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A nonlinear PDE combining with a new fourth-order term D2D? is studied. Adding three new fourth-order derivative terms and
some second-order derivative terms, we formulate a combined fourth-order nonlinear partial differential equation, which possesses
a Hirota’s bilinear form. The class of lump solutions is constructed explicitly through Hirota’s bilinear method. Their dynamical

behaviors are analyzed through plots.

1. Introduction

In the theory of differential equations, one of the fundamen-
tal problems is the Cauchy problem to determine a solution
of a differential equation satisfying what are known as initial
data. The classical approaches, such as Laplace’s method and
Fourier transform method, were developed for solving Cau-
chy problems for linear ordinary differential equations and
for linear partial differential equations. In modern soliton
theory, the isomonodromic transform method and the
inverse scattering transform method have been created for
handling Cauchy problems for nonlinear ordinary and par-
tial differential equations, respectively [1, 2]. One of the most
exciting and extremely active areas of research investigation
arises on the study of exact solution and the related issue of

the construction of solutions to a wide class of nonlinear
equations.

Exact solutions of partial differential equations describe
significant mathematical and physical phenomena. A soliton
solution is an exact solution determined by exponentially
localized functions, which localized in all directions both in
time and in space. A lump solution is also a kind of exact
solutions of partial differential equations, obtained from sol-
iton theory by taking long wave limits [1]. Nevertheless, a
lump solution is localized in all directions just in space. In
addition, it is well known that interaction solutions between
lump solutions and soliton solutions allow to describe more
nonlinear phenomena [3]. However, the interaction proper-
ties are rarely discussed because the involved mathematical
computation is much more complicated.
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Generally, through a depended variable transformation, a
partial differential equation can be mapped into a Hirota’s
bilinear form.

P(D,,D,,D,)f-f =0, (1)

where P is a polynomial, and D,, D,, D, are the Hirota bilin-
ear derivatives [4], defined by

DL, D}, D}'f (%, y, 1) - g% 3> 1)
9 9\ /o 9\"/0 0o\"
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When f solves (2), it presents the N-soliton solution in
(2 + 1)-dimensions to the corresponding PDE under the
transformation u = 2(Inf),

f= Z exp (Z Ui+ Z!‘i#ﬂzj) > (3)

u=0,1 i<j

where ) 40,1 denotes the sum over all possibilities for g, ---
iy in 0, 1, and
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with k;, [;, w; satisfying the dispersion relation, and &;, being
arbitrary shifts.

As is well known, the KPI equation possesses lump solu-
tions [5]: u=2(Inf),, where

xx>
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The condition a,a, —a,a; #0 guarantees the rational
localisation in all directions in the (x, y)-plane.

In the past few decades, many researchers have studied
soliton solutions, lump solutions, and other classes of solu-
tions to integrable equations, such as the Ishimori-I equa-
tion [6], the Davey-Stewarton equation II [1], the BKP
equation [7, 8], the three-dimensional three-wave resonant
interaction [9], the KP equation with a self-consistent source
[10], and so on [11-14]. Some nonintegrable equations have
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lump solutions as well, such as the generalized KP, Sawada-
Kotera equations [15-17]. Moreover, various studies show
the existence of interaction solutions between lumps and
other kinds of exact solutions to nonlinear integrable equa-
tion [2, 18-23].

This paper is concerned with a nonlinear PDE combining
with a new fourth-order term D?D?. Adding three new
fourth-order derivative terms and some second-order deriv-
ative terms, we formulate a combined fourth-order nonlinear
partial differential equation, which possesses a Hirota’s bilin-
ear form. Based on a bilinear transformation, lump solutions
are obtained through symbolic computation with Maple.
This new term D2D; is the second derivative with respect
to time, which really makes the calculation more difficult. It
is also reflected that the structure of the solution is more
complex, and we pay more attention to deal with and analyze
the dispersion relation of the solution. We also exhibit three-
dimensional plot and contour plot profiles of these solutions
and study their dynamic behaviors. Some concluding remarks
are given in the final section.

2. Bilinear Form

We would like to consider a general combined fourth-order
nonlinear equation as follows:

P(u)=a [3»(uxut))c + ”xxxr] +a, [S(uxuy)x +u

xxxy}
+ o [(vidy) + Athgy + Uy | + 0114 + Oy, (6)

+ 051, +04u, + 65uyy +0gut, =0,

where v is a function satisfying v, = u,,, the constants ;, i = 1,
2,3 all are not zero, and the constants §;, i=1,2,3,-:-,6 are
all arbitrary. We substitute the following logarithmic transfor-
mation into (6):

u=2(Inf),,

7
2(Inf) v

v

and then the equation has the following Hirota’s bilinear
form:

B(f) = (ochf’CDt +@,D}D, + a;D2D} +6,D,D, +8,D,D,
+8,D2 +68,D7 + 6D + 86Dth) f-f=o.
(8)

Therefore, if f solves the bilinear Equation (8), then u =
2(Inf),, v=2(Inf),, will solve Equation (6), where we have
the relation P(u) = ((B(f))/fz)x

When o, =1, a, =a; =0, §; =05 =1, and the other §,,
1 <i<6 are zero, we obtain an integrable extension of the
Hirota-Satsuma equation [4]:
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3(uxut)x + uxxx

Uy + U, =0, (9)

which has a bilinear form under the logarithmic transforma-
tion u =2(Inf), as follows:

(DiD; +D,D, + D)f - f =0, (10)

that is called the bilinear HSI equation.

When «, =1, =a; =0,05 =04 =1, and the other §;,
1<i<6 are zero, we obtain a generalized Calogero-
Bogoyavlenskii-Schiff equation [16]:

S(u u )X+u

Uy + Uy +u, =0, (11)

XXXy

which has a bilinear form under the logarithmic transfor-
mation u =2(Inf), as follows:

(DiDy+Dth+D;)f-f:0, (12)

that has lump solutions [16].

3. Lump Solutions

A search for positive quadratic solutions to the bilinear
Equation (8) generates a class of lump solutions to Equation (6):

f=(ax+ayy+ast+ a4)2 + (asx +agy +a;t + a8)2 + dy,
(13)

wherea;,i=1,2,3, ---, 9arearbitrary real constants to be deter-
mined. We insert (13) into (8) and then solve the resulting alge-
braic system by Maple symbolic computations.

We first consider the case of §, =8, = §5 = 0 for the com-
bined nonlinear Equation (6). We obtain the following
parameters:

b @ (a)” + a5?) 8304 + (a,%a, +2a,a5a6 — a,a5°) 8,0,
> (@186 +,8,)" + (a506 + ag0; )’ ,
b G (a)” +a5?) 8304 — (a,%ag + 2a,a,a5 — as’ag) 8,8,
. (@86 +a,8,)* + (a585 +agd,)? ’
P i bioy + bztx22+ byo, .
(a1a6 — aya5) [(“166 +a,0,)" + (as04 + agb,) }51 5

(14)

and all other a, are arbitrary. The above involved three con-
stants b;, i =1, 2, 3, are defined as follows:

by=-3(a,’ + a52)2 [(a,® +a5”) 8 + (a,a, + a5a6)8, | [(a,85 + a,0,)° + (a506 + a¢0,)*]»

by =3(a,” + a5’ (a,a, + asag)[(a,0, + a,8,)" + (a56¢ + a681)2]2,
2

by=3(a,> +as’) [3(aya, + asas)’ + (a,a5 — a,a5)*) 6,283 + 3(a,” + a52)48326§ +6(a,’ + a52)3(a1a2 +a5a4)8,8403.

Therefore, the condition guaranteeing the nonsingularity
of the lump solution is (a,aq— a,as)*[(a,06 +a,8,)* +
(a50, + ag0,)%]8,%8, # 0, and they should satisfy the follow-
ing constraint conditions:

_biay + by, + bya
03

(16)

(15)

Now, the transformations in (7) generate a large class of
lump solutions to (6), determined by u=2(Inf), v=2

(Inf):

4a,(a\x + a,y + azt + ay) + 4as(asx + agy + a;t + ag)

u=

f

4(a§ + a%)f —4[a;(a,x + ayy + ast + a,) +4as(asx + agy + at + ag)]’

>

(17)

f2



We take a special choice for the parameters: §, =1,6; =1,
Sg=l,a=ay,=a;=1,a,=2,a,=-1, a; =224/785, a, =5,
as=-2,a,=-30, a,=-8/785, ag=6, a,=227007188/
660185, under which by f (13), (14), and (15) will present
the lump solution to (6).

f= <2x—y— %t+5>2+ (—2x—30y— it+6>2
785 785
227007188
660185

(18)

We plot the graphs of this solution in Figures 1 and 2.

By calculating, we find that the lump solution reaches the
peak when ¢ = 0. As time goes on, the waves moving forward
reach the same amplitude at other points. The results provide
new insights into the generation of the large amplitude waves
and thus are useful in the application or prevention of the
large amplitude waves in the propagation of many important
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nonlinear physical situations. Next, we will consider the
application of these results to physical theory and experi-
ments and its relation with the initial boundary value prob-
lem is also considered.

We secondly consider the case of §, =8;=03,=0 for
the combined nonlinear Equation (6). We obtain the fol-
lowing parameters:

a,=b,
2a,a50; + (a,a¢ + a,a5)5,
a, = ,
3 206,

(a)* +as?) (0 + a0, + C305)
(2a,a585 + 8, (a a5 + ayas))* + 4b%a,a,8,8, + 4b%a,28,9, ’

(19)

ag=—

and all other a, are arbitrary. The above involved three
constants b;, i=1,2,3 are defined as follows:

¢, =3[-a,(a,a5 + a,a5)8, — 2a,%as8; + 2b°a;8,] b,

¢, =6(a,a, + asag)b’s,”,

(20)

3 =2[(a,” = 3a5>)b*8,8, + (a,a, — 3a5a5)b*8,05 + (24,4505 + (a,a6 + a,a5)5,)*].

Therefore, the condition guaranteeing the nonsingularity
of the lump solution is as follows:

(2a,a505 + 8, (a,aq + ayas))* + 4b*a,a,6,8, + 4b*a,> 8,8, #0,

(21)

and they should satisfy the following constraint conditions:
aq > 0.

We take a special choice for the parameters: §, =1,
0;=1,0,=1, ¢;=a,=03=1,a,=-1, a, =11, a;=10(1/

(V-5+5V5)), a,=1,a5=-2,a5=2, a,=1/(/=5+55),

u=

ag=1, ag=-1/2((6\/~5+5v5/5+555-135)/(\/5 - 3)),

and
¢ 2
f=10——— —-x+11y+1

V=5+545

2

+ ;—2x+2y+1 (22)

—5+5v/5

~ 61/=5 +5v/5v/5 + 55v/5 - 135

2/5-6 ’

under which f by (13), (19), and (20) will present the lump
solution to (6), determined by u = 2(Inf) , v =2(Inf),,.

—4(10(t/( —5+5\/§)) —x+1ly+ 1) —8((1‘/\/—“5‘?5\/5) —2x+2y+ 1)

y= zfttf_z[ft}z )
fz

We plot the graphs of this solution in Figures 3 and 4.
We have presented lump solutions to a combined fourth-
order nonlinear partial differential equation by means of the

/ ’ (23)

Hirota bilinear formulation. The solutions have been
depicted for special values of the parameters and three differ-
ent values of t. Figure 3 shows lump wave. By calculating, we
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FiGure 1: (Color online) soliton solution u with ¢ =0, 15, 30: 3D plots.

F1GUrE 2: (Color online) soliton solution u with ¢ =0, 10, 30: contour plots.
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F1Gure 3: (Color online) soliton solution u with ¢ =0, 15, 30: 3D plots.
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FIGURE 4: (Color online) soliton solution u with t =0, 10, 30: contour plots.
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find that the lump solution has a peak when t =0. As time
goes on, the waves moving forward reach the same amplitude
at other points.

4. Conclusion and Remarks

In this paper, we have considered a combined fourth-order
nonlinear partial differential equation. We have worked out
a class of lump solutions by Hirota’s bilinear method. It is
important to remark that the three nonlinear terms can be
merged together into the considered nonlinear model. It is
worth pointing out that the term D2D? makes the calculation
more difficult. It is also reflected that the structure of the
solution is more complex. No one has considered it over
before. All the above results offer us abundant new exact
solutions, which enrich the existing theories of solutions
[24-29] to equations, and add valuable insights into soliton
solutions and dromion-type solutions, developed through
various powerful solution techniques including the Hirota
perturbation approach, the Riemann-Hilbert approach, the
Wronskian technique, symmetry reductions, and symmetry
constraints. It is also interesting to research for lump and
interaction solutions to other generalized bilinear differential
equations [30-34]. The research to establish a fundamental
theory of lump and interaction solutions for PDEs deserve
our further effort.
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