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Abstract: A matrix spectral problem is researched with an arbitrary parameter. Through zero
curvature equations, two hierarchies are constructed of isospectral and nonisospectral generalized
derivative nonlinear schrodinger equations. The resulting hierarchies include the Kaup-Newell
equation, the Chen-Lee-Liu equation, the Gerdjikov-Ivanov equation, the modified Korteweg-de
Vries equation, the Sharma-Tasso-Olever equation and a new equation as special reductions.
The integro-differential operator related to the isospectral and nonisospectral hierarchies is shown to
be not only a hereditary but also a strong symmetry of the whole isospectral hierarchy. For the
isospectral hierarchy, the corresponding T-symmetries are generated from the nonisospectral
hierarchy and form an infinite-dimensional symmetry algebra with the K-symmetries.

Keywords: generalized derivative nonlinear shcrodinger equation; master symmetry; infinite-
dimensional Lie algebra

1. Introduction

As we all know, from a matrix spectral problem, we can obtain isospectral and nonisospectral
soliton hierarchies [1,2]. The inverse scattering transformation is one of most powerful tools for solving
these equations [1,2]. Furthermore, these equations are integrable and they have a lot of integrable
characteristics, including the existence of conservation laws (CLs) and infinitely many symmetries [3].

There are many approaches to seek the CLs for (1 + 1)-dimensional integrable systems, such as
the method based on the non-semisimple Lie algebras to formulate generating functions for conserved
densities by the variational identities [4,5], utilizing adjoint symmetries [6,7] and expanding the ratios
of eigenfunctions of matrix spectral problems [8,9]. Lax pairs have been used in generating CLs for
various evolution equations [8-12]. How to obtain a conservation density is very important from the
spectral problem of Lax pairs. Actually, CLs can be derived by taking advantage of the generating
conservation density and evolution equation of time [13].

It is another important integrable property that an evolution equation owns K-symmetries.
We remark that these symmetries do not depend explicitly on space and time variables. Li and Zhu
found the T-symmetries which depend explicitly on space variable by a general method in 1987 [14,15].
They further discovered that these symmetries form a infinite Lie algebra along with K-symmetries.
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It is interesting that, regarding T-symmetries as vector fields, we can also generate new symmetries
for the evolution equations [16,17]. In fact, all these T-symmetries are produced from the first degree
generators [18]. Later, based on the previous work, a more generalized framework was established
on K-symmetries and t-symmetries of the evolution equations [19,20] by one of the authors (Ma).
At the same time, the infinite-dimensional symmetry Lie algebra was also discussed. In last few years,
symmetries of discrete soliton hierarchies were also discussed [21-24].

As we know, there are three famous derivative nonlinear schrodinger (DNLS) equations including
the Kaup-Newell (KN) equation, the Chen-Lee-Liu (CLL) equation and the Gerdjikov-Ivanov (GI)
equation [25-29]. Starting from a matrix spectral problem with an arbitrary parameter, we generate two
hierarchies of generalized derivative nonlinear schrodinger (gDNLS) equations including isospectral
and nonisospectral hierarchies. The famous three isospectral and nonisospectral DNLS equations
mentioned above are deduced by selecting special values of the arbitrary parameter. We show that the
nonisospectral gDNLS hierarchy with an arbitrary parameter is the T-symmetries for the isospectral
gDNLS hierarchy with the same parameter. Finally, we prove that the resulting T-symmetries constitute
an infininte-dimensional Lie algebra with K-symmetries.

The paper is organized as follows. In Section 2, the basic notions and notations are discussed.
In Section 3, two hierarchies of the isospectral and nonisospectral gDNLS hierarchies with an arbitrary
parameter are presented. In Section 4, the K-symmetries and T-symmetries are deduced, and the two
kinds of symmetries form an infinite-dimensional Lie algebra. We conclude the paper in Section 5.

2. Basic Notions

First, we give some basic notions and notations used in this paper [19,24]. Let .Z be the set of
differential vector functions which map RN x R x £ into £, where R and C are the real and complex
fields, respectively, and L is one linear topological space over C.

Definition 1. Let K = K(u) = K(x,t,u),S = S(u) = S(x,t,u) € £. We define

K[8] = K'(0)[S()] = oK (i +5(1) oo <1>

is the Gateaux derivative of K(u) in the direction S(u) with respect to u, where K(u) = K(x,t, u) means u is a
function of variables x, t and K(x,t,u) is a certain function of x,t, u and its x derivatives, but we abbreviate
K(x,t,u) as K(u) to emphasize u and its x derivatives.

As we know, with respect to the following product:
[K, S] = [K(u), S(u)] = K'(u)[S(u)] = S'(u)[K(w)] K,S €2, )

Z forms a Lie algebra. Suppose that the differentiable function or a differential vector function
u = u(x,t) map RN x R into £. We take into account the following evolution equation

ur = K(x,t,u) KeZ. (3)

Definition 2. Ifa function G = G(x,t,u) € £ satisfies the linearised Equation of (3)

dGc
=KWl @)
we call it a symmetry of Equation (3), where d/dt is the total t-derivative, u is a solution of Equation (3) and

K'(u)[G] is a Gateaux derivative of K(u) in the direction G with respect to u.
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Simple calculations show that the equation

© _xal ©)

is equivalent to the linearised Equation (4), where [, | is defined as in Equation (2).

Denote the linear operators mapping .Z into itself by L(.Z). Furthermore, we denote all
differentiable operators that map R" x R x . into L(.Z) by %. At the same time, we suppose
®K = ®(x,t,u)Kfor® ¢ %, K e £, (x,t) c RN xR, u € Z.

Definition 3. The Lie derivative Ly® € % of ® with respect to K is
(Lg®) = ®'[K] — K'® + PK/,

where ® € % ,K € £ and @' [K] is the Gateaux derivative of the operator ®(u) in the direction K with respect
to u.

Definition 4. If an operator & € % satisfies the following relation
P'[PK|S — &' [PS|K = (P'[K]S — D'[S]K) K,S € .Z,
then ® is called a hereditary symmetry.

Definition 5. If an operator ® € % maps one symmetry of Equation (3) into another symmetry of Equation
(3), then ® is a strong symmetry of Equation (3).

It is easy to verify that the relation

oD
= +Lk® =0

is equivalent to & € % is a strong symmetry of Equation (3).

3. Isospectral and Nonisospcetral Hierarchies of the gDNLS Equations

In this section, from a matrix spectral problem with arbitrary parameter, we constitute the
isospectral and nonisospectral gDNLS hierarchies.
Suppose that T is the transpose of a matrix and

(0 ) (Va0 )

are the three Pauli matrices. Let us consider the following Lax pair [30,31]

—3(n* — Bar) nq 1
- — 2 _
P = Mg M ( nr 307" = Bar) ) ¢ ( 2 >

A B
¢t:N4)/ NZ(C _A>/

where 7 is a spectral parameter and q = q(x,t),r = r(x,t) are potential functions. We assume that

and its time evolution

g(x,t) and r(x, t) are smooth functions of variables t and x; and their derivatives of any order with
respect to x vanish rapidly as x — co. The compatibility condition, the zero curvature equation, reads



Symmetry 2018, 10, 535 4 of 14

M; — Ne + [M,N] =0,

which yields
1
SBlar)e = Ax+1(rB —qC) +1ipt, (6a)
nq: = By +2nqA + (n*> — Bar)B — 14, (6b)
nry = Cy —2nrA — (172 — Bqr)C — nyr. (6¢)

Multiplying Equations (6b) and (6¢) by Br and Bg, respectively, and adding the results together,
we get

nB(qr)t = BrBx + BgCx + B(n* — Bar) (rB — qC) — 2Bqrn;. ?)

Substituting Equation (7) into Equation (6a) multiplied by 27, and then integrating both sides,
we have

2nA = 2nAg — o1 (r,q)(c0 + Bgre) ( _BC ) —(2-pB)o 1 (r,q) ( _BC > n* —2(Bo~qr +n*x)mi, (8)

where Ay is a integration constant. Finally, we obtain

q _ B 2 B q _ q
;7<r>t_LlL2<_C>+’7L3<_C>+2UAO<_r> 77tL1<1,>
h2 xq
217;7t<—xr>'

from Equations (6b) and (6¢) by using Equation (8), where

©)

Li=e+p ( _‘7r ) o7 '(r,q), Lo=—(cd+ pgre),

—r

Ly=c—(2—p) < 1 )8_1(r,q).

Setting n7; = 0, Ag = %(_1)14,7271,

B n b, .
=Y (-1 ( j ) p2n=i+L
< ¢ ) ]; ‘i

and comparing the coefficients of the same power of # in Equation (9), we obtain

(1) 5o )
(2)-(2)
—C1 —r

< bjt1 >:L3_1L1L2< b]é()/ (j=12--,n-1). (10¢)
]
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Through simple iteration, we arrive at the isospectral flow

Uy = Ki’l = " ( q_r > , (11)
D11 Dpp

b = 12

( Dy D ) (12)

Py =0+ (2 B)gr + (2 B)axd~'r — pgo ' rx +2B(1 — B)gd 1%,
®1y = (2— B)qxd '+ B0 gx +2(1— B)g* +2B(1— B)gd~ 'g*r,
Dy = (2— B)red 1+ Brolry +2(1 — B)r? — 2B(1 — B)ro~1rq,

Doy = —0+ (2 B)gr+ (2 — B)ryd g — Brolg, — 28(1 — B)ro~gr.

where 1 is a positive integer and

with

Taking uT = (g,7), we can express ® in vector forms

1
d=—¢d+ EBuTcSue + (2 = B)uxd 'uTo 4 Beuotulcs +2(1 — Buu's
+ B(B — 1V)guouTsulsu.

Analogously, we can obtain the nonisospectral flow

_ + lq
e = ch 1 qu 2 7 13
e = On ( X1y + %r (13)

by taking #7; = 1(—1)""142""1, Ay = 0.

The system in Equation (11) is integrable. It has infinite conservation laws and Hamilton structure.
We prove that it is integrable in Liouville sense and gives the relation between infinite conservation
laws and the Hamilton structure somewhere else.

The systems in Equations (11) and (13) are generalized systems. Many celebrated integrable
systems can be derived from them by selecting different values of the arbitrary parameter .

For example, when n = 2, (11) becomes

Gt = Gxx +2(2 — B)grax +2(1 - ,B)qzrx +B(1— 13)43”2/

rp = —Tyx +2(2 = B)qrry +2(1 — B)r’q. — B(1 — B)r¢*. 14)

We can deduce the three celebrated isospectral DNLS equations from it (Equation (14) has n-soliton
and Wronski solutions with an arbitrary parameter, which will be shown in another paper).

e  The isospectral Kaup—-Newell (KN) equation

9t = Gxx +2(9%1)x,

(15)
1= —Tx +2(qr)x,
with B = 0.
o  Theisospectal Chen-Lee-Liu (CLL) equation
Gt = Jxx +2q1qx, (16)

T = —Txy +2qr7y,

with = 1.
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The isospectral Gerdjikov-Ivanov (GI) equation

Gt = Gux — 20°1x — 20°77,

17
TP = —Fyy — Zrqu + 2q2r3, {17)
with g = 2.
When n = 2, Equation (13) becomes
3 -1
4t =Xqxx +2(2 — B)xqrgx + 7ix + B0 qxr
+2(1 = B)(xre +1)0* + (1= B)(g°r*x + 907 ¢°r?), as)
3
rp = — Xtyy +2(2 — B)xqrry — S + Bro~reg
+2(1= B)(xqx +9)r* = B(1 = B)(rPa’x + 10~ %),
We can also deduce the three celebrated nonisospectral DNLS equations. For example,
The nonisospectral KN equation
3
gt = Xqxx + Zx(l]Zr)x + qu + 21]27’/
T = —XTyx + 2x(qr2)x — grx + 2qr2,
with g = 0.
The nonisospectral CLL equation
3 -1
Gt = Xxx +2Xq1qx + 42 + 4047,
Tt = —XTyx +2Xq17x — %rx + raflqrx,
with g = 1.
The nonisospectral GI equation
Gt = XGxx — 2xq%1y — 2xq°1% + gqx +2q0~ g r — 2% — 2071 %12,
Tt = —XTyx — 2xr2qx + 2xq2r3 — ;rx + 278_1qrx — 2q72 + 2r8_1q2r2,
with § = 2.
When n = 3, Equation (11) becomes
gt =arx +3(2 = B)(qxq)xr +6(1 = B)gqarx +3(6 — 68 + ) g7
+6(1=B)(2 = p)p’rre +2B(1 = B) (2= p)g'r’, 19)

rt =Taxx — 3(2 = B)q(rry)x — 6(1 — B)gxrrx + 3(6 — 6B + B>)g*r?ry
+6(1—B)(2—B)gqer® —28(1— B)(2 — B)g°r*.

Through taking the different values of  and 7, we can get the following different types of equations.
The modified Korteweg-de Vries (mKdV) equation

qt = Jxxx — 6‘12‘735

withf =2andr =1.
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e  The Sharma-Tasso-Olever (STO) equation

Gt = Guxx +3(4qx)x + 347
withf=1andr =1.
e A new equation
gt = xxx — 6i[q|*qxx — 6107 g% — 6iqlgx|* — 18]9|*qx — 12¢%|q |2 (20)
with § =0and r = —ig.

As far as we known, Equation (20) is a new integrable equation with fifth-order nonlinear term.
Since it is a special case of the system in Equation (11), it has infinite conservation laws and
Hamilton Structure. It also has two symmetries and these symmetries have an infinite dimensional
Lie algebra structure.

If we replace 17 with iA, as the process given in [32], we can restrict Equations (14) and (19) to
nonlocal soliton systems. Recent research shows that these nonlocal soliton systems are not only
integrable [33] but also can be solved by inverse scattering transformation [32,34].

4. A T-Symmetry Algebra of the gDNLS Soliton Hierarchy

In this section, we prove that the obtained isospectral flow in Equation (11) and nonisospectral
flow in Equation (13) are symmetries of Equation (11) and they have an infinite dimensional algebra
structure. For the two types of symmetries related to the recursion operator &, firstly we prove the
integro-differential operator ® is not only a hereditary symmetry operator but also a strong symmetry
operator.

Lemma 1. For arbitrary f,g € C*, let

wy =2(1— B)e(gu’dfx — fu'dgy) — B(grcouf — fi coug) + Pou(fi 63 — g1 6f)
— (2= B)s(fru'og — gxu" 5f) +2(1 — B)u(fy 668 — g1 60f).

Then, we have wy = 0.

Proof. Simple calculations show that, for arbitrary f, g, u € C*%, the following identity relations

ulcdfe = —flcou, u'sfe = flou, fulcdg—guicdf =cfurdg —cguidf,
cfeu’0g — cgu'ofe = uflcdy, cgu'ofy —quflog = flcoug —uflcdg,

hold. Using the above relations, we conclude that w; = 0. O

Lemma 2. For arbitrary f,g € C*, let
1
w3 = (2~ B)?wss + (2 — B)(was + 5W33) +2B(1 — ) (wss +3ws) — 2B%ws1,
where

wy =cud ' flcoquouy, wap = cudulcofulog — cuo~tulcoqulof,
wyz =ulduulogf —ulouuTofg — cud™ flcoqutou + cuo~tglcofulou,
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W3y :guafluT(nggg(Su — guafluT(ngng(Su — guaflungSguz(Sf + guafluTgéfuzég
+fuT(5guT(5u — guT(SfuT(Su — gua_luTg(SguTéfx + gua_luTg(SfuT(ng,
— a1, Tsp -1, Ts . -1 T “1,Ts¢_, Tsea—1,T
W35 =Ux0 U Of0 U 6F — Uy U 69x0 U Of —uyu 0f0 u'6g
+ w090 o f — u 0 tulogo ulsf + uotulsfotul g,
w3s =cud ulcofrduTog — cudulcdg, 0 o f — cuulcsfotulsg
+ cuulcogo'uTof — cuo~ul cogduTof + cuo'ul cofotulsg.

Then, we have ws = 0.

Proof. It is easy to verify that

1
w3s =0, W33 = Wsy = W3 = W31 = —W3.
Through simple calculation, we conclude that w3 = 0. O
Lemma 3. For arbitrary f,g € C*, let

ws = B(1—B)(2— B)(ws1 + w5z + Ws3 + Ws4),
where
ws; = cu(@ tuldfuloudtulog — o ulsqut suo—tulsf),
wsy = 2cu(@ ulofulsuoutsg — o tuToquloud—tulsf),
wsz = cu(d ul g utoudulof — o~ tulsfuloud1ulsg),
wsy = cu(uToguToguToud1ulsf — uTogu’ s fuTouo='ulsyg).

Then, we have ws = 0.

Proof. It is easy to verify that
ws1 + Ws2 + ws3 + wsy = 0,

and sows = 0. O

Theorem 1. The integro-differential operator ® is hereditary.
Proof. Noticing that u”¢éu = 0, we have
O(@ [flg — [g)f) — (P [@f]g — ' [@g]f) = w1 +ws +ws
with arbitrary f, g € C*. By Lemmas 1, 2 and 3, we know that
O('[flg - ®'[g]f) = (¥ [@f]g — @ [®g]f).
O

The hereditary operator ® ensures that the properties of strong operators can be inherited from
one equation to the next equation in Equation (11), i.e., if ® is a strong symmetry operator of the first

equation in the system in Equation (11), it is also the strong symmetry operator of the every equation
in the system in Equation (11).
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Lemma 4. The integro-differential operator ® satisfies

@' [Kin] = [K}y, @] 21)
and it is a strong symmetry of the gDNLS soliton hierarchy in Equation (11).
Proof. It is easy to verify

@' [—gu] =(—gu) ® — D(—gu)
=B(1 - B)cudulcouTou — (2 — B)cu0~uto —2(1 — B)uucé
— (22— B)uxd tulcé — puo—tulcs — Bcud tuls —2(1 — B)cuu’s
—B(B—1ud tulsuTsu.

The above equality and Theorem 1 show that ® is a hereditary and strong symmetry operator for
the equation u; = Ky. Thus, ® is a strong symmetry operator for u; = " Ky = K, and the proof has
been complete. [

Lemma 5.
@ oy] + Poj, — 0, ®=D", n=1,2--. (22)

Proof. When n = 1, we have
D' [o1] + Po| — 0P =D

through simple calculation. Assume that
@'y + Po}, — 0], = O™,
we have

(@ — @0, 1 + 0l D) f
=" f — D(D0y) f + (Do) OF
=" f — (P [flow + Doy, [f]) + @' [@f]ow + Doy, [Of]
=" f — O [floy — P(0),® + " — D [0]) f + P [Df|ow + PO [ D]
=P/ [0y]f + D' [@f] 0y — PV [f]om
=@ [®0y | f
:©,[0m+1]f’

where the fact that ® is a hereditary symmetry operator has been used. Thus, Equation (22) holds for
any positive integer n. [

Lemma 5 gives a relation between the recursion operator ® and T-symmetries. It is very important
in the following computation.

Theorem 2. The two flows K, in Equation (11) and oy, in Equation (13) deduced from the matrix spectral
problem of the gDNLS soliton equation satisfy the following commutator relations:

HKWl/ K}’l]] == 0/ (233)
[[Km/ Unﬂ = MKernflr (23b)
lowm, on] = (m—n)oyin, mn=1,2,---. (23¢)

In other words, these two flows form an infinite-dimensional Lie algebra.
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Proof. We only prove Equation (23b), as the other two identities can be proven similarly.
Firstly, we prove the following identity

[Kim, 01] = mKyy,. (24)
By simple calculation, we have

[Ko, o1] = Kp[o1] — o7 [Ko]

(10 xqgx+4% \ [ x0+3 0 q
Lo -1 Xty + % 0 xa—i—% —r

=0.

Thus, Equation (24) is right in the case of m = 0.
Suppose that Equation (24) is true in the case of m — 1, i.e.,

HKm,1,01H = (Tf’l - 1)Kmfl/
and then

[Kin, 1] = [®Ky—1,01]
= &'[1]Ky_1 + PK],_1[01] — 01 [Kun]
= (O + 0P — D01 )Ky_1 + PK],_[01] — 01 [Kni]
= Ky + O[Ky,—1, 01]

= mK,,.
Thus, for any positive integer m, Equation (24) holds.
Finally, let us think about the general identity in Equation (23b) by using the similar method.

We already know that the identity in Equation (23b) is true in the case of n = 1 from Equation (24).
Suppose that Equation (23b) is true in the case of n — 1, i.e.,

[Kin, 0—1] = mKyy 2.
It is easy to find that

(K, 0] = [Kin, Poy—1]
= K], [®0,,_1] — D' [Kin]oy_1 — P, [Kim]
= K;n [q>‘7n—1] - (K1/11q> - (DK1/11)Un—1 - q)o'r/zfl[Km]
- q)[KWl/ 0-1’!71}]
= mKy1n-1.

O

Theorem 2 tells us that the isospectral and nonisospectral flows obtained in Section 3 are
K-symmetries and T-symmetries of Equation (11), respectively. They constitute an infinite dimensional
Lie algebra.

Corollary 1. It is interesting that the vector field o> (u) is actually a master symmetry, i.e., the other symmetries
can be generated by it through the following relations:

1
Ksp1 = S [[Ks/ ‘72]]/
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1
Os+1 = m[[aslazﬂ s # 2.

Finally, let us consider combinations of the two kinds of symmetries K, 0;; and the time variable
t. We define new functions 7§’ and 7" as

" = mtKy, + 01, (25a)
T, = ®" 1) = mtKyqn + 01 (25b)
Theorem 3. The new functions T,;" are all symmetries of Equation (11), i.e.,
(T =K, [t", m=0,1,2--;n1=1,2---. (26)
Proof. Since we have already know that ® is a strong symmetry operator of Equation (11), it just proves
(") = K [1]-
Through Equation (25a), is is easy to find

(")t = mKy + mtK' [ug] + o7 [uf]
= mKy, + mtK'[Ky] + 01 [Kin]
= mtK'[Ky] + K}, [07]

= K [7g']-
O

Theorem 3 shows that 7;;" is another kind symmetry of Equation (11). In fact, it is the special linear
combination of K-symmetry and T-symmetry.

Theorem 4. K, and 1)), m > 0 are two sets of symmetries of every equation in the isospectral gDNLS
hierarchy. They satisfy the following relations

[[Km,Kn]] =0, (27a)
[Kim, To] = mKpyin—1, (27b)
I7" o'l = {1-n)5, (27¢)

Thus, these symmetries also form an infinite-dimensional Lie algebra.
Proof. It is easy to find that

7", w'l = [mtKyqr + 0141, mtKyn + 041]
= mt{[Ky 11, 0n1] + [0111, Knsn] } + [0151, 0n1]
= mt{(m + ) Kyinr1 — (m+1)Kyinii} + (L= 1)00 4141
= (I =n)(mtKyny1 + Ourir1)
= (=)t

by Equations (23) and (25b). Thus, Equation (27c) holds and the other two equalities can be
proven similarly. [

T-symmetries should exist for nonlocal integrable equations developed based on the IST
theory [32,34]. Evolution equations generated from T-symmetry vector fields are normally integrable
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based on the IST, but there may not be infinitely many conservation laws for them. Only the first
several (normally two) T-symmetries are local, and all others in the T-symmetry hierarchy are not local.
The conclusions of Theorems 1-4 and Lemma 4 are generalized because of the arbitrary parameter
B. If we take the special values of the parameter j3, the conclusions are also true.
For example, when 8 = 0, the recursion operator ® becomes

Dy = —cd+2ud ' ulé + 2uu’s.

@g is a hereditary and strong symmetry operator of the KN Equation (15) and it has two sets
of symmetries

1
K =@ (—cu), 7" =mtd) " (—qu) + Of (xuy + iu) m=0,12---, n=12---
When p = 1, the recursion operator ® becomes
1
O =—¢cd+ EuT&te +u 0 tuls + guafluzgé.

@; is a hereditary and strong symmetry operator of the CLL Equation (16) and it has two sets
of symmetries

1
Ky = @' (—gu), T =mtd""(—gu) + OF (xux + Eu) m=0,1,2---, n=12,---
When = 2, the recursion operator ® becomes
Dy = —co+ulbue+ 2gu871u£g5 —2uu’é 4+ 2cud u susu.

@, is a hereditary and strong symmetry operator of the GI Equation (17) and it has two sets
of symmetries

1
Ky = @5 (—gu), 7' =mtdyH" (—gu) + OF (xux + Eu) m=0,1,2,---, n=12,---

5. Conclusions

In general, the integrability of the gDNLS equation is researched in this paper. The isospectral and
nonisospectral hierarchies are derived from its Lax pair. Through taking different values of the arbitrary
parameter, the gDNLS equation could be reduced to the KN equation, the CLL equation, the GI
equation, the mKdV equation, the STO equation and so on. Two kinds of symmetries, K-symmetries
and T-symmetries, are deduced from the corresponding isospectral and nonisospectral hierarchies.
The recursion operator @ related to these symmetries with an arbitrary parameter is proven to be a
hereditary and strong symmetry operator of the whole isospectral hierarchy. Finally, we find that those
two kinds of symmetries form an infinite-dimensional Lie algebra.
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