = —1, ﬂg = 1, w1 = (1,i,2+i,1)T. The2Dplot
is for any time value.

— g " "Constant (Breather)
£ =0

Figure 7.: Spectral plane along with 3D plot and 2D plots of |p;| of the one-soliton with parameter values
p1 = 1,,02 = 1,p3 = 1,)\1 20.5,0[1 = —1,042 = 1,61 = —1,52 = l,p: 1,’(U1 = (1,i,2—|—i,1)T. The
2D plot is for any time value.

62



4.3.2 Two-soliton solution

A general explicit two-soliton solution in the reverse-time case when N = 2, wy = (w11, wia, w13, wi4)’ ,

Wy = (UJ21, w92, W23, w24)T, (/\1, )\2) S (C2 arc arbitrary, and 5\1 = —)\1, 5\2 = —)\2, is given if )\1 75 —)\2
by

A(z,t)

= — ’ 4.57

p1(z,t) = 2p2p3(M1 + A2) (1 a2)B(m,t)’ (4.57)
C(z,t)

= — 4.58

p2(z,t) = 2p1p3(M1 + A2) (1 a2)B(m,t)’ (4.58)
D(z,t)

= — ! 4.59

p3(z,t) = 2p1p2(M1 + A2) (o 042)B<m7t), (4.59)

where

/1(x7 t) = e’i[)\%(ﬁl*ﬁ2)t+)\2(a1+a2)x], |:<U}22M()\1 4 )\2) _ 211)12K)\1> w21>\262a2)\11

- plpZPS()\l - Az)w%1w21w22)\262041>\1z:|

+€i[)\411(51—,32)t+/\1 (a1+a2)x] |:('LU12N()\1 + )\2) _ 2’LU22K)\2> wn)\le2o¢2)\2x

+ p1p2p3(A1 — )\2)w11w12w§1/\162°‘1’\2x]

)

B(.%',t) = —4p1p2p3)\1/\2w11w21Kei()‘1+)‘2)(al+0‘2)x . |:ei()‘411_/\3)(/31—52)t + e_i(Ail_)‘%)(ﬁl—ﬂQ)t]

+ p1papsway M (A + Ag)2e (@122 H02A0T 4 ) oo powd) N(Ap + Ag)2ef2(@rhitasda)r

+ pipdpdwhwd (N — Ag)2et2erutiz)e 4 [(A% +A2)MN + (2MN — 4K2)>\1)\2] ¢i2o2(da+da)e

Clx,t) = i3 (B1—B2)t+ X2 (a1 +az)a], [<w23M()\1 + o) — 2w13K>\1>w21/\2620é2>\1:1}

— p1p2p3(A1 — A2)wh warwas A2ezalm}

_’_ei[)\%(ﬁl*ﬁ2)t+)\1(a1+a2)m]. [<w13N(/\1 +Xg) — 2w23K)\2> wn)\leZag)\gz

+ P1P2p3()\1 — )\2)w11w13w§1)\162a1>\21:|

)
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D(z,t) = iP2(Br-Fa)t+Az(on+az)al, [<w24M(x\1 +A2) — 2w14K)\1>w21)\2620‘2)‘1x
— p1pap3( M1 — Ao)wi wagwag Age?@1M®
+eiP(Br1=B2)t+ M (ar+az)a], [(me(M + A2) — 2w24K)\2> wig Ay e202N2®

+ prp2ps(M — Ao)wnwiawd, /\leQalm]

i

and M = papswiy + p1p3wis + pipawiy, N = papswsy + p1pzwis + p1pows, and K = papzwiawss +
P1P3W13Wa3 + p1p2wiswa4. About the dynamics of two-soliton solutions, a lot of phenomena could occur.
Two solitons can travel in the same direction [46] or in opposite directions. In the present nonlocal case,
either the two solitons move (repeatedly or not) in opposite directions or one moves while the other stays
stationary or both are stationary.

Now, since A\| # — g, let \; = £ +inand Ay = & +in/. If \; = +a +ib, \o = +a + ib where a # b and
a # 0,b # 0 that means both A\; and A2 are symmetric with respect to the real axis or the imaginary axis,
then the two solitons will be collapsing repeatedly or non-collapsing while moving in opposite directions.
Each keeping the same amplitude before and after interaction (see Figure 8), or both keep their amplitude
before interaction, but the amplitude changes after the collision to a new constant amplitude (as illustrated

in Figure 9), depending on the choice of w1, ws.

AN : / N
N s / .
S N
0'\ ° 5
L N
SN\
J AN
/ \ 1 zxa 4
n=¢§g E=0 n=-§ [—t=—-08—t—0—1t-10.8]

Figure 8.: Spectral plane along with 3D plot and 2D plots of |p; | of the two travelling waves in the focussing
case with parameter values p;1 = —1, po = =2, p3 = =3, \;1 = 1 4+ 0.54, \a = —1 + 0.5¢, a1 = —2,
ar=1,8=-2PB=1w = (1-0.5i,1+3i,—i,1+4)T and wy = (—1+24,1 —1.54,4,1 —4)T. The
2D plot is for time values t = —0.8, 0, 0.8.
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-8 -6 -4 -2 o 2 4 5 8
x

[—t=-4—t—0—1t=75]

Figure 9.: Spectral plane along with 3D plot and 2D plots of |p;| of the two-soliton with parameter values
pr=-1,p2=1,p3=—-1, A1 = —-04408i, Ao =04 +08i, a1 = =2, a0 = 1, B1= -2, 0y =1,
wy = (1,1 —1i,—0.1 44,1 +4)7 and we = (—1 + 2i,1 — 0.14,3 + i,0)T. The 2D plot is for time values
t=-4,0,6.

We may have the case of two soliton waves moving in opposite directions, and after interaction they get
embedded into a single wave (figure 10). Also, we can have the case where one soliton unfolds to two
soliton waves [21] (figure 11). The choice of those eigenvalues may be helpful in explaining some physical

phenomena [22].

[—t= 2—t—0—1t=15]

Figure 10.: Spectral plane along with 3D plot and 2D plots of |p;| of the two-soliton with parameter values
p1 = —]-, p2 = _]-, p3 = —]., )\1 = 1—{—05@, >\2 = —1+05Z, a] = _2a Qg = 1a 51 — _2’ ﬁQ - 1’
wy = (1,0, 0.1+, 1+4)" and wy = (—1,1—24,3+14,0)”. The 2D plot is for time values ¢ = —2,0, 1.5.

[—t= 06—t—0—1t=-1]

Figure 11.: Spectral plane along with 3D plot and 2D plots of |p;| of the two-soliton with parameter values
pr=1,p2 =1, p3 = LA =14+15¢, A = —-14+15i, a1 = =2,as =1, 51 = =2, B = 1,
wy = (1,0,-2—i,1—4)T and wg = (—1,1 —2i,3 —4,0)”. The 2D plot is for time values ¢ = —0.6,0, 1.
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Remark 4.3.1. We notice that figures (9), (10) and (11) resemble the collision of two Manakov solitons

[9, 23].

If b = a, we have \; = +ta +1a, Ao = +a £ ia, still A1, Ao are symmetric with respect to the real axis or
imaginary axis and they lie on the bisectors, then the two solitons will be stationary and will have constant
amplitudes. For the other choices of Aj, Ag, if both lie anywhere on the real axis, imaginary axis or the

bisectors where both are not real, that means

A1 = Fa +ia, Ay = b+ b, i.e., both lie on the same bisector or each on different bisector,
A1 = +a +ia, Ao = ib, 1i.e., one lies on a bisector and the other one on the imaginary axis,
A1 = Fa+ia, Ay = b, i.e., one lies on a bisector and the other one on the real axis,

A1 = ta, Ao = 1b, i.e., both lie on the imaginary axis,

A1 = a, Ao = 1b, 1i.e., one on the real axis while the other lies on the imaginary axis,

then the two solitons could be non-collapsing or collapsing repeatedly and/or periodically creating a standing

state wave (as shown in Figure 12). Whereas if both A\, Ay are real, i.e., Ay = a, A2 = b, we have two

2

breather periodic waves with period (35

in a standing state (see Figure 13).

-
[—t= 10—t=0—t=120]

n=¢§

Figure 12.: Spectral plane along with 3D plot and 2D plots of |p;| of the two-soliton with parameter
values pP1 = —1, P2 = 1, p3 = —1, )\1 = 2i, )\2 = —0.6 + O.6i, a1 = —2, a9y = 1, 51 = —2, 52 = 1,
wy = (1,0, —0.144,14+4)" and wy = (—1,1—2i,3+i,0)T. The 2D plot is for time values ¢ = —10, 0, 20.
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n

Figure 13.: Spectral plane along with 3D plot and 2D plots of |p1| of the two-soliton with parameter
values p1 = =1, pp = =1, p3 = =1, Ay = 1, A2 =2, a1 = =2, 0 = 1, 31 = =2, B = 1,
wy = (1,0,2 44,1 —i)T and wy = (—1,1 — 24, —i,0)7. The 2D plot is for time values ¢ = 0.8.

Remark 4.3.2. If A\; # — )Xo and A1, A9 are symmetric about the real axis, the imaginary axis or the bisectors

or also if each lies anywhere on the real axis, the imaginary axis or the bisectors, then Im(Af + \3) = 0.

Remark 4.3.3. If Im(\] + \3) = 0, and |\1]|* = |\2|* then A1, Ao are symmetric about the real axis, the
imaginary axis or the bisectors.
If Im(A\]) = 0 and Im()\3) = 0, then this means that each of \; and \; lies on one of the real axis, the

imaginary axis or the bisectors.

Remark 4.3.4. If \;, Ay are symmetric about the bisectors, then the dynamics of the two solitons is different

from when the two eigenvalues are symmetric about the n-axis (or £-axis).

We can notice that any A\; and \o satisfying any condition mentioned previously will satisfy Im(\} +
)\‘21) = 0 as well. If A\; and Ao are symmetric with respect to the bisectors, i.e., Ay = a + bi, Ao = b+ ai or
A1 = a + bi, Ao = —b — at, then they still satisfy I m()\‘l1 + /\‘21) = 0, but the dynamics of the two solitons
will be different from what was discussed previously.

Now, if A\; and A2 do not satisfy any of the above conditions, then the two solitons move in opposite
directions and could collapse repeatedly, where they will be decreasing or increasing over the time (see

Figure 14).
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t= 2—t=0—1=2 t=3
—t=5 —t=7

Figure 14.: Spectral plane along with 3D plot and 2D plots of |p; | of the two-soliton with parameter values
pr=—-Lpr=-1p3=—-1, A\ =014+ =-03+05t,a1=-2,0=1,01=-2,0=1,
wy = (1+4,1-3i,24+4,1—4)T andwy = (=1 +14,1+ 34,2 —4,1+4)T. The 2D plot is for time values
t=-2,0,2,3,5,7.

4.3.3 Three-soliton solution

The 3-soliton solution is given, for which N = 3, w; = (w1, w12, w13, wia)’, wy =
(w1, Wz, wa3, was)T, w3 = (w31, w3z, waz, wag)', (A, Ae,A3) € C3 and A = —A1, Ao = —Ag,
A3 = =3, by
3
pr=a Y v (M )b, (4.60)
k,j=1
3
P2 =« Z Vg1 (M) 05 3, (4.61)
k,j=1
3
pP3 =« Z Vi1 (M_l)kjf}jA. (4.62)
k,j=1

For the 3-solitons, if \; = —\; fori # j,4,j € {1,2,3}, then we have the 1-soliton dynamics. Also, if two
of {A1, A2, A3} are equal, then we have the dynamics of the 2-solitons.

Let \{ = &+1im, Ay = & +in and A3 = £’ + in”. If two of the eigenvalues are symmetric about the real
axis, the imaginary axis and the other eigenvalue lie on the real axis, the imaginary axis or on the bisectors
then we have two solitons collapsing repeatedly or non-collapsing moving in opposite directions, while the
third one stays stationary. Either each keeps the same amplitude before and after interaction (see Figure 15),
or they keep their amplitudes before interaction, but their amplitudes change at the collision moment to new

constant amplitudes (illustration in Figure 16), depending on the choice of w,ws.
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[—t=-05—t—0—1t-05]

n=¢g £=0 n=-§

Figure 15.: Spectral plane along with 3D plot and 2D plots of |p; | for two travelling waves and a constant-
amplitude stationary wave with parameter values p1 = 1, po = 1, p3 = 1 Ay = 1.24-0.53, Ay = —1.2+0.5¢,
=20y =2, a0=1,0=-2B=1w = (-1.5+2i,2—34,i,1 — i) and wo = (3+2i, -1+
3i,—1,1+ i)T, ws = (1,1,2 l)T. The 2D plot is for time values, t=-0.5,0,0.5.
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\\ 1 /
N //
\ F" l"/x
.’ \ o'
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/ ) \\ 2 -10 -8 -6 -4 -2 0O 2 4 2 s 0 12
n=¢g E=0 n=-§ [t=—=2—t=0 t=25]

Figure 16.: Spectral plane along with 3D plot and 2D plots of |p;| of the three-soliton with parameter
values P1 = —0.5, p2 = —0.5, pP3 = —0.5, )\1 =1 + 0.5i, )\2 =—-1 + 0.5i, )\3 = 0.8i, a1 = —2, Qo = 1,
Br=-2,0=1w = (1,i,3+4,1 -0, we = (—1,1 —3i,—i,0)T, w3 = (2+i,1+24,1,2i)T. The
2D plot is for time values, t=-2,0,2.5.

We can also have two other different cases of interaction. The first case is where the 3-soliton after
interaction are embedded into 2-soliton (figure 17). The second case happens when the two solitons after in-

teraction unfold to 3-soliton (figure 18). As said before, those phenomena may be relevant to some nonlinear

problems in applied physics.

\ 7
~ -
N ; R
N -
- \ o
. AN I
~
~
~N
~ n 3 T
~ =
n=%& E=0 n=-§ t— -2.5 t— 0 t—2

Figure 17.: Spectral plane along with 3D plot and 2D plots of |p1| of the three-soliton with parameter
values p1 = 1, p2 =1, p3 =1, A1 = 1+0.5¢, Aa = =1+ 0.54, A3 = 0.75 4+ 0.754, a1 = =2, ap = 1,
Br=-2Po=1w =(1,0,2+i,1—9)T, wy = (—1,1 - 2i,—i,0)", w3 = (2 414,14+ 24,1,2i)". The
2D plot is for time values, t=-2.5,0,2.
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[—t=—-2—t—-0—t=25]

Figure 18.: Spectral plane along with 3D plot and 2D plots of |p;| of the three-soliton with parameter
values pP1 = 1, P2 = 1, p3 = 1, )\1 = -1+ 0.5i, )\2 =1+ 0.5i, )\3 = 0.75 + 0.75i, a1 — —2, a9 = 1,
Br=-2,P=1w = (1,0,2+4,1 —i)T, wy = (=1,1 — 20, —4,0)", w3 = (2 + 4,1+ 24,1,2i)T. The
2D plot is for time values, t=-2,0,2.5.

If A1, A2, Ag are all real, then we have breather solitons as shown in figure 19. Otherwise, if A1, A2, A3
are not all real lying on the real axis, the imaginary axis or the bisectors, we will have 3 solitons collapsing

repeatedly in a standing state.

If two of the A1, A9, A3 are symmetric (but not real) about the n-axis (or £-axis) and the third one lies
off of the real axis, the imaginary axis, and the bisectors, then we can have three solitons interacting, with
2 solitons moving in opposite directions with constant amplitudes. After collision, their amplitudes change,
but still stay constant, while the third soliton is stationary and its amplitude is either increasing or decreasing

as shown in figure 20.

If A1, A2, As all lie off the real axis, the imaginary axis, and the bisectors, or one of them is real or two
of them are real, then we have two solitons that could repeatedly collapse or non-collapse decreasingly or

increasingly in their motion while the third one stays stationary, as in Figure 21.

N : ) ]
N - .
~ - e A
A |
Ve N A
SN
% ) N
/ 2 N -8 -6 -4 -2 0 2 4 f. 8 10 12
n=¢g £=0 n=-%¢ F=t=05]

Figure 19.: Spectral plane along with 3D plot and 2D plots of |p;| of the three-soliton with parameter
values P1 = 1, p2 = 1, pP3 = 1, )\1 = 1, )\2 = —2, Ag = 0.5, o1 = —2, Qg = 1, ,31 = —2, 52 = 1,
wy = (1,0,2 44,1 — )T, wg = (1,1 — 23, —4,0)T, w3 = (1 44,1 + 2i,0,2i)". The 2D plot is for time
values, t=0.5.

70



e
\\ ! o
N L e
N 7
.’ \ / o'
« 7 R
s \\
- AN
- AN
- AN
AN
n=¢g £=0 n=-§

Figure 20.: Spectral plane along with 3D plot and 2D plots of |p;| of the three-soliton with parameter
values pP1 = 2, P2 = 2, pP3 = 2, )\1 =1 —|—0.5i, )\2 =-1 +0.5i, )\3 = 0.04+’i, a1 = —2, Qo = 1, 51 = —2,
Ba=1,wy = (1—2i,1+3i,—i, 1 +4)7, wy = (=1 +2i,1 —3i,4,1 — )T, w3 = (1 +i,1+2i,0,2i)7T.
The 2D plot is for time values, t=-2.5,0,2.

[—t=-10—1t-0 t—10]

Figure 21.: Spectral plane along with 3D plot and 2D plots of |p;| of the three-soliton with parameter
values p1 = —1,p2 = —1,p3 = =1, A\ = 0.1414, Aa = —0.340.5¢, A3 = —0.2+0.7T¢, 01 = —2, ag = 1,
Br=-2,0B=1wy = (2,2i,2+4,1—0)T, wy = (1,1 —2i,—i,0)", w3 = (=1 +4,—1+2i,0, —24)7.
The 2D plot is for time values, t=-10,0,10.
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Chapter 5
Inverse scattering of a nonlocal reverse-time nonlinear Schrodinger-type

equation based on Riemann-Hilbert problems

5.1 Eight-component AKNS hierarchy of coupled second-order integrable equations

We start from the spatial spectral problem of fourth-order

where

aA 0 P1 D2

0 aA| p3 p
U(u, \) = SSLELCHLSE | (52)

r T2 OQ)\ 0

rs T4 0 042)\

and v = (p,71)T, p = (p1,p2,p3,p4), * = (r1,72,73,74)T, Where the p;, r; are potentials and o, o are
real, and ) is a spectral parameter, and ¢ = (¢, 92, 13, 14)" . We need to find the temporal Lax matrix and
the associated multi-component integrable system.

Let’s solve the stationary zero curvature equation (3.3), where

air aiz | br b

a1 az | b3 by
W = . (5.3)

c1 c2 |din di2

c3 ¢4 |do dao
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Solving it, we obtain

ailz = i(=bir1 — bars 4 cip1 + c3p2),
a2y = i(=biry — bary 4 cop1 + cap2),
asz = i(—bsri — bars + cips + c3pa),
aze = i(—b3ry — byry + cap3 + capa),

b1 2 = 1(Aaby — a1ip1 — a12p3 + diip1 + d21p2),
= i(Aaby — a11p2 — aiaps + diap1 + daap2),

b3 x = i(Aabz — az1p1 — azaps + d11ps + da1ps)
= i(Aaby — az1p2 — aeps + di2p3 + daopys),

cl,z = 1(—Aacy + arry + agre — diiry — diors),

—AXacs + a117r3 + ag1ry — do1r1 — doors

(
Co0 = i(—Aacg + ajary + agery — di1ra — diary
30 = i(

(

Cox = [

di1,z = i(bir1 + bgra — c1p1 — cap3),

di2,2 = i(bar1 + barg — c1p2 — c2pa),

do2 5 = 1(bars + bara — c3p2 — capa).

)

)

do1,z = 1(b173 + bgra — c3p1 — caps),
i( )

By expanding W in Laurent series form,

w

i

)
)
)
)

—Aacy + a1ar3 + agarg — doi72 — doara),

9

)

73

) ol o o

o0 m] [l | pfm] o [m]
a b b

=S WA with Wy = o2 1
=0 L N
el Lal !

5.4

5.5

(5.6)

(5.7)

(5.8)



the system (5.4) — (5.7) is equivalent to the recursion relations:

bl = b1 — ol — pT — o,

c[lo] = 6[20] = cgo} = CLO] =0,
0 0 0 0
alf, = aly, = ayl, = ay, =0,

0 0 0 0
d[ll],;r = d[IQ},x = d[21],:v = d[22],:1: = 07

[m]

[m]

o = ity + ol py + 0l ps — diypy — dby)

P2),

b = L=t + ol ps + alps — dl3'py — dlf'ps),

T

b = (b + oy + agylps — d s — dyp).

[m]

bL’”*” = é(—zbzﬂ +ag; ' p2 + a[2n21]p4 - d[lrg}pi)’ N d[;;

]p4),

cmttl = é(ic[ﬁ +al™ry 4 al ey — ey — ),
C[2m+1] = é(zcg@ + a[fg]rl + a[;zﬂrg — d[f?]rg — d[f;]m),
Cgm+1] = é(icgﬁ + a[ff]rg + a[;f]m — d[;f]n - d[gg]m),
c&mH] = é(zcgrﬁ + a[fg]rg + a[gg} Ty — d[;f]rg - d[;;]m),

[m]

= i(—b[lm]rl — b[Qm]T;), + ¢ p1 + cgm]pg),
= i(—b[lm]rg - b[2m]r4 + C[Qm]m + ch]pg),
[m]

= i(—b:[gm]rl — bLm]Tg +c p3+ c:[gm]p4),

= z’(—b:[))m]rg — bLm]m + c[gm] p3 + ch]p4), for
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m € {1,2,3},

(5.9

(5.10)

(5.11)

(5.12)



d[lrf,]x = ’L(b[lm]rl + bgm]TQ - C[lm]pl - C[Qm]p3)7
d[{;’]x = ’L(b[2m]’l“1 + bgm]’l“g — C[lm]pg — C[2m]p4)7
(5.13)
gm _ plm plml. _ omly ]
21,2 i(by "rg 4+ by e — ¢y 'p1 — ¢y p3),
dgg}x = ’i(b[Qm]Tg + bgm]m — c[3m]p2 - CLm]p4>, for m e {1,2,3}.
Now by fixing the following initial values:
0 0 0 0
ai} = Br.afy = 0,05 = 0,az = By, 510

di} = Ba.diy = 0,dy] = 0,d3) = b,

where (31, B2 are real arbitrary constants, and taking the constant of integration in (5.12) and (5.13) to be

zero, it requires that

Winlu—o =0, m € {1,2,3}. (5.15)

Upon using (5.9)—(5.13), this allows to generate

1 1 1 1
= 2 o =, )= 2 ) = 2,
1 _ 8 i _ B8 i _ B i _ 8
€ = 45T, Gy =gT2, C3 =453, € = T4, 5.16)
a[lll} =0, a[112] =0, a[;l] =0, a,[;g} =0,
di)=o0, dY=0, dij=0 dy=0,
)
2 . 2 . 2 . 2 .
b[l] - _ngl,l‘a b[Q] - _Z%plma bg} = _Z%pi’),x? bg] = —Z%m,x,
6[12] = i%rl,wa 6[22] = i%’rlxa ng} = i%r&w’ 64[12] = i%?";l,x,
af] = — L (pary + pars), al = — L (pira + pora),
(5.17)
a[221} = —§(P37“1 + pars), a%] = —%(psm + para),

d[121] = %(Pﬂl + p3ra), d[122] = %(pm + para),

2 2
dyt = B (pirs +psra),  dby = Z(para + pors),

75



3

b[l} = —%pl,m +2(pir1 + pipars + pipara + papara),
3

5[2} = _%pgﬂ + 2(p%’r‘3 + p1par1 + papara + p1par2),

3
bl = ~ L p3 4 + 20372 + p1psr1 + p3para + prpars),

bf} = —%M,m + 2(pira + papars + papara + p2p3ri),
o = — L1 e + 2(rdp1 + 1179ps + T173pa + Tar3pa),
¢y =~ Zrapw + 2(r3ps + 172p2 + Tirape + rarapa),
C?] = —%TS,M + 2(T§p2 + rirsp1 + T374ps + T174P3),
CE’] = —%7’4,” + 2(72%1)4 + ror3p1 + roraps + rarapa),

a[131] = —i%(pﬂ“l,x — P1aT1 + P2r3e — P2,473),

0[132] = _i%(plm,z — P1aT2 + PaTaz — P2,47T4),

a[231] = —i%(p?ﬂ“l,x — P3.2T1 + PaT3 2 — P4 xT3),

\ 0[232] = —i%(mrz,x — P3.2T2 + PaTaz — PagTa),

d[lsl} = —i%(ﬁm,x — T1,2P1 + T2D3z — r2.2P3),

d[132] = —i%(ﬁpz,x — T12D2 + ToDax — T2,.2P4),

d[231} = _i%(ri%pl,x —T32P1 + T4D3x — T4,.2D3),

d[232} = _i%(TSPQ,m — 132D2 + T4Dax — T42D4),

where § = 81 — B2 and o = a1 — @a.

By taking the modification term to be zero, the Lax matrix will be

VE = (A2W)44,
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and will satisfy the zero curvature equation
U, — VI iU, v = o. (5.22)

As aresult, we get the multicomponent AKNS hierarchies of integrable equations:

T abl3IT
up = = , (5.23)

T —ach?!
t

where b3l = (b[lg] , b[23], b?], bEﬂ) and Bl = (0[13], 0[23], cg’], cf’] )T, Thus, we derive the nonlinear system in the

corresponding soliton hierarchy:

B
Pit = —1—5 |Plaz P11 — P1p2T3 T P1p3r2 T P2pP3T4)|, .
gL + 20 + + + )] (5.24)
B
P2t = —1—5 |P2,az P73 — P1P2T1 T P2P4AT4 T P1P47T2) |, .
a2[ + 2(pars + + + )] (5.25)
B
p3i = —i— [Psaw + 2(p3ra + p1p3r1 + P3para + p1pars)], (5.26)
B
Pit = —1—5 |Pdxx DaTa T P2PAT3 T+ P3P4T2 — P2P3T1) |, .
aQ[ + 2(piry + + - )] (5.27)
T = 2% (71,20 + 2(rip1 + T1raps + rir3p2 + T2r3pa)] (5.28)
rot = i% (2,20 + 2(r3ps + r1rapa + riraps + r2raps)], (5.29)
B
E (7302 + 2(r3pa + T17r3p1 + T3Taps + r1raps)], (5.30)
T4t = zg (74,20 + 2(ripa + rarspy + raraps + r3raps)]. (5.31)

Now one can get the Lax pair of the eight-component AKNS equations of nonlinear Schrodinger type as
follows:

Yy = iU = i(AA + P)1, (5.32)

Y = iVEY = i(\N202 + Q)y, (5.33)

77



where A = diag(a1, a1, ag, as), 2 = diag(S1, B1, P2, B2), and

Vi =

a[ll]/\ + am

alIN% + A

+a[2}

ANz 4 My

—I—c[1 ]

céo] A2 4+ cgl] A

—I—c:[)?]

allIN% + alA

+a[121}

alIN% + A

ol

ANz 1 My
—1-0[12]

Az 1 iy
—I—c:[f]

CELO})\Q + CLI]A

—i—cf]
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00 |p1 p2
0 0
p_ P3 P4 ’
e T2 0 O
T3 T4 0 0
aldx2 +aln plT\2 45l
—i—am +b[2]
0] \2 1]
0y b2 4 bl
o) A9 2]
+by
01 \2 , 1]
cy AT+ cy A d[l])\+d[]
2] 11
+c;
A2 4 N a2 4+ allia
—i—cf] +d[ ]
alIN2 4+ alin a2 4 bl
+a[122] +b[2]
a2 ol a2 4 pln
t+al2 b2
N2 I a2 4 altla
—i—c[ ) +d[ ]

A2 + alil\
+d)

plIA2 4 plIN

+b!

pIA2 4l
+bl7

AN + digx
2
i

g\ + db)

bbIAZ 1 bl

+by)

b2 4+l

+bl7

AN + digx
2
+di

AN + dogg\
)

(5.34)

(5.35)

(5.36)



5.2 A specific reduction for a nonlocal reverse-time AKNS system

Consider a class of specific nonlocal reverse-time reductions for the spatial spectral matrix

Ul (z,—t,—\) = —CU(z,t,\)C 1, (5.37)
21
where C' = , where Y1, Y5 are constant invertible symmetric 2 X 2 matrices, i.e., ZZ-T =X
0 2
and det X; # 0 fori € {1,2}.
From (5.37), one gets
PT(z,~t) = —CP(z,t)C " (5.38)
Thus from (5.38), we deduce
r(x,t) = =Xy 'pT (x, —t) X1, (5.39)

where p, r are vector potentials.

Also one can prove that Q7 (x, —t, —\) = CQ(x, —t, \)C~" and

vt

(z,—t,—)\) = CVE(z,t,\)C~'. Remarkably the two non-local Lax pair matrices U” (x, —t, —\)
and V12 (z, —t, —\) satisfy an equivalent zero curvature equation.
As X1 and Y are invertible and symmetric, so they are diagonalizable, then we can take X = diag(p1, p2),

Yoy = diag(pgl, le), for p1, p2, p3, p4 non-zero real. Thus this leads to

ri(x,t,A) = —p1psp1(z, —t, —A), (5.40)
ro(x,t, A) = —pap3ps(x, —t, —A), (5.41)
r3(x,t,\) = —p1papa(z, —t, —A), (5.42)
ra(x, t,\) = —papapa(x, —t,—N). (5.43)

From this specific reduction, we can reduce these integrable equations (5.24)—(5.31) to a nonlocal reverse-

time nonlinear Schrodinger type equations.

79



p1i(z,t) = —ig [p1,00 (2, ) — 2019307 (, )p1 (3, —t) — 2p1pap1 (z,t)p2 (2, t)pa(z, —t)

— 2p2p3p1(x, t)p3(x, t)p3(x, —t) — 2p2papa(x, t)ps(x, t)pa(z, —t)], (5.44)
p2t(7,t) = —i% [P2.22 (2, t) — 2p1paps (x, t)p2(x, —t) — 2p1p3p2 (2, t)p@, t)p1 (2, —t)

— 2papap2(x, t)pa(x, t)pa(x, —t) — 2p2pap1 (x, t)pa(x, t)psa(z, —t)], (5.45)
psal0) =~ [pyaa ) — 20aps0A (e, (e, —1) = 21033l O (1, O, —1)

— 2papap3(x, t)pa(e, t)pa(x, —t) — 2p1papr (x, t)pa(z, t)pa(z, —t)], (5.46)
p1e0) = i3 [, 0) = 202000, O, —1) = 201 pas(, (e, D, —0)

— 2p2p3pa(x, t)p3(x, t)ps(x, —t) — 2p1p3p2(x, t)ps(x, t)p1 (z, —t)]. (5.47)

Remark 5.2.1. p(—=z,t) and p*(z, —t) are both solutions of the PT symmetric nonlocal Schrédinger type

equations (5.44)—(5.47).

Remark 5.2.2. If 3y, Y5 are both positive definite such that p1, p2 > 0, p3, p4 < 0 or p1,p2 <0, p3, pg >
0, then we have a focussing nonlocal reverse-time eight-component NLS equations. On the other hand, if
P1, P2, P3, P4 > 0 or p1, p2, p3, p4 < 0, then we obtained the defocussing case. Otherwise, we could have a

combined focussing and defocussing case.

5.3 Direct scattering

Our objective is to find soliton solutions from an initial condition (p(z,0), r” (x,0))" to (p(x,t),rT (z,t))T
at any time ¢ [31]. We assume that any p; and r; decay exponentially, i.e., p; = Oand r; — O as z,t — Fo00

for i € {1,2,3}. With an infinite number of bound states, this requires [41, 44]

[o@) o 4
[ [ v (Sl + ) ded < oo, mon >0, (5.48)
—00 —00 i=1

Therefore from the spectral problems (5.32), (5.33), we derive asymptotically ¢ (x,t) ~ M +iN 2t
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We can then expect the solution for the spectral problems to be:
O(z,t) = pla, t)eMrHir et (5.49)
For the Jost solution, we require that
o(x,t) = Iy, as x,t— too, (5.50)

where I, is the 4 x 4 identity matrix. Substituting (5.49) into the Lax pair, (5.32) and (5.33), will result in

the equivalent expression of the spectral problems
6z =N[4, 6] + P, (5.51)

¢r = IN[02, 9] + iQo. (5.52)

Now, we are going to work with the spatial spectral problem (5.51), assuming that the time is ¢ = 0 for the

direct scattering process.

From Liouville’s theorem (3.4.1), as tr(iP) = 0 and tr(:Q) = 0, so (det(¢)), = 0, thus det(¢) is a

constant, and using the boundary condition (5.50), we get
det(¢) = 1. (5.53)

To construct the Riemann—Hilbert problems and their solutions in the reflectionless case, we are going to
use the adjoint scattering equations of the spectral problems (5.32) and (5.33).

Therefore it follows that the adjoints are

e = —ihU, (5.54)

Py = —ipV I, (5.55)

and the equivalent spectral adjoint equations read
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¢z = —i[g, A] — ipP, (5.56)

b1 = —iN*[, 2] — idQ. (5.57)
As ¢t = —p 1,071, we have from (5.51),
¢ = —iXo ", A —ig ' P. (5.58)

Therefore, we deduce that (gbi)_l satisfies both adjoint equations (5.56) and (5.57).

Now, if the eigenfunction ¢(z,¢, \) is a solution of the spectral problem (3.54), then C¢~1(z, ¢, \) is a
solution of the spectral adjoint problem (5.56) with the same eigenvalue because ¢! = —¢ 1,01
Also ¢T (2, —t, —\)C is a solution of the spectral adjoint problem (5.56). As both solutions have the same

boundary condition as x — F-co which guarantees the uniqueness of the solution, so

oL (x, —t,—\) = Cop Yz, t,\)C L. (5.59)

This tells us that if A is an eigenvalue of the spectral problems, then — A is also an eigenvalue.

We suppose for the rest of the problem that, & < 0 and 8 < 0 and as before Y'* denotes which end of the

z-axis the boundary conditions are set. Knowing that

qbi — Iy when x — too, (5.60)

we can then write

wi — (Zsiei/\/lw. (561)

As ™ and ¢~ are two solutions of the spectral spatial differential equation of first-order (5.32) and hence

they are linearly dependent, and so they are related by a scattering matrix S(\). As a result,

Y~ =9tS(N), (5.62)
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using (5.61) and we have

¢7 _ ¢+ei)\AxS(>\)efi)\Am’ for )\ e R’ (563)

where

S11 S12 S13  S14
$21 S22 S23 S24

S(A) = (8ij)axa = . (5.64)
§31 S32 833 S34

S41  S42  S43  S44

Because det(¢*) = 1, one has

det(S(\)) = 1. (5.65)

From (5.59) and (5.63), we have this involution relation

ST(-\) =cs tne . (5.66)

From (5.66), we deduce that
s11(=A) = 811(N),  s22(—A) = 822(N), (5.67)
s91(=A) = p1py t812(N),  s12(=)) = papy téa1(N), (5.68)

where the inverse scattering data matrix S~! = (8;;)ax4 fori,j € {1,2,3,4}.

We can see that the recovery of the potentials will depend on the information of the scattering data from the
scattering matrix S(\). As ¢* — I, when  — o0, we need to analyse the analyticity of the Jost matrix

¢* in order to formulate the Riemann-Hilbert problems.

One can write the solution ¢ in a uniquely manner by the Volterra integral equations using (5.32):

T

¢ (v, ) = Iy +i / ¢MEP(y)p™ (y, )My, (5.69)
—00
+oo

¢t (w, ) = I, —i / ¢ME P(y)pt (y, )My, (5.70)

xT
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By assumption o = a1 — ay < 0. So, if Im()\) > 0, then Re(e~***(#~¥)) decays exponentially when
y < z, and so each integral of the first column and second column of ¢~ converges, so they are analytic in

the upper-half plane, i.e. where A € C and continuous for A € C; UR.

If Im(\) < 0, Re(e**(@=¥)) also decays, then the components of the third and fourth columns of ¢~

converge, and thus they are analytic in the lower-half plane for A € C_ and continuous for A € C_ UR.

Similarly, for iy > x, the components of the third and fourth columns of ¢ are analytic in the upper-half
plane for A € C, and continuous for A € C; U R, and the components of the first and second columns of

¢ are analytic in the lower-half plane for A € C_ and continuous for A € C_ UR.

Now let us construct the Riemann-Hilbert problems. Note that
¢F = pFe M (5.71)
Let qﬁji be the jth column of ¢+ for j € {1,2,3,4}, and so the first Jost matrix solution can be taken as

P (2, X) = (¢1, 05,05, 04) = ¢~ Hi + ¢ H, (5.72)

where H; = diag(1,1,0,0) and Hy = diag(0,0,1,1).

P™) is then analytic for A € C_; and continuous for A € C, UR.

To construct the analytic counterpart of P(*) € C_, it is going to be simpler to use the equivalent spectral
adjoint equation (5.58). Because ¢+ = (¢F) ! and ¢y = $pFe*?, we have

((z)i)fl — ei/\Az(wi)fl‘ (573)

Now, let gz;]i be the jth row of in for j € {1,2,3,4}. In the same way we proved for P above, we can
get
. \T
P2, )) = (cbl‘ by 05 ,<z>zf> = Hi(¢7) + Ha(¢") 7. (5.74)
P is analytic for A € C_ and continuous for A € C_ UR.

Also we have

POz \) =1y as AeC_UR — . (5.75)
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From (5.72), (5.74) and (5.71) along with ¢” (z, —t,—)\) = Cé¢~'(z,t, \)C~', we have the nonlocal
involution property

(PNT (3, —t, =) = CPO) (z, 1, \)C . (5.76)

We know that the eigenfunctions P(+) and P(~) that are analytic in C and C_ and continuous in C;. UR

and C_ U R, respectively.

From (5.72) and (5.74), we have
Pz, N PE) (2, \) = eMT(Hy + HyS)(Hy + ST Hy)e ™7 for A € R, (5.77)

where the inverse scattering data matrix S~! = (8;;)4x4 for i, j € {1,2,3,4}.

Using (5.63) in (5.72), we have
PH) (2, )) = ¢T (eM=Se M2 4 Hy), (5.78)

and as ¢ (x, \) — I when z — +o00, then

811()\) 812()\) 0 0

$91(A) Ss99(A) |0 O

i p) — [P s for A€ C,UR. (5.79)
rrHeo 00 10
0 0 0 1

In the same way, we have

. - 31(A) §22(A) [0 0

lim PO = for A€ C_UR. (5.80)
roTee 0 0 10
0 0 0 1
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Thus if we choose

G (z, \)

where Z1 ()\) = 811(/\)522()\) — 812()\)821 ()\), and

s22(A) s12(A)
ff(x) - z112()\) 00
521 (\) s11(N) 0 0
= PH(z,\) | _ =0 =),
0 0 10
00 01
822 (A $12(N)
;QQ(A) - zl;(x) 0 0
_§21(/\) 511()\) O 0
Z2(N) Z2(N) p(—)(z’ A)
00 10
00 0 1

where ZQ()\) = .§11(>\)§22()\) — §12()\).§21()\)

(5.81)

(5.82)

So on the real line, the two generalized matrices generate the matrix Riemann-Hilbert problems for the

eight-component AKNS system of second-order given by

where the jump matrix Go(z, A) can be cast as

Go(l’, )‘) = ei)\/lx

G (z,\) = G (z,\)Go(z,\), for XeR,
S22 ()\) o §12()\) 322()\) _ 312(>‘)
z2(X) z2(A) 00 z1(A) z1(A)
o 821 (X 811(\) 0 0 _ 521 () s11(A)
za(X Z2(\) A z1(A) z1(A)
0 1 0 0 0
0 0 0 0

e—z)\/lx’

where A = (Hy + H2S)(H; + S™'Hs). Moreover, G(x, \) can be explicitly written as
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5215124522522 _ 811819+519892 _ei)\am 812823—513599 _ei)\am 312824—514522

21 (A)z2(A) z1(N)z2(N) 22(N) z2(N)
_ 8218114822521 5115114512821 ei)\ax 511823—3513891 ei)\ax 511824—58145891
21 (N)z2(A) 21 (A)z2(A) z2(A) z2(A)
Go(x, )\) — 9
_e—iAam 82183;216\9)22831 e—z‘)\aa: 811si2lz;;2831 1 0
_efz'/\aac 821 84221Z;)22841 e*i)\aac 8118221z;)12841 0 1
(5.85)
with its canonical normalization conditions given by:
Gz, \) =1y as AeCypUR— oo, (5.86)
Gz, \) > 1y as AeC_UR — 0. (5.87)
From (5.76) along with (5.67)—(5.68) and (5.81), we obtain
(GNT (2, —t, =) = C(GT)) N, t, \)CL. (5.88)

5.4 Time evolution of scattering data

The process of the inverse scattering transform requires the time evolution of the scattering data. Differen-

tiating equation (5.63) with respect to time ¢ and applying (5.52) gives

S, = iA%[02, 5], (5.89)
which implies
0 0 iﬁ)\2813 iﬁ>\2814
0 0 iBN2s93  iBMts
S, = 2 . (5.90)
—ifN2s31  —ifBA%s30 0 0
—iBN2s41  —ifA%s40 0 0
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As a result, we have

s13(t, A) = 313(0,)\)€i'8/\2t7 s14(t, \) = s14(0, A)eiﬁ)\2t7

s23(t, ) = 523(0, NPV sy (£, ) = 524(0, AN,
(5.91)

831(75, )\) = 8531 (0, /\)e_i’B)‘Qt, Sgg(t, )\) = 832(0, )\)e_iﬁ>‘2t,

sa1(t, A) = 541(0, N)e BNt g0(E, ) = s42(0, A)e A,

and s11, S12, S21, S22, S33, S34, S43, S44 are constants.

5.5 Inverse scattering

5.5.1 Soliton solutions: General case

In this section, we are going to compute explicitly the one-soliton solution from the /V-soliton solution based
on the Riemann-Hilbert problems. In fact the Riemann-Hilbert problems generate a unique solution in the

regular case, i.e., the det(G)) # 0 when G*) — I as A — oo.

However, there are possible contingencies that det(G (i)) could be zero for some discrete A € C1 when
non-regular. In that case, it is opportune to transform the non-regular case to a regular in order to guarantee

a solution.

From (5.72) and (5.74) with (5.63), as det(¢™) = 1, we prove that
det(P™) (2, X)) = s11(N)s22(A) — s12(\)s21(N) = z1(N), (5.92)

and

det(P) (2, M) = 811 (M\)322(A) — 812(N)321(N) = 22(N). (5.93)

To get soliton solutions, the solutions of det(P™*)(x,\)) = 0 are assumed to be simple. Let’s suppose
that z;(\) has simple zeros A\, € C, for k € {1,2,..., N} and zp(\) has simple zeros A\, € C_ for
k € {1,2,..., N}, which are the poles of the transmission coefficients.

From (5.92), (5.93) and using (5.67)—(5.68), we have the involution relation

A=\ (5.94)



~

Each Ker(P™)(x, \;)) contains a single column eigenvector vy, and also Ker(P(~)(z, \;)) contains a

single row eigenvector vy, for k € {1,2, ..., N} such that:
Pz, \)vg =0 for ke{l,2,..,N}, (5.95)

and

0P (@, M) =0 for ke{l,2,..,N}. (5.96)

The Riemann-Hilbert problems can be solved explicitly when Gy = Iy. This will force the following

reflection coefficients

512523 — 5135220 = 0, 812894 — 514822 = 0, 511523 — 513521 = 0, 511524 — 514521 = 0,

821532 — 822531 = 0, 511832 — 512531 = 0, 521842 — 522541 = 0, 811542 — 512541 = 0.

In that case, we can present the solutions to special Riemann-Hilbert problems as follows:

N
M) 0.
@A =L- Y (M )ii (5.97)
= A=)
J=1 J
and
1 N ’Uk<M71)k'1A)'
Gz =L+ > —— (5.98)
Pt A— A
7]
where M = (my;) Nx N is a matrix defined as follows
R APV
My = 4 MM ’ k,je{1,2,..,N}. (5.99)

0 it N =M\

The scattering vectors vy and 9y, are functions of (z,t), but \; and 5\k are constants, and so differentiating
both sides of P(+)(x, Ai)v = 0 with respect to = and knowing that P satisfies the spectral spatial

equivalent equation (5.51) along with (5.95) gives

d
Pz, \p) (;’; —i/\k/lvk> =0 for k,je{1,2,..,N}, (5.100)
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and also differentiating it with respect to ¢ and using the temporal equation (5.52) along with (5.95) gives
() ok e :
P (x, M) ﬁ — i\ v, | =0 for k,j€{1,2,..,N}. (5.101)

In the same way by using (5.96) and the adjoint spectral equations (5.56) and (5.57), one can prove that

(‘2” + z)\kvk/l> Pz, M) =0, (5.102)
and
(Cldv’“ +iA2 kQ) P (2, A) = 0. (5.103)

As vy, is a single vector in the kernel of P so d”’“ — i\ Avg, and d“’“ — M%ka are scalar multiples of vy.

This permits to obtain
vp(z,t) = eMATHN DLy, for ke {1,2,..., N} (5.104)

In the same way, we will have for P(_),

(2, 1) = e AT for fe {12, N} (5.105)

where the column vector wy, and the row vector ;. are constants.

Now from (5.95) and using (5.76) we get

ol (@, —t, = Xe) (PN (2, —t, =) = v} (&, —t, = ) OP T (2,8, \,)C~ =0 for ke {1,2,..,N}.
(5.106)
Because vg(x, —t,—\g)C P (. t, ) could be zero and using (5.96) leads to

'U]{(J), —t, _)\k’)CP(_)('rv t, )\k:) = @k(-ﬁU, t, 5\/<3)P(_) (33’, t, j\k) = 6k(x7 t, _S\k)P(_)(xa t, _j\k‘) =0.
(5.107)
As 5\k = — )\, from (5.94), then we can take
op(2,t, =) = vi (&, —t,—M\)C  for ke {1,2,..,N}. (5.108)
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These involution relations will then give

vpla, t) = ANty for ke {1,2,.., N}, (5.109)

ip(z,t) = wle MAT=X2C for ke {1,2,..,N}. (5.110)

5.5.2 Recovery of potentials

The jump matrix being G = I allows to recover the potential P from the generalized matrix Jost eigen-

functions. Because P(*) is analytic, we can expand G(*) as \ — oo in this form at order 2,

1 1
G, \) = Iy + X(;§+>(ac) +0(53) when A oc. (5.111)

Because G(1) satisfies the spectral problem, substituting it into (5.51) and matching the coefficients of the

same powers of +, at order O(1), we get

P=—[4G{"). (5.112)
If
Gy @ @) (@)
o _ [ G2 (617 (G (G .
1 - ’ .
(Ga (G s (G (GT)a
G (@ (@) (@)
then
0 0 (G —a(G{)1y
0 0 —Q G( ) —a G+)
P=—[4,6) = (G172 —a(G s | (5.114)
oG\ )a a(GT)a 0 0
(G (G2 0 0

As a result, we can now recover the potentials p; and r; for i € {1, 2, 3,4} as follows
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p1= —a(G§ )iz, 1= OJ(GE )315
pr=—a(G M, 1= a(GM)s, (5.115)
ps=—a(G{M)as, 73 = (G
pr=—a(G Mo, 4= (G
Also, from (5.111), we have
G =\ lim (G (2, ) — L), (5.116)
1 A—00
and so from (5.97), we deduce that
N
GV == 3 o (M Y5 (5.117)
k=1

From (5.38) and (5.112), we easily prove the nonlocal involution property
(GSNT (2, —t) = G\ (@, t)C 1. (5.118)

Using the above equations along with (5.110) and (5.109) will generate the /N-soliton solutions to the non-

local reverse-time eight-component AKNS system of second-order as follows:

vkt (M) k03, (5.119)
Vg1 (M 1) 05 4, (5.120)
Vo (M ™) 05 3, (5.121)

Ok2 (M ™1 5054, (5.122)

where vy, = (vg1, Vg2, Vi3, Vka) T, Ok = (Dk1, D2, Ok, 1), k€ {1,...,N}.
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5.6 Exact one-soliton solution

A general explicit solution for a single-soliton in the reverse-time case when N = 1, w; =
(wi1, w12, w13, wi4)’, Ay € C is arbitrary, and A = =)\ is given by
p(x,t) = 2ap4w11w13)\1€i04>\1$+i6>\?t (5.123)
’ papa(prwdy + pawty)e2oMe 4 (pgwiy + pawi,y)’
P 1) = Qap3wywigh eioM T HiIBATE (5.124)
T pspa(prwy + pawty)e2oNE 4 (pywis + pawiy)’
ps(a,t) = Qavpswigwiz Ay efoMTHIBATE (5.125)
T papa(prwd) + pawiy)e?NT 4 (pywis 4 pzwiy)’
pa(e, 1) = 20 p3w12w1 4 A POMTTIBATE (5.126)
’ papa(prwiy + pawty)e2eNe 4 (pgwiy + pawiy)’ .
where o« = a; — g and 3 = (1 — So.
The amplitude of p; is:
p1(z,t)| = 24 TSt (0 +az)z) (5.127)
where
A1pa(Q) — ao)wiiwig
A= (5.128)

papa(prwi; + pawiy)e2eM 4 (pgwis + pawi,) |
We can see that the soliton is not a travelling wave. It moves over the time, but not over the space.
If Im(\}) > 0, its amplitude |p;| grows exponentially, while it decays exponentially when Im(\?) < 0.
Now when I'm(A\?) = 0, the soliton conserves its amplitude over the time.
In the first and the third quadrant of the spectral plane (&, n7), the amplitude of the one soliton is increasing.
While in the second and the fourth, it is decreasing and constant on the imaginary axis £ = 0 and a breather

with a constant amplitude on the real axis = 0, as shown in figure 22.
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Figure 22.: Spectral plane of eigenvalues.

[—t=0—t=4——1t=10

Figure 23.: Spectral plane along with 3D plot and 2D plots of |p;| of the one-soliton with parameter
values pP1 = —1, p2 = —1, pP3 = 1,p4 = 1, )\1 = 0.1 —|—01’L, a1 = —1, Qo = 1, 61 = —1, ,32 = 1,
wy = (14+1i,2,1,2+4)T. The 2D plot is at t = 0, 4, 10.

-10 -7.3 -3 -2.3 0 2.5 5 7.3 10

[=—t=30=—t=60=—rt=100

Figure 24.: Spectral plane along with 3D plot and 2D plots of |p;| of the one-soliton with parameter
values p1 = —1,p0 = =1, p3 = 1L,p4s =1, A1 = =014+01i, a1 = =1, a0 =1, 51 = =1, B = 1,
wy = (1+1i,2,1,2+4)T. The 2D plot is at t = 30, 60, 100.

94



10

[—t=30—t=60=—1t=100]

Figure 25.: Spectral plane along with 3D plot and 2D plots of |p;| of the one-soliton with parameter
values p1 = =1, p0o = =L, p3 = 1lps =1L N1 =4, 01 = —L,ag =1, 81 = =1, o = 1, w1 =
(=1 +3i,2,1,2 +4)T. The 2D plot is at any time value of .

[—t=0—t=50—1t=100]

Figure 26.: Spectral plane along with 3D plot and 2D plots of |p; | of the one-soliton with parameter values
p=Lp=1ps=1ps=1xA\=050a =-La =108 =-1,08=1w =(i,2,1,2+14)". The
2D plot is at any time value of ¢.
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Chapter 6

Conclusion

In this dissertation, by using the Riemann-Hilbert technique, we have obtained the N-soliton solution of
a nonlocal nonlinear six-component fourth-order AKNS system and a nonlocal nonlinear eight-component
second-order AKNS system under a reverse-time reduction, and particularly, the one- and two-soliton so-
lutions have been presented explicitly. What is interesting in this reverse-time case is that the symmetry
involution guarantees a pair of eigenvalues, one being in the upper half complex plane and its symmetric
partner being in the lower half plane. Therefore, the Riemann-Hilbert problem becomes easier to solve than
in the reverse-space or in the reverse-space-time cases [24]. Also, we have noticed that in comparison to clas-
sical solitons which keep their shapes and amplitudes over the time, in the reverse-time case, the amplitude
of the soliton potential changes and sometimes the soliton itself collapses while moving. Such solutions
show that they have singularities at a finite time. Moreover, at least two nonlocal solitons do not always
collide elastically in a nonlinear superposition manner like classical solitons. Besides the Riemann-Hilbert
approach, one could investigate the solvability of those nonlocal integrable equations by Hirota’s bilinear

method or the Darboux transformation.
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