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Abstract: The main aim of this paper is to propose a new approach for Atangana-Baleanu variable
order fractional problems. We introduce a new reproducing kernel function with polynomial form. The
advantage is that its fractional derivatives can be calculated explicitly. Based on this kernel function, a
new collocation technique is developed for variable order fractional problems in the Atangana-Baleanu
fractional sense. To show the accuracy and effectiveness of our approach, we provide three numerical
experiments.
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1. Introduction

We are concerned with Atangana-Baleanu variable order fractional problems:
Lu(x) =42 D*u(x) + a()u(x) = f(x,u), x € [0,1],

(1.1)
B(u) =0,

where 0 < a(x) < 1, A€D*@(x) denotes the a(x) order Atangana-Baleanu Caputo derivatives, B(u)
is the linear boundary condition, which includes initial value condition, periodic condition, final value
condition and so on.


http://www.aimspress.com/journal/Math
http://dx.doi.org/ 10.3934/math.2020151

2286

The a(x)(0 < a(x) < 1) order Atangana-Baleanu Caputo derivatives of a function u(x) is firstly
defined by Atangana and Baleanu [1]

M(a(x)) (* a(x)

_ _ pax)y,,/
Eqy( l—cy(x)(x N’ ()dt, (1.2)

ABCDQ(X)M(X) —

1 —alx) J,

where E,,(x) is the Mittag-Lefller function.

Fractional order differential equations (FDEs) have important applications in several fields such as
materials, chemistry transmission dynamics, optimal control and engineering [2—6]. In fact, the
classical fractional derivatives are defined with weak singular kernels and the solutions of FDEs
inherit the weak singularity. The Mittag-Leffler (ML) function was firstly introduced by Magnus
Gosta Mittag-Leffler. Recently, it is found that this function has close relation to FDEs arising in real
applications.

Atangana and Baleanu [1] introduced a new fractional derivative by using the ML function, which
is nonlocal and nonsingular. The new fractional derivatives is very important and have been applied to
several different fields (see e.g. [7-9]). Up to now, several numerical algorithms have been developed
for solving Atangana-Baleanu FDEs. Akgiil et al. [10-12] proposed effective difference techniques
and kernels based approaches for Atangana-Baleanu FDEs. On the basis of the Sobolev kernel
functions, Arqub et al. [13—17] proposed the numerical techniques for Atangana-Baleanu fractional
Riccati and Bernoulli equations, Bagley-Torvik and Painlev equations, Volterra and Fredholm
integro-differential equations. Yadav et al. [18] introduced the numerical algorithms and application
of Atangana-Baleanu FDEs. El-Ajou, Hadid, Al-Smadi et al. [19] developed approximated technique
for solutions of population dynamics of Atangana-Baleanu fractional order.

Reproducing kernel Hilbert space (RKHS) is ideal for function approximation and estimate of
fractional derivatives. In recent years, reproducing kernel functions (RKF) theory have been
employed to solve linear and nonlinear fractional order problems, singularly perturbed problems,
singular integral equations, fuzzy differential equations, and so on (see, e.g. [10-17, 19-35]).
However, there exists little discussion on numerical schemes for solving variable order
Atangana-Baleanu FDEs.

In this paper, by using polynomials RKF, we will present a new collocation method for solving
variable order Atangana-Baleanu FDE:s.

This work is organized as follows. We summarize fractional derivatives and RKHS theory in Section
2. In Section 3, we develop RKF based collocation technique for Atangana-Baleanu variable order
FDEs. Numerical experiments are provided in Section 4. Concluding remarks are included in the last
section.

2. Preliminaries to fractional derivatives and RKHS theory

Definition 2.1. Let H be a Hilbert function space defined on E. The function K : E X E — R is known
as an RKF of space H if

(1)K(-, t)ye Hforallt € E,
Q) w() = (w(-), K(-, 1)), forallte E and allw € H.

If there exists a RKF in a Hilbert space, then the space is a RKHS.
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Definition 2.2. Symmetric function K : E X E — R is known as a positive definite kernel (PDK) if

n
2 cicjK(x;,x;) >0 foranyn € N, x1,x,...,x, € E,cy,¢2,...,¢, €R.
ij=1

Theorem 2.1. [36] The RKF of an RKHS is positive definite. Besides, every PDK can define a unique
RKHS, of which it is the RKF.

Definition 2.3. Let g > 0. The one parameter Mittag-Leffler function of order q is defined by

Eq(Z) = j_zo m (21)

Definition 2.4. Let g1, q, > 0. The two-parameter Mittag-Leffler function is defined by

(59

Eoald) = ]Z:;‘ T(jgi +q2)’ 2.2)

For the domains of convergence of the Mittag-Leffler functions, please refer to the following
theorem.

Theorem 2.2. [37] For qi,q> > O, the two-parameter Mittag-Leffler function E,, ,,(z) is convergent
forall z € C.

Definition 2.5. The Sobolev space H'(0, T) is defined as follows
HY0,7) = {u|lu e L*(0,T), u' € L*(0,T)).

Definition 2.6. The a € (0, 1) order Atangana- Baleanu fractional derivative of a function u € H'(a, b)
is defined

A pry(x) = T f -
1-—a 0

where M(«) is the normalization term satisfying M(0) = M(1) = 1.

Y (x - (0t 2.3)
-«

Theorem 2.3. [38] The function k(x,y) = (xy + ¢)" for c > 0,m € N is a PDK.

According to Theorem 2.1, there exists an associated RKHS Q,, with k as an RKF.
3. Collocation method

To solve (1.1), we will construct the RKF which satisfies the homogenous boundary condition.

Definition 3.1.
Omo = {w(@®) | w(t) € O, B(w) = 0}.

Theorem 3.1. The space Q,, is an RKHS and its RKF is expressed by

B.k(x, y)Byk(x, y)

K(X,)’):k(%)’)— B Bk(x y)
xDy )
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Proof. If Byk(x,y) = 0 or B k(x,y) = 0, then

K(x,y) = k(x,y).

If Byk(x,y) # 0, then
Bxk(x,y)BxByk(x,y)
By Byk(x.y) i

B.K(x,y) = Bik(x,y)—
= (),

and naturally K(x,y) € Q0.
For all u(y) € Q,.0, we have u(y) € Q,, and B,u(y) = 0.

We have Bk(x,y)Byk(x,y)
@) K(x.y) = @), k(x,)) - (u(y), 2
) k(x,y ’
= u(x) = g (U(y), Bek(x,))
Byk(x,y
= u(x) — g B (), k(x,))
Byk(x,
= u(x) — %Bxu(x)
=u(x)—0
=0.
Thus, K(x,y) is the RKF of space Q,, and the proof is complete. O

Suppose that L : Q,,0 — H!' is a bounded linear operator. It is easy to proved that its inverse
operator L™! is also bounded since both Q,, o and H' are Banach spaces.

Choose N distinct scattered points 1in [0,1], such as {x;,x,...,xn}. Put
vi(x) = K(x,x;),i = 1,2, ..., N. By using RKF basis, the RKF collocation solution uy(x) for (1.1) can
be written as follows

N
un(x) = > e, (3.1)
i=1
where {c,-}f\i , are undetermined constants.
Collocating (1.1) at N nodes xi, x», ..., xy provides N equations:
N
Lun(x) = ) eilri(x) = f(¥ un(x0), k= 1,2,...,N. (3.2)

i=1

System (3.3) of equations is simplified to the matrix form:
Ac =f, (3.3)

Where Aik = Lxl//k(x)lx:xi’ i’ k = 1’ 2a e 7N’ f = (f(X], I/[N(X])), f(x27 uN(-XZ)), e ’f(xN’ MN(XN)).
Theorem 3.2. If y > 0, then

M(a(x)) a(x)

ABC na(x) ,.y _ y
D = T(y + DA Eoys1(—
o 1 —ax) O+ D Eayn( 1—alx)

xa(x) )

and therefore matrix A can be computed exactly.

AIMS Mathematics Volume 5, Issue 3, 2285-2294.



2289

Proof. 1t is noticed that

Aoty o M [ (o eyl
—a(x —a(x
oo __ax) _ax)j
_ M((z(x)) X ( l—u(x)(x t) ) ’y—l
1-a(x) J(; I(ja(n)+1) at

oo _aX) Nj
_ M(a(x) Cre@” (Y. e -1
1-a(x) Z:O T'(a(x)+1) Jo (X t) t dt

M(a(x) i": %) TGa+DTG) _jat+y
T l-a(v) Y =0 I'(ja(x)+1) T'(ja(x)+y+1)

00 (__ax) _a(x)j
_ M) y v Ce*)
= Tak Tat Ly + Dx Z TGa@ i+

_ M(a(x) _a(x)
= oot —=I'(y + 1)x¥ Ea(x) v (= o X2,

Since RKF K(x,y) is a polynomials, matrix A in (3.3) can be calculated exactly. The proof is
complete. O

If f(x,u) is linear, then (3.3) is a system of linear equations and it is convenient to determine the
value of the unknowns {ci}lf.‘i - If f(x,u) is nonlinear, then (3.3) is a system of nonlinear equations, we
solve it by using the tool "FindRoot” in soft Mathematica 11.0.

The residual function is defined as

Ry(x) = Lun(x) — f(x, un(x)).
Theorem 3.3. If a(x) and f(x,u) € C*[0, 1], then

A 4
| Ry(x) lo= max |Ry(x)I|<ch’,
X€E[x1,xN]

where ¢ > 0 is a real number, h = max | x;,; — X; |.
1<i<N

Proof. For the proof, please refer to [22]. O
4. Numerical experiments

Three experiments are illustrated in this section to show the applicability and effectiveness of the
mentioned approach. We take M(«@) = 1 in the following experiments.

Problem 4.1

Solve fractional linear initial value problems (IVPs) as follows:

ABCD(Iu(x) + exu(_x) = f(x), X € (0, 1]’
u(0) =1,

where a(x) = 0.5x + 0.1,
f(x) = e+ X3+ 1)+ ”{(‘;((j;)zsza(x)ﬁ(—% X0 + +HEDOIE, ) 4(- 12 x"W). The true
solution of this equation is u(x) = x*> + x> + 1.

Selecting m = 8§, N = 8§, x; = ﬁ,i = 1,2,...,N, we apply our new method to Problem 4.1. The

obtained numerical results are shown in Tables 1. The Mathematica codes for Problem 4.1 is provided

AIMS Mathematics Volume 5, Issue 3, 2285-2294.
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as follows:
trulx ] = x>+ x>+ 1;p[x ] = EX5a[x ] = 0.5x +0.1;
Blx]=1;a[x]= m;qu_,y_] = (xy + 1)

RIx_,y] = K[x,y] - K[x, 01 K[0,1/K[0,0]; wix_,y 1 = plx] * RIx,y];
vlx ,d | = Bla[x]] * Gammald + 1] * x x MittagLef flerE[2,d + 1, —a[x] * x*™/(1 — a[x])];

fulx_,y 1= 8yv[x, 1] + 28y*v[x, 2] + 56y*v[x, 3] + 70y*v[x, 4]

+56y°v[x, 5] + 28y%v[x, 6] + 8y"v[x, 7] + y*v[x, 8];

m = 8; xx = Tablel0,{i, 1,m}]; A = Tablel0,{i, 1,m},{j, 1, m}];

Forl[i=1,i <m,i+ +,xx[[i]] = i/m];

Forli=1,i<m,i++, For[j=1,j<m,j++,A[li, jl1] = wlxx[[], xx[[j1]] + fulxx[[]] + xx[[/11]1];
v[x_] = trul0]; fO[x] = plx] * trulx] + v[x, 2] + v[x, 3]; f[x] = fO[x] — p[x] = v[x];

b = Table[ f[xx[[k]]],{i, 1,m}]; c = LinearsS olve[A, b];

ulx | = i c[[i1] = R[x, xx[[i]1]; ulx_] = ulx] + v[x];

Table 1. Errors of numerical results for Problem 4.1.

Nodes x Exact solution Absolute error Relative error
0.10 1.011 1.88 x 10713 1.86 x 10713
0.20 1.048 2.57 x 10713 2.45x%x 10713
0.30 1.117 9.50 x 10714 8.50 x 10714
0.40 1.224 6.35x 10713 5.19x 10713
0.50 1.375 0 0
0.60 1.576 217 x 10714 1.38 x 10714
0.70 1.833 7.65x 10713 4.17x 10713
0.80 2.152 8.65x 10713 4.02x 10713
0.90 2.539 240 % 10713 9.46 x 10714
1.00 3.000 9.09 x 10713 3.03x 10713

Problem 4.2

Solve the variable order fractional linear terminal value problems

APEDU(x) + 2u(x) = f(x), x €[0,1),
u(l) =3,

where a(x) = sinx, f(x) = 2(x* +2)+ FE24x* E, ) 5(— 7225 x2). The exact solution is u(x) = x*+2.

Selecting m = 8§, N = 8, x; = %,i = 1,2,...,N, the obtained absolute and relative errors of

numerical results using our method are listed in Tables 2.

AIMS Mathematics Volume 5, Issue 3, 2285-2294.
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Table 2. Errors of numerical results for Problem 4.2.

Nodes x Exact solution Absolute error Relative error
0.00 2.0000 2.75x 10710 1.37x 10710
0.10 2.0001 1.02 x 10710 5.14 x 1071
0.20 2.0016 9.96 x 10711 497 x 10711
0.30 2.0081 1.08 x 10710 5.39x 1071
0.40 2.0256 1.12x 10710 5.56x 1071
0.50 2.0625 1.10x 10710 5.37x 1071
0.60 2.1296 1.05x 10710 496 x 107!
0.70 2.2401 1.08 x 10710 4.83x 107!
0.80 2.4096 9.36 x 10711 3.88 x 107!
0.90 2.6561 438 x 1071 1.64 x 10711

Problem 4.3

We apply our method to the nonlinear variable order fractional IVPs as follows

where

f(x) =sinhx(x + x>+ 1)+

{ ABC Day(x) + sinh xu(x) + sin(u) = f(x), x € (0,1],

a(x)

isu(x)=x+ x>+ 1.

Choosingm =8, N =8, x; =

8.x10712

6.x10712

4.x10712

2.x107"2

sl

adigi il

u(0) =1,

M(a(x)
oty XE

1
N

a(x),Z(_

a(x)
1-a(x)

3.x107"2 |

25x10712

2.x107"2 1

15x10712 1

1.x107"2 |

5.x10713

0.2

0.4

0.6

Ll i
0.8

1.0

M(a(x) .3
Tt 6x°FE,

0.2

a(x),4 ( -

Wikl "

+

0.1,

X)) Tts true solution

i=1,2,...,N, we plot the absolute and relative errors in Figure 1.

0.6 0.8

Figure 1. Absolute errors (left) and relative errors (right) for Problem 4.3

5. Conclusions

In this work, a new RKF based collocation technique is developed for Atangana-Baleanu variable
order fractional problems. The proposed scheme is meshless and therefore it does not require any
background meshes. From the numerical results, it is found that the accuracy of obtained approximate
solutions is high and can reach to O(107'%). Also, for nonlinear fractional problems, our method
can yield highly accurate numerical solutions. Hence, our new method is very effective and easy to
implement for the considered problems.

AIMS Mathematics

Volume 5, Issue 3, 2285-2294.



2292

Acknowledgments

The work was supported by the National Natural Science Foundation of China (No.11801044,

No.11326237).

Conflict of interest

All authors declare no conflicts of interest in this paper.

References

1.

10.

11.

12.

13.

A. Atangana, D. Baleanu, New fractional derivatives with nonlocal and non-singular kernel:
Theory and application to heat transfer model, Therm. Sci., 20 (2016), 763-769.

S. Qureshia, A. Yusuf, A. A. Shaikha, et al. Transmission dynamics of varicella zoster virus

modeled by classical and novel fractional operators using real statistical data, Physica A, 534
(2019), 122149.

A. Yusuf, S. Qureshi, S. FE. Shah, Mathematical analysis for an autonomous financial dynamical
system via classical and modern fractional operators, Chaos Soliton. Fract., 132 (2020), 109552.

S. Qureshi, A. Yusuf, Mathematical modeling for the impacts of deforestation on wildlife species
using Caputo differential operator, Chaos Soliton. Fract., 126 (2019), 32—40.

A. Jajarmi, A. Yusuf, D. Baleanu, et al., A new fractional HRSV model and its
optimal control: A non-singular operator approach, Physica A, Available from:
https://doi.org/10.1016/j.physa.2019.123860.

S. Qureshi, A. Yusuf, A new third order convergent numerical solver for continuous dynamical
systems, J. King Saud Univ. Sci., Available from: https://doi.org/10.1016/j.jksus.2019.11.035.

A. Atangana, . Koca, Chaos in a simple nonlinear system with Atangana-Baleanu derivatives with
fractional order, Chaos Soliton. Fract., 89 (2016), 447-454.

A. Atangana, On the new fractional derivative and application to nonlinear Fishers reaction-
diffusion equation, Appl. Math. Comput., 273 (2016), 948-956.

D. Baleanu, A. Jajarmi, M. Hajipour, A new formulation of the fractional optimal control problems
involving Mittag-Leffler nonsingular kernel, J. Optim. Theory Appl., 175 (2017), 718-737.

A. Akgiil, A novel method for a fractional derivative with non-local and non-singular kernel, Chaos
Soliton. Fract., 114 (2018), 478-482.

A. Akgiil, M. Modanli, Crank-Nicholson difference method and reproducing kernel function for
third order fractional differential equations in the sense of Atangana-Baleanu Caputo derivative,
Chaos Soliton. Fract., 127 (2019), 10-16.

E. K. Akgiil, Solutions of the linear and nonlinear differential equations within the generalized
fractional derivatives, Chaos, 29 (2019), 023108.

O. Abu Arqub, B. Maayah, Modulation of reproducing kernel Hilbert space method for numerical
solutions of Riccati and Bernoulli equations in the Atangana-Baleanu fractional sense, Chaos
Soliton. Fract., 125 (2019), 163-170.

AIMS Mathematics Volume 5, Issue 3, 2285-2294.



2293

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24,

25.

26.

27.

28.

29.

O. Abu Arqub, M. Al-Smadi, Atangana-Baleanu fractional approach to the solutions of Bagley-
Torvik and Painlev equations in Hilbert space, Chaos Soliton. Fract., 117 (2018), 161-167.

O. Abu Arqub, B. Maayah, Numerical solutions of integrodifferential equations of Fredholm
operator type in the sense of the Atangana-Baleanu fractional operator, Chaos Soliton. Fract.,
117 (2018), 117-124.

O. Abu Arqub, B. Maayah, Fitted fractional reproducing kernel algorithm for the numerical
solutions of ABC-Fractional Volterra integro-differential equations, Chaos Soliton. Fract., 126
(2019), 394-402.

O. Abu Arqub, Numerical algorithm for the solutions of fractional order systems of Dirichlet
function types with comparative analysis, Fund. Inform., 166 (2019), 111-137.

S. Yadav, R. K. Pandey, A. K. Shukla, Numerical approximations of Atangana-Baleanu Caputo
derivative and its application, Chaos Soliton. Fract., 118 (2019), 58-64.

S. Hasan, A. El-Ajou, S. Hadid, et al., Atangana-Baleanu fractional framework of reproducing
kernel technique in solving fractional population dynamics system, Chaos Soliton. Fract., 133
(2020), 109624.

X.Y. Li, B. Y. Wu, A new reproducing kernel method for variable order fractional boundary value
problems for functional differential equations, J. Comput. Appl. Math., 311 (2017), 387-393.

X. Y. Li, B. Y. Wu, A numerical technique for variable fractional functional boundary value
problems, Appl. Math. Lett., 43 (2015), 108—113.

X. Y. Li, B. Y. Wu, Error estimation for the reproducing kernel method to solve linear boundary
value problems, J. Comput. Appl. Math., 243 (2013), 10-15.

F. Z. Geng, S. P. Qian, Modified reproducing kernel method for singularly perturbed boundary
value problems with a delay, Appl. Math. Model., 39 (2015), 5592-5597.

F. Z. Geng, S. P. Qian, Reproducing kernel method for singularly perturbed turning point problems
having twin boundary layers, Appl. Math. Lett., 26 (2013), 998—1004.

L. C.Mei, Y. T. Jia, Y. Z. Lin, Simplified reproducing kernel method for impulsive delay differential
equations, Appl. Math. Lett., 83 (2018), 123—-129.

O. A. Arqub, Numerical solutions for the Robin time-fractional partial differential equations of
heat and fluid flows based on the reproducing kernel algorithm, Int. J. Numer. Method H., 28
(2018), 828-856.

O. A. Arqub, B. Maayah, Solutions of Bagley-Torvik and Painlev equations of fractional order
using iterative reproducing kernel algorithm with error estimates, Neural Comput. Appl., 29

(2018), 1465-1479.

M. Al-Smadi, O. Abu Arqub, Computational algorithm for solving fredholm time-fractional partial
integrodifferential equations of Dirichlet functions type with error estimates, Appl. Math. Comput.,
342 (2019), 280-294.

M. Al-Smadi, Simplified iterative reproducing kernel method for handling time-fractional BVPs
with error estimation, Ain Shams Eng. J., 9 (2018), 2517-2525.

AIMS Mathematics Volume 5, Issue 3, 2285-2294.



2294

30. Z. Altawallbeh, M. Al-Smadi, I. Komashynska, et al., Numerical solutions of fractional systems
of two-point BVPs by using the iterative reproducing kernel algorithm, Ukr. Math. J., 70 (2018),
687-701.

31. A. Akgiil, Reproducing kernel Hilbert space method based on reproducing kernel functions for
investigating boundary layer flow of a Powell-Eyring non-Newtonian fluid, J. Taibah Univ. Sci., 13
(2019), 858-863.

32. A. Akgiil, E. K. Akgiil, A novel method for solutions of fourth-order fractional boundary value
problems, Fractal Fract., 3 (2019), 1-13.

33. E. K. Akgiil, Reproducing kernel Hilbert space method for nonlinear boundary-value problems,
Math. Method Appl. Sci., 41 (2018), 9142-9151.

34. B. Boutarfa, A. Akgiil, M. Inc, New approach for the Fornberg-Whitham type equations, J. Comput.
Appl. Math., 312 (2017), 13-26.

35. A. Akgiil, E. K. Akgiil, S. Korhan, New reproducing kernel functions in the reproducing kernel
Sobolev spaces, AIMS Math., § (2020), 482—496.

36. N. Aronszajn, Theory of reproducing kernel, Trans. A.M.S., 168 (1950), 1-50.
37. K. Diethelm, The analysis of fractional differential equations, New York: Springer, 2010.

38.J. Shawe-Taylor, N. Cristianini, Kernel methods for pattern analysis, New York: Cambridge
University Press, 2004.

©2020 the Author(s), licensee AIMS Press. This
is an open access article distributed under the
terms of the Creative Commons Attribution License
(http://creativecommons.org/licenses/by/4.0)

% AIMS Press

AIMS Mathematics Volume 5, Issue 3, 2285-2294.


http://creativecommons.org/licenses/by/4.0

	Approximate Solutions of Atangana-Baleanu Variable Order Fractional Problems
	Scholar Commons Citation

	Introduction
	Preliminaries to fractional derivatives and RKHS theory
	Collocation method
	 Numerical experiments
	Conclusions

