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a b s t r a c t
Heat curving is a practical and economical process used by steel fabricators for curving structural steel. In
this method, the flange edges of a fabricated straight girder are asymmetrically heated to induce residual
curvature on cooling. Available analytical methods for predicting the resulting residual stress, strain and
curvature are complex and iterative because of the need to account for material and geometric nonlinearity. This paper presents a single-step, non-iterative, numerical procedure for determining the
effects of heat-curving on residual stress and strain based on a previously developed simplified analysis.
Thermal equilibrium equations for idealized heating profiles are first recast in a general parametric form
and then solved numerically for standard heating width and temperature using modern technical computing. The resulting solutions are expressed as polynomial functions to allow the solution space for the
residual curvature to be graphically represented. Curvature predictions using this simplified approach are
shown to be within 11% of measured values and within 5% of values obtained using more rigorous
numerical methods.
Ó 2017 Society for Computational Design and Engineering. Publishing Services by Elsevier. This is an open
access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction
Heat-curving is a trial and error method commonly used for
fabricating curved structural steel shapes (Brockenbrough,
1970a). In the process, both flange edges on one side of a fabricated
straight girder are heated in a precise manner to induce uneven
expansion and contraction that results in the development of the
required curvature upon cooling (Brockenbrough, 1968), Fig. 1.
The heating profile is non-uniform and varies along the heated
width as shown in Fig. 2 (Brockenbrough, 1970b). Numerical modelling is complicated at high temperatures due to yielding of the
steel section and the dependence of steel’s strength and stiffness
on temperature shown in Fig. 3. This makes the analysis highly
non-linear for determining strains and corresponding curvatures
(Brockenbrough, 1970a).
In a recent study (Gergess & Sen, 2003), the authors presented a
simplified Duhamel analogy-based method for analysing heatcurved I-shaped steel girders (Brockenbrough, 1968, 1970a). It
used an average centroidal temperature for an idealized temperature distribution (Fig. 4) to calculate the yield stress, modulus of

Peer review under responsibility of Society for Computational Design and
Engineering.
⇑ Corresponding author.
E-mail address: tgeorges@balamand.edu.lb (A. Gergess).

elasticity and coefficient of thermal expansion. This assumption
permitted the derivation of closed-form equations for thermal
stress and strain as a function of the heating temperature T, heated
width ha and girder cross-sectional properties (flange thickness tf
and width bf, web depth d and thickness tw, Fig. 2). As a result,
residual curvature could be calculated in a single-step without
the need for iterations that is the signature of all non-linear
analysis.
This paper further extends the simplified method by using Wolfram Mathematica V.9.0 algebra package to conduct the numerical
analysis. The governing equations were cast in parametric form
and the algebra package was used to express solutions as polynomial functions for the practical range of values of the heated width
ha and heating temperature T (Fig. 2). This representation allowed
the creation of contour plots displaying the relationship between
the parameters needed to calculate residual curvature. Accuracy
of the proposed analysis is verified by comparison with available
theoretical results (Brockenbrough, 1970a) and experimental
results (Brockenbrough, 1970b) for different heating widths and
temperatures.

2. Background
In the late 1960s the then US Steel Corporation initiated a major
experimental study to investigate heat curving. Several papers

http://dx.doi.org/10.1016/j.jcde.2017.03.002
2288-4300/Ó 2017 Society for Computational Design and Engineering. Publishing Services by Elsevier.
This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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Heated Edge

(a)

(b)

Fig. 1. Isometric view of a heat-curved steel I-girder subjected to continuous heat (a) during heating, (b) after cooling.

TYPE I: ha = bf/12 h*a = bf /24
TYPE II: ha = bf /6 h*a = bf /8
TYPE III: ha = bf /4 h*a = 5bf /24

h*a

0.1ΔT
0.03ΔT
-bf/2

bf/12

0

b f /2

bf
tf
ha
d

x
tw

tf
Fig. 2. Heating profile and temperature distribution.

twelfth to one fourth the flange width (bf/12–bf/4, Fig. 2), depending on the tightness of the curvature required (Brockenbrough,
1970a, 1972). Larger heated widths result in larger curvature
(e.g. smaller radii). This paper focuses on applications using continuous heat applied simultaneously to the top and bottom flanges.
Numerical analysis requires information on the temperature
profile and its variation over the width of the flange. Fig. 2 shows
that the temperature distribution for a heating temperature T
applied over a width ha is constant over a somewhat smaller distance h⁄a then transitions linearly over widths (bf/12) to the ambient temperature T0 outside the heated width. This distribution
was established from a theoretical solution for a semi-infinite thin
plate with a moving point heat source along its edge (Myers,
Vyehars, & Borman, 1967).
Heating protocols that result in temperatures greater than
675 °C are considered destructive leading to rejection of the steel
(New York State Steel Construction Manual, 2008). For this reason
the maximum temperature is conservatively set by AASHTO
(AASHTO, 2008) as 621 °C for conventional steel grades. Temperature differential is denoted by DT = (T  T0) in Fig. 2.

1.0

2.2. Steel properties variation with temperature
Yield Stress
Modulus of Elasticity

Ratio

0.8

Over the temperature range permitted for heat-curving
(621 °C), the mechanical properties of steel (yield stress Fy, modulus of elasticity E, coefficient of thermal expansion a) reduce
significantly (Brockenbrough, 1970a). Equations for material properties normalized with respect to the ambient temperature are
available (Brockenbrough, 1968, 1970a). They are plotted in
Fig. 3 (the yield stress is designated as (Fy)T and the modulus of
elasticity as ET at heating temperature T). The increase in the coefficient of thermal expansion aT is given by Eq. (1) as a function of T
(°C) (Brockenbrough, 1970a):

0.6

0.4

0.2
0

135

270

405

540

675

Temperature,°C

aT ¼ ð1:10916 þ 0:0006156TÞ105 38  C < T < 621  C

ð1Þ

Fig. 3. Normalized temperature-dependent steel properties, (Fy)T/Fy, ET/E.

2.3. Duhamel analogy
resulted from the study (Brockenbrough, 1968, 1970a, 1970b,
1970c, 1972, 1973) that constitute the basis of the AASHTO specifications (AASHTO, 2008) still in use.

2.1. Heating profile
In heat-curving heat can be applied continuously
(Brockenbrough,
1972)
or
intermittently
(V-heating)
(Brockenbrough, 1973). Generally, V-heating is used for larger
radii. For continuous heat, the heated width ha varies from one

Numerical solutions for heat-curving are based on a twodimensional superposition-based thermal load analysis known as
the Duhamel analogy (Brockenbrough, 1970a; Gergess & Sen,
2015). Since no external forces or restraints are applied during heat
curving, internal thermal stresses are self-equilibrating. Stability is
assured by supporting the girder at mid-length during the operation (Brockenbrough, 1970b). This frees the girder to deform since
the mid-length support location corresponds to the plane of zero
movement.
The Duhamel analogy assumes that the flange plate is composed of a series of longitudinal strips that are initially allowed
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+FT

-FT
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-bf /2

bf /2 x

εΤ = αΤΔT

εb

εr = εb + εa
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=

εa
εΤ = -αΤΔT

Stress

σ =σT + σa + σb

=
σa = ΣFT/A

σT = -EεT
= −ΣFT/A
1. Free
Expansion

2. Restoration

3. Equilibrium

4. Final State

Fig. 4. Thermal stresses and strains based on the Duhamel analogy (Brockenbrough, 1970a).

centroid of the triangular temperature profile is used to calculate
temperature-dependent material properties. These simplifying
assumptions allowed the development of closed-form equations
for stress, strain and curvature for the total temperature variation
(DT = T  T0) as shown in the following sections.

to expand freely. Subsequently, self-equilibrating forces are
applied to each strip to restore equilibrium. Summation of stress
and strain for the two cases yields their distribution in the crosssection. Superposition is permitted because of the independence
of thermal and load-induced stresses. Curvature can be calculated
from the resulting strain. This is illustrated in Fig. 4
(Brockenbrough, 1968, 1970a).

3.1. Idealization of the heating profile
Heating profiles were previously identified for three commonly
used temperature distributions (Type I, Type II and Type III), Fig. 2
(Brockenbrough, 1970a). These correspond to the heating width ha
equal to bf/12, bf/6 and bf/4 respectively (bf is the flange width,
Fig. 2), depending on the tightness of curvature to be achieved
(New York State Steel Construction Manual, 2008). As discussed
in Section 2.1, the heating temperature T is constant over a width

3. Simplified analysis
The simplified method retains the essential features of the US
Steel study excepting that the non-uniform temperature distribution (Fig. 2) is replaced by an equivalent linear (triangular) temperature profile shown in Fig. 5. The average temperature at the

TYPE I: h′a = 2ha,
ΔTmax = 1.115ΔT
TYPE II: h′a = 1.72ha, ΔTmax = 1.242ΔT
TYPE III: h′a = 1.61ha, ΔTmax = 1.298ΔT

TYPE I: ha = bf /12
TYPE II: ha = bf /6
TYPE III: ha = bf /4
ΔT

ΔTmax
ΣA = ΔTmax h’a /2

h*a = ha /2 for Type I Heat
= 3ha /4 for Type II Heat
1

0.1ΔT
0.03ΔT
-bf /2

ΣAx = ΔTmax (h’a /2)(bf /2 – h’a /3)

= 5ha /6 for Type III Heat

2

3 4
5 6

h*a

0
bf /12

x

bf /2

-bf /2

0

h’a

bf /2

x

Fig. 5. Equivalent heated width and maximum temperature (Gergess & Sen, 2015).
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4.1. Closed form solutions

Table 1
Equivalence between actual and idealized heating profiles.
TYPE I – ha = bf/12
(A), (X), (AX)

TYPE II – ha = bf/6
(A), (X), (AX)

TYPE III – ha = bf/4
(A), (X), (AX)

1

DT(bf/24), 0.479bf

DT(bf/8), 0.438bf

0.02DTb2f

0.0548DTb2f

5DT(bf/24),
0.396bf
0.0825DTb2f

2

0.9DT(bf/24),
0.431bf
0.0162DTb2f

0.9DT(bf/24),
0.347bf
0.013DTb2f

0.9DT(bf/24),
0.264bf
0.0099DTb2f

3

0.1DT(bf/12),
0.417bf
0.00348DTb2f

0.1DT(bf/12),
0.333bf
0.00278DTb2f

0.1DT(bf/12),
0.264bf
0.00208DTb2f

4

0.07DT(bf/
24),0.348bf
0.00103DTb2f

0.07DT(bf/24),
0.264bf
0.00078DTb2f

0.07DT(bf/24),
0.181bf
0.000528DTb2f

5

0.01DT(bf/4),
0.333bf
0.000825DTb2f

0.01DT(bf/4),
0.25bf
0.000625DTb2f

0.01DT(bf/4),
0.167bf
0.000415DTb2f

6

0.01DT(bf/8),
0.264bf
0.00033DTb2f

0.01DT(bf/8),
0.181bf
0.000225DTb2f

0.01DT(bf/8),
0.097bf
0.000123DTb2f

RA
RAx

0.0942DTbf
0.0418DTb2f

0.178DTbf
0.072DTb2f

0.261DTbf
0.0955DTb2f

RA = DTmax

h0 a = 2ha = bf/6

h0 a = 1.72ha = 2bf/
7
DTmax = 1.242DT

h0 a = 1.61ha = 2bf/5

h0 a/2
RAx = RA(bf/
2  h0 a/3)

DTmax = 1.115DT

For the triangular heating profile (Fig. 5), the force per flange
plate RFT is given by Eq. (2) as follows:

X

0

FT ¼

4. Thermal load analysis
Closed form equations derived in previous papers (Gergess &
Sen, 2003) for stress and strain along the flange width bf are first
provided for the equivalent temperature profiles. These are then
presented in a parametric form and subsequently solved using
Wolfram Mathematica V.9.0 computer algebra package. Polynomials are developed for the three types of heat considered and afterwards reduced to contour plots as functions of the heated width
and temperature.

ð2Þ

The corresponding moment per flange RMT is determined by
multiplying the force RFT by its offset to the centroid of the equivalent triangular profile (bf/2  h0 a/3) (Fig. 5) as given by Eq. (3):

X

0

MT ¼

ET aT DT max ha t f
2


0
b f ha

2
3

ð3Þ

In Eqs. (2) and (3), tf is the flange plate thickness, aT and ET are the
coefficient of thermal expansion and the modulus of elasticity both
€ = RAx/
calculated at the centroid of the equivalent heating profile (x
RA = 2h0 a/3 from Table 1).
During heating, stresses rex are calculated as the sum of the
restraint load stress r and the thermal load stress rt (as identified
in the Duhamel Analogy, Fig. 4) as given by Eqs. (4) and (5) below
(designates compression, +designates tension):

rex ¼

DTmax = 1.298DT

h⁄a (Fig. 2) and transitions linearly over widths (bf/12) to the ambient temperature T0 outside the heated width.
For the idealized temperature profile (Fig. 5), the equivalent
heated width of the triangular distribution is labelled as h0 a and
the equivalent maximum temperature change at the edge of the
heated flange as DTmax. h0 a and DTmax are calculated based on
equivalence between the actual and idealized heating profiles as
shown in Table 1 (Gergess & Sen, 2015). This requires two conditions to be met: (1) the total area (RA) of the actual and idealized
profiles must be equal, and (2) the eccentricity of the two systems
with respect to the centerline of the flange must be identical (given
by the summation of area times the distance of the centroid to the
centre line of the flanges RAX).
Details of the equivalence calculations for the actual and idealized heating profiles for Type I, Type II and Type III heat are shown
in Table 1. The equivalent values for the idealized system are given
in the last line of Table 1. These were determined as h0 a = 2ha and
DTmax = 1.115DT for Type I heat, h0 a = 1.72ha and DTmax = 1.242DT
for Type II heat and h0 a = 1.61ha and DTmax = 1.298DT for Type III
heat. In the simplified analysis (Gergess & Sen, 2003), the equivalent heating width h0 a was set equal to 2ha (independent of the
heating profile) for the three types of heat considered to minimize
the number of variables in the calculations. Since this paper relies
on computational technology, the actual precise values of the
equivalent heating width h0 a are used.

ET aT DT max ha tf
2

rex ¼

P

FT

A

P

FT

A

P

P

MT
x  E T a T DT
I
MT
x
I

0

 bf =2 6 x 6 ðbf =2  ha Þ
0

 ðbf =2  ha Þ < x 6 bf =2

ð4Þ

ð5Þ

In Eqs. (4) and (5), I is the moment of inertia of the flange plate
about its weak axis and A is its cross-sectional area. The moment
t b3

f f
of inertia per flange is approximated as 12
(web effect neglected
3
since its contribution per flange dtw /24 is insignificant) and A =
tfbf + (d/2  tf)tw (Fig. 2).
The stress variation along the flange width is linear within the
heated zone (compressive at the heated flange tip x = bf/2 and
tensile at the inner edge of the heated area x = (bf/2  h0 a),
Fig. 6). Outside the heated zone, the stress also varies linearly
(compression at the opposite side of the flange x = bf/2). The distance to the neutral axis (xNA) in Fig. 6 can be calculated by setting
Eq. (5) equal to zero.
At elevated temperature, yield initiates along the heated girder
flange section at the tip of the flange (x = bf/2) that is the point of
maximum stress. Consequently, the thermal load analysis becomes
non-linear and the maximum stress in the post-yield range cannot

Σ FT = ETαTΔTmaxh′a tf /2
Σ MT =ETαTΔTmaxh′a tf (bf /2 - h′a /3) /2
heated
width h′a

-bf/2

a'

b'
ΣFT/A +
ΣMT(bf /2 - h′a)/I

0
CL
Web

Tension (+)

bf/2
x
xNA
NA

ΣFT/A + ΣMT (b f /2)/I -0.5ETαTΔTmax

Compression (-)
ΣFT /A - ΣMT(bf /2)/I

Flange Width (bf)
Fig. 6. Stress variation across the flange width during heating (elastic).
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0

½a þ b ¼ bf  ha ) a1 þ a2 ¼ 2ð1  bÞ;

Σ FT = ETαTΔTmaxh′atf /2
Σ MT =ETαTΔTmaxh′a tf (bf /2 - h′a /3) /2

Stress (σex)

heated
width h′a
c

e

f

½c þ e þ f ¼
a

b

½f ¼ x0  bf =2 þ ha ) a6 ¼ a0  1 þ 2b;

Tension (+)

½r=ðF y ÞT ¼ f =e ) r=ðF y ÞT ¼ a6 =a5 

bf/2

0
CL
Web

a21 a6

x
xNA
Compression (-)

NA

σ =((Fy)T× e/f)× a/b

σ= -(Fy)T

ð8Þ

a2
b
f
e
 r  r þ ðF y ÞT þ ðF y ÞT c ¼ 0
2
2
2
2b

ð6Þ







a2 bf a
b bf
b
f bf
f
0
0
þr
þr

 ha 
 ha þ
2 2
3
2 2
3
2b 2 3




bf c
e bf
e
 ðF y ÞT c
¼0
c

 ðF y ÞT
2 2
3
2 2

ð7Þ

4.2. Parametric analysis
To generalize the solution, key variables that define the shape of
the inelastic region in Eqs. (6) and (7) (distances a, b, c, e, f and the
stress r at the inner edge of the heated width, Fig. 7) are expressed
in a parametric form. This is achieved by normalizing the variables
in Eqs. (6) and (7) (Fig. 7) with respect to the flange half width
(bf/2).
The parameters are defined as follows:

x
a
b
c
e
f
 0 ¼ a0 ;   ¼ a1 ;   ¼ a2 ;   ¼ a3 ;   ¼ a5 ;   ¼ a6 ;
bf
2

bf
2

The equivalent heated width h0 a is normalized with respect to
0

the full flange width (bf) ) hba ¼ b.
f

The following additional relationships are obtained from the
geometry of the stress diagram in Fig. 7:

ð9Þ

Parameters a1, a2, a3, a5 and a6 in Eqs. (8) and (9) are dimensionless
and are determined for a specified heating parameter b. Compared
to Eqs. (6) and (7), they are simpler to solve numerically as shown in
the following section.
4.3. Numerical solution
The parametric form of the equilibrium equations (Eqs. (8) and
(9)) are solved numerically using Wolfram Mathematica V.9.0
computer algebra package. Boundary conditions are first defined
and graphical plots are subsequently developed.
4.3.1. Boundary conditions
Boundary conditions for the parameters in Fig. 7 should be
defined to ensure that the solutions for Eqs. (8) and (9) are real.
They relate to dimensions a, b, c, e, f and the stress within the
heated width h0 a. The boundary conditions are defined as follows:
– The stress r at the inner edge of the heated zone (x = (bf/
2  h0 a)) cannot exceed the yield stress (Fy)T calculated at the
average temperature of the triangular thermal shape (Fig. 5)
in the heated zone ) r  (Fy)T.
– For non-linear behaviour to prevail, the region in the heated
zone (labelled as c in Fig. 7) where the stress is equal to the yield
stress should be larger than zero ) a3 = c/(bf/2)  0.
– The point of zero stress (x0) must fall within the heated width
h0 a ) x0  (bf/2  h0 a) ) h0 a  (bf/2  x0) ) b  0.5(1  a0).
– The point of zero stress (x0) must be smaller than half the flange
width (bf/2) minus half the heated flange width (h0 a) (worst case
scenario if c = 0 in Fig. 7) ) x0  (bf/2  h0 a/2) ) a0  (1  b) )
b  (1  a0).
– The equivalent heated width h0 a is smaller than half the flange
width (bf/2) for the types of heat considered (Fig. 5) ) b  0.5.
Therefore, the boundary condition set in the previous step
(a0  (1  b)) leads to a0  0.5. At the same time, b = h0 a/bf =
(2  bf/12)/bf = 0.167 for Type I heat (considered to be the
lower-bound value) ) a0  (1  b)  (1  0.167) ) a0  0.833.
For the range of parameters defined above (considered in steps
0.002), the values of a0 that have a solution occur over a roughly
triangular region as illustrated in Fig. 8. For the three types of heat
considered (Fig. 5), parameter b and the corresponding range of
parameter a0 (Fig. 8) are calculated as follows:
– Type I: h0 a = 2ha = 2bf/12 ) b = (2bf/12)/bf = 0.167 ) 0.66 
a0  0.74.
– Type II: h0 a = 1.72ha = 1.72bf/6 ) b = (1.72bf/6)/bf = 0.287 )
0.6  a0  0.63.
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lowing expressions must be satisfied:

bf
2

a2 a6 a26 a5

þ þ a3 ¼ 0
2a5 2a5 2

a1  a2 a6 
a2  a26 
a6 
1
1  2b 
1  2b þ
þ
þ
3
2a5
3
2a5
3

a5 
a5 
a3 
1  a3 
 a3 1 
¼0

2
3
2

exceed the yield stress value. A typical stress variation in the nonlinear range is shown in Fig. 7.
Dimensions a, b, c, e and f define the shape of the inelastic
region during heating (Fig. 7). The yield temperature is designated
as Tyield and the corresponding stress r is the yield stress calculated
at the yield temperature. As the temperature increases to reach
Tmax, yield propagates throughout the heated zone over distance
c. Since the yield stress varies with temperature (Fig. 3), it is represented as a constant value (Fy)T in Fig. 7 calculated for the average
temperature at the centroid of the equivalent triangular thermal
shape. At the inner side of the heated zone (x = (bf/2  h0 a)), the
stress is calculated from geometry (Fig. 7) as r = (Fy)T  (e/f) (in
tension). In the non-heated region, the stress transitions linearly
to become compressive at the other side of the flange r =
(Fy)T  (e/f)  (a/b).
Dimensions shown in Fig. 7 must satisfy equilibrium (net internal forces and moments on the girder cross-section are
R b =2
R b =2
zero) ) bf f =2 rex dA ¼ 0, bf f =2 rex xdA ¼ 0. Consequently, the fol-

bf
2



a21 a6 

Fig. 7. Stress variation across the flange width during heating (inelastic).

bf
2

2a2 a5
2a2 a5

Flange Width (bf)

bf
2

! a3 þ a5 þ a6 ¼ 2b

Using the above parameter definitions and geometric relationships, Eqs. (6) and (7) are re-written in Eqs. (8) and (9) as follows:

x0

r

0
ha

0

σ= (Fy)T× (e/f)

-bf/2

r

267
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TYPE I: β = 0.167

TYPE II: β = 0.287

TYPE III: β = 0.405

Fig. 8. Contour plots for parameter a0 (b = h0 a/bf, a0 = x0/(bf/2)).

– Type III: h0 a = 1.61ha = 1.61bf/4 ) b = (2bf/12)/bf = 0.403 ) 0.55
 a0  0.56.

4.4. Strain variation and residual curvature
The strain variation during heating is linear as shown in Fig. 12.
The strain at the inner edge of the heated width (x = (bf/2  h0 a))
at the maximum temperature variation DTmax is e = ((Fy)T/E)  (e/f),
Fig. 7. The corresponding curvature is determined from Eq. (10) as:

4.3.2. Graphical plots
Plots were developed to show the variation in six parameters
a0, a1, a2, a3, a5, a6 with parameter b = h0 a/bf. The first plot
(Fig. 8) is the key plot as it allows the selection of a value of a0 corresponding to an equivalent heating temperature increase DTmax
(Fig. 5). The lower-bound value of a0 is based on AASHTO’s
(AASHTO, 2008) maximum temperature of 621 °C. The upperbound value corresponds to the temperature at which yield initiates in the heated flange DTyield (calculated by setting the stress
from Eq. (4) equal to Fy at the tip of the flange, x = bf/2). Values
between DTyield and DTmax may be interpolated. The region where
the solution exists is defined in Fig. 8 (parameter b).
Plots for parameters a2 and a3 are consequently presented in
Figs. 9 and 10 respectively as a function of parameters a0 and b.
Plots for the ratio r/(Fy)T (ratio of the stress at the edge of the
heated zone, x = (bf/2  h0 a) in Fig. 7, to the yield stress at the
average temperature) are shown in Fig. 11 as a function of parameters b and a0. Note that the approximate expressions accompanying the plots were obtained by curve fitting either all the available
data or part of the data as specified by the region of applicability.
Other parameters (a1, a5 and a6) can be directly calculated from
the relationships in Section 4.2.

1 e
¼
R
b

ð10Þ

where b = a2  bf/2, a2 is obtained from the plots in Fig. 9. Note that
the modulus of elasticity E is taken at ambient temperature T0 since
the strain is calculated at the inner edge of the heated zone.
During cooling, elastic analysis is performed for DTmax (similar
to Fig. 6 but with opposite signs). The stress rex at the inner edge of
the heated width (x = (bf/2  h0 a)) is calculated from Eq. (4) and at
the opposite side of the heated width (x = bf/2) it is calculated from
Eq. (5), both with opposite signs (during to cooling). The strain is
calculated by dividing the stress rex by the modulus of elasticity
(E) at ambient temperature (after cooling). The curvature is then
determined from strain variation as follows (dimensions a0 and b0
are shown in Fig. 6):

1
¼
Rc

rex 
E

@

bf

a0

2

h0a


ð11Þ

The residual curvature (1/Rr) at the centre line of the girder is:

1
1 1
¼ þ
Rr R Rc

ð12Þ
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5. Calibration
The accuracy of the solution procedure presented was assessed
by comparing its predictions for the radius of curvature with available theoretical and experimental results obtained from U.S. Steel’s
pioneering full-scale test (Brockenbrough, 1970b). This was also
the calibration approach used earlier by Brockenbrough for his
Duhamel Analogy solution (Brockenbrough, 1970a) and others
(Gergess & Sen, 2003, 2015).

respectively (without considering initial residual stresses)
(Brockenbrough, 1970a).
Experimentally, the girder was subjected to six consecutive
heat/cool cycles (run 1–6). Comparisons are made for run 3 (Type
II heat with a maximum heating temperature of 544 °C) for which
detailed experimental data are available. The measured radius was
200 m after run 3 (Brockenbrough, 1970b).

5.2. Numerical solution
5.1. Full scale test girder theoretical and experimental data
A symmetrical Grade 250 I-girder 14.02 m long with
61 cm  5.1 cm flanges and a 127 cm  1.27 cm web was heatcurved using continuous heat applied simultaneously to the top
and bottom flange (Fig. 1). At its ends, the bottom flanges were
supported on mobile platforms to allow both longitudinal and lateral movement. At the middle, the web was bolted to a rigid platform (Brockenbrough, 1970b).
Analytically, the girder was analysed for Type I, II and III heats at
the maximum temperature of 621 °C (Brockenbrough, 1970a). The
corresponding residual radii of curvature obtained theoretically
using more rigorous analysis were 462 m, 187 m and 102 m

The calculation of residual curvature (Eq. (12)) requires determination of the radii of curvature during both heating (Eq. (10))
and cooling (Eq. (11)). Four separate comparisons are presented:
three relate to available theoretical solutions for the three differing
heated flange widths (Types I, II and III in Fig. 5, (Brockenbrough,
1970a). The final comparison is with the most complete experimental data available (Brockenbrough, 1970b).

5.2.1. Comparisons with theoretical solutions for types I, II and III heat
Detailed calculations are only provided for Type I heat. Results
for Type II and III heat are obtained similarly but only a summary
is presented in Table 2.
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Fig. 9. Contour plots for parameter a2.
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TYPE I: β = 0.167

TYPE II: β = 0.287

TYPE III: β = 0.405

Fig. 10. Contour plots for parameter a3.

The flange cross-sectional area and weak-axis moment of
inertia (Fig. 2) were calculated as follows:

A ¼ tf bf þ ðd=2  t f Þt w ¼ 5:1 cm  61 cm þ ð127 cm  2  5:1 cmÞ
 1:27 cm=2 ¼ 385:3 cm2 :
3

I¼

t f bf
5:1 cm  61 cm3
ðweb effect neglectedÞ ¼
¼ 96; 467 cm4 :
12
12

At ambient temperature (T0 = 21 °C), the steel properties are:
Fy = 250 MPa, E = 200 GPa, a = 1.1E5/°C. The flanges were heated
to the maximum temperature of 621 °C (Brockenbrough, 1970a).
Therefore, the temperature increase is: DT = 621 °C  21 °C =
600 °C.
From Fig. 5, for Type I heat: DTmax = 1.115  (600 °C) =
669 °C ) T max = 669 °C + 21 °C = 690 °C. h a = b f /12 = (61)/12 =
5.08 cm ) h0 a = 2ha = 2  5.08 cm = 10.16 cm ) b = h0 a/bf = 10.16
cm/61 cm = 0.167.
During heating, the critical parameters a0, a2, a3 and r/(Fy)T are
obtained from the plots in Figs. 8, 9, 10 and 11 respectively for
b = 0.167. Dimensions x0, b, c and the stress r in Fig. 7 were subsequently obtained. Calculations are shown below:

– Calculate steel properties at the average temperature:
Tave = 2/3(DTmax + T0) = 2/3(669 °C + 21 °C) = 460 °C. From Fig. 3,
for Tave = 460 °C, the ratio (E)T/E = 0.82 ) ET = 165 GPa. From
Eq. (1), aT = (1.10916 + 0.0006156  460 °C)  105 = 1.4E5/
°C.
– From Fig. 8, a0 = 0.68 (minimum value selected corresponding
to
the
maximum
heating
temperature) ) x0 = 0.68 
61 cm/2 = 20.7 cm. From Fig. 9, a2 = 1.06 ) b = a2  bf/2 = 1.06
 30.5 cm = 32.3 cm.
From
Fig.
10,
a3 = 0.3 ) c =
a3  bf/2 = 0.3  30.5 cm = 9.2 cm. Note that in previous analyses, these parameters were obtained by trial and error.
– At the edge of the flat yield plateau (distance c in Fig. 7), the
temperature is equal to Tmax  (h0 a  c)/h0 a = 690 °C 
(10.16 cm  9.2 cm)/10.16 cm = 65.2 °C and the corresponding
yield stress ratio (Fy)T/Fy from Fig. 3 is 0.98 )
(Fy)T = 0.98  250 MPa = 247 MPa.
– From Fig. 11, r/(Fy)T = 0.86 ) r = 0.86  247 MPa = 212 MPa.

 1 
1
212
¼ rE 1b ¼ 200;000
– From
Eq.
(10),
= 0.0033 m/
R
0:323
m ) R = 306 m.
During cooling, the analysis is elastic and stresses are calculated
at the edges of the non-heated zone (Fig. 12) based on the cooling
temperature (DTmax) as follows:
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TYPE I: β = 0.167

TYPE II: β = 0.287

TYPE III: β = 0.405

Fig. 11. Contour plots for stress r/(Fy)T.

Σ FT = ETαTΔTmaxh′at f /2
Σ MT =ETαTΔTmaxh′atf (bf /2 - h′a /3) /2

Strain (εex)

heated
width h′a

rex

a

b

ε@(-(bf/2 -h′a) =
((Fy)T× (e/f)/E)

P
P

FT
MT

x
¼
A
I


4000 kN
1085 kN-m

 0:2034 m
¼
2
4
0:03853 m
0:00096467 m
¼ 331; 000 kN=m2 :

@ x = bf/2 = 30.5 cm, Eq. (5) )

-bf /2

bf /2

0
x0

x

CL
Web



xNA
NA

rex ¼ 
ε@bf/2 = (Fy)T×(e/f)×(a/b)/E

Flange Width (bf)

ET aT DTmax h0a tf

¼ 238; 000 kN=m2 :

Eq. (11):
165;000;0000:000014669  C0:1016 m0:051 m

Eq. (2) ) F T ¼
¼
2
2
= 4000 kN.


P
P bf h0a 
Eq.
(3) ) M T ¼
FT 2  3 ¼ 4000 kN  0:612 m  0:1016
¼
3
1085 kN-m.
@ x = (bf/2  h0 a) = (30.5 cm  10.16 cm) = 20.34 cm,
(5) )



From Fig. 6, a0 + b0 = bf  h0 a = 61 cm  10.16 cm = 50.84 cm.
a0 /b0 = 331,000/238,000 = 1.39 ) b0 = 21.3 cm, a0 = 29.6 cm.

Fig. 12. Strain variation during heating.

P

4000 kN
1085 kN-m

 0:305 m
0:03853 m2 0:00096467 m4

Eq.

Eq.

1
Rc

(12):

¼

ðrEex Þ
a0

1
Rr

¼

331 MPa
ð200;000
MPaÞ

0:296

= 0.00559 ) Rc = 179 m.

¼ R1 þ R1C ) R1r ¼ 0:0033  0:00559 ¼

0:00229

) Rr ¼ 437 m (compared to 469 m previously calculated)
(7% smaller).
Calculations for Type I, II and III heat are shown in Table 2. It
may be seen that the correlation for Type II heat is 5% and for Type
III heat it is 2%.
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Table 2
Thermal load analysis based on theoretical heating profiles.
Type I Heat

Type II Heat

Type III Heat

Heated width ha
Equivalent width h0 a
Heating temperature T
Equivalent temperature increase DTmax
(Fig. 5)
Average temperature:
Tave = 2/3(DTmax + T0)
ET: Modulus of elasticity @ Tave (Fig. 3)
aT: Coefficient of thermal expansion @
Tave (Eq. (1))
P
0
F T ¼ ET aT DT max ha t f Eq. (2) (two
flanges)
P bf h0a 
P
F T 2  3 Eq. (3) (two
MT ¼

bf/12 = 5.08 cm
2ha = 10.16 cm
T = 621 °C
DTmax = 1.115DT = 1.115
(621 °C  21 °C) = 669 °C
Tave = 2/3(669 °C + 21 °C) = 460 °C

bf/6 = 10.16 cm
1.72ha = 17.5 cm
T = 621 °C
DTmax = 1.242DT = 1.242
(621 °C  21 °C) = 745 °C
Tave = 2/3(745 °C + 21 °C) = 511 °C

bf/4 = 15.25 cm
1.61ha = 24.6 cm
T = 621 °C
DTmax = 1.298DT = 1.298
(621 °C  21 °C) = 779 °C
Tave = 2/3(779 °C + 21 °C) = 533 °C

ET = 164,884 MPa
aT = 1.4E5/°C

ET = 152,449 MPa
aT = 1.42E5/°C

ET = 145,785 MPa
aT = 1.44E5/°C

RFT = 7963 kN

RFT = 14,423 kN

RFT = 20,435 kN

RMT = 2159 kN

RMT = 3558 kN

RMT = 4560 kN

0.166
0.68
20.7 cm
1.06
32.4 cm
0.3
9.3 cm
78 °C

0.287
0.6
18.2 cm
0.85
26 cm
0.24
7.3 cm
457 °C

0.403
0.55
16.6 cm
0.65
19.9 cm
0.11
3.3 cm
694 °C

247 MPa
0.86
r = 211 MPa
0.0033/m
303 m
331 MPa
238 MPa
a0 = 21.3 m, b0 = 29.6 m
0.0056/m
179 m
429 m
469 m

215 MPa
1.0
r = 219 MPa
0.0042/m
237 m
427 MPa
375 MPa
a0 = 20.4 m, b0 = 23.2 m
0.00922/m
108 m
200 m
190 m

90 MPa
1.0
r = 90 MPa
0.0024/m
419 m
406 MPa
456 MPa
a0 = 19.3 m, b0 = 17.2 m
0.012/m
85 m
106 m
104 m

7%

+5%

+2%

flanges)
b = h0 a/bf
a0a (Fig. 8)
x0 = a0  bf/2
a2 (Fig. 9)
b = a2  bf/2
a3 (Fig. 10)
c = a2  bf/2
Temperature @ c = (DTmax  (h0 a  c)/h0 a)
+ 21 °C
(Fy)T @c = a2  bf/2 (Fig. 3)
r/(Fy)T (Fig. 11)

r

1/R = (r/E)/b (Eq. (10))
R (heating)
Cooling (Eq. (5)): r@x = (bf/2  h0 a)
r@x = bf/2
a0 , b0 (Fig. 12)
1/Rc = (r/E)/a0 (Eq. (11))
Rc (cooling)
R (Eq. (12))
R (theoretical analysis, Brockenbrough,
1970a)
% difference
a

Minimum value corresponding to maximum temperature.

5.2.2. Discussion
The numerical example shows how the numerical solution and
plots presented can be used to calculate curvature for a specific
heating profile. Good correlation was obtained compared to available results from more rigorous theoretical analysis (within 7% for
Type I heat, 5% for Type II heat and only 2% for Type III heat).
It should be noted that the lower-bound value of a0 (point of
zero stress within the heated zone) was used from Fig. 8 as the girder was heated to the maximum temperature allowed by AASHTO
(621 °C) for the three types of heat considered. The following section shows how numerical computations were performed when
the heating temperature was below maximum.
5.2.3. Comparison with full-scale experimental data for Type II heat
The girder details are identical to that used in the theoretical
comparison. Analysis is for the actual heating temperature of
544 °C (<621 °C), Type II heat (ha = bf/12 = (61)/6 = 10.16 cm) so
the temperature increase is: DT = 544 °C  21 °C = 523 °C.
From Fig. 5, for Type II heat: DTmax = 1.242  (523 °C) =
650 °C ) T max = 650 °C + 21 °C = 671 °C.
h a = b f /12 = (61)/6 =
10.16 cm ) h 0 a = 1.72ha = 1.72  10.16 cm = 17.5 cm ) b = h 0 a /
bf = 17.5 cm/61 cm = 0.287.
Parameters a0, a2, a3 and r/(Fy)T are obtained from the plots for
b = 0.287.
– Tave = 2/3(DTmax + T0) = 2/3(650 °C + 21 °C) = 447 °C. From Fig. 3,
for Tave = 447 °C, the ratio (E)T/E = 0.84 ) ET = 168 GPa. From
Eq. (1), aT = 1.38E5/°C.

– Since the temperature T = 544 °C (<621 °C), interpolation was
used to determine the parameter a0 from Fig. 8. The minimum
value of a0 (equal to 0.6) corresponds to the maximum heating
temperature allowed by AASHTO (Tmax = 600 °C  1.242
+ 21 °C = 766 °C). The maximum value of a0 = 0.64 corresponds
to the temperature at which yield initiates in the heated flange.
The yield temperature variation DTyield is calculated by setting
the stress from Eq. (4) equal to Fy at the tip of the flange
(x = bf/2).

RFT and RMT are determined from Eqs. (2) and (3) as a function
of DTyield:
Eq. (2):
Eq. (3):

P
P

200;000;0000:000011DT y 0:175 m0:051 m
= 9.82DTyield.

2

0
P
b
MT ¼
F T  2f  h3a ¼ 9:82  DT yield  0:61
 0:175
Þ
2
3

FT ¼

2.42DTyield.
Eq. (4):

rex ¼

P
A

FT

P


MT

I

=

x  EaT DT ¼ Fy ).

9:82DT yield
2:42DT yield

 0:305 m  200  106
0:03853 m2 0:00096467 m4
 0:000011DT yield ¼ 250; 000:
) DTyield = 212 °C ) Tyield = 212 °C + 21 °C = 233 °C.
By interpolation: a0 = 0.6 corresponds to Tmax = 766 °C. The
maximum value of 0.64 corresponds to Tyield = 233 °C. At 671 °C,
a0 = (0.6  0.64)  (671 °C  766 °C)/(766 °C  233 °C)
+ 0.6 = 0.61 ) x0 = 0.61  61 cm/2 = 18.5 cm.
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– From Fig. 9, for b = 0.287 and a0 = 0.61, a2 is scaled at
0.85 ) b = a2  bf/2 = 0.85  30.5 cm = 25.9 cm. From Fig. 10,
a3 is scaled at 0.21 ) c = a3  bf/2 = 0.21  30.5 cm = 6.5 cm.
– At the edge of the flat yield plateau (distance c in Fig. 7), the
temperature T is equal to Tmax  (h0 a  c)/h0 a = 671 °C 
(17.5 cm  6.5 cm)/17.5 cm = 421 °C. The corresponding yield
stress ratio (Fy)T/Fy from Fig. 3 is 0.88 ) (Fy)T = 0.88 
250 MPa = 220 MPa.
– From
Fig.
11,
for
b = 0.287
and
a0 = 0.61, r/
(Fy)T = 0.96 ) r = 0.96  220 MPa = 211 MPa.

 1 
211
– From Eq. (10), R1 ¼ rE 1b ¼ 200;000
¼ 0:00407 m=m ! R ¼
0:259
245 m.
During cooling, stresses are calculated as follows (Fig. 12):
P

FT ¼

ET aT DT max h0a t f
2

C0:175 m0:051 m
.
2¼6725 kN

Eq.

P

(3):

MT ¼

P

FT

¼ 168; 000; 000  0:0000138  650 


bf
2




0
 h3a ¼ 6725 kN  0:612 m  0:175
¼
3

1659 kN-m.
@ x = (bf/2  h0 a) = (30.5 cm  17.5 cm) = 13 cm, Eq. (5) )

P

FT

A

rex ¼ 

P

MT
x
I





6725 N
1659 kN-m

 0:13 m
¼
2
4
0:03853 m
0:00096467 m
¼ 398; 000 kN=m2 :
@ x = bf/2 = 30.5 cm, Eq. (5) )



rex ¼ 


6725 kN
1659 kN-m


0:305
m
0:03853 m2 0:00096467 m4

¼ 350; 000 kN=m2 :
From Fig. 6, a0 + b0 = bf  h0 a = 61 cm  17.5 cm = 43.5 cm.
a0 /b0 = 398,000/350,000 = 1.14 ) b0 = 20.3 cm, a0 = 23.2 cm.
Eq. (11):
Eq. (12):

ðrex Þ ð 398 MPa
MPaÞ
1
¼ aE0 ¼ 200;000
Rc
0:232
1
1
1
¼ R þ RC ) 1=Rr ¼
Rr

¼ 0:00858 ) Rc ¼ 116 m.
0:00407  0:00858 ¼ 0:00451 )

Rr ¼ 222 m (compared to 200 m previously determined
experimentally) (11% different).
5.2.4. Discussion
Based on the experimental data, the curvature predicted from
the numerical solution is within 11% of the measured curvature.
For heat-curving operations, this is considered to be a close agreement considering the high degree of material and geometric nonlinearity and flaws that may occur in measurements.

6. Conclusions
Heat-curving is commonly used for inducing smooth curvature
in steel I-girders. Available numerical analysis methods are iterative because of the many uncontrolled variables arising from material and geometric non-linearity. This paper presents a simplified
numerical analysis that avoids iterations and provides a direct
method for computing residual curvature.
The main contributions of the proposed numerical analysis
method for heat-curving are summarized below:
1. The application of computational technology can lead to better
and more usable solutions, e.g. Wolfram Mathematica V.9.0
algebra package provided practice oriented solutions in polynomial and graphical plot form.
2. Graphical representation of the solutions (Figs. 8–11) identified
relationships between key parameters controlling stress distribution during heating and cooling.
3. The accuracy of the predictions presented were within 7% of
available theoretical results for Type I heat, 5% for Type II heat
and only 2% for Type III heat. Agreement between measured
and calculated curvature was within 11%.
In summary, the paper illustrated the use of advanced computational methods to develop practice-oriented solutions for heat
curved structural steel members. Aside from the accuracy of the
predictions, it provides important insights on the response of a
steel girder during heating and cooling that are unobtainable using
available analytical methods.
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