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In this work, we examine the relationship between different energy commodity spot prices. To do this, multivariate stochastic
models with and without external random interventions describing the price of energy commodities are developed. Random
intervention process is described by a continuous jump process. The developed mathematical model is utilized to examine the
relationship between energy commodity prices. The time-varying parameters in the stochastic model are estimated using the
recently developed parameter identification technique called local lagged adapted generalized method of moment (LLGMM).
The LLGMM method provides an iterative scheme for updating statistic coefficients in a system of generalized method of
moment/observation equations. The usefulness of the LLGMM approach is illustrated by applying to energy commodity data
sets for state and parameter estimation problems. Moreover, the forecasting and confidence interval problems are also
investigated (U.S. Patent Pending for the LLGMM method described in this manuscript).

1. Introduction

Understanding the economy evolution in response to struc-
tural changes in the energy commodity network system is
important to professional economists. The relationship
between the different energy sources and their uses provide
insights into many important energy issues. The quantitative
behavior of energy commodities in which the trend in price
of one commodity coincides with the trend in prices of other
commodities has always raised the question of whether there
is any relationship between prices of energy commodities. If
there is any relationship, then what comes to mind is the
extent to which one commodity influences the other. Petro-
leum, natural gas, coal, nuclear fuel, and renewable energy
are termed as primary energy components of the energy
goods network system because other sources of energy
depend on them. Natural gas is usually found near petro-
leum. Hence, natural gas and crude oil are rivals in produc-
tion and substitutes in consumption, and energy theory
suggests that the two prices should be related. The electric
power sector uses primary energy such as coal to generate

electricity, which makes electricity a secondary rather than
a primary energy source. According to the US Energy Infor-
mation Administration (EIA), the major energy goods con-
sumed in the United States are petroleum (oil), natural gas,
coal, nuclear, and renewable energy. The majority of users
are residential and commercial buildings, industry, transpor-
tation, and electric power generators. The pattern of fuel
usage varies widely by sector [1]. For example, 71% of total
petroleum oil provides 93% of the energy used for transpor-
tation; 23% of total petroleum oil provides 17% of energy
used for residential and commercial use; 5% of total petro-
leum oil provides 40% of energy used for industrial use; but
only 1% of total petroleum oil provides about 1% of the
energy used to generate electric power, whereas coal provides
46% of the energy used to generate electric power and natural
gas provides 20% of the energy used to generate electric
power. This analysis suggests that the strength of interactions
between coal and electricity will be stronger than that of
crude oil and electricity, or natural gas and electricity.

Energy price forecasts are highly uncertain. We might
expect the price of the natural gas and crude oil to follow
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the same trend because they are often found mixed with oil in
oil wells and also of the fact that natural gas is often used in
petroleum refining and exploration. Recently, Ramberg and
Parsons [2] showed that the cointegration relationship
between natural gas and crude oil does not appear to be stable
through time. They claimed that though there is cointegra-
tion between the two energy prices, there are also recurrent
exogeneous factors such as seasonality, episodic heat waves,
cold waves, and supply interruption from the hurricane
affecting the trends in the prices. Brown and Yücel [3] also
observed that the price of natural gas pulled away from oil
prices in 2000, 2002, 2003, and late 2005. Oil prices are influ-
enced by several factors, including some that have mainly
short-term impacts and other factors, such as expectations
about the future world demand for petroleum, other liquids,
and production decisions of the Organization of the Petro-
leum Exporting Countries (OPEC) [1]. Supply and demand
in the world oil market are balanced through responses to

price movement with considerable complexity in the evolu-
tion of underlying supply and demand expectation process.
For petroleum and other liquids, the key determinants of
long-term supply and prices can be summarized in four
broad categories [1]: the economics of non-OPEC supply,
OPEC investment and production decisions, the economics
of other liquids supply, and world demand for petroleum
and other liquids.

An understanding of how changes in the price of one
energy commodity are expressed in terms of other energy
commodity is needed. This would prove to be useful in pre-
dicting price behavior over the long run and further facili-
tates profit-maximizing processes. To check if there is really
indeed a relationship between energy commodities, the need
to be able to create a model which explains such commodity
price relationship over short- and long-time intervals arises.
The relationships between energy commodities have been
addressed in [2–15]. The error correction model [2–5, 7, 8]
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Figure 1: The graph of mean level u1ðm̂k, kÞ, u2ðm̂k, kÞ, and u3ðm̂k, kÞ for natural gas, crude oil, and coal, respectively.
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is the most commonly used model by authors to describe the
relationship between energy commodities. Moreover,
Hartley et al. [7] have concluded that the U. S. natural gas
and crude oil remain linked in their long-term movements.
In addition, it is exhibited that there is strong evidence of a
stable relationship between these two energy commodities
which are affected by short-run seasonal fluctuations and
other factors. The rule of thumb [7] has long been used in
the energy industry to relate the natural gas prices to crude
oil prices. The rule denoted by the 10-to-1 rule states that
the price of natural gas is one-tenth of the price of crude oil
prices. Similarly, the 6-to-1 rule states that the price of natu-
ral gas is one-sixth of the price of crude oil. It has been exam-
ined by Brown and Yücel [3] that these two rules do not
perform well when used to assess the relationship between
US natural gas price and West Texas Intermediate (WTI)

crude oil price for the past 20+ years. Moreover, their error-
correcting model specifies the relationship between the two
commodities. Using this model, they show that when certain
factors are taken into account, movements in crude oil prices
can shape the price of natural gas. Vezzoli [9] in his work
applies an ordinary least squares (OLS) regression on the
log of natural gas and crude oil prices. Using this model, he
was able to conclude that there is a relationship between nat-
ural gas and crude oil prices. Bachmeir and Griffin [4]
showed that crude oil, coal, and natural gas in the United
States have weak cross-cointegration using the error correc-
tion model. Ramberg and Parsons [2] show that any simple
formula between natural gas and crude oil prices will leave
a portion of the natural gas price unexplained. Further-
more, the relationship between natural gas and crude oil
using a vector error correction model [2, 3] under the
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Figure 2: The graph of interaction coefficients κ1,1ðm̂k, kÞ, κ1,2ðm̂k, kÞ, κ1,3ðm̂k, kÞ, κ2,1ðm̂k, kÞ, κ2,2ðm̂k, kÞ, κ2,3ðm̂k, kÞ, κ3,1ðm̂k, kÞ, κ3,2ðm̂k, kÞ,
and κ3,3ðm̂k, kÞ.
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cointegration between the two energy commodities and
other factors such as recurrent exogeneous factors are
presented. Villar and Joutz [10] list some economic fac-
tors linking natural gas and crude oil prices, while testing
for market integration in the United Kingdom during the
time when natural gas was deregulated. Asche et al. [6]
have integrated the prices of the energy commodities:
natural gas, electricity, and crude oil.

Most of this work is centered around the relationship
between prices of energy commodities. We are interested in
an interdependence of certain energy commodities. More-
over, a nonlinear multivariate interconnected stochastic
model of energy commodities and sources with and without

external random intervention processes is developed. Also,
parameter and state estimation problems of continuous time
nonlinear stochastic dynamic process are motivated to initi-
ate an alternative innovative approach. This led to the intro-
duction of the concept of statistic processes, namely, local
sample mean and sample variance which further led to the
development of an interconnected discrete-time dynamic
system of local statistic processes and its mathematical model
discussed in Otunuga et al. [16, 17]. This paved the way for
extending the LLGMM [16] to a multivariate local lagged
adapted generalized method of moments case. The parame-
ters in the multivariate model are estimated using the
LLGMM method. These estimated parameters help in

Table 2: Estimates δ1,1ðm̂k, kÞ, δ1,2ðm̂k, kÞ, δ1,3ðm̂k, kÞ, δ2,1ðm̂k, kÞ,δ2,2ðm̂k, kÞ, δ2,3ðm̂k, kÞ, δ3,1ðm̂k, kÞ, δ3,2ðm̂k, kÞ, and δ3,3ðm̂k, kÞ.

tk
Natural gas Crude oil Coal

δ1,1 m̂k, kð Þ δ1,2 m̂k, kð Þ δ1,3 m̂k, kð Þ δ2,1 m̂k, kð Þ δ2,2 m̂k, kð Þ δ2,3 m̂k, kð Þ δ3,1 m̂k, kð Þ δ3,2 m̂k, kð Þ δ3,3 m̂k, kð Þ
11 0.0123 0.0012 0.0001 0 0.0223 0 0.0412 0 0.0022

12 0.0024 0.0011 0.0121 0.0234 0.0245 0 0 0 0.0112

13 0.0001 1.3425 1.7280 1.9811 0.9899 0.9731 0.6374 0.6374 0.0123

14 0 1.1267 0.6027 2.3258 0.1213 3.9128 1.6564 1.6564 0.0004

15 1.15260 0.4287 0.6210 2.3252 0.0006 0.5083 1.6650 1.6650 0.4565

16 4.9354 0 0 2.3217 0.0120 1.1124 1.6724 1.6724 0.8762

17 4.1360 0.0989 3.6877 1.6425 0 0 1.7719 1.7719 0

18 3.0410 0.1527 0 1.3105 0.9167 1.3451 1.7630 1.7630 0

19 2.7713 0 0 1.1052 0 3.3241 1.7400 1.7400 0

20 2.8461 0.0012 0.2221 0.1196 5.1929 0 0.6532 0.9876 0.0082

… … … … … … … … … …

… … … … … … … … … …

494 2.9961 0.0586 0 0.5529 0 0.42339 0 0 0.5187

495 5.9059 0 0.0584 0.5488 0.8947 0 0.0017 0.0021 0.0001

496 0.1121 0 0.6613 0.5767 0.9899 0 0.8763 0 0.9827

497 1.1229 0.0095 0.0988 0.6499 5.8547 0 1.1317 1.1317 0.0012

498 0.6946 0.0101 0 0 5.8298 0.0320 1.0294 1.0294 0.0321

499 0.7353 0.0066 0.0384 0 5.7180 0.0330 0.7317 0.7317 0.0431

500 1.7509 0.0069 0.0283 0.4307 5.6133 0.0413 0.4826 0.4826 0.0783

501 2.1299 0.0077 0.0282 0.5043 5.6282 0.0308 0.4272 0.4272 0.0002

502 0.9778 0.0077 0.0255 0.2878 4.6543 0.0322 0.5239 0.5239 0.0098

503 0.9872 0 0 0.2909 4.5544 0.0411 1.4523 1.4523 0.0087

504 1.1329 0 0 0.3707 0 0.1128 2.4181 2.4181 0

505 1.9178 0 0 0.3812 1.3243 0.1724 4.9207 4.9207 0

… … … … … … … … … …

… … … … … … … … … …

1102 0 0.0331 0.0056 0.9297 3.9502 0 0.2853 1.8033 1.1355

1103 1.5077 0.0626 0.0332 1.1017 2.8221 0 0 0 1.4133

1104 0 0.0435 0.5821 0.1939 4.5585 0 0 0 1.1672

1105 0 0 1.52970 0.1922 3.2418 0.7273 0.2726 0.2726 0

1106 4.4476 0.323 0.5112 3.5487 3.8113 1.0179 0.3296 0.3296 0

1107 2.4312 0.0011 0.0435 0.2001 2.6026 0.9354 0 0 1.7245

1108 2.5079 0.1232 0.4542 0.3781 0 0.8825 0.1878 0.1878 0

1109 1.7828 0.0431 0.3210 0.4024 0 0.8812 0 0 1.3191

1110 1.2706 0.0056 1.1123 0.3252 0 0.8078 0 0 1.0233
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Figure 3: Continued.
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analyzing the short- and long-term relationships between the
energy commodities. It has been shown in Appendices A, B,
C, and D of the work of Otunuga et al. [16] that the LLGMM
parameter estimation scheme performs better than existing
nonparametric statistical methods. A performance compari-
son (with appropriate statistical indices) of the LLGMM
method with existing orthogonality condition based on gen-
eralized method of moments (OCBGMM) and aggregated
generalized method of moments (AGMM) methods using
the energy commodity stochastic model is discussed in their
work. The method is applied to estimate time-varying
parameter estimates in a stochastic differential equation gov-
erning energy commodities, stock price processes, and trans-
mission of infectious diseases in the work of Otunuga et al.
[16], Otunuga [18], and Mummert and Otunuga [19],
respectively. Algorithm for implementing the LLGMM
approach is presented in Otunuga et al. [17]. In this work,

the usefulness of this approach is further illustrated by apply-
ing the technique to study the relationship between three
energy commodity data sets: Henry Hub natural gas, crude
oil, and coal data sets for state and parameter estimation
problems. Interested readers are directed to the work of Otu-
nuga et al. [16–18, 20] to read more about the LLGMM
parameter estimation procedure. Moreover, the forecasting
and confidence interval problems are also investigated.

The organization of this paper is as follows.
In Section 2, we derive a multivariate stochastic dynami-

cal model for energy commodities. In Section 3, the multivar-
iate model derived in Section 2 is validated. Due to random
intervention, we introduce interventions described by a con-
tinuous jump process in our model in Section 4. In Section 5,
we discuss the discrete-time dynamic model for sample mean
and covariance processes with jump using the work of
Otunuga et al. in [16, 17]. In Section 6, we discuss about
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Figure 3: The graph of interaction coefficients δ1,1ðm̂k, kÞ, δ1,2ðm̂k, kÞ, δ1,3ðm̂k, kÞ, δ2,1ðm̂k, kÞ, δ2,2ðm̂k, kÞ, δ2,3ðm̂k, kÞ, δ3,1ðm̂k, kÞ, δ3,2ðm̂k, kÞ,
and δ3,3ðm̂k, kÞ.
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Figure 4: Continued.
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parametric estimation techniques. We construct an observa-
tion system from a nonlinear stochastic functional differen-
tial equation. In Section 7, using the method of moments
[21], in the context of lagged adaptive expectation process
[22], we briefly outline a procedure to estimate the state
parameters for the dynamical model with jump and the
model without jump locally. Moreover, the usefulness of
computational algorithm is illustrated by applying the proce-
dure to test for the relationship between Henry Hub natural
gas, crude oil, and coal for the state and parameter estimation
problems. In Section 8, the forecasting and confidence inter-
val problems are also addressed.

2. Model Derivation

Let p = ½p1, p2,⋯, pn�Τ be a vector of n energy commodity
prices considered to have long-run or short-run relationship

with each other, with pjðtÞ being the price of the jth energy
commodity at time t. The economic principles of demand
and supply processes suggest that the price of an energy
commodity will remain within a given finite expected
lower and upper bounds. We define uj ∈R+ = ð0,∞Þ and
l j ≥ 0 as the expected upper and lower limits of the jth
energy commodity spot prices, respectively. In the absence
of interactions between the energy commodities pj, j ∈ Ið1, nÞ,
where

I a, bð Þ = z ∈ℤ : a ≤ z ≤ bf g, ð1Þ

the market potential for the jth commodity per unit of time at
time t can be characterized by ðuj − pjÞðl j + pjÞ. This simple
idea leads to the following economic principle regarding the
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Figure 4: The graph of interaction coefficients γ1,1ðm̂k, kÞ, γ1,2ðm̂k, kÞ, γ1,3ðm̂k, kÞ, γ2,1ðm̂k, kÞ, γ2,2ðm̂k, kÞ, γ2,3ðm̂k, kÞ, γ3,1ðm̂k, kÞ, γ3,2ðm̂k, kÞ,
and γ3,3ðm̂k, kÞ.
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dynamic of the price pj of the jth energy commodity. The
change in spot price of the jth energy commodity ΔpjðtÞ =
pjðt + ΔtÞ − pjðtÞ over the interval of length ∣Δt∣ is directly
proportional to the market potential price, that is,

Δpj tð Þ∝ uj − pj
� �

l j + pj
� �

Δt: ð2Þ

This implies that

dpj = αj uj − pj
� �

l j + pj
� �

dt, ð3Þ

for some constant αj. From this deterministic mathematical
model, if αj > 0, we note that as the price falls below the

expected price uj, the price of the jth commodity rises, and
as the price lies above uj, there is a tendency for the price to
fall. Similar argument follows if αj < 0. Hence uj is the equilib-
rium state of (3).

In a real world situation, the expected upper price limit uj

of the jth commodity is not a constant parameter. It varies
with time, and moreover it is subjected to random environ-
mental perturbations. Therefore, we consider

uj = yj + ξj, ð4Þ

where ξj is a white noise process that characterizes the mea-
sure of random fluctuation of the upper price limit of the jth
commodity; here yj stands for the mean of the energy spot

15

5

−5

−15

−10

0 200 400 600

𝛽1

𝛽
1

Time t
k
 (days) 

800 1000 1200

0

10

(a)

15

5

−5

−15

−10

0 200 400 600

𝛽2

𝛽
2

Time t
k
 (days) 

800 1000 1200

0

10

(b)

15

5

−5

−15

−10

0 200 400 600

𝛽3

𝛽
3

Time t
k
 (days) 

800 1000 1200

0

10

(c)

Figure 5: The graph of β1ðm̂k, kÞ, β2ðm̂k, kÞ, and β3ðm̂k, kÞ for natural gas, crude oil, and coal, respectively.
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price process of the jth commodity at time t. It is further
assumed that yj is governed by a similar dynamic forces
described in (3), that is,

dyj = μj uj − yj
� �

υj + yj
� �

dt, ð5Þ

where μj ∈R+ is defined as the mean reversion rate of the
mean of the jth commodity. By following the argument used
in (4), we incorporate the effects of random environmental
perturbations into the lower limit υj of the mean of the jth
commodity:

υj = vj + ej, ð6Þ

where vj ≥ 0, and ej is a white noise process describing the
measure of random influence on the mean price of the jth
commodity.

Substituting expressions in (4) and (6) into (3) and (5),
respectively, we obtain

dyj = μj uj − yj
� �

vj + yj
� �

dt + μ j uj − yj
� �

ej tð Þdt

dpj = αj yj − pj
� �

l j + pj
� �

dt + αj l j + pj
� �

ξj tð Þdt:

8><>:
ð7Þ

In the absence of interactions and using (7), the system of
stochastic model for isolated expected spot and spot prices

Table 4: Estimates σ1,1ðm̂k, kÞ, σ1,2ðm̂k, kÞ, σ1,3ðm̂k, kÞ, σ2,1ðm̂k, kÞ, σ2,2ðm̂k, kÞ, σ2,3ðm̂k, kÞ, σ3,1ðm̂k, kÞ, σ3,2ðm̂k, kÞ, and σ3,3ðm̂k, kÞ.

tk
Natural gas Crude oil Coal

σ1,1 m̂k, kð Þ σ1,2 m̂k, kð Þ σ1,3 m̂k, kð Þ σ2,1 m̂k, kð Þ σ2,2 m̂k, kð Þ σ2,3 m̂k, kð Þ σ3,1 m̂k, kð Þ σ3,2 m̂k, kð Þ σ3,3 m̂k, kð Þ
11 0 0 0 0 0 0 0 0 0

12 0.0485 0.0004 0.0032 0.2734 0.0166 0 0 0 0.0000

13 0 0 0 0 0 0 0 0 0

14 0.2120 0.1386 0.0133 1.2573 0.4773 0.1195 0 0.0665 0.0086

15 0.4246 0.1318 0.0021 2.1081 0.4894 0.1211 0 0.6107 0.0696

16 0.5538 0.0778 0.1501 0 0.2524 0.0811 0.0651 0.4251 0.0635

17 1.1121 0.0469 0.2230 0 0.1848 0.2463 0 0.4458 0.0478

18 1.5347 0.0180 0.2178 0 0.1877 0.1602 0.5681 0.0592 0.0115

19 1.1315 0.0619 0.2221 0 0.2673 0.2465 0.4999 0.0569 0.0127

20 2.0845 0.0536 0.1866 0 0.1700 0.0781 0.3789 0.3174 0.0046

… … … … … … … … … …

495 0 0.0036 0.0406 0.2286 0.0600 0.0172 0 0.9387 0.0182

496 0.1588 0.0035 0.0107 1.4847 0.3163 0.0102 0 0 0.0016

497 0.1551 0.0009 0.0065 0 0.1453 0 0.7777 0 0.0033

498 0.1576 0.0011 0.0073 0 0.1679 0 0.5334 0 0.0060

499 0.1197 0.0006 0.0059 1.9414 0.2391 0.0172 0.4405 0.1432 0.0097

500 0.3600 0.0001 0.0049 1.9554 0.3960 0.0079 0.6331 0.1410 0.0093

501 0.0514 0.0033 0.0049 2.0436 0.3499 0.0111 0.7690 0.1376 0.0089

502 0.2503 0.0034 0.0042 2.0837 0.1744 0.0132 0.6198 0.1274 0.0066

503 0.1195 0.0147 0.0165 0 0.4283 0.0060 1.1613 0.1530 0.0049

504 0.0974 0.0144 0.0027 0 0.2241 0.0048 0.4778 0.0574 0.0043

505 0.1422 0.0060 0.0131 0 0.2023 0.0054 0.5604 0.0669 0.0004

… … … … … … … … … …

1102 0.1898 0.0016 0.0413 0.8313 0.0767 0.0381 0.6875 0 0.1451

1103 0.2094 0.0015 0.0352 0.8262 0.0673 0.0451 0.7298 0.2808 0.0147

1104 0.1711 0.0011 0.0040 0.6648 0.0915 0.0462 0.5563 0.1831 0.0105

1105 0.1816 0.0012 0.0116 0.6658 0.1049 0.0371 0.6591 0.2874 0.0057

1106 0.1191 0.0011 0.0116 0.6260 0.1155 0.0393 0 0.0196 0.0060

1107 0.0417 0.0012 0.0041 0.4992 0.0781 0.0382 0 0 0.0065

1108 0.1058 0.0033 0.0045 0.0019 0.0589 0.0421 0 0 0.0018

1109 0.1740 0.0021 0 0 0.0446 0.0316 2.1187 0 0.4511

1110 0.2912 0.0021 0.0163 0.0385 0.0342 0.0037 0 1.1563 0.0257
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processes are described by the following nonlinear system of
stochastic differential equations:

where

μjej tð Þdt = δj,jdWj,j tð Þ,
αjξj tð Þdt = σj,jdZj,j tð Þ,

(
ð9Þ

and δj,j, σi,j are nonnegative for j ∈ Ið1, nÞ.

In the presence of interactions, for each j ∈ Ið1, nÞ, we
consider both deterministic and stochastic interaction
functions. For each j ∈ Ið1, nÞ, we define the jth aggregate
interaction functions gj : ½t0,∞Þ ×Rn ⟶R and hj : ½t0,
∞Þ ×Rn ⟶R for the jth mean energy spot price pro-
cess yjðtÞ and the energy spot price process pjðtÞ in energy
commodity market network system, respectively. Moreover,
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Figure 6: The graph of σ1,1ðm̂k, kÞ, σ1,2ðm̂k, kÞ, σ1,3ðm̂k, kÞ, σ2,1ðm̂k, kÞ, σ2,2ðm̂k, kÞ, σ2,3ðm̂k, kÞ, σ3,1ðm̂k, kÞ, σ3,2ðm̂k, kÞ, and σ1,1ðm̂k, kÞ for
natural gas, crude oil, and coal, respectively.

dyj = μj uj − yj
� �

vj + yj
� �

dt + δj,j uj − yj
� �

dWj,j tð Þ, yj t0ð Þ = yj0,

dpj = αj yj − pj
� �

l j + pj
� �

dt + σj,j l j + pj
� �

dZj,j tð Þ, pj t0ð Þ = pj0, j ∈ I 1, nð Þ,

8><>: ð8Þ
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we assume that these functions have the following struc-
tural forms:

gj t, yð Þ = g j t, kj,1y1, kj,2y2,⋯, kj,nyn
� �

,

hj t, pð Þ = hj t, γj,1p1, γj,2p2,⋯, γj,npn
� �

,

8<: ð10Þ

where kj,i and γj,i are elements of n × n interconnection
matrices denoted by Eg and Eh, respectively. In (10), kj,i
and γj,i represent a degree of interaction of the jth com-
modity with the ith commodity in the energy commodity
market network system.

For the matrix Eg, kj,i = 0 with fixed i ∈ Ið1, nÞ if the ith
commodity in the energy market network system does not
influence the jth commodity. Likewise, for the matrix Eh,
γj,i = 0 with fixed i ∈ Ið1, nÞ, if the jth commodity in the

energy market network system subcomponent of p is totally
unaffected by the influence of the ith commodity. Finally,
we introduce interactions in the diffusion coefficients with
respect to the jth commodity of the energy market network
system under random environmental perturbations as ψ j :

½t0,∞Þ ×Rn ⟶Rn and Λj : ½t0,∞Þ ×Rn ⟶Rn for each
j ∈ Ið1, nÞ. The diffusion part is of the form

ψ j t, yð Þ · ej tð Þdt = 〠
n

l=1
ψ j,l t, ylð ÞdWj,l tð Þ,

Λj t, pð Þ · ξ j tð Þdt = 〠
n

l=1
Λj,l t, plð ÞdZj,l tð Þ,

8>>>><>>>>:
ð11Þ

where ej and ξ j are n-dimensional white noise processes;
· stands for dot product.

Table 5: Real and simulated estimates (without jump) for natural gas, crude oil, and coal.

tk Real
Natural gas

Real
Crude oil

Real
Coal

Simulated ps1 m̂k, kð Þ Simulated ps2 m̂k, kð Þ Simulated ps3 m̂k, kð Þ
11 4.0200 4.0500 58.9900 56.5200 16.5900 16.8000

12 3.9900 4.0500 59.5200 59.3099 17.4600 16.8635

13 3.7500 3.6690 61.4500 59.3377 17.8900 17.8086

14 3.7700 3.6341 60.4900 59.4191 17.5500 17.0859

15 3.4100 3.3967 61.1500 59.6974 17.4100 17.0859

16 3.3500 3.3967 62.4800 59.6974 16.7500 17.0859

17 3.4900 3.4537 63.4100 61.2177 17.6600 19.0677

18 3.5500 3.4537 65.0900 61.4561 17.5200 16.0578

19 3.9200 3.8618 66.3100 61.6529 18.5000 19.0677

20 3.8600 3.8618 68.5900 60.9364 19.0600 19.0677

… … … … … … …

495 4.1900 4.0368 107.1800 104.1295 32.7600 31.3108

496 4.3300 4.1868 110.8400 111.1245 33.6500 32.7737

497 4.3300 4.1025 111.7200 112.4675 33.7100 33.4888

498 4.3700 4.0964 111.6800 110.8795 34.7500 35.5907

499 4.3200 4.1042 111.7200 104.2465 34.5400 32.9391

500 4.3500 4.0548 112.3100 109.9535 34.0400 36.2674

501 4.3800 4.0548 112.3800 109.9995 33.1000 36.2674

502 4.5100 4.3249 113.3900 104.3254 33.6700 34.8915

503 4.6000 4.3555 113.0300 113.2356 33.9400 35.0472

504 4.6000 4.3491 110.6000 103.9435 33.8300 32.8992

505 4.5900 4.3609 108.7900 104.9995 32.0200 32.8992

… … … … … … …

1102 3.7200 3.5963 108.2300 110.5149 4.7700 2.8861

1103 3.7300 3.5963 106.2600 105.8076 5.0100 5.6871

1104 3.6800 3.4099 104.7000 105.8076 4.9800 5.3821

1105 3.6600 3.4356 103.6200 105.8076 4.7300 4.9221

1106 3.5900 3.4636 103.2200 106.9547 4.6800 4.2352

1107 3.5200 3.2573 102.6800 105.4047 4.6300 5.8172

1108 3.4900 2.8981 103.1000 102.4928 4.7400 6.0376

1109 3.5100 2.8981 102.8600 102.4928 4.3300 5.1121

1110 3.4800 3.0267 102.3600 102.4928 4.1800 4.8978
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We assume that the interaction functions (10) and (11)
have the following forms:

g t, yð Þ = γ t, yð ÞG t, yð Þ,
h t, pð Þ = λ t, pð ÞH t, pð Þ,
ψ t, yð Þ = γ t, yð ÞΨ t, yð Þ,
Λ t, pð Þ = λ t, pð ÞΦ t, pð Þ,

8>>>>><>>>>>:
ð12Þ

where gðt, yÞ = ½g1ðt, yÞ,⋯, g jðt, yÞ,⋯, gnðt, yÞ�⊤, hðt, pÞ =
½h1ðt, pÞ,⋯, hjðt, pÞ,⋯, hnðt, pÞ�⊤ are defined in (10), ψðt,
yÞ = ðψj,lðt, yÞÞn×n, and Λðt, pÞ = ðΛj,lðt, pÞÞn×n, γðt, yÞ =
diag ðu1 − y1,⋯, uj − yj,⋯, un − ynÞ and λðt, pÞ = diag ðl1 +
p1,⋯, l j + pj,⋯, ln + pnÞ; G, and H are n × 1 column vectors;
Ψ = diag ðψ1,⋯, ψj,⋯, ψnÞ and Φ = diag ðΛ1,⋯,Λj,⋯,
ΛnÞ are block diagonal matrices; ψj = ½ψj,1,⋯, ψj,l,⋯, ψj,n�,
Λj = ½Λj,1,⋯,Λj,l,⋯,Λj,n�. We also assume that G, H, Ψ,
and Φ satisfy the local Lipschitz condition. This assumption
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Figure 7: Real and simulated prices (without jump) for natural gas, crude oil, and coal.

Table 6: Some result for the jump times of the system (y, p).

T 17 44 61 87 157 200 422 464 483 502 722 754 870 930 1113
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implies that g, h, ψ, and Λ also satisfy local Lipschitz
condition.

Thus, the interconnected energy commodity network
system is described by

where the parameters μj > 0; αj > 0; uj > 0; vj ≥ 0; l j ≥ 0;
δj,j > 0; σj,j > 0; and for j ≠ l, δj,l ≥ 0; σj,l ≥ 0; j, l ∈ Ið1, nÞ;
for j ∈ Ið1, nÞ, Wj and Zj are n-dimensional independent
Wiener processes defined on a filtered probability space
(Ω,F , ðF tÞt≥0,P ); for l ≠ i, E½dWj,ldWk,i� = 0, and for l =
i, E½dWj,ldWk,i� = dt; the filtration function ðF tÞt≥0 is right
continuous; for each t ≥ 0, each F t contains all P -null sets
in F ; the n-dimensional random vectors yðt0Þ and pðt0Þ
are F t0

measurable.

The network system of stochastic differential equations in
(13) can be written as follows:

dy = a t, yð Þdt + Y t, yð ÞdW tð Þ, y t0ð Þ = y0,
dp = b t, y, pð Þdt + σ t, pð ÞdZ tð Þ, p t0ð Þ = p0,

(
ð14Þ

where

and

W = ½W1,⋯Wj,⋯,Wn�Τ and Z = ½Z1,⋯Z j,⋯, Zn�Τ are

block matrices; Wj = ½Wj,1,⋯Wj,2,⋯,Wj,n�Τ, Zj = ½Zj,1,
⋯ Zj,2,⋯, Zj,n�Τ; and Yðt, yÞ, σðt, pÞ are a n × n block matrix
with each entries having order 1 × n.

In the next section, we outline the model validation prob-
lems of (14), namely, the existence and uniqueness of solu-
tion process.

3. Mathematical Model Validation

Here, we validate the mathematical model derived in Section
2. We note that the classical existence and uniqueness theo-

rem [23–25] is not directly applicable to (14). We need to
modify the existence and uniqueness results. The modifica-
tion is based on Theorem 3.4 [23]. We show the global exis-
tence of the solution process of a system of differential
equations (14). We note that the rate functions a, b, Y, and
σ in stochastic system of differential equations (14) do not
satisfy the classical existence and uniqueness conditions
[23]. However, these rate functions do satisfy the local
Lipschitz condition. Therefore, we construct sequences of
functions for the drift and diffusion coefficients of intercon-
nected dynamic system (14) so that the classical conditions
for existence and uniqueness theorem are applicable. The
construction of modification scheme is as follows: First, we

dyj = uj − yj
� �

μj vj + yj
� �

+Gj t, yð Þ
� �

dt + δj,jdWj,j tð Þ + 〠
n

l=1
Ψj,l t, yð ÞdWj,l tð Þ

" #
, yj t0ð Þ = yj0,

dpj = l j + pj
� �

αj yj − pj
� �

+Hj t, pð Þ
� �

dt + σj,jdZj,j tð Þ + 〠
n

l=1
Φj,l t, pð ÞdZj,l tð Þ

" #
, pj t0ð Þ = pj0, j ∈ I 1, nð Þ,

8>>>>><>>>>>:
ð13Þ

a t, yð Þ =

u1 − y1ð Þ μ1 v1 + y1ð Þ +G1 t, yð Þ½ �
u2 − y2ð Þ μ2 v2 + y2ð Þ +G2 t, yð Þ½ �

⋮

un − ynð Þ μn vn + ynð Þ +Gn t, yð Þ½ �

0BBBBB@

1CCCCCA, b t, y, pð Þ =

l1 + p1ð Þ α1 y1 − p1ð Þ +H1 t, pð Þ½ �
l2 + p2ð Þ α2 y2 − p2ð Þ +H2 t, pð Þ½ �

⋮

ln + pnð Þ αn yn − pnð Þ +Hn t, pð Þ½ �

0BBBBB@

1CCCCCA,

Y t, yð Þ = diag A1 yð Þ,⋯, Aj yð Þ, ::, An yð Þ� �
, σ t, pð Þ = diag B1 pð Þ,⋯, Bj pð Þ,⋯, Bn pð Þ� �

,

8>>>>>>>><>>>>>>>>:
ð15Þ

Aj yð Þ = uj − yj
� �

Ψ j,1 Ψ j,2 ⋯ Ψ j,j−1 δj,j +Ψ j,j Ψ j,j+1 ⋯ Ψ j,n
� �

,

Bj pð Þ = l j + pj
� �

Φj,1 Φj,2 ⋯ Φj,j−1 σj,j +Φj,j Φj,j+1 ⋯ Φj,n
� �

;

8><>: ð16Þ
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define a cylindrical subset ½t0,∞Þ ×Um of ½0,∞Þ ×Rn for
t0 ∈ ½0,∞Þ, m ≥ 1, where Um is an n- dimensional sphere
with radius m defined by

Um =B x0,mð Þ = x ∈Rn : x − x0k k <mf g, ð17Þ

for anym ≥ 1. We note thatUm is inscribed in n-dimensional
parallelepiped ℝðx − x0,mÞ = ½−m,m� ×⋯ × ½−m,m� in Rn.

The developed stochastic network model (14) can be
written as:

dy = am t, yð Þdt + Ym t, yð ÞdW tð Þ, y t0ð Þ = y0,
dp = bm t, y, pð Þdt + σm t, pð ÞdZ tð Þ, p t0ð Þ = p0,

(
ð18Þ

where

am t, yð Þ = a t, q y,mð Þð Þ,
Ym t, yð Þ = Y t, q y,mð Þð Þ,
bm t, y, pð Þ = b t, q y,mð Þ, q p,mð Þð Þ,
σm t, pð Þ = σ t, q p,mð Þð Þ:

8>>>>><>>>>>:
ð19Þ

Here, for each j ∈ Ið1, nÞ and x ∈Rn, we define qjðx,mÞ
=max f−m, min fxj − x0j,mgg. Hence, qðx,mÞ =
½q1ðx,mÞ,⋯, qjðx,mÞ,⋯, qnðx,mÞ�Τ.

Remark 1. We observe that qðx,mÞ satisfies the global
Lipschitz condition on Rn with a Lipschitz constant 1.
Using this, together with the local Lipschitz condition
assumption on the drift and diffusion coefficients of sto-
chastic differential equations (14), the modified rate coeffi-
cient functions in (18) satisfy the classical existence and
uniqueness conditions [26, 27]. Thus, its solution is denoted
by (ym, pm), form ≥ 1. Moreover, (y, p) is nonnegative when-
ever y0, p0 ∈Rn

+.

Now, we apply Theorems 3.4 and 3.5 of [26] in the
context of the modified system of stochastic differential
equations (18) and Remark 1 to establish the global exis-
tence of solution of stochastic differential equations in
(13). For this purpose, we outline the argument used in
the proof of these theorems. In addition to the local
Lipschitz conditions on the drift and diffusion coefficients,
we further impose the following hypothesis on the
coefficients:

(H1)

gj t, yð Þ
��� ��� ≤ a1,j + κj yk k,

hj t, pð Þ�� �� ≤ a1,j′ + γj pk k,
∣ψ j,l t, yð Þ∣ ≤ a2,j + ~δj,l yk k,
Λj,l t, pð Þ�� �� ≤ a2,j′ + ~σj,l pk k,

8>>>>>>><>>>>>>>:
ð20Þ

where for i ∈ Ið1, 2Þ, ai,j, ai,j′ are nonnegative; κj, γj,
~δj,l,

~σ j,l ∈R+. From (18), we further remark that the dynamic
of the mean spot price vector y is decoupled with the
dynamic of spot price p. Now, we first apply Theorems 3.4
and 3.5 of [23] in the context of modified system of stochas-
tic differential equations (18) and hypothesis (H1) to estab-
lish the global existence of solution of the completely
decoupled subsystem of stochastic differential equations in
(18). For this purpose, we outline the argument used in the
proof of these theorems.

Definition 2. Let τm be the first exit time of the solution
process ym from the set Bðy0,mÞ. Define τ to be the (finite
or infinite) limit of the monotone increasing sequence τm
as m⟶∞.

τ = lim
m→∞

τm: ð21Þ

We wish to show that

Prob τ =∞ð Þ = 1: ð22Þ

In the following, we present a result that is parallel to
Theorem 3.5 [26] in the context of the completely decoupled
subsystem of stochastic differential equation (14). For this
purpose, it is enough to exhibit the global existence result
for the transformed system (18).

Lemma 3. For m ≥ 1, and y0 ∈R
n
+, let ymðtÞ = ymðt, t0,

y0Þ be the solution of the completely decoupled sub-
system of (18), and let the hypothesis (H1) be satisfied. Let
V1 be a function defined on ½t0,∞Þ ×Rn

+ into R+ defined
by

V1 t, yð Þ = ln yk k2 + e
� �

, ð23Þ

Then, there exists some constant c1 > 0 such that

LV1 ≤ c1V1,
V1,m = inf

yk k>m
V1 t, yð Þ⟶∞asm⟶∞,

8<: ð24Þ

where L is the differential operator with respect to (14);
e = exp ð1Þ.

Moreover, the global existence of solution of the
completely decoupled subsystem of (14) is follows.

Proof. It is obvious that V1 ∈C1,2 on ½t0,∞Þ ×Rn
+ →R+.

In fact, ð∂V1ðt, yÞÞ/∂yj = 2yj/ðy + eÞ, ∂2V1ðt, yÞ/∂y2j = ð2/
ðy + eÞÞ − ð4y2j /ðkyk2 + eÞ2Þ, and ∂2V1ðt, yÞ/∂yiyj = −4yiyj/
ðkyk2 + eÞ2 exist and are continuous functions defined on
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½t0,∞Þ ×Rn
+ ⟶R. Moreover, the L operator with respect

to the completely decoupled component is as follows:

LV1 t, yð Þ = 〠
n

j=1
μ j uj − yj
� �

vj + yj
� �

+ gj t, yð Þ
h i ∂V1 t, yð Þ

∂yj

+ 1
2〠

n

j=1

"
δj,j uj − yj
� �

+ψ jj t, yð Þ
h i2

+ 〠
n

l≠j
ψ2
j,l t, yð Þ

#
∂2V1 t, yð Þ

∂y2j
+ 1
2〠

n

i=1
〠
n

j=1
j≠i

� 〠
n

l≠i,j
ψi,l t, yð Þψ j,l t, yð Þ + 2 δi,i ui − yið Þ + ψi,i

� �
ψj,i

24 35
� ∂

2V1 t, yð Þ
∂yiyj

= 〠
n

j=1
μj − yj −

uj − vj
2

	 
� �2
+

uj + vj
2

	 
2
 !

2yj
yk k2 + e

� �
+ 〠

n

j=1

2gj t, yð Þyj
yk k2 + e

� � + 1
2〠

n

j=1
δj,j uj − yj
� �

+ ψj,j

h i2
� 2

yk k2 + e
� � − 4y2j

yk k2 + e
� �2

 !
+ 1
2〠

n

j=1
〠
n

l≠j
ψ2
j,l t, yð Þ

� 2
yk k2 + e

� � − 4y2j
yk k2 + e

� �2
 !

−
1
2〠

n

i=1
〠
n

j=1
j≠i

� 〠
n

l≠i,j
ψi,l t, ylð Þψj,l t, yð Þ + 2 δi,i ui − yið Þ + ψi,i

� �
ψj,i

24 35
� 4yiyj

yk k2 + e
� �2 ≤ 2〠

n

j=1
μj

uj + vj
2

	 
2 yj
yk k2 + e

� �
+ 〠

n

j=1

2gj t, yð Þyj
yk k2 + e

� � + 〠
n

j=1

δj,j uj − yj
� �

+ ψjj t, yð Þ
h i2

yk k2 + e
� �

+ 〠
n

j=1
〠
n

l≠j

ψ2
j,l t, yð Þ
yk k2 + e

� � − 1
2〠

n

i=1
〠
n

j=1
j≠i

� 〠
n

l≠i,j
ψi,l t, ylð Þψj,l t, yð Þ + 2 δi,i ui − yið Þ + ψi,i

� �
ψj,i

24 35
� 4yiyj

yk k2 + e
� �2 ≤ 2〠

n

j=1
μj

uj + vj
2

	 
2

+ 〠
n

j=1

a1,j + κ j yk k2� �2 + y2j
yk k2 + e

� �
+ 2〠

n

j=1
δ2j,j uj + 1
� �2 + a2,j + ~δj,j

� �2� �
+ 〠

n

j=1
〠
n

l≠j
a2,j + ~δj,l
� �2

+ 2〠
n

i=1
〠
n

j≠i
〠
n

l≠i,j
a2,i + ~δi,l
� �

a2,j + ~δj,l
� �

+ 4〠
n

i=1
〠
n

j≠i
a2,j + ~δj,i
� �

δi,i ui + 1ð Þ + a2,i + ~δi,i
� �h i

≤ c1V1 t, yð Þ,
ð25Þ

where

c1 = 2〠
n

j=1
μj

uj + vj
2

	 
2
+ 1 + 〠

n

j=1
a1,j + κj
� �2

+ 2〠
n

j=1
δ2j,j uj + 1
� �2 + a2,j + ~δ j, j

� �2� �
+ 〠

n

j=1
〠
n

l≠j
a2, j + ~δj,l
� �2

+ 2〠
n

i=1
〠
n

j≠i
〠
n

l≠i,j
a2,i + ~δi,l
� �

a2, j + ~δj,l
� �

+ 4〠
n

i=1
〠
n

j≠i
a2,j + ~δ j,i
� �

δi,i ui + 1ð Þ + a2,i + ~δi,i
� �h i

:

ð26Þ

Furthermore, inf
kyk>m

V1ðt, yÞ⟶∞ as m⟶∞.

To show that Probðτ =∞Þ = 1, we define a function

V t, yð Þ = V1 t, yð Þ exp −c1 t − t0ð Þf g: ð27Þ

It is obvious that LV ≤ 0. By defining τmðtÞ =min ðτm, tÞ;
YðtÞ = ymðtÞ for t < τm; and imitating the argument of
Lemma 4 [23], we have

E V1 τm tð Þð ,Y τm tð Þð Þf g ≤ ec1 t−t0ð ÞEV1 t0, y t0ð Þð Þ: ð28Þ

Hence,

Prob τm ≤ tf g ≤ ec1 t−t0ð ÞEV1 t0,Y t0ð Þð Þ
inf

yk k>m,u>t0
V1 u, yð Þ ⟶ 0 asm

⟶∞ by 24ð Þ:
ð29Þ

The global existence and uniqueness of the solution of the
first component of (18) follows by letting m⟶∞. Hence,
from this and the fact that the solution process of trans-
formed system (18) is almost surely identical with the solu-
tion process of the original system (14), we conclude the
global existence and uniqueness of (14).

Following the idea of Lemma 3, we present a global exis-
tence and uniqueness of solution of the system of stochastic
differential equations governing the subsystem p in (14).

Lemma 4. Form ≥ 1, and y0, p0 ∈Rn
+, let pmðtÞ = pmðt, t0, p0Þ

be the solution of the system of stochastic differential equations
governing the subsystem p described in (18), and let the
hypothesis (H1) be satisfied. Let V2 be a nonnegative function
on ½t0,∞Þ ×Rn

+ into R+ defined by

V2 t, pð Þ = ln pk k2 + e
� �

+ 〠
n

j=1

αj

2

ðΤ
t

yj sð Þ + l j
� �2

ds, ð30Þ
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Then, there exist a constant c > 0 such that

LV2 ≤ cV2

V2,m = inf
pk k>m

V2 t, pð Þ⟶∞ asm⟶∞:

8<: ð31Þ

where L is the differential operator with respect to (14);
e = exp ð1Þ.

Moreover, the global existence of the solution of the
system of stochastic differential equations governing the sub-
system p described in (14) is as follows.

Proof. It is obvious thatV2 ∈C1,2 on ½t0,∞Þ ×Rn
+ ⟶R+. In

fact, ∂V2ðt, pÞ/∂t = −∑n
j=1ðαj/2ÞðyjðtÞ + l jÞ2, ∂V2ðt, pÞ/∂pj =

2pj/ðkpk2 + eÞ, ∂2V2ðt, pÞ/∂p2j = ð2/ðkpk2 + eÞÞ − ð4p2j /
ðkpk2 + eÞ2Þ, and ∂2V2ðt, pÞ/∂pipj = −4pipj/ðkpk2 + eÞ2 exist
and are continuous functions defined on ½t0,∞Þ ×Rn

+ ⟶
R. Moreover, the L operator with respect to the system of
stochastic differential equations governing the subsystem p
described in (14) is obtained as follows:

LV2 t, pð Þ = −〠
n

j=1

α j

2 yj tð Þ + l j
� �2

+ 〠
n

j=1

h
αj yj − pj
� �

l j + pj
� �

+ hj t, pð Þ
i 2pj

pk k2 + e
� � ,

+ 1
2〠

n

j=1

"
σ j,j l j + pj
� �

+Λj,j t, pð Þ
h i2

+ 〠
n

l≠j
Λj,l t, pð Þ2

#
2

pk k2 + e
� � − 4p2j

pk k2 + e
� �2

" #

+ 1
2〠

n

i=1
〠
n

j=1
j≠i

〠
n

l=1
Λi,lΛj,l + 2 σi,i li + pið Þ +Λi,i½ �Λj,i

24 35

� −
4pipj
pk k2 + e

� �2
" #

= −〠
n

j=1

α j

2 yj + l j
� �2

+ 〠
n

j=1
αj − pj −

yj − l j
2

� �2 

+
yj + l j
2

	 
2! 2pj
pk k2 + e

� �
+ 〠

n

j=1

2hj t, pð Þpj
pk k2 + e

� � + 1
2〠

n

j=1
σ j,j l j + pj
� �

+Λj,j t, pð Þ
h i2

� 2
pk k2 + e

� � − 4p2j
pk k2 + e

� �2
 !

+ 1
2〠

n

j=1
〠
n

l≠j
Λj,l t, pð Þ2 2

pk k2 + e
� � − 4p2j

pk k2 + e
� �2

 !

−
1
2〠

n

i=1
〠
n

j=1
j≠i

〠
n

l=1
Λi,lΛj,l + 2 σi,i li + pið Þ +Λi,i½ �Λj,i

24 35

� 4pipj
pk k2 + e

� �2 ≤ −〠
n

j=1

αj

2 yj + l j
� �2

+ 〠
n

j=1

αj

2 yj + l j
� �2 pj

pk k2 + e
� �

+ 〠
n

j=1

a1,j′ + γ j pk k
h i2

+ p2j

pk k2 + e
� �

+ 〠
n

j=1

σ j,j l j + pj
� �

+Λj,j t, pð Þ
h i2

pk k2 + e
� �

+ 〠
n

j=1
〠
n

l≠j
a2,j′ + ~σj,l
� �2

+ 2〠
n

i=1
〠
n

j≠i
〠
n

l≠i,j
a2,i′ + ~σi,l
� �

� a2,j′ + ~σj,l
� �

+ 4〠
n

i=1
〠
n

j≠i
a2,j′ + ~σj,i
� �

� σi,i li + 1ð Þ + a2,i′ + ~σi,i
� �h i

≤ cV2 t, pð Þ, ð32Þ

where

c = 1 + 〠
n

j=1
a1,j′ + γj

h i2
+ 2〠

n

j=1
σ2j,j l j + 1
� �2 + a2,j′ + ~σj,j

� �2� �
+ 〠

n

j=1
〠
n

l≠j
a2,j′ + ~σj,l
� �2

+ 2〠
n

i=1
〠
n

j≠i
〠
n

l≠i,j
a2,i′ + ~σi,l
� �

a2,j′ + ~σj,l
� �

+ 4〠
n

i=1
〠
n

j≠i
a2,j′ + ~σj,i
� �

σi,i li + 1ð Þ + a2,i′ + ~σi,i
� �h i

:

ð33Þ

Furthermore, inf
kpk>m

V2ðt, pÞ⟶∞ as m⟶∞. Follow-

ing the final argument used in proving the global existence
of y in Lemma 3, we conclude that there exists a unique
global solution to the interconnected system of stochastic dif-
ferential (14).

In the next section, we discuss the case where we incorpo-
rate jump process into the system (y, p).

4. Energy Commodity Model with and
without Jumps

Due to random interventions that affects the price of energy
commodities, we introduce random perturbations described
by a continuous jump in our model. We follow the approach
discussed in [28, 29] where a class of stochastic hybrid
dynamic processes is investigated.
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Let K ≥ 0 be the number of jumps on the interval ½t0, T�,
for T > 0. For K ≠ 0, let T1,⋯, TK be the jump times over a
time interval ½t0, T� such that t0 = T0 ≤ T1<⋯<TK ≤ T ,
where Ti denotes the time at which the ith jump occurred
in the system ðy, pÞ. For K = 0, no jump has occurred on
the interval ½t0, T�. We denote the ith subinterval by Ti−1
≤ t < Ti. Knowing the global existence and uniqueness
solution process of the system (14) on the interval ½t0, T�,

T > 0 in Section 3, for i ∈ Ið1, K∗Þ, where K∗ = K if TK = T ,
and K∗ = K + 1 if TK < T and K ≠ 0, we consider the
solution process on each subinterval ½Ti−1, TiÞ, between
jumps. For i ∈ Ið1, K∗Þ and K = 0, we have Ið1, KÞ =∅
and Ið1, K∗Þ = f1g. In this case, we consider the solution
process on ½t0, T�. The interconnected system is governed
by the following system of continuous time stochastic
process:

where

Πi = diag πi
1, πi

2,⋯:,πi
n

� �
,

Θi = diag θi1, θi2,⋯:,θin
� �

,
ð35Þ

ðyi−1ðt, Ti−1, yi−1Þ, pi−1ðt, Ti−1, yi−1, pi−1ÞÞ is the solution of
the system of equation (34); for K ≠ 0 and i ∈ Ið1, K∗Þ, Πi

andΘi are jump coefficient matrices. These jump coefficients

are estimated by bπ i
j = yjðTiÞ/ limt→T−

i

yi−1j ðt, Ti−1, yi−1Þ; bθ i

j = pj

ðTiÞ/ limt→T−
i

pi−1j ðt, Ti−1, yi−1, pi−1Þ for j ∈ Ið1, nÞ. Following

the approach in [28, 29], the solution of (34) takes the
following representation:

y t, t0, y0ð Þ =

y0 t, t0, y0ð Þ, y t0ð Þ = y0, t0 ≤ t < T1,
y1 t, T1, y1
� �

, y1 = y T1ð Þ, T1 ≤ t < T2,
⋯

yi−1 t, Ti−1, yi−1
� �

, yi−1 = y Ti−1ð Þ, Ti−1 ≤ t < Ti,
⋯

yK t, TK , yK
� �

, yK = y TKð Þ, TK ≤ t ≤ T ,

8>>>>>>>>>>><>>>>>>>>>>>:

p t, t0, y0, p0ð Þ =

p0 t, t0, y0, p0ð Þ, p t0ð Þ = p0, t0 ≤ t < T1,
p1 t, T1, y1, p1
� �

, p1 = p T1ð Þ, T1 ≤ t < T2,
⋯

pi−1 t, Ti−1, yi−1, pi−1
� �

, pi−1 = p Ti−1ð Þ, Ti−1 ≤ t < Ti,
⋯

pK t, TK , yK , pK
� �

, pK = p TKð Þ, TK ≤ t ≤ T ,

8>>>>>>>>>>><>>>>>>>>>>>:
ð36Þ

Remark 5. In case of no jump, that is K = 0, (34) and
(36) reduce to

dy = a t, yð Þdt + Y t, yð ÞdW tð Þ, y t0ð Þ = y0,
dp = b t, y, pð Þdt + σ t, pð ÞdZ tð Þ, p t0ð Þ = p0, t0 ≤ t ≤ T ,

(
ð37Þ

y t, t0, y0ð Þ, y t0ð Þ = y0,
p t, t0, y0, p0ð Þ, p t0ð Þ = p0, t0 ≤ t < T ,

(
ð38Þ

respectively.

5. Discrete-Time Dynamic Model for Local
Sample Mean and Covariance Processes

In this section, we extend the discrete-time dynamic model
for local sample mean and variance processes given in Otu-
nuga et al. [16, 17] to a multivariate case including the jump
process. The development of idea and model of statistic for
mean and covariance processes was motivated by the state
and parameter estimation problems of the continuous time
nonlinear stochastic dynamic model of the energy commod-
ity market network. For this purpose, we need to introduce a
few definitions and notations. For more information, we
direct the readers to the work of Otunuga et al. [16, 17].

For each i ∈ Ið1, K∗Þ, let τi−1 and �γi−1 be finite constant
time delays such that 0 < �γi−1 ≤ τi−1. If K = 0, then there is
no jump and we simply write τi−1 = τ and �γi−1 = �γ. Here,
τi−1 characterizes the influence of the past performance his-
tory of state of dynamic process. �γi−1 describes the reaction
or response time delays. In general, these time delays are
unknown and random variables. These types of delays play
an important role in developing mathematical models of
continuous time [30] and discrete-time [22, 31] dynamic

dyi−1 = ai−1 t, yð Þdt + Yi−1 t, yð ÞdW tð Þ, y Ti−1ð Þ = yi−1, t ∈ Ti−1, Ti½ Þ
dpi−1 = bi−1 t, y, pð Þdt + σi−1 t, pð ÞdZ tð Þ, p Ti−1ð Þ = pi−1, t ∈ Ti−1, Ti½ Þ, i ∈ I 1, K∗ð Þ
yi =Πiyi−1 T−

i , Ti−1, yi−1
� �

,

pi =Θipi−1 T−
i , Ti−1, yi−1, pi−1

� �
,

8>>>>><>>>>>:
ð34Þ

22 Journal of Energy



processes. Based on the practical nature of data collection
process, it is essential to either transform these time delays
into positive integers or design a suitable data collection
schedule or discretization process. For this purpose, for each
i ∈ Ið1, K∗Þ, we describe the discrete version of time delays of
τi and γi as follows:

ri−1 =f τi−1
Δti−1

���� ����� �
+ 1,

��γi−1 =
�γi−1
Δti−1

���� ����� �
+ 1, for i ∈ I 1, K∗ð Þ:

ð39Þ

Here, ½j:j� is the integer part of a real number, and for the
sake of simplicity, we assume that 0 < �γi−1 < 1, ð��γi−1 = 1Þ.

Definition 6. Let x = ½x1, x2,⋯, xn�Τ be a continuous time
multivariate stochastic process defined on an interval
½t0 − τ, T� into Rn, for some T > 0. For t ∈ ½t0 − τ, T�,
let F t be an increasing subsigma algebra of a complete prob-
ability space ðΩ,F ,P Þ for which xðtÞ is F t measurable. For
each i ∈ Ið1, K∗Þ, let ℙ and ℙi−1 be a partition of ½t0 − τ, T�
and ½Ti−1 − τi−1, Ti�, respectively. The partition ℙi−1 is
derived by decomposing the partition ℙ. For each
i ∈ Ið1, K∗Þ, the partitions ℙ and ℙi−1 are defined as follows:

ℙ = tk : tk = t0 + kΔt, k ∈ I −r,Nð Þf g,
ℙi−1 = ti−1k : ti−1k = Ti−1 + kΔt, k ∈ I −ri−1,Ni−1ð Þ �

,

(
ð40Þ

where ti−1k represents time tk in the interval ½Ti−1 − τi−1, Ti�,
Δt = ðT − t0Þ/N ≡ ðTi − Ti−1Þ/Ni−1, and T0 = t0.

Remark 7. We define S i =∑i
l=1Nl−1 with S0 = 0. For K ≠ 0,

we note that we can write ℙ as ft0 < t1<⋯<tN0
< tN0+1<⋯:

<tN0+N1
< tN0+N1+1<⋯:<tS i−1

< tS i−1+1<⋯<tS i
<⋯<Tg. From

this, it follows directly that the jump times Ti are contained
inℙ. For any ti−1k ∈ ℙi−1, k ∈ ½0,Ni−1�, we have ti−1k ∈ ℙ. Hence,
there is a relationship between elements of ℙi−1 with ℙ that is
described by ti−1k = tS i−1+k, for k ∈ Ið0,NiÞ. In fact, the rela-
tionship between a set of jump times fT1, T2,⋯, TKg and
the partition ℙ defined in (40) is as Ti → tS i

, where Ni−1 is

the size of partition ℙi−1 of the subinterval ½Ti−1, Ti�. It
follows that SK∗ =N . Using these facts, and noting that
if K = 0, then ℙi−1 =ℙ, Ni−1 =N , τi−1 = τ, γi−1 = γ, ri−1 = r,
ηi−1 = η, ti−1k = tk and (40) reduces to

ℙi−1 = ti−1k : ti−1k = Ti−1 + kΔt, k ∈ I −ri−1,Ni−1ð Þ �
: ð41Þ

For each i ∈ Ið1, K∗Þ, let fxi−1ðti−1k ÞgNi−1
k=−ri−1 be a finite

sequence corresponding to the stochastic process x and
partition ℙi−1 defined in (41). We simply write xðti−1k Þ ≡ xi−1
ðti−1k Þ. We further recall that xðti−1k Þ is F ti−1k

measurable

for k ∈ Ið−ri−1,Ni−1Þ. We also recall the definition of for-
ward time shift operator F [16, 17, 32]:

Flx ti−1k

� �
= x ti−1k+l
� �

, l ≥ 0: ð42Þ

Definition 8. For qi−1 = 1 and ri−1 ≥ 1, each k ∈ Ið0,Ni−1Þ
and each mi−1

k ∈ Ið2, ri−1 +Si−1 + k − 1Þ, a partition Pi−1
k of

closed interval ½ti−1k−mi−1
k
, ti−1k−1� is called local at time ti−1k ,

and it is defined by

Pi−1
k ≔ ti−1k−mi−1

k
< ti−1k−mi−1

k +1 <⋯ < ti−1k−1: ð43Þ

Moreover, Pi−1
k is referred to as the mi−1

k point subpar-
tition of the partition ℙi−1 in (41) of the closed subinterval
½ti−1k−mi−1

k
, ti−1k−1� of ½−τi−1, Ti�.

Remark 9. We note that for K = 0, that is, no jump, we have
Pi−1
k = Pk, m

i−1
k =mk, t

i−1
k−mi−1

k
= ti−1k−mk

, and ti−1k−1 = tk−1, where Pk

is referred as the mk point subpartition of partition ℙ in
(40) of the closed subinterval ½tk−mk

, tk� of ½t0 − τ, T� for k ∈
Ið0,NÞ.

Definition 10. For each i ∈ Ið1, K∗Þ, k ∈ Ið0,Ni−1Þ, and mi−1
k

∈ Ið2, ri−1 +Si−1 + k − 1Þ, a local finite sequence Smi−1
k ,k at

ti−1k of size mi−1
k is the restriction [33] of fxðti−1k ÞgNi−1

k=−ri−1 to

Pi−1
k in (43). This restriction sequence is defined by

Smi−1
k ,k ≔ Flx ti−1k−1

� �n o0

l=−mi−1
k +1

: ð44Þ

As mi−1
k varies from 2 to ri−1 +Si−1 + k − 1, the corre-

sponding respective local sequence Smi−1
k ,k at t

i−1
k varies from

fxðti−1l Þgk−1l=k−2 to fxðti−1l Þgk−1l=−ri−1+S i−1+1. As a result of this, the

sequence defined in (44) is also called a mi−1
k local moving

sequence. Furthermore, the average corresponding to the
local sequence Smi−1

k ,k in (44) is defined by

�Smi−1
k ,k =

1
mi−1

k

〠
0

l=−mi−1
k +1

Flx ti−1k−1
� �

: ð45Þ

The average/mean defined in (45) is also called the mi−1
k

local average/mean. For i ∈ Ið1, K∗Þ and k ∈ Ið0,Ni−1Þ, the
mi−1

k local covariance matrix corresponding to the local
sequence Smi−1

k ,k in (44) is defined by

〠
mi−1

k ,k
=

s1,1mi−1
k ,k s1,2mi−1

k ,k s1,3mi−1
k ,k ⋯ s1,nmi−1

k ,k

s2,1mi−1
k ,k s2,2mi−1

k ,k s2,3mi−1
k ,k ⋯ s2,nmi−1

k ,k

⋮ ⋱ ⋱ ⋱ ⋮

sn,1mi−1
k ,k sn,2mi−1

k ,k sn,3mi−1
k ,k ⋯ sn,nmi−1

k ,k,

0BBBBBBB@

1CCCCCCCA
ð46Þ
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where sj,lmi−1
k ,k ≡ sj,lmi−1

k ,kðxÞ, j, l ∈ Ið1, nÞ is the local sample

covariance statistic between xj and xl at t
i−1
k described by

Denoting xðkÞ ≡ xðti−1k Þ for i ∈ Ið1, K∗Þ and k ∈ Ið1,Ni−1Þ,
the discrete-time interconnected dynamic model of local

sample mean �Smk ,k and variance s2mk ,k processes
(DTIDMLSMVSP) [16, 17] is given by

sj,lmi−1
k ,k ≔

1
mi−1

k

〠
0

a=−mi−1
k +1

Faxj t
i−1
k−1

� �
−

1
mi−1

k

〠
0

b=−mi−1
k +1

Fbxj t
i−1
k−1

� �0@ 1A Faxl t
i−1
k−1

� �
−

1
mi−1

k

〠
0

b=−mi−1
k +1

Fbxl t
i−1
k−1

� �0@ 1A, for smallmi−1
k ,

1
mi−1

k − 1 〠
0

a=−mi−1
k +1

Faxj t
i−1
k−1

� �
−

1
mi−1

k

〠
0

b=−mi−1
k +1

Fbxj t
i−1
k−1

� �0@ 1A Faxl t
i−1
k−1

� �
−

1
mi−1

k

〠
0

b=−mi−1
k +1

Fbxl t
i−1
k−1

� �0@ 1A, for largemi−1
k :

8>>>>>>><>>>>>>>:
ð47Þ

�Smi−1
k−di−1+1

,k−di−1+1 =
mi−1

k−di−1
mi−1

k−di−1+1
�Smi−1

k−di−1
,k−di−1 + ηmi−1

k−di−1
,k−di−1 , �Smi−1

Ti−1
,Ti−1

= �STi−1

〠
mi−1

k ,k
=

mi−1
k − 1
mi−1

k

〠
di−1

j=1

mi−1
k−jQ j−1

l=0 m
i−1
k−l

" #
〠

mi−1
k− j ,k−j

+
mi−1

k−di−1Qdi−1−1
l=0 mi−1

k−l

�Smi−1
k−di−1

,k−di−1
�SΤmi−1

k−di−1
,k−di−1

24 35 + εmi−1
k−1,k−1,

for smallmi−1
k ,mi−1

k−1 ≤mi−1
k ,

〠
di−1

j=1

mi−1
k−j − 1Q j−1
l=0 m

i−1
k−l

" #
〠

mi−1
k− j ,k−j

+
mi−1

k−di−1Qdi−1−1
l=0 mi−1

k−l

�Smi−1
k−di−1

,k−di−1
�SΤmi−1

k−di−1
,k−di−1 + εmi−1

k−1,k−1

for largemi−1
k ,mi−1

k−1 ≤mi−1
k

〠
mi−1

j ,j =〠
j,
i ∈ I 1, K∗ð Þ, j ∈ I −di−1, 0ð Þ, initial conditions

8>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>:

8>>>>>>>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>>>>>>>:

ð48Þ
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where di−1 is the order of the system and

The proof of this is given in [16].

6. Parametric Estimation

In this section, we consider a parameter estimation problem in
drift and diffusion coefficients of (34). This is achieved by uti-
lizing the lagged adaptive process [22] and the interconnected
discrete-time dynamics of local sample mean and variances

statistic processes model (48). For each i ∈ Ið1, K∗Þ, we con-
sider a general interconnected hybrid system described by
the system of stochastic differential equations:

dxi−1 = fi−1 t, xð Þdt + σi−1 t, xð ÞdW tð Þ, x Ti−1ð Þ = xi−1, t ∈ Ti−1, Ti½ Þ,
xi = Γixi−1 T−

i , Ti−1, xi−1
� �

,

(
ð50Þ

η =

η1

η2

⋮

ηn

0BBBBB@

1CCCCCA,

εmi−1
k ,k =

ε1,1mi−1
k ,k ε1,2mi−1

k ,k ε1,3mi−1
k ,k ⋯ ε1,nmi−1

k ,k

ε2,1mi−1
k ,k ε2,2mi−1

k ,k ε2,3mi−1
k ,k ⋯ ε2,nmi−1

k ,k

⋮ ⋱ ⋱ ⋱ ⋮

εn,1mi−1
k ,k εn,2mi−1

k ,k εn,3mi−1
k ,k ⋯ εn,nmi−1

k ,k

0BBBBBBB@

1CCCCCCCA
,

ϵmi−1
k ,k =

ε1,1mi−1
k ,k ε1,2mi−1

k ,k ε1,3mi−1
k ,k ⋯ ε1,nmi−1

k ,k

ε2,1mi−1
k ,k ε2,2mi−1

k ,k ε2,3mi−1
k ,k ⋯ ε2,nmi−1

k ,k

⋮ ⋱ ⋱ ⋱ ⋮

εn,1mi−1
k ,k εn,2mi−1

k ,k εn,3mi−1
k ,k ⋯ εn,nmi−1

k ,k

0BBBBBBB@

1CCCCCCCA
,

ηjmi−1
k−di−1

,k−di−1
= 1
mi−1

k−di−1+1
〠

−mi−1
k−di−1

+1

ι=−mi−1
k−di−1+1

+1
F ιxj k − di−1ð Þ − F−mi−1

k−di−1
+1xj k − di−1ð Þ − F−mi−1

k−di−1 xj k − di−1ð Þ + F0xj k − di−1ð Þ
24 35,

εj,lmi−1
k−1,k−1

= mi−1
k − 1
mi−1

k

〠
di−1

ι=1

F−ι+1xj k − 1ð ÞF−ι+1xl k − 1ð ÞQι−1
a=0m

i−1
k−a

− 〠
di−1

ι=1

F−ι+1−mi−1
k−ιxj k − 1ð ÞF−ι+1−mi−1

k−ιxl k − 1ð ÞQι−1
a=0m

i−1
k−a

− 〠
di−1

ι=1

F−ι+2−mi−1
k−ιxj k − 1ð ÞF−ι+2−mi−1

k−ιxl k − 1ð ÞQι−1
a=0m

i−1
k−a

" #

    + mi−1
k − 1
mi−1

k

〠
di−1

ι=1

∑−ι+2−mi−1
k−ι

v=−ι+2−mi−1
k−ι+1

Fvxj k − 1ð ÞFvxl k − 1ð ÞQι−1
a=0 m

i−1
k−a

264
375 + 〠

di−1

ι=1

∑−ι+1
v,s=−ι+2−mi−1

k−ι+1v≠s
Fvxj k − 1ð ÞFsxl k − 1ð ÞQι−1

a=0m
i−1
k−a

24 35
264

375
    −

1
mi−1

k

〠
0

v,s=−mi−1
k +1v≠s

Fvxj k − 1ð ÞFsxl k − 1ð Þ,

ϵ j,lmi−1
k−1,k−1

= 〠
di−1

ι=1

F−ι+1xj k − 1ð ÞF−ι+1xl k − 1ð ÞQι−1
a=0m

i−1
k−a

− 〠
di−1

ι=1

F−ι+1−mi−1
k−ιxj k − 1ð ÞF−ι+1−mi−1

k−ιxl k − 1ð ÞQι−1
a=0m

i−1
k−a

− 〠
di−1

ι=1

F−ι+2−mi−1
k−ιxj k − 1ð ÞF−ι+2−mi−1

k−ιxl k − 1ð ÞQι−1
a=0m

i−1
k−a

    + 〠
di−1

ι=1

∑−ι+2−mi−1
k−ι

v=−ι+2−mi−1
k−ι+1

Fvxj k − 1ð ÞFvxl k − 1ð ÞQι−1
a=0m

i−1
k−a

264
375 + 〠

di−1

ι=1

∑−ι+1
v,s=−ι+2−mi−1

k−ι+1v≠s
Fvxj k − 1ð ÞFsxl k − 1ð ÞQι−1

a=0m
i−1
k−a

24 35
    −

1
mi−1

k − 1 〠
0

v,s=−mi−1
k +1v≠s

Fvxj k − 1ð ÞFsxl k − 1ð Þ:

8>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:
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where Γi = diag ðΓi
1, Γi

2,⋯, Γi
j,⋯, Γi

nÞ is the jump coefficient
matrix; the jump times Ti’s are defined in (34). For each
j ∈ Ið1, nÞ, the estimate of the jump coefficient Γi

j is given

by Γi
j = xjðTiÞ/ limt→T−

i

xi−1j ðt, Ti−1, xi−1Þ.

Let V ∈ C½½−τ,∞� ×Rn,Rm�, and its partial derivatives
Vt , ∂V/∂x, and ∂2V/∂x2 exist and are continuous on each
interval ½Ti−1, Ti�. We apply Itô-Doob stochastic differential
formula [34] to V , and we obtain

where the L operator is defined by

For (50) and (51), we present the Euler-type discretiza-
tion scheme [23]:

Define F i−1
tk−1

≡F i−1
k−1 as the filtration process up to time

ti−1k−1. With regard to the continuous time dynamic system

(50) and its transformed system (51), the more general
moments of Δxðti−1k Þ are as follows:

dV t, xi−1
� �

= LV t, xi−1
� �

dt +Vx t, xi−1
� �

σ t, xi−1
� �

dW tð Þ, x Ti−1ð Þ = xi−1, t ∈ Ti−1, Ti½ Þ,
V Ti, xi
� �

=V Ti, Γixi−1 T−
i , Ti−1, xi−1

� �� �
:

(
ð51Þ

LV t, xi−1
� �

=Vt t, xi−1
� �

+Vx t, xi−1
� �

f t, xi−1
� �

+ 1
2 tr Vxx t, xi−1

� �� �
c t, xi−1
� �

,

c t, xi−1
� �

= σi−1 t, xi−1
� �

σi−1 t, xi−1
� �⊤

:

8><>: ð52Þ

Δxi−1 ti−1k

� �
= f ti−1k−1, x ti−1k−1

� �� �
Δti−1k + σi−1 ti−1k−1, x ti−1k−1

� �� �
ΔW ti−1k

� �
, k ∈ I 1,Ni−1ð Þ,

xi = Γixi−1 T−
i , Ti−1, xi−1

� �
,

ΔV ti−1k , xi−1 ti−1k

� �� �
= LV ti−1k−1, xi−1 ti−1k−1

� �� �
Δti−1k + Vx ti−1k−1, xi−1 ti−1k−1

� �� �
σi−1 ti−1k−1, x ti−1k−1

� �� �
ΔW ti−1k

� �
,

V Ti, xi
� �

= V Ti, Γixi−1 T−
i , Ti−1, xi−1

� �� �
:

8>>>>>><>>>>>>:
ð53Þ

E Δx ti−1k

� �
F i−1

k−1
��� �

= fi−1 ti−1k−1, xi−1 ti−1k−1
� �� �

Δti−1k ,

E Δxi−1 ti−1k

� �
− E Δxi−1 ti−1k

� �
F i−1

k−1
��� �� �

Δxi−1 ti−1k

� �
− E Δxi−1 ti−1k

� �
F i−1

k−1
��� �� �Τ

F i−1
k−1

��h i
= σi−1 ti−1k−1, xi−1 ti−1k−1

� �� �
σi−1 ti−1k−1, xi−1 ti−1k−1

� �� �Τ
Δti−1k ,

E ΔV ti−1k , xi−1 ti−1k

� �� �
F i−1

k−1
��� �

= LV ti−1k−1, xi−1 ti−1k

� �
,

� �
Δti−1k ,

E ΔV ti−1k , xi−1 ti−1k

� �� �
− E ΔV ti−1k , xi−1 ti−1k

� �� �
F i−1

k−1
��� �� ��

ΔV ti−1k , xi−1 ti−1k

� �� �
− E ΔV ti−1k , xi−1 ti−1k

� �� �
F i−1

k−1
��� �� �Τ

F i−1
k−1

�� i
= B ti−1k−1, xi−1 ti−1k−1

� �� �
,

8>>>>>>>><>>>>>>>>:
ð54Þ
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where Bðti−1k−1, xðti−1k−1ÞÞ =Vxðti−1k−1, xi−1ðti−1k−1ÞÞcðti−1k−1, xðti−1k−1ÞÞVx

ðti−1k−1, xðti−1k−1ÞÞ⊤Δti−1k , and Τ stands for the transpose of the
matrix. From (53) and (54), we have

This provides the basis for the development of the con-
cept of lagged adaptive expectation process [22] with respect
to continuous time stochastic dynamic system (51). This
indeed leads to a formulation of mi−1

k local generalized
method of moments at ti−1k .

In the following, we state a result that exhibits the exis-
tence of the solution of the system of nonlinear algebraic
equations. For the sake of easy reference, we shall state the
implicit function theorem without proof.

Theorem 11. Implicit Function Theorem [33]. Let F = fF1,
F2,⋯, Fqg be a vector-valued function defined on an open

set S ∈Rq+k with values in Rq. Suppose F ∈ C′ on S. Let
(u0 ; v0) be a point in S for which Fðu0 ; v0Þ = 0 and for
which the q × q determinant of the Jacobian matrix det
½JFðv0Þ� ≠ 0. Then, there exists a k-dimensional open set
T0 containing v0 and unique vector-valued function g,
defined on T0 and having values in Rq , such that g ∈
C′ on T0 , gðv0Þ = u0 , and FðgðvÞ ; vÞ = 0 for every v ∈
T0 .

6.1. Special Case: Illustration. For each j, l ∈ Ið1, nÞ and each
i ∈ Ið1, K∗Þ, we consider a special case of (14).

Here, κi−1j,l , u
i−1
j , βi−1

j , γi−1j,l , δ
i−1
j,l , and σi−1j,l are the sys-

tem parameters on the jump subinterval ½Ti−1, TiÞ; ui−1j ,

κi−1j,j , γ
i−1
j,j , δ

i−1
j,j , and σi−1j,j are positive; and for l ≠ j, κi−1j,l ,

γi−1j,l ∈R; δi−1j,l , σ
i−1
j,l are nonnegative. W and Z are inde-

pendent standard Wiener process on a filtered probability
space (Ω,F, ðFtÞt≥0,P) with the properties described
in (14). It follows that the interconnected system of

stochastic differential equations (56) has 4n2 + 2n
parameters. Also,

κj,l
 �i−1

l≠j

>0 if yl is cooperatingwith yj,
<0 if ylis competingwith yj,
= 0 if there is no interaction between yl and yj, j, l ∈ I 1, nð Þ,

8>><>>:
ð57Þ

Δxi−1 ti−1k

� �
= E Δxi−1 ti−1k

� �
F i−1

k−1
��� �

+ σi−1 ti−1k−1, xi−1 ti−1k−1
� �� �

ΔW ti−1k

� �
, k ∈ I 1,Ni−1ð Þ,

ΔV ti−1k , xi−1 ti−1k

� �� �
= E ΔV ti−1k , xi−1 ti−1k

� �� �
F i−1

k−1
��� �

+ Vi−1
x ti−1k−1, xi−1 ti−1k−1

� �� �
σi−1 ti−1k−1, xi−1 ti−1k−1

� �� �
ΔW tkð Þ:

(
ð55Þ

dyj = ui−1j − yj
� �

κi−1j, j yj + 〠
n

l≠j
κi−1j,l yl

" #
dt + δi−1j,j ui−1j − yj

� �
dWj,j tð Þ + ui−1j − yj

� �
〠
n

l≠j
δi−1j,l yldWj,l tð Þ, yj Ti−1ð Þ = yi−1j , t ∈ Ti−1, Ti½ Þ,

yij = πi
jy
i−1
j T−

i , Ti−1, yi−1
� �

,

dpj tð Þ = pj γi−1j,j yj − pj
� �

+ βi−1
j + 〠

n

l≠j
γi−1j,l pl tð Þ

" #
dt + σi−1

j,j pjdZj, j tð Þ + pj 〠
n

l≠j
σi−1
j,l pldZj,l tð Þ, pj Ti−1ð Þ = pi−1j , t ∈ Ti−1, Ti½ Þ,

pij = θijp
i−1
j T−

i , Ti−1, yi−1, pi−1
� �

:

8>>>>>>>>>>>><>>>>>>>>>>>>:
ð56Þ
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and likewise,

γj,l

n oi−1

l≠j

>0 if pl is cooperating with pj,
<0 if pl is competing with pj,
= 0 if there is no interaction between pl and pj, j, l ∈ I 1, nð Þ:

8>><>>:
ð58Þ

Remark 12. For the case K = 0, (56) is reduced to

where for j, l ∈ Ið1, nÞ, the parameters κj,l, uj, βj, γj,l, δj,l, and
σj,l are the system parameters on the interval ½t0, T�; uj, κj,j,
γj,j, δj,j, and σ j,j are positive; and for l ≠ j, κj,l, γj,l ∈R; δj,l,
σj,l are nonnegative. For each j ∈ Ið1, nÞ, we pick a Lyapunov
function

V1j t, yj
� �

= yj
� �q

,

V2j t, pj
� �

= pj
� �q

, q ∈ℤ+,

8><>: ð60Þ

in (51) for (56). Using the Itô differential formula [24],
we have

dy j = uj − yj
� �

κj,jyj + 〠
n

l≠j
κj,lyl

" #
dt + δj,j uj − yj

� �
dWj,j tð Þ + uj − yj

� �
〠
n

l≠j
δj,lyldWj,l tð Þ, yj t0ð Þ = yj0, t ∈ t0, T½ �,

dpj tð Þ = pj γj,j yj − pj
� �

+ βj + 〠
n

l≠j
γj,lpl tð Þ

" #
dt + σj,jpjdZj,j tð Þ + pj 〠

n

l≠j
σ j,lpldZj,l tð Þ, pj t0ð Þ = pj0, t ∈ t0, T½ �,

8>>>>><>>>>>:
ð59Þ

dV1j = q yj
� �q−1

ui−1j − yj
� �

κi−1j,j yj + 〠
n

l≠j
κi−1j,l yl

 !
+ 1
2 q q − 1ð Þ yj

� �q−2
ui−1j − yj
� �2

δi−1j,j

� �2
+ 〠

n

l≠j
δi−1j,l

� �2
y2l

 !" #
dt

    + q yj
� �q−1

ui−1j − yj
� �

δi−1j,j dWj,j tð Þ + 〠
n

l≠j
δi−1j,l yldWj,l tð Þ

" #
, yj Ti−1ð Þ = yi−1j , t ∈ Ti−1, Ti½ Þ

Vi
1j = πi

j

� �q
yj T

−
i , Ti−1, yi−1

� �q, if t = Ti,

dV2j = pj
� �q

q γi−1j yj − pj
� �

+ βi−1
j + 〠

n

l≠j
γi−1j,l pl

 !
+ 1
2 q q − 1ð Þ σi−1j,j

� �2
+ 〠

n

l≠j
σi−1
j,l

� �2
p2l

 !" #
dt

    + q pj
� �q

σi−1
j,j dZj,j tð Þ + 〠

n

l≠j
σi−1
j,l pldZj,l tð Þ

" #
, pj Ti−1ð Þ = pi−1j , t ∈ Ti−1, Ti½ Þ,

Vi
2j = θij

� �q
pj T

−
i , Ti−1, yi−1, pi−1

� �q, if t = Ti,

8>>>>>>>>>>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>>>>>>>>>>:
ð61Þ
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By setting Δti−1k = ti−1k − ti−1k−1 = Δt, Δyðti−1k Þ = yðti−1k Þ −
yðti−1k−1Þ, and Δpðti−1k Þ = pðti−1k Þ − pðti−1k−1Þ, the combined Euler
discretized scheme for (61) is

where fyðti−1k Þg0k=−ri−1 , fpðti−1k Þg0k=−ri−1 are given finite se-

quence ofF i−1
Ti−1

measurable random vectors and are indepen-

dent of fΔWðti−1k ÞgNi−1
k=0 , fΔZðti−1k ÞgNi−1

k=0 , respectively. We

define ΔðyjÞqðti−1k Þ = ðyjÞqðti−1k Þ − ðyjÞqðti−1k−1Þ and ΔðpjÞq
ðti−1k Þ = ðpjÞqðti−1k Þ − ðpjÞqðti−1k−1Þ.

Applying conditional expectation to (62) with respect to
F i−1

tk−1
≡F i−1

k−1, we obtain

Δ yj
� �q

ti−1k

� �
= q yj

� �q−1
ti−1k−1
� �

ui−1j − yj t
i−1
k−1

� �� �
κi−1j, j yj t

i−1
k−1

� �
+ 〠

n

l≠j
κi−1j,l yl t

i−1
k−1

� � !"
+ 1
2 q q − 1ð Þ yj

� �q−2
ti−1k−1
� �

ui−1j − yj t
i−1
k−1

� �� �2
δi−1j,j

� �2
+ 〠

n

l≠j
δi−1j,l

� �2
y2l ti−1k−1
� � !#

Δt

        + q yj
� �q−1

ti−1k−1
� �

ui−1j − yj t
i−1
k−1

� �� �
δi−1j,j ΔWj,j t

i−1
k

� �
+ 〠

n

l≠j
δi−1j,l ylΔWj,l t

i−1
k

� �" #
, yj Ti−1ð Þ = yi−1j , ti−1k ∈ Ti−1, Ti½ Þ,

yij
� �q

= πi
j

� �q
yj T

−
i , Ti−1, yi−1

� �q, if t = Ti,

Δ pj
� �q

ti−1k

� �
= pj
� �q

ti−1k−1
� �

q γi−1j,j yj t
i−1
k−1

� �
− pj t

i−1
k−1

� �� �
+ βi−1

j + 〠
n

l≠j
γi−1j,l pl t

i−1
k−1

� � !
+ 1
2 q q − 1ð Þ σi−1j, j

� �2
+ 〠

n

l≠j
σi−1
j,l

� �2
p2l ti−1k−1
� � !" #

Δt

       + q pj
� �q

ti−1k−1
� �

σi−1
j,j ΔZj,j t

i−1
k

� �
+ 〠

n

l≠j
σi−1
j,l pl t

i−1
k−1

� �
ΔZj,l t

i−1
k

� �" #
, pj Ti−1ð Þ = pi−1j ti−1k ∈ Ti−1, Ti½ Þ, q ∈ I 1, n + 1ð Þ,

pij
� �q

= θij

� �q
pj T

−
i , Ti−1, yi−1, pi−1

� �q, if t = Ti:

8>>>>>>>>>>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>>>>>>>>>>:
ð62Þ

E Δ yj
� �q

ti−1k

� �
F i−1

k−1
��h i

= q yj
� �q−1

ti−1k−1
� �

ui−1j − yj t
i−1
k−1

� �� �
κi−1j,j yj t

i−1
k−1

� �
+ 〠

n

l≠j
κi−1j,l yl t

i−1
k−1

� � !
+ q q − 1ð Þ

2Δti
yj
� �q−2

ti−1k−1
� �

E Δyj t
i−1
k

� �
− E Δyj t

i−1
k

� �
F i−1

k−1
��h i� �2

F i−1
k−1

��� �" #
           · Δt for ti−1k ∈ Ti−1, Ti½ Þ,
E yij
� �q

ti−1k

� �
F i−1

k−1
��h i

= πi
j

� �q
yj
� �q

T−
i , Ti−1, yi−1

� �
, if ti−1k = Ti,

8>>>>>><>>>>>>:
E Δ pj

� �q
ti−1k

� �
F i−1

k−1
��h i

= q pj
� �q

ti−1k−1
� �

γi−1j,j y j t
i−1
k−1

� �
− pj t

i−1
k−1

� �� �
+ βi−1

j + 〠
n

l≠j
γi−1j,l pl t

i−1
k−1

� � !
+ q q − 1ð Þ

2Δti
pq−2j ti−1k−1

� �
E Δpj t

i−1
k

� �
− E Δpj t

i−1
k

� �
F i−1

k−1
��h i� �2

F i−1
k−1

��� �" #
           · Δt, for ti−1k ∈ Ti−1, Ti½ Þ,
E pij
� �q

F i−1j
h i

= θij

� �q
pj
� �q

T−
i , Ti−1, yi−1, pi−1

� �
, if ti−1k = Ti, q ∈ I 1, n + 1ð Þ,

8>>>>>><>>>>>>:
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E Δ yj
� �q

ti−1k

� �
− E Δ yj

� �q
ti−1k

� �
F i−1

k−1
��h i� �

Δ ylð Þq ti−1k

� �
− E Δ ylð Þq ti−1k

� �
F i−1

k−1
��� �� �

F i−1
k−1

��h i
=

q2 yjyl
� �q−1

ti−1k−1
� �

ui−1j − yj t
i−1
k−1

� �� �
ui−1l − yl t

i−1
k−1

� �� �
δi−1j,j δ

i−1
l,j y j t

i−1
k−1

� �
+ δi−1l,l δ

i−1
j,l yl t

i−1
k−1

� �
+ 〠

n

r=1,j,l≠r
δi−1j,r δ

i−1
l,r y

2
r ti−1k−1
� �" #

Δt,

ti−1k ∈ Ti−1 − τi−1, TiÞ½ ,

E Δ pj
� �q

ti−1k

� �
− E Δ pj

� �q
ti−1k

� �
F i−1

k−1
��h i� �

Δ plð Þq ti−1k

� �
− E Δ plð Þq ti−1k

� �
F i−1

k−1
��� �� �

F i−1
k−1

��h i
=

q2 pjpl
� �q

ti−1k−1
� �

2σi−1
j,j σ

i−1
l,j y j t

i−1
k−1

� �
+ 〠

n

r=1,j,l≠r
σi−1
j,r σ

i−1
l,r y

2
r ti−1k−1
� �" #

, q, j ≠ l ∈ I 1, nð Þ,
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where F i−1
k−1 is the filtration up to time ti−1k−1. From (62), (63)

and (64) are reduced to

Equation (65) provides the basis for the development of the
concept of lagged adaptive expectation process [22] with respect
to continuous time stochastic dynamic systems (56) and (61).

For k ∈ Ið0,Ni−1Þ, applying the lagged adaptive expecta-
tion process [22] and Definitions 6, 8, and 10 and using (63),

(64), and (65), we formulate a local observation/measurement
process at ti−1k as an algebraic functions ofmi−1

k local functions

of restriction of the finite sample sequence fyðti−1l ÞgNi−1
l=−ri−1 and

fpðti−1l ÞgNi−1
l=−ri−1 to subpartition Pi−1

k in Definition 8:

Δ yj
� �q

ti−1k

� �
= E Δ yj

� �q
ti−1k

� �
F i−1

k−1
��h i

+ q yj
� �q−1

ti−1k−1
� �

ui−1j − yj t
i−1
k−1

� �� �
δj,j

i−1ΔWj,j t
i−1
k

� �
+ 〠

n

l≠j
δj,l

i−1ylΔWj,l t
i−1
k

� �" #
,

   yj Ti−1ð Þ = yi−1j , ti−1k ∈ Ti−1, Ti½ Þ,

yij
� �q

= πi
j

� �q
yj
� �q

T−
i , Ti−1, yi−1

� �
, if ti−1k = Ti,

Δ pj
� �q

ti−1k

� �
= E Δ pj

� �q
ti−1k

� �
Fi−1

k−1
��h i

+ q pj
� �q

ti−1k−1
� �

σi−1j,j ΔZj,j t
i−1
k

� �
+ 〠

n

l≠j
σi−1j,l pl t

i−1
k−1

� �
ΔZj,l t

i−1
k

� �" #
,

   pj Ti−1ð Þ = pi−1j , ti−1k ∈ Ti−1, Ti½ Þ, q ∈ I 1, n + 1ð Þ, j ∈ I 1, nð Þ,

pij
� �q

= θij

� �q
pj
� �q

T−
i , Ti−1, yi−1, pi−1

� �
, if ti−1k = Ti:

8>>>>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>>>>:
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1
mi−1

k

〠
k−1

ι=k−mi−1
k

E Δ yj
� �q

ti−1ι

� �
F i−1

ι−1
��h i

= 1
mi−1

k

〠
k−1

ι=k−mi−1
k

q yj
� �q−1

ti−1ι−1
� �

ui−1j − yj t
i−1
ι−1

� �� �
κi−1j,j yj t

i−1
ι−1

� �
+ 〠

n

l≠j
κi−1j,l yl t

i−1
ι−1

� � !"8<:
+ q q − 1ð Þ

2Δt yj
� �q−2

ti−1ι−1
� �

sj,jmi−1
k ,k,Δy j

#
Δt,

1
mi−1

k

〠
k−1

ι=k−mi−1
k

E Δ pj
� �q

ti−1ι

� �
∣F i−1

ι−1

h i
= 1

mi−1
k

〠
k−1

ι=k−mi−1
k

q pj
� �q

ti−1ι−1
� �

γi−1j,j yj t
i−1
ι−1

� �
− pj t

i−1
ι−1

� �� �
+ βi−1

j + 〠
n

l≠j
γj,lpl t

i−1
ι−1

� � !"8<:
+ q q − 1ð Þ

2Δt pq−2j ti−1ι−1
� �

sj,jmi−1
k ,k,Δpj

�
#
Δt, q ∈ I 1, n + 1ð Þ,

ð66Þ

ŝ j,lmi−1
k ,k Δ yð Þqð Þ = 1

mi−1
k

〠
k−1

ι=k−mi−1
k

q2 yjyl
� �q−1

ti−1ι−1
� �

ui−1j − yj t
i−1
ι−1

� �� �
ui−1l − yl t

i−1
ι−1

� �� �

    δi−1j,j δ
i−1
l,j yj t

i−1
ι−1

� �
+ δi−1l,l δ

i−1
j,l yl t

i−1
k−1

� �
+ 〠

n

r=1j≠l≠r
δi−1j,r δ

i−1
l,r y

2
r ti−1ι−1
� �35,

24
ŝ j,lmi−1

k ,k Δ pð Þqð Þ = 1
mi−1
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〠
k−1

ι=k−mi−1
k

q2 pjpl
� �q

ti−1ι−1
� �

σi−1j,j σ
i−1
l,j pj t

i−1
ι−1

� �
+ σi−1l,l σ

i−1
j,l pl t

i−1
ι−1

� �
+ 〠

n

r=1j≠l≠r
σi−1j,r σ

i−1
l,r p

2
r ti−1ι−1
� �24 35,

   j ≠ l ∈ I 1, nð Þ, q ∈ I 1, 2nð Þ:
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For each i ∈ Ið1, K∗Þ and each j ≠ l ∈ Ið1, nÞ, we define

by

F1q ui−1j , κi−1j,r

n on

r=1

� �
≡ F1q E Δ yqj

� �
ti−1ι

� �
F i−1

ι−1
��h i

; ui−1j , κi−1j,r

n on

r=1

� �
,

F2q δi−1j,r , δi−1l,r

n on

r=1

� �
≡ F2q E Δ yqj

� �
ti−1ι

� �
F i−1

ι−1
��h i

, E Δ yql
� �

ti−1ι

� �
F i−1

ι−1
��� �

; δi−1j,r , δi−1l,r
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r=1

� �
,

G1q βi−1
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r=1

� �
≡G1q E Δ pqj

� �
ti−1ι

� �
∣F i−1

ι−1

h i
; βi−1
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� �
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ι−1

h i
, E Δ pql

� �
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� �
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� �
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� �
,
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F1q ui−1j , κi−1j,r
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r=1
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= 1
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〠
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, q ∈ I 1, n + 1ð Þ,
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i−1
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2
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− ŝ j,lmi−1
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, q ∈ I 1, n + 1ð Þ,
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+σi−1
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2
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k ,k,Δ pð Þq , j ≠ l ∈ I 1, nð Þ, q ∈ I 1, 2nð Þ:
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For every j ∈ Ið1, nÞ, we have

F1q ui−1j , κi−1j,r

n on

r=1

� �
= 0, q ∈ I 1, n + 1ð Þ,

F2q δi−1j,r , δi−1l,r

n on

r=1

� �
= 0, q ∈ I 1, 2nð Þ,

G1q βi−1
j , γi−1j,r

n on

r=1

� �
= 0, q ∈ I 1, n + 1ð Þ,

G2q δi−1j,r , δi−1l,r

n on

r=1

� �
= 0, q ∈ I 1, 2nð Þ:

8>>>>>>>>>><>>>>>>>>>>:
ð70Þ

We define F1 = fF1qgq∈Ið1,n+1Þ, F2 = fF2qgq∈Ið1,nÞ, G1 =
fG1qgq∈Ið1,n+1Þ, and G2 = fG2qgq∈Ið1,nÞ. Thus, provided that

the determinant of each of the Jacobian matrices JF1ðui−1j ,
fκi−1j,r gnr=1Þ, JF2ðui−1j , fδi−1j,r g

n

r=1Þ, JG1ðβi−1
j , fγi−1j,r gnr=1Þ and J

G2ðfσi−1j,r , σi−1l,r gnr=1Þ are not zero, by the application of

Theorem 11 (Implicit Function Theorem), we conclude
that for every nonconstant mi−1

k -local sequence

fyjðti−1l Þgk−1
l=k−mi−1

k

and fpjðti−1l Þgk−1
l=k−mi−1

k

, there exist a unique

solution (ûi−1j ðmi−1
k , ti−1k Þ, bβ i−1

j ðmi−1
k , ti−1k Þ, fbκ i−1j,r g

n

r=1ðmi−1
k ,

ti−1k Þ, fbγ i−1
j,r g

n

r=1ðm
i−1
k , ti−1k Þ, fbδ i−1

j,r g
n

r=1ðmi−1
k , ti−1k Þ, fbσ i−1

j,r g
n

r=1
ðmi−1

k , ti−1k Þ) of system of algebraic equations (70) as a
point estimates of ui−1j , κi−1j,r

n

r=1, γ
i−1
j,r

n

r=1, δ
i−1
j,r

n

r=1, σ
i−1
j,r

n

r=1, j
∈ Ið1, nÞ, respectively. We illustrate this approach using
energy commodities natural gas, crude oil and coal
[35–37] in the next section.

6.2. Illustration: Application to Energy Commodity. In this
subsection, we present an illustration of the derived model
on the natural gas, crude oil and coal [35–37]. Here,
j ∈ Ið1, 3Þ and i ∈ Ið1, K∗Þ. Moreover, (56) reduces to

Table 7: Estimates πi
1, π

i
2, π

i
3, θ

i
1, θ

i
2, and θi3.

i
Ti Natural gas Crude oil Coal Ti Natural gas Crude oil Coal
Ti Πi

1 Πi
2 Πi

3 Ti θi1 θi2 θi3
1 17 1.0031 1.1219 1.0256 17 1.0049 1.1219 1.0493

2 44 0.9213 0.9727 1.0410 44 0.9352 1.0084 0.9249

3 61 0.9482 0.9671 0.9661 61 0.9997 0.9427 0.9404

4 87 0.8859 0.9974 0.9653 87 0.7389 1.0452 0.9905

5 157 1.0435 0.9350 1.0432 157 1.0933 1.0019 1.0049

6 200 1.0309 1.0199 1.0382 200 0.9826 1.0210 0.9794

7 422 1.0270 0.9775 0.9669 422 0.9706 0.9939 0.9917

8 464 0.9581 1.0462 1.0523 464 1.0128 1.0508 1.0324

9 483 0.9765 0.9787 1.0291 483 1.0382 1.0328 1.0246

10 502 1.0532 1.0737 1.0136 502 1.0359 1.0073 1.0162

11 722 0.9812 0.9959 0.9919 722 0.9700 0.9695 1.0011

12 754 1.0003 1.0009 0.9189 754 1.0137 0.9987 1.3481

13 870 1.0579 0.9921 1.1378 870 1.0328 1.0033 1.1420

14 930 1.0275 0.9907 0.9978 930 0.9995 0.9812 1.1848

15 1113 1.0009 0.9960 1.0706 1113 0.9304 0.9801 0.9897

dyj = ui−1j − yj
� �

κi−1j,j yj + 〠
3

l≠j
κi−1j,l yl

" #
dt + δi−1j,j ui−1j − yj

� �
dWj,j tð Þ + ui−1j − yj

� �
〠
3

l≠j
δi−1j,l yldWj,l tð Þ, yj Ti−1ð Þ = yi−1j , t ∈ Ti−1, Ti½ Þ,

yij = πi
jyj T

−
i , Ti−1, yi−1

� �
,

dpj tð Þ = pj γi−1j, j yj − pj
� �

+ βi−1
j + 〠

3

l≠j
γi−1j,l pl tð Þ

" #
dt + σi−1j,j pjdZj,j tð Þ + pj 〠

3

l≠j
σi−1
j,l pldZj,l tð Þ, pj Ti−1ð Þ = pi−1j , t ∈ Ti−1, Ti½ Þ,

pij = θijpj T
−
i , Ti−1, yi−1, pi−1

� �
:
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For each j ∈ Ið1, 3Þ, following the argument used in
Section 6.1, we have

We also have F1 = fF1qgq∈Ið1,4Þ, F2 = fF2qgq∈Ið1,3Þ, G1 =
fG1qgq∈Ið1,4Þ, and G2 = fG2qgq∈Ið1,3Þ. For each j ∈ Ið1, 3Þ, it
follows that the determinant of the Jacobian of F1ðui−1j ,
fκi−1j,r gr∈Ið1,3ÞÞ, that is,

JF1ðui−1j , fκi−1j,r gr∈Ið1,3ÞÞ, is not zero provided that all

parameters fκj,rgr∈Ið1,3Þ are not zero or provided the

sequence fyi−1j ðti−1r Þgk−1
r=k−mi−1

k −1 is neither zero nor constant.

Likewise, determinants of the Jacobians JF2ðui−1j ,
fδi−1j,r gr∈Ið1,nÞÞ, JG1ðβi−1

j , fγi−1j,r gr∈Ið1,nÞÞ and JG2ðfσi−1
j,r gr∈Ið1,nÞÞ

are nonzero if fδj,rgj,l∈Ið1,3Þ, fγj,rgj,l∈Ið1,3Þ, and fσj,rg j,l∈Ið1,3Þ
are not zero or provided the sequence fyi−1j ðti−1r Þgk−1

r=k−mi−1
k −1

and fpi−1j ðti−1r Þgk−1
r=k−mi−1

k −1 are neither zero nor constant for j

∈ Ið1, 3Þ.

F1q ui−1j , κi−1j,r

n o3

r=1
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〠
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� �
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� �� �
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ð72Þ
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Remark 13. If the sample fyi−1j ðti−1r Þgk−1
r=k−mi−1

k −1 is a constant

sequence, it follows from (62) (q=1) and the fact that
Δðyi−1j ðti−1k ÞÞ = 0 and sj,jmi−1

k ,kðΔyjÞ = 0 that we can set ui−1j

ðmi−1
k , ti−1k Þ = 1/mi−1

k ∑k−1
r=k−mi−1

k
yi−1j ðmi−1

k , ti−1k Þ. It also follows

from (66) that κi−1j,r ðmi−1
k , ti−1k Þ = 0.

7. Computational Algorithm

In this section, we outline computational, data organiza-
tional, and simulation schemes. We introduce the ideas of
iterative data process and data simulation time schedules in
relation to the real-time data observation/collection schedule.
For the computational estimation of continuous time sto-

chastic dynamic system state and parameters, it is essential
to identify an admissible set of local conditional sample
average and sample covariance parameters, namely, the size
of local conditional sample in the context of a partition of
time interval ½Ti−1 − τi−1, Ti�. Moreover, the discrete-time
dynamic model of conditional sample mean and sample
covariance statistic processes in Section 5 and the theoretical
parameter estimation scheme in Section 6 motivates to out-
line a computational scheme in a systematic and coherent
manner. A brief conceptual computational scheme and sim-
ulation process summary is described below.

7.1. Coordination of Data Observation, Iterative Process, and
Simulation Schedules. Without loss of generality, we assume
that the real data observation/collection partition schedules
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Figure 8: The graph of mean level u1ðm̂k, kÞ, u2ðm̂k, kÞ, and u3ðm̂k, kÞ for natural gas, crude oil, and coal, respectively.
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Figure 9: Continued.
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ℙi−1, i ∈ Ið1, K∗Þ are defined in (41). We present definitions
of iterative process and simulation time schedule following
the definitions in Otunuga et al. [16].

Definition 14. The iterative process time schedule in relation
with the real data collection schedule is defined by

Iℙi−1 = F−ri−1 ti−1k : for ti−1k ∈ ℙi−1 �
, for i ∈ I 1, K∗ð Þ, k ∈ I −ri−1,Ni−1ð Þ,

ð74Þ

where F−ri−1 ti−1k = ti−1k−ri−1
is a forward shift operator [32].

The simulation time is based on the order di−1 of the time
series model of mi−1

k local conditional sample mean and
covariance processes in (48).

Remark 15. For the case where K = 0, we have Iℙi−1 = Iℙ,
where ℙi−1 =ℙ is defined in (40). This is the iterative time
schedule in the absence of jumps.

Definition 16. The simulation process time schedule in
relation with the real data observation schedule is
defined by

Sℙi−1 =
Fri−1 ti−1k : for ti−1k ∈ℙi−1 �

, if di−1 ≤ ri−1,

Fdi−1 ti−1k : for ti−1k ∈ℙi−1
n o

, if di−1 > ri−1, k ∈ I −ri−1,Ni−1ð Þ:

8<:
ð75Þ

Remark 17. For each i ∈ Ið1, K∗Þ, the initial times of iter-
ative and simulation processes are equal to the real data
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Figure 9: The graph of interaction coefficients κ1,1ðm̂k, kÞ, κ1,2ðm̂k, kÞ, κ1,3ðm̂k, kÞ, κ2,1ðm̂k, kÞ, κ2,2ðm̂k, kÞ, κ2,3ðm̂k, kÞ, κ3,1ðm̂k, kÞ, κ3,2ðm̂k, kÞ,
and κ3,3ðm̂k, kÞ.
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times ti−1ri−1
and ti−1di−1

, whenever di−1 ≤ ri−1 and di−1 > ri−1,
respectively. The iterative process and simulation process
times with jump are ti−1k+ri−1 and ti−1k+di−1 , i ∈ Ið1, K∗Þ,
respectively.

7.2. Conceptual Computational Parameter Estimation
Scheme. For the conceptual computational dynamic sys-
tem parameter estimation, we need to introduce a few
concepts of local admissible sample/data observation size
mi−1

k local admissible conditional finite sequence at ti−1k
∈ Sℙi−1 and local finite sequence of parameter estimates
at ti−1k .

Definition 18. For each i ∈ Ið1, K∗Þ, and ti−1k ∈ IðTi−1 − τi−1,
TiÞ, we define local admissible sample/data observation size
mi−1

k at ti−1k as mi−1
k ∈OSi−1k , where

OSi−1k =
I 2, ri−1 +Si−1 + k − 1ð Þ, if di−1 ≤ ri−1,
I 2, di−1 +Si−1 + k − 1ð Þ, if di−1 > ri−1, k ∈ I 0,Ni−1ð Þ:

(
ð76Þ

Moreover, OSi−1k is referred as the local admissible set of
lagged sample/data observation size at ti−1k .

Table 9: Estimates δ1,1ðm̂k, kÞ, δ1,2ðm̂k, kÞ, δ1,3ðm̂k, kÞ, δ2,1ðm̂k, kÞ, δ2,2ðm̂k, kÞ, δ2,3ðm̂k, kÞ, δ3,1ðm̂k, kÞ, δ3,2ðm̂k, kÞ, and δ3,3ðm̂k, kÞ.

tk
Natural gas Crude oil Coal

δ1,1 m̂k, kð Þ δ1,2 m̂k, kð Þ δ1,3 m̂k, kð Þ δ2,1 m̂k, kð Þ δ2,2 m̂k, kð Þ δ2,3 m̂k, kð Þ δ3,1 m̂k, kð Þ δ3,2 m̂k, kð Þ δ3,3 m̂k, kð Þ
11 0.0062 0.0010 0.0001 1.5277 0.0078 0.0011 0 0 0.0218

12 0.0182 0.9002 0 1.6227 0.0010 0 0 0 0.0988

13 0.0239 0.0802 1.7280 0 1.7694 0 0.6374 0.6374 0.0959

14 0 0.0001 0.6027 2.3258 0 0 1.6564 1.6564 0.0847

15 0 0.8001 0.6210 2.3252 0 0 1.6650 1.6650 0.0111

16 0.0455 0.0007 3.6877 2.3217 0 1.2215 1.6724 1.6724 0

17 0 0.9876 0 1.6425 0 0 1.7719 1.7719 0

18 3.0410 0.9351 0 1.3105 0 0.1070 1.7630 1.7630 0.0434

19 2.7713 0.6680 0 1.1052 0 0 1.7400 1.7400 0

20 2.8461 1.7795 0 0.1196 0 0.0983 0 0.4555 0

… … … … … … … … … …

495 1.1229 0 0.0584 0.5488 0.1104 0.0761 0 0 1.3987

496 0.6946 0 0.6613 0.5767 0.0715 0.0610 0 0 1.3017

497 1.1229 0.0095 0.0988 0.6499 0.0870 0.0633 1.1317 1.1317 1.3069

498 0.6946 0.0101 0 0 0 0.0320 1.0294 1.0294 1.5410

499 0.7353 0.0066 0.0384 0 0.0922 0.0330 0.7317 0.7317 1.2225

500 1.7509 0.0069 0.0283 0.4307 0.4545 0.0413 0.4826 0.4826 1.2254

501 2.1299 0.0077 0.0282 0.5043 0.7873 0.0308 0.4272 0.4272 1.5587

502 0.9778 0.0077 0 0.2878 0 0 0.5239 0.5239 1.8713

503 0.9872 0 0 0.2909 0 0 1.4523 1.4523 1.8874

504 1.1329 0 0 0.3707 0.4261 0 0 0 0

505 1.9178 0 0 0.3812 0.7292 0.1724 0 0 0

… … … … … … … … … …

1102 0 0.0331 0.7183 0.9297 0.0434 0.0680 0 0 1.1355

1103 1.5077 0.0626 0.2048 1.1017 0.0421 0.1510 0 0 1.4133

1104 0.4444 0.0435 0.4622 0.1939 0.1078 0 0.0814 0 1.1672

1105 3.5933 0 0.3646 0.1922 0 0.7273 0.2726 0.2726 1.3023

1106 2.4964 0 0.3919 0 0.0684 1.0179 0.3296 0.3296 1.4111

1107 2.4600 0 0.8995 0.2001 0.1510 0.9354 0 0 1.7245

1108 2.0262 0 0.6325 0.3781 0.0814 0.8825 0.1878 0.1878 1.0915

1109 1.7828 0 0.6116 0.4024 0.0332 0.8812 0 0 1.3191

1110 1.2706 0 0.1001 0.3252 0.0155 0.8078 0 0 1.0233
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Figure 10: Continued.
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Remark 19. We note that if K = 0, Si−1 = 0, the point ti−1k =
tk ∈ ½t0, T�. Thus, (76) is reduced to

OSi−1k =OSk =
I 2, r + k − 1ð Þ, if d ≤ r,
I 2, d + k − 1ð Þ, if d > r, k ∈ I 0,Nð Þ:

(
ð77Þ

Definition 20. For each i ∈ Ið1, K∗Þ,mi−1
k ∈OSi−1k in Definition

18 and k ∈ Ið0,Ni−1Þ, a mi−1
k local admissible lagged adapted

finite restriction sequence of conditional sample/data
observation at time ti−1k to subpartition Pi−1

k of ℙi−1 in

Definition 8 is defined by ðfE½yi−1ðti−1l ÞjF i−1
l−1�g

k−1
l=k−mi−1

k
,

fE½pi−1ðti−1l ÞjF i−1
l−1�g

k−1
l=k−mi−1

k
Þ. Moreover, ami−1

k class of admis-

sible lagged adapted finite sequences of conditional sample/-
data observation of size mi−1

k at ti−1k is defined by

ASi−1
k =

E yi−1 ti−1l

� �
F i−1

l−1
��� � �k−1

l=k−mi−1
k

n o
mi−1

k ∈OSi−1k

,

E pi−1 ti−1l

� �
F i−1

l−1
��� � �k−1

l=k−mi−1
k

n o
mi−1

k ∈OSi−1k

:

8>><>>:
ð78Þ

In the case of energy commodity model, for each i ∈
Ið1, K∗Þ, mi−1

k ∈OSi−1k , we find corresponding mi−1
k local
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Figure 10: The graph of interaction coefficients δ1,1ðm̂k, kÞ, δ1,2ðm̂k, kÞ, δ1,3ðm̂k, kÞ, δ2,1ðm̂k, kÞ, δ2,2ðm̂k, kÞ, δ2,3ðm̂k, kÞ, δ3,1ðm̂k, kÞ, δ3,2ðm̂k, kÞ,
and δ3,3ðm̂k, kÞ.
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Figure 11: Continued.
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admissible adapted finite sequence of conditional sam-

ple/data observation at ti−1k , ðfE½yi−1ðti−1l ÞjF i−1
l−1�gk−1l=k−mi−1

k
,

fE½pi−1ðti−1l ÞjF i−1
l−1�gk−1l=k−mi−1

k
Þ. For i ∈ Ið1, K∗Þ, using this se-

quence and solutions of (70), we compute
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Figure 11: The graph of interaction coefficients γ1,1ðm̂k, kÞ, γ1,2ðm̂k, kÞ, γ1,3ðm̂k, kÞ, γ2,1ðm̂k, kÞ, γ2,2ðm̂k, kÞ, γ2,3ðm̂k, kÞ, γ3,1ðm̂k, kÞ, γ3,2ðm̂k, kÞ,
and γ3,3ðm̂k, kÞ.

ui−1j mk, ti−1k

� �
, βi−1

j mi−1
k , ti−1k

� �
, κi−1j,l mi−1

k , ti−1k
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, γi−1j,l mi−1

k , ti−1k
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k , ti−1k

� �
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k , ti−1k

� �
, k ∈ 0,Ni−1½ �,

n
ð79Þ
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for j, l ∈ Ið1, nÞ. This leads to a local finite sequence of
parameter estimates at ti−1k defined on OSi−1k as follows:

The above defined collection is denoted by
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Figure 12: The graph of β1ðm̂k, kÞ, β2ðm̂k, kÞ, and β3ðm̂k, kÞ for natural gas, crude oil, and coal, respectively.
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, bβ i−1

j mi−1
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j,l mi−1
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k ∈OSi−1k

: ð80Þ

Uk,Bk,Kk, γk, δk, σkð Þ =
ûi−1j mi−1

k , ti−1k

� �
, bβ i−1

j mi−1
k , ti−1k
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� �
, bγ i−1

j,l mi−1
k , ti−1k

� �
, bδ i−1

j,l mi−1
k , ti−1k

� �
, bσ i−1

j,l mi−1
k , ti−1k

� �� �n o
mi−1

k ∈OSi−1k

,

for j ∈ I 1, nð Þ, i ∈ I 1, K∗ð Þ:

8<:
ð81Þ
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7.3. Conceptual Computation of State Simulation Scheme. For
the development of a conceptual computational scheme, we
need to employ the method of induction. The presented sim-
ulation scheme is based on the idea of lagged adaptive expec-
tation process [17]. For j, l ∈ Ið1, nÞ, an autocorrelation
function (ACF) analysis [21, 32] performed on ðsj,jmi−1

k ,kðyÞ,
sj,jmi−1

k ,kðpÞÞ suggests that the interconnected discrete-time

dynamic model of local conditional sample mean and sample
variance statistics in (48) is of order di−1 = 2. In view of this,
we need to identify the initial data. We begin with a given
initial data ðyi−1ðTi−1Þ, pi−1ðTi−1ÞÞ, ðf∑mi−1

0 ,ti−10
ðyÞg

mi−1
0 ∈OSi−10

,

f∑mi−1
0 ,ti−10

ðpÞg
mi−1

0 ∈OSi−10
Þ,ðf∑mi−1

−1 ,ti−1−1
ðyÞg

mi−1
−1 ∈OS

i−1
−1
, f∑mi−1

−1 ,ti−1−1
ðpÞg

mi−1
−1 ∈OS

i−1
−1
Þ, ðf�Smi−1

−1 ,ti−1−1
ðyÞg

mi−1
−1 ∈OS

i−1
−1
, f�Smi−1

−1 ,ti−1−1
ðpÞg

mi−1
−1 ∈OS

i−1
−1
Þ as

defined in (45), (46), (47), and (48).
Let ðysðmi−1

k , ti−1k Þ, psðmi−1
k , ti−1k ÞÞ ≡ ðyi−1,sðmi−1

k , ti−1k Þ,
pi−1,sðmi−1

k , ti−1k ÞÞ be a simulated value of ðE½yi−1ðti−1k ÞjF i−1
k−1�,

E½pi−1ðti−1k ÞjF i−1
k−1�Þ at time ti−1k corresponding to an admissi-

ble sequence fE½yi−1ðti−1l ÞjF i−1
l−1�, E½pi−1ðti−1l ÞjF i−1

l−1�g
k−1
l=k−mk

∈
ASi−1

k . For q = 1, and j ∈ Ið1, nÞ, the simulated value
ðysjðmi−1

k , ti−1k Þ, psjðmi−1
k , ti−1k ÞÞ is generated from the discre-

tized Euler scheme (62) as follows:

To find the simulated value yi,sj ðTiÞ and pi,sj ðTiÞ, we need
to estimate bπ i

j and
bθ i

j by first simulating

lim
t→T−

i

yi−1j ðt, Ti−1, yi−1,sÞ ≡ ysjðmi−1
Ni−1

, ti−1Ni−1
Þ and lim

t→T−
i

pi−1j

ðt, Ti−1, yi−1,s, pi−1,sÞ ≡ psjðmi−1
Ni−1

, ti−1Ni−1
Þ as follows:

ysj m
i−1
k , ti−1k

� �
= ysj m

i−1
k−1, ti−1k−1

� �
+ ui−1j mi−1

k−1, ti−1k−1
� �

− ysj m
i−1
k−1, ti−1k−1

� �� �
κi−1j,j mi−1

k−1, ti−1k−1
� �

ysj m
i−1
k−1, ti−1k−1

� �
+ 〠

n

l≠j
κi−1j,l mi−1

k−1, ti−1k−1
� �

ysl mi−1
k−1, ti−1k−1

� �" #
Δt

      + ui−1j mi−1
k−1, ti−1k−1

� �
− ysj m

i−1
k−1, ti−1k−1

� �� �
δi−1j,j mi−1

k−1, ti−1k−1
� �

ΔWj,j m
i−1
k , ti−1k

� �
+ 〠

n

l≠j
δi−1j,l mi−1

k−1, ti−1k−1
� �

ysl mi−1
k−1, ti−1k−1

� �
ΔWj,l m

i−1
k , ti−1k

� �" #
,

      · ti−1k ∈ Ti−1, Ti½ Þ,

psj m
i−1
k , ti−1k

� �
= psj γi−1j,j mi−1

k−1, ti−1k−1
� �

ysj m
i−1
k−1, ti−1k−1

� �
− psj m

i−1
k−1, ti−1k−1

� �� �
+ βi−1

j mi−1
k−1, ti−1k−1

� �
+ 〠

n

l≠j
γi−1j,l mi−1

k−1, ti−1k−1
� �

psl mi−1
k−1, ti−1k−1

� �" #
Δt

      + σi−1j,j mi−1
k−1, ti−1k−1

� �
psj m

i−1
k−1, ti−1k−1

� �
ΔZj,j m

i−1
k , ti−1k

� �
+ psj m

i−1
k−1, ti−1k−1

� �
〠
n

l≠j
σi−1j,l mi−1

k−1, ti−1k−1
� �

psl mi−1
k−1, ti−1k−1

� �
ΔZj,l m

i−1
k , ti−1k

� �
,

      · ti−1k ∈ Ti−1, Ti½ Þ:

8>>>>>>>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>>>>>>>:
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ysj mi−1
Ni−1

, ti−1Ni−1

� �
= ysj mi−1

Ni−1−1, t
i−1
Ni−1−1

� �
+ ui−1j mi−1

Ni−1−1, t
i−1
Ni−1−1

� �
− ysj mi−1

Ni−1−1, t
i−1
Ni−1−1

� � !
〠
n

l=1
κi−1j,l mi−1

Ni−1−1, t
i−1
Ni−1−1

� �
ysl mi−1

Ni−1−1, t
i−1
Ni−1−1

� �" #
Δt

+ ui−1j mi−1
Ni−1−1, t

i−1
Ni−1−1

� �
− ysj mi−1

Ni−1−1, t
i−1
Ni−1−1

� � !
δi−1j,j mi−1

Ni−1−1, t
i−1
Ni−1−1

� �
ΔWj,j mi−1

Ni−1
, ti−1Ni−1

� �"

+ 〠
n

l≠ j
δi−1j,l mi−1

Ni−1−1, t
i−1
Ni−1−1

� �
ysl mi−1

Ni−1−1, t
i−1
Ni−1−1

� �
ΔWj,l mi−1

Ni−1
, ti−1Ni−1

� �#
,

psj mi−1
Ni−1

, ti−1Ni−1

� �
= psj γi−1j,j mi−1

Ni−1−1, t
i−1
Ni−1−1

� �
ysj mi−1

Ni−1−1, t
i−1
Ni−1−1

� �
− psj mi−1

Ni−1−1, t
i−1
Ni−1−1

� � !
+ βi−1

j mi−1
Ni−1−1, t

i−1
Ni−1−1

� �"

+ 〠
n

l≠j
γi−1j,l mi−1

Ni−1−1, t
i−1
Ni−1−1

� �
psl mi−1

Ni−1−1, t
i−1
Ni−1−1

� �#
Δt + σi−1j, j mi−1

Ni−1−1, t
i−1
Ni−1−1

� �
psj mi−1

Ni−1−1, t
i−1
Ni−1−1

� �
ΔZj,j mi−1

Ni−1
, ti−1Ni−1

� �
+ psj mi−1

Ni−1−1, t
i−1
Ni−1−1

� �
〠
n

l≠ j
σi−1
j,l mi−1

Ni−1−1, t
i−1
Ni−1−1

� �
psl mi−1

Ni−1−1, t
i−1
Ni−1−1

� �
ΔZj,l mi−1

Ni−1
, ti−1Ni−1

� �
:

ð83Þ
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From this, we calculate bπ i
j and

bθ ij as:
bπ i
j =

E yi−1j Tið Þ F i−1
Ti−1

���h i
ysj mi−1

Ni−1
, ti−1Ni−1

� �
bθ i

j =
E pi−1j Tið Þ F i−1

Ti−1

���h i
psj mi−1

Ni−1
, ti−1Ni−1

� � :

ð84Þ

Thus, yi,sj ðTiÞ = bπ i
jy
i−1,s
j ðT−

i , Ti−1, yi−1,sÞ and pi,sj ðTiÞ = bθ i

j

pi−1,sj ðT−
i , Ti−1, yi−1,s, pi−1,sÞ. Let (fysðmi−1

k , ti−1k Þgmi−1
k ∈OSi−1k

,

fpsðmi−1
k , ti−1k Þgmi−1

k ∈OSi−1k
) be a mi−1

k - local sequence of

simulated values corresponding to mi−1
k -admissible lagged

adapted finite sequence of conditional observation belonging
to ASi−1

k , and corresponding term of sequence.

(Uk,Bk,Kk, γk, δk, σk). Thus, for each i ∈ Ið1, K∗Þ,
(fysðmi−1

k , ti−1k Þgmi−1
k ∈OSi−1k

, fpsðmi−1
k , ti−1k Þgmi−1

k ∈OSi−1k
) are the

finite sequence correspondence of simulated values of
ðE½yi−1ðti−1k ÞjF i−1

k−1�, E½pi−1ðti−1k ÞjF i−1
k−1�Þ at ti−1k .

7.4. Mean-Square Suboptimal Procedure. To find the best
estimate of ðE½yðti−1k ÞjF i−1

k−1�, E½pðti−1k ÞjF i−1
k−1�Þ using a local

admissible finite sequence ðfysðmi−1
k , ti−1k Þgmi−1

k ∈OSi−1k
,

fpsðmi−1
k , ti−1k Þgmi−1

k ∈OSi−1k
Þ, we need to compute a finite

sequence of quadratic mean square error corresponding to
ðfysðmi−1

k , ti−1k Þgmi−1
k ∈OSi−1k

, fpsðmi−1
k , ti−1k Þgmi−1

k ∈OSi−1k
Þ. The qua-

dratic mean square error is defined below.

Definition 21. For each i ∈ Ið1, K∗Þ, the quadratic mean
square error of ðE½yðti−1k ÞjF i−1

k−1�, E½pðti−1k ÞjF i−1
k−1�Þ relative to

each member of the term of local admissible sequence
ðfysðmi−1

k , ti−1k Þgmi−1
k ∈OSi−1k

, fpsðmi−1
k , ti−1k Þgmi−1

k ∈OSi−1k
Þ of simu-

lated values is defined by

For any arbitrary small positive number ε and for
each time ti−1k , to find the the best estimate from the
admissible simulated values of simulated sequence of
ðfysðmi−1

k , ti−1k Þgmi−1
k ∈OSi−1k

, fpsðmi−1
k , ti−1k Þgmi−1

k ∈OSi−1k
Þ for ðE½y

ðti−1k ÞjF i−1
k−1�, E½pðti−1k ÞjF i−1

k−1�Þ, we determine the following
sub-optimal admissible set of mi−1

k -size local conditional
sample

Mti−1k
= mi−1

k ∈OSi−1k : Ξmi−1
k ,ti−1k

< ε
n o

, for i ∈ I 1, K∗ð Þ:
n

ð86Þ

Among these collected values, the value that gives the
minimum Ξmi−1

k ,ti−1k
for k ∈ ½0,Ni−1� are recorded as m̂i−1

k . If

more than one value exist, then the largest of such mi−1
k ’s is

recorded as m̂i−1
k . If condition (86) is not met at time ti−1k ,

the value ofmi−1
k where the minimummin

mi−1
k

Ξmi−1
k ,ti−1k

is attained

is recorded as m̂i−1
k . The ε − level sub-optimal estimates of

the parameters fûi−1j ðmi−1
k , ti−1k Þ, bκ i−1j,l ðmi−1

k , ti−1k Þ, bβ i−1
j ðmi−1

k ,
ti−1k Þ, bδ i−1

j,l ðmi−1
k , ti−1k Þ, bγ i−1

j,l ðmi−1
k , ti−1k Þ, bσ i−1

j,l ðmi−1
k , ti−1k Þg are

recorded as fui−1j ðm̂i−1
k,y j , kÞ, κi−1j,l ðm̂i−1

k,yj , kÞ, β
i−1
j ðm̂i−1

k,pj , kÞ, δ
i−1
j,l

ðm̂i−1
k,yj , kÞ, γi−1j,l ðm̂i−1

k,pj , kÞ, σi−1
j,l ðm̂i−1

k,pj , kÞg. Finally, the simulated

value ysðmi−1
k , ti−1k Þ, psðmi−1

k , ti−1k Þ at time ti−1k with m̂i−1
k is

now recorded as the best estimate for E½yi−1ðti−1k Þ ∣F i−1
k−1�

and E½pi−1ðti−1k Þ ∣F i−1
k−1�. The value ysðm̂i−1

k , kÞ, psðm̂i−1
k , kÞ is

called the ε − sub-optimal simulated value of ysðmi−1
k , ti−1k Þ

and psðmi−1
k , ti−1k Þ of E½yi−1ðti−1k Þ ∣F i−1

k−1� and E½pi−1ðti−1k Þ ∣
F i−1

k−1� at ti−1k .

7.5. Illustration: Application of Conceptual Computational
Algorithm to Energy Commodity Data Set. In this subsection,
we apply the above conceptual computational algorithm to
study the relationship between three energy commodities
by setting n = 3 in (56). The three energy commodities are
daily Henry Hub Natural gas data set, daily crude oil data
set, and daily coal data set for the period of 05/04/2009-
01/03/2014, [35–37]. Thus, for each pair ðy1, p1Þ, ðy2, p2Þ,
and ðy3, p3Þ, the drift and diffusion coefficient function of
the stochastic dynamic equation governing ðyj, pjÞ, for j ∈ Ið
1, 3Þ has 4 and 3 parameters each to be estimated, respec-
tively. Thus, there are 42 parameters to be estimated in total.
Using Δt = 1, ε = 0:001, for each j ∈ Ið1, 3Þ, the ε − level sub-
optimal estimates of parameters ui−1j ðm̂i−1

k , kÞ, βi−1
j ðm̂i−1

k , kÞ,
κi−1j,l ðm̂i−1

k , kÞ, γi−1j,l ðm̂i−1
k , kÞ, δi−1j,l ðm̂i−1

k , kÞ, σi−1
j,l ðm̂i−1

k , kÞ, l ∈
Ið1, 3Þ, at each real data times are exhibited below.

7.5.1. Illustration: Relationship between Natural Gas, Crude
Oil, and Coal: Without Incorporating Jump Process. In this
subsubsection, we analyze the relationship between natural
gas, crude oil, and coal without the jump process. For j, l ∈ I
ð1, 3Þ, the stochastic dynamic system governing the three
energy commodities is described in (59) of Remark 12. Here,
(y1, p1) denotes the mean spot and the spot price process of

Ξmi−1
k ,ti−1k

= ys mi−1
k , ti−1k

� �
− E yi−1 ti−1k

� �
F i−1

k−1
��� ��� ��2 + ps mi−1

k , ti−1k

� �
− E pi−1 ti−1k

� �
F i−1

k−1
��� ��� ��2:n

ð85Þ
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natural gas, (y2, p2) denotes the mean spot and the spot price
process of crude oil, and (y3, p3) denotes the mean spot and
the spot price process of coal.

Using the discretized scheme (82), we apply the above
conceptual computational algorithm for the real-time data
sets namely daily Henry Hub natural gas data set, daily crude
oil data set, and daily coal data set for the period of
05/04/2009-01/03/2014, [35–37]. Using Δt = 1, ε = 0:001,
r = 10, and d = 2, the ε-level suboptimal estimates of the
parameters at each real data times are described below
for each commodity data sets.

The parameters corresponding to the natural gas data set
are u1ðm̂k, kÞ, β1ðm̂k, kÞ, κ1,1ðm̂k, kÞ, κ1,2ðm̂k, kÞ, κ1,3ðm̂k, kÞ,
γ1,1ðm̂k, kÞ, γ1,2ðm̂k, kÞ, γ1,3ðm̂k, kÞ, δ1,1ðm̂k, kÞ, δ1,2ðm̂k, kÞ,
δ1,3ðm̂k, kÞ, σ1,1ðm̂k, kÞ, σ1,2ðm̂k, kÞ, and σ1,3ðm̂k, kÞ. The
parameters corresponding to the crude oil data set are u2
ðm̂k, kÞ, β2ðm̂k, kÞ, κ2,1ðm̂k, kÞ, κ2,2ðm̂k, kÞ, κ2,3ðm̂k, kÞ, γ2,1
ðm̂k, kÞ, γ2,2ðm̂k, kÞ, γ2,3ðm̂k, kÞ, δ2,1ðm̂k, kÞ, δ2,2ðm̂k, kÞ, δ2,3
ðm̂k, kÞ, σ2,1ðm̂k, kÞ, σ2,2ðm̂k, kÞ, and σ2,3ðm̂k, kÞ. The
parameters corresponding to coal data set are u3ðm̂k, kÞ, β3
ðm̂k,p3 , kÞ, κ3,1ðm̂k, kÞ, κ3,2ðm̂k, kÞ, κ3,3ðm̂k, kÞ, γ3,1ðm̂k, kÞ,
γ3,2ðm̂k, kÞ, γ3,3ðm̂k, kÞ, δ3,1ðm̂k, kÞ, δ3,2ðm̂k, kÞ, δ3,3ðm̂k, kÞ,
σ3,1ðm̂k, kÞ, σ3,2ðm̂k, kÞ, and σ3,3ðm̂k, kÞ.

The following table gives the drift coefficient’s parameter
estimates u1ðm̂k, kÞ, κ1,1ðm̂k, kÞ, κ1,2ðm̂k, kÞ, κ1,3ðm̂k, kÞ, u2
ðm̂k, kÞ, κ2,1ðm̂k, kÞ, κ2,2ðm̂k, kÞ, κ2,3ðm̂k, kÞ, u3ðm̂k, kÞ, κ3,1
ðm̂k, kÞ, κ3,2ðm̂k, kÞ, and κ3,3ðm̂k, kÞ for the decoupled dynam-
ical system for y in the case where jump is not incorporated
into the dynamical system.

Table 1 shows the estimates of the ε suboptimal size m̂k,
j ∈ Ið1, 3Þ, the parameters u1ðm̂k, kÞ, κ1,1ðm̂k, kÞ, κ1,2ðm̂k, kÞ,
κ1,3ðm̂k, kÞ, u2ðm̂k, kÞ, κ2,1ðm̂k, kÞ, κ2,2ðm̂k, kÞ, κ2,3ðm̂k, kÞ, u3
ðm̂k, kÞ, κ3,1ðm̂k, kÞ, κ3,2ðm̂k, kÞ, and κ3,3ðm̂k, kÞ for each of
the energy commodity data sets. Moreover, d ≤ r and the ini-
tial real data time is tr = t10.

Figure 1 shows the drift coefficient’s parameter estimates
u1ðm̂k, kÞ, u2ðm̂k, kÞ, and u3ðm̂k, kÞ for the decoupled
dynamical system for y in the case where jump is not incor-
porated into the dynamical system.

Figures 1(a)–1(c) are the graphs of u1ðm̂k, kÞ, u2ðm̂k, kÞ,
and u3ðm̂k, kÞ against time tk for the daily Henry Hub natural
gas price [36], daily crude oil price [37], and daily coal price
[35] data set, respectively. By plotting the real data sets, it is
easily seen that the graphs of u1ðm̂k, kÞ, u2ðm̂k, kÞ, and
u3ðm̂k, kÞ are similar to the graph of the Henry Hub natural
gas, crude oil, and coal data set, respectively. We expect this
to happen because uj, j ∈ Ið1, 3Þ, are the equilibrium spot
price processes of (5). The sample means of the real spot
price data sets for natural gas, crude oil, and coal are given
by 3.7218, 88.5620, and 16.5543, respectively. It can be
seen from Figures 1(a)–1(c) that the graphs of u1ðm̂k, kÞ, u2
ðm̂k, kÞ, and u3ðm̂k, kÞ move around the mean values
3.7218, 88.5620, and 16.5543, respectively. This analysis
shows that the parameters uj, j ∈ Ið1, 3Þ, are statistic pro-
cesses for the respective mean of the data sets at time tk.

The graph of the interaction parameters κ1,1ðm̂k, kÞ, κ1,2
ðm̂k, kÞ, κ1,3ðm̂k, kÞ, κ2,1ðm̂k, kÞ, κ2,2ðm̂k, kÞ, κ2,3ðm̂k, kÞ, κ3,1

ðm̂k, kÞ, κ3,2ðm̂k, kÞ, and κ3,3ðm̂k, kÞ for the decoupled dynam-
ical system for y (with no jump incorporated into the dynam-
ical system) are given in Figure 2 below.

Figures 2(a)–2(i) show the graph of the ε suboptimal
interaction coefficient parameters κ1,1ðm̂k, kÞ, κ1,2ðm̂k, kÞ,
κ1,3ðm̂k, kÞ, κ2,1ðm̂k, kÞ, κ2,2ðm̂k, kÞ, κ2,3ðm̂k, kÞ, κ3,1ðm̂k, kÞ,
κ3,2ðm̂k, kÞ, and κ3,3ðm̂k, kÞ. The interaction coefficients κj,l,
j ≠ l are negligible, because each estimate is <<10−15. Thus,
this shows that the model describing the mean spot price,
yj, is mainly characterized by the market potential κj,jðuj −
yjÞyj, j ∈ Ið1, nÞ.

Table 2 below shows the estimates of the diffusion coeffi-
cient’s parameters δ1,1ðm̂k, kÞ, δ1,2ðm̂k, kÞ, δ1,3ðm̂k, kÞ, δ2,1
ðm̂k, kÞ,δ2,2ðm̂k, kÞ, δ2,3ðm̂k, kÞ, δ3,1ðm̂k, kÞ, δ3,2ðm̂k, kÞ, and
δ3,3ðm̂k, kÞ for the decoupled dynamical system for y in the
case where jump is not incorporated into the dynamical
system.

The graph of the diffusion coefficient’s parameter for
the decoupled dynamical system for y without jump incor-
porated into the dynamical system are given in Figure 3
below.

Figures 3(a)–3(i) show the graphs of the ε suboptimal
interaction measure of fluctuation coefficient parameters
δ1,1ðm̂k, kÞ, δ1,2ðm̂k, kÞ, δ1,3ðm̂k, kÞ, δ2,1ðm̂k, kÞ, δ2,2ðm̂k, kÞ,
δ2,3ðm̂k, kÞ, δ3,1ðm̂k, kÞ, δ3,2ðm̂k, kÞ, and δ3,3ðm̂k, kÞ.

Table 3 gives the drift coefficient’s parameter estimates
β1ðm̂k, kÞ, γ1,1ðm̂k, kÞ, γ1,2ðm̂k, kÞ, γ1,3ðm̂k, kÞ, β2ðm̂k, kÞ, γ2,1
ðm̂k, kÞ, γ2,2ðm̂k, kÞ, γ2,3ðm̂k, kÞ, β3ðm̂k, kÞ, γ3,1ðm̂k, kÞ, γ3,2
ðm̂k, kÞ, and γ3,3ðm̂k, kÞ for the dynamical system for p with-
out jump.

Table 3 shows the estimates of the ε suboptimal size m̂k,
j ∈ Ið1, 3Þ and the parameters β1ðm̂k, kÞ, γ1,1ðm̂k, kÞ, γ1,2ðm̂k

, kÞ, γ1,3ðm̂k, kÞ, β2ðm̂k, kÞ, γ2,1ðm̂k, kÞ, γ2,2ðm̂k, kÞ, γ2,3ðm̂k, k
Þ, β3ðm̂k, kÞ, γ3,1ðm̂k, kÞ, γ3,2ðm̂k, kÞ, and γ3,3ðm̂k, kÞ, for each
of the energy commodity data sets. Moreover, d ≤ r, and the
initial real data time is tr = t10.

In the following, we give the graph of the drift coeffi-
cient’s parameters with estimates in Table 3 in Figure 4
below.

Figures 4(a)–4(i) show the graphs of the ε suboptimal
interaction coefficient parameters γ1,1ðm̂k, kÞ, γ1,2ðm̂k, kÞ,
γ1,3ðm̂k, kÞ, γ2,1ðm̂k, kÞ, γ2,2ðm̂k, kÞ, γ2,3ðm̂k, kÞ, γ3,1ðm̂k, kÞ,
γ3,2ðm̂k, kÞ, and γ3,3ðm̂k, kÞ. According to (58), the estimate
γ j,lðm̂k, kÞ, j ≠ l, is positive if commodity pl is cooperating
with commodity pj, and negative if commodity pl is com-
peting with commodity pj. There is no interaction between
the two commodities if γj,lðm̂k, kÞ = 0. It is apparent from
the graph of γ1,3ðm̂k, kÞ that coal is competing with natu-
ral gas because the estimates of γ1,3ðm̂k, kÞ are mostly neg-
ative. Also, it is apparent that natural gas and crude oil are
either cooperating or competing, depending on the time
period.

Figures 5(a)–5(c) are the graphs of β1ðm̂k, kÞ, β2ðm̂k, kÞ,
and β3ðm̂k, kÞ against time tk for the daily Henry Hub natural
gas price data set [36], daily crude oil price data set [37], and
daily coal price data set, respectively.
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Table 4 gives the ε suboptimal estimates of the parame-
ters σ1,1ðm̂k, kÞ, σ1,2ðm̂k, kÞ, σ1,3ðm̂k, kÞ, σ2,1ðm̂k, kÞ, σ2,2ðm̂k
, kÞ, σ2,3ðm̂k, kÞ, σ3,1ðm̂k, kÞ, σ3,2ðm̂k, kÞ, and σ3,3ðm̂k, kÞ for
each of the energy commodity data sets.

Figures 6(a)–6(i) are the graphs of σ1,1ðm̂k, kÞ, σ1,2ðm̂k, kÞ,
σ1,3ðm̂k, kÞ, σ2,1ðm̂k, kÞ, σ2,2ðm̂k, kÞ, σ2,3ðm̂k, kÞ, σ3,1ðm̂k, kÞ,
σ3,2ðm̂k, kÞ, and σ1,1ðm̂k, kÞ against time tk for the daily
Henry Hub natural gas price data set [36], daily crude
oil price data set [37], and daily coal price data set,
respectively.

Table 5 shows the real and simulated estimates for the
spot price processes pjðtÞ, j ∈ Ið1, nÞ.

Figure 7 below shows the graph of the real and simulated
prices for natural gas, crude oil, and coal data set.

Figures 7(a)–7(c) show the graph of the real and simu-
lated spot prices for the daily Henry Hub natural gas data

set [36], daily crude oil data set [37], and daily coal data set
[35], respectively. The red line represents the real data
set pðtkÞ, while the blue line represent the simulated data
set psðm̂k, kÞ. Here, we begin by using a starting delay of
r = 10. The simulation starts from tr = t10. It is clear that the
graph fits well. To reduce magnitude of error, we increase
the magnitude of time delay.We later compare this result with
the case where jump is incorporated into the system.

7.5.2. Relationship between Natural Gas, Crude Oil, and Coal:
With Jump Incorporated. In this subsubsection, we analyze
the relationship between natural gas, crude oil, and coal with
the jump process. Here, we apply the above conceptual com-
putational algorithm described in this section for the real-
time data sets, namely, daily Henry Hub natural gas data
set, daily crude oil data set, and daily coal data set for the

Table 11: Estimates σ1,1ðm̂k, kÞ, σ1,2ðm̂k, kÞ, σ1,3ðm̂k, kÞ, σ2,1ðm̂k, kÞ, σ2,2ðm̂k, kÞ, σ2,3ðm̂k, kÞ, σ3,1ðm̂k, kÞ, σ3,2ðm̂k, kÞ, and σ3,3ðm̂k, kÞ.

tk
Natural gas Crude oil Coal

σ1,1 m̂k, kð Þ σ1,2 m̂k, kð Þ σ1,3 m̂k, kð Þ σ2,1 m̂k, kð Þ σ2,2 m̂k, kð Þ σ2,3 m̂k, kð Þ σ3,1 m̂k, kð Þ σ3,2 m̂k, kð Þ σ3,3 m̂k, kð Þ
11 0 0 0 0 0 0 0 0.1303 0

12 0.0485 0.0004 0.0032 0.2734 0.0166 0 0.0513 0 0.0000

13 0.7333 0 0 0.9445 0 0 0.2489 0 0

14 0.2120 0.1386 0.0133 0.3877 0.4773 0.1195 0.1365 0.0665 0.0086

15 0.4246 0.1318 0.0021 0.03341 0.4894 0.1211 0.0112 0.6107 0.0696

16 0.5538 0.0778 0.1501 0.07751 0.2524 0.0811 0.0651 0.4251 0.0635

17 0.3907 0.0469 0.2230 0.08746 0.1848 0.2463 0 0.4458 0.0478

18 0.3523 0.0180 0.2178 0.04291 0.1877 0.1602 0.5681 0.0592 0.0115

19 0.5116 0.0619 0.2221 0.03266 0.2673 0.2465 0.4999 0.0569 0.0127

20 0.6431 0.0536 0.1866 0.0939 0.1700 0.0781 0.3789 0.3174 0.0046

… … … … … … … … … …

495 0 0.0036 0.0406 0.2286 0.0600 0.0172 0.0110 0.9387 0.0182

496 0.1588 0.0035 0.0107 0.08183 0.3163 0.0102 0 0 0.0016

497 0.1551 0.0009 0.0065 0.07869 0.1453 0.4821 0.7777 0 0.0033

498 0.1576 0.0011 0.0073 0.0120 0.1679 0.3786 0.5334 0 0.0060

499 0.1197 0.0006 0.0059 0.0721 0.2391 0.0172 0.4405 0.1432 0.0097

500 0.3600 0.0001 0.0049 0.0273 0.3960 0.0079 0.6331 0.1410 0.0093

0.5010 0.0514 0.0033 0.0049 0.0182 0.3499 0.0111 0.7690 0.1376 0.0089

0.5020 0.2503 0.0034 0.0042 0.0222 0.1744 0.0132 0.6198 0.1274 0.0066

0.5030 0.1195 0.0147 0.0165 0 0.4283 0.0060 0 0.1530 0.0049

0.5040 0.0974 0.0144 0.0027 0 0.2241 0.0048 0.4778 0.0574 0.0043

0.5050 0.1422 0.0060 0.0131 0.0085 0.2023 0.0054 0.5604 0.0669 0.0004

… … … … … … … … … …

1102 0.1898 0.0016 0.0413 0.8313 0.0767 0.0381 0.6875 0 0.1451

1103 0.2094 0.0015 0.0352 0.8262 0.0673 0.0451 0.7298 0.2808 0.0147

1104 0.1711 0.0011 0.0040 0.6648 0.0915 0.0462 0.5563 0.1831 0.0105

1105 0.1816 0.0012 0.0116 0.6658 0.1049 0.0371 0.6591 0.2874 0.0057

1106 0.1191 0.0011 0.0116 0.6260 0.1155 0.0393 0 0.0196 0.0060

1107 0.0417 0.0012 0.0041 0.4992 0.0781 0.0382 0.0271 0.2559 0.0065

1108 0.1058 0.0033 0.0045 0.0019 0.0589 0.0421 0.6209 0.8289 0.0018

1109 0.1740 0.0021 0 0.0305 0.0446 0.0316 0.8431 0.2366 0.4511

1110 0.2912 0.0021 0.0163 0.0385 0.0342 0.0037 0.2910 0.0489 0.0257
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period of 05/04/2009-01/03/2014, [35–37]. For i ∈ Ið1, K∗Þ,
K ≠ 0, we use Δti−1 = 1, ε = 0:001, ri−1 = 10, and di−1 = 2.
The ε-level suboptimal estimates of the parameters at
each real data times are described below for each com-
modity data sets.

The parameters corresponding to the model governing
natural gas price data set are ui−11 ðm̂k, kÞ, βi−1

1 ðm̂i−1
k , ti−1k Þ,

κi−11,1 ðm̂i−1
k , ti−1k Þ, κi−11,2 ðm̂i−1

k , ti−1k Þ, κi−11,3 ðm̂i−1
k , ti−1k Þ, γi−11,1 ðm̂i−1

k , ti−1k

Þ, γi−11,2 ðm̂i−1
k , ti−1k Þ, γi−11,3 ðm̂i−1

k , ti−1k Þ, δi−11,1 ðm̂i−1
k , ti−1k Þ, δi−11,2 ðm̂i−1

k ,
ti−1k Þ, δi−11,3 ðm̂i−1

k , ti−1k Þ, σi−1
1,1 ðm̂i−1

k , ti−1k Þ, σi−11,2 ðm̂i−1
k , ti−1k Þ, and

σi−11,3 ðm̂i−1
k , ti−1k Þ. The parameters corresponding to the model

governing crude oil price data set are ui−12 ðm̂i−1
k , ti−1k Þ, βi−1

2
ðm̂i−1

k , ti−1k Þ, κi−12,1 ðm̂i−1
k , ti−1k Þ, κi−12,2 ðm̂i−1

k , ti−1k Þ, κi−12,3 ðm̂i−1
k , ti−1k Þ,

γi−12,1 ðm̂i−1
k , ti−1k Þ, γi−12,2 ðm̂i−1

k , ti−1k Þ, γi−12,3 ðm̂i−1
k , ti−1k Þ, δi−12,1 ðm̂i−1

k ,
ti−1k Þ, δi−12,2 ðm̂i−1

k , ti−1k Þ, δi−12,3 ðm̂i−1
k , ti−1k Þ, σi−1

2,1 ðm̂i−1
k , ti−1k Þ, σi−12,2

ðm̂i−1
k , ti−1k Þ, and σi−12,3 ðm̂i−1

k , ti−1k Þ, while the parameters corre-

sponding to the model governing coal price data set are ui−13
ðm̂i−1

k , ti−1k Þ, βi−1
3 ðm̂i−1

k , ti−1k Þ, κi−13,1 ðm̂i−1
k , ti−1k Þ, κi−13,2 ðm̂i−1

k , ti−1k Þ,
κi−13,3 ðm̂i−1

k , ti−1k Þ, γi−13,1 ðm̂i−1
k , ti−1k Þ, γi−13,2 ðm̂i−1

k , ti−1k Þ, γi−13,3 ðm̂i−1
k ,

ti−1k Þ, δi−13,1 ðm̂i−1
k , ti−1k Þ, δi−13,2 ðm̂i−1

k , ti−1k Þ, δi−13,3 ðm̂i−1
k , ti−1k Þ, σi−1

3,1
ðm̂i−1

k , ti−1k Þ, σi−1
3,2 ðm̂i−1

k , ti−1k Þ, and σi−1
3,3 ðm̂i−1

k , ti−1k Þ.
For the sake of simplicity and in order to be able to com-

pare our results in this subsection with the results in Subsec-
tion 7.5.1, for each j, l ∈ Ið1, nÞ, we rewrite the parameters
ui−1j ðm̂i−1

k , ti−1k Þ, βi−1
j ðm̂i−1

k , ti−1k Þ, κi−1j,l ðm̂i−1
k , ti−1k Þ, γi−1j,l ðm̂i−1

k ,
ti−1k Þ, δi−1j,l ðm̂i−1

k , ti−1k Þ, and σi−1
j,l ðm̂i−1

k , ti−1k Þ after they have been
estimated as ujðm̂k, kÞ, βjðm̂k, kÞ, κj,lðm̂k, kÞ, γj,lðm̂k, kÞ, δj,l
ðm̂k, kÞ, and σj,lðm̂k, kÞ.

We give some results for the jump times of the system
fTigi∈Ið1,K∗Þ.

Table 6 shows some result for the jump times of the sys-
tem (y, p). These results are derived by recording the times at
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Figure 13: The graph of σ1,1ðm̂k, kÞ, σ1,2ðm̂k, kÞ, σ1,3ðm̂k, kÞ, σ2,1ðm̂k, kÞ, σ2,2ðm̂k, kÞ, σ2,3ðm̂k, kÞ, σ3,1ðm̂k, kÞ, σ3,2ðm̂k, kÞ, and σ3,3ðm̂k, kÞ for
natural gas, crude oil, and coal, respectively.
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which an entry of a commodity differ by twice the standard
deviation or more from the mean of that commodity. These
times are now combined into a single array and sorted out
in an increasing order.

We give the estimate of the jump coefficient matrices Πi

and Θi defined in (34) in Table 7 below.
Table 8 gives the estimates u1ðm̂k, kÞ, κ1,1ðm̂k, kÞ, κ1,2

ðm̂k, kÞ, κ1,3ðm̂k, kÞ, u2ðm̂k, kÞ, κ2,1ðm̂k, kÞ, κ2,2ðm̂k, kÞ, κ2,3
ðm̂k, kÞ, u3ðm̂k, kÞ, κ3,1ðm̂k, kÞ, κ3,2ðm̂k, kÞ, and κ3,3ðm̂k, kÞ
for the decoupled dynamical system for y with jump.

Figure 8 shows the parameter estimates u1ðm̂k, kÞ, u2ðm̂k, kÞ, and u3ðm̂k, kÞ for the decoupled dynamical system
for y with jump.

Figures 8(a)–8(c) are the graphs of u1ðm̂k, kÞ, u2ðm̂k, kÞ,
and u3ðm̂k, kÞ against time tk for the daily Henry Hub natural
gas price data set [36], daily crude oil price data set [37], and

daily coal price data set, respectively. By plotting the real data
sets, it is easily seen that the graphs of u1ðm̂k, kÞ, u2ðm̂k, kÞ,
and u3ðm̂k, kÞ are similar to the graph of the Henry Hub nat-
ural gas, crude oil, and coal data set, respectively. We expect
this to happen because uj, j ∈ Ið1, 3Þ, are the equilibrium spot
price processes of (5).

The graph of the interaction parameters κ1,1ðm̂k, kÞ, κ1,2
ðm̂k, kÞ, κ1,3ðm̂k, kÞ, κ2,1ðm̂k, kÞ, κ2,2ðm̂k, kÞ, κ2,3ðm̂k, kÞ, κ3,1
ðm̂k, kÞ, κ3,2ðm̂k, kÞ, and κ3,3ðm̂k, kÞ for the decoupled dynam-
ical system for y with jump and estimates in Table 8 are given
in Figure 9 below.

Figures 9(a)–9(i)) show the graph of the ε suboptimal
interaction coefficient parameters κ1,1ðm̂k, kÞ, κ1,2ðm̂k, kÞ,
κ1,3ðm̂k, kÞ, κ2,1ðm̂k, kÞ, κ2,2ðm̂k, kÞ, κ2,3ðm̂k, kÞ, κ3,1ðm̂k, kÞ,
κ3,2ðm̂k, kÞ, and κ3,3ðm̂k, kÞ. The interaction coefficients κj,l,
j ≠ l, are negligible, because each estimate is <<10−15. Thus,

Table 12: Real and simulated estimates (with jump) for natural gas, crude oil, and coal.

tk
Natural gas Crude oil Coal

Real Simulated ps1 m̂k, kð Þ Real Simulated ps2 m̂k, kð Þ Real Simulated ps3 m̂k, kð Þ
11 4.0200 4.0500 58.9900 58.5200 16.5900 16.6000

12 3.9900 3.9600 59.5200 59.5099 17.4600 17.4635

13 3.7500 3.6690 61.4500 60.3377 17.8900 17.8886

14 3.7700 3.7341 60.4900 59.4191 17.5500 17.5188

15 3.4100 3.3967 61.1500 60.1580 17.4100 17.4188

16 3.3500 3.3947 62.4800 62.5028 16.7500 16.7789

17 3.4900 3.3900 63.4100 63.5524 17.6600 17.5341

18 3.5500 3.4957 65.0900 64.9224 17.5200 17.8130

19 3.9200 3.8743 66.3100 66.8239 18.5000 18.8453

20 3.8600 3.8241 68.5900 68.1206 19.0600 18.9453

… … … … … … …

494 4.2300 4.2295 106.7000 106.6374 33.2200 33.1852

495 4.1900 4.2191 107.1800 106.9973 32.7600 32.6677

496 4.3300 4.3414 110.8400 111.0084 33.6500 33.8070

497 4.3300 4.3261 111.7200 111.7084 33.7100 33.7061

498 4.3700 4.3863 111.6800 111.2084 34.7500 35.7057

499 4.3200 4.2167 111.7200 111.6126 34.5400 33.5457

500 4.3500 4.3577 112.3100 112.4358 34.0400 34.2862

501 4.3800 4.3535 112.3800 112.5682 33.1000 33.1330

502 4.5100 4.4389 113.3900 113.2925 33.6700 33.6216

503 4.6000 4.6139 113.0300 113.3077 33.9400 33.9216

504 4.6000 4.5964 110.6000 110.8350 33.8300 33.9216

505 4.5900 4.5564 108.7900 108.7598 32.0200 31.9867

… … … … … … …

1102 3.7200 3.6616 108.2300 108.2354 4.7700 4.5482

1103 3.7300 3.6477 106.2600 106.1451 5.0100 5.1120

1104 3.6800 3.6748 104.7000 104.6723 4.9800 5.1180

1105 3.6600 3.6861 103.6200 104.6723 4.7300 4.7893

1106 3.5900 3.6436 103.2200 102.9765 4.6800 4.7074

1107 3.5200 3.5213 102.6800 102.7652 4.6300 4.6419

1108 3.4900 3.4564 103.1000 102.9765 4.7400 4.4016

1109 3.5100 3.2596 102.8600 102.9652 4.3300 4.1826

1110 3.4800 3.4604 102.3600 102.4345 4.1800 4.4606
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this shows that the model describing the mean spot price, yj,

is mainly characterized by the market potential κi−1j,j ðui−1j −
yjÞyj, j ∈ Ið1, nÞ, i ∈ Ið1, K∗Þ.

Table 9 below shows the estimates of the diffussion coef-
ficient’s parameters δ1,1ðm̂k, kÞ, δ1,2ðm̂k, kÞ, δ1,3ðm̂k, kÞ, δ2,1
ðm̂k, kÞ,δ2,2ðm̂k, kÞ, δ2,3ðm̂k, kÞ, δ3,1ðm̂k, kÞ, δ3,2ðm̂k, kÞ, and
δ3,3ðm̂k, kÞ for the decoupled dynamical system for y with
jump.

The graph of the diffusion coefficient’s parameter for the
decoupled dynamical system for y with jump are given in
Figure 10 below.

Figures 10(a)–10(i) show the graph of the ε- sub-optimal
interaction measure of fluctuation coefficient parameters

δ1,1ðm̂k, kÞ, δ1,2ðm̂k, kÞ, δ1,3ðm̂k, kÞ, δ2,1ðm̂k, kÞ, δ2,2ðm̂k, kÞ,
δ2,3ðm̂k, kÞ, δ3,1ðm̂k, kÞ, δ3,2ðm̂k, kÞ, and δ3,3ðm̂k, kÞ.

Table 10 gives the drift coefficient’s parameter estimates
β1ðm̂k, kÞ, γ1,1ðm̂k, kÞ, γ1,2ðm̂k, kÞ, γ1,3ðm̂k, kÞ, β2ðm̂k, kÞ, γ2,1
ðm̂k, kÞ, γ2,2ðm̂k, kÞ, γ2,3ðm̂k, kÞ, β3ðm̂k, kÞ, γ3,1ðm̂k, kÞ, γ3,2
ðm̂k, kÞ, and γ3,3ðm̂k, kÞ for the dynamical system for p
with jump.

Table 10 shows the estimates of the ε suboptimal size m̂k
and the parameters m̂k,β1ðm̂k, kÞ, γ1,1ðm̂k, kÞ, γ1,2ðm̂k, kÞ,
γ1,3ðm̂k, kÞ, m̂k, β2ðm̂k, kÞ, γ2,1ðm̂k, kÞ, γ2,2ðm̂k, kÞ, γ2,3ðm̂k,
kÞ, m̂k,β3ðm̂k, kÞ, γ3,1ðm̂k, kÞ, γ3,2ðm̂k, kÞ, and γ3,3ðm̂k, kÞ,
for each of the energy commodity data sets. According
to (58), the estimate γj,lðm̂k, kÞ, j ≠ l, is positive if
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Figure 14: Real and simulated prices (with jump) for natural gas, crude oil, and coal.

52 Journal of Energy



commodity pl is cooperating with commodity pj, and neg-
ative if commodity pl is competing with commodity pj.
There is no interaction between the two commodities if γ j,l
ðm̂k, kÞ = 0. It is apparent from the graph (from γ1,3ðm̂k, kÞ
in Column 6) that coal is competing with natural gas during
this period because the estimates of γ1,3ðm̂k, kÞ are mostly
negative. It is apparent that natural gas and crude oil are
either cooperating or competing, depending on the time
period.

The graph of the drift coefficient’s parameters with esti-
mates in Table 10 are given in Figure 11 below.

Figures 11(a)–11(i) show the graph of the ε suboptimal
interaction coefficient parameters γ1,1ðm̂k, kÞ, γ1,2ðm̂k, kÞ,

γ1,3ðm̂k, kÞ, γ2,1ðm̂k, kÞ, γ2,2ðm̂k, kÞ, γ2,3ðm̂k, kÞ, γ3,1ðm̂k, kÞ,
γ3,2ðm̂k, kÞ, and γ3,3ðm̂k, kÞ. According to (58), the estimate
γ j,lðm̂k, kÞ, j ≠ l, is positive if commodity pl is cooperating
with commodity pj, and negative if commodity pl is compet-
ing with commodity pj. There is no interaction between the
two commodities if γj,lðm̂k, kÞ = 0. It is apparent from the
graph of γ1,3ðm̂k, kÞ that coal is competing with natural gas
because the estimates of γ1,3ðm̂k, kÞ are mostly negative. This
shows that for fixed price p1 of natural gas, for every $1
increase in the price of coal, the price of natural gas decreases
on the average by 0:0019. Also, it is apparent that natural gas
and crude oil are either cooperating or competing, depending
on the time period.
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Figure 15: Real, simulated, forecasted prices and 95% C.I. with no jump.
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Figures 12(a)–12(c) are the graphs of β1ðm̂k, kÞ, β2ðm̂k,
kÞ, and β3ðm̂k, kÞ against time tk for the daily Henry Hub nat-
ural gas price data set [36], daily crude oil price data set [37],
and daily coal price data set, respectively.

Table 11 gives the ε suboptimal estimates of the parame-
ters u1ðm̂k, kÞ, σ1,1ðm̂k, kÞ, σ1,2ðm̂k, kÞ, σ1,3ðm̂k, kÞ, u2ðm̂k, kÞ,
σ2,1ðm̂k, kÞ, σ2,2ðm̂k, kÞ, σ2,3ðm̂k, kÞ, u3ðm̂k, kÞ, σ3,1ðm̂k, kÞ,
σ3,2ðm̂k, kÞ, and σ3,3ðm̂k, kÞ for each of the energy commodity
data sets.

Figures 13(a)–13(c) are the graphs of σ1,1ðm̂k, kÞ, σ1,2
ðm̂k, kÞ, σ1,3ðm̂k, kÞ, σ2,1ðm̂k, kÞ, σ2,2ðm̂k, kÞ, σ2,3ðm̂k, kÞ, σ3,1
ðm̂k, kÞ, σ3,2ðm̂k, kÞ, and σ3,3ðm̂k, kÞ against time tk for the

daily Henry Hub natural gas price data set [36], daily crude
oil price data set [37], and daily coal price data set,
respectively.

Table 12 shows the real and simulated estimates for the
spot price processes pjðtÞ, j ∈ Ið1, nÞ.

Figure 14 shows the graph of the real and simulated
prices (with jump) for natural gas, crude oil, and coal data set.

Figures 14(a)–14(c) show the graph of the real and
simulated spot prices for the daily Henry Hub natural
gas data set [36], daily crude oil data set [37], and daily
coal data set [35], respectively. The red line represents
the real data set p, while the blue line represent the
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Figure 16: Real, simulated, forecasted prices and 95% CI with jump.
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simulated data set psm̂k ,k. It is clear that the graph fits
well. To reduce magnitude of error, we increase the mag-
nitude of time delay. It is obvious that these curves fit
better than the curves in Figure 7. It follows that the
interconnected dynamical system with jump process
incorporated into it performs better than the one without
jump.

8. Forecasting

In this section, we shall sketch an outline about forecasting
problem for the case where there is no jump. The sketch for
the case where jump exist is similar. An ε suboptimal simulated
value (ysðm̂i−1

k , ti−1k Þ, psðm̂i−1
k , ti−1k Þ) at time ti−1k , i ∈ Ið1, K∗Þ, is

used to define a forecast (y f ðm̂i−1
k , ti−1k Þ, pf ðm̂i−1

k , ti−1k Þ) for
(yðti−1k Þ, pðti−1k Þ) at the time ti−1k for the system of energy
commodity model.

8.1. Forecasting for Energy Commodity Model. In the context
of Section 6.1, for i ∈ Ið1, K∗Þ, we begin forecasting from time
ti−1k . Using the data set up to time ti−1k−1, we compute m̂i−1

a , m̂i−1
a ,

ujðm̂i−1
a , ti−1a Þ, βjðm̂i−1

a , ti−1a Þ, κj,lðm̂i−1
a , ti−1a Þ, γj,lðm̂i−1

a , ti−1a Þ,
δj,lðm̂i−1

a , ti−1a Þ, σj,lðm̂i−1
a , ti−1a Þ, and j, l ∈ Ið1, 3Þ for a ∈ Ið0, k

− 1Þ. We assume that we have no information about the real

data set fyjðti−1a ÞgNi−1
a=k . Under these considerations, imitating

the computational procedure outlined in Section 7 and using
solutions to (66) and (67), we find the estimate of the forecast
y f ðm̂i−1

k , ti−1k Þ and pf ðm̂i−1
k , ti−1k Þ at time ti−1k as follows:

To find the forecasted value yfj ðT−
i Þ and pfj ðT−

i Þ, we need
to re-estimate bπ i

j and bθ ij by first simulating

lim
t→T−

i

yfj t, Ti−1, yi−1,s
� �

≡ yfj mi−1
Ni−1

, ti−1Ni−1

� �
,

lim
t→T−

i

pfj t, Ti−1, yi−1,s, pi−1,s
� �

≡ pfj mi−1
Ni−1

, ti−1Ni−1

� �
,

ð88Þ

as follows:

yfj mi−1
Ni−1

, ti−1Ni−1

� �
= ysj mi−1

Ni−1−1, t
i−1
Ni−1−1

� �
+ ui−1j mi−1

Ni−1−1, t
i−1
Ni−1−1

� �	
− ysj mi−1

Ni−1−1, t
i−1
Ni−1−1

� �

〠
n

l=1
κi−1j,l mi−1

Ni−1−1, t
i−1
Ni−1−1

� �"

� ysl mi−1
Ni−1−1, t

i−1
Ni−1−1

� �#
Δt + ui−1j mi−1

Ni−1−1, t
i−1
Ni−1−1

� �	

− ysj mi−1
Ni−1−1, t

i−1
Ni−1−1

� �

δi−1j,j mi−1

Ni−1−1, t
i−1
Ni−1−1

� �"

� ΔWj,j mi−1
Ni−1

, ti−1Ni−1

� �
+ 〠

n

l≠j
δi−1j,l mi−1

Ni−1−1, t
i−1
Ni−1−1

� �
� ysl mi−1

Ni−1−1, t
i−1
Ni−1−1

� �
ΔWj,l mi−1

Ni−1
, ti−1Ni−1

� �#
,

pfj mi−1
Ni−1

, ti−1Ni−1

� �
= psj γi−1j,j mi−1

Ni−1−1, t
i−1
Ni−1−1

� �
ysj mi−1

Ni−1−1, t
i−1
Ni−1−1

� �	"

− psj mi−1
Ni−1−1, t

i−1
Ni−1−1

� �

+ βi−1

j mi−1
Ni−1−1, t

i−1
Ni−1−1

� �
+ 〠

n

l≠j
γi−1j,l mi−1

Ni−1−1, t
i−1
Ni−1−1

� �
psl mi−1

Ni−1−1, t
i−1
Ni−1−1

� �#
Δt

+ σi−1j,j mi−1
Ni−1−1, t

i−1
Ni−1−1

� �
psj mi−1

Ni−1−1, t
i−1
Ni−1−1

� �
� ΔZj,j mi−1

N i−1
, ti−1Ni−1

� �
+ psj mi−1

Ni−1−1, t
i−1
Ni−1−1

� �
�〠

n

l≠j
σi−1
j,l mi−1

Ni−1−1, t
i−1
Ni−1−1

� �
psl mi−1

Ni−1−1, t
i−1
Ni−1−1

� �
� ΔZj,l mi−1

Ni−1
, ti−1Ni−1

� �
, ti−1k = ti−1Ni−1

:

ð89Þ

Imitating argument in (84), we define

bπ i
j =

ysj mi−1
Ni−1

, ti−1Ni−1

� �
yfj mi−1

Ni−1
, ti−1Ni−1

� � ,
bθ i

j =
psj mi−1

Ni−1
, ti−1Ni−1

� �
pfj mi−1

Ni−1
, ti−1Ni−1

� � :
ð90Þ

yfj m̂i−1
k , ti−1k

� �
= ysj m̂

i−1
k−1, ti−1k−1

� �
+ uj m̂

i−1
k−1, ti−1k−1

� �
− ysj m̂

i−1
k−1, ti−1k−1

� �� �
κj, j m̂

i−1
k−1, ti−1k−1

� �
ysj m̂

i−1
k−1, ti−1k−1

� �
+ 〠

n

l≠j
κj,ly

s
l m̂i−1

k−1, ti−1k−1
� �" #

Δt

       + δj,j m̂
i−1
k−1, ti−1k−1

� �
uj m̂

i−1
k−1, ti−1k−1

� �
− ysj m̂

i−1
k−1, ti−1k−1

� �� �
Wj,j kð Þ + uj m̂

i−1
k−1, ti−1k−1

� �
− ysj m̂

i−1
k−1, ti−1k−1

� �� �
〠
n

l≠j
δ j,ly

s
l m̂i−1

k−1, ti−1k−1
� �

Wj,l kð Þ,

pfj m̂i−1
k , ti−1k

� �
= psj m̂

i−1
k−1, ti−1k−1

� �
+ psj m̂

i−1
k−1, ti−1k−1

� �
γj,j m̂

i−1
k−1, ti−1k−1

� �
ysj m̂

i−1
k−1, ti−1k−1

� �
− psj m̂

i−1
k−1, ti−1k−1

� �� �
+ β j m̂

i−1
k−1, ti−1k−1

� �
+ 〠

n

l≠j
γj,l m̂

i−1
k−1, ti−1k−1

� �
psl m̂i−1

k−1, ti−1k−1
� �" #

Δt

       + σj, j m̂
i−1
k−1, ti−1k−1

� �
psj m̂

i−1
k−1, ti−1k−1

� �
Zj, j kð Þ + psj m̂

i−1
k−1, ti−1k−1

� �
〠
n

l≠ j
σj,l m̂

i−1
k−1, ti−1k−1

� �
psl m̂i−1

k−1, ti−1k−1
� �

Zj,l kð Þ, ti−1k ∈ Ti−1, Ti½ Þ:

8>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>:
ð87Þ
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Thus, yfj ðT−
i Þ = bπ i

jy
f
j ðT−

i , T i−1, yi−1,sÞ and pfj ðT−
i Þ = bθ i

jp
f
j

ðT−
i , Ti−1, yi−1,f , pi−1,f Þ. where the estimates ujðm̂i−1

k−1, ti−1k−1Þ, βj

ðm̂i−1
k−1, ti−1k−1Þ, κj,lðm̂i−1

k−1, ti−1k−1Þ, γj,lðm̂i−1
k−1, ti−1k−1Þ, δj,lðm̂i−1

k−1, ti−1k−1Þ,
and σj,lðm̂i−1

k−1, ti−1k−1Þ, j, l ∈ Ið1, 3Þ are estimated with respect
to the known past data set up to the time ti−1k−1. We note

that y f
m̂i−1

k ,ti−1k
is the ε suboptimal estimate for y jðti−1k Þ at

time ti−1k .

To determine (y f ðm̂i−1
k+1, ti−1k+1Þ, pf ðm̂i−1

k+1, ti−1k+1Þ), we need
ujðm̂i−1

k , ti−1k Þ, βjðm̂i−1
k , ti−1k Þ, κj,lðm̂i−1

k , ti−1k Þ, γj,lðm̂i−1
k , ti−1k Þ,

δj,lðm̂i−1
k , ti−1k Þ, and σj,lðm̂i−1

k , ti−1k Þ, j, l ∈ Ið1, 3Þ. Since we only
have information of real data up to time tk−1, we use the fore-

casted estimate yfj ðm̂i−1
k , ti−1k Þ as the estimate of yjðti−1k Þ at

time ti−1k and to estimate ujðm̂i−1
k , ti−1k Þ, βjðm̂i−1

k , ti−1k Þ, κj,l
ðm̂i−1

k , ti−1k Þ, γj,lðm̂i−1
k , ti−1k Þ, δj,lðm̂i−1

k , ti−1k Þ, and σj,lðm̂i−1
k , ti−1k Þ,

j, l ∈ Ið1, 3Þ. Hence, we can write ujðm̂i−1
k , ti−1k Þ as

For j, l ∈ Ið1, nÞ, to find (yfj ðm̂i−1
k+2, ti−1k+2Þ, pfj ðm̂i−1

k+2, ti−1k+2Þ),
we use the estimates

uj m̂
i−1
k , ti−1k

� �
≡ uj m̂i−1

k , yj ti−1k−m̂i−1
k +1

� �
, yj ti−1k−m̂i−1

k +2

� �
,⋯,yj ti−1k−1

� �
, yfj m̂i−1

k , ti−1k

� �� �
,

κj,l m̂
i−1
k , ti−1k

� �
≡ κj,l m̂i−1

k , yj ti−1k−m̂i−1
k +1

� �
, yj ti−1k−m̂i−1

k +2

� �
,⋯,yj ti−1k−1

� �
, yfj m̂i−1

k , ti−1k

� �� �
,

δj,l m̂
i−1
k , ti−1k

� �
≡ δj,l m̂i−1

k , yj ti−1k−m̂i−1
k +1

� �
, yj ti−1k−m̂i−1

k +2

� �
,⋯,yj ti−1k−1

� �
, yfj m̂i−1

k , ti−1k

� �� �
,

βj,l m̂
i−1
k , ti−1k

� �
≡ βj,l m̂i−1

k , pj ti−1k−m̂i−1
k +1

� �
, pj ti−1k−m̂i−1

k +2

� �
,⋯,pj ti−1k−1

� �
, pfj m̂i−1

k , ti−1k

� �� �
,

γj,l m̂
i−1
k , ti−1k

� �
≡ γj,l m̂i−1

k , pj ti−1k−m̂i−1
k +1

� �
, pj ti−1k−m̂i−1

k +2

� �
,⋯,pj ti−1k−1

� �
, pfj m̂i−1

k , ti−1k

� �� �
,

σj,l m̂
i−1
k , ti−1k

� �
≡ σ j,l m̂i−1

k , pj ti−1k−m̂i−1
k +1

� �
, pj ti−1k−m̂i−1

k +2

� �
,⋯,pj ti−1,k−1

� �
, pfj m̂i−1

k , ti−1k

� �� �
, j, l ∈ I 1, nð Þ:

8>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>:

ð91Þ

uj m̂
i−1
k+1, ti−1k+1

� �
≡ uj m̂i−1

k+1, yj ti−1k−m̂i−1
k +2

� �
, yj ti−1k−m̂i−1

k +3

� �
,⋯,yj ti−1k−1

� �
, yfj m̂i−1

k , ti−1k

� �
, yfj m̂i−1

k+1, ti−1k+1
� �� �

,

κj,l m̂
i−1
k+1, ti−1k+1

� �
≡ κj,l m̂i−1

k+1, yj ti−1k−m̂i−1
k +2

� �
, yj ti−1k−m̂i−1

k +3

� �
,⋯,yj ti−1k−1

� �
, yfj m̂i−1

k , ti−1k

� �
, yfj m̂i−1

k+1, ti−1k+1
� �� �

,

δj,l m̂
i−1
k+1, ti−1k+1

� �
≡ δj,l m̂i−1

k+1, yj ti−1k−m̂i−1
k +2

� �
, yj ti−1k−m̂i−1

k +3

� �
,⋯,yj ti−1k−1

� �
, yfj m̂i−1

k , ti−1k

� �
, yfj m̂i−1

k+1, ti−1k+1
� �� �

,

βj,l m̂
i−1
k+1, ti−1k+1

� �
≡ βj,l m̂i−1

k+1, pj ti−1k−m̂i−1
k +2

� �
, pj ti−1k−m̂i−1

k +3

� �
,⋯,pj ti−1k−1

� �
, pfj m̂i−1

k , ti−1k

� �
, pfj m̂i−1

k+1, ti−1k+1
� �� �

,

γj,l m̂
i−1
k+1, ti−1k+1

� �
≡ γ j,l m̂i−1

k+1, pj ti−1k−m̂i−1
k +2

� �
, pj ti−1k−m̂i−1

k +3

� �
,⋯,pj ti−1k−1

� �
, pfj m̂i−1

k , ti−1k

� �
, pfj m̂i−1

k+1, ti−1k+1
� �� �

,

σj,l m̂
i−1
k+1, ti−1k+1

� �
≡ σ j,l m̂i−1

k+1, pj ti−1k−m̂i−1
k +2

� �
, pj ti−1k−m̂i−1

k +3

� �
,⋯,pj ti−1k−1

� �
, pfj m̂i−1

k , ti−1k

� �
, pfj m̂i−1

k+1, ti−1k+1
� �� �

:
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ð92Þ

56 Journal of Energy



Continuing this process in this manner, to find ðyfj ðm̂i−1
k+l

, ti−1k+lÞ, pfj ðm̂i−1
k+l , ti−1k+lÞÞ, we use the estimates

8.1.1. Prediction/Confidence Interval for Energy Commodities.
In order to be able to assess the future certainty, we also
discuss about the prediction/confidence interval. We define
the 100ð1 − αÞ% confidence interval for the forecast of the

state (y f
m̂i−1

l ,ti−1l
, pf

m̂i−1
l ,ti−1l

) at time ti−1l , l ≥ k, j ∈ Ið1, nÞ as

yfj m̂i−1
l , ti−1l

� �
± z1−α/2 sj,jm∧i−1

l−1,ti−1l−1
yfj
� �� �1/2

,

pfj m̂i−1
l , ti−1l

� �
± z1−α/2 sj,jm∧i−1

l−1,ti−1l−1
pfj
� �� �1/2

,

8>><>>: ð94Þ

where ðsj,jðm∧i−1
l−1, ti−1l−1ÞÞ1/2 is the estimate for the sample

standard deviation for the forecasted state yj, and

ðsj,jðm∧i−1
l−1, ti−1l−1ÞÞ1/2 is the estimate for the sample standard

deviation for the forecasted state pj derived from the follow-
ing iterative process

It is clear that the 95% confidence interval for the forecast
at time tk is

uj m̂
i−1
k+l−1, ti−1k+l−1

� �
≡ uj m̂i−1

k+l−1, yj ti−1k−m̂i−1
k +l

� �
, yj ti−1k−m̂i−1

k +l+1

� �
,⋯, yj ti−1k−1

� �
, yfj m̂i−1

k , ti−1k

� �
,⋯, yfj m̂i−1

k+l−1, ti−1k+l−1
� �� �

,

κj,l m̂
i−1
k+l−1, ti−1k+l−1

� �
≡ κj,l m̂i−1

k+l−1, yj ti−1k−m̂i−1
k +l

� �
, yj ti−1k−m̂i−1

k +l+1

� �
,⋯, yj ti−1k−1

� �
, yfj m̂i−1

k , ti−1k

� �
,⋯, yfj m̂i−1

k+l−1, ti−1k+l−1
� �� �

,

δj,l m̂
i−1
k+l−1, ti−1k+l−1

� �
≡ δj,l m̂i−1

k+l−1, yj ti−1k−m̂i−1
k +l

� �
, yj ti−1k−m̂i−1

k +l+1

� �
,⋯, yj ti−1k−1

� �
, yfj m̂i−1

k , ti−1k

� �
,⋯, yfj m̂i−1

k+l−1, ti−1k+l−1
� �� �

,

βj,l m̂
i−1
k+l−1, ti−1k+l−1

� �
≡ βj,l m̂i−1

k+l−1, pj ti−1k−m̂i−1
k +l

� �
, pj ti−1k−m̂i−1

k +l+1

� �
,⋯, pj ti−1k−1

� �
, pfj m̂i−1

k , ti−1k

� �
,⋯, pfj m̂i−1

k+l−1, ti−1k+l−1
� �� �

,

γj,l m̂
i−1
k+l−1, ti−1k+l−1

� �
≡ γj,l m̂i−1

k+l−1, pj ti−1k−m̂i−1
k +l

� �
, pj ti−1k−m̂i−1

k +l+1

� �
,⋯, pj ti−1k−1

� �
, pfj m̂i−1

k , ti−1k

� �
,⋯, pfj m̂i−1

k+l−1, ti−1k+l−1
� �� �

,

σj,l m̂
i−1
k+l−1, ti−1k+l−1

� �
≡ σj,l m̂i−1

k+l−1, pj ti−1k−m̂i−1
k +i

� �
, pj ti−1k−m̂i−1

k +l+1

� �
,⋯, pj ti−1k−1

� �
, pfj m̂i−1

k , ti−1k

� �
,⋯, pfj m̂i−1

k+l−1, ti−1k+l−1
� �� �

:
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yfj m̂i−1
l , ti−1l

� �
= yfj m̂i−1

l−1, ti−1l−1
� �

+ uj m̂
i−1
l−1, ti−1l−1

� �
− yfj m̂i−1

l−1, ti−1l−1
� �� �

κj,j m̂
i−1
l−1, ti−1l−1

� �
yfj m̂i−1

l−1, ti−1l−1
� �

+ 〠
n

l≠j
κj,ly

f
l m̂i−1

l−1, ti−1l−1
� �" #

Δt

       + δj,j m̂
i−1
l−1, ti−1l−1

� �
uj m̂

i−1
l−1, ti−1l−1

� �
− yfj m̂i−1

l−1, ti−1l−1
� �� �

Wj,j lð Þ + uj m̂
i−1
l−1, ti−1l−1

� �
− yfj m̂i−1

l−1, ti−1l−1
� �� �

〠
n

l≠j
δj,ly

f
l m̂i−1

l−1, ti−1l−1
� �

Wj,l lð Þ,

pfj m̂i−1
l , ti−1l

� �
= pfj m̂i−1

l−1, ti−1l−1
� �

+ pfj m̂i−1
l−1, ti−1l−1

� �
γj,j m̂

i−1
l−1, ti−1l−1

� �
yfj m̂i−1

l−1, ti−1l−1
� �

− pfj m̂i−1
l−1, ti−1l−1

� �� �
+ βj m̂

i−1
l−1, ti−1l−1

� �
+ 〠

n

l≠j
γj,l m̂

i−1
l−1, ti−1l−1

� �
pfl m̂i−1

l−1, ti−1l−1
� �" #

Δt

       + σj,j m̂
i−1
l−1, ti−1l−1

� �
pfj m̂i−1

l−1, ti−1l−1
� �

Zj,j lð Þ + pfj m̂i−1
l−1, ti−1l−1

� �
〠
n

l≠j
σj,l m̂

i−1
l−1, ti−1l−1

� �
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yfj m̂i−1
k , ti−1k

� �
− 1:96 sj,jm∧i−1

k−1,k−1
yfj
� �� �1/2

, yfj m̂i−1
k , ti−1k

� �
+ 1:96 sj,jm∧i−1

k−1,k−1
yfj
� �� �1/2	 


,

pfj m̂i−1
k , ti−1k

� �
− 1:96 sj,jm∧i−1

k−1,k−1
pfj
� �� �1/2

, pfj m̂i−1
k , ti−1k

� �
+ 1:96 sj,jm∧i−1

k−1,k−1
pfj
� �� �1/2	 


,
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where the lower ends denote the lower bounds of the state
estimate and the upper ends denote the upper bounds of
the state estimate.

8.1.2. Illustration: Prediction/Confidence Interval for Energy
Commodities with No Jump. For the case of no jump, the fol-
lowing graphs show the simulated, forecasted, and 95 percent
confidence limit for the daily Henry Hub natural gas data set
[36], daily crude oil data set [37], and daily coal data set [35],
respectively.

Figures 15(a)–15(c) show the graph of the forecast and 95
percent confidence limit for the case where there is no jump
for the daily Henry Hub natural gas data set [36], daily crude
oil data set [37], and daily coal data set [35], respectively. The
figure shows two regions: the simulation region S and the
forecast region F. For the simulation region S, we plot the real
data set together with the simulated data set as described in
Figure 14. For forecast region F, we plot the estimate of the
forecast as explained in Section 8.1.1.

8.1.3. Illustration: Prediction/Confidence Interval for Energy
Commodities with Jump. For the jump process, the following
graphs show the forecast and 95 percent confidence limit for
the daily Henry Hub natural gas data set [36], daily crude oil
data set [37], and daily coal data set [35], respectively.

Figures 16(a)–16(c) show the graphs of the forecast and
95 percent confidence limit for the case where there is jump
for the daily Henry Hub Natural gas data set [36], daily
Crude Oil data set [37], and daily Coal data set [35], respec-
tively. Figures 16(a)–16(c) show two regions: the simulation
region S and the forecast region F. For the simulation region
S, we plot the real data set together with the simulated data
set as described in Figure 14. For the forecast region F, we
plot the estimate of the forecast as explained in Section 8.1.1.

9. Conclusion and Future Work

We examine the relationship between the prices of the energy
commodities: natural gas, crude oil, and coal. To do this,
multivariate stochastic models with and without external
random interventions are developed to describe the relation-
ship between the price of energy commodities. The time-
varying parameters in the stochastic model are estimated
using the LLGMM method. Figures 7 and 14 suggest that
the model with jump fits better than the model without jump.
For j, l ∈ Ið1, 3Þ, the estimates for the drift interaction param-
eters γj,lðm̂k, ti−1k Þ for the case where jump is incorporated
suggest that there are definitely interactions between the spot
price of these three commodities. As discussed in (57) and
(58), the sign of these parameters suggest that there is compe-
tition or cooperation between commodities l and j. The esti-
mate of the parameter γj,lðm̂k, ti−1k Þ in Tables 3 and 10 and
Figures 4 and 11 suggests that these commodities either
compete or cooperate with each other depending on the
time period. We can also describe the relationship between
any two commodity j and l, j ≠ l ∈ Ið1, 3Þ, based on the
overall average bγ j,l = 1/N∑N

k=1 γj,lðm̂k, ti−1k Þ. For example,
for the case where jump is incorporated, bγ1,3 = −0:0017

and bγ3,1 = −0:0095. This suggests that on the average,
there is competition between these two commodities. Also,bγ1,2 = 0:0018 and �γ2,1 = 0:0083. This indicates that on the
average, there is cooperation between natural gas and
crude oil. Finally, bγ2,3 = −0:0146 and bγ3,2 = −0:0013.
Therefore, on the average, there is competition between
crude oil and coal. In the future, we plan to apply the
local lagged adapted generalized method of moments to
interconnected nonlinear stochastic dynamic model for
log-spot price, expected log-spot price, and volatility pro-
cess. Also, we plan to incorporate delay in the multivariate
interconnected nonlinear stochastic model. We plan to be
able to apply the extended local lagged adapted generalized
method of moments to other multivariate interconnected
nonlinear dynamic model different from energy commod-
ity model.
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