Reviewing the field of simulating human walking reveals different physical-based methods
that have been developed to better understand walking dynamics, optimize the performance of
bipedal robotics, and create mechanisms (such as controllers or rehabilitation techniques) that
improve walking. Xiang et al. [64] summarized all these methods into five categories, including
inverted pendulums, passive dynamic walkers, zero-momentum-point, optimization-based, and
control-based. The authors derived the conclusion that the first three methods can be more
efficiently used for robotic motions while the two latter can better simulate the complexity of
human walking [64].

However, double pendulum systems have shown great potential for simulating human
motions [65]-[70]. Simple models with even linear equations of motion can create trajectories
similar to human walking and with reasonable accuracy [65]. The presence of gait parameters in
the equations improves our understanding of physical movements. Dynamic models also provide
a flexible foundation for simulating human walking, where a model outcome can improve through
easily upgrading the original equations by adding extra masses to the links or putting external
forces to different joints.

This study expands the modeling of double pendulums to include human-like events such
as ground strike and knee-lock. The developed model introduces coefficients that represent
kinematic and kinetic symmetry. Analysis of these coefficients introduces possibilities of
dissimilar double pendulums with similar coefficients (and therefore similar kinetics or
kinematics). The results of various simulations will demonstrate the outcome trajectories and
forces of multiple double pendulums under various human-like events such as surface collision,
tripping, and knee-lock. The following section provides an overview of the groundbreaking

dynamic models developed in the past four decades.
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3.2 Background

One of the earliest dynamic models developed for simulating human walking is the ballistic
model [71]. Ballistic walking has three massless links (one for the stance leg and two for the
swing), point masses for shank, thighs, and the hip. It used a passive mechanism over the ground.
To compensate for the energy expenditure, the authors added an impulse during the knee-lock
incident and torque at the hip so the system can walk over the ground. However, they applied these
inputs as constant values to balance energy loss and without any feedback. Therefore, the ballistic
walking stayed passive. The authors created a projectile similar to walking over the ground by
adding constraints such as a limit to knee flexion [71]. Later, the ballistic model was improved by
the addition of knee flexion to the stance leg and heel rising. The ballistic model of a biped system
with knees was able to match the experimental data closely. These changes, while creating faster
velocities and more accurate swing time, failed to develop accurate vertical forces from the ground.
The addition of a constant pelvic rotation was also considered as a way to increase the
velocity [72].

The idea of using PDW over an inclined surface was first introduced by McGeer [73].
PDWs move passively and without external force input, using only inertia and gravitational forces.
The equations of motions provide a system that could be analyzed and compared to the physical
world and are capable of creating cyclic patterns that are similar to the human gait. The author
used linearized equations with the assumption of small angles. Knee mechanism was also added
in the follow-up model [74] using nonlinear equations and numerical analysis. The key component
for PDW stability is choosing the right initial values. The model starts with an initial condition for
the angles and velocities and records the final values at the end of each cycle. Then the algorithm

simply uses the final output as the initial condition for the next step until it reaches where initial
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input and output are equal in value and opposite in direction. Repetitive cycles and stability are
two important features that the authors achieved in PDW design. The authors also tested the
robustness of the model by adding a small perturbation to the system. They found that perturbations
added to the swing leg will dissipate within one gait cycle. However, perturbations added to the
stance leg cause more disturbance, and the excitation will take several cycles to dissipate [74].

PDWs have been extensively developed afterward. The model has been simulated using
collision events and switches between two-link and three-link systems [75]. The compass gait
model [65], PDW motion in 3D [76], the addition of upper body and arm movements [77], and the
addition of actuators [78] are some of the PDW developments.

Research has also modeled walking on a treadmill using inverted pendulums [79]. The
study developed a model by deriving equations of motion for two inverted pendulums attached at
the hip. Simulation over a flat treadmill requires an external force to compensate for the loss of
kinetic energy at heel strike. The authors added a torque to the swing leg representing the rotational
torque applied from the hip. They also modeled a push-off force during double support by adding
an impulse to the stance leg. The spring coefficient for the torque input and the impulse value acted
as the control parameters to stabilize the system and changed gait variables such as step length,
step time, and velocity. These studies show the great flexibility of dynamic models and how well
they can be expanded and adapted to simulate different walking mechanisms.

While the behavior of a healthy symmetric gait has been studied through symmetric
dynamic models, very few of them have been developed to simulate pathological gait trajectory
with asymmetry [80]—[83]. One of the limited studies in this area is Asymmetric Passive Dynamic
Walkers (APDW) [82], [83]. The two-link APDW simulation indicated stable and periodic

behavior up to 5% change in the mass and length ratios between the two links [83]. The APDW,
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with the addition of the knee, was able to walk with a stable pattern over a slope by up to 15%
asymmetry between the two links [82]. The follow-up research demonstrated a simulation of
lighter prosthetic legs with an asymmetric proportion from the healthy leg that produced a
symmetric walking trajectory [59]. Comparing the simulation result with human experiments with
asymmetric gait (adding extra weight to one leg) indicated a similar pattern and GRF between the
model and human data [84].

However, achieving a symmetric trajectory within an asymmetric dynamic model is not
possible with every configuration. Handzi¢ et al. [85] demonstrated that having only one mass on
each link of a double pendulum system couples the moments of inertia. Therefore, any change in
the system parameters would mean a change in the motion trajectory or force reactions since not
enough parameters (masses, moments, or moments of inertia) exist to compensate for the change.
However, adding a second point mass to each link creates an underdetermined system that would
allow for a change in parameters without a change in kinematics. The authors derived
Kinematically Matched Coefficients (KMC) that determine the system trajectory.

Dissimilar systems yielding similar motion can have a hugely beneficial effect in our
understanding of pathologic limb movements and consequently, the rehabilitation of asymmetric
gait. Prosthetic limb users, crutch walkers, and stroke survivors all have asymmetrical movements
and can benefit from alternative gait pattern that produces symmetric motions. In this research, I
analyze the motion of double pendulum systems under different conditional constraints and study

both the kinetic and kinematic outcomes.

3.3 Main Contributions

The previous research work [85] introduced the idea of replacing groups of physical

parameters in the double pendulum system with coefficients. However, the authors only
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considered an eventless motion and did not study the system under collisions. They also did not
include the kinetic equations. The study also did not solve the system of coefficient equations for
parallel solutions and only tested one configuration.

In this research, I develop on the KMC concept and extend it to include human-like events
and collisions. I also investigate the kinetic outcomes of dissimilar systems and introduce new sets
of coefficients for a comprehensive analysis. The goal of the current research is to answer the
research question of whether “kinematic and kinetic symmetry can be achieved within an
inherently asymmetric system?”’. My contributions to this area include:

= Extending the application of coefficients to contain single pendulum, knee-lock collision,
and multiple types of collision with external surfaces.

= Introducing new coefficients to define the collisions and kinetic measurements at the hip
and knee joints

= Developing a logical algorithm for double pendulum trajectory motion

= Numerically solving the system of coefficients and finding group solutions for both

humanly and physically realizable data sets.

3.4 Extended Modeling of Double Pendulum

This section will develop and reorganize Lagrange’s equations for a double pendulum
system trajectory. The human-like events such as knee joint and ground impact will be added
during the motion to replicate similar collisions as in human walking. New coefficients will be
introduced to replicate similar trajectories among dissimilar systems. The analysis of the system
of the coefficients will provide a path toward developing symmetric motions using asymmetric

systems.
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Figure 3.2: Double pendulum with four masses

The double pendulum has four masses (two per link) with hinge joints at the top and
between the two links. As mentioned in previous research [85], only having one mass per link will
create restrictive motions with an overdetermined system in the double pendulum that would not
allow for sufficient flexibility. Therefore, this study uses a double pendulum with four masses.
Figure 3.2 shows the double pendulum parameters, including mass locations, links lengths, and
the angle of each link at a given time. Two local polar coordinate systems were attached at the
hinge of each link.

Section 3.4.1 develops the kinematics for the double pendulum and calculates the angular
displacement, angular velocity, and angular acceleration of each link. Two sets of equations of
motion describe models for a bent leg (two links) and a straight leg (one link). Section 3.4.2 derives
the equations for multiple collisions and impact events. These two sections together demonstrate
the trajectory of the double pendulum in 2D space. Section 3.4.3 calculates the forces at the top
(hip), and the middle (knee) hinge at any given time. At each section, new coefficients reorganize

the equations and replace the physical parameters of the system.
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3.4.1 Lagrange’s Equations

In order to drive the equations of motion using Lagrangian mechanics, total kinetic, and

potential energies of the system are calculated. 8;and 8, are the angle of the first link with vertical

line and the angle of the second link with the first link, respectively. §;and 8, are the angular

velocities with respect to time. 6;and 6, are the angular accelerations. The velocity of each mass

in Figure 3.2 is:
Vig = @1q X Fiq = 01ky X Ligfy = 11610,
Vip = @ip X Fip = 011 X (i + L)y = (L + Lip) 026,
Vaa = Vi + (01 + 0,y X Py = 116010, + 1,4 (61 + 6,)0,

I721) =N+ (91 + 6"2)’22 X (lyq + Lap)fy = 11610, + (Iq + 12) (61 + 6,)0,

3.1)

(3.2)
(3.3)

(3.4)

Here, a vector is differentiated from a scalar by the arrow sign on top. Unit vectors of the

local coordinates are noted by a hat sign whenever the magnitude and the direction of a vector are

separated. It is important to note that the two local systems of the links can be transferred using

Equations (3.5)-(3.7).
f, = sinf, 0; + cos 0, 7,
0, = cos B, 6, —sinb, 7,
ky = k4
Therefore, the last two velocities in the Equations (3.3)-(3.4) can be rewritten as:
Vaa = 11010, + 1,4(6; + 6,)80,

= [llél + l2a cos 82 (8.1 + 8.2)] él - [l2a sin 82 (91 + 8.2)] 7"\'1

(3.5)
(3.6)

(3.7)

(3.8)
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I72b = 1191§1 + (l2a + le)(él + 92)92 (3.9)

= [L401 + (g + lyp) c0s 85 (6; + 605)] 8, — [(Laa + L2p) sin B, (01 + 0,)] 74

Using the velocities and the height of the masses at time t, the total kinetic and potential

energy of the system can be derived at any time as depicted in Equations (3.10) and (3.11):

1
Tior = §m1aV12a + §m1bV12b + EmZaVZZa + EmZbVZZb

1 ) .
= 2 {mlal%aglz +myp(lig + llb)2912

mpa 1202 + 3,(62 + 02 + 26,0,) + 2slpably (6 + 8)) cos 8]
+ Mg [12607 + (Lo + 12p)? (67 + 67 + 26,6,)
+ 2L (g + L) 01 (81 + 6,) cos 6, ]}

Utot = —=Myqgliq cos 0y —mypg(lyg + lyp) cos 8; —mypag(ly cos B, o)

+ 1,4 cos(0; + 65)) —mypg(l; cos 81 + (lq + 1op) cos(6; + 6,))

where, g is the gravity constant. Forming the Lagrangian L = T;,; — Uy,¢, the modeling can derive
the equation of motion under the two variables of the system, namely 6; and 6,. Then, the

Lagrange's equations with no external force or torque would be:

d (9T, 0T, U
L:Ot _ tot + tot — 0 (312)
a6, 20, ' 90,

dt

where i = {1,2}. Calculating the Lagrange's equations for the variables of the system and
reorganizing the order of parameters will result in two equations of motion as Equations (3.13)-

(3.14):
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[myglia + mip(lig + Lp)? + mag (12 + 15, + 21115, cos 6;) + myp (1
+ (L + Lp)? + 2L (Lyg + Uyp) cos 6,)]16;
+ [Mmyq (134 + lilyg cos ;) + myp (g + 12p)* + 11 (Lza

+ 1,,) cos 6,16,
(3.13)
— 2[myglylyg Sin B, + myply (I + Lyp) sin 6,16, 6,
— [maqlilyg sin 6, + myply (I + 15p) sin 92]922
+ [Mygliq + Mmip(lig + Lip) + mpgly + myply]g sin 6y
+ [Mmyqlag + mup(lyq + 13p)]g sin(0; +6,) =0
[Maalaa(laq + 1y €0s 6;) + Moy (lag + Lop) (Lag + Loy + 1y 05 6,)]6,
+ [Maal3a + Moy (log + 155)?16;
(3.14)
+ [Myqlilyg sin 0, + myply (I + Lyp) Sin 6,162
+ [maqlyq + Map(laq + 12p)]1g sin(0; +6,) =0
Nine out of ten physical parameters (1M 4, L1, M1p, lip, M2g, l2q, Map, Loy, 11, ;) are used in
the derivation of Equations (3.13) and (3.14). However, when the equations are reorganized, only
a limited number of combinations of these parameters show up. Here, the first five coefficients for
deriving dissimilar systems with similar motions will be introduced using the kinematically
matched coefficients developed in [85]. These combinations are defined as the coefficients shown

in Equations (3.15)-(3.19). a, b, d, e and f represents the new combination of parameters. Letter ¢

is not used to avoid confusion with damping ratio.

a = Myal3q + map(laq + l2p)? (3.15)
b = [myalyq + map(lag + L) X Iy (3.16)
d = myalyg + myp(lag + Lap) (3.17)

48



e = Mygliqg + myp(lig + lip) + (Maq + myp)ly (3.18)

f= mlal%a + myp(l1g + llb)2 + (my, + mzb)l% (3.19)

Replacing Equations (3.13) and (3.14) with coefficients of Equations (3.15)-(3.19)

demonstrates that these parameters need to be matched between two systems to have the same
: : : 0, .
motion and not the full set of all physical parameters. Defining the vector 8 = 0. | the equations
2

of motions can be rewritten as:

fra+t2b a+b]y_

ot ' ] [bs?ne bsgne]éz_[bs:)ne bsine]lélézl

0 16,6,
(3.20)
g(esin6; + dsin(6; + 92)] —0
gdsin(0, + 6,) B
Equation (3.20) represents the kinematic motion of a double pendulum with four point-
masses at any given time. If one wants to calculate the motion for a single pendulum system (the
straight leg with knee hinge locked), only 8, and the corresponding derivatives (6, 8,) need to be
set to zero:
(f+a+2b)8; + gle +d)sinf;, =0 (3.21)
Equations (3.20) and (3.21) indicate kinematics for a double and single pendulum with four
masses and no external force, respectively. In the following section, the collisions that occur during
the movement are introduced. The modeling in this research will extend these coefficients to define

kinematic events beyond the equations of motion. It will also introduce new kinetic coefficients to

describe the internal forces of the joints.

3.4.2 Collisions
Collision or impact is the sudden change of motion between two or more bodies that

happens due to colliding of the objects and alters internal forces within them. Two types of
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collisions can be defined in dynamic models that mimic human walking. The first one is the knee-
lock event and happens when the bent leg straightens out. In terms of dynamic models, during the
knee-lock event, the double pendulum switches to a single pendulum by locking the hinge between
the two links and preventing the second link from moving toward the opposite side. The second
event is the contact with outside surfaces such as hitting the ground during heel strike or impact
with an obstacle along the way. There are multiple ways to imitate collisions with a surface in
dynamic models. Section 3.4.2.2 will discuss these events in further detail.

Collisions can be defined from perfectly elastic to perfectly inelastic depending on the loss
of kinetic energy and the coefficient of restitution (e) [86]. A collision with no loss of kinetic
energy and e=1 is a perfectly elastic collision, and a collision with maximum kinetic energy loss,
and e=0 is perfectly inelastic. No matter of the collision type, angular momentum during collision
is always conserved if no external force or impulse is applied. During impact (collision with
external force), on the other hand, an external impulse applies to the system. The change in angular
momentum before and after an impact will be equal to the angular impulse applied during the time
of contact with the external object.

Including collision in the development of the double pendulum model enhances the
accuracy of predicting human walking events. In deriving the equations, new and existing
coefficients will replace the physical parameters of the system. The goal is to find all the
coefficients required for achieving symmetry between two dissimilar systems.
3.4.2.1 Knee-Lock

As aresult of a knee-lock event, equations of motion for the system switches from Equation
(3.20) to (3.21). However, angles and angular velocities change due to this collision. The new

values can be calculated based on the before collision condition. In a leg with two links, 6, is
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always bigger or equal to zero; meaning the knee cannot bend backward. Therefore, at 8, = 0, the
middle hinge (knee) is locked, and the double pendulum is turned into a single pendulum. The

dynamic model right before and after the knee collision is depicted in Figure 3.3.

Figure 3.3: Double pendulum before and after the knee-lock event

The before and after conditions are shown with + and - superscripts, and since no external

force is involved, conservation of angular momentum is applicable:

AP = $P* —¥P~ =0 (3.22)
n n
z PTxmV = z 7 xm Vi (3.23)
i=0 i=0

The total angular momentums before and after knee-lock are shown in Equations (3.24)
and (3.25).
IPT = [myalfa + myp(lig + Lip)? + (M + map) [ + myal3,
+map(laq + l2p)? + 21y €05 0 (Mpqalyq + map(lag + lzb))]él_ 24

+ [myalsy + myp(lag + Lp)* + 1y cos 05 (Myglyg + Moy (lag

+ 1,,))165
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IP* = [mlal%a + myp(l1g + llb)z + my (L + lZa)z + myp (L + 3 + 12b)2]91+ (3.25)

Applying the conservation of angular momentum will result in a transfer matrix Q, as
shown in Equation (3.26). After the knee-lock, the second link only moves due to the movement
of the first link. Therefore, the second row of the transfer matrix is zero. After reorganizing the
equations of angular momentum, all the parameters in the first row of transfer matrix can be

replaced using the same kinematic coefficients (a, b, d, e, f) introduced in Equations (3.15)-(3.19):

0r =Qx 6~ (3.26)
f+a+2bcosf, a+bcosO,
_ [911 4912] _
Q=09 ol=| f+a+2b f+a+2b (3.27)
0 0

So far, both equations of motion for the double pendulum and single pendulum as well as
the knee-lock collision, were modeled and reformed by the same coefficients (Equations (3.15)-
(3.19)). The following section studies the double pendulum movement under collision with

external surfaces.

3.4.2.2 External Surfaces

Lower limbs repeatedly interact with the ground during walking. Each step ends with the
corresponding foot hitting the ground. The ground collision (heel-strike) stops the motion of the
leg and acts as the cue for initiating the movement of the other leg. Ground collisions almost always
are modeled as a perfectly inelastic collision, meaning that the maximum loss of kinetic energy
happens during contact, and the two collided bodies (ground and the foot) stay attached without
any slipping. However, in reality, more scenarios such as partially elastic heel-strike, tripping over

an object, or slipping could happen. Modeling similar events in the double pendulum system can
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create an improved dynamic model that simulates similar behavior to human walking. Moreover,

modeling collision with objects in the workspace is beneficial for robotic limb motions.

A

Slipping Tripping Perfectly Elastic Perfectly Inelastic
(d) (© (b) (a)

Figure 3.4: Double pendulum colliding with different external objects

Here, the case of the double pendulum hitting different external surfaces on the trajectory
path is considered. Similar to PDWs and other dynamic models, it is assumed that the contact
happens during knee-lock, but whether the system stays in that position will depend on the
condition of the collision. This study, contrary to other models that assume only perfectly inelastic
collision, will consider multiple possible outcomes of the collision. Figure 3.4 shows the different
predicted outcomes that are going to be discussed in the following. Regardless of the collision
type, the obstacle or the wall are located at a distance A and the condition for the contact to happen
will be:

(l; +1,)sinf6; > 1 (3.28)

Therefore, for the collision to happen at the same time for two different double pendulums,
the total length of the systems (l; + [;) need to be the same. An additional new kinematic
coefficient defines this condition:
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3.4.2.2.1 Perfectly Inelastic

In a perfectly inelastic collision, the maximum amount of kinetic energy is lost. It is also
assumed that the wall has infinite mass. The angular velocity immediately after the collision is
zero (Figure 3.4a). The pendulum is completely stopped by the wall, and all the kinetic energy of
the system is lost. It is interesting to note that even in a perfectly inelastic collision, the angular
momentum of the system is conserved. The assumption is that the external surface (the wall) has
infinite mass, the velocity of the colliding system after collision becomes zero as shown in
Equations (3.30)-(3.32).

TP~ =3IP* (3.30)

1 XMV + Myqy X 0 = (Z m; + Myq)V* (3.31)

All pendulum masses

+ _ . ZAll pendulum masses i X m;v; _
vVt = lim T =0 (3.32)
Myau—e° XM+ My

However, the double pendulum is not at the equilibrium position during the collision and
will start to move due to gravity. The potential energy will start to convert to kinetic energy. This

collision does not add any new coefficient.

3.4.2.2.2 Perfectly Elastic

For a perfectly elastic collision, the angular momentum and kinetic energy are conserved
(Equation (3.33)). It is also assumed that the knee joint is not activated (leg does not bend) because

of the collision.

AK =0&AP =0 (3.33)
IPT =T X Mgy + Tip X My, + Foq X Maalzg + T3 X Maps)
= [mlal%a +myp(lig + l1b)2 +mya (1 + l2a)2 (3.34)

+ myp (L + g + 12p)?107 (—K)
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IPY = [myalfq + mup(lig + Lip)? + mae (I + 10)?
o (3.35)
+ Moy (L + lg + 1p)?]6] (+K)
After calculating the sum of angular momentum and replacing the parameters with
kinematic coefficients of Equations (3.15)-(3.19), Equation (3.36) is derived.
YP~ =3P* - [f+2b+al] = —[f +2b +a]b] (3.36)
0F = -67 (3.37)
Based on Equation (3.37), the magnitude of the velocity of the system does not change, but
the direction will be reversed. The result is similar to other perfectly elastic collisions, such as a

ball bouncing back from an infinite wall. Since the magnitude of the velocities and the masses stay

without change before and after impact, conservation of kinetic energy also applies.

3.4.2.2.3 Tripping

The pendulum hits an object while the knee is locked. The knee immediately unlocks
(bends) after the impact, as shown in Figure 3.5. In other words, the single pendulum switches to
double pendulum due to an impulse applied to the foot of the pendulum. Therefore, the
conservation of angular momentum does not apply. Still, the change in the momentum before and
after the event will be equal to the angular impulse applied to each hinge.

Angular momentums before and after impact around the first hinge (hip) can be derived
using the velocities:

2P = Fig X My Vi + i X My, + 50 X Maq¥3q + T3 X Map T
= [myalq + myp(lia + l1p)? + maa(ly + 154)? (3.38)

+ mayp (L + Lyg + 1p)?107 (k) = [f + a + 2167 (—k)
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Py = Tty X Mg By + Py X My + By X My, + 75 X My,
= [Myalfa + myp(lig + 11p)? + Maa(ly + 14 cOs 6,)?
+ myp (I + (g + L) cos 85)% + my,l5, sin? 0,
+ Map (lag + Lop)? sin? 6,107 (—k) (3.39)
+ [Maq(12a)? + Moy (lag + 12p)? + Maglylyq cos 6,
+ maply (g + Lyp) cos 8,105 (k)

= [f + a+ 2bcos 05167 (=k) + [a + b cos 65105 (k)

Larm2

Figure 3.5: Pendulum impact with an obstacle

The impulse applied during impact can be modeled as an averaged force applied during a

short time such as At:
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tend
I = f(t)dt = FAt (3.40)

tstart

Then, the change in angular momentum around the first hinge will be equal to the angular
impulse (TAt) as calculated below:

APy, = (F.1gmy)At = TA (3.41)
where, 1,1 1S the vertical distance from the first hinge to the point of contact with the obstacle
(Figure 3.5). Therefore, the first equation for the change in angular momentum will be:

—[f + a+2bcos 65165 + [a+ bcos8510F + [f + a + 2b]67

) (3.42)

= (FAt)[(l; + 1) cos 01 ]

In this equation 8; and 6 are the state of the system before the impact and are known
values. To calculate the state of the system after the impact (8, 65, 85, 85), three more equations
are needed. The change in angular momentums before and after impact around the second hinge
(knee) can be driven similar to the first hinge:

Py = T X Mgy + Fop X Moy,

= [lzaf'l X My, (L + lza)él_(_él)]

3.43
+ [(l2a + Lp)fy X map (L + g + 12b)91_(_§1)] o
= (a+b)6;7 (-6,)
P, =y X Moy + 1 X My,
= [maalia + map(l2q + L2p)? + Maglilyq cOs 67
+ mMyqaly (Lo + lyp) cos 05167 (—k) (3.44)

+ [magl5, + myp(lyg + l2b)2]9;(i€)

= (a + bcos 05)07 (—k) + a5 (k)
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APy, = (F.Typmy)At = TAL (3.45)
where, 7,2 1S the perpendicular moment arm between the second hinge and the impulse force
(Figure 3.5).

—(a+ bcos8))6; + abF + (a+ b)8; = FAtl, cos O] (3.46)
Two mathematical equations based on the physical location of the pendulum can be
derived; assuming the double pendulum moves along the radial direction during the impact:
1,0 = —1,65 (3.47)
l; sin(8f — 67) = l,sin(85 — 0} + 67) (3.48)
The four equations (3.42), (3.46), (3.47), and (3.48) will form the state of the pendulum
immediately after the impact. It is important to note that the coefficients described in (3.15)-(3.19)

were able to replace all the system parameters in these impact equations.

3.4.2.2.4 Slipping

The last scenario for the double pendulum and external surface colliding is the foot of the
second link slipping on the surface. This introduces the stick-slip mechanism to the system.
Calculating the velocity of the second pendulum over the wall will depend on the static and kinetic
friction coefficients between the wall and the pendulum at the contact point. This research does
not model this type of collision between the system and wall because this situation requires a lot
of information and therefore assumptions about the material of the surface, the shape of the second

link foot, the static and kinetic friction coefficients between the two objects, and so on.

3.4.3 Kinetic Measurements
Figure 3.6 shows the internal forces at the two hinges of the double pendulum. The forces

are indicated in the 2-dimensional plane and in the direction of the local coordinate of each link.
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Newton’s second law is used to calculate the forces at any given time during the motion of the

double pendulum.

Figure 3.6: Forces at each hinge of the double pendulum

For the first hinge (H;):
Fuir = —[Myq + myp + Myq + myplg cos 01 — [Maalzg
) (3.49)
+ My (laa + 12p)] SN0, 0,
Fr19 = =My + myp + myq + myplg sin 6,
+ [Mygliq + Myg(lig + lLip) + (Mg + M) 110, + [Maqlsg (3.50)
+ Myq(lzq + L2p)] cos 6, 0,
For the second hinge (H):
Fyar = —(Myq + myp)g cos(6; + 0;) (3.51)
Fyze = (Mzq + myp) g sin(6y + 63) + [Maalyq + maa(lza + IZb)]éz (3.52)

Replacing the parameters of the system with the coefficients (3.15)-(3.19) and introducing

two new coefficients for kinetic forces:
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kinetic symmetry (n = 8). The numerical method considers instances for physically realizable and

humanly realizable variables.
3.5 Underdetermined System of Coefficients

The coefficients’ equations can introduce grouping of systems with different physical
parameters but dynamic symmetry. There are multiple analytical approaches studied for solving
underdetermined systems such as interval method or Kipnis-Patarin-Goubin [87], [88]. However,
a numerical approach is beneficial for deriving solutions that are physically and humanly
acceptable. The underdetermined system is solved for cases of only kinematic symmetry, and both

kinematic and kinetic symmetry.

3.5.1 Kinematic Symmetry

Two kinematically matched double pendulum systems would move in unison, given they
start at the same initial conditions. However, the internal forces within the joints will not
necessarily be the same. As a reminder, the coefficients used for the kinematic modeling (equations

of motion and collisions) were:

a = myali, + myp(lyg + lop)? (3.15)

b = [myulyq + myp(lhy + Lp)] X |4 (3.16)

d= myglyq +my (g + Lp) (3.17)

e = Myglig + Myp(lig + lip) + (Mg + Map)ly (3.18)
f = mulfs + my(lg + lip)? + (Maq + map) 1§ (3.19)
h=1,+1, (3.29)

Here the underdetermined system has n = 6 equations and m = 10 variables. The
a,b,d, e, f,h represent parameters that stay constant between the parallel systems. Equations

(3.16) and (3.17) indicate that [; won’t change between the systems:
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would create the same kinematics, the kinematic coefficients offer different kinematically parallel

systems with up to 60% decrease in total mass ratios. Conversely, a machine such as a wrecking

ball can benefit from maximizing this ratio. Figure 3.9 shows the system with minimum and
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Figure 3.8: Examples of systems with similar kinematics as System A

The same process can help with various other design alternatives, such as designing the

lightest or heaviest possible device without affecting the motion of the double pendulum. The

system of coefficients represents a lot of potential for optimizing the design without sacrificing the

desired outcomes.

This benefit gets more important when designing rehabilitation devices for disabled people.

Creating assistive devices such as prosthetic legs that are mechanically capable of creating a

symmetric gait pattern and are lighter in weight could potentially improve the walking experience

and efficiency for amputees, crutch users, and stroke survivors.
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Figure 3.9: Kinematically parallel system to System A with lightest and heaviest links’ mass
ratios

System B from Table 3.1 demonstrates a sample of anthropometric data for lower limbs.
Similar to the procedure for System A, [; and [, stay without change and equal to 0.6 and 0.5
meters respectively for all solutions. The accuracy of variables’ change is set to 0.1 for a finite
number of solutions. Moreover, the numerical method assumes that each total link mass can
change up to two times the original total mass for the same link in System B. Physical restrictions
also prevent the total length values on each link from being bigger than the link length.

The numerical method resulted in 48 kinematically parallel systems with System B after
applying all the physical and human restrictions. All the parameters for the 48 humanly realizable
answers are indicated in Appendix B. Figure 3.10 shows two examples of these systems compared
to System B. The first example indicates the lightest possible double pendulum design that creates
the same kinematic outcome as System B. The second example demonstrates the lowest ratio of
the first link total mass to the second link. All these dissimilar double pendulum models create the
same trajectory of motion, angular positions, velocities, and acceleration for both links.
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spatial and temporal gait parameters are accessed through distinct neural pathways [103] and right
and left legs as well as forward and backward walking are controlled through independent
networks [123]. However, previous research has not yet studied (as of July 2020) the relationship
between how gait responds under single and multiple-rehabilitation therapy.

This study proposes a combination of SBT and ARAS. Each method creates a type of
asymmetry in the gait parameters. The study hypothesizes that each of these therapies will affect
the resulting gait independently of the other. It is also important to be aware of individual
differences between each subject and provide personalized models for the multiple-rehabilitation

therapy that takes these differences into account to allow for future customization.

4.4.2 Experimental Design

A prospective cohort study was conducted to test our hypothesis. Each subject completed
four different trials. Trials were at least 24 hours apart to make sure all residual effects from the
previous trial had washed out. Multiple-rehabilitation therapy (combining treadmill training and
auditory stimulation) was applied in all trials, using two out of the four interventions depicted in
Figure 4.3a. Figure 4.3a shows types of therapeutic interventions and the proportion of left and
right sides that were used in the trials. The two interventions (treadmill and auditory) included two
different proportions (1:1 and 2:1). For both asymmetric interventions, a 2 to 1 ratio was applied
between left and right to be consistent with previous research [98], [111]. In trials 1 and 2, only
one of the therapies had an asymmetric 2:1 pattern (blue shapes) while the other stayed symmetric
(green shapes). In the other two trials (3 and 4), both therapies were applied with an asymmetric
ratio of 2:1. In trial 3, the asymmetric ratios were matched congruently where the faster belt was
on the same side of the longer cue. In trial 4, the asymmetric ratios were matched incongruently,

where the faster belt was on the same side of the shorter cue. Figure 4.3b shows the experimental
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design of each trial. The study does not include a trial with two symmetric (green) therapies, as
this has been explored in previous research [125], [127] and would not provide additional

information for modeling the gait response.

Proportion
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Figure 4.3: Experimental design. a) type and proportion of the interventions. b) structure of the
four trials in the study

4.4.3 Participants

Twenty healthy subjects were recruited initially in the study. Two subjects did not complete
all the visits/trials, and their data were removed for consistency. One subject was also removed
due to errors in the recording from the force plates. Another subject was not included because there
were problems with marker drop during the experiments more than one time, and I refrained from
redoing the experiments more than once due to the learning effect. In total, 16 healthy subjects (5
females; mean weight=70.5 kg, SD=13.0; mean height=170.9 cm, SD=9.6) with no prior history
of gait impairment and no gait injury in the past 12 months formed the final group. All
experimental protocols and the consent form were approved by the University of South Florida’s
Institutional Review Board. Written informed consent was obtained from all the subjects prior to
participation. The subjects were divided into two equal groups. Each completed all four trials
(Figure 4.3b) in random order. The side of SBT in trial 2 was switched with the left belt faster for

group A in trial 2 and the right belt for group B.
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Figure 4.15: Linear model predicting the asymmetric performance of step length, step time, and
peak vertical force compared to real data during trial 3 and 4. The predictions are the dashed red
lines, and the actual results from experiments are solid blue lines. a) Group A actual data and
model with the coefficients C; = 0.85 and C> = 0.91, b) Group B actual data and model with the
coefficients C; = 0.62 and C> = 0.90. The top row in each group represents the linear model and
real data for the congruent combination (trial 3), and the bottom row represents the linear model
and real data for the incongruent combination (trial 4).
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mean addition of another intervention has emphasized the corresponding intervention and acted as
a catalyst. Coefficients of 1 for both C; and C, would mean that the subject’s gait response
combined the exact effects of the two interventions under the simultaneous application of them.
A coefficient of zero (or close to zero) for either C; or C> would mean that the subject was not able
to respond to the corresponding intervention or the effect of the corresponding intervention was

lost or overlapped with the other intervention during the combined ARAS and SBT trials.

14 Best fitted linear model among all subjects
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Figure 4.16: Whisker plot of coefficients for individual linear models

Table 4.1: Personalized coefficients for the best fit linear model of all subjects.

Group A Groui B

1 0.48 0.57 9 0.79 1.34
2 0.54 1.07 10 0.65 0.84
3 1.14 0.75 11 0.72 0.71
4 0.87 0.54 12 0.96 0.76
5 0.64 0.7 13 0.19 0.48
6 0.68 0.68 14 0.88 1.06
7 0.6 0.75 15 -0.1 0.86
8 0.61 1.23 16 0.66 0.69

Two subjects in group B had close to zero or negative C; values for their best fit models

(subjects 13 and 15 in Table 4.1). Training based on the auditory sensory feedback have shown
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research has shown that while some people have a positive response to rhythmic stimulation, others
might have none or even negative response [105], [113]. The performance of rhythmic stimulation
has been connected to the rhythmic skills of people [113].

However, if a minimum of 40 percent is set as a considerable demonstration of asymmetries
in gait response, more than 90 percent of the subjects were able to considerably show the effects
of asymmetries from each intervention during both combined trials. While the exact coefficients
for each subject might vary depending on their strengths and weaknesses, both the fitted linear
model on the averaged data (Figure 4.15) and the close range of the whisker plots for individuals
(Figure 4.16) indicate that neuromusculoskeletal system can linearly combine the effects of two
simultaneous rehabilitation stimuli on gait asymmetric response. Experimental results showed that
the additivity principle was met; however, the coefficients not being one indicates that the
homogeneity was not fully applicable. Therefore, the superposition principle was largely applied.
This result can lead to a better and improved combination of therapies that accommodate the needs

of patients as well as leveraging their strengths for better outcomes.
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Chapter 5:  Conclusions
5.1 Dissertation Contributions

This dissertation presents various gait modulations and interventions for functional
asymmetric walking. Improving assistive aids and rehabilitation techniques and simulation of gait
models are collective routes for better understanding and enhancing gait performance.

Chapter 2 tests the hypothesis of improving crutch walking forces and angles through the
dynamic-altering design of KCT. Crutch users depend on their devices regularly to function every
day. Any small enhancement in assistance can potentially promote more prolonged crutch use and
better health. The varying-radius of KCT is assumed to enhance horizontal assistive forces and
range of rotation of the crutch. The research findings indicate the maximum backward angles of
KCTs are up to three times bigger than Standard tip; therefore, they provide a greater range of
rotation without resistance. While horizontal assistive forces were not significantly bigger in KCT,
a trend of improved forces and step parameters was observed in KCTs with harder material.
Testing with a physical setup and human trials provided an opportunity to compare and analyze
KCT performance and possible improvement areas for users.

Chapter 3 models lower limbs’ motion with double pendulum systems. The model
incorporates a new approach for redefining combinations of physical parameters in dynamic
equations with coefficients. The process discovers that coefficients required to match dynamic
equations are less than physical parameters in the system (8 coefficients and 10 parameters).

Therefore, if two different systems (with different characteristics) have identical coefficients, they
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will have dynamic symmetry in their motions and force reactions. The study numerically solves
for two sets of physically and humanly meaningful data. While full symmetry was not achieved,
multiple answers for partial symmetry were found. More than 200 parallel systems for physical
data and 48 parallel systems for human data were found to have kinematic symmetry. Multiple
systems in each parallel group had partial kinetic symmetry (matching forces at the hip or the knee
joint) along with full kinematic symmetry. Simulation of the systems using a logical algorithm for
motion indicated the accuracy of the coefficients in predicting kinematic and kinetic symmetry.
Chapter 4 introduces a multi rehabilitation technique consisting of a split-belt treadmill
(SBT) and a newly developed auditory-based method named asymmetric rhythmic auditory
stimulation (ARAS). The research can model gait behavior under training and post-training by
applying the superposition principle to step time, step length, and peak vertical forces. This
research achieved two discoveries in the path of understanding gait response. First, ARAS is able
to adapt different sides of gait by applying asymmetric cues with a 2:1 ratio, meaning that auditory
sensory feedback can independently access each side of lower limbs. Second, gait response can be
mainly modeled as a linear system with the possibility of quantifying the contribution of various

stimuli at the same time.

5.2 Limitations and Future Works

Chapter 2 only studies the gait parameters of healthy participants. Future studies can test
the effect of KCT design with temporary and permanent crutch users. The experiment includes
axillary crutches with swing-through gait, but further research can expand the experiment to non-
axillary crutches and different crutch gait patterns. Also, the length of the experiment with each
crutch is short (2 minutes) due to the difficulty of walking with crutches on a treadmill; therefore,

the long-term effect of KCT is not studied. Further study can indicate the benefits of longer
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