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Abstract

This dissertation consisting of three parts is the study of the open problems of global dynamics
of the diffusive Hindmarsh-Rose equations, random dynamics of the stochastic Hindmarsh-Rose
equations with multiplicative noise and additive noise respectively, and synchronization of the
boundary coupled Hindmarsh-Rose neuron networks.

In Part I (Chapters 2, 3 and 4) of this dissertation, we study the global dynamics for single
neuron models of diffusive and partly diffusive Hindmarsh-Rose equations on a three-dimensional
bounded domain. The existence of global attractors as well as its regularity and structure is es-
tablished by showing the absorbing properties and the asymptotically compact characteristics, es-
pecially for the partly diffusive Hindmarsh-Rose equations by means of the Kolmogorov-Riesz
theorem. A new general theorem on the squeezing property for reaction-diffusion equations is
proved, through which we proved the existence of an exponential attractor and the finite fractal di-
mensionality of the global attractor. For nonautonomous diffusive Hindmarsh-Rose equations with
translation bounded input, the existence of pullback exponential attractor is shown with the lever-
age of proving the L? to H' smoothing Lipschitz continuity in a long run of the nonautonomous
solution process.

In Part IT (Chapters 5 and 6), we investigate the pullback long-term behavior of the random
dynamical system or called cocycle of the stochastic Hindmarsh-Rose equations driven by mul-
tiplicative white noise on a 3D domain and by additive noise on a 2D domain, respectively. The
existence of a random attractor for both problems is proved respectively through the exponen-
tial transformation and the additive transformation by means of the Ornstein-Uhlenbeck process.
Through the sharp uniform estimates, we proved the pullback absorbing property and the pullback

asymptotically compactness of these two dynamical system in the L? Hilbert space.

v



Lastly in Part III (Chapters 7 and 8), the two new mathematical models of partly coupled
neurons and of a boundary coupled neuron network are proposed in terms of the systems of partly
diffusive Hindmarsh-Rose equations and with the coupling boundary conditions for the network.
Through the absorbing and asymptotic analysis for the differencing Hindmarsh-Rose equations of
the neuron network, the main result in Chapter 8 shows that the neuronal network is asymptotically
synchronized at a uniform exponential rate provided that the combined boundary coupling strength

and the stimulating signals exceed a quantified threshold explicitly in terms of the parameters.
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Chapter 1

Introduction

1.1 Overview of the Topics and Achieved Results

The mathematical model of Hindmarsh-Rose equations for describing biological neuron
spiking-bursting of the intracellular membrane potential observed in experiments was originally
proposed by Hindmarsh and Rose in 1982-1984 [35,36]. This model composed of three ordinary
differential equations has been studied through numerical simulations and mathematical analysis
in recent years, cf. [35,36, 38,50, 67, 83] and the references therein. It exhibits rich and interest-
ing temporal bursting patterns, especially the three-dimensional complex bifurcations leading to
chaotic bursting and dynamics.

This dissertation aims to study the global and longtime dynamics of the diffusive and partly
diffusive Hindmarsh-Rose equations as well as the random dynamics of the stochastic Hindmarsh-
Rose equations with the white noise on a bounded domain. As a significant extension of these
topics on single neuron dynamics, this dissertation put forward two new and meaningful mathe-
matical models respectively for two coupled neurons and for a boundary coupled Hindmarsh-Rose
neuronal network. In comparison with all the existing results on several ODE models and the
FitzZHugh-Nagumo neuron models, the synchronization of this boundary coupled Hindmarsh-Rose
neuronal network with the explicitly expressed threshold condition achieved in this work is a break-
through in neuroscience.

In Chapter 2, the existence of global attractor together with its regularity and structure for the
diffusive and partly diffusive Hindmarsh-Rose equations is presented. A new approach through
the use of Kolmogorov-Riesz Theorem is taken to prove the challenging asymptotic compactness
of the solution semiflow for the partly diffusive system of coupled PDE and ODE.

In Chapter 3, a new theorem with the weakened and accessible conditions for the squeezing

property of solutions of the general reaction-diffusion equations is proved and applied to establish
1



the existence of an exponential attractor, which consequently shows that the global attractor lo-
cated in the infinite-dimensional function space actually has a finite fractal dimension.

In Chapter 4, the existence of a pullback exponential attractor for the nonautonomous diffusive
Hindmarsh-Rose equations with time-varying external input is proved by conducting the sharp and
uniform estimates of solutions to show the smoothing Lipschitz condition, especially using the
fractional Sobolev space interpolation with the exquisite Gagliardo-Nirenberg inequalities.

In Chapter 5, the random dynamics of stochastic diffusive Hindmarsh-Rose equations driven by
a multiplicative noise on a 3D bounded domain is presented. A transformation of exponential mul-
tiplication is used to covert the stochastic PDE driven by the multiplicative noise terms to a system
of PDE with random coefficients and random initial data. Then the two-step pullback estimates of
the pathwise solutions demonstrate the pullback random absorbing sets in both L? and H'! spaces
and the existence of a random attractor.

In Chapter 6, the existence of a random attractor for the random dynamical system generated
by the stochastic diffusive Hindmarsh-Rose equations with additive noise on a two-dimensional
bounded domain (due to mathematical technicality) is proved through the approach of the additive
transformation by means of the noise driven Ornstein-Uhlenbeck processes and the sharp uniform
estimates.

In Chapter 7, a new model of the coupled neurons represented by the partly diffusive Hindmarsh-
Rose equations with linear coupling terms us proposed. It is shown that the solution semiflow
exhibits globally absorbing characteristics. We defined the asynchronous degree of the semiflow
and proved the asymptotic synchronization for the coupled Hindmarsh-Rose neuron system pro-
vided that the coupling strength coefficient exceeds the threshold quantitatively expressed by the
parameters, which can be generalized to ensemble coupling neurons.

In Chapter 8, a new mathematical model of neuronal networks is presented by the system of
partly diffusive Hindmarsh-Rose equations with the non-overlapping, pairwise coupling, Robin
boundary condition. The global absorbing property of the solution semiflow is proved. Through the
solution estimates of the differencing Hindmarsh-Rose equations and by the generalized Poincaré
inequality, the asymptotic synchronization of this neuron network at a uniform exponential rate is
proved, provided that the multiplied boundary coupling strength and the stimulating signals exceed

a threshold explicitly expressed by the parameters. This model is biologically more realistic and
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better than the other models for the neuron network dynamics, because the neuron coupling and
signal transmission usually take place on the boundary of the cell domain through bio-electric po-
tential stimulations which are related to the first component equation for the membrane potential.

Finally, the dissertation concludes with the future research directions in Chapter 9.

1.2 Motivation and Biological Neurons and Neuronal Network Dynamics

In 1982-1984, J.L. Hindmarsh and R.M. Rose developed the mathematical model to describe

neuronal activity and dynamics:

d

d—?:auQ—bu?’va—w—l—J,

d

d—::a—ﬁuz—v, (1.1)
dw

%:q(u—u}g)—rw.

This neuron model was motivated by the discovery of neuronal cells in the pond snail Lymnaea
which generated a burst after being depolarized by a short current pulse. This model charactrerizes
the phenomena of synaptic bursting and especially chaotic bursting in a three-dimensional (u, v, w)
space, which incorporates the third variable representing a slow channel of ions that hyperpolarizes
the neuronal cell.

In the above system, the variable u(¢) refers to the membrane electric potential of a neuronal
cell, the variable v(t) represents the transport rate of the ions of sodium and potassium through the
fast ion channels and is called the spiking variable, while the variables w(t) represents the transport
rate across the neuronal cell membrane through slow channels of calcium and other ions correlated
to the bursting phenomenon and is called the bursting variable.

Neurons are the nerve cells which form the major pathways of communication and create biolog-
ical networks capable of processing and coordinating biochemical and bio-electrical information.
Human brain consists of approximately 10! (100 billion) neurons. The soma of neuron cell pre-
dominantly processes and integrates synaptic inputs and determine whether the neuron becomes

activated and/or transmits signals to others.

Neuronal signals are short electrical pulses called spike or action potential. The synaptic pulse
3



inputs received by a neuron from its dendrite branches modify the intracellular membrane poten-
tials and can be excitatory or inhibitory, which gives rise to temporal and spatial summation and
may cause the busting in alternating phases of rapid firing spikes and then refractory quiescence.
Neuron signals often triggered at the axon hillock can propagate along the axon or diffuse to the
neighbors.

Bursting constitutes a mechanism to modulate and set the pace for brain functionalities and to
communicate with the neighbor neurons. Bursting behavior and patterns occur in a variety of bio-
systems such as pituitary melanotropic gland, thalamic neurons, respiratory pacemaker neurons,
and insulin-secreting pancreatic [-cells, cf. [6,12,16,36].

Synaptic coupling in neuron activities has to reach certain threshold for release of quantal vesi-
cles and achieving an synchronization [21, 57, 63]. The fast threshold modulation for neurons
synchronization for certain ODE models was initiated and analyzed in [66, 85].

The mathematical analysis mainly using bifurcations together with numerical simulations of the
above Hindmarsh-Rose equations and several other ODE models on bursting dynamics of single
neurons has been studied by a number of authors, cf. 5,27, 39, 50, 55,67, 69, 74, 83]. The more
interesting study is on the behavior of neurons coupling and synchronization [27, 58, 64, 69]. It
was rigorously proved in [67, 83] that chaotic bursting solutions can be quickly synchronized and
regularized when the coupling strength is large enough to topologically change the bifurcation
diagram based on this Hindmarsh-Rose model in ODE.

It is well known that the Hodgkin-Huxley equations [37] (1952) provided a four-dimensional
model describing the dynamics of neuron membrane potential taking into account of the sodium,
potassium as well as leak ions current. It is a highly nonlinear system if without simplification
assumptions. The FitzHugh-Nagumo equations [29] (1961-1962) as a two-dimensional model for
an excitable neuron with two variables of the membrane potential and the combined ion current
admits exquisite phase plane analysis showing excitation and sustained periodic bursting, but the
2D nature of FitzHugh-Nagumo equations exclude any chaotic solutions so that no chaotic bursting
can be generated. Another drawback of FitzHugh-Nagumo model with only few parameters is
difficult to adapt to characterizing some specific properties of neuron dynamics.

The Hindmarsh-Rose equations (1.1) contributed a three-dimensional model with cubic nonlin-

earity is capable to generate significant mechanisms for rapid firing and regular or chaotic busting
4



in the research of neurodynamics. This ODE model shows that geometric deformation of the three
nullclines with varying parameters can demonstrate coexistence of more than one steady states and
a limit cycle, which yields a variety of complex bifurcations and lasting chaotic dynamics.

It has been indicated by the research on this model (1.1) that adding the third equation of w(t)
in this Hindmarsh-Rose model causes lower down the neuron firing threshold and that w(t) will
return to zero when the membrane potential u(¢) has reached its rest state value ¢ = ug. Moreover
the Hindmarsh-Rose model allows for varying interspike interval. This 3D model (1.1) is a suitable
choice for investigation of neurodynamics and attracts more research interests exposed to a wide
range of applications in neuroscience, including the self-synchronization and self-regulation of
neuronal ensembles and networks.

Understanding of the mechanisms in biological brain through mathematical models and analysis
is in some sense critical for advancing the researches of medicine and artificial intelligence. In par-
ticular, synchronization and desynchronization of neuronal firing and bursting are very important
both for improvement to and degeneration of the brain’s functionality and performance. Increased
synchronization may lead to enhanced information processing or to neurological disorders such as
epilepsy, Alzheimer’s disease, and Parkinson’s disease [22,28,32,41,52,53,59].

It is desirable to research under what conditions (in terms of neurons connectivity, coupling
strength, configuration, signals and noise) synchronization can arise in neural networks and the
possibility of controlling its prevalence. Synchronization for neuron ensembles and for complex
neuron networks as well as artificial neural networks is one of the central and significant topics in

neuroscience and in the theory of artificial intelligence.

1.3 Preliminary Mathematical Concepts

Here we introduce some mathematical concepts and basics commonly used in this dissertation. Let
2 C R™ (n < 3) be a bounded domain with locally Lipschitz continuous boundary. Define the real
Hilbert space H = [L?(Q2)]* = L*(2,R?) and the Sobolev space £ = [H*(Q)]®* = H'(Q,R?).
The norm and inner-product of H or L?(§2) will be denoted by || - || and (-, - ), respectively. The
norm and inner-product of E will be denoted by || - ||g and (-, - ) g, respectively. The norm of

LP(Q) or LP(Q,R3) will be dented by || - ||z» if p # 2. We use | - | to denote vector norm or set
5



measure in a Euclidean space.

Consider an initial value problem of a nonlinear evolutionary equation in the Hilbert space H:

0
= Ag+ flg), t>0,
ot (1.2)

g(0) =go € H.

Here A : D(A)(C H) — H is a densely defined, closed, linear operator, usually a second-
order differential operator with respect to the spatial variables, and f(g) : E — H is a nonlinear

Nemytskii operator which is locally Lipschitz continuous.

Definition 1.3.1. A function ¢(¢, z), (t,z) € [0, 7] x Q, is called a weak solution to the initial value
problem (1.2), if the following conditions are satisfied:

(i) £ (g, O)r = (Ag,Q)E + (f(9), ()p is satisfied for a.e. ¢ € [0,7] and any ( € E;

(i) g(t,-) € C([0,7]; H) N L*([0, 7]; E) such that g(0) = go.

Lemma 1.3.2. Under the aforementioned conditions, for any given initial state go € H, there
exists a unique weak solution g(t,go), t € [0, Tinaz), for some Ty > 0, of the initial value

problem (1.2), which satisfies
g € C([0, Thas): H) N C((0, Tonan); H) O L20o([0, T ); E), (1.3)

where 1., = [0, Tnaz) i the maximal interval of existence. The weak solutions continuously

depends on the initial data.

Proof. The existence and uniqueness of a local weak solution in time can be proved by the Galerkin
approximation method based on the a priori estimates exemplarily similar to what we shall present

in Section 2.2 and followed by the Lions-Magenes type of weak and weak™ compactness argument

[13, Section XV.3] and [62]. L]

Definition 1.3.3. A time-parametrized family of bounded linear operators {S(t)}+>0 C £(X) is
called a semiflow on a Banach space X, if the following conditions are satisfied:

(i) S(0) = Ix, the identity operator on X.

(i) S(t)S(r) = S(t +7), forany t, 7 > 0.

(iii) The mapping (¢, z) — S(t)z is continuous on [0, 00) x X.
6



Definition 1.3.4. Let {S(¢)}:>o be a semiflow on a Banach space 2". A bounded set B, of 2
is called an absorbing set for this semiflow, if for any given bounded subset B C 2~ (including
By itself) there is a finite time 75 > 0 such that S(t)B C By for all t > Tp. If there exists an

absorbing set, then the dynamical system represented by the semiflow is called dissipative.

Definition 1.3.5. A semiflow {S(¢)};>0 on a Banach space 2" is called asymptotically compact
if for any bounded sequence {w,} in 2" and any monotone increasing sequences 0 < t,, — o0,
there exist subsequences {wy, } of {w,} and {t,, } of {¢,} such that limj_,.. S(¢,, )w,, exists in

Z.

Definition 1.3.6 (Global Attractor). A set .o/ in a Banach space 2" is called a global attractor for
a semiflow {5(¢) }+>o on 2, if the following two properties are satisfied:
(i) <7 is a nonempty, compact, and invariant set meaning S(t)</ = o for t > 0, in the space

Z.

(ii) o7 attracts any given bounded set B C 2~ with respect to the semi-Hausdorff distance,

disty (S(t)B, o) = sup inf ||S(t)z —y||2 — 0, as t — co.
zeB YEA

As specified in [13,62,68], global attractor is a depository (usually of finite fractal dimension) of

all the permanent regimes including the steady states, periodic orbits, homoclinic and heteroclinic

orbits, and invariant sets with the associate unstable manifolds for an infinite-dimensional dynam-

ical system. Roughly speaking, global attractor (if exists) qualitatively characterizes the global,

longtime and asymptotic dynamics of the solutions to nonlinear PDEs. Its counterpart for random

dynamical systems is random attractor.

Below is the main existing result on the existence of a global attractor, cf. [13,56,62,68,76].

Proposition 1.3.7. Let {S(t)}+>0 be a semiflow on a Banach space Z . If the following two
conditions are satisfied:

(i) there exists a bounded absorbing set By C 2 for {S(t)}+>0, and

(ii) the semiflow {S(t)}i>o is asymptotically compact on X,

then there exists a global attractor </ in 2~ for the semiflow {S(t)}+>o and <7 is the w-limit set of
7



the absorbing set By,

o = |J(S()Bo). (1.4)

Definition 1.3.8. Let {S(¢)};>0 be a semiflow on a Banach space X and let Y be a Banach space
which is compactly embedded in X. Then a set & C Y is called a bispace (X, Y')-global attractor
for this semiflow if the following two conditions are satisfied:

(i) <7 is a nonempty, compact, and invariant set in Y, and

(ii) < attracts any bounded set B of X with respect to the Y -norm.

We refer to [8,9, 11, 19, 20, 25, 43, 46, 49, 86] for the concepts and some existing results in
the theory of nonautonomous dynamical systems, especially on the topics of pullback attractors
and pullback exponential attractors. Recall that these concepts are rooted in the theory of global
attractors and other invariant sets for the autonomous infinite-dimensional dynamical systems [13,
51,56,62,68,76-78] and the theory of exponential attractors [23,24,48,51,75].

Let X be a Banach space and suppose that a nonautonomous partial differential equation with
certain initial-boundary condition, which usually involves a time-dependent external input term,

has global solutions in space-time. Then the solution operator
{S(t, 1) X = Xhisrer

is called a nonautonomous process [11,13], if it satisfies the three conditions:
1) S(7,7) = Ix (the identity) for any 7 € R.
2) The cocycle property is satisfied:

S(t,s)S(s,7)=S(t,7) forany —oo<7<s<t<o0.

3) The mapping (¢, 7, g) — S(t,7)g € X is continuous with respect to (¢, 7,g) € T x X, where
T={(t,7) eR?:t > 71 € R}

Definition 1.3.9 (Nonautonomous semiflow). A mapping ®(¢,7,¢9) : RT x Rx X — X is called a
nonautonomous semiflow (or called nonautonomous dynamical system) on a Banach space X over

R, if the following conditions are satisfied:



1) ®(0, 7, ) is the identity on X, for any 7 € R.
2)D(t+s,7,:) = P(t, 7+ s, P(s,7,-)), forany t,s > 0and 7 € R.

3) ®(t,7,9) : T x X — X is continuous.

If {S(t,7) : X = X} r)er is a continuous evolution process on X, then it generates a nonau-

tonomous semiflow defined by
O(t,1,9)=S{t+1,71,9), (71,9 €TxX. (1.5)
This relation in the pullback sense is the following important identity
O(t, 7 —t,g)=S(r,7—1t)g, (t,7,9) e Rt xR x X. (1.6)

Definition 1.3.10 (Pullback Attractor). A time-parametrized set A = {A(7)},cr in a Banach space
X is called a pullback attractor for the nonautonomous semiflow {®(t, 7, )} ) generated by a

continuous evolution process {S(¢,7) : X — X} ey, if the following conditions are satisfied:
1) A is compact in the sense that for each 7 € R the set A(7) is compact in X.

2) A is invariant,

Sit,T)A(T)=At+71), t>0,TeR

it is equivalent to ®(¢, 7, A(7)) = A(t + 1) for t > 7.

3) A pullback attracts every bounded set B C X with respect to the semi-Hausdorff distance,
tlim distx (®(t, 7 —t,B), A(T)) = tlim distx(S(t, T —t)B, A(T)) = 0.
—00 —00

Definition 1.3.11 (Pullback Exponential Attractor). A time-parametrized set .# = {.# (t)}ier C
X, where X is a Banach space, is called a pullback exponential attractor of a continuous evolution

process {S(t,7) }+>rer on X, if the following conditions are satisfied:

1) For any t € R, the set .# (t) is a compact and positively invariant sel in X with respect to this
process,

S(t, 7). (T) C A (t) forany oo <7 <t < 0.
9



2) The fractal dimension dimg.# (t) for all t € R is finite and

sup dimp.Z (t) < co.
teR

3) M = { M (t)}icr exponentially pullback attracts every bounded set B C X in the sense that

there exists a constant o > 0, such that for every bounded set B in X and any 7 € R,

lim e”distx (S(r,7 —t)B, .# (7)) = 0.

t—o00

To study the dynamics generated by the pathwise solutions of stochastic partial differential equa-
tions in the asymptotically long run, we first recall the preliminary concepts for random dynamical

systems, or called stochastic cocycles, cf. [2,4,14,17,18,26,30, 54,60].

Let (Q,JF, P) be a probability space and let X be a real Banach space.

Definition 1.3.12. (Q,F, P, {0, }icr) is called a metric dynamical system (MDS), if (Q,F, P) is a
probability space and 6; is a time-shifting mapping with the following conditions satisfied:

(i) the mapping 6 : R x Q — Q is (B(R) ® F,F) - measurable,

(ii) Oy is the identity on £,

(iii) 6,15 = 0, 00, forall t, s € R, and

(iv) 6, is probability invariant, meaning 6; P = P for all ¢t € R.
Here % (X) stands for the o-algebra of Borel sets in a Banach space X and (6,P)(S) = P(6,S5)
forany S € 7.

Definition 1.3.13. A continuous random dynamical system (RDS) briefly called a cocycle on X

over an MDS (Q, F, P, {0, }1cr) is a mapping

o(t,w,x) 1 [0,00) x Q x X = X,

which is (B(RT)@F R HB(X), (X ))-measurable and satisfies the following conditions for every
w in Q:

(1) ¢(0,w, -) is the identity operator on X.
10



(i1) The cocycle property holds:
o(t+ s,w,-) = p(t, 0w, p(s,w,-)), forallt,s> 0.

(iii) The mapping (-, w,-) : [0,00) x X — X is strongly continuous.

Definition 1.3.14. A set-valued function B : Q — 2% is called a random set in X if its graph
{(w,z) : * € B(w)} C Q x X is an element of the product o-algebra F @ B(X). A bounded
random set B(w) C X means that there is a random variable r(w) € [0,00),w € £, such that
[[B(w)l| := sup,ep) ||| < r(w) forallw € Q. A bounded random set B(w) is called tempered

with respect to {6, },cg on (Q, F, P), if for any w € Q and for any constant 5 > 0,
lim e~ ||| B(0_w)]|| = 0.
t—00

A random set S(w) C X is called compact (reps. precompact) for every w € Q the set S(w) is a

compact (reps. precompact) set in X.

Definition 1.3.15. A tempered random variable R : (Q,F, P) — (0,00) respect to a metric

dynamical system {6, };cr on (Q,F, P) means that for any w € Q,
.1
lim - log R(6;w) = 0.
t——oo t

We shall let Zx denote an inclusion-closed family of random sets in X, meaning that if D =
{D(w)}wea € Zx and D = {D(w)}weq with D(w) € D(w) forall w € 9, then D € Px. Such
a family of random sets in X is called a universe. In this work, we define Zy to be the universe of

all the tempered random sets in the Hilbert space H = L*(), R?).

Definition 1.3.16. For a given universe Zx of random sets in a Banach space X, a random set
K € 9y is called a pullback absorbing set with respect to an RDS (cocycle) ¢ over the MDS
(Q,F, P,{0;:}icr), if for any bounded random set B € Zx and any w € 1 there exists a finite

time T5(w) > 0 such that

o(t,0_yw, B(0_w)) C K(w), forall t > Tg(w).
11



Definition 1.3.17. Let a universe Zx of random sets in a Banach space X be given, A random
dynamical system (cocycle) ¢ is pullback asymptotically compact with respect to Yx , if for any

w € 1, the sequence
{o(tm,0_1,,w, Tym) oo has a convergent subsequence in X,

whenever t,,, — oo and x,,, € B(0_;,,w) for any given B € Px.

Definition 1.3.18. Let a universe Zx of tempered random sets in a Banach space X be given. A

random set A € Yy is called a random attractor for a given random dynamical system (cocycle)

 over the metric dynamical system (Q, F, P, {0; }+cr), if the following conditions are satisfied:
(i) A is a compact random set in the space X.

(i1) A is invariant in the sense that
o(t,w, A(w)) = A(Gw), forall t >0, we Q.
(iii) A attracts every B € Zx in the pullback sense that

lim distx(¢(t,0_w, B(0_w)), A(w)) =0, weQ,

t—o00

where distx (-, -) is the semi-Hausdorff distance with respect to the X-norm. Then Zy is called

the basin of attraction for A.

We list the following useful inequalities to study global dynamics, random dynamics, and syn-
chronization of neuronal networks:
(1) The Gagliardo-Nirenberg inequality [62, Appendtx B] of Sobolev space interpolation is in-

strumental in estimates of solutions of deterministic and stochastic partial differential equations:

yllwes@) < Cllyllima 19l ), forall y € W™(Q), (1.7)
where C' > 0 is a constant, provided that p, ¢, > 1,0 < # < 1, and

- < e(m—ﬁ)—u—eﬂ, n = dim ().
p q r
12



(2) The Young’s inequality in the general form for any nonnegative x, y is

1 1
vy < ex? + C(e,p)y?, p + i 1, (p,g>1), Cle,p) = V7. (1.8)

where constant € > 0 can be arbitrarily small.

(3) By the fact that H'(2) < L°(Q) is a continuous imbedding for space dimension n < 3
and by the Young’s inequality, there is a constant Cy > 0 such that for p(u) = au? — bu® and

Y(u) = a — Bu? in the diffusive and partly diffusive Hindmarsh-Rose equations,

lp()ll < Co(1+ Jlullzs) and ()l < Co(L+ [[ullfs) foru € HY(Q).

(4) Gronwall inequality [62, Lemma D.3].

Let y and h be nonnegative functions in Li. [0, T;R), where 0 < T < oo. Assume that y is

loc

absolutely continuous on [0, 7") and that
— < ay(t) + h(t), almosteverywhere on (0,7).

Then y € L2 (0,7;R) and one has

loc

(5) Uniform Gronwall inequality [62, Appendix D].

Let y, g and & be nonnegative functions in L{. [0, T;R), where 0 < T < co. Assume that y is

loc

absolutely continuous on (0, 7") such that

d
d—‘? < g(t)y(t) + h(t), almosteverywhere on (0,7")

and

t+1 t+71 t+1
/ g(s)ds < ay, / h(s)ds < as, / y(s)ds < ag,
¢ ¢ ¢
13



where 7, a;, as and a3 are positive constants. Then
a

y(t+71) < (—3 + a2> e’l.
T

(6) Generalized Poincaré Inquality
Let €2 be an open, bounded, and connected subset of R? for some d > 1 and let g € H 1(Q)

Then there exist positive constants C; and Cy such that

/Qg2(x)dxSCl/Q|Vg(ac)\2dx+C'2 VQ |g(x)|dxr.

Remark. In all the chapters of this dissertation, we do not assume nor require the unknown
variables u(t, z), v(t, z), w(t, x) in the deterministic scenario or u(t, z,w), v(t, z,w), w(t, z,w) in
the stochastic environment to be nonnegative, since the action potential of neuron membrane as a

voltage and the transportation rates of ions are not sign-definite.

14



Chapter 2

Global Attractors for Diffusive Hindmarsh-Rose Equations in Neurodynamics

In this chapter, we shall study the global dynamics in terms of the existence of a global attractor

for the diffusive Hindmarsh-Rose equations, which is a new PDE model in neurodynamics:

%:dlAu—i—@(u)ij—w—l—J, (2.1)
2 = oo () v, (22)
%—Z} = dsAw + q(u — ¢) — rw, (2.3)

fort >0, x € Q C R" (n < 3), where (2 is a bounded domain with locally Lipschitz continuous

boundary. The nonlinear terms
o(u) = au® —bu®, and Y(u) = a — fu, (2.4)

In this system (2.1)—(2.3), the variable (¢, x) refers to the membrane electric potential of a
neuron cell, the variable v(¢, x) represents the transport rate of the ions of sodium and potassium
through the fast ion channels and is called the spiking variable, while the variables w(t, ) repre-
sents the transport rate across the neuronal cell membrane through slow channels of calcium and
other ions correlated to the bursting phenomenon and is called the bursting variable.

All the involved parameters dy, ds, d3, a, b, o, 3, q, r, and the inject current .J are positive con-
stants except ¢ (= ugr) € R, which is a reference value of the membrane potential of neuron cell.

In the original model of ODE [83], a set of the typical parameters are

J=3281, »r=0.0021, S=4.0, g=1rS5, c=—1.6,
¢(s) = 3.0s* — s°, Y(s) = 1.0 —5.05”.
15



We impose the Neumann boundary conditions for the three components,

ou ov ow

and the initial conditions are denoted by

u(0,2) = ug(x), v(0,x) = vo(x), w(0,x) = we(z), x €. (2.6)

We shall also consider the following two models of partly diffusive Hindmarsh-Rose equations

%:dlAu+g@(u)+v—w—l—J,
ov
- — — 2.7
BN U(u) —v, 2.7)
dw _ (u—c)—rw
o 1
and
%:dlAu—l—@(u)%—v—w—i—J,
%:dgAU—f-@/}(u)—U, (2.8)
-
5 = d(u—c) —ruw.

In neuronal dynamics, the partly diffusive models (2.7) or (2.8) are more commonly interesting,
since the ions currents may or may not diffuse quickly.

In this chapter, the following Section 2.1 is the formulation of the system (2.1)—(2.3) with prelim-
inary concepts. In Section 2.2 we shall conduct uniform estimates to show the absorbing properties
of the Hindmarsh-Rose semiflow. In Section 2.3 and Section 2.4, the main result on the existence
of global attractor for the diffusive Hindmarsh-Rose system is proved together with its regularity
and structure. And in Section 2.5 we shall prove the asymptotic compactness and the existence of
global attractors of the partly diffusive systems (2.7) and (2.8) by means of the Kolmogorov-Riesz

theorem.
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2.1 Formulation, Uniform Estimates and Absorbing Properties

2.1.1 Formulation

The initial-boundary value problem (2.1)—(2.6) is formulated as an initial value problem of the

evolutionary equation:

0
S — Ag+ flg), t>0,
ot (2.9)

g(0) = go = (ug,vo, wp) € H.

Here the nonpositive self-adjoint operator

A0 0
A=1 0 dA 0 |:D(A) —H, (2.10)
0 0 dsA

where D(A) = {g € H*(Q,R3) : dg/0v = 0} is the generator of an analytic Cy-semigroup
{e“}>( on the Hilbert space H due to the Lumer-Phillips theorem [62]. By the fact that H* () —
L5(Q) is a continuous imbedding for space dimension n < 3 and by the Young’s inequality, there

is a constant Cy > 0 such that
lp()ll < Co(1+ Jlullze) and [[¢(w)l| < Co(1+ [[ullfs) foru € H ().
Therefore, the nonlinear mapping

ou)+v—w+J
flu,v,w) = Y(u) — v, FE — H (2.11)

q(u —c) —rw
is a locally Lipschitz continuous mapping. We can simply write the column vector ¢(t) as
(U(t, ')7 ’U(t, ')7 'lU(t, )) and write Jo = (Uo, Yo, wO)'

The existence and uniqueness of the weak solutions local in time has been shown in Lemma
17



1.3.2 with Definition 1.3.1 in Section 1.3.

2.1.2 Global Existence and Dissipative Property in /7

In this section, first we shall prove the global existence of all the weak solutions of the problem

(2.9) in time and the existence of an absorbing set in H for the solution semiflow.

Theorem 2.1.1. For any given initial state gy = (ug, vo, wo) € H, there exists a unique global
weak solution in time, g(t) = (u(t),v(t),w(t)), t € [0,00), of the initial value problem (2.9) for
the diffusive Hindmarsh-Rose equations (2.1)—(2.3). The weak solution turns out to be a strong

solution on the interval (0, 00).

Proof. Taking the L? inner-product ((2.1), Cyu(t)) with an adjustable constant C; > 0, we get

Cid

Ll + Cuda |V = / Ci(au® — bu' + uv — ww + Ju) de. 2.12)
Q

Taking the L? inner-products ((2.2), v(t)) and ((2.3), w(t)), by Young’s inequality, we have

1d
gl + &l Vol
= [ —yde = [ (a0 = o~ 22 ds
Q Q

(2.13)

1 1 1
S/ <om + ~(B*ut +v*) — v2> dx = / (av + =Bt — —v2> dx
o 2 o 2 2

1 1 1 1 3
§/Q (2@2 + gvz + 552u4 — 51)2) dr = /Q (2@2 + §5zu4 — gvz> dx

and

1d
LAl + dg | Vo2 = / (gl — yw — ru?) da

2dt Q
; 1 2 ) (2.14)
§/ (—(u —c)? + —rw? — rw2> dr < / (—( 24— —Tw2> dx.
e} 2T 2 (9] r 2

Choose the scaling constant in (2.12) to be C; = %(52 + 4) so that

/Q(—Clbwl) d$+/ﬂ( 2ut) dr < [2(—4u4) dz.
18



Then we estimate all the mixed product terms on the right-hand side of the above inequalities by

using Young’s inequality in an appropriate way as follows. In (2.12),

3 1
/Clau3da:§ —/u4dx+—/(01(1)4d3?§/u4dx+(c1a)4’ma

o, 1, (Cw)? 1, 2 2
Ci(uwv — uw + Ju) dx < 2(Chu)* + gV + — + Y + Cu® + CJ7 ) dx,
Q Q

where on the right-hand side of the second inequality we further treat the three terms involving u?

(C’lu)Q 1 ?
/ <2(C’1u)2 + + C’lu2> dr < / utdr + [Cf <2 + —) + Cl] Q.
Q r Q r

Then in (2.14),

as

1, ut gt / 4 q*
- dx < — 4+ — |dx < d =19Q].
/quu :L‘_/Q(2+2r2 x < Qu x+r2\|
Substitute the above term estimates into (2.12) and (2.14) and then sum up the three inequalities

(2.12)—(2.14) to obtain

1d
5 77 (Cullell® + [0l + 1w [*) + (Crda | Vul* + || Vol* + ds|| Ve |[*)

S/ Ci(av® — bu* + uv — uw + Ju) dx
Q

+/ 202 + 162u4 - §U2 dx +/ q—2(u2 +c%) — ler dx
Q 2 8 Q T 2

1 1 1 (2.15)
g/9(3—4)u4d:‘r;—|—/Q (§ — g) vzd:v—l—/Q (Z — 5) rw? dx

1 2 2,2 4
+ 19 ((Cla)4 +C1J7 + {Cf (2 + ;) + Cl] 1224+ L% q_)

r 72
4 Ly L
= — u*(t,z) + 77 (t,x) + i (t,z) | de + Cs|Q|
Q

where C5 > 0 is the constant given by

1 2 2.2 4
Cy = (Cra)' + C1J° + {012 (2+;) —1—01} yo24 1 L1

T 72
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Set
d=2 min{dl, dg, dg}

Then (2.15) yields the following uniform group estimate for all solutions,

d
7 Culle@IF + oI + [lw@)) + d(C I Vull® + [[Vol* + [[Vw]?)

1 1 (2.16)
+ / <2u4(t, x)+ 51)2(15, x) + §rw2(t, x)) dr < 2059,
0

where ¢ € 1,42 = [0, Thnaz ), the maximal time interval of solution existence. Since

1 C?
2ut > (C’lu — 1_(15)

it follows from (2.16) that

d
dt

2
+ / % (Cru?(t, @) + v*(t, @) + rw?(t, @) do < (2(;'2 + C_) Q.
0

—(Cillu@®[” + @I + lw@®)[*) + dCLIVull* + [ Vol* + [[Vwl?)

Set ry = 3 min{1, }. Then we have

d

Z(Cr @I + O + [l (OI7) + dCallVal® + [[Vol* + [[Vl)

02

2.17)
(Gl + ol + ll?) < (m%+~—)rﬁr LE [0, Tpns).

Apply the Gronwall inequality to

d

GO + @I + )+ ra(Calll® + Iof? + wl?) < (26 + 51 ) 19

and we obtain

Cullu@I* + lv@®1* + w@* < e (Crlluol* + [lvoll* + [lwoll*) + ML (2.18)

20



for any ¢ € [0, T4z ), Where

1 C?
M=—(20+-~).
7”1( 2+32>

The estimate (2.18) shows that the weak solutions will never blow up at any finite time because it

is uniformly bounded,
Cullu®)|” + oI + [w(®)* < Culluoll® + [lvoll® + [[wol* + M€,

Therefore the weak solution of the initial value problem (2.9) exists globally in time for any initial

data. The time interval of maximal existence is always [0, c0). O

The global existence and uniqueness of the weak solutions and their continuous dependence on
the initial data enable us to define the solution semiflow of the diffusive Hindmarsh-Rose equations

(2.1)—(2.3) on the space H as follows:

S(t) : go — g(t, go) = (u(t,-),v(t, ), w(t,-)), go= (ug,vo,wo) € H, t>0,

where g(t, o) is the weak solution with g(0) = go. We call this semiflow {S(t)}:>( the Hindmarsh-

Rose semiflow associated with (2.9).

Theorem 2.1.2. There exists an absorbing set in the space H for the Hindmarsh-Rose semiflow

{S(t)}+>0, which is the bounded ball

By={g€e€H:|g|* <K} (2.19)

where K1 = % + 1.

Proof. From the uniform estimate (2.18) in Theorem 2.1.1 we see that

M@

: 2 2 2 _
i sup (O + o)+ ) < By = et

+1 (2.20)

for all weak solutions of (2.9) with any initial state g, € H. Moreover, for any given bounded set
21



B={g€ H:|g| <R} in H, there exists a finite time

To(B) = 1 log™ (R? max{Cy,1}) (2.21)

(&1

such that ||Ju(t)||* + ||v(®)]|* + ||w(t)||* < K; for all t > Ty(B) and for all go € B. Thus, by
Definition 1.3.4, the bounded ball By is an absorbing set for the Hindmarsh-Rose semiflow in the

phase space H. [

Corollary 2.1.3. There exists an absorbing set in the space H for the semiflow generated by the

partly diffusive Hindmarsh-Rose equations (2.7) and (2.8), respectively.

Proof. The proof of Lemma 2.1.1 is still valid without the terms of || Vv]||? and || Vw||?. Instead of

(8.16) we have the inequality

d
Z(Cillu@®IP + @I + [w @) + diCr |Vl
2 (2.22)
Fra(CrllP + [o1P + i) < (262-+ 5 )19 £ € 0, Toun),
It leads to the same differential inequality (2.18). Thus the same result as in Theorem 2.1.2 holds

for the semiflow generated by (2.7) and by (2.8), respectively. [

2.1.3 Absorbing Property of the Hindmarsh-Rose Semiflow in Spaces L* and L°

The following theorem plays a key role to show the asymptotic compactness of the solution semi-
flow generated by the partly diffusive Hindmarsh-Rose equations (2.7) and (2.8) in Section 2.5 and

the H?- regularity of the global attractor in Section 2.4.

Theorem 2.1.4. For p = 2 and 3, there exists a constant K,, > 0 such that the absorbing property

with respect to the space L?(£,R?),
limsup ([lu(t)[| 25 + @17, + lwt)E,) < K, (2.23)
t—00
is satisfied by every weak solution S(t)go = ¢g(t,g0) = (u(t),v(t),w(t)) of the diffusive

Hindmarsh-Rose equations (2.9) for any initial state g, € H.
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Proof. By Lemma 1.3.2 and Theorem 2.1.1, for any given weak solution (u(t),v(t), w(t)) of the

Hindmarsh-Rose evolutionary equation (2.9), there exists a time o, € (0, 1) such that

S(to)go = g(to, go) € E = HY(Q,R?) c LY(Q,R®) ¢ LY(Q,R?).

According to Lemma 1.3.2 the weak solution S(t)gy becomes a strong solution on [ty, c0) and

satisfies
S(-)g0 € C([to, ), E) € C([t, 00), L} (2, R?)) C C([to, 00), L'(2, R?)).

This parabolic regularity with a reset ¢, as the initial time point enables us to simply assume that
the initial state g € E C L°(Q,R3) C L*(Q,R?)) and, by the bootstrap argument for the resulting
strong solutions, we can even assume that gy € H%(Q,R?) C L¥(Q, R?) in proving the longtime
dynamical property (2.23).

Step 1. Common estimates.

For p = 2 and p = 3, we take the L? inner-product ((2.1), u?*~1) to get

—p—||u(t)||i]§p +di(2p — D)[[u"" V72

(2.24)

= /[au2p+1 — b (v —w — J)] dx.
Q

On the right-hand side of the inequality (2.24), by Young’s inequality and

2p + 2

<2p for p=2 3,

we have

au® ™ + v —w + J)

w2 1 Gy (@2 4 (Jo(t)|

2p+2 2p+2 2p+2 )
3

54w+ J (2.25)

) 1
bu*t? + C, <a2p+2 +CprtJ° 3”) +OP? + 2\w(t)|2p

where C, > 0 is a constant depending on the parameter b and C),,, > 0 is the constant depending
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on p and the parameter r, which is generated from the inequality

1
[o(t,2)| "5 + [w(t,2)| "5 < Cpp + Zlot,2) 7 + Sl 2) .

From (2.24) and (2.25) it follows that

1d _
2—pa||u(t)||i’3p +di(2p — 1)llu" V|72
= /[au2p+1 — bu*P? 4 (v —w — J)] da (2.26)
Q

2p+42 3 1
<C <a2p+2 +Cpr + J%) Q| — T / bu2Pt2 dr + Z/(UQP + rw?) dz.
Q Q

The main controlling term on the right-hand side is

_§/bu2p+2 dr
4 Jo

. Then taking the L? inner-product ((2.2), v*~!), we obtain

1d -
2 ai PO + a0 = Dlle" Vo2
1d o 1 -
ZQ_pEHU(t)Hsz +]§d2(2p— DIV (@P)]]7z (2.27)
N /W(u)u2p1 —v¥]dr = /[04112”1 — Butv* ! — v*] dz.
@ Q

It is challenging to control the middle term on the right-hand side,

— / Buv?P 1 dz. (2.28)
Q

In the next two steps, we shall exploit the Gagliardo—Nirenberg inequality (1.7) and the absorbing
result in Theorem 2.1.2 to handle this issue for p = 2 and p = 3. First use the Young’s inequality

(1.8) and get

—/51021)2”1 dr < /bu2p+2 dx—i_cb,ﬁ/v(%_l)(l""zl’)dq;
@ Q

@ 1 (2.29)
/ w2 dx + Cy / 0P dr
Q

Q
24
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Step 2. Prove (2.23) for p = 2.

For p = 2, the second term on the right-hand side of (2.29) is

Chp / VT dr < g / v’ dx 4+ Chpe, |, (2.30)
Q Q

where ¢; > 0 is a small constant to be chosen and the constant Cj, 5., depends on Cj, 3 and €.

Apply the Gagliardo—Nirenberg inequality (1.7) to the spaces
LY(Q) = L*(Q) — H'(Q) (2.31)

combined with the Poincaré inequality that there are constants c;, co > 0 only depending on the

space domain and its dimension such that
|R||lg < 1| VA|| + |||z, forany h € HY(Q).

We see that there exists a constant C' > 0 and then constants 79, 1; > 0 such that

/Q vz = 025 < C (2% [[v?)50)>°

—p12.5
< C[(ar|[V@H)] + calv?] )? |0*]1357] (2.32)

2.

_ 5
< [IV@HIP N0 1"] + o 1?77

where the fractional exponent 6 in (1.7) is calculated by

3 3 18 7

Then for any weak solution g(¢) = (u(t), v(t), w(t)) of the Hindmarsh-Rose evolutionary equation

(2.9) with gy € H, there is a finite time 7'(gy) such that for ¢t > T'(go),

/ o* da < m|[ V@) 0|15 + o 10?177
0 (2.33)

<mIV@HI? +mllv L+ o 02170 < mlIV@)|]? +m KT 4+ noK7®,

where the constant K is given in (2.19) and the inequality (2.33) follows from Theorem 2.1.2.
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Substitute (2.33) into (2.30) and then into (2.29). We obtain

—/6u202p1dx
Q

1
<= / bu*Pt? dx + g / 02 dx + Chp e, Q) (2.34)
8 Q Q
1
<5 [ b ds e ITEAIP + K] + K3 + G0
Q

Now we choose

1 3dy
€1 2771p2 2( P ) 87”]17 or p )
so that
1
amlV(?)|? < 55da(2p — DIIV(0P)]|72 (2.35)

= 9
Put together (2.27) for p = 2 with the estimates (2.34) and (8.2.1). We obtain

1d 1 _
2 aflP O + 3d22p = Dl Vo1
1
< / [av? ™! — v dx + S / bu 2 dx + ey (m KT +noK7?) + Chp., |9 (2.36)
Q Q

1 1
<5 [riar =5 [ o do s e KT+ k) + (Cal@)a® + CraeISY
Q Q

fort > T'(go), where a1 < L% + Cy(a)o® for p = 2 and Cy(ax) > 0 is a constant.

Next take the L? inner-product ((2.3), w?’~!) to obtain

1d B
S O, +ds(2p = 1) T
1
= / [q(u — )w* ™! — rw?] dr < / <C|q(u — o) + ) rw?® — rw ) dx (2.37)
Q Q

1
S/ C(u2p+62p)—§rw d:p</ Cs + = bu®t2? 4 Oy P —§rw dr

where C' > 0 is a constant from the expansion of |¢(u — ¢)|?” and C3 > 0 is from raising the power
u?? = u' to u?? = ° in the last step.

Then we sum up the estimates (2.26), (2.36) and (2.37) for p = 2:
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1 d
2p dt

1
+ 5(2}) — 1)(dy ||uP~ 'V ul|3s + dof|vP V|3, + ds||wP T Vwl|3s)
1
<Gy <a2p+2 ) ;2) Q| — §/ bu*? dx + = /(2127’ + rw?) dx
4 Jo 4 Ja
1 1
+ é/ butr e - 5/ v dz + e (KT + oK 27) + (Ca(a)a® + Cp.y) |9
0 0
Lo opia 3
+ Cs+ = buP2 + Cyc® — Zrw?® ) do
0 8 1
<Gy (72 + Gy + 75 ) 10] 4+ (Caf@)a™ + Cle, + Cy(1+ )9

1 1 1
+er(mK{ +noKi?®) — (/ §bu2p+2dx+1/v2”dx+§/Tw2pdx), t > T(go)-
Q Q Q

— (@I, + @l + lw@)l5,)

It follows that, for p = 2,

1d
th

1 1 1
< CylQf + er(m K 4+ noK7°) — {/ §bu21[”r2 dz + / ZUQP dz + / §rw2p dx]
Q 0 Q

— (@), + Ol + lw@)5,)

(2.38)

1 b
§C4‘Q| +€1(7]1K17 +770K12'5) - = |:/ bu2p dr — —|Q| + /(U2p + rw2p) dl’:|
4 /o p+1 Q

b 1
< C o 0 K7 K2.5 __/ b 2p 2p 2p d
_( 4+4(p+1)>| | +er(mKy +mKi”) 1 Q(U + v+ rw®) dz,

fort > T(g0), go € H, where

04 = Cb <G2p+2 p,r 21);2) + CQ(OJ)CKQP -+ Cbﬂ’gl -+ 03(1 + C2p).
Then we can apply the Gronwall inequality to the following differential inequality reduced from

(2.38) by moving the negative integral term to the left-hand side,

d 4 4 4
2 U@ lze + llo@)lzs + w®)l]z0)

+ min{b, v, T(|[u()l|7s + [0(®)l|2s + [lw(®)]7:) (2.39)

b
<C4+ ) |2 +451(n1K —|—770K25), for ¢t > T(go).
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Hence we obtain the bounded estimate that, for any gy € H and any t > T'(gy),

(), v(#), w(t) |70 < e @Dg(T(go), go) I 1a

(2.40)
+ Mi|Qf + 4N tey (K] + oK),
where K is shown in (2.19) and
: 1 b
A =min{b,r, 1} and M, = X 4Cy + 3/
Let ¢ — oo in (2.40). Then the absorbing property (2.23) is proved for p = 2,
lim sup (lu@®)lzs + lo(®)llze + w®)[74) < Ko (2.41)
— 00
and
Ky = My|Q| + 44X tey(m KT + noK*5) + 1. (2.42)
Step 3. Prove (2.23) for p = 3 by means of bootstrap argument.
For p = 3, the second term on the right-hand side of (2.29) is
Cbﬁ / U7_% dr < &g / v dr + Cb157€2|Q|, (2.43)
Q Q

where €5 > 0 is a small constant to be chosen and the constant Cj, 5., depends on Cj, 3 and ¢5.

Similar to (2.32), we use the Gagliardo—Nirenberg inequality (1.7) for the interpolation of spaces
LYQ) = L73(Q) — HY(Q) (2.44)
and the Poincaré inequality to claim that there exists constants 7, > 0 and 7)o > 0 such that

_o\T/3
/QW da = V372, < C (039 1v*]|57)
_p17/3
< C [(allV@3)]| + callv®]] ) 10?1197 (2.45)

Lt

_917/3 . 7
<y [IV@) P21 + o 10?17
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where the fractional exponent 6 is calculated by

24 11

7/3 35 35

Note that by Holder inequality,
10|22 = /QUS d < (0| gasal QY = [Jol[F4 |2V,

By (2.41) we just proved in Step 2, for any g, € H, there is T'(go) > 0 such that
lo@Iz QP < 55 for & > T(go).

Then we have

/Q o de < |V PV P i (o 1

< | V) + a1+ 7o 03]

< ||V ()12 + mo ks Q12 4 g K3 HQ[T12, for ¢ > T(go).

Substitute (2.46) into (2.43) and then into (2.29) for p = 3. We obtain

/ Buv?P~t dx
Q

1
< —/bu2p+2dz+€2/v7dx+0b,,3,52’m
8 Q Q

1 -
< ¢ [ b do sl VP + B R 4 iy KR 4 G|
Q

Now we choose
1 5d
= sdy(2p—1) = —= for p =3,
2n9p 18 ny

€2
so that

1
exmp||V ()] < 2—]92612(21? = DIV ()|

29

—129(1—2)—%(1—0)(—3) sothat #=—, 1—-60=_—.

(2.46)

(2.47)

(2.48)



Put together (2.27) for p = 3 with the estimates (2.47) and (2.48). We obtain

1 d
2p dt

1
< /[chp_l —v¥]dx + 3 / bu**? dx + Gy ., |9
Q Q

1 _
— IO + 582 = D[ Vol

+ ea(m By QI 4 i K0T (249)
1 1
<5 [wirde =3 [ oo+ (C@)a® + Cralel
8 Ja 2 Ja
+ ea(np 5 QI i KGQ2), 2 T(g0),
where we used av? ™! < 10% + C5(a)a® for p = 3 and C5(a) > 0 is a constant.

Sum up the same (2.26), (2.37) and the new estimate (2.49) for the second component v(t, z) with
p = 3. We obtain

1 d -
oy a I Wi + Ol + lw@),)

2p42 3 1
<Cy (a2p+2 o 3 ) Q) — —/ bu*Pt? d + ~ /(UQP + rw?) dx
’ 4 Jo 4 Ja

1 1
+3 /Q bu? da: — B /Q v dx + (C5(a)a™ + Cy .6,) |9

1 3
+ e (K5 QNY2 - KL Q[T12) +/ (Cs T Gy D 7”w2p) dr
Q

< Cb <a2p+2

) 10+ (Co(@)a® + Chpey + Co(1+ )Y

1 1 1
+ealmk 0 4 i Kol - (5ba2”*2 i yﬁ”) o
Q

for t > T(go). It follows that

1d
% o g lult 7o, + lv@)1 72, + lw(®)][75,)
1 1 1
< ColQf + ea(ma QM2 + i3 K31Q[T/12) — / <§b”2p+2+ LA 5””2p> o
Q

1
< Col Q] + ea(m O 4 g K3 MOIT) — 5 [/ (bu® + % + ru) di — p—m@
Q

b 1
(C“ )|Q|+52(772 IR KT = b ) e
Q
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fort > T'(go), go € H, where
06 = Cb <a2p+2 + Cpﬂ, + J¥> + C5(OZ)O&2P + Ob’@gl + 03(1 + C2p).

Moving the negative integral term in the above inequality to the left-hand side, we end up with the

following differential inequality for p = 3,

d
SO + 0@ 1%, + he®)%,)
+ L mind, (1) 2, + 1@, + lw@]%,) (2.50)

3b ~
< (606 + g) 19 + Gea(naBy QI 4o K5 1QUT12), for ¢ > T(go).
Apply the Gronwall inequality to (2.50). It holds that for p = 3,

(), v(t), w(t)ze < e T g(T(g0). g0)lIZ0 + Mo Q]

(2.51)
ALy (B2 4 g 1S 712)
fort > T'(go), go € H. Here
3 1 3b
A= 5 min{b, T, 1} and M2 = X (6 06 + g) .
Let ¢ — oo. Then the absorbing property (2.23) is proved for the case p = 3, namely,
lim sup (lu@)zs + lo@)lze + lw®)llzs) < Ks

and

Ky = Ms|Q| 4 6A "o (o Ky 4 1Q) 12 + g K2/ |Q[7/12) + 1. (2.52)
The proof is completed. O
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2.2 Asymptotic Compactness and the Existence of Global Attractor

In this section, we show that the Hindmarsh-Rose semiflow {S5(¢) };>0 is asymptotically compact
and then reach the main result on the existence of a global attractor for this dynamical system

generated by the diffusive Hindmarsh-Rose equations.

Theorem 2.2.1. For any given bounded set B € H, there exists a finite time T1(B) > 0 such that
for any initial state gy = (ug, vo, wo) € B, the weak solution g(t) = S(t)go = (u(t),v(t), w(t)) of

the initial value problem (2.9) satisfies

I(u(®), v(®), wE) I < Q1. for t = Ti(B) (2.53)
where Q1 > 0 is a constant depending only on K in (2.19).

Proof. Take the L? inner-product ((2.1), —Au(t)) to obtain

1d
2dt”qu2 +dy || Aul|]? = /(—auQAu — 3bu?|Vul|? — vAu + wAu — JAu) dx
o
2v 2w? 2J? 2a%u* d

< Aul? + — A+ 20 Daup —|Au?) d
_/Q(dl ||+d+||+d+|u|+dl—l—8|u|x
— /Sbu2|VU\2d:U.

Q

It follows that

d 4 4 4.J? 4a?
@HVUHQerlHAUHZ+65HUVUHQSd—1||v\|2 v H2+—|Q| —HUHL4 (2.54)

Next take the L? inner-product ((2.2), —Aw(t)) to get
||Vv||2+d |Av|* = /(—aAv—l—ﬁuQAv— |Vol?) dz
2 dt o

a? BPut  dy
< Av)? + —=|Av|* | dz — ||V
(5 + Gaor + 225 4 21 ) do - 9

26
ds

It follows that
d 9 9 9 202
SVl + dafl Al + 2 Vol < =50 +
2
32
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Then taking the Lo inner-product ((2.3), —Aw(t)), we get

1d
2 dt

2.2 2,2
< [ (L 4 Bapp+ L 4 BiA _ |
_/Q< 7 + 4\ wl|® + 7 + 4\ w|® | dx —r||Vuw||

[Vw|* + ds||Aw||* = /Q(chw — quAw — r|Vwl|?) dz

It follows that

d 2q¢°c? 2q°
—IVwl* + dsf| Aw||* + 2r || V|| < =—[Q] + == ||ullZ,. (2.56)
dt d3 d3

Sum up the above estimates (2.54), (2.55) and (2.56) to obtain

d
Z(IVul® + [Voll® + [Vwl®) + dul| Aull® + daf| Av]]* + dy|| Aw]?

+ 6b]|[uVul?* + 2||Vo|* + 2r ||V |?

da? %) ullé &

4 4 22
S—v2+—w2+—u2—|—( +
ol + ol + Sl + ( 5+ 2

4J%  20%  2¢%c?
+( T )|Q|.

dy dy ds

Since H'(Q)) = L*(2) is a continuous embedding, there is a positive constant 7 > 0 such that
lullzs < nllullar < 7 v/llull?+ [Vl

Then we have

lullzs < n*(lull® + [Vl*)? < 20*flull* + 20* [ Vu]*.

According to Theorem 2.1.2 and (2.21), there is a finite time 7y(B) > 0 such that the solution
g(t) = (u(t),v(t),w(t)) with any initial state go € B will permanently enter the absorbing ball B,
shown in (2.19). It implies that the sum of the L?—norms of all three components of the solution
satisfies

w(t)|]? + [Jo()|]* + [[w(t)]|?* < Ky, foranyt > Ty(B), g € B. (2.58)
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Then (2.57) yields the following differential inequality

d
E(HWH2 + [Vl|? + [Vw||?) + di||Aul® + dof| Av|* + d]| Aw|)?
+ 6b||uVu|* 4 2||Vo||? + 2r|| Vw|?

4 2q2 8a?  48%\ , "
< m K+ —4+— \V4
ax{dl ds } ! (d do IVl

8a2 45 A2 202 2022
+174K12(—a +—ﬁ>+< 2y qc)yQ|,t>To(B),goeB.
dy dy dy do ds

(2.59)

The inequality (2.59) implies that for any initial data gy € B it holds that

d
21V, Vo, Vw) I*

2
<t (504 25 1V 90 Tul (Vi T, Tl 2.60)

4 24 4o [(8a® 437 4J%  2a%  2¢°C
K K QO
+”mx{md3} kst )t )

forall t > To(B).

Now we can apply the uniform Gronwall inequality [62] to the differential inequality (2.60), which

is written as
d

yn o(t) < p(t)o(t) + h(t), fort>Ty(B), go € B, (2.61)

where
a(t) = [[(Vu(t), Vo(t), V(1)) |]%,

o0 =t (5 + 25 ) 17ul0). 9o, Vo) P,

and h(t) is a constant

4 2q¢° 1o (807 42 4% 202 2¢3c?
h(t) = —, — ¢ Ki + 1" K] —_— Ql.
Q m“{@’@} LA T el G Ll

34



For any ¢ > Ty (B), integration of (8.16) implies that

t+1
/ min{ds, dy, ds }(C1[|Vu(s)[|* + [ Vo) + [Vw(s)|) ds
t

< Cillu@®|* + @ + [lw®)* + i M|Q| < max{1, C1}K1 +mM[Q|, ¢ > To(B).

Here the constant M > 0 is shown in (2.18). Thus we get

= M| 1,0 K
/ o(s) ds < SMIAFmad LGOI By e B.
t

min{dl, dg, dg} Il'liIl{]., Cl}

Hence we also have

/t+1 o(s) ds < " 8_a2+ 432 r1M|Q\ +maX{1.aC1}K1 |
t d; dsy min{dy, d, d3} min{1, C; }

Denote by

N:n4 8_612+ 452 7’1M|Q| +max{1,Cl}K1
d1 dg min{dl, dg, dg} min{l, Cl} ’

The uniform Gronwall inequality applied to (2.61) yields

I(Vu(t), Vo(t), Vu(t))||* < Cre®,  forany. t > Ty(B) +1, go € B,

where

i M|Q] + max{1,C1} K, 4 2¢* %
N min{dl,dg,dg} min{l,Cl} !

8a% 4432 4J%  2a%  2¢%c?
+774K12(—+£)+( + =+ 4 >|Q|.

d1 dg d1 dz d3

Finally, we complete the proof of (2.53):

1 Cu(t), v(t), wt)llE = ll(w, v, w)II* + IV (u, v,w)||* < Q1 = K1 + Cre”

fort > T1(B) = Ty(B) + 1. The proof is completed.

We now prove the first main result on the existence of a global attractor.
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Theorem 2.2.2. For any positive parameters dy,ds,ds,a,b,«, 5,q,r,J and ¢ € R, there exists
a global attractor < in the space H = L*(Q,R®) for the Hindmarsh-Rose semiflow {S(t)}1>0
generated by the weak solutions of the diffusive Hindmarsh-Rose equations (2.9). Moreover, the

global attractor <f is an (H, E')—global attractor.

Proof. In Theorem 2.1.2, it is proved that there is an absorbing set By € H for the Hindmarsh-

Rose semiflow {S(¢)};>0. In Theorem 2.2.1, it is shown that for any given bounded set B C H,
1S()goll < Q1, for t > Ti(B) andall g, € B.

This implies that (J,>r, 5 S(¢)B is a bounded set in E. Hence it is a precompact set in H due
to the compact embedding £ — H. Therefore, the Hindmarsh-Rose semiflow {S(¢)};>¢ is
asymptotically compact in H. Since the two conditions in Proposition 1.3.7 are satisfied, we

conclude that there exists a global attractor 7 in the space H for this Hindmarsh-Rose semiflow

{S(t) }tEO and

o = |J(S(t)Bn). (2.65)

>0 t>T1
The proof of the fact that the global attractor <7 is a bi-space (H, F')—global attractor is similar to

the corresponding proof in [77]. Here it is omitted. [

2.3 Regularity and Structure of the Global Attractor

In this section, we shall prove the regularity properties of the global attractor </ in the spaces
L>(Q,R3) and H?(2,R3). And we shall show that the Hindmarsh-Rose semiflow is a gradient
system so that the global attractor .27 is structurally the union of the unstable manifolds of all the

steady states.

Theorem 2.3.1. The global attractor </ for the Hindmarsh-Rose semiflow {S(t) }+>o in the space

H is a bounded set in L>° (), R?). There is a constant C, > 0 such that

sup ||g|lz~ < Cwo. (2.66)
geA
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Proof. The analytic Cy-semigroup {e“!};~( has the regularity property [62] that e : LP(2) —

L>(Q) forp > 1,t > 0, and there is a constant ¢(p) > 0 such that
”eAtHL(LP,Loo) < ¢(p) t72, where n = dim . (2.67)

Since any weak solution of (2.9) as defined is a mild solution [62] and the global attractor <7 is an

invariant set, for any g € &/ C E, we have

t
1S®)gllz= < e lleqz,= gl +/0 e | 22,y 1 F (S (0)g) — £(S(0)0)|| do
(2.68)

C(Q)Zf_illglle/O e(2)(t = o) T L(QU)(IS(0)glls + | S(0)0]lp) do, >0,

where L((Q);) is the Lipschitz constant of the nonlinear map f restricted on the closed, bounded ball
Br ={g9 € E :||g|l% < @Q:} in E. Since the global attractor </ is an invariant set, by Theorem
2.2.1, we see that

{S(t)«7 :t >0} C By (C H)NBg(C E).

Then from (2.68) we obtain

IS(t)gllz= < e(2)V/E it~ 4+/ 2)L(Q1) <\/@+\/@) (t—o) ido
— (2)[ Kit™1 +4L(Qy) <\/_+\/_)t4} for 0 <t <1,

(2.69)

where

Q2= sup |S(o)0].

0<o<t<1

Take ¢ = 11in (2.69) and get

1Sl < e(2) |VEL+4LQ) (V@i + VQ2)| . forany g€ .

The invariance of .7 implies that S(1). = /. Therefore, the global attractor <7 is a bounded
subset in L>((2). O

Theorem 2.3.2. The global attractor </ in the space H for the Hindmarsh-Rose semiflow

{S(t)}+>0 is a bounded set in H?* (), R3).
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Proof. Consider the solution trajectories inside the global attractor 7.

Step 1. Take the L? inner-product ((2.1), u;) to obtain

dy d

] + 2L v = /<au2 b v — w+ T)uyda
Q

2 dt
< / (aC2 +bC% +2Cs + J) |ug| da
Q

1 1
=5 (aC% +bC3 +20, +J)* Q] + §Hut||2,

where C, is from (2.3.1), for the first component (¢, z) of all the solution trajectories in .2'. Also

take the L? inner-product ((2.2), v;) to obtain

dd
2 dt

< /(a + BC% 4+ Co)|vy| da
Q

ol + 24 wo)? = / (o — Bu? — v)uy do

1 1
= Sla+ BC* 4+ Cxo)*[Q + §Hvt|]2
for the second component v(t,z) of all the trajectories in 7. Then take the L? inner-product
((2.3), w;) to acquire

s d

2
e + 2

Vwl|? = /(qu—qc—rw)wtd:p
Q
< /(quo + qle] + rCu)|wy| dx
Q

1 1
= §(qcoo + gl + rCx)*|Q] + §||’wt||2

for the third component w(t, x) of all the trajectories in <7.

Summing up the above three estimates we get

d
gl + [Joe] |2 + [Jwe|* + T {di|[Vul® + da|| Vo + ds|| Vw|*}
(2.70)
< ((aCx? +bCo® +2C 4+ J)? + (a4 BCx” + Cxo)® + (qCs + qlc| +7Cx)?) .

Integrating the inequality (2.70) over the time interval [0, 1], we obtain
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/01(||ut(s)||2 + [[oe(s)[1? + [lwe(s)]|) ds
< db||[Vu(0)||? + da||Vo(0)]]% + ds|| Vw(0)||? + (aCs? + bCse® + 2Cs + J)2|Q

+ (@ + BCx? + C)?|9] + (g0 + gle] + 10?9 2.71)
<(dy +dy + d3)Q1 + (aCo® + bCo* +2C, + J)?|Q|

+ (a4 BC2 + C0)Y Q| + (¢C + qlc| +105)?|9.

Step 2. For the diffusive Hindmarsh-Rose equations confined in the set of the global attractor 7,

we can differentiate the equations (2.1), (2.2), and (2.3) to get

g = dy Auy + 2auu, — 3buuy 4+ v — wy,
Vg = dQAUt — Qﬁuut — Ut, (272)
wy = dzAw; + quy — Twy.

Take the inner products {(2.1), t?u;), ((2.2), t?v;), ((2.3), t?>w;) and then sum them up,

— tlluel|* = tllvel|* — lwel* + %%(Htut!lz + [[tve]l* + lltwe )

+ 2 (dy | Vag]|” + do [V |* + ds| Ve ||*)
= /QtQ(Qauuf - Bbuzut2 + vy — Wiy — 2Punv; — vf + quswy — rwf) dx (2.73)
< [ [2aCd 4 y0aF )+ gl ) 4 Bk 40D + S+ 0| do

1 1
=t (2&000 + 1+ BCs + g) Jue|)® + ¢ (5 + BOOO) Jvg|* + ¢2 (— + g) |||,
where the u-component portion is deduced by

1d 1d
= tllul® + 5 lltwl® = —tllul* + 5 (tur, tu)

2dt 2.dt
1 d d
=t +  ( Gtewtuc) + (run, (000 ))
p (2.74)
— —t||ut||2 + <£(tut),tut> = —t||ut||2 + <Ut,tut> + <tutt,tut>

= —t|lug||® 4 tlu||* + (wg, ) = (g, ).
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Similar derivation goes to the v-component and w-component portion as well.

Now we integrate the differential inequality (2.73) on [0, ¢] to obtain
1 2 2 2
5 Ultwell” + [fgve]l” + fltwe”)
t t 1
< [ (a0t 0w+ D) JuPds+ [ (G400 ) u@Pas @9
0 0
"ol 4 2 ' 2 2 2y 4
+ | 5755 | eI ds + | sllus)lI” + o)™ + llwe(s)]) ds.
0 0

In the above inequality we can take ¢ = 1 and get

e (I + [loe (DI + e (1)

! q 2
<2 [ (200 +1+ B0+ 1) (s> ds
0 2

v2 [ (Gs0e) Inas+2 [ (3+8) s as 270
#2 [ (P + I + o)) ds

1
< 2(2aC0 +5+ 2600 + Q)/O (eI + llve() 1 + llwe(s)I*) ds < D

where, by the inequality in (2.71) from the Step 1,

D =2(2aCs +5+28C + q) {(d1 + da + d3)@4
+ (aCx? + bCx.* + 20, + J)?|Q
+(a+ BCLE+ COO)Q|Q| + (¢Cx + qlc| + TCM)QIQ]} )

where () is given in (2.53).
Step 3.

Since the global attractor </ is an invariant set, for any trajectory ¢(t)

(u(t),v(t),w(t)) € <, one has g(t) = g(t — 1) € o such that g(t) = S(1)g(t). Then

the inequality (2.76) together with the equations (2.1), (2.2) and (2.3) implies that
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|| Au(t)|| + daf| Av(t)]| + ds|| Aw(?)]]
< Nlue@1 + o) + [loe @) + allu® @)1 + bl @) + [lo(@)]] + [w(@)l]

+ Bllw> ()] + o) + allu@) | + rllw(@)] + (] + a + gle)|Q)?
(2.77)

= [ (@ + D + l[oe(t + D + flwn(t + DI + gllu(@®)]] + 2[lo(@)]]
+ (1+7)[[w(®)]| + (a+ B)[[u(®)][7« + blu(®)[Fs + (J + o + qle)) |2

<D} 4 (q+3+1)K7 + (a+ B)KZ +bK2 + (J + o+ qle]) |2,
where the positive constants K, Ky, K3 are defined in (2.19) of Theorem 2.1.2 and (2.23) of
Theorem 2.1.4.

Since the Laplacian operator Ay = A with the Neumann boundary condition (2.5) is self-adjoint

and negative definite modulo constant functions, the Sobolev space norm of any ¢ € H?*(Q, R?)
is equivalent to ||o||* + || V||* + || A¢|*. Therefore, the inequality (2.77) together with Theorem

2.1.2, Theorem 2.2.1, and Theorem 2.2.2 shows that the global attractor .7 is a bounded set in
H 2(9, R3). O

Theorem 2.3.3. The dynamical system {S(t)}i>0 generated by the diffusive Hindmarsh-Rose
equations (2.9) is a gradient system and its global attractor &/ in H N E is structurally given
by

o = Jw(g) (2.78)

geG
where G is the set of all the steady states with respect to {S(t)};>o0 and W¥(g) stands for the

unstable manifold associated with the steady state g.

Proof. According to [56, Definition 10.11], it suffices to show that there is a continuous Lyapunov
functional I" on a positively invariant set & with respect to this semiflow {S(t) }+>0, which contains
the global attractor & in H, such that £I'(S(t)g) < 0 along any solution trajectory in & of the
evolutionary equation (2.9) and that if I'(S(7)g) = ['(g) for some 7 > 0, then g is a steady state.

For the system (2.9), we can construct the following Lyapunov functional on the global attractor:

ro() =~ (319901 + | Flote.a) o) 279

Q
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where

Flgtt.0) - | Fg(s,2)) - dg, (g C o,

which is the line integral along the trajectory v(g) C R3 over a time interval [0,¢]. By the H*-
regularity of the global attractor ./ shown in Theorem 2.3.2, for all solution trajectories g(t) =

(u(t),v(t),w(t)) of the equation (2.9) in <7, we have

GT0) = = (90,50} - (a0 5 ) = ~llalP <0, ¢=0

If I'(S(7)g) = I'(g) for some 7 > 0, then % = 0 for almost all ¢ € [0, 7], which implies that

g(t) = g(0) so that g must be a steady state.

Moreover, we can prove the functional I" : &/ (C E) — R is continuous. Therefore, by Theo-
rem 10.13 in [56], ['(g) is a continuous Lyapunov functional and the Hindmarsh-Rose semiflow a

gradient system. Consequently (2.78) is proved. U

2.4 Global Attractors for Partly Diffusive Hindmarsh-Rose Equations

In this section we shall prove the existence of a global attractor for the partly diffusive Hindmarsh-
Rose equations (2.7) and (2.8), respectively. Note that the partly diffusive system (2.7) can be

formulated into the evolutionary equation:

B . .
5 = A9+ fg). >0
t (2.80)

g(0) = go = (ug,vo, wp) € H.

Here the nonnegative self-adjoint operator

dA 0 0
A= 0o -1 o |:DA) —H, (2.81)
0 0 —rl



where D(A) = {g € H2(Q) x L*(Q,R?) : 9g/dv = 0}, and

ou)+v—w+J

~

flu,v,w) = U(u), - HY(Q) x L*(Q,R?) — H.

q(u —c)

Another partly diffusive system (2.8) can be formulated into the evolutionary equation:

dg ~ ~
—=A t>0

9(0) = go = (uo, vo, wo) € H.

Here the nonnegative self-adjoint operator

diA 0 0
A=l 0 dA 0o |:DA) - H,
0 0 —rl

where D(A) = {g € H*(Q,R?) x L*(Q) : g/0v = 0}, and

ou)+v—w+J

flu,v,w) = W(u) — v, c HY(Q,R?) x L*(Q) — H.

q(u —c)

Below is the Kolmogorov-Riesz compactness Theorem shown in [33, Theorem 5].

(2.82)

(2.83)

(2.84)

(2.85)

Lemma 2.4.1. Let 1 < p < oo and () be a bounded domain with locally Lipschitz boundary in

R™ A subset F in LP(Q2) is precompact if and only if the following two conditions are satisfied:

1) F is a bounded set in LP({2).

2) For every € > 0, there is some 6 > 0 such that, for all f € F and y € R™ with |y| < 9,

/Q ot y)— f@)Pde <.
43



It is a convention that f(x) = 0 for x € R™\(.

Theorem 2.4.2. There exists a global attractor <7y in the space H = L*(Q,R?) for the semiflow

generated by the solutions of the partly diffusive Hindmarsh-Rose equations (2.7).

Proof. Since Corollary 2.1.3 has proved that there exists an absorbing set for each of the partly
diffusive Hindmarsh-Rose system (2.7) and (2.8), it suffices to show that the semiflow generated
by this system (2.7) is asymptotically compact via an approach different from Theorem 2.2.1, but
by means of Theorem 2.1.4 and Lemma 2.4.1.

The Laplacian operator d; A with the Neumann boundary condition generates a parabolic semi-

group et t > (0. The u-component of the solutions to (2.7) and to (2.8) is expressed by
t
u(t) = e Ay + / M=) (o(u) v —w + J)ds, t>0.
0
For 1 < p < ¢, the L? — L4 regularity of parabolic semigroup [62, Theorem 38.10] indicates that,

for space dimension n < 3,

1

e uollza < e(p, @)t flugllir,  # >0, (2:80)

Step 1. Let p = 2 and ¢ = 4 in (2.86). We have

le® A g s < T8 Jug| 2, ¢ > 0.

where ¢ is a constant. Then we see

~ t
[u()]|zs = 753%”%0” +/0 le® 2= (o (u(s)) + v(s) — w(s) + J)l|a ds, (2.87)

where p(u) = au? — bu?. From (8.16) adapted to the partly diffusive Hindmarsh-Rose equations
(2.7), we have

%(Cllw(t)ll2 +lOI* + [w®)*) + diCi [ Vu(t)]?

+ (Cullull* + [[ol* + rllwl®) < (2C2 +CT)IQl, > 0.

Set d, = min{dy, 1}. Then it holds that
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d

—(Cillu@®)|* + [lo@®)1* + lw@)I?) + dCr([[Vu@)|]? + [Jul?)

dt (2.88)
+ (lol? + rllw|?) < (2C2 + CP)|Q, t> 0.

Integrate (2.88) over the time interval [0, ¢] to get

t
/ (doCrlullZps gy + 1012 + llew]]?) ds
0

< max{Cy, 1}||gol* + t(2C> + C})|Q, t > 0.

(2.89)

di1 At

Since the Cj-semigroup e is a contraction semigroup both on L*(Q2) and H'(Q) so that

[eB A=)l 112y < 1 and ||e? 29| gy < 1, from (2.87) and (2.89) it follows that
c ! di1A(t 2 3
lu@)llzs < 2575 lluol +/0 e 2| o g2y [lau® — bu® + v —w + J|| ds
~ /1 ¢
<C (—HUOH + / (Jlau® — bu® + v — w||* + 1) ds + Jt|Q|1/2)
0 (2.90)

. t
=C (—HuoH +/ (dChllullFr ) + 0lIP + rllw]?) ds + ¢ + Jt\Q\W)
0

~ 1
e (WHQOH + max{Cy, 1} gol|2 + £(2Cs + C2)|Q| + ¢ + Jt\Q‘l/z) , >0,

where C' > 0 is a constant. Take ¢ = 1 in (2.90) and we can confirm that for any given bounded

set B C H and any initial state gy € B, it holds that
lu(le < C (1B Il +max{Cy, 1} || B [II* +(2C5 + CF)[Qf + 1+ J|Q[/?) (2.91)

where ||| BJ|| = supgep [|90]l-

The uniform boundedness (2.91) allows us to use and adapt the trajectory-wise estimates in
Theorem 2.1.4. From (2.24), (2.25) and the fact that %(Qp + 2) = 2 for p = 2, we can improve the
inequality (2.26) for this system (2.7) and get
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= —|lu(t)||74 + 3dy ||[uVul|* = /[au5 —bu® + (v —w+ J)] dx
Q
1
< Cy(a®+ C, + 20| - §/ b dz + —/(02(75,;5) +rul(t, 7)) da
4 Jo 4 Jo
3 (2.92)
< Cy(a® + Cp + )| + [lo()))* + rllw(@)]] — 1 / bu® dx
Q
<y +Cp+ T)Q| + Ky — Z/qudx, > T+ 1,
Q

because Corollary 2.1.3 shows that for any bounded set B C H there is a time 75 > 0 such that
fort > T, ||v(t)]|* + ||w(t)||? is uniformly bounded by K given in (2.20).

1 1 1
—/buﬁdarz —/u4dx——|Q|.
4/, 4/, 4D

Note that

Then from (2.92) we obtain
d 4 4 6
E”“@)HL‘* + [Ju(t)]|74 + 20 Qu de <K, t>Tp+1, (2.93)
where
1
K= <4Cb(a6 +Cp+ JH) + 5) Q| +4K;.

Apply Gronwall inequality to (2.93) without 2b fQ u® dx and use (2.91) to get

lu(®)[1a < eV ju(1)|[4s + K
2 , (2.94)
<C (1B || +max{Cy, 1} | B +(2C; + CD)|Q] + 1+ J|Q/%)" + K

fort > Tg 41 and any gy € B. Moreover, integrating (2.93) yields the following important bound
to be used a little later: Fort > 15 + 1,

t
1
/ o (=) / (s, ) drds < — (u(Tp + 1[4 + K)
- : 2%

(2.95)
1 ~
< 2% <O4(|||B Il + max{Cy, 1} ||| B |||2 +(2C5 + 012)|Q| +1+ J|Q|1/2)4 n 2K> '
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The inequality (2.94) shows that, for any given bounded set B C H,

U ( U u(t, )) is a bounded set in L*(9)

t>Tp+1 \go€B

so that, by the compact embedding L*(Q2) — L2(Q2) and L*(Q) — L3(Q),

U ( U u(t, )> is a precompact set in L*(€2) and in L*(12). (2.96)
t>Tp+1 \go€B

Step 2. It remains to prove the precompactness of the two component functions v(¢, z) and w(t, x),
which satisfy the ordinary differential equations in (2.7). By the variation-of-constant formula for

the solutions of ODE, we have

v(t,x) = e up(x) + /t e~ (a — Bu?) ds
0

t
<a+4etvg—p [ e HuE(s,x)ds,
~ (2.97)

w(t,x) = e "wy(r) + / e g(u — ¢) ds
0

qlc| t ' t
< — 4 e "Mwy + q/ e " =y(s, x) ds.
r 0

By Lemma 2.4.1 and (2.96), for any € > 0, there is some J > 0 such that, for any given bounded
set B C H and all gy € B, and for y € R3 with |y| < 4, it holds that

/ lu(t, +y) —ut,x)|*de < &%, forall t >Tg+1. (2.98)
Q

Consider (2.97) on the time interval [T + 1, 00). Using the Holder inequality we can infer that,

forany t > T's + 1 and any gy € B,

/ lu(t,z +y) — v(t,z)*de = e~ TB"1 / [o(Tp + 1,2 +y) —v(Tg + 1,2)* dz
0 Q

t
+ e (=) / (s, z +y) — u?(s,2)|*deds < 2T |o(Tp + 1) |
Tg+1 Q

t

+8 [ e / [u(s, x +y) = uls, @) *luls,x +y) + u(s, 2)[* dz ds
Tp+1 Q
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<2e T |1y (Ts 4 1) |2

t
+ »3/ e (uls, @+ y) —uls, )| oz | (u(s, @+ y) + uls, 2))?| s ds
Tg+1

<2e TED|y(Tp + 1)

t

+ 248 e Nuls, w +y) —uls,2)|[7s (luls,z + y)|7s + [luls, 2)[176) ds
Tp+1 (2.99)
<27V (T + 1)
t
+48p e u(s, w +y) = ult, )| Zalluls, )76 ds
Tp+1

<2 e*(t*TBfl)Hv(TB +1)|?
t

+ 480 e lu(s, x +y) —ult, )| s (lluls, 2) 3o + 1) ds
Tp+1

where in the last step of the above inequality, we used Young’s inequality

1 2
s, Mze < glluls, zs + 5 < lluls,)llze + 1.

By (2.95), (2.98) and (2.99), for any € > 0, there is some 6 > 0 such that, for any given bounded

set B C H and all gy € B, and for y € R3 with |y| < §, we have

[ ot +9) - vit.0)Pds
Q
t
<2e T (T + 1)||> + 483 e~ (t=9) g2 (/ u(s, s)®dw + 1> ds (2.100)
Tp+1 Q
=2 TV | y(Tp + 1| +48 B2 (K* +1), t>Tp+1, go € B,

where the constant /K" is given by the right-hand side of (2.95),

1

K* =
2b

(CHUB I +max{Cy, 1} || BIP +2C + CHIQ| + 1+ J|Q]'2) +2K)

Moreover, there exists a time

€2
T™(B)=T 141 —_—
(B) B+ 1+ log, (4[(1)
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such that
2¢~ T D|o(Tp + 1)|*> < €2, fort > T*(B),

where K is given in (2.20). It follows from (2.100) and (2.101) that
/ lo(t,z +y) —v(t,z)Pde < [1 +48 B(K* +1)]e*, t>T*(B), go € B.
Q

Since € > 0 is arbitrary, by Lemma 2.4.1, (2.112) demonstrates that

U ( U u(t, )> is precompact in L*(€2).

t>T*(B) \go€B

(2.101)

(2.102)

(2.103)

Similarly, by Lemma 2.4.1 and (2.96), for any € > 0, there is some ¢ > 0 such that, for any given

bounded set B C H and all gy € B, and for y € R3 with |y| < 4, it holds that
/ lu(t,x +y) —u(t,z)|*dr < *, forall t > Tg +1,
Q

and we can show that, for any gy € B,

[ttt +9) — wit. )P
Q
t

Szer(tTB1)Hw(TB+1)H2+q/
Tg+1

e~T(t=) / lu(s, z +y) — u(s, x)|*dv ds
Q

<(1+4) e 1> 7(B),
T

where

~ 1 82
T(B):TB‘i‘l“‘;lOge 4—[(1 .

(2.104) shows that

U < U w(t, )) is precompact in L?().

t>T(B) \Jo€B

Finally, put together (2.96), (2.103) and (2.105). Then we see

U ( U g(t, )) is precompact in H.

t>max{T*(B),T(B)} \90€B
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Therefore, the solution semiflow generated by the system (2.7) is asymptotically compact. By
Proposition 1.3.7, there exists a global attractor .7, in the space H = L?*(Q, R?) for the partly

diffusive Hindmarsh-Rose equations (2.7). [

Theorem 2.4.3. There exists a global attractor </ in the space H = L*(Q,R?) for the semiflow

generated by the solutions of the partly diffusive Hindmarsh-Rose equations (2.8).

Proof. Corollary 2.1.3 with do||Vv(t)||? added to the right-hand side of (2.22) shows that there
exists an absorbing set in H for this system. The proof of the asymptotic compactness of the u-
component functions and the w-component functions for this system (2.8) is the same as in the
proof of Theorem 2.4.2.

Thus it suffices to show the asymptotic compactness of the v-component functions for this sys-
tem. Since Theorem 2.1.4 and (2.41) already proved the v-absorbing property for each individual
solution trajectory,

limsup ||v(t)||74 < Ko, forany gy € H, (2.107)

t—00
we need only to show that for any given bounded set B C H and all the initial states gy € B,
the bunch of v-component functions of all these solutions ¢(t, go) admits a uniform bound in the
space L*(f2) at the unified time point ¢ = 1. This will be the counterpart to (2.91) in the proof of
Theorem 2.4.2.

According to (2.86), here we have

do At

le® Aol s < Tt 5 ol g2, >0,

where ¢ is a constant, and

t
&
lv(t)]|zs = o | vo| +/ |e22T=9) (o — Bu?(s))||pa ds, t > 0. (2.108)
0

Set d, = min{dy, do, 1}. Adapt (2.22) to the following inequality

d
—(Cllu@®I + @I + [lwOIF) + &.Cr(IVull* + ul”)
(2.109)

+ d (|Vo[]2 + ||v]|?) + r|w]? < (2C, + CH)|Q, > 0.
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Integrate (2.109) over the time interval [0, ¢] to yield
¢
/ (d«(Cullullip @) + WllFn @) + rllwll?) ds < max{Cy, 1} ||| B[|* +t (2C2 + CD)|Q| (2.110)
0

By the fact that L*(€2) and L5()) are continuously embedded in H(12), it follows from (2.108)
and (2.110) that, for ¢ > 0,

lo(®)]zs <

t
¢
< 55 voll + at |2 + ﬁ/ |e2A0E=9)42 ()| 14 ds
0

~ t
¢ —8
< soslloll + a2 4 5 [ a1z ds
0
~ t
C
= mH’UOH + at ’9’1/2 * B/ “edzA(tis)H[/(L{Lzl) H'LL(S)H%A dS (2111)
0

t
¢ —S
< Y l|vol| + at |Q? + B/{/ ||ed2 A )||L(H1) ()3 ds
0

< 12 BE
< oo 1Bl +atlote + P2

*

(max{Cy, 1} || B [II* +¢(2C2 + CT)I€) .

do At

where x > 01is the H! — L* embedding constant and e is a contraction semigroup on H'(().

Take ¢ = 11in (2.111) and we reach a uniform bound

_ Bk Br
sup [o(D)s < (4 e (max{Cy 1)) 11 Bl +alf2 + 72 2Co +
goEB * 1 U1

for any given bounded set B C H and all gy = (ug, vg, wy) € B. Now the bunch of v-component
functions at time ¢ = 1 of all these solutions are uniformly bounded in the space L*(Q2). Then
the subsequent proof for Theorem 2.1.4 remains valid here and shows that there exists an bounded
absorbing set in L*(§2) for the v-component functions of all these solutions started from B in H,

which in turn shows that by the compact Sobolev embedding,

U ( U v(t, )) is precompact in L*(€2). (2.112)

t>T*(B) \go€B

The proof is completed. 0

51



Chapter 3

Exponential Attractor for Hindmarsh-Rose Equations in Neurodynamics

Note to Reader
This chapter has been accepted for publication in Journal of Applied Analysis and Computation,

2020, and has been reproduced with permission from the journal.

In this chapter, we shall explore the existence of an exponential attractor for the dynamical sys-
tems generated by the diffusive Hindmarsh-Rose equations (2.1)—(2.6) with the same assumptions

as in Chapter 2.

3.1 Formulation and Preliminaries

The formulation of the initial-boundary value problem (2.1)—(2.6) is the same initial value problem
(2.9) with (2.10) and (2.11). The existence of a global attractor for the solution semiflow of (2.9)
has been proved in the previous chapter.

Note that global attractor for an infinite-dimensional dynamical systems generated by evolu-
tionary PDE may exhibit slow rates and complicated behavior in attraction of solution trajectories.

Here we investigate the existence of exponential attractor, the notion introduced in [23].

Theorem 3.1.1. For any given bounded set B C H, there exists a finite time 'z > 0 such that for
any initial state gy = (ug, v, wo) € B, the weak solution g(t) = S(t)go = (u(t),v(t), w(t)) of the

initial value problem (2.9) uniquely exists for t € [0, 00) and satisfies

[(u(t),v(t), w(t)|s < Q, for t>Tg, (3.1

where () > 0 is a constant independent of any bounded set B in H, and the finite Tz > 0 only

depends on the bounded set B.
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Definition 3.1.2 (Exponential Attractor). Suppose that X is a Banach space and {S(¢)}:>0 is a
semiflow on X. A subset & C X is called an exponential attractor for this semiflow if the following
three conditions are satisfied:

1) & is a compact in X with a finite fractal dimension.

2) & is positively invariant with respect to the semiflow {S(¢) }+>¢ in the sense

S(t)& C & forall t> 0.

3) & attracts all the solution trajectories exponentially with a uniform rate ¢ > 0 in the sense

that for any given bounded set B C X there is a constant C'(B) > 0 and
distx (S(t)B,&) < C(B)e ", t>0.

If there exists an exponential attractor & (may not be unique) as well as a global attractor o7 for

a semiflow in a Banach space X, then it is always true that

o C 8.

Consequently, the global attractor must have a finite fractal dimension as a subset of the exponential
attractor.

There are two approaches in terms of sufficient conditions for construction of an exponential
attractor. The first approach is the squeezing property which was introduced in the book [23]
and expounded in [51]. The second approach is the compact smoothing property introduced by
Efendiev-Miranville-Zelik [24, 25]. Conceptually, the two properties are essentially equivalent
when the phase space is a Hilbert space. From the application viewpoint, the squeezing property
fits more to the semilinear reaction-diffusion equations. The second approach has been exploited
in proving the existence of exponential attractors for quasilinear reaction-diffusion systems [75].

The following definition of squeezing property [44, 51] for a mapping means that either the
mapping (which can be s snapshot of a semiflow at any time ¢*) is a contraction or that higher

modes are dominated by lower modes.

Definition 3.1.3 (Squeezing Property). Let H be a Hilbert space and {S(¢) };+>0 be a semiflow on
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H whose norm is || - ||. Let S = S(¢*) for some fixed t* € (0, co). If there is a positively invariant
set Z C H with respect to this semiflow and there is a constant 0 < ¢ < 1 and an orthogonal

projection P from H onto a finite-dimensional subspace of PH C H , such that either

|Su— Sv|| < 6llu—wvl||, foranyu,ve Z,

or

(I — P)(Su— Sv)|| < ||P(Su— Sv)|, foranyu,ve Z,

then we say that the mapping S has the squeezing property and the affiliated semiflow {S(¢)}:>0

has the squeezing property on the set Z.

Definition 3.1.4 (Fractal Dimension). The fractional dimension of a bounded subset ./ in a Ba-
nach space is defined by

. , log N.[#]
dim; # = limsup ————
f a_>0+p log(1/¢)

where N.[.#] is the infimum number of open balls with the radius ¢ for a covering of the set ..

The following theorem states sufficient conditions for the existence of an exponential attractor

with respect to a semiflow in a Hilbert space. Its proof is seen in [51, Theorems 4.4 and 4.5].

Theorem 3.1.5. Let {S(t)}+>0 be a semiflow on a Hilbert space H with the following conditions
satisfied:
1) The squeezing property is satisfied for S = S(t*) at some t* > 0 on a nonempty, compact,
positively invariant, and absorbing set M C H.
2) For all t € [0,t*], the mapping S(t) : M — M is Lipschitz continuous and the Lipschitz
constant K (t) : [0,t*] — (0, 00) is a bounded function.
3) For any g € M, the mapping S(-)g : [0,t*] — M is Lipschitz continuous and the Lipschitz
constant L(g) : M — (0, 00) is a bounded function.
Then there exists an exponential attractor & in the space H for this semiflow. Moreover, for any

0 € (0,1), the fractal dimension of the exponential attractor & has the estimate

(3.2)

dimp (&) < N max {1, log(2v/2L/6 + 1) }

—log @
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where N is the rank of the spectral projection associated with the squeezing property of the map-
ping S(t*) and L is the Lipschitz constant of the mapping S(t*) on the positively invariant absorb-

ing set M.

3.2 Squeezing Property for Reaction-Diffusion Systems

The approach to proving the squeezing property for an evolutionary PDE is to study the difference
of two solutions, w(t) = g(t) — h(t), and conduct estimates to bound the time derivatives of the
lower and higher modes, d|| Pw||/dt and d||Qu||/dt.

Consider a general system of reaction-diffusion equations in the form of an evolutionary equa-
tion on a real Hilbert space H = L?(2, R%), where the higher dimensional 2 C R%(d > 3),is a
bounded Lipschitz domain,

dg

I +Ag = f(9) (3.3)

where f € C'(R? R?) is a nonlinear vector function and the differential operator A : Z(A) — H
is a densely defined, nonnegative self-adjoint operator with compact resolvent so that its spectrum
consists of a nonnegative sequence of the eigenvalues {\,,} with finite multiplicities for \,, > 0

and \,,, — oo as m — oo.

Assume that the weak solution g(t) of the evolutionary equation (3.3) exists on the time interval

[0, 00) for any initial data gy € H, such that

g€ C([0,00), H)N L2 ([0, 00), E) (3.4)

loc

where E = H'(Q2, R?) whose norm is defined by ||u||% = ||Vu||*+ ||u||?. Suppose that there exists

a positively invariant, closed and bounded set M/ C E for the solution semiflow such that

1/(9) = f(@lln < Cllg—gllg, forany g.ge M, (3.5)

where the positive Lipschitz constant C' = C'(M) > 0, and

(fl9) = f(@),9—9)u <C*|lg—gll3. forany g,ge€ M, (3.6)
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where C* > 0 is a constant independent of M.

Let the complete set of the orthonormal eigenvectors of A : Z(A) — H associated with the
eigenvalues {)\;} (each repeated to the respective multiplicity) be {e;}, Ae; = M\e; and \; <
Aiy1 — oo. Let P, : H — Span {ey,...,e,,} and Q,,, = I — P, be the orthogonal spectral

projections. Then

m >
||p||E=<Z|p,ek|Ak> < (Mi+1)llplla.  pePH,

k=1

lalle = ( Z |<q7€k>|2)‘k) <)‘2+1 + ) lalla, g€ QH,

k=m-+1

where we briefly write P = P, and Q = Q,,, = [ — P,,.
We now prove a theorem on the squeezing property for the abstract reaction-diffusion equation

(3.3) on a higher dimensional bounded domain.

Theorem 3.2.1. Under the assumptions (3.4), (3.5) and (3.6), there exists an integer m > 1
sufficiently large such that the squeezing property is satisfied on the compact, positively invariant
and bounded set NI C H with respect to the projection mapping P = P,, for the solution semiflow

of the reaction-diffusion system (3.3).

Proof. For two solutions ¢(t) and h(t) of (3.3) in the positively invariant set M, the difference
£(t) = g(t) — h(t) satisfies the equation
dg

A= 9~ F), 120, G

Write p(t) = P&(t) and ¢(t) = Q&(t) so that £(t) = p(t) + ¢(t) is an orthogonal decomposition
of £(t). Note that the closed and bounded set M C E in the assumptions (3.5) and (3.6) must be a
compact set in the space H.

Step 1. Take L? inner-product ((3.7), p(t)) and note that AP = PA on 2(A) and P? = P. We

have

1d

S + 18I = (£(9) = £(R),p) = ~Clellellpll = —CO + gl
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due to the Lipschitz condition (3.5). Then

1d 1
57 @I = =Awllpll® = CO + D(lIpll + llal) 12l
2dt
(3.8)
= —(An + COG + )PP = CNG + 1) pllllall-
On the other side, we take the inner product ((3.7), ¢(¢)) and obtain
1d 2 2 3
5 laOI” < =Amallall” + CAn + 1)(lpll + llalDll4l
2dt
(3.9)
< (A = COG A+ D)all® + COw + DlIpll 14l
We choose m sufficiently large such that
A — COML +1) > 2C(A2 + 1. (3.10)
Let S = S(1) for t* = 1. Then either
(I = P)(Sg = Sh)|| < [|[P(Sg = Sh)[l, e gD < llp(D)];
or otherwise
(I = P)E)[| = Q€[] > |1PEL)[, ie. [q(@)]| > [[p(L)]- (3.11)
Below we consider the case that (3.11) occurs. By the choice (3.10), we have
(Am = C(AR + D)QEM) > 2C (A% + 1)[[PE(D)]].
Namely,
(Am = C(A5 + ))lgM)]| > 2C (A + 1)[[p(1)]]- (3.12)

The continuity of £(¢) in H implies that the strict inequality as above holds for ¢ in a small neigh-

borhood of ¢* = 1. There are two possibilities to be considered.
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Step 2. The first possibility is that
1 1
(Am = CAR + D) la(@)]] > 2C (A5 + Dp(@)]] (3.13)
holds for all ¢ € [%, 1} . Then

O = COZ + D)@ = COE + D) [p(2)]
(3.14)

> 50 = COR+ D)la()] > 2 a(o),for 1€ [1/2,1],

DN | —

where we used (3.12) in the first inequality and (3.10) in the second inequality of (3.14). Then
(3.9) becomes

< -2 aallal, e/

dt q —_ 3 m q Y ) *

Integrating this inequality over the time interval [%, 1], we obtain
lg(L)I* < e [lq(1/2)].
Since [[£(1) 1> = [lp(D)|* + |lg(1)|* < 2]|¢(1)||* due to (3.11), it infers that

lE@I < V2 g < V2e/lq(1/2)]] < V2em€(1/2)]). (3.15)

On the other hand, taking the inner product ((3.7), £(t)) and using the monotone property (3.6), we

can get

1d

d
57 IE1° < ZIEIP +IVEIP < (F(9) = f(R), g = h) < C7llg = Al = C7€]|*.

Integrate the above inequality over the time interval [0, ¢], we get

lg(t) = h(t)I < e

go — hol|, forany t > 0. (3.16)

It yields, in particular,
le@/2)ll < e g )], (3.17)
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Then (3.15) and (3.17) give rise to the inequality
1S90 — Sholl = [[S(1)go — S(Dhol| = [IED)[| < 5[I£O0)]| = 6]lg0 — ol (3.18)

with
0<d=v2e 0072 <1 (3.19)

provided that m is large enough so that \,, is large enough. Thus it is proved that for this first
possibility the squeezing property is satisfied by the mapping S and by the solution semiflow
{S(t) }+>0 of the reaction-diffusion system (3.3).

Step 3. The second possibility is that (3.13) does not hold for all ¢ € [1/2,1]. Then there is a

time % <ty < 1 such that (3.13) is valid for ¢ € (¢, 1] and

(O = COZ + 1) lalto)]| = 2C(AZ + D)p(to)]. (3.20)
Define a function
¥(0) = (001 + 191D exp (1) EE

where C,,, = C(AZ + 1). From (3.8) and (3.9), since 32 |p(t)||* = |lp(t)[|%||p(t)|| and similarly

for ||q(t)|, we have
d ; ;
2P0 = =+ CAR + )Pl = C(An + 1)llll,
d 1 1
gl = = = C + D)l + COm + Dllpll

Then

Gy o[ dalal ][4 4 (Al
g ) = e [Cmmpu n ||q||>] ldt“‘p” Flall)+ el =+ el <Cm<up|| " ||qr|>)} '

Since the exponential factor is positive, in order to know the sign of the derivative %@(t), we only
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need to estimate the second factor on the right side of (3.22):

S+ el + 1ol -+ ) 5 (52l

o+ Tl

d A\ d Al ( d )
= ol + = llall + == — el + —llq
o1+ lall+ 5 Zlall = s (ol + ol

d Ao Al } d { Anllgll }
=—lq|| |1+ =5 — — =P —1
at ! [ G~ Cnllpl + el ) ~ @V | tiloll = Tl

d Am2]| d Al
=—|Q|{1—|— — —|Ipll —1
al | E el ran) ~ @ Pl e+ Ten

< (=(Am — C)llgll + Cullpl) [1 + cmﬁ;ﬂ@uqu)]
+ (A + Co)lIpll + Crallall) {om<ﬁ§|l|i|l||q||> - 1}

Aml|p||?
Il + llall

A — Co) 2l 4l

= — (A —Ch —
( Mall = ==& T = 1al)
DO+ Co) 114

Con([Ipll + llall)

+ Collpll +

Al |
— (A + Co)llpll + == — Cllqll
Il + llall

2mllplllall | Amllpl®* | AmllglP
Il gl el +flall flpll + 4l

Am (21 + [lgll* + 2[lp [ 14l
12l + [lgll

= = Amllgll = Amllpll +

= — Anllall = Anllpll + =0.

Hence we obtain

d
pr O(t) <0, fort e [ty,1].

It follows that
O(1) < P(ty).

Att =1, [qD)| = Q)| > |PE(L)|| = |[p(1) by (3.11). Then from (3.21) we see that

o(1) > a0l exp (5 ) = lawlen e,

At t = tp, (3.20) indicates that

(Am = Ca)llg(to) | = 2Cn[p(to) |
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and then

2Cn([lp(to) | + llg(to)[) = (Am + C)llg (o) I

Thus,

(tg) = 50

2\,
ot ex (227 320

Note that ¢y € (1/2,1]. Put together (3.24), (3.25) and (3.26). We use the Lipschitz continuous

dependence on initial data to obtain

A, m
< _lm < _Lm
Ja()] < exp (55 ) 20) < exo (52 ) 8t
A \ Ao+ O N,
< — .
<o (50 ) M ew (5 ) law)l
(3.27)
< _ Am ) At G *{la(to) |l
SO\ "0 ) T, ¢ 114t
A \ Am +Cn 5
< — .
<o (50 ) 2220 el

—At

By using the Lipschitz condition (3.5) and the fact that e™*" is a contraction semigroup, we can

deduce that

IEDI < lle™ e 1€0)] +/ e eI £ (g(s)) = f(h(s))] ds
0 (3.28)

<€) + / Cllg(s) — h(s)]z ds < JEO)] + / Cllé(s) | ds, ¢ 2 0.

Then the Gronwall inequality applied to (3.28) shows that
IE@I < 11O, > 0.

Substitute this inequality at ¢ into (3.27) to obtain
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An Y A+ Cm 5 A N A+ Cn o940
< — < — .
ol < exp (- 52 ) 2555 et < exp - 55 ) 2555 2 o))
Since ||p(1)]| < ||g(1)||, we end up with
A\ A+ Cm o940
< — .
6l < VE exp (- 32 ) 225 e

For m sufficiently large, we can assert

_ Am N Am +Cm o400
0<(5—\/§exp(—20m) YoM e

% (Afm + 1) exp (— /\+> 20 < 1.
20(\5 +1) 2 2C0(\% + 1)

We have proved that
1590 = Sholl = [IEVI < 6l[€O0)]| = dllgo = holl,  forany go, ho € M. (3.29)

Finally (3.18) and (3.29) show that, in any case as in Step 2 and Step 3, if the spectral number m
of the finite-rank orthogonal projection P, on the space H is chosen to be large enough, then the
squeezing property holds for the Hindmarsh-Rose semiflow {S(t)}:>o generated by the equation

(3.3) on this compact, positively invariant and bounded set M C H. The proof is completed. [

3.3 The Existence of Exponential Attractor

In this section, we prove the main result on the existence of exponential attractor for the solution
semiflow of the diffusive Hindmarsh-Rose equations. We start with the squeezing property stated
Theorem 3.2.1 and check its two conditions (3.5) and (3.6) are satisfied by the Hindmarsh-Rose

semiflow.

Lemma 3.3.1. Under the same assumptions as in Theorem 2.2.2, the Nemytskii operator [ defined

by (2.11) satisfies the E to H Lipschitz condition
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on any given positively invariant and bounded set M C E, where Cz(M) > 0 is a constant only

depending on M. Moreover, f satisfies the monotone property that there exists a constant C* > ()

independent of M and

(f(9) = f(@).,9—3) <C*|lg—gl*>, forany g, g€ M.

(3.31)

Proof. First we prove the claim (3.31). For any g = (u,v,w) and § = (4, 9, w) in the set M and

denote the three components of f by f1, f2, f5. For the first component f;, we have

(fi(g) = f1(9), v — 1)
= (fl(u,v,w) - fl(a76>ﬁ))>u - ’&>

(p(u) —@(u),u —a) + (v —0,u—1a) + (w—W,u—u)

IN

(u* — @, u — i) — b{u® — @,
<a/ u(z) — a(z)]*(u(z) + a(x)) do + lu—a|* + v — 0[] + [Jw — @
iy /Q () — () [2(3(x) + u@)i(z) + i) de

2 2
< 2 [ Jute) = i) ot = P+ o = 5 + o0 =
Q

-1 [ o) = @) P (@) + 0 do

where we used

>4>|0~

a(u(z) +v(z)) < 7(u*(@) + @(2)) + =~

For the second component f,, we do the estimate
<f2(g) - f2<§)7v - 6> = <f2(uav7w> - fQ(a767U~])vv - 17>
— (@), v — o) + [lv —o|?
—B/ (u(z) + a(z))(v(z) — 0()) dx + lv — 0|
~ 2 252 ~112 ~112
/|u 2)Plu(z) + (@) de + 2o — ol + o — o]

<3 /Q [u(e) — () P(u?(z) + @3 (x)) da + (1 - %2) o — o
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For the third component f3, we have

<f3(g) - f3<§)7w - ﬁ)> - <f3(u7vaw) - f3(ﬂ71~),u~)),w - UNJ>
(3.34)
<qllu —all|lw — @] +rllw —@|* < gllu —al* + (g + ) |w - @]*.

Summing up (3.32), (3.33) and (3.34), and two integral terms with plus and minus signs respec-

tively on the right-hand side of (3.32) and (3.33) being cancelled out, we obtain

(f(9) = £(9).9 —9) = (fi(9) = f1(9),u — @)

+(/2(9)

(1

2a

b

25° . _ _
(14 25 ) o= P al = alP + (a7 —

9),v=0) +{f3(9) = fs(9), w — W)

£(3)
) = a2 + o — 812 + Jw — @]

(3.35)
2&2 2
— (1+q+7) lu— alf? + (2+%> lo =5[> + (1 + g+ 7)l|Jw — B
<O (Jlu—al* + v = 0* + lw — @|]*) = C*[lg — gII*
Thus the inequality (3.31) is satisfied by f on the set M with a uniform coefficient
20> 232
C*—max{1+q+%,2+%,l+q+r}. (3.36)

Next we prove the £/ to H Lipschitz condition (3.30) of the Nemytskii operator f. Due to the
Sobolev embedding £ = H'(Q,R3) — L5(Q, R?) — L*(Q, R?), there are positive constants

and 05 such that
Il < il llme and |- L) < dof - @)
Since M is an invariant and bounded set in F/, we define
Ny = max[|uf[zs,  Np = max[luf|e.
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Then we obtain

1f ()= F @7 = 11£:(9) = F1@IF + 1 f209) = L@+ llfs(9) — f5(@)I?

< (allu® = @] + bl|u’ — @[] + [lv = B + [Jw — @)
+(Bllw® = @] + [lv = o1)* + (qllu — @]l + rllw — @)
<da’u? — @) + 0w’ — @) + flo = 0" + [lw — @|*)
+2(8%[w® — @ * + v = 8%) + 2(¢*[lu — @||* + r*lw — @|*)
= (4a” +26°)[|lu® — @*[|* + 4b%[|w® — @°|)* + 2¢7[|u — a])”

+ 6[jv — ||* + (4 + 2r?)||Jw — @|*.

Note that Holder inequality implies

e — @) = |[(u - @) (u+ D) = /|u (@) lu(e) + a(@)[? da

<l — allfallu+ )7 < 46 NFllu — al| 7 g
and

[ = @?]|* = | (u — @) (w” + it + @)* ]

— [ luta) = a(@) Pl (@) + uloale) + () da

(/|u s |6dx) (/|u +uz)i(z) + €L2(:L‘)|3dx)2/3

= llu—al[fsllu® +uit + @75 < 403]|u — allf [12u” + 20|75

< A03]|u —allzp - (Allullzs +Allalze) < 3285 Nyllu — a7 q)
Substitute the above two inequalities into (3.37). We obtain

1£(9) = F@N7 < (407NF (4a” + 25%) + 1285°05 Ny + 2°) ||u — [l o

+6lv = 0lf* + (4 +20°) [lw — @],
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which shows that (3.30) is valid with the constant C'g (M) > 0 given by

Cr(M) = \/max {45 N7 (4a? + 262) + 1281263 N} + 242, 6, 4+ 22},

The proof is completed. O

Finally we prove the main result on the existence of an exponential attractor for the Hindmarsh-

Rose semiflow {S5(¢) }+>( generated by the Hindmarsh-Rose evolutionary equation (2.9)

Theorem 3.3.2. Under the same assumptions as in Theorem 2.2.2, there exists an exponential
attractor & in the space H = L*(Q,R?) for the Hindmarsh-Rose semiflow {S(t)}i>o generated by

the weak solutions of the diffusive Hindmarsh-Rose equations (2.9).

Proof. The following steps will check all the three conditions stated in Theorem 3.1.5 are satisfied
for the diffusive Hindmarsh-Rose equations (2.9).

Step 1. First we show that there exists a compact, positively invariant and absorbing set M C H
for the Hindmarsh-Rose semiflow {S(t)}:+>o such that (3.5) and (3.6) are satisfied. Then according
to Theorem 3.2.1 the squeezing property is satisfied for the mapping S(t*) at t* = 1 on this set M.

Theorem 3.1.1 has shown that the closed and bounded ball Bg(()) centered at the origin with
radius @ > 0 in the space £ = H'(Q,R?) is an absorbing set for this semiflow. We can easily

verify that the set

M= |J S(t)Bg(Q) (3.39)

0<t<T*
is a compact, positively invariant and absorbing set in the space H for this semiflow, where 7™ =
T*(Bg(®)) is the permanently entering time for the solution trajectories starting from the ball
Bp(Q) into itself, as indicated in (3.1). By the boundedness of M in the space E and the compact
embedding £/ — H so that the cylinder [0, 7*] x Bg(Q) is a compact set in R x H and by the fact
that the function

v(t,g) = S(t)g is continuous on [0,7] x Bgr(Q). (3.40)

These two facts infer that the set M is a compact set in H.
In Lemma 3.3.1 it has been shown that the nonlinear mapping f(g) given in (2.11) satisfies

the Lipschitz continuous condition (3.5) and the monotone condition (3.6) on this set M given in
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(3.39). Moreover by the continuity of the functions (¢, g) in (3.40), we see that
G =max{[[v(t, 9)[|p : (t,g) € [0,T7] x Bp(Q)} < oco. (3.41)

Thus we can apply Theorem 3.2.1 with its proof to confirm that the squeezing property is satisfied
by the mapping S(t*) at t* = 1 so that the squeezing property is satisfied by the Hindmarsh-Rose
semiflow {S(t)}+>0 on this set M in H. Therefore, the first condition in Theorem 3.1.5 is satisfied
by the Hindmarsh-Rose semiflow.

Step 2. Next we show that, for the Hindmarsh-Rose semiflow and for any ¢ € [0,¢*] = [0, 1],
the mapping S(t) : M — M is Lipschitz continuous in H and the associated Lipschitz constant
K(t) :[0,1] — (0, 00) is a bounded function.

For this purpose, consider any two gy = (ug, v, Wo), go = (o, Vo, W) € M and the solutions
g(t) = S(t)go and g(t) = S(t)go for t € [0,1]. Then h(t) = g(t) — g(¢) satisfies the equation and

the following initial condition,

dh
(3.42)

h(0) = ho = go — Go-
The three component functions of h(t) = (U(t), V (), W(t)) can be estimated as follows. First,

1d

SO+ [VUIR = (fi(9) = (3), u— @)

= ((p(u) — (@) + (v —0) = (w - D),u — W)
:/Q(a(uQ—'&Q)—b(u3—113)—|—(v—17)—(w—1b))(u—ﬁ)dm
:/(a(u—ﬂ)2(u+1])—b(u—ﬂ)2(u2ﬁ+uﬂ+ﬂ2))dx
a (3.43)
+/Q((U—f1)(u—ﬁ) — (w—w)(u—a))dx
< /Q(u —@)? [a(u+ @) — b(u® + vt + @*)] dx
+ [lu = afl (lo — o]l + lw — @)

< /(u —@)? [a(u+ @) — b(u® + vt + @°)] dz + 2[|g — g|?
Q
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and by Young’s inequality we have

a(u 4 @) — b(u? +ut + @°) = [a(u + @) — bud] — b(u? + @*)
b a? b a’ b b 20>
< (22,4 O.p  a” O 42 — b+ 2) < — (2 + i) 4+ 2%
_<4u+b>+<4u+b)+2(u+u) b(u” + a*) < 4(u—|—u)+b
It follows that

HUW U + 2d4|[VU|J*

- dt‘
b 2a?
§2/(u—ﬁ)2 (—Z(u2+ﬂ2)+%) dr +4|g — g||?
Q

~\2 b 5 o 4a’ ~ 12 <112
< [ (=0 (5 + @) do+ = fu—alP + 4y — g
Q

< _g/Q(u—a)2(u2+a2)dx+4<1+ ) W

Similarly, for the second and third components of h(t) = g(t) — g(t) = (U(t), V(t), W (t)), we get

(3.44)

LI < Dy 2l VIR < 200(0) — ()~ (0~ 5.0~ )
:2/9(—5@2—@2)—(@—@)) (v — ) da

§2/Q(—B(u—ﬂ)u(v—f)) — Blu—w)a(v — v))dx (3.45)
g/ﬁ(b%(u—~) +b%(u—u) )dx—i—%“v—ﬁw

3 |+ )0 da s AP

IN

and

HWH2 HWH2 +2d3|| VW < 2{q(u — @) — r(w — @), w — )

=

_ 2/ (q(u — @) — 1w — ) (w — ) da (3.46)
Q

<qllu — a||* + (g + 2r)[Jw — @|* < 2(q +r)||h]*.

Add up the inequalities (3.44), (3.45) and (3.46) with a cancellation of the first terms on the right-
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most side of (3.44) and (3.45). Then we obtain

d o _ d 2 2 2 2

SR = (W1 + [VIE -+ [W)2) < Cllal?, t>0, (3.47)
where C, is a positive constant given by

2
(J*:4<1+§+%) +2(q+r).

Solve the differential inequality (3.47) to get

lg(t) = g(@)|l =A@l < =2 [nO)]| = K (B)llgo — Goll, =0, (3.48)

where K (t) = e©+/2 € [1,e“*/?] is a bounded function on the time interval ¢ € [0,*], t* = 1. The

claim at the beginning of this step is proved.

Step 3. Finally we show that for any given g € M the mapping S(-)go : [0,t*] = [0,1] — M
is Lipschitz continuous and the associated Lipschitz constant L(gy) : M — (0, 00) is a bounded
function.

For any given gy € M, since the weak solution S(¢)go, ¢ > 0, is a mild solution for the evolu-

tionary equation (2.9), we have

t
S(t)go = eMgo + / e f(g(s, g0)) dt, >0, (3.49)
0

where the operator A and the nonlinear mapping f are defined in (2.10) and (2.11), respec-
tively. Note that the parabolic semigroup {4}, is a self-adjoint contraction semigroup so that
max;>o ||e*|| sy = 1. A fundamental theorem on sectorial operators [62, Theorem 37.5] shows
that the operator function et : [0,00) — £(H) is uniformly Lipschitz continuous. Actually, the

spectral expansion of e* shows
(e*g0)( Z€A"t90>€k€k( ), g€ H, t=0,

where {—A;}72,, with 0 < A\, — oo as k — o0, is the set of all the eigenvalues (repeated to the
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respective multiplicities) of A : D(A) — H, and {e;}32, with Ae, = — ey is the complete set
of the orthonormal eigenvectors of A. Then we can derive the Lipschitz continuity of e as follow.

For any go € M andany 0 < 7 < ¢,

le4g0 = e goll* = D 1702 go, ex)
k=1
= 3l At = ll{go, ) (where 0 < A < G < M) (3.50)
k=1

<[t = 7lIVgoll* < [t = 7lllgollE < G*t — 7.

Therefore, we can deduce that, forany 0 < 7 < ¢,

t
1S(t)g0 — S(T)gollar < lle* g0 — e goll + / 127 £ (g(s, g0))]| dt
t
<GHt—T|+ / 12| el £ (g(s, g0)) || & dt

<Gt -7+ / 1£(9(s, 90)) — F(O) e dt + / 1FO) it
i . (3.51)

t
<@l—rl+ [ CoODlglsgllpdi+ (I +a+alele— 1]

<GPt — 7| + Ce(M)G?|t — 7| + (J + a + qlc|) |t — 7|

SL(M)|t - T|>

where the Lipschitz constant Cg(M ) is given in (3.30) and
L(M) = (14 Cg(M)G*+ (J + a +q|c|).

Then clearly the claim in Step 3 is proved.
Since we have proved that all the three conditions in Theorem 3.1.5 are satisfied by the
Hindmarsh-Rose semiflow, there exists an exponential attractor & in the space H for this

Hindmarsh-Rose semiflow. The proof is completed. O

The existence of an exponential attractor as well as the squeezing property have the following

meaningful corollaries on the finite fractal dimensionality of the global attractor shown in Chapter
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2 and on the determining modes.

Corollary 3.3.3. The global attractor < of the Hindmarsh-Rose semiflow has a finite fractal di-

mension
log(2v2K /0 + 1)
—log6

dimp(&7) < N max {1, } , 0€(0,1), (3.52)

where N is the rank of the spectral projection associated with the squeezing property of the map-
ping S(1) and K is the Lipschitz constant of the mapping S(1) on the compact, positively invariant,

absorbing set M.

Proof. This result is simply implied by the inclusion of the global attractor .2 in the exponential
attractor &,

o C &

because limy o, disty(S(t)e/,&) = disty(e/,&) = 0, and that by definition the exponential

attractor & has a finite fractal dimension. The estimate (3.52) follows from Theorem 3.1.5. ]

Corollary 3.3.4. Under the same assumptions as in Theorem 2.2.2, the orthogonal projection of
the trajectories in the global attractor < on the finite dimensional subspace PH of the low modes

is determining in the sense that, for two trajectories (t) and §(t) in <, if
I1Pg(t) — Pg(t)||g — 0, as t— oo,

then

lg(t) — g(t)||lg — 0, as t — oo,

Here the finite-rank orthogonal projection P is affiliated with the corresponding squeezing prop-

erty of the Hindmarsh-Rose semiflow.

This Corollary 3.3.4 is a consequence of the squeezing property of the Hindmarsh-Rose semi-

flow shown in Theorem 3.1.2 above and Theorem 14.3 in [56].
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Chapter 4

Global Dynamics of Nonautonomous Diffusive Hindmarsh-Rose Equations

Note to Reader
This chapter has been previously published in Nonlinear Analysis: Real World Applications,
Vol. 53 (2020), 103078, and has been reproduced with permission from the journal.

In this chapter, we shall study the global dynamics for the nonautonomous diffusive Hindmarsh-

Rose equations with time-dependent external inputs:

)
8_1‘:dlm+¢(u>+v—w+J+p1<t,x) 4.1
0

a_: = dyAv + 1)(u) — v + p(t, T), (4.2)
ow

YT dsAw + q(u — ¢) — rw + p3(t, x), (4.3)

fort >7€R, x € Q CR"(n < 3), where
o(u) = au® —bu®, and Y(u) = a — fu (4.4)

Assume that the external input terms p; € L2 (R, L*(Q)),i = 1,2, 3, satisfy the condition of

loc

translation boundedness [13],

t+1
||pz-||ig=§lel£/ /Q|p¢(t,x)|2dxds<oo, i=1,2,3. (4.5)
t

We impose the homogeneous Neumann boundary conditions

du v ow
a(t,x) =0, E(t,x) =0, E(t,x) =0, t>T1€eR, zed, (4.6)
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and the initial conditions to be specified are denoted by
u(r,z) = u(z), v(r,z) = v (x), w(r,z) =w(x), =zl 4.7)

The nonautonomous system (4.1)—(4.3) with the initial-boundary conditions (4.6) and (4.7) can

be written in the vector form

0
5 = Ag+ I +p(ta), t>TER,
t (4.8)

9(7) = 97,

where

g(t) = col (u(t,-),v(t,),w(t,-)), g =col(u,,v,,w,),

and p(t, z) = col (p1(t, x), p2(t, z), p(t, x)), the nonpositive self-adjoint operator

A0 0
A= 0 dyA 0 :D(A) — H, 4.9)
0 0 dsA

where

D(A) ={g € H*(Q,R?) : 9g/0v = 0},

is the generator of an analytic Cy-semigroup {e“?};>o on the Hilbert space H [62]. By the fact
that H'(Q) < L°(Q) is a continuous imbedding for space dimension n < 3 and by the Holder

inequality, there is a constant Cy > 0 such that
lo(u)|| < Co (1+ ||lul|}s) and

[p(u)]| < Co (1 + |jul|3.) foru e LS().

Therefore, the nonlinear mapping
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ou)+v—w+J
flu,v,w) = Y(u) — v, F—H (4.10)
q(u —c) —rw
is a locally Lipschitz continuous mapping. The existence and uniqueness of the weak solutions

local in time is defined by Definition 1.3.1 with simple time-varying adaption and similarly proved

as in Lemma 1.3.2.

4.1 Pullback Attractor and Pullback Exponential Attractor

Below we present two existing results on the sufficient conditions for the existence of pullback

attractor and for the existence of pullback exponential attractor, respectively.

Proposition 4.1.1. [8,9, 11,43] A nonautonomous process {S(t, T)}+>-cr on a Banach space X
has a unique pullback attractor A = {A(7)}-cr, if the following two conditions are satisfied:
(1) There is a pullback absorbing set M in X, which means that for any given bounded set

B C X, there is a finite time T’z > 0 such that
S(r,7m—t)BC M, forall t > Tg. (4.11)

(ii) The nonautonomous process S(t, T) is pullback asymptotically compact in the sense that for
any sequences t, — oo and {x;} C B, where B is any given bounded set in X, the sequence
{S(1,7 — ty)xy) }32, has a convergent subsequence.

Moreover, the pullback attractor is given by

An) = UsE -t (4.12)
s>0 t>s
Proposition 4.1.2. [19,20] Let X and Y be Banach spaces and Y compactly embedded in X.
Assume that {S(t,7) € L(X)NL(Y) : t > 7 € R} be a nonautonomous process such that the
following three conditions are satisfied:

1) There exists a bounded pullback absorbing set M* C Y uniformly in time in the sense that,
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for any bounded set B C X, there is a finite time 'z > 0 such that

S r—t)Bc M*, forall t> Ty (4.13)
TER
2) The smoothing Lipschitz continuity is satisfied: There is a constant k > 0 such that for the

aforementioned bounded pullback absorbing set M* C Y,

sup ||S(7, 7 — T+ )g1 — S(7,7 — T ) golly < Ellgr — g2llx, forany g1,g0 € M*.  (4.14)
TER

3) The Hélder/Lipschitz continuity in time is satisfied: There exist two exponents vy, 7, € (0, 1]

such that for the aforementioned set M* C Y,

sup ||S(7,7 = Ta+)g — S(7,7 = T — t)gl|x < calt|™, t €[0,Ta], g € M7, (4.15)
TER

sup ||S(7, 7 —t1)g — S(7,7 — t2)gl|x < |ty — ta]™?, t1,te € [Ty, 2T0s+], g € M*.  (4.16)
TER

In (4.14)—(4.16), T+~ > O is the time when all the pullback trajectories starting from M™* perma-
nently enter the absorbing set M* itself, and c; = c1(M™*), co = co(M™*) are two positive constants.

Then there exists a pullback exponential attractor M = { M ()} rcr in X for this process.

Remark 4.1.3. The pullback absorbing set can be a time-parametrized set M (7) in X or in Y.
Here the pullback absorbing sets specified in the above Proposition (4.1.1) and Proposition (4.1.2)

are time-invariant, which is what we only need.

Remark 4.1.4. Another concept to describe the asymptotic global dynamics of a nonautonomous
PDE is a skew-product dynamical systems [62]. It is to embed a nonautonomous semiflow into an

augmented autonomous semiflow. The corresponding topic is uniform attractor [13, Chapter I'V].

Although a uniform attractor is not a time-parametrized set, the major drawback is that the
fractal dimension and Hausdorff dimension of a uniform attractor are in general infinite. The
finite dimensionality reduction is lost. Moreover, it is usually difficult to estimate the oftentimes
slow rate of attraction for a uniform attractor in terms of physical parameters in the mathematical
model. Therefore, pullback attractor and pullback exponential attractor are favorable pursuit of the

asymptotic behavior of nonautonomous dynamical systems generated by PDEs.
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4.2 Pullback Attractor for Nonautonomous Diffusive Hindmarsh-Rose Process

In this section, we shall first prove the global existence in time of the weak solutions to the system
(4.8) and then show the pullback absorbing property of the nonautonomous Hindmarsh-Rose pro-
cess in the space H and also in the space E, which leads to the existence of a pullback attractor for

this nonautonomous semiflow.

Lemma 4.2.1. The weak solution of the nonautonomous system (4.8) for any initial time 7 € R
and any initial data g, € H exists globally for t € [T,00) and it generates a continuous evolution

process {S(t,7) € L(H)NL(F):t>T1€R},
S(t,7)gr = g(t,7,g,) = col (u,v,w)(t, 7, g;) (4.17)

which is called the nonautonomous Hindmaersh-Rose process. Moreover, there exists a time-

invariant pullback absorbing set in the space H,
My ={geH:|g|* < K} (4.18)
where K is a positive constant independent of T and t such that for any given bounded set B C H,
S(r,7—t)B C My, for t>Tg, (4.19)
where the constant T > 0 depend only on || B|| = sup ||g|l-
Proof. Take the H inner-product ((4.8), (c;u, v, w)) with constant ¢; > 0 to obtain

d
= (callal + ol + el®) + (s [Vl + dy |0 + dy [ Vo] )

N | —

= / cr(au?® — bu* + uv — vw + Ju + upy (t, ) do
Q

(4.20)
+ /(ow — Butv —v? +ops(t, ) + qlu — c)w — rw? + wps(t, z)) dv
0

< / c1(au® — bu* + uwv — uw + Ju + upy (t, 7)) dx
0
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1 3 2 1
+/ {(2042 + 5,32u4 — §U2> + <q—( 24 ) — ier) + vpy + wpg} dx
Q

r

< / cr(au® — bu* +uv — uw + Ju + upy (t, 7)) dx
0

1 2 1
+/Q {(2042 + 5,32u4 — gv2> + <q7( 24— 57’102)} dx

1 1 2
+ / {—vQ + 2|pa(t, )P + grw® + —|p3<t,rc>|2] da.
ol8 8 r

Choose the positive constant in (4.20) to be ¢; = %(62 + 3) so that

—cl/bu4dm+/ﬁ2u4 dr < —3/u4 dx.
Q Q Q

Note that
3 1
[ewtte < [t feaion < [ otdes @arial,
Q 4 Q 4 Q
and
1 21
/ c1(uww —vw + Ju +upy (t,x)) de < / 2(ciu)? + —v? + (ew)” + —rw?
Q Q 8 r 4

N | —

+= ((crw)® + J* + (cru)® + |pa (¢, x)|2)} dz.

The collection of all integral terms of u? in the above inequality and in (4.20) satisfies

2 2 1 272
/ (2(01u)2 + (eru) + (cru)? + q—u2> dr < / u' dv + {cf (3 + —) + q_] 12].
Q r T 9 r T

Substitute these inequalities into (4.20). Then we get

d
(el + ol + ell?) + (s [Vl + &y F0 + d [Vl ?)

N | —

< / cr(au® — bu* +uv — vw + Ju + upy (t, 7)) dx
0
1 2 1
—I—/Q {(2042 + §ﬁ2u4 — %}2) + (q?(uQ +c?) — §rw2>} dx
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1 1 2
+ / [—UQ + 2|ps(t, ) > + g”U2 + ;|p3(ta $)|2} dx
Q

8
1 3 1 1 1 1
< [(2-3)u S i el T
_/Q( 3)de+/9<8 8+8)vdx+/9<4 2+8)dea:
1 2 2 2 2
+ ) §\p1(t,w)| + 2|pa(t, x)| +;!p3(t,w)! dx 4.21)

1 ¢ 2 G2
+ (cla)4+J2+{c§ (3+;>+?} +20‘2+T [9]

1 1 2
< - / <u4(t, ) + §v2(t,x) + grw2(t, IL‘)) dx + (2 + ;) o)1 + 2|9,
0

where

1 ¢ 2 G2
co = (cra)* + J* + {cf (3 + ;) + ?} + 202 + —

It follows that

d
Zllu@I + oI + o)) + 2d(ed[Vul* + [[Vol* + [[VelP)

1 1 1
+ / (2u4(t, x)+ Zzﬂ(t,x) + erQ(t’ :c)) dr < 4 (1 + —> lp(®)]|? + 229,
Q T
where d = min{dy, ds, d3} and we used
1 c
2ut > - 2_ L)
U2 g (clu 32)
Therefore,

d
Zllu@IP + oI + [lw®)*) + 2d(ed | Vul* + [V + [ Vel?)

4.22)
1 1 2
gl + ol + @l < 4 (14 7)ol + (15 + 20 ) 19

for t € [1, Thnaz ), the maximum time interval of existence. Set

§= }Lmin{l, r}.
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Then the Gronwall inequality applied to the inequality reduced from (4.22),

CZ(QIIU( I + @ + [w @) + o(eallu@)[* + @1 + [w®)I)

1 2
< z 2 L
<a(147) I + (1 +22) 9,

shows that

eulu@* + To@* + [lw(®)]*

< e (eallurl® + ol + - ]1?) (4.23)

2

N (" s 1/
- ~5(ts) 2 R
+4<1+T)/T e Ip(s)]* ds + (128+202) 9, t €7, Thnaa)-

By the assumption (4.5) on the translation boundedness of the external input terms and the upper
bound estimate (4.23), the weak solutions will never blow up at any finite time so that 7,,,,, = +00
for all 7 € R and any initial data g, € H. Thus, the global existence in time of the weak solutions
in the space H is proved. Together with the uniqueness and the continuous dependence of (¢, 7, g,)
which can be shown, the statement of the continuous evolution process S(t, 7) in (4.17) is proved.

In order to prove the claimed existence of a pullback absorbing set, we can exploit the bounded
translation property (4.5) of the time-dependent forcing terms to treat the integral in (4.23) on the

time interval [7, ¢ + 7|, or equivalently the time interval [7 — ¢, 7], for ¢ > 0, as follows:
allult + 7)1 + ot + ) + Jw(t +7)]°
_ ct
< elu(r)P + B+ o) + 5 (o + 2 ) i
1 t+1 t+ )
+4 (1 + ;) /T e 0T Ip(s) || ds (4.24)

< alulr) I+ oI + o) + 5 (s + 220 )

1 o t+7—k
+4 (1 + —) >, / e+ || p(s)|12 ds
") o Jtr—k—1
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_ 1/ ¢
< e enlfalr) P + o) + () R) + + (S +26,) jo
o \ 128
1\ w— _
w147 > (Il + Il + sl

2

1 C
—dt 2 2 2 1

1 1
w4 (14 1) 1= (Il + Dol + Il
It implies that the global weak solutions of the nonautonomous diffusive Hindmarsh-Rose system

(4.8) admit the estimate that, forany t > 7 € R,

2
max{l,c1} 5, 1/ 1\l
H|? < /=gt 2o 2 )0 +4(1+- b (425

Hence, forany 7 — ¢t < 7 € R with ¢ > 0, it holds that

max{1,c;}

1/ ¢ 1
2 — e gt =P < [+ 2 ) Q] F4 (14 -
lo(r)IP < 2R gt P+ 5 (1 + 20 ) 004 (14 7) 5

Ipll7
_ =0

Since

lim e~ lg(r)[|* = 0

t—00

uniformly for g(7) = g, in any given bounded set B C H in regard to (4.25), and
- N2 —
lim e g(r — D) = 0

uniformly for g(7 — t) in any given bounded set B C H in regard to (4.26), there exists a pullback

absorbing set as claimed in (4.18) with the constant

1/ 2 1\ lelze
Ki=1+=(-2+2 Ql+4(1+ = b 4.27
! +6(128+02)| I+ <+r)1—e—5’ (*427)

which is independent of initial time and initial state in H. Therefore, the pullback absorbing

property (4.19) for any given bounded set B C H is proved:
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S(r,r—t)B C Mj;, forall t > Tpg,

and
1 max{1, ¢}
T = ~log* 4.28
BT 5008 (mln{l c1} 15l ) (4.28)
depends only on || B||. The proof is completed. O

Lemma 4.2.2. For the nonautonomous diffusive Hindmarsh-Rose system (4.8), there also exists a

time-invariant pullback absorbing set in the space L,
My ={g € E:|lglli < Ka}, (4.29)
where K5 is a positive constant, such that for any given bounded set B C H,
S(r,7—t)B C My, forall t>Tg+1, (4.30)

for any T € R, where the constant T’z is given in (4.28).

Proof. Take the H inner-product ((4.8), —Ag(t)) to obtain

1d

577 IVl VoI + [Vol) + di| Aull” + daf| Av]]* + dsf| Aw]?

— / (—au’Au — 3bu?|Vu|* — vAu + wAu — JAu — p; (t, ) Au) dx
Q

+ / (—alAv + pu*Av — [Vo]?) da +/ (gcAw — quAw — r|Vw|?) dx
Q Q

_ / (pa(t, 2)Av + pa(t, @) Aw) da.
Q

By using Young’s inequality appropriately to treat the integral terms on the right-hand side of the

above inequality, we can get

d
= (IVull® + [Vol* + [IVwl®) + dif| Aull + ds| Av]|* + ds| Aw ]
(4.31)

+ 6b[[uVul|? + 2||Vv||? + 2r||Vuw|?
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4 4a? 8J2 8
S—HUH2 —H ||2+_||u||L4+ |Q| +d—||p1(t)||2

e 4 4q

52 a? 4 2q
||U||L4 t | + d—2||292( )|? + || 12+ \Q| + —||p3( )|

4 4 4a? 252
— Ao+ Lo + H|F ( >HW§
d1 d1 1 2

8J2  4a? 4q 4 4
Ql + — O + —llp2 (O + ).
( dy * ds - ds ) 1+ 1Hp1< )l dz” (0] d3Hp3< 4

The Sobolev imbedding H'(2) < L*(Q) tells us that there is a positive constant p > 0 such that
lullds < p(lull® + 1Vl)? < 2p(lfull* + [V ull). (4.32)
According to Lemma 4.2.1, for any given bounded set B C H, we have
@I + v + lw(®)|* < K, forany t > Ts, g € B. (4.33)
Then (4.31) yields the following inequality that for any ¢ > 1z and g, € B,

d
— (IVull® + [Vl + [IVw]?) + dil| Aull” + d[| Avl|* + ds | Aw ]

+ 6b||uVul|* + 2| Vo> + 2r||Vw]||?

4 4g*c 52 o, (8a® 4B s
< K K —
max{dl a } + ( a 7 >p 1+ o + 7 pl|Vull

8J? N 40’ N 4q%c?
dq do ds

(4.34)

8 4 4
Ql + —Ip (D% + —|[po (DI + — I3 (B) 2.
)|Hdﬂmou+dﬂmun+dﬂmmn

Hence we can apply the uniform Gronwall inequality [62, Lemma D.3] to the following inequality

reduced from (4.34) on Vg(t) = col (Vu(t), Vu(t), Vw(t)),

Lyvg@)? < ——+if|wmnvm2
dt =P\
4 4q*c 8a?  43? )
K K 4.35
—|—max{d1 dg} +(d1+d>p1 ( )

8J2  4a? 4 ] 4 4
Q + —lp° + —lp2(DI1° + —lIps (1)
+(d1+d2+(k>||+%MMNI+@MMMI+%MﬁM
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which is written in the form

do
E<€O+h for t > Tg, g € B,

where

o) = Va0l 0= o (5 + 22 ) 17l

and

4 4 2.2 2 4 2
h(t) = max e Ky + 8i+£ pK?
dy’ dy

872 4a® 4¢P ] 4 4
Ql + =l D112 + —=lp2O)1* + —|lps(®)]|>-
+(d1+d2+(%)||+%mmn|+@mmn|+%mxm

For t > T, by integration of the inequality (4.22) we can deduce that

/t 2d(c[[Vu(s)||* + [IVo(s)[* + [ Vu(s)[[*) ds

<cillu@®* + lo@®I + llw(®)]®

1 t+1 ) 2
4114 - — +2 Q
rafier) | umguw+(m8+cgrr

1 2

where ||p||ig =Y ||pz||%g Denote by

1

1 2
N=—""— Lo}K, +4(14+ = 2 2¢y | |2
1 2dm1n{1701} |:maX{ 701} 1 + ( + r) HpHLz + (128 + C2> ’ ’1

and

4422 2 8J2 42 422
Ny = max{ qC}K+(d+B)pK2+( +a+qc)|Q|.

dl dg 1 d2
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Then we have

t+1
/ o(s)ds < Ny,
t

t+1 2
/ £(s)ds < p <8i + ﬂ) Ny, (4.37)
t dl d2

s 8 4 4
/t h()ds<N2—|—max{d &’ d}||p||L.

Thus the uniform Gronwall inequality applied to (4.36) shows that

8 4 4 a2 442
IVg®)|*> < [ Ny + Ny + max HpHL2 expip| —+— B N, (4.38)
dy’ dy’ dy dy

forallt > T + 1 and all g, € B. Therefore, the claim (4.29) of a pullback absorbing ball M}, in

the space E is proved and the constant K is given by

§ 4 4 8a* 437
K2 :K1+ (N1+N2+max{dl d2 d3} HpHL2> exp {,0 (d—l—Fd—i) Nl}

Indeed, for any given bounded set B C H, we have
S(r,7—t)B C My, forall t >Tg+ 1.

The proof is completed. [
Now we prove the first main result of this paper.

Theorem 4.2.3. Under the assumption (4.5), for any positive parameters and ¢ € R in the
Hindmarsh-Rose equations (4.1)—(4.3), there exists a pullback attractor A = {A(7)},er in H

for the nonautonomous Hindmarsh-Rose process {S(t,T)}i>rer-

Proof. By Lemma 4.2.1, there exists a pullback absorbing set M;; in H for the solution process
{S(t,7) : t > 7 € R} of the nonautononous Hindmarsh-Rose system (4.8) so that the first
condition in Proposition 4.1.1 is satisfied.

By Lemma 4.2.2 and the compact embedding I — H, the existence of a pullback absorbing

set M}, in E for this nonautonomous process shows that any sequence {S (7, 7 — tx)gx } 2=, Where
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t;, — oo and {g,} in any given bounded set of H, has a convergent subsequence. Thus the second

condition of the pullback asymptotic compactness in Proposition 4.1.1 is also satisfied.

Then by Proposition 4.1.1, there exists a pullback attractor A = {A(7)},¢r,

A(r) = ﬂ US(T,T—t)M};,

s>0 t>s

for this nonautonomous Hindmarsh-Rose process. [

4.3 The Existence of Pullback Exponential Attractor

In this section, we shall prove the existence of a pullback exponential attractor for the nonau-
tonomous Hindmarsh-Rose process based on Proposition 4.1.2. The key leverage as well as the
crucial challenge here is to prove the H! smoothing Lipschitz continuity of this nonautonomous

process with respect to the initial data in the space L?.

Theorem 4.3.1 (Smoothing Lipschitz Continuity). For the nonautonomous Hindmarsh-Rose pro-
cess {S(t,7)}i>rer in (4.17) generated by the weak solutions of the nonautonomous diffusive

Hinsmarsh-Rose system (4.8), there exists a constant k > 0 such that

sulg 1S(7, 7 =Tz )gr — S(7,7 = Tz )dr e < 6llgr — G-I, for g-,3- € Mg, (4.39)
TE

where Tx > 0 is the time when all the pullback solution trajectories of (4.8) starting from the set

My, in (4.29) permanently enter the set M7, itself shown in Lemma 4.2.2.
Proof. 1t is equivalent to prove that

Suﬂg HS(T + TME7T)gT - S<T + TMEJT>§THE < KVHQT - §7H7 gTng € ME (440)
TE

Denote two weak solutions of the nonautonomous diffusive Hindmarsh-Rose equations with any

given initial data g, and g, by g(t) = (u(t),v(t),w(t)) and g(t) = (a(t),v(t),w(t)), respectively.
Denote the difference by I1(t) = g(t) — g(t) = (U(t),V(t),W(t)). Then I1(¢) is the solution of
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the following intial value problem

d—H:AH-I—f(g)_f(g)v t>71eR,

dt (4.41)

H(T) =9r — Gr-

Step 1. Take the inner-product ((4.41),11(¢)) through three component equations (4.1)—(4.3). For

the first component equation of TI(¢) = g(t) — g(t), we get

1d
2 dt

= [ (oo 2 ) b 0 ) e

U@+ VU@ = (fi(9) — f1(9),u — @)

+/Q<<v—@)(u—a) — (w — B)(u — 7)) da (4.42)

< /Q(u—a)Q [a(u+ @) — b(u? + uii + )] da + [[u — @ (o — 7| + w — @)
< /Q(u — )2 [a(u + @) — b(u? + uii + )] dz + 2|l — g

and by Young’s inequality we have

a(u—+ 1) — b(u® +uii + @*) = [a(u + @) — bud] — b(u® + @*)

2 2 2 2

< (ZUQ + %) + <Za2 + %) + g(u2 +@?) — b(u? + 7?) < —Z(zﬂ + @?) + %

It follows that
Diowir < Lo + 24, vun)?
dt = dt
b 2a2
< 2/(u —@1)? (—Z(uQ +@?) + %) dx + 4|lg — g|>
@ (4.43)

~\2 b 5 o 4a? ~ 12 ~ 112
< [P (=50 + @) do Sl +alg — )

<_ g/g(u — )22+ ) e+ 4 <1 + %2) T2
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Similarly, for the second and third components of I1(¢) = g(t) — g(¢)), we get

and

CAVEIP < IV + 26 TV < 200(0) — (@) (0~ ), 0~ 7)

=
_ /Q (=B — i) — (v —)) (v — ) do
SQ/Q(—ﬂ(u—ﬂ)u(v—f))—5(u—ﬂ)ﬂ(v—ﬁ))dw
< [ (Gr-ar - at) dot Pho-al?

b 2 ~9 ~\2 4ﬁ 2
35/9(“ +a°)(u—a)"dr + -~ ||

AW < SNV + 2V WO < 2l —7) — r(w — @), w )

:2/Q(q(u—ﬂ)—r(w—u?))(w—u?)dx

<qllu—al* + (g +2r)llw — @]* < 2(q+ ) [IT(H)]]*

(4.44)

(4.45)

Sum up the inequalities (4.43), (4.44) and (4.45) with a cancellation of the first terms on the
rightmost side of (4.43) and (4.44). Then we obtain

d
Z I+ 2(d VU + &V + ds [VWVIP) = 2{f(9) = £(9),TT)

< (4 {1 + %(aQ + B)] + 2(q+7“)> 1T

It follows that, for any g,, g € M}, and indeed for any g,, g € H,

d
- I < G

where the constant C, = 4 (1 + (a® + 3)) + 2(¢ + r). Consequently,

ISt +7,7)g- — S(t+ 7, 7)g. " = |11t + 7)|*

SeC*t H(T)||2 _ 6C*t
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Step 2. In oder to prove (4.40), we express the weak solution of (4.41) by using the mild solution

formula,

(t+7) = eAtH(T) + /HT eA(HT_S)(f(g(S)) — f(g(s))ds, t>0, (4.49)

where the Cy-semigroup {e?'};> is generated by the operator A defined in (4.9). By the regularity
property of the analytic Cy-semigroup {e!};>¢ [56,62], it holds that e* : H — E fort > 0 and

there is a constant C'; > 0 such that
e oem,my < CLt 2, t>0. (4.50)

Thus we have

t+1
ITI(t + 7)|| & §||6AtIIL<H,E>IIH(T)||+/ 1N ey | (f(9(s)) — £(G(s))] ds
T 4.51)

<y g+ [ e state) — @l s, e

Here we estimate the norm of the difference in the last integral of (4.51),

1£(9) = F@I* = o) = (@) + (v = ) = (w — @)
+lo(w) = ¥(@) — (v =0)|* + lla(u — @) — r(w —@)|*
<3ll(u) = p(@)[* + 2[[¢(u) = Y(@)|* + 2qllu — @l|* + 5]jv — 0[|* + (3 + 2r)|Jw — @||?
= (3a® + 2B8%)||u® — @*|)* + 3v?||u® — @*||* + 2q||u — @||* + 5||v — D||* + (3 + 2r)||w — @
< (6a” +48%) (Jull* + 1al*) lu — @l + 3% [|u* + udt + @°[|*||u — @*
+2q[lu — all® + 5]jv = 3|1* + (3 + 2r) w — @||*
< (6a” + 487 (ull* + [|al*) lu — @l + 3% [|u* + utt + (| ||u — a*

+2qllu — al|* + 5o — 0l|* + (3 + 2r) lw — @)%,
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where in the term 3b%||u? + v + @*||?||u — u]|?, we deduce that

Hu2+ua+a2ll2:/(u2+ua+u2)2dl’:/(u4+3u2ﬂ2+ﬁ4+2uﬂ(u2+ﬂ2))df€
0 Q

3
< (u4 + 4t + §(u4 +at) + P 4 (u? + a2)2> da
<5 [t @) do =5 (Jullfe+ )
Q

Substitute the above inequalities into the integral term in (4.51) and use the embedding inequality

(4.32) to obtain

|TL(t + 7 || ds

e < Jw% @wﬁfﬂyﬁ%fimﬂmm—f@@>

<49, (6a” + 48%)([Jull® + [|al*) u — @]* ds

lo- =gl + [ =2
\/ t+7 (4.52)
b [ S (e + )l o

t+1

Cl ~12 ~112 ~ 12
+ —— (2q||u — || + 5||lv — V|| + (3 + 2r)||w —w||")ds, t > 0,
Zj e (2allu = all"+5llv = o)+ ( )l I”)
forany 7 € R.

Note that from (4.25) and (4.29), since both g, and g, are in M}, we have

max{1,c;}

lu(t + 7)) < |lglt + 1) < Gy = Ky + Ky, fort>0,7€R, (4.53)

min{1, ¢ }

where the positive constants K and K are given in (4.27) and (4.29) respectively, and independent
of t and 7.

Step 3. We want to improve the inequality (4.31):

d
= IVl + 1V0l* + [[Vw?) + d| Aull® + da| Av]* + dsf| Aw]?

+ 6b||uVul|* + 2y|wu2 + 27°|]VwH2

4 4 da? 2
< Zliz - Zilwl? o 2 4
< Sl + e+ 2+ (A4 22

8J2 4052 4q 4 4
Q - t 2 — t 2 _ t 2.
+(d1+d2+(k)“+%mﬂﬂ‘+@mﬂﬂf+%wﬂm

89



Specifically we need to further treat the following term on the right-hand side of the above (4.31),

4a® 232 4
<d_1 + d—2) [|ul| 74

by using the Gagliardo-Nirenberg inequality (1.7) for the interpolation spaces
LY(Q) — L*(Q) — H'(Q).

By the Poincaré inequality that there are constants 7y, 72 > 0 such that ||h]| g2 < m||VA||+n2||h] ot

for any h € H'(Q), it implies that there is a constant C' > 0 and

)2 < € (NI + 1?5 ) a7 (4.54)

because —3 = (1 —3) —3(1—6) with# = 3/5 and 1 — 6 = 2/5. Therefore, the inequality (4.54)

and the Young’s inequality imply that there exists a constant 0 < ¢ < b such that

4a* 232 4 4a* 232 9112
i+ 5 = (G5 o
4a®  2p3?
<C (dT + d—Q) (V@17 + 1215°) 21 < el Ve |2+ Collu?3s *39)

= de ||uVul|® + C.||ul|* < 4b||uVul* + Cc|jul*,

where C. > 0 is a constant only depending on . Substitute (4.55) into the above inequality (4.31)

to obtain

a

= (IVull® + [Vo[* + [Vwl?) +d (|Au]* + |A0]* + [ Aw]*)

(4.56)
+ 20 [|[uVul* + 2| Vo|]? + 2r|| V|

< Go([lull* + [[ol* + wll*) + Gs[€

8
+ = (IO + IO + llps@IF) + Ceflull’, ¢ >7€R,

where d = min{d,, d, d3},

1 1
Gy = p max{4,2¢*} and Gj3= pi (8J% + 4a® + 4¢°c?).
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Then the inequalities (4.56) with (4.53) infer that

||V(u v,w)[* < Gall(u,v,w)[I* + Gs|9f + ~ ||p( )+ Ceffull®

(4.57)
< GGy + G3|Q + p ||10(?5)||2 + C.G;
for any ¢t > 7 € R. It follows that for any 0 < ¢ < TME’ we have
Ju(t +7) 3 = llult + 7)1+ [[Vu(t + 1)
T+t
<u(t + )P + [[Vu(n)]]* + / (Gle + G3[Q + Hp( )I? + OaGf) ds
T (4.58)

8 t+1
<G | Vu(r)|? + t(G1Ga + Gs|Q| + C.G2) + c_l/ p(s)]|? ds

<G+ Ky + Tz (Gi1Go + G3[Q] + C.GY) + (TM,g + 1) HpHig

Q.| o

Step 4. Finally we substitute (4.53) and (4.58) into the inequality (4.52) for any two solutions g()
and g(t) of the nonautonomous system (4.8) with initial states in M. Then for any ¢ > 0 and

7 € R, it holds that

It + 1) <

gl + fg(s)) — f(g(s))ll ds

t+7 C
/ I
; Vit T—s
G1(12a* + 83%)||u — a* ds

\/ = lgr —

1
/ 30b2 (IIUH?‘MIWH%)Hu—&Hst

1 ~112 ~112 ~ 112

+ —————max{2¢,5,3 + 2r}(||lu — ul|” + ||v — v||" + ||[w — w||7) ds .
/T e max{2g Filw =l + o =2l + w =2l ds @59
i+

c i / e o
< T Yr + G - d
_\/Hg gl T — Gy [lg(s) — g(s)||” ds

Gy e lgr — g |* ds

= \/—Hg-r gT||+/ \/t—l—i

|+ G, e 2/ Gl gr — §r || ds,

_\/-IlgT Jr / \/T
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where we used (4.48) and (4.53) in the last two steps, and the positive constant G, is given by

G, =G1(12a* + 83%) + max{2q, 5,3 + 2r}
3 2 (4.60)
+60b°p |G + Ko + T, (G1Ga + G| + C.G}) + E(TME + 1)”2’”%5

which depends on the nonautonomous terms p;(¢,x),i = 1,2,3, and the permanently entering
time 7 . Calculating the integral in the inequality (4.59) on the time interval 7,7+ TME]’ here

without of generality 7 > 0, we then obtain the result that

1S(T + Tary,, 7)gr — S(T + Tz, T)Gr || = [|T(T + Thay,)

1 -
<C (\/?ME + 44/ GlTME exp {C*TM;;} Gp) 9 — G-l

|5
4.61)

for any ¢., g € M}, and any 7 € R. Therefore, (4.40) and then (4.39) are proved with the uniform

Lipschitz constant

1 /—
KR = 01 <\/?]\4E + 4 GITME exp {C*TME} Gp) .

The proof of this theorem is completed. 0

After the challenging Theorem 4.3.1 has been proved, now we can prove the second main result

of this paper.

Theorem 4.3.2. For the nonautonomous Hindmarsh-Rose process {S(t, T):>-cr generated by the

nonautonomous Hindmarsh-Rose equations (4.1)—(4.3), there exists a pullback exponential attrac-

tor M = {M(7)}rer in the space H.

Proof. We can apply Proposition 4.1.2 to prove this theorem. Indeed Lemma 4.2.2 and The-
orem 4.3.1 have shown that the first two conditions in that Proposition 4.1.2 are satisfied with
the pullback absorbing set M/* = My, in (4.13) by the nonautonomous Hindmarsh-Rose process
S(t, T)i>rer- Thus it suffices to show that the third condition of (4.15) and (4.16) in Proposition
4.1.2 is satisfied.

Recall that the Hindmarsh-Rose process S(¢,7) is defined by (4.17) and let g(¢, T, g,) be the
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weak solution to the initial value problem of the nonautonomous Hindmarsh-Rose evolutionary
equation (4.8). For any ¢; < ty with |t; — £3] < I, where [ is any given positive constant, we can

estimate the H-norm of the difference of two pullback solution trajectories
gl(t) :S<t77—_t1)g0 and g2<t) :S(th_t2)g07 0 S tl §t27 go € HJ

as follows.
Using the notation in (4.41) but here T1(t) = g*(t) — ¢*(¢). Then I1(t) is the solution of the initial

value problem

= AT+ ()~ f(g"), t2T-heER
¢ (4.62)

H(T — tl) = dJgo — S(T — tl,T — t2>go.
By (4.47), we have

d||11j*

< G|, t >, (4.63)
dt

where C, is the same constant as in (4.47).
The Lipschitz and Holder continuity associated with the regularity property of the parabolic C-

semigroup of contraction {1}, cf. [62], gives rise to
leAtorM gy — et gol| < [le||[|e* g0 — goll < ColRlllgoll, forall to >0, (4.64)

where C; > 0 is a constant depending only on the contraction operator semigroup e*. Then, it

follows from (4.63) and (4.64) that

1S(t, 7 — t1)go — S(t, 7 — t2)gol = 9" (t, 7 — t1, 90) — §*(t, 7 — t2, 90) ||
t
M=t go + / A F(g (5,7 — t1, 90)) + p(s, x)] ds

—t1

: (4.65)
. 6A(t—(7’—1t2))go _ / eA(t_S) [f(g2(5, T — 19, go)) + p(& l’)] ds
T—t2

S HH(ta T — tla H(T - tl)H S 6%0*|t*(77t1)| HH(T - tla T — t2a gO)H
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1o lt—(r— _
§€20*|t (=) ||€A(t2 tl)go—go)H

L o T—11 L
1 e3Culi=(r t1)|/ €A== f(g2(s,7 — ts, 90)) + p(s, x)]|| ds

—to
< 2=y [ty — 1 | gol|
Ny T—11
1 e3Calt—(r—t1)] / e[ f(g?(s, 7 — t2, 90)) + p(s, 2)]| ds.
T—t2
Denote by 7 = Tz > 0, which is the finite time when all the pullback solution trajectories
started from the pullback absorbing set M}, in Lemma 4.2.2 permanently enter into itself. Define

the following set, where the closure is taken in the space F,

r= J SEr-t)M (4.66)

0<t<T™
Lemma 4.2.2 demonstrated that M}, and 7™ are independent of 7 € R and ¢ > 0. Denote by
Dy = maxyer || f(9)| u. since the Nemytskii operator f : E — H is bounded on the bounded set

in E. Here ||e*!|;(z) < 1 and by Holder inequality,

T—t1
/ e Ly (1 (6 (s, 7 = tay o)) + [lp(s, 2)]]) ds

—t9

T—11
<D+ Kl -l + [ sl ds
T—to
/ T—11
_ 12 A2
<(Dr + Ky)|t; — ta] + |t1 — to /T_t2 (s, )||1* ds (4.67)

< (Dr + Ky)|ty — to] + [t — t2|1/2\/(|t1 — to| + 1) XL, pill 7
< (Dr + Ka)[ty — to| + [ty — to|*(|ts — t2| > + 1) Ipll .2
< ([t = ta| + [t1 — ta/*)(Dr + Ka + [|pllz2),

for any t; > T™ and gy € M}, where K, is given in (4.29).
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Substituting (4.67) into (4.65) we obtain

1S(t. 7 —t1)go — S(t. 7 — t2)goll = llg" (£, 7 — t1, go) — g*(t, 7 — t2, go) |

< ez, [t — to[|go|
(4.68)
+ eéc*‘t_(T_tm(’h —to] + |t — t2|1/2)<DF + Ky + HpHL§)

< AME) ez ==l — 7 for t > 7 —ty, t > T, go € M.

where

AMME) = CoKz + 2(Dr + Kz + [|p||22)

and
%, lf|t1 —t2| <1
’y:
L it —f] > 1.

For any given 7 € R, in the above inequality (4.68), take
t=7, ty =Ty, andseparately, t,=Ty: +t for t €0, T]’\}E]
Then we obtain

C.
sup [|S(7,7 — Tz )go — S(7,7 — Torz, — t)goll < M(Mpg) exp {7 TME} It (4.69)

TER

for t € [0,Tu], go € Mp. It shows that the Lipschitz condition (4.15) with M* = Mp in
Proposition 4.1.2 is satisfied. Moreover, for any given 7 € R, take ¢ = 7 and t1, % € [Tasz, 2T 7]

in (4.68), we see that
* C*
|S(7, 7 —t1)go — S(7,7 — t2)gol| < N M7},) exp {? TM%} [t — to|” (4.70)

for any go € Mj,. It shows that the Lipschitz condition (4.16) with M* = M7, is also satisfied
by the nonautonomouss Hindmarsh-Rose process. According to Proposition 4.1.2, there exists a
pullback exponential attractor .# = {.#(7)},cr in the space H. The proof of this theorem is

completed. [
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Chapter 5

Random Attractor for Stochastic Hindmarsh-Rose Equations with Multiplicative Noise

Note to Reader

This chapter is an electronic version of an article published in C. Phan, Random Attractor for
Stochastic Hindmarsh-Rose Equations with Multiplicative Noise, Discrete and Continuous Dy-

namical Systems, Series B, Vol. 22 (2020), doi: 10.3934/dcdsb.2020060.

In this work, we shall study the longtime random dynamics in terms of the existence of a random

attractor for the stochastic diffusive Hindmarsh-Rose equations driven by a multiplicative white

noise:
ou dW
E—dlAu—f—(p(u)#—v—z—l—J—i-guo%, (51)
ov dW
E —dgA’U—Fw(U)—U—i—EUOE, (52)
0z dW
a—dgAz—i—q(u—c)—rz—l—azoW, (5.3)

fort >0, x € Q C R" (n < 3), where (2 is a bounded domain with locally Lipschitz continuous

boundary, and the nonlinear terms
o(u) = au® —bu®, and Y(u) = a — fu (5.4)

with the Neumann boundary condition

ou ov 0z
%(t,ﬂ]) 207 %(tax) :07 @(
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and an initial condition

u(0,2) = ug(x), v(0,2) = vo(x), 2(0,2) = 2o(x), x €. (5.6)

Here W(t),t € R, is a one-dimensional standard Wiener process or called Brownian motion on the
underlying probability space to be specified. The stochastic driving terms with the multiplicative
noise indicate that the stochastic PDEs (5.1)—(5.3) are in the Stratonovich sense interpreted by the

Stratonovich stochastic integrals and the corresponding differential calculus.

5.1 Introduction and Formulation

The existence of random attractors for continuous and discrete random dynamical systems has
been studied in the recent three decades by many authors, cf. [2,4,10, 14,17, 18,34,60,61,65,71—
73,79-81,84]. The following theorem is shown in [18, 60].

Theorem 5.1.1. Given a Banach space X and a universe 9Dx of random sets in X, let ¢ be a
continuous random dynamical system on X over the metric dynamical system (Q,F, P,{0;}icr).
If the following two conditions are satisfied:

(i) there exists a closed pullback absorbing set K = { K (w)}wea € Px for ¢,

(ii) the cocycle  is pullback asymptotically compact with respect to D,
then there exists a unique random attractor A = {A(w)},cq € Px for the cocycle ¢ and the

random attractor is given by

Aw) =[] Ut 0w, K(0_w)), we

>0 t>T7

We now formulate the initial-boundary value problem (5.1)—(5.6) of the stochastic Hindmarsh-

Rose equations with the multiplicative white noise in the framework of the product Hilbert spaces
H=L*QR? and E = H'(Q,R?). (5.7)
The norm and inner-product of H or L?(Q2) will be denoted by || - || and (-, -), respectively. The

norm of space E will be denoted by || - ||z. The norm of L?(2) or LP(£2, R?) will be denoted by
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| - ||z» for p # 2. We use | - | to denote a vector norm in Euclidean spaces.

The nonpositive self-adjoint linear differential operator

diA 0 0
A=] 0 dA 0 |:D(A) —H, (5.8)
0 0 d3A
where
B, 0 B,
D(A) = {w,cb,c) € H2(Q,R) : a—fza—‘f:a—gzo on aQ}

is the generator of an analytic Cp-semigroup {e“!};~( of contraction on the Hilbert space H. By

the Sobolev embedding H'(2) — L%(Q) for space dimension n < 3, the nonlinear mapping

ou)+v—z+J
flu,v,2) = VY(u) — v, E— H (5.9)

q(u—c)—rz

is locally Lipschitz continuous. Thus the initial-boundary value problem (5.1)—(5.6) is formulated
into an initial value problem of the following stochastic Hindmarsh-Rose evolutionary equation

driven by a multiplicative white noise,

d dwW
_g:Ag+f(g)+5go—, t>7eR, we,
dt dt (5.10)

9(7—) =0go = (Uo,vo,zo) € H.

Here g(t,w,go) = col (u(t,-,w, go),v(t,,w, go), 2(t,-,w, go)), where dot stands for the hidden
spatial variable x.
Assume that { W (t) }+cr is a one-dimensional, two-sided standard Wiener process in the probability

space (2, F, P), where the sample space
Q= {we CR,R): w(0) =0} (5.11)

where C'(R, R) stands for the metric space of continuous functions on the real line, the o-algebra
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F is generated by the compact-open topology endowed in £, and P is the corresponding Wiener

measure [2, 14,54] on F. Define the P-preserving time-shift transformations {0; };cg by

(Ow)(-) =w(-+t) —w(t), for teR, weN. (5.12)

Then (Q, F, P, {0;}:cr) is a metric dynamical system and the stochastic process {W (¢, w) = w(t) :
t € R, w € 0} is the canonical Wiener process. Accordingly d¥/dt in (5.10) denotes the white
noise. The results we shall prove in this paper can be extended to a vector white noise with three

different but independent scalar noises in the three component equations.

5.2 Random Hindmarsh-Rose Equations and Pullback Dissipativity

The mathematical treatment of the stochastic PDE such as in the form of (5.1)—(5.3) driven by
the multiplicative noise will be facilitated by its conversion to a random PDE with coefficients
and initial data being random variables instead. For this purpose, one can exploit the following

properties of the Wiener process.

Proposition 5.2.1. Let the MDS (Q, 5, P,{0:}icr) and the Wiener process W (t) be defined as
above. Then the following statements hold.

(1) The Wiener process W (t) has the asymptotically sublinear growth property,

W)
t—+oo ‘t’

=0, a.s. (5.13)

(2) For any given positive constant )\, the stochastic process X (t) = e W ®) is a solution of the

following stochastic differential equation in the Stratonovich sense,
dXt = —>\Xt o) th (514)

(3) W (t) is locally Hélder continuous with exponents v € (0, %) It means that for any integer

n,

W(t) —
WO =W
n<s<t<n+1 it — s
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Proof. By the law of iterated logarithm [54],

(W)

lim sup =1, as.

t—oo \/2|t| log log |t

Then (5.13) is valid. Next, from It6’s formula [54] we have

1
dX;:-nkf”%dﬂaﬁ—ﬁA%f”%dt

On the other hand, the transformation formula [54] of the stochastic Itd integral and the

Stratonovich integral reads
1
h(W;) o dW; (Stratonovich sense) = h(W;)dW, (Itd sense) + 3 h'(W,)dt,

as long as h(W,) and h'(W,) are locally L*-integrable. Set h(w) = Ae™** in the above equality.
Then
1
—AX; 0 dW; = — e MW dW, + 9 Ne Wi,

Hence (5.14) holds. Finally, (5.15) follows from the Kolmogorov Moment Criterion. ]

We now convert the stochastic PDE (5.1)—(5.3) to a system of random PDE by the exponential

multiplication of Q(t,w) = e~ ®):

U(t) = Qt,w)u(t), V(1) =Q(tw(t), Z(t)=Q(t,w)z(1). (5.16)

According to the second statement in Proposition 5.2.1, the initial-boundary value problem (5.1)—

(5.6) is equivalently converted to the following system of random PDEs:

ou a s b 5 B

Eg_ﬁAU+waff Q&WJJ+V Z+JQ(t,w), (5.17)
57 = BAV +aQ(tw) gV (5.18)
07z

e d3AZ + q(U — cQ(t,w)) —rZ, (5.19)
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forwe Q,t>0,zeQCR"”(n < 3), with the boundary condition

ou ov 0z
5 (t,z,w) =0, 5 (t,z,w) =0, 5 (t,z,w) =0, t>7€R, xe€d, (5.20)

and an initial condition for w € 9,
(U(r,z,w),V(T,2,w), Z(1,2,0)) = Q(T,w)(up(z),vo(2), 20()), € (5.21)

The equations (5.17)—(5.19) are pathwise nonautonomous random PDEs and (5.17)—(5.21) can be

written as the initial value problem of the random evolutionary equation:

ﬁzAG+F(G,9tw), t>7eR, weQ,

ot (5.22)
G(T> (.U) = Gr(w) = Q(T> (.U)(UO, Vo, ZO)? w e Q?

for any go = (ug, vo, 20) € H. Here we define the weak solution of the initial value problem (5.22)

with the initial state G, = Q(T, w)go,

u

G(t7wa T, GT) = Q(taw) (Y (ta W T, GT) - (ta W T, GT)a

N < &

z

to be the pathwise weak solution [13, page 283] of the nonautonomous initial-boundary problem

(5.17)—(5.21), specified as in [78, Definition 2.1].

By conducting a priori estimates on the Galerkin approximate solutions of the equations (5.17)—
(5.19) and the compactness argument outlined in [13, Chapter II and XV] with some adaptations,
we can prove the local existence and uniqueness of the weal solution G(¢,w) in the space H on
a local time interval ¢t € [7,7T(w, G,)], and the solution is continuously depending on the initial
data. Further by the parabolic regularity [62, Theorem 48.5], every weak solution becomes a strong
solution in the space F' when ¢ > 7 in the time interval of existence. Every weak solution G (¢,w)

of the problem (5.22) on the maximal existence interval has the property

G € O([r, Tyaz), H) N C*((7, Trnaz), H) N L2 ([T, Trnae), E). (5.23)
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5.2.1 Global Existence of Pullback Pathwise Solutions

In this section, we first prove the global existence of all the pullback weak solutions of the problem

(5.17)—(5.21) and to explore the dissipativity of the generated random dynamical system.

Lemma 5.2.2. There exists a random variable ro(w) > 0 depending only on the parameters such
that, for any given random variable p(w) > 0, there is a time —oco < T(p,w) < —1 and the
following statement holds. For any ty < 7(p,w) and for any initial data go = (ug,vo,20) € H
with || gol| < p(w), the weak solution G(t,w) of the problem (5.22) with G(ty,w) = Q(to,w)go

uniquely exists on [to, —1| and satisfies

|G(—1, w; to, Qto,w)go)|| < ro(w), weQ. (5.24)

Proof. Take the L?*(2) inner-product ((5.17),c1U)), ((5.18),V)) and ((5.19), Z)) with constant

c1 > 0 to be determined later, we obtain the following:

1d
ST, (@O + [IVIP+ 1Z]7) + (c1di [VU|? + do[ VV]? + ds ||V Z?)
a b
= [c U3——U4+UV—UZ+JUQt,w>dx
o (Q(t,w> Q) (6,

Q(t,w)

a b 4

B 3
AICEIRE iy

- [q;(U2 +Q(tw)?) — %TZQ] } dz.

+/Q (aVQ(t,w) __F UV — V2 +q(U — eQ(t,w))Z — rZ2> dx
(5.25)

Choose the positive constant in (5.25) to be ¢; = %(62 + 3) so that

b 4 52 4 U
_(”1/9 Q. P /Q Qap’ = _3/9 QP ™
102



By Young’s inequality, we have

5 dv+ - (claQ(t,w))4|Q|

c1a
Q Q(tvw) - 4 Q
4
5iLéE:5Tm+wan@w»|Qh

as well as

l/qu—Uz+ﬂ@@w»@
Q

(5.26)
< / {2(61(])24— Ly (@UF L pe (clU)2 + 1J2Q(1ﬁ7w)2} da.
Q 8 T 4 2

Collecting those integral terms of U? on the right-hand side in (5.25) and in (5.26), we obtain

2 2
/ {2(01[])2 L bl L2+ q—UQ] dx
Q r 2 r

U4 5 1 q> 2
S /Q—Q(t,w)Q d:B—|— |:C% (54—;) +?} Q(t,w)2|Q|.

Substitute the above inequalities with respect to the integral terms of U%, U? and U? into (5.25).

Then we get

d
7 (@llUIP +VIF+ 1 Z1P) + (@dlIVUI® + do[VV I + ds[[VZ])

2-3 1 3 11
< 4 - _° 2 R IS 4 10
< [lamare+ (5-5) v+ (i-2) 7] o+ oratato
1 1 2 2 9
—J2—|—<c%(§+_>+q_) + %2a 2+qc
2 2 r r —

< — %U‘l(zﬁ, r) + 1‘/Z(If,ﬂv) + 17"Z2(z€,yc) dx
o \Q( 4 4

t,w)

N | —

Q(t,w)*|Q (5.27)

+ (c1a)*'Q(t, w)*|Q] + 2 Q(t,w)?|QY,

5 1 2712 2 2
:_Jz [01(2+_>+Q_} Loa2y OC
r T

where
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Let d = min{d;, dy, d3}. Then the inequality (5.27) implies

d
@U@+ IVOI* + 1Z@)1) + 2d(e [ Vull® + [ Vo[ + [ Vel)

2 1 1
+ /Q (Q(t,w)2 U4(tvx> + §V2(t, :C) + ETZQ(t, .T)> de
< 2c¢y Q(t,w)2|Q| + 2(C1a)4Q(t,w)4Q|,

Moreover, we have

Therefore,
d
%(clHU(t)H2 +IVOIP+ 1 Z@O)°) + 2d(c |[VU|* + [VV]?+ [V Z])?)
1
+ 5(6’1HU(16)H2 +VOI+rlZ@))?) (5.28)

(202 + 3% ) Q(t,w)?Q + 2(c1a)*Q(t, w)*Q,

for t € [7,Tipas). Set o = 3 min{1,7}. Then the Gronwall inequality is applied to the reduced
inequality (5.28),
d
dt
1
< (202 + §Cf> Q(t,w)?|Q + 2(c1a)*Q(t,w)*|9,

—(el UG+ VO + 1ZON) + o (cllU®1* + VI + 11 Z20)])

and shows that

U+ V@I + 1Z@))F < e e| ol + 1Voll® + 1 Zol1?)

t 1 (5.29)
+/ e=o(t=9) [(202—1— 551 >Q(S,w)2|Q| +2(01a)4Q(s,w)4|Q|] ds,
for t € [1, T4z ). We obtain
max{cy,1} __,_
OO+ VO + 12O < T2 Ul 4+ ValP + | ])
g (5.30)

Q 1
mln‘{c‘l, 0 / ot=9) [(262 + 3—201) Q(s,w)? + 2(01a)4Q(3,w)4] ds.
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Hence, the solutions of the initial value problem of the equation (5.22) satisfies the bounded esti-

mate

t 2 1
16t w:to, Q(to, w)go)|* < WL ITmaxter, 1} owso) o010

min{c;, 1} (531)
Q 1 '
mln‘{cl, 7 / [(202 + @Q) Q(s,w)? + 2(cla)4Q(S,w)4] ds, t > to.
Take ¢ = —1 and substitute Q(¢,w) = e~ into (5.31). We then get
max{ici, L} o i ocw
G110, QU)o < T L o2zt g
min{cy, 1} (532)

19 / " Lo\ -
eotos 2 - cw(s) 2 4 —4ew(s) ds.
mm{cl, 7 o + 3201 e +2(c1a)%e s

Note that

2 t 2 t
ealiol=25(t0) — ey (it |1+ £ w(to) —exp [ —olto] |1 — e w(tp) _
0'|t0| O-t()

By the asymptotically sublinear property (5.13), for any given random variable p(w) > 0 and for

a.e. w € £, there exist a time 7(p,w) < —1 such that for any ¢y < 7(p,w), we have

250&)(1:0) (1_%”0') max{01, 1} 2

1
- > = d e < 1. 5.33
oty 2 me e min{cy, 1}p (@) < (5.33)
Therefore, from (5.32), we obtain
|G (=1, w;to, Q(to,w)go)|| < ro(w), a.s. (5.34)

where

|Q| / N 1
— o+os 2 2ew(s) 2 dew(s) .
ro(w) \/ mln{cl, 0 e co + 32 e” + 2(cra)te” ds (5.35)

in which both integrals

-1 -1
1
/ eI TS (2(: + — 32C1 ) e 22“(5) ds and / 2¢7+7 (cya)te 450 ds
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are convergent due to the asymptotically sublinear growth property (5.13).
Therefore, the weak solution G(t,w;ty, Q(to,w)go) of the problem (5.22) uniquely exists on
[to, —1]. The proof is completed. O

Lemma 5.2.3. There exists a random variable Ry(w) > 0 depending only on the parameters such
that, for any given random variable p(w) > 0, the following statement holds. For any ty < 7(p,w)
specified in Lemma 5.2.2 and any initial data g9 = (uo,vo,20) € H with ||go|| < p(w), the
weak solution G(t,w; ty, Q(to,w)go) of the initial value problem (5.22) with G(to,w) = Q(to,w)go

uniquely exists on [ty, 00) and satisfies

0
\|G<o,w;t0,Q<t0,w)go)|y2+/ IVG(s, w: to, Olto,w)go)[2ds < R2(w), weQ  (5.36)
—1

Proof. Based on Lemma 5.2.2 and the local extension of the solutions of the problem (5.22) from

the time ¢; = —1 forward, we can integrate the inequality (5.28) over [—1, ¢] to get

allUGOI+ VI + 12O = (e lUDI + 1V EDIE+ 12D

+ 2d/ (el VTSP + IVV(s)II* + 1VZ(s)|?) ds

(5.37)
+U/ (T + VI +12(s)]?) ds
/ [(202 + = ) Q(s,w)* + 2(cla)4Q(s,w)4] ds, t>—1.
Then
t
HG(t,w;to,Q(to,w)go)Hz+2d/ IVG(s,w;ty, Q(to,w)go)||* ds
1
max{cy, 1} ‘ 9
~ mHG(_luwatO’Q(t()aw)gO)H (538)

Q t 1

The inequality (5.38) together with Lemma 5.2.2 shows that for w € Q and any T" > —1, the weak

solution G(t,w; tg, Q(to,w)go) € C[to, T; H) N L*(ty, T; F) uniquely exists for ¢ € [—1,7] and
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will not blow up. In particular, let ¢ = 0 in (5.38) and we obtain

0
G(0, w; to, Q(to,w)go)|? +/ IVG(s,w; to, Q(to,w)go)||> ds < Rj(w), (5.39)
1

where

1
~ min{1,2d}min{c;, 1}

X {max{cl, 1}Hro(w) | + 19| /i Kz@ - 3%&) Q(s,w)* + 2(cla)4Q(s,w)4} ds}

R5(w)
(5.40)

where 7o(w) is defined in (5.35). Note that ro(w) and Ro(w) are both independent of random

variables p(w). O

Remark 5.2.4. We can certainly merge the above two lemmas into one which gives rise to the
bounded estimate (5.39). Here we split the time interval [to, 0] to [to, —1]U[—1, 0] in order to facil-
itate the argument in the proof of the pullback asymptotic compactness of the associated random

dynamical system later in Section 5.3.

5.2.2 Hindmarsh-Rose Cocycle and Absorbing Property

Now define a concept of stochastic semiflow, which is related to the concept of cocycle in the

theory of random dynamical systems.

Definition 5.2.5. Let (Q,F, P, {0, }+cr) be a metric dynamical system. A family of mappings
S(t,7,w): X — X fort > 7 € Randw € Q is called a stochastic semiflow on a Banach space
X, if it satisfies the properties:

1) S(t,s,w)S(s,7,w) = S(t,7,w), forall T < s < tandw € N.

(i) S(t,7,w) = S(t — 7,0,0,w), forall T < tand w € Q.

(iii) The mapping S(¢, 7, w)x is measurable in (¢, 7,w) and continuous in z € X.

Here in the setting of the stochastic evolutionary equation (5.22) formulated from the stochastic

Hindmarsh-Rose equations (5.1)—(5.6), we define S(t,7,w) : H — H fort > 7 € Randw € Q
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u
1
S(t77—7 w) go = Q(t,w) G(ta w; T, GO) = v (t7 w; T, gO) (541)
V4

and then define a mapping ® : R™ x Q x H — H, where R* = [0, 00), to be

q)(t - T, 6‘1‘(—‘-}7 gO) = S(t7 T, w) go (542)
which is equivalent to
1

The following lemma shows that this mapping ® is a cocycle on the Hilbert space H over the
canonical metric dynamical system (Q,JF, P, {0, };cr) specified in (5.11) and (5.12). Therefore,
the following pullback identity is validated:

(I)(t, H—twa gO) = S(Ov _tv w)gO =

Q(O,w) G(O, w; —t, GO) = g(O, w; —t, 90) (5.44)

for any ¢t > 0 and w € Q. We shall call this mapping ® defined by (5.42) the Hindmarsh-Rose
cocycle, which is a random dynamical system on H. We call {®(t,0_w, go) : t > 0} a pullback

quasi-trajectory with the initial state go for the Hindmarsh-Rose cocycle.

Remark 5.2.6. Here the pullback quasi-trajectory {®(¢,0_,w, go),t > 0} is not a single trajectory
but the set of all the points at time ¢ = 0 of the bunch of trajectories started from the same initial

state go but at different pullback initial time —¢.

Lemma 5.2.7. The mapping ® : Rt x Q x H — H defined by (5.41) and (5.42) is a cocycle on

the space H over the canonical metric dynamical system (Q,F, P,{0;}icr). Moreover,
(IIig)(w) = (L, 0_4w, g(0_w)), t >0, (5.45)
where {g(w) : w € Q} can be any H-valued random set on the probability space (Q,F, P), turns

out to be a semigroup of operators on the H-valued random sets.
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Proof. First we check the cocycle property of the mapping P,
O(t+ s,w,90) = P(t,0sw, P(s,w,90)), t>0,5>0, weQ, (5.46)
is satisfied by this mapping ®. Since we have (5.43),

(I)(t+87w7g()) = G(t—f—S,(x), 07 GO)

Q(t + s,w)
and, on the other hand,

1
Q(t,w)
= g<t7 (950.); 07 g(sa W 07 90)) = S<t7 Oa esw) 9(87 W 07 90) (by (541)>

(t, 05w, P(s,w, go)) =

G(t,0sw; 0, G(s,w;0,Gy)) (by(5.43))

=5(t,0;0,w) S(s,0;w)go = S(t + s — 5,0;0,w) S(s,0;w)go
=S(t+s,s,w)S(s,0;w)go (by the 2nd condition of Definition 5.2.5)

:S(t+S,O,W)g0 = G(t+S,W,O,G0)

Qt + s,w)

Therefore, the cocycle property (5.46) of the mapping @ is valid by comparison of the above two
equalities.

The second claim that {II; };>¢ is a semigroup can be shown as follows,

(IL [ g]) (w) = @(¢, 0w, (I, g}(0—sw))
= ®O(t, 0w, (0,0_5(0_4w), g(0_s(0_4w)))

= O(t, O_w, O(o, 97(t+a)wag<07(t+a)w)))

(5.47)
= O(t, 9—(t+a)90w7 ®(o, 07(t+0)wag(97(t+o)w)))
= O(t, 0,0_ (110w, P(0,0_(10)w, 9(0_(110)w)))
= (I)(t + o, 97(t+a)w> g<97(t+o)w)) = (HtJro' g)((«d), t? o= 0.
where the final equality follows from the cocycle property of ® already proved. [

Remark 5.2.8. Apparently when the stochastic PDEs (5.1)—(5.3) are converted to the random
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PDEs (5.17)—(5.19) by the exponential multiplication (5.16), we see the coefficients are time-
depending random variables instead of constants, which means the system (5.22) is nonau-
tonomous in time. The justification for the corresponding stochastic semiflow (5.41) to be well-
defined and satisfy the stationary property in Definition 5.2.5 is due to the stationary property
possessed by the underlying Wiender process {W (t) };cr, which is characterized by the stationary
increment W (t) — W (s) of the Gaussian distribution with mean zero and variance ¢ — s, in the

problem setting.

Theorem 5.2.9. There exists a pullback absorbing set in the space H with respect to the tempered

universe Yy for the Hindmarsh-Rose cocycle ®, which is the bounded random ball
By(w) = B (0, Ro(w)) = {¢€ € H : ||| < Ro(w)} (5.48)

where Ry(w) is given in (5.40).

Proof. For any bounded random ball B(w) = Bg(0,p(w)) € Py and any gy € B(6_,w), by

Definition 1.3.14 we have

lim e ?p(f_w) =0, forany > 0. (5.49)

t——o0
From (5.31), for —t < —1 we have

1Q(=t, w)[*max{es, 1} ,

sup (|G (=1, w; —t, Q(—t,w)go) |* < : ool
e B(0-w) It o)l min{cy, 1} ol
4 & /1 ea(lJrs) 262 + lc% Q(t 5)2 + 2(01@)4Q(t 8)4 ds
min{cy, 1} J_ 32 ’ )
< emaxfen 1} sui-n-0t 2(p_) (since go € B(f_w))
~ min{c, 1} - ’ h

e / (1+5) 1 —2ew(s) 4 ,—dew(s)
eo(1+s 2 . cw(s ) ew(s
mln{cl, 7 o + 32 e + 2(c1a)’e ds
e“max{cy, 1} ot de (w(—t) Lot o
<ML o - D (12 0
— min{c, 1} P [ 2 ( o ( —t e 7 p(6-w)

e / (1+) 1 2 -
eo(1+s 2 - ew(s) 2 4 —dew(s) ds.
mm{cl, 0 co + 32 e +2(c1a)%e s
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From (5.13), we have

_ ot de ((w(—t) B
tlggloexp[—?(l—;( — ))}—0, w e Q.

Since B(w) = By(0, p(w)) € Py, the radius p(f_,w) is a tempered random variable, so that

lim 7% p*(0_w) = lim |e” 7 p(0_w)|* = 0.

Therefore, there exists a finite random variable 75(w) > 1 such that for all t > Tz(w) we have

ermaxfer, 1} {_U_f <1 4 (@))] <1land TR0 w) <1, we R,

min{cy, 1} 2 o

Then
sup HG(—l,@,tw; —t,Q(—t,W)g())H S To(w), (550)

GoEB(6-1w)
fort > Tp(w), w € Q and where ry(w) is given in (5.35).

Finally, put together (5.39), (5.40) and (5.50). We end up with

sup  ||P(t, 0_w, go)||
goGB(Gftw)

= sup HG(0707tw7 —t,Q(_t,UJ)go)H S R()((.U),

goEB(0_1w)

(5.51)

for t > Tp(w) a.s. Hence, the random set in (5.48) is a pullback absorbing set for the Hindmarsh-

Rose cocycle ®. The proof is completed. [

5.3 The Existence of Random Attractor with the Multiplicative Noise

In this section, we shall prove that this Hindmarsh-Rose cocycle is pullback asymptotically com-
pact on H through the following two lemmas. Then the main result on the existence of a random

attractor for the Hindmarsh-Rose cocycle is established.

Lemma 5.3.1. Assume that for any random variable R(w) > 0 and any given 7 < —2, there

exists a random variable M (R, w) > 0 such that the following statement is valid: If there is a time
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€ [—2, —1] such that G(t*,w; 7,Q(T,w)qo) € E for any go € H which satisfies

|G(t", wi 7, Q(T,w)g0)le < R(w),

then it holds that

HG(Ov w; T, Q(T;W)QO)HE < M(R,W) (552)

Proof. Denote the solution of (5.22) by G(t,w; 7, Q(T,w)g0) = (U(t),V(t), Z(t)). Take the L?
inner-product ((5.17), —AU(t)) to obtain

L \VUE + ar AU

th
a b
= - UQAU——U2VU2—VAU+ZAU—JQt,wAU)dx
[ (ais o wr’ VY )
2(12 dl 2 d1
< —U4+—AU2+—V2+—AU2)d
—A<mm ot RIATi g R IAUT ) d

2J2Q(t,w)* d b
24 dy 2 ) 1 2 . 2 2
+/ <d1Z |AU| +—d1 +t3 |AU| )da; /QQ(t,w)QU IVU|? dz.

It follows that
d 9 9 2b 9
EHVUH +di||AU| +WHUVUH
4a? 4J2Q(t, w)? 6:3)
—U 4+—V2 A A2 o TR
S h0 W) el V[ + 1H | 7 12|
Take the L? inner-product ((5.18), —AV(t)), we get
2 2 2
IOV + dllAVI? + 9V
B >
= —aQ(t,w)AV + U*AV + VAV ) dx
A( QLC)AY + 00 0
OL2Q(t w)2 d2 BQ 2
< — T LAV ———— U+ AVQ—VX/Q)da:
- /Q ( dy 4 AV + daQ(t, w)? il

Then

d 202Q(t, w)? 232

—[[VV|? + da|| AV ||* + 2||VV]? < —224 |0 U t . 5.54

G IVVIT+ Bl AV]T+ 2 VYV < ——7=—| |+dQ( )H e, t>7. (554
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Take the L? inner-product ((5.19), —AZ(t)), we get
1d
2dt

:/[ch(t,w)AZ —qUAZ +rZAZ]dx
0

2 2 2 2
S/ ch(t,w) +@‘AZ’Q_FQ—UQ—'—%‘AZ’Q—TIVZ’Z dx
Q d3 4 d3 4

—IVZ||* + ds|| AZ|?

It implies

d 2 2.2 t 2
V2| + ds|AZ| + 20|V 2|12 < %ﬂw)

2q° 9

Q+ =||U|I>, t>T (5.55)
ds

Sum up the above estimates (5.53), (5.54) and (5.55). Then we obtain

d
Z(IVUIP+IVVIF+ IVZIP) + dill AU + da| AV + ds | AZ |

2b
+Q(t BE ||UVU||2+2||VV||2—I—7“||VZ||2
2¢° | 1 4a®  2B? (5.56)
<o+ 2 viers 2z + - (22 U
< PN+ ZIVIP+ 121 + s (- + 2 ) 10T

4J%  2a%  2¢%c?
t,w)? Q.
rate) (g 5+ 25 )10l

Since H'(Q) — L*(Q), there is a positive constant 1 > 0 associated with the Sobolev imbedding

inequality such that
TN < a(IUI* + IVUIP)? < 2n(JUN* + [VU]).

For any ¢ € [t*,0] C [r, 0], the inequality (5.31) implies that

max{c, 1}
min{c;, 1}

mmﬁ,l} / chﬁ; )Q(S,w)2+2(c1a)4Q(s,w)4 ds,

where the improper integral in (5.57) is convergent due to (5.13) and o = %min{l, r} > 0, as

IG(t,w; 7, Q(r,w)go) |I* < IG(t",w; 7, Q(7, w)g0)|I*

(5.57)

given after (5.28). Denote by
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max{cy, 1}

P = —
b(E,w) min{cy, 1}

R*(w)

mln{cl,

Then from (5.56) we obtain

d
ZIVGI* + A AU + d AV + ds|| AZ]*

o 3 / Km + 312c§> Q(s,w)* +2(c10)'Q(s,w)" | ds.

2b 2 2 2
—_— 2 Z
b G USUI + 29V 492
2¢° 4 2n 4a® 232 9
< 4 2lp 2
= max{ d3 7d1} O(Ruw) + Q(t,w)2 ( dy +— ds P (R )
2n 4a® 2432 A 4J%  2a2
— | — VU t
+ g (4 20 ) I+ ot (B +

2¢°c?
Q.
+ 25 ) ol

Here we can apply the uniform Gronwall inequality to the following inequality

o< 2 (ﬁwfﬂywmﬂWVQMQ

Q(t,w)?

2¢° 4 2 4a?
erax{i }PO(R w) + 7 <i+

d3 dl Q(t, CU)Q d1
4J2  2a%  2¢%
t,w)? Q
+ Q( 70‘)) ( dl d2 + d3 ) | |7

for ¢ > t*, which is written in the form

dg
— < —|—h
It _pf

where

§(t) = VGO,

) = g (4 + 25 Ivee

B 2¢° 4 2n 4a?
h(t) = max{ 3 } Py(R,w) + —Q(t, )’ (d_1 +

4%  2a*  2¢%?
t,w)? Q.
A L
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do

232
da

>P2(R W)

)PQ(R w)

(5.58)

(5.59)

(5.60)



By integration of the inequality (5.28) over [t, ¢ + 1] for ¢ € [t*, —1], we can deduce that
t+1
/ 2d(cr[VU )P+ IVV()I” + IVZ($)IP) ds < cal[UO1* + V@I + 1 2]
t
t+1 1
—i—/ [(202 + — 551 ) Q(s,w)%Q + 2(c1a)*Q(s, w)*|Q | ds.
t

Since Q(t,w) = e~**(), the above inequality implies that, for t € [t*, —1],

max{cl, 1}
/ §s)ds < 2d mm{cl, 1}P b(£,w)

1
2 - —2ew(s) 0 4 —dew(s) Oll d
5 min{cl,l}/t K et 3201) eI (aa)e A ds

Here e~*“® is continuous function on [—2, 0], so that there is a bound

(5.61)

\mmm:ewwgawmsam:wp&sw\wm>,te%zw

te[—2,0]

Then (5.61) implies that for any 7 < —2 and ¢t € [t*, —1],

t+1
/ £(s)ds < Ni(R,w). (5.62)
t

where

1

N S
1(Fw) 2d min{cy, 1}

« {max{cl, 1} Py(R,w) + (202 + Sich) C2(w)]Q + (cla)4C4(w)|Q]} |

Next we have

t+1 t+1 4@2 262 1
s)ds < n(—+ VG (s)|? ds
[ v < [ (G4 2 gl Vel

Aa2 942 t+1
< 2nC?*(w) (di + di) / IVG(s)||* ds < No(R, w),
1 2 t

(5.63)
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where
402 232
Ny(R,w) = 2n C?*(w) (di + dﬁ) Ni(R,w).
1 2

Moreover, for any 7 < —2 and ¢ € [t*, —1], we obtain

t+1 t+1 2q2 4 27] (4@2 262)
h(s)ds < max< —, — » Py(R,w) + — 4+ 7 ) PX(R,w
/t (5) _/t { { d3 dl} b(fE,w) Qs,w) \ di  dy o (fow0)

4J%  20%  2¢%c*
2 Q| d
+Q(s,w) ( i + 7 + 7 ) | |} s

(5.64)

2¢° 4 4a® 2B
< max {i —} Py(R,w) + 2nC* (w) <di + di) PZ(R,w)
1 2

4.2 202 20%c?
+02(w)( i qC)|Q|:N3(R,w).
dy do ds

Now we have shown that, for any 7 < —2 and ¢ € [t*, —1],
t+1 t+1 t+1
[ as=n [Cpeassne [ i< (5.65)
t t t
Thus the uniform Gronwall inequality [62, Lemma D.3] applied to (5.60) shows that
E(t) = |[VG@)|* < (N1 + N3)e2,  forall t € [t* +1,0]. (5.66)
Finally, the claim (5.52) is proved:

1G(0,w; 7, Q(1,w)90) |5 = |G (0, w; 7, Q(7, ) g0) |* + IVG(0, w3 7, Q(7, w) go) ||*

<M(R,w) = Py(R,w) + (N1(R,w) + N3(R, w))eNz(R,w).

The proof is completed. ]

Lemma 5.3.2. For the Hindmarsh-Rose cocycle ®, there exists a random variable M*(w) > 0
with the property that for any given random variable p(w) > 0 there is a finite time T (p,w) > 0

such that if go = (ug, vo, 20) € H with ||go|| < p(w), then ®(t,0_,w, go) € E and

[t 61w, go)lle < M™(w), for t>T(p,w). (5.67)
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Proof. We have proved in Theorem 5.2.9 the existence of a pullback absorbing set By(w) =
By (0, Ry(w)) for the Hindmarsh-Rose cocycle ® in H. Thus it suffices to show that the above
statement (5.67) holds for p(w) = Ry(w) given in (5.40), namely, for gy € Bo(w).

From (5.31), for any gy € By(w), we obtain

1
16,57, QI < T e () PR ) 568
€ o—o(t=s) 1 ) A A (5.68)
m1n{c1 1}/ [(202+ 3_2 )Q(S,w) +2(c10)"Q(s,w)"| ds.

Now we prove that there exists a time 7™ (Rg(w)) < —2 such that for any 7 < T*(R,) one has

sup  sup [|G(t,wi T, Q(7,w)go)|| < Ra(w), (5.69)

t€[—2,0] go€Bo(w)

where R;(w) > 0 is a positive random variable given in (5.75) later in this proof.

Take t = —2 and recall that Q(7,w) = e~“("), The inequality (5.68) implies

max{c;, 1}
G(—=2. w: Q 2 <~ ) 20 o|r|—2ew(T) P2
|| ( y Wi T, (7—7("‘)90)” = m{cl,l} R ( )

19 / 2o+ 1o\ .
o+os ) ew(s) ) 4 —dew(s) ds.
mm{cl, 1} e 32 ‘ +2(aa)e °

Note that 7 < T*(Ry) < —2 implies

e~olrl=22(n) — exp (—a|7| {1 + 22‘“";7)}) = exp (—am {1 - %Z—@D .

By the asymptotically sublinear growth property (5.13), forw € £, there exist a time 7*(Ry) < —2

(5.70)

such that for any 7 < T*(R,), which means 7 is very negative, we have

2ew(T)
oT

27%|TD maX{Cl, ]_}

2
e T} R2(w) < 1. (5.71)

1— and e

>

N | —

117



Then we get
||G(_27 Wi T, Q(Ta W)QO) ||2

] /42+ 15\ )
<1 o+os 2 cw(s) 2 4 —dew(s) d
<1+ min{e, 1] e ezt 51 ) e +2(c1a)’e s
e / e L),
o+os 2 cw(s) 2 —4ew(s) d
+ —— min{e, 1] co+ o 32 +2(cra)e s

<1

where 79(w) is given in (5.35).

For t € [—2, 0], integrate the inquality (5.28) over [—2, ¢] to obtain

t
HG’(t,w;T,Q(T,w)go)H2 + Qd/ IVG(s,w; T, Q(T, w)go)Hst
—2

max{c, 1} ' 9
>~ M||G(_2a w; T, Q(T7 o‘))90) ||
mm‘{?l 1}/ [<202 —cl) Q(s,w)* + 2(cla)4Q(s,w)4 ds.

The inequalities (5.72) and (5.73) imply that (5.69) is valid:

IG(t, w; 7. Q(7,w)g0) I < Ra(w),

forall t € [-2,0], go € Bo(w) and where

max{cy, 1} ,

By(w) = (@)

min{c, 1}

‘Q‘ /0 L, 2 4 4
_— 2 — 2 ds.
+ o1l ) Co + 3201 Q(s,w)” +2(c1a)*Q(s,w)*| ds
Next for t > —2 and 7 < T*(Ry), we integrate (5.28) and by (5.69) to get

max{cy, 1}

_Hascn, 1y ) )
~ 2d min{ey, 1} |Gt w; T, Q(T,w)g0) ||

t+1
[ IVG(s,0:7, Q(r.)go)| ds <

L

Qd 2d min{c;, 1}
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(5.74)
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(5.76)



where

1
~ 2d min{c;, 1}

X {Rl(w) + /O [Q(s,w)? + Q(s,w)"] ds}.

-2

K(w) max {c1, 1, (2¢2 + ¢7) |€], 2(c1a)*|}

Take t = —2 and 7 < T*(Ry) in (5.76). It implies that there is a time t* € [—2, —1] such that
VG, w; 7, Q(r,w)go) I < K (w),

so that
IG(t*,w; T, Q(1,w)g0)||7 < Ri(w) + K(w). (5.77)

Finally, we combine Lemma 5.3.1 and the bound estimate (5.77) to conclude that for all ¢ >

|T*(Ro(w))| it holds that
192,61, 90) ||z = |G (0, w; —t, Q(—t,w)gollp < M((Ry + K)"* w) (5.78)

where M (R,w) is specified in (5.52). Thus the claim (5.67) of this lemma is proved for p(w) =
Ry(w) with
M*(w) = M((Ry + K)Y?,w) and T(p,w) = |T*(Ro(w))|.

Consequently, (5.67) is also proved for any random variable p(w) as well, by the remark at the

beginning of this proof. It completes the proof. [

We complete this chapter to present the main result on the existence of a random attractor for

the Hindmarsh-Rose random dynamical system @ in the space H.

Theorem 5.3.3. For any positive parameters dy, ds, d3, a,b, 0, B,q,7,J, € and ¢ € R, there exists
a random attractor A(w) in the space H = L*(Q2,R3) with respect to the universe Py for the
Hindmarsh-Rose cocycle © over the metric dynamical system (Q,F, P,{0;}icr). Moreover, the

random attractor A(w) is a bounded random set in the space E.

Proof. In Lemma 5.2.9, we proved that there exists a pullback absorbing set By(w) in H for the

Hindmarsh-Rose cocycle ®. According to Definition 1.3.17, Lemma 5.3.2 and the compact imbed-
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ding & — H show that the Hindmarsh-Rose cocycle @ is pullback asymptotically compact on H
with respect to Zp. Hence, by Theorem 5.1.1, there exists a random attractor in H for this random

dynamical system ®, which is given by

Alw) =) @t 0w, Bo(0_w)). (5.79)

>0 t>T1

Since A(w) is an invariant set, Lemma 5.3.2 implies that the random attractor A(w) is also a

bounded random set in E. O]
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Chapter 6

Random Attractor for Stochastic Hindmarsh-Rose Equations with Additive Noise

Note to Reader
This chapter has been previously online published in Journal of Dynamics and Differential

Equations, 2019, and has been reproduced with permission from the journal.

In this chapter, we shall study the longtime random dynamics in terms of the existence of a

random attractor for the diffusive Hindmarsh-Rose equations driven by the additive noise,

du = diAudt + (p(u) +v — z+ J) dt + hy(x) dW, 6.1)
dv = dyAv dt + (Y(u) — v) dt + he(x) dWs, (6.2)
dz = dsAzdt + (q(u — ¢) — rz) dt + hz(z) dWs, (6.3)

fort >7, € QCR"(n<2).

We impose the homogeneous Neumann boundary condition

Ou _ @(t,x):O, %(t,x) =0, t>7€R, zed, (6.4)

and an initial condition
u(r, ) = up(x), v(r,z) =vo(x), 2(1,2) = 20(x), TER, x €. (6.5)

The parameters di, ds, d3, a,b, o, 3, q,r and J are arbitrary positive constants, and ¢ € R is the
reference value for the membrane potential of a neuron cell. Moreover, {h;(x) : i = 1,2,3} C
W24(Q) are given functions and W (t) = {W,(t), Wa(t), Ws(t)}, where W;(t),i = 1,2,3, are
independent, two-sided, real-valued standard Wiener processes on an underlying probability space

(Q,F, P) to be specified later.
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6.1 Formulation and Random Environment

The nonpositive self-adjoint linear differential operator

diA 0 0
A= 0 dA 0 |:DA) —H, (6.6)
0 0 d3A
where
ou Ov 0z
= 2 3y . _——=— = — =
D(A) = {(u,v,z) € H*(Q,R?) : 5 = P~ By 0 on 89}

is the generator of an analytic contraction Cy-semigroup {e“*};~, on the Hilbert space H. By the
fact that H'(Q) — L°(Q) is a continuous Sobolev imbedding for space dimension n < 3, the

nonlinear mapping

ou)+v—z+J
flu,v,2) = U(u) — v, FE— H (6.7)

q(u—c)—rz

is locally Lipschitz continuous. Let W (t) = col (W (t), Wa(t), W5(t)) and

Then the initial-boundary value problem (6.1)—(6.5) is formulated into an initial value problem of

the following stochastic Hindmarsh-Rose evolutionary equation driven by the additive noise:

dg=Agdt+ f(g)dt + A(h)dW, t>T1€eR,
(6.8)

9(1,w, g90) = go = (ug, vo, 20) € H.

The solutions of (6.8) is denoted by

g(ta W, 90) = col (U(t, W, 90)7 U<t7 W, 90)7 Z(t, "y W, gO))
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where (u, v, z) is the vector of solutions to the problem (6.1)—(6.5), and dot stands for the hidden
spatial variable x, and w € Q.
Specifically assume that {W;(t) : ¢ = 1,2,3},cg are independent two-sided standard Wiener

processes (Brownian motion) in the canonical probability space (Q, F, P), where the sample space
0 = {w(t) = (wi(t),ws(t),ws(t)) € C(R,R?) : w(0) = 0}, (6.9)

the o-algebra & is generated by the compact-open topology endowed in £, and P is the correspond-
ing Wiener measure [2,14,18,54] on J. Define a family of P-preserving time-shift transformations

{0+ }ier by
Orw)(-) =w(-+1t) —w(t), for teR, we. (6.10)

Then (Q, F, P, {0, }icr) is a metric dynamical system and the stochastic process { W (¢, w) = w(t) :

t € R,w € 9} is a three-dimensional canonical Wiener process.

For a given x > 0 to be specified, introduce the Ornstein-Uhlenbeck process I'(f,w) =
col (I'1 (Oywn), T'a(G,w2), I'3(0yws3)), which is defined by
t 0
Li(t,w) = —m/ e D AW (s, wi) = —/i/ e dWi(t + &, w;)
0 - 0 - (6.11)
B / R R p— / 5 (0,001) (5)ds = T(0, 6y) = Ts(Bs).

o0 —0o0

The Ornstein-Uhlenbeck processes I';(t,w;) = [';(0w;),i = 1,2, 3, satisfy the scalar stochastic
differential equation

dl; = —kDydt +dW;, T(—o0) = 0. (6.12)

Define T"(0,w) = col (I'} (i), T (Oyws), TH(G,w3)) to be the corresponding abstract Ornstein-
Uhlenbeck process
I (Oyw;) = hy(2)Ts(Aw;), 1<1i<3. (6.13)

For any p > 2 and any x > 0, the Ornstein-Uhlenbeck process I'(6,w) is tempered in LP(R, R?).
It means that for any € > 0,
lim e~ |0 (Qw)|P = 0. (6.14)

[t| =00
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Thus the abstract Ornstein-Uhlenbeck process I'(f;w) satisfies the similar property: if h; €

LP(Q2),1 < i < 3, then for any € > 0,

lim e~ T (0,0) 17 0 ) = O (6.15)

[t|—o0

6.2 Hindmarsh-Rose Cocycle and Pullback Absorbing Property

The first step to treat the stochastic PDE problem (6.1)—(6.5) is to convert the system to random

PDE, which has random coefficients and random initial data, by the additive transformation:

U(t7w; T, 90) = U(t, LW, T, gO) - F?(etwl)v
V(t,w;T,g0) = v(t,,w,T,g0) — Fg(@twg), (6.16)

Z(t7 Wi T, gO) = Z(ta LW, T, gO) - Fg<0tw3)7

where w = (w1, ws, ws), and dot stands for the hidden spatial variable x.
Then the initial-boundary value problem (6.1)—(6.5) is converted to the following system of random

partial differential equations:

%—g = d, AU + di AT (Owr) + a(U 4 T8 (0w1))? — (U + TH(0w1))?

+ (V +T8(0w2)) — (Z + THOws)) + J + kTP (Br ), (6.17)
%—‘; = do AV + dyAhoTy(Bws) + o — B(U + T4 (Own))?

— (V +T8(0,w)) + kT2 (0,w5), (6.18)
%—f = d3AZ + dzAhsT3(0uws) + q(U + T (Owr) — ©)

—1r(Z + T2 (O,ws)) + k% (Ows), (6.19)

forweQ, t>71,xeQCR"(n<2), with the Neumann boundary condition

ou

Z
a—(t,x,w) =0, a—v(t,x,w) =0, a—(t,x,w) =0, t>7€eR, x €I, (6.20)
v

ov ov
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and an initial condition
(U, V, Z)(1,w) = go — T"(0;w) = (ug — TV (0rw1), vo — Th(0rws), 20 — Th(0,w3)).  (6.21)

The initial-boundary value problem (6.17)—(6.21) can be written as an initial value problem of the

pathwise non-autonomous random evolutionary equation

% =AG+ 7 (G,0,w), t>T€ER, weN,
ot (6.22)

G(0,w; T, 90) = go = (uo, Vo, 20) € H.

We define the weak solution of the initial value problem (6.22),
G(ta w; T, gO) = (U(t7 w;T, 90)7 V(tv w; T, gO)? Z(t7 w; T, gO))? (623)

to be the weak solution of the nonautonomous initial-boundary problem (6.17)—(6.21), specified
in [78, Definition 2.1].

By conducting estimates on the Galerkin approximate solutions and through the compactness
argument outlined in [13, Chapter II and XV] with some adaptations, we can prove the local exis-
tence and uniqueness of the weak solution G(¢,w) = G(t,w; T, go) in the space H on a time interval
[T, Tinax (T, w, go)) for some 7 < Tk (7, w, go) < 00, and the solution continuously depends on the
initial data. Further by the parabolic regularity [62, Theorem 48.5], every weak solution becomes

a strong solution in the space E for ¢ > 7 in the existence interval and has the regularity property

loc

G € C([1, Thnaz), H) N CY(7, Trnae), H) N L ([T, Trnaz ), E). (6.24)

6.2.1 Global Existence of Pullback Pathwise Solutions

The converted system of random partial differential equations (6.17)—(6.19) is non-autonomous by

nature and we shall deal with the pullback weak solutions to investigate the random dynamics.

Lemma 6.2.1. For any 7 € R, w € Q, and any given initial data gy = (ug,vo, 20) € H, the
weak solution G(t,w; T, go) defined in (6.23) of the initial boundary-problem of the random PDE

(6.17)—(6.21) uniquely exists on |1, 00). Consequently, the weak solution (u, v, z)(t,0,w;T, go) =
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G(t,0,w;T,g0) + I (O,w) of the original problem (6.1)~(6.5) uniquely exists on |T,00) and con-

tinuously depends on the initial data.

Proof. Take the H inner-products ((6.17),c;U(t)), ((6.18),V (t)) and ((6.19), Z(t)) with a con-
stant ¢; > 0 to be specified later and then sum up the resulting equalities. Recall that U = u — I'?,

V =v—T}and Z = z — I'}. We obtain

d
— @UPP +IVIP+1ZIP) + (ad VU + &I VVIP + ds|VZ|)

N | —

= /Q AU [diAM T (Gpwr) + KT} (G301) + Do (Ows) — T (Gi3)] da
+ / V [daAhoTs(Byws) — T (Brws) + kL (Oyws)] da
, (6.25)
+ /Q Z [dyAhaTs(0w3) + qU(Ouor) — 1T (Gueos) + KT (Ouw)] d
+ /Q [aUV — 12U = V2 +qU — 0)Z —rZ° + 1 JU + aV] da
+ /Q {(crav® — c1bu* — Bou®) + [T} (Giw1) (bu® — au®) + B (Ows)u’]} da.
For the first three integral terms on the right-hand side of equality (6.25), we have
/Q c1U [diART (Gr1) + kT2 (Biwr) + Th(Ois) — T (Bws)] d
+ /Q V [daAhoTs(fwo) — T (Byws) + kT (ws)] da

6.26)
+ / Z [dyAhaTs(0yes) + gD (Buor) — 1T (Bos) + KT (O] dt
Q

2 1
gc(h)\F(ﬁtw)\2+%/U2d$+E/V2dx+%/Z2dx,
0 0 0

where ¢(h) > 0 is a constant depending on the functions h(z) = (hy(z), ha(x), hs(z)). Note that
2 2
u4 = |:(U + F;L(Htwl))ﬂ S |:2 (U2 + (F?(Qtwl))2>:| S 8 |:U4 + (F?(Gtwl))zﬂ .
The 5" integral term on the right-hand side of (6.25) is

/(clau?’ — cibu* — Bou?) dw + cl/
Q

I (0,w1) (bu® — au®)dx + ﬁ/ % (0,09 uPde
Q Q

126



:/ [(c1a + 1D} (Bywn) )u® — erbu? — Bou® + (BTS(ws) — cralt(fuwn)) w?] da
Q
34, 1 h 4 4
< 1 + 2 (cla + clbfl(ﬁtwl)) —cbut| dx (6.27)
Q

2 4
+/ [25%4 + % + (5Fg(0tw2) — claF’f(Qtwl))z + uz} dx.
Q

Choose the positive constant in (6.25) and (6.27) to be

1 11
— — (92452
“ b(ﬂ 8)

so that
11
/(—clbu4 + 252u4) de < —— / ut dx.
Q 8 Ja

Then (6.27) becomes

/(clau3 —cibu* — pou?) de + ¢ /
Q

I (0y0) (b — au®) da + ﬁ/ 5 (Qyws )u? da
Q Q

2

S —g/ﬂu‘l d5(7+i/ﬂ8 [(Cla)4 + (Clb)4(l_‘]f(6)twl))4] dmﬁ—/g;%dl‘

+ [ 2[B0500) + (TG do

Q
1

< _2/9 (U + T (0)] " da + é/Q [V + Th(0,w)]” da + 2(c1a)*|9]

+ 2(clb)4/ (F}f(ﬁt(ul))4 dz + [26% + (c1a)?] [T (O,w)]?

Q
< -3 / [U* + (T} (Orw1))*] dm+}1 / [V? + (D5 (0w2))?] dx + 2(c1a)*|9| (6.28)
Q Q
+2(exb) [T (Bsw) 74 + [26° + (c10)?] [T (Gw)]|?
1

< —3/QU4 dx — 3||T"(Ow) |74 + Z/QV2 da

+ ilth(ﬁtw)!V +2(e1b) [T (B[ 15 + 267 + (c1a)?] [T (0w)]* + 2(c10)* |

1

< —3/QU4 dx + ZL/QVQ dx 4 2(c10)* | T"(0w) || 3.4

b |2+ (e + 3] TGP + 2(cia) i,
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Next, the 4" integral term in (6.25) is estimated,

/[clUV—chU— Vit e JU +aV +qU —e)Z —rZ% dx
Q

vz o 3¢ r c? J? V2
< 3V + —+ U+ 22—V P4+ AU 4307+ —
_/Q{cl +12+2r +6 +2 +2+Oé+12

2
+ (BL(UQ + %) + %ZQ) - 7“221 dz.
T

Collect all the integral terms with U? involved from the above inequality to obtain

2 32 2 32 32 32
/ I P I R G Uzda::/ 4+ 20 4 2L ) 2 gy
Q \ 2 2r 2 r Q 2r r

32 3¢2\°
g/U4dx+(4c%+ﬂ+i) Q.
Q 2r

Assemble all the estimates (6.26)—(6.29) into (6.25). Then we get

(6.29)

1d
57 (@lUIP +IVIE+1Z1F) + (ad VU + & VVI* + ds||VZ|)

1 1 1 1 r r r
< 1-— 4 — =14+ —=+—+-|V¥ — 4 -4 -—7r) 2%
_/Q( 3)Ud:v—|—/9(12 +12+12~|—4> x+/§2<6+6+6 7“) x

IO + 2e) IO+ (267 + (@) + 7 I

J2 3022
2(c1a)* + = +3a* + 7¢

+ 2 T

3 2 3 2\ 2
+ (4c§+ﬁ+i) [s]
2r T

2
g/—2U4dx—/v7dx—/gzwﬁc(h)\r(etw)ﬁ+2(clb>4||rh(etw)||§4
Q Q Q

1
+ |28+ (e + 3] TGP + Mg,

where )
J2 322 32
N = [2(cla)4+7+3a2+£+(4C%+i+i> ]
T
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Let d = min {d;, d, d3}. It follows that

d
— (@l +1VI°+11217)

+2d(c1|VU P + [|[VV|*+ VZ]|?) + Q<4U4 + V2 +rZ%) da (6.30)

< 200G+ A s+ 407 + () + 5] [T (02 + 20,

Since 4U* > ¢,U? — %’ the inequality (6.30) implies that

d
7 (allUI?+IVI*+ 1217)
+2d(c,|[VU|? + IVVI?+ IVZ|?) + a|[U | + IVI? + 7|1 Z))?
< 2¢(h)|T(Bw)]?* + 4(c1b)* |1 (H,w) |14 (6.31)
1 2
+ [452 + (cr1a)* + 5] IT"(0,0)||2 + 2N |Q| + % Q|

< @(h) (IP(Ow)[* + [T (0w)[*) + FlQ,

fort > 7, w € £, where the constant F' = 2N + % and € (h) > 0 is a constant depending on h.

Let 0 = min {1, r}. Gronwall inequality applied to the inequality from (6.31),

| =

= (@lllTOI + IVAIF + 1Z2O1F) + o (cllT@” + IVOI° + 12@1°)
(6.32)

< € (h) (IT(0w)* + [T (Ow)|*) + FIQ,

U

shows that

allU®I* + V@I + 121
< e U e |Uo|? + IVOI® + 11 Zol1?) (6.33)

+ / e~ 7= (F(h) (T (Bsw)]* + [D(Osw)|*) + F|Q]) ds.
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It means that the weak solutions of the problem (6.22) satisfy

IG(t, w57, o) I* = U + V@I + 1Z(B)])*

max {17 Cl} —o(t—

st St e & 8 T) —Fh 0 2
< el gy - D0

1 t
+ M/T e =) (€(h) (D (Bw)” + |0 (Bw)[*) + FIQ) ds (6.34)

max {l,¢c;} _,

el St it ® (t—7) _Fh 0 2
< et gy - Do)

t oty | GO (T + MG+ FIo) ds

fort >7eR,weNandgy € H.

Since the Ornstein-Uhlenbeck process I'(6;w) is tempered, the last integral in (6.34) is conver-
gent. Therefore, (6.34) shows that the weak solution of the initial value problem (6.17)-(6.21)
will never blow up at any finite time ¢ > 7. The time interval of maximal existence of any weak

solution is always [T, 00). O

Lemma 6.2.2. There exists a random variable Ry(w) > 0 depending only on the parameters such
that for any tempered random variable p(w) > 0 there exists a random variable T (p,w) > 0
and the following statement holds: For any T < —T(p,w), w € 9, and any initial data gy =
(ug,vo,20) € H with ||go|| < p(0,w), the weak solution G(t,0,w;T, go) of the problem (6.17)—

(6.21) uniquely exists on [T, 00) and satisfies
0

1G(0,0,w; 7, go)|” +/ IVG(s,0,w; T, 90)||* ds < Ro(w). (6.35)
-1

Proof. Lett = —1. From the already shown inequality (6.34), we get

1
G (=1, 0w; 7, g0)|% < Me

o(1+7) . Fh 2
e 1 gy~ T 0|
(6.36)

- m /_ 7 (G (h) (IT(Osw) P + D (Osw)[*) + FILQ]) ds.

Thus for any given random variable p(w) > 0 and for all w € £, there exists a time T'(p,w) > 1
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such that for any 7 < —T'(p,w) we have

1 1
Mea(l+r)||go MW < 2 MBU(HT) (PA(w) + [T (B,w)]2) < 1

min {1, ¢} min{1,¢;}

since I'*(f,w) is tempered. Substituting the above inequality into (6.36), we obtain
HG(_L eﬂ'w; T, gO)H2 S To((.U),

where

ro(w) =1+ L / e”UF) (G (h)(|T(Osw)[* + |T(Bsw)[*) + F|Q) ds.

min{l,c;} /o
For ¢t € [—1, ), integrate the inequality (6.31) over [—1, ] to get
allUG + VI + 1207 = (allU=DI* + [IV(=DI* + [|Z(-1)]]*)
t

+ 2d/ (VU + VV(s)* + IVZ(s)|1?) ds
—1
t

+ U/l(clHU(S)H2 HIV()IP+12(s)]%) ds

< [ [60) (PP + DO + FIs] ds.

-1

Thus for ¢ € [—1,0] we have

t
mm{cl,1}y|G(t,9Tw;r,go)y|2+2d/ VG (s, 0.0: 7, o) |2 ds
—1

t

< max{cy, 1}|G(~1,0,w; T, g0)||* + / (€ (h) (IT(6sw)]* + [T(6sw)|*) + FIQ] ds

-1

Let ¢ = 0 in (6.40) and we see that the claim (6.35) is proved:

0
1G(0, 07w 7, g0) |1 +/ IVG(s,0:w; 7, g0)I” ds < Ro(w),
-1

131

, (6.37)

(6.38)

(6.39)

(6.40)

(6.41)



where

1
min{cy, 1, 2d}

X {max{cl, 1}ro(w) +/

-1

Ro(td) =

. (6.42)

(€ (h) (IT(6sw)]* + |T(6sw)[*) + FI2] ds}.

Note that both r(w) and Ry(w) are random variables independent of any initial data. The proof is

compldeted. 0

The two lemmas that we have shown expose the longtime dissipativity for pullback solution

trajectories of the stochastic Hindmarsh-Rose cocycle to be defined in the next subsection.

6.2.2 Hindmarsh-Rose Stochastic Semiflow and Absorbing Property

Now we can define the concept of stochastic semiflow associated with the random PDE (6.17)—
(6.19) and then define the cocycle ® : RT x Q x H — H over MDS (2,5, P, {0, }1cr) for the

stochastic Hindmarsh-Rose equations.

Here in the context of Chapter 5 and this Chapter, we can define S(t,7,w) : H — H for all
t>7€Randw € Q by

S(t,m,w)go = (u,v,2)(t,w; T, go) = G(t,w; T, go) + T"(Ow). (6.43)
Then define the mapping ® : R* x Q x H — H to be
O(t, O,w, go) =S(t+ 7, 7, 0,w) g (6.44)
which implies that
®(t,w,g0) = S(t,0,w) go = G(t,w; 0,90) + " (Ow). (6.45)
Lemma 6.2.3. The mapping ® : R™ x Q x H — H defined by (6.44) is a cocycle on the Hilbert

space H over the canonical metric dynamical system (Q,F, P, {0;}icr).
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It holds that
D(t,0_w, go) = G(0,0_w; —t, go) + T (w) (6.46)

forany gy € H,t > 0 and w € Q. This random dynamical system ® is called the stochastic

Hindmarsh-Rose cocycle.

Proof. We need to check the cocyle property of the mapping ®:
Ot + s,w,90) = P(t, 05w, P(s,w,90)), t>0,5>0,weN. (6.47)
Note that, (6.11) and (6.13) imply that for any w € 9,
IM(Ow)(t) =T"(w)(t +5s), t,scR and T"(Ow)=T"(0,w)(0) =T"(w)(s).
According to (6.45),
Ot +s,w,90) = Gt + 5,w;0,90) + (04 sw).

On the other hand,

(t, 0w, B(s,w, 90)) = G(t,0,w; 0, P(s,w, go)) + (0, 05 w)
=5(t,0,0,w) (G(s,w;0,g0) +T"(0w)) (by(6.46))

=95(t,0,0,w) S(s,0,w)gy = S(t+s—s,0,0,w)S(s,0,w)go

=S5(t+s,s,w)S(s,0,w)go (by the second condition of Definition 5.2.5)

= S(t + S, 07 (,4)) go = G<t + S, W; 07 gO) + Fh(et—i-sw)'

Therefore, the cocycle property (6.47) of the mapping ® is proved by comparison of the above

two equalities. Moreover, by definition we have

(I)(tv Q,tw, gO) = S<O7 _t7 Q,tw)go = G<07 H*tw; _tu gO) + Fh(6t<97tw))'
Thus the equality (6.46) is valid. ]
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Theorem 6.2.4. There exists a pullback absorbing set in the space H with respect to the universe

Dy for the stochastic Hindmarsh-Rose cocycle ®, which is the bounded ball

K(w) = Bu(0,Rg(w)) ={§ € H : [[]| < Ru(w)} (6.48)

where Ry (w) = \/Ro(w) + |[T"(w) |2 and Ro(w) is given in Lemma 6.2.2 by (6.42).

Proof. For any bounded random ball D(w) = By(0, p(w)) € Py, which is centered at the origin
with the radius p(w) in H, and for any initial state gy € D(f_;w), by Definition 1.3.14 and the

definition of the universe Y5, we have

lim e “'p(6_;w) = 0, for any constant £ > 0. (6.49)

t—o00

From (6.36), for any ¢ > 1 we have

Il G(=1,0w; =, D(O-w))[| = sup  [|G(=1,0_w; =1, 9o

QOED(O_tUJ)

max {1, ¢ } o1
min{l ¢}

mm{l e} / T (G () ([P (Osw)]” + D (Gsw))] )+F|Q|) ds

<2 (PP (O-w) + D" (0-w) %)

Since I'"(6,w) and I'(f;w) are tempered random variables, there exists a time Tp(w) > 1 such that

for any ¢t > T)h(w) and w € Q we have

max {1, ¢} (1) ( 2 X ,
¢ - IMCA <1. .
min {1, c1} (0*(0—ew) + IT*(O-w)[I*) < (6.50)

Thus

sup ||G(—1,0_4w;—t,g90)|| < 1o(w), forallt > Th(w),
goED(0_1w)

where 7o(w) is given in (6.38). By (6.46) and the inequalities (6.40)—(6.41) in Lemma 6.2.2, the

above inequality implies that

Il (¢, 0w, D(O-e0)) || = | G(0, -5 —t, D(0-w)) + T" ()l
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= o 1G(0,0—w; —t, go) + T"(w)[| < v/ Ro(w) + [IT(w)[1?> = Ry (w),
go€D(0_tw

fort > Tp(w), w € Q, where Ry(w) is given in (6.42). It shows that the bounded ball K (w) =

By (0, Rg(w)) in (6.48) is a pullback absorbing set for Hindmarsh-Rose random dynamical system
P. O

6.3 The Existence of Random Attractor with the Additive Noise

In this section, we shall prove that the stochastic Hindmarsh-Rose cocycle ® is pullback asymp-
totically compact on H through the following theorem. Then the main result on the existence of a

random attractor for this random dynamical system is established.

Theorem 6.3.1. For the Hindmarsh-Rose random dynamical system ® with the assumption that
space dimension n = dim (Q) < 2, there exists a random variable Rg(w) > 0 independent of any
initial time and initial state with the property that for any bounded random set D € Dy there is a

finite time T'(D, w) > 0 such that

1t 0w, D(0—w)llp = sup [, 0-¢w, golls < Rp(w). (6.51)

90ED(0—1w)

forallt > T(D,w).
Proof. We can just consider any bounded ball D = By (0, p(w)) € Zj in this proof.

Step 1. Respectively take the L? inner-products ((6.17), —AU(t)), ((6.18), —AV(t)) and
((6.19), —AZ(t)). Sum up the resulting equalities. For any ¢ > 7 € R, we have

1d
5 IVUIP+IVVIP + IV ZIP) + dil| AU + dao| AV + ds | AZ |

= —/JAUd:c—/aAde—i—/chde
Q Q Q

— / AU [dlAthl(ﬁtwl) + /{F;‘(Qtwl)] dx
2 (6.52)

— / AV [dgAhQFQ(etWQ) + HFS(@,:WQ)] dx
Q

— / AZ [dgAthg(etw?,) + mfg(etwg)} dx
Q

+ / [AU(bu® — au® — v + 2) + AV (Bu® +v) + AZ(rz — qu)] dx.
Q
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The key last integral on the right-hand side of (6.52) can be written as

/ [AU (v’ — au® — v + z) + AV(Bu® + v) + AZ(rz — qu)| da
Q

= / [(bu® — avw® — v + 2) Au+ (Bu® + v)Av + (rz — qu)Az] dz
Q (6.53)
+ /[—(bu3 —au® — v 4 2) AT (Owy) — (Bu® + v) ATS (H,w,)
Q

— (rz — qu) AT (Oyws)] de.
The first integral on the right-hand side of (6.53) is estimated as follows.
/ [(bu® — auw® — v + 2) Au+ (Bu® + v)Av + (rz — qu)Az] dz
Q
= — 3b/ u2|Vu|2dx—|—2a/ u|Vul* do + / Vu-Vvdr — / Vz-Vudx
Q 0 0 0
—25/uVu-Vvda:—/ |Vv|2dx—r/ |Vz|2d:B—|—q/Vu-Vzdx
0 Q Q 0
—3b
< —IV@)IP + 2allull = | Vul* + [ Vul* + [ Vo[> + [ V2]* + [[Vul]?
+ Bllull = (IVull* + [Vol*) = Vol]* = 7| V2] + q([Vull® + [V 2]*)
(6.54)

< 2C max {2a, BH|ull (I[Vul]® + [|Vo]|*) + max {2, ¢} ([|Vul* + | Vo][* + [[V2]]*)

< C'max {2a, B}(|Vull® + [|Vu[[[Vo]*) + max {2, ¢} (| Vul* + [ Vo]|* + | V2]]?)

C

< S (IVGIP + 9T @) + VG + VT (o))

C 4 1 h 4 1 4 h 4
<G Bivap+ L+ Yoo+ L Livar + Liertew)
Ch 1 C

= (Givent+ Jvrt el + 5) < 3961+ 19T e + 1),

where C'; > 0 is constant and we have used the Young’s inequality and (6.43). For the second step

of the chain inequalities in (6.54), the Sobolev embedding H'(Q) — L>(2) under the assumption

136



dim(Q2) < 2 so that ||ul| e~ < C||u|| g1 is used to deal with the integral term
—25/ uVu - Vodz.
Q

Next we estimate the second integral in (6.53):

/ [(au? — bu® — v + 2) AT (Owr) — (Bu? + v) AT (Ows) — (12 — qu) ATE (,ws)] da

0

_ / [u? (aAT(Bor) — BATE (Byn)) + buP AT (B01)

Q

— v(AT"(Qywy) + ATS (O,w5))

+ 2(AT} (fwr) — rATS (ws)) + quATS (ws)] da (6.55)

u? h h 3 bt i v
< Z+(mrl(etwl)—/mrz(etwg)) + Ut + (AT () + =

1 2
§(AF <9tw1> -+ AFS(Gtwg)) -+ 5 + = 9 (AF (Gtwl) — rAFQ(Gtwg)f
U 2

Step 2. We further treat the integral in the last step of (6.55), which is decomposed into the

following two parts. The first part is

/Q (w505 )dr= [ [T+ § 0+ o)’
1
"3

(V + Th(6ws))” +

l\DIH

(Z+7T (etw?)))?} dz
< / [8 (U* + (T} (0iwn))?) + U? + (T (Bren))? (6.56)
Q
+ V2 + (Dh(0wn))® + 2% + (T (0103))?] d

< /Q(SUA‘(t) + UP(t) + V2(t) + Z2(t)) do + 8||T"(0,w) |74 + |7 (6,0)]%.
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According to (6.34) and D = By (0, p(w)), fort > 7 € R,

max {1, ¢}

—o(t—7)( 2 h 2
—min{l,cl} 2e (7 (0rw) + [T (6-w)[1%)

IO+ VO + 2@ <

bty [T @R PO + MGl + Fie) s

The tempered property of p?(6,w) + ||[T"(6,w)||? implies that there is a sufficiently large random
variable T'(D, w) > 6 such thatif 7 < — T'(D,w), then it holds that | U (¢)||>+[|V (¢)||*+]| Z (¢)||? <
Q1(w) for any ¢ € [7/2,0], where

Qulw) =1+ o Cl}/ ) (I0(0,w) % + |T(0.)|") + F|Q) ds. (6.57)

By the embedding H'(2) — L*(), there is a positive constant 7 > 0 such that |U]|7, <
(U2 + [[VU||?)?2 < 2n(|U||* + |[VU||*). 1t follows from (6.56) that

/ (u4(t) + u(0) + v + Zz(ﬂ) dx
Q

2 2 2

<169 [UM* + 169 [[VUD]* + Qi(w) + 87" (Buw)[|74 + [T (00 1* (6.58)
<167 Qi(w) + 167 [VG)|* + Qu(w) + 8[[T" (0rw) 74 + [IT" (Brw)|

provided that t € [7/2,0] and 7 < =T (D, w).
For the second part (the rest part) in the last integral of (6.55), we have
b4

/ [(aAF}f(Qtwl) — BATE (Biws))” + — (AT (Bn )
Q 4

2

(AT (f,w1) + AT (Byw0))

9 2

(AT (B1w1) — rAT (Byw3)) +%(rg(9twg))2 dx

Mlb—wln—

(6.59)
g/Q[2@2(Ah1(x))2(1“1(9tw1))2+2B2(Ah2(:c))2(1“2(9tw2))2

+ 354(Ah1(95))4(rl(9tw1))4 + 2(Ahy(x))*(F1(fwr))?
+ (Ahy(2))*(Ta(Oiwn))* + (r? + ¢°) (Ahg(2))* (D3(Ows))?] da
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= [ 1206 + DR TaB))? + (257 + D(Aha)(Ta(Or))
+ 4 ) (A P(TolB00)* + S0 (A (T (B |
< PO [206 + | AP + (267 + 1) b ]
PO [0+ ) Ahs|?] + 5 610 (0) | b

In (6.59), the assumption that {h;(z) : i = 1,2,3} C W>4(Q) specified in Section 6.1 is used.
Step 3. Assemble the estimates (6.58) and (6.59) of the two parts in (6.55). Then we have proved

that

/Q[(mf —bu® — v+ 2) AT (Ow) — (Bu’ + v)ATE (0,w) — (rz — qu) ATE (0,w)] d

(6.60)
< 167 |[VG|* + Qa(t,w),
where
Q2(t,w) = 167 QF(w) + Q1(w) + 8|7 (B0 |14 + 7" (Bs0) |1”
+ [T(0,w)]? [2(a® + D[ AR ||* + (257 + 1) || Ahg?] 6.61)
1
+ PO [ + @) | Ahs[P] + 5 BT @) ||| A [
In turn, substitute the inequalities (6.54) and (6.60) into (6.53), we get
/ [(bu® — au® — v + 2) AU + (Bu® + 0)AV + (rz — qu)AZ] da
. (6.62)

Ch

C
< (71 ¥ m,) IVGI + 2 (IVT () + 1) + Qalt, ).

Besides, by the Gauss Divergence theorem and the homogeneous Neumann boundary condition,

in (6.52) we have

/JAde:/aAdez/chde:().
Q Q Q
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Moreover, the three middle terms in (6.52) satisfy the estimates

— / AU [dlAh1F1<0tW1) + KT?(Qtwl)} dz
Q

- / AV [dQAhQFQ(Gtwg) + /{FQ(Gtwg)} dx
Q

(6.63)
- / AZ [dsAhsTs(0yws) + KI5 (6iw3))] dz
Q
1 1
< 5 (GIAVIP + & AVI? + &5 AZIP) + 2 Ca(h) [D(0)F,
where Cy(h) > 0 is a constant only depending on the functions {hy, ha, h3}.
Finally, we substitute (6.62) and (6.63) into the inequality (6.52). It follows that
d
ZIVGOIP + & AU + AV + ds [ AZ(@)]
(6.64)

< (Cr+320) [VG@)|* + Co (VT (Bi0)|* + 1) +2Qa(t,w) + Co(h) [T (Biw) .

Step 4. In the final step of this proof, we apply the uniform Gronwall inequality [62] to the follow-

ing differential inequality reduced from (6.64),

d
ZIVGOIP < (Cr+32n) [IVG]* + G (VD" (Bw) [ + 1)

(6.65)
+2Qs(t,w) + Cy(h) T (Ow) %,
which can be written in the form
d¢
%gxgwrg, for t € [7/2,0], 7 < -T(D,w), (6.66)

where T'(D,w) > 6 is specified before (6.57), and
¢(t) = IVG@)|”?,
A(t) = (CL+320)IVGO)]?,
£(t) = C1 (VD" (0w)|[* + 1) +2Qa(t, w) + Co(R)|L(Ow) .

To estimate the functions ((¢) and A(t), we integrate of the inequality (6.31) over the time interval
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[t —1,t] C [7/2,0] to get

t
Qd/ IVG(s,0,w; 7,90 — T"(0,w))||*ds
t—1

max{1,c;} N )
——||G(t - 1,0,w; 7,90 — I'"(0; 6.67
< min{l NG = 1007, go = T2 (0r)] (6.67)
(IT(sw)” +|T°(6 F|Q|] ds.
mln{l cl}/ ) (IT(Osw)* + [T(0w)[") + FIQ] ds
It has been shown in Step 2 that
IG(t = 1,6,w; 7,90 — T (0:w))[I* < Q1 (w) (6.68)

and () (w) is given in (6.57). It follows from (6.67) and (6.68) that

t t
/ ((s)ds = / IVG(s, 0:w; 7, g0 — T"(0:0))|Pds < Ry(w), (6.69)
t—1

forany go € D(0,w), t € [-2,0] C [7/2+1,0], 7 < —T(D,w), where

1 [max{c, 1}
) =5 {mw
(6.70)
2
mln{l c1} / ) (DO + L0 + Pl ds} '
Then in the same way, for any go € D(0,w), t € [-2,0], 7 < —=T'(D, w), we have
t
/ A(s)ds < (Cy +32n) Ry (w). (6.71)
t—1
Moreover, for t € [-2,0], 7 < —=T(D,w), we have
t t
/ £(s)ds < / [C1 ([[VT"(0sw)||* + 1) +2Q2(s,w) + Co(h)|T(0sw)|*] ds

o . (6.72)

< / (G O +1) + 2Quls.) + CalWE B0)] .

Therefore, for any t € [—2,0],7 < —T(D,w) and gy € D(fw), applying the uniform Gronwall
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inequality to (6.66) and by (6.69), (6.71) and (6.72), we obtain

IVG(t,w; 7, 90)[* < B {(Ca + 321) Ry (w)

0 (6.73)
+/ [C1 ([[VT"(0sw)||* + 1) +2Qa(s,w) + Co(h)|L(Osw)[?] ds}.
-3
Finally, by (6.46) and (6.73), we reach the conclusion that any for t > T'(D,w),
P (t,0_1w, D(0_¢w)]||%
= sup [t 0w, g0)llm= sup [|G(0,0_w; —t, go) + T (w)|%
go€D(0_¢ w) go€ED(O_t w)
< sup  2(||G(0,0_w; —t, go)l|h + |IT"(w) %) (6.74)
go€ED (0t w)
= sup  2([|G(0,0w; —t, go)llF + IVG(0,0_w; —t, go)ll7r + T (w)][%)
go€D (0t w)
< Ry (w),
where
R3(w) = 2Q1(w) + 2[T™(w)|I5 + 2¢™ ) {(Cy + 321) Ry (w)
(6.75)

+/ [01 (|\VFh(95w)||4 + 1) +2Q2(s,w) + C’g(h)|F(93w)|2} ds} ,

-3

and 1 (w) is given in (6.57). Note that R (w) is a random variable independent of any initial time

and initial state. Thus the result (6.51) of this theorem is proved. ]

We complete this section by proving the main result on the existence of a random attractor for

the Hindmarsh-Rose random dynamical system & in the space H.

Theorem 6.3.2. For the spacial domain of dimension n = dim (Q2) < 2 and for any positive
parameters dy,ds, ds,a,b,a, 5,q, r,J and any ¢ € R, there exists a unique random attractor
A(w) in the space H = L?(2,R?) with respect to Dy for the Hindmarsh-Rose random dynamical

system ® over the metric dynamical system (Q,F, P, {0;}icr).

Proof. In Theorem 6.2.4, we proved that there exists a pullback absorbing set K (w) C H for

the stochastic Hindmarsh-Rose cocycle ®. According to Definition 1.3.17, Theorem 6.3.1 and the
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compact imbedding £ — H show that this cocycle ® is pullback asymptotically compact on H
with respect to Y.
Hence, by Theorem 5.1.1, there exists a unique random attractor in the space H for this

Hindmarsh-Rose random dynamical system ®, which is given by

Aw) = Yelt.0-w, K(O-w)), we, (6.76)
>0 t>1
where K (w) = By(0, Ry(w)) is defined in (6.48). The proof is completed. O

We make a remark that there is an essential difficulty in proving the pullback asymptotic com-
pactness of the stochastic Hindmarsh-Rose cocycle for the space dimension n = 3 of a bounded
domain 2. This is the reason that we reduce the space dimension n = dim (£2) < 2 in Theo-
rem 6.3.1 and Theorem 6.3.2 for this Hindmarsh-Rose random dynamical system. All the results
shown in the Section 2 remain valid for space dimesion n = dim (2) < 3. We conjecture that
there should exist a random attractor for the random dynamical system generated by the stochastic

Hindmarsh-Rose equations with the additive noise also on the 3-dimensional domain space.
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Chapter 7

A New Model of Coupled Neurons and Synchronization

Note to Reader
This chapter has been previously published in Journal of Nonlinear Modeling and Analysis, Vol.

2, No. 1, 2020, 79-94, and has been reproduced with permission from the journal.

In this chapter, we present a new model of coupled two neurons in terms of the following system

of the coupled partly diffusive Hindmarsh-Rose equations:

ou
a_tl — dAul + au% — bu? +v; —wi + J+p(U2 - ul)’
0
L
8w1
o q(ur — ¢) — rwy,
J (7.1)
8_252 = dAuy + aus — bul + vy — wy + J + p(ur — us),
ov
a_; = — Uy — Buga
_8w2 =q(ug —c) —rw
ar 1\ >

fort >0, x € Q C R" (n < 3), where 2 is a bounded domain with locally Lipschitz continuous
boundary. Here (u;, v;, w;), i = 1, 2, are the state variables for two Hindmarsh-Rose (HR) neurons.
The input electrical current J > 0 and the coefficient of neuron coupling strength p > 0 are treated
as constants. For cell biological reason, the coupling terms are only with the two equations of the
membrane potential of neuronal cells.

In this system (7.1), the variable u;(t, z) refers to the membrane electrical potential of a neuronal
cell, the variable v;(¢, ) called the spiking variable represents the transport rate of the ions of

sodium and potassium through the fast ion channels, and the variable w;(t, z) called the bursting
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variable represents the transport rate across the neuronal cell membrane through slow channels of
calcium and other ions.

All the involved parameters are positive constants except ¢ (= ug) € R, which is a reference
value of the membrane potential of a neuron cell.

We impose the homogeneous Neumann boundary conditions for the u;-components,

Ous
ov

ou

5 (t,z) =0,

(t,z) =0, for t >0, z € 09, (7.2)
and the initial conditions to be specified are denoted by (z = 1, 2)
u;(0,2) = ud(x), v;(0,2) =v)(x), wi(0,2)=wd(x), z€Q. (7.3)

The new model (7.1) in this chapter is composed of the coupled partly diffusive Hindmarsh-Rose
equations and it reflects the structural feature of neuronal cells: the central cell body containing
the nucleus and intracellular organelles, the dendrites of short branches near the nucleus receiving
incoming signals of voltage pulses, the long-branch axon, and the nerve terminals to communi-
cate with other cells. The long axon of neurons propagating outreaching signals and the fact that
neurons are immersed in aqueous biochemical solutions with charged ions suggest that the partly
diffusive reaction-diffusion equations (7.1) will be more appropriate and realistic to describe the
neuronal dynamics of the signal transmission network for ensemble of neurons. It is expected
that this new model and the advancing result on the exponential synchronization achieved in this
chapter will be exposed to a wide range of researches and applications in neurodynamics. Here we
shall present the analysis of absorbing dynamics of this new model and then prove the main result
on the synchronization of the coupled Hindmarsh-Rose neurons at a uniform exponential rate with

the estimate of a threshold of the coupling strength for realizing the synchronization.

7.1 Partly Diffusive and Coupled Hindmarsh-Rose Equations for Neurons

Define the Hilbert spaces H = L*(Q,R%) and F = [H'(Q2) x L*(Q2,R?)]>. The norm and
inner-product of H or L?(Q2) will be denoted by || - || and (-, ), respectively. The norm of E or

HY(Q) x L*(©2,R?) will be denoted by || - ||z. We use | - | to denote a vector norm in R™.
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The initial-boundary value problem (7.1)—(7.3) can be formulated into the initial value problem

of the evolutionary equation:

0
5 =A9+ () +Plg), t>0,
(7.4)

g(0) =go € H.

Here the column vector g(t) = col (ui(t,-),v1(t, "), wi(t, ), ua(t, "), va(t, ), ws(t,-)) is the

unknown function and the initial data function is go = col (u?, v, w?, u3, v9, wY). The nonpositive

self-adjoint operator associated with this problem is

dA 0 0
0o -1 0
0 -
A= . D(A) = H, (7.5)
dA 0 0
0o -1 0
0 0 —r

where D(A) = {g € [H*(Q) x L*(Q,R?)]* : Juy/Ov = Ouy/Ov = 0}, is the generator of a Cp-
semigroup {e“'};>( on the Hilbert space H. Since H*(Q) — L%(2) is a continuous imbedding

for space dimension n < 3 and by the Holder inequality, the nonlinear mapping

aui —bui + vy —wy + J
a — fu?
q(uy —c)

f(g) = E— H (7.6)

auj — bui 4+ vy —wy + J

o — ful

q(ug — c)

146



is a locally Lipschitz continuous mapping. The coupling mapping is the vector function

p(UQ - u1)

P(g) = H— H (7.7)

Consider the weak solution of this initial value problem (7.4), cf. [13, Section XV.3], defined

below and similar to what is presented in Chapters 2 and 3.

Definition 7.1.1. A six-dimensional vector function g(¢,x), (t,xz) € [0,7] x €, is called a weak
solution to the initial value problem of the evolutionary equation (7.4) formulated from (7.1), if the
following conditions are satisfied:

@) L(g,¢) = (Ag,¢) + (f(g) + P(g),¢) is satisfied for a.e. ¢ € [0, 7] and any ¢ € E;

(i) g(¢,-) € C([0,7); H) N L*([0, 7]; E) and g(0) = go.

Here (-, -) is the dual product of the dual space E* versus E.
The following proposition can be proved by the Galerkin approximation method.

Proposition 7.1.2. For any given initial state go € H, there exists a unique local weak solution
g(t,g0), t € [0, 7], for some T > 0 may depending on gy, of the initial value problem (7.4) associ-
ated with the coupled partly diffusive Hindmarsh-Rose equations (7.1). The weak solution ¢(t, go)

continuously depends on the initial data gy and satisfies
g € C([0,7]; H) N C*((0,7); H) N L*([0,7]; E). (7.8)

If the initial data gy € E, then the weak solution becomes a strong solution on the existence time

interval [0, 7|, which has the regularity

g € C([0,7); E)nC'((0,7); E) N L*([0, 7]; D(A)). (7.9)
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In the next section, we shall prove the global existence of weak solutions in time for the initial
value problem problem (7.4) and present the analysis of the absorbing dynamics of the solution
semiflow generated by the weak solutions.

The basics of infinite dimensional dynamical systems, which can be called as semiflow when

generated by the autonomous parabolic partial differential equations, can be referred to [13,62,68].

Definition 7.1.3. Let {S(¢)}:>0 be a semiflow on a Banach space 2. A bounded set B* of .2
is called an absorbing set for this semiflow, if for any given bounded set B C 2 there exists a
finite time 7Tz > 0 depending on B, such that S(t)B C B* for all ¢ > T. The semiflow is called

dissipative on 2 if there exists an absorbing set in .2 .

In Section 7.3, we shall prove the main result on asymptotic synchronization of the coupled
Hindmarsh-Rose neurons realized by this new model, provided that the coupling strength exceeds
a threshold quantified in terms of the involved parameters. Moreover, the synchronization has a

uniform exponential rate independent of any initial conditions.

7.2 Absorbing Analysis and Dynamics

First we prove the global existence of weak solutions in time for the initial value problem (7.4) of

the coupled partly diffusive Hindmarsh-Rose equations.

Theorem 7.2.1. For any given initial state gy € H, there exists a unique global weak solution in
time, g(t) = col (uy(t),v1(t), w1 (t), us(t), va(t), wa(t)), t € [0,00), of the initial value problem
(7.4).

Proof. Summing up the L? inner-product of the u;-equation with Cyu, (¢) and the L? inner-product
of the uy-equation with Chus(t), where the adjustable constant C; > 0 is to be determined later,

and by Young’s inequality we get

Cy d
j@(llulll2 + [lual*) + Crd(|Vua]* + | Vus|*)
= / C1(au? — but + uyvy — wywy + Juy) do (7.10)
Q

+ /(Cl(aug — bu;L + UV — ugwy + Jug) — p(ug — U2)2) dx.
Q
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Summing up the L? inner-products of the v;-equation with v;(¢) and the L? inner-products of the

w;-equation with w;(t) for i = 1,2, we have

1d
57 ([on]? + [Jva[?) = /(0“11 — Bufvi — vi + avy — fujvy — v3) dx
2 di )
1 1
S/ (ozvl —1—5(6211‘11—1—1;%) —v? 4 avy + 5( uy + v3) —vg) dx
N (7.11)
</ 2042+1v2+152u4—102+2a2+102+162u4—11}2 dx |
1 3
:/ (4@2 + =% (uf +u3) — = (v + v%)) dz,
o 2 8
and
ld 2 2 > 2
5 = (lwr [ + [Jwa ) = [ (q(ur = Jwr = rwi + q(uz — cJwy — rw;3) dx
2 di .
</ Ty — o + Sr? v Lofug — o 4 Lrud — rud ) d 7.12
—(uy — ¢)* + zrwi — rwi + —(ug — ¢)* + =rw; —rw; | dx :
= | gt 5 15 (U 57 W 2 (7.12)

2 1
g/ (q—( T us + 26 — =r(w? + w%)) dx.
Q r 2
Now we choose the positive constant in (7.10) to be C; = %(BQ +4), so that

—Cibud) d 2uh d —4uH)d i =1,2.
/Q< but) x+/g<5u@>xs/< de, =1,

Q

Then we estimate all the mixed product terms on the right-hand side of (7.10) by using the Young’s

inequality in an appropriate way as follows. For¢ = 1, 2,

Q

3 1
/C’lau?dx < —/u;‘dx+—/(01a)4dx S/u?dw+(01a)4|ﬂ|,
and
Q
4

1 Ciu;)? 1
< / (Q(Clui)z + gvf + % + —rw; + Chu? + Clﬁ) dx,
Q
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where on the right-hand side of the second inequality we can further treat the three terms involving

u? as follows,

o (Crw)? 2 4 2 1 :
2(Chu;)” + — +Cuf |de < | u;de+ |CF 2+ . +C1| 9.
Q Q

Besides, in (7.12) we have

1 1 g
/—q%?dm S/ E—I—q— dz
ol Q 2 27"2
q4
Q T

Substitute the above term estimates into (7.10) and (7.12). Then sum up the resulting inequalities

(7.10)—(7.12) to obtain

1d
s
L Cd (Y + [Vusl?)

Crlllua |l + llual*) + (o + llo2l1) + (lwal* + w2]*))

< / C1(au? — buf + uv; — wywy + Juy) da
Q
+ /(Cl(aug — buy + ugvy — usws + Jug) — p(uy — us)?) dz
Q

1 3
+/ (4042 + Eﬁz(u‘f + ué) - g(vf + vg)) dx
Q (7.13)

2 1
+/ (q?( %+u§+202)—§r(w%+w§)) dx
Q

< [e-nutraars [(F-D)etrdas [ (§-3) i+ ada

1 2 2022 2q*
+ 19| (2(01a)4 +20,J% +2 {012 <2 + _) n 01] L4ty 2T %)
r T T

1 1
S / ((u‘l1 +uy) (t, ) + Z(U% +v3)(t, x) + Zr(w% + w%)(t,x)) dx + Cs|9,
Q
where C5 > 0 is the constant given by

1 2 222 24
02:2(Cla)4+201J2+2{012 (2+;>+Cl} RPN e I

r r2’
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We see that (7.13) yields the following group estimate,

d
a7 (Crlllunl® + Nlu2ll®) 4+ (or PP + lJoz]l*) + (Jw]|* + w2 ]?))

+ Crd ([Vur | + [V |)
(7.14)

1 1
+ Z/Q ((u‘ll +uz)(t, ) + Z(Uf +v3)(t, x) + Zr(wf + w3)(t, x)) dx
S 202|Q|a

fort € I ez = [0, Thnax ), Which is the maximal time interval of solution existence. Note that

It follows from (7.14) that

d
7 (Ol [ + llual?) + (lonl® + [loa*) + (o |* + [lws]*)

+ Crd ([[Vua]* + (| Vo)

+ % /Q (Cului +wa)(t,2) + (v} +v3)(t, @) + r(w] + w3)(t, ) do

CQ
< —L .
< (202 + 16) ‘Ql

Set r; = 3 min{1,r}. Then we have

d
= (Calllanll® + lluall®) + (loall® + lloall*) + (o [ + [l ]))
+Crd (V|| + [[ V)
(7.15)
+r1(Crlllual® + lluall®) + (val® + lJo2ll) + (s |* + [Jw2]*))
< (2¢ +212 1]
=~ 2 16 .

Apply the Gronwall inequality to (7.15) with the term Cyd (||[Vuy||? + |[Vus||?) being removed,
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we obtain

lg@11* = llua (D1 + lua@®N* + o1 (O + o2 + llwr (@) + wa(t)[?

max{Cy,1} _, M
_#e ol + ————
min{C, 1} min{Cy, 1}

(7.16)
2]

fort € I ez = [0, Thnax ), Where

1 C?
M=—(20+ ).
rl( 2+16>

The estimate (7.16) shows that the weak solution g(¢, x) will never blow up at any finite time

because it is uniformly bounded. Indeed we have

max{C, 1}
min{C}, 1}

M

m|9|, for t € [0, OO) (717)

lg(®)II* < lgoll* +

Therefore the weak solution of the initial value problem (7.4) for the partly diffusive Hindmarsh-
Rose equations (7.1) exists globally in time for any initial state. The time interval of maximal

existence is always [0, co) for any initial state go. O

The global existence and uniqueness of the weak solutions and their continuous dependence on
the initial data enable us to define the solution semiflow of the partly diffusive Hindmarsh-Rose

equations (7.1) on the space H as follows:
S(t):go—>g(t,90), go€H, 120,

where ¢(t, go) is the weak solution with the initial status g(0) = go. We shall call this semiflow

{S(t) }+>0 the coupling Hindmarsh-Rose semiflow generated by the evolutionary equation (7.4).

Corollary 7.2.2. There exists an absorbing set for the coupling Hindmarsh-Rose semiflow

{S(t) }+>0 in the space H, which is the bounded ball
By={heH:||h*<K} (7.18)

_ _ M9
where K = i {Cr.1] + 1.
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Proof. From the uniform estimate (7.16) in Theorem 7.2.1 we see that

M|Q
limsup [lg(t, go)P < K = — X

= ——— +1 7.1
s min{Cr 1) T 719

for all weak solutions of (7.4) with any initial data gy € H. Moreover, for any given bounded set

B ={h € H :|h||* < R} in H, there exists a finite time

1 max{C1, 1}

such that ||g(t)||*> < K for all ¢ > Ty(B) and for all gy € B. Thus, by Definition 7.1.3, the
bounded ball Bj; shown in (7.18) is an absorbing set and the coupling Hindmarsh-Rose semiflow

is dissipative in the phase space H. 0

Corollary 7.2.3. For any initial data gy € H, the weak solution g(t, go) of the initial value problem

(7.4) of the coupled partly diffusive Hindmarsh-Rose equations (7.1) satisfies the estimate

1
| st go)ldt < Mg + el .21
0

where My and My are two positive constants independent of initial data.

Proof. Integrate the differential inequality (7.15) over the time interval [0, 1] to get

! h
Cud [ (190l + 19007 e < max{h, anl? + (26 + 53 ) 0]
0
And (7.17) means that

max{C’l, 1}
IRCRE ool +

min{C, 1} migcr 17

Summing up the above two inequalities, we reach the result (7.21). [

In the next result, we show that the coupling Hindmarsh-Rose semiflow {S(t)}:>¢ has also the

absorbing property in the space E with the H!-regularity for the u-components.
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Theorem 7.2.4. For the coupling Hindmarsh-Rose semiflow {S(t) };>o, there exists an absorbing

set in the space E, which is a bounded ball
Bp={he E:|hlz <Q} (7.22)

where () > 0 is a constant. For any given bounded set B C H, there exists a finite time Tg > 0
such that for any initial state gy € B, the weak solution g(t,go) = S(t)go of the initial value
problem (7.4) of the coupled partly diffusive Hindmarsh-Rose equations (7.1) enters the ball B,

permanently fort > Tp.

Proof. We make estimates by taking the L? inner-products of the u;-equation with —Auw;, i = 1, 2,

and then summing up the inequalities to obtain

1d
5 77 VP + [IVesl”) + d( A ]* + || Aus )

< /(—au%Aul — 30u?|Vuy |* — v Auy + wi Auy — JAuy) dx
Q

+ /(—augAuQ — 3bu3| Vug|* — vaAuy + walAuy — JAus) dr — pl|V(uy — up)||?
Q

02 2uw? d
< / (2au1\Vu1\2 — 3bui|Vuy |* + % % + Z!Auﬂ?) dw (7.23)
0
202 2w: d
+ / ((QauQIVUQP — 3bus|Vug|?* + 72 + 72 + Z\Aug\z) dx — p||V (uy — ug)|]?
Q

2 d
< [ 208 bt b ud) dok S0P + Al - pIV (- w)?
Q

+ C([IVual* + V2 |[*),

where C3 = a*/(3D) is a constant, because
2aui — 3b'Ll,l2 = Cg - (\/%Ul -V 03)2 < 03, 1= 1, 2.
Then from (7.23) it follows that

d
Z(IVull® + Vo) + d(|Awl* + [ Aus %)
(7.24)

2
<GVl + [ Fual) + [ 5 (62 03+ 0l + ud) da, ¢ 0
Q
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By Corollary 7.2.2, for any given bounded set B = {h € H : |h||* < R} C H, there is a finite

time 7(B) > 0 such that for all ¢ > T, (B) and any initial state gy € B,

2 2 2K
[ 5 @)+ u30) + w0 +ud(e) do < ot < 2 @29)
Q

On the other hand, for a bounded domain €2 in R3 combined with the homogeneous Neumann
boundary condition, the Sobolev imbedding H?(Q) < H'(Q2) — L?(2) is continuous and com-
pact. By the interpolation of these Sobolev spaces, for any given € > 0, there is a constant C. > 0
such that

[V (8)]]? < el| Augl)® + Cclug)?,  for i =1,2.

Therefore, there exists a constant C'; > 0 only depending on the parameters a, b and d such that

(with the above £ = d)
(Cs + DIV |* + IVuz|*) < d(|Aw || + | Aua|®) + Callual]® + [Juzl|*) (7.26)

forallt > 7 > 0.
Substitute (7.25) and (7.26) into (7.24). Then we obtain the inequality

d
—(IVwll® + Vo) + (Ve |* + [[Va|*)

9K (7.27)

2K 2K
< Cy(lw]]* + fuel?) + v < Cyllg(t, g0)|)* + v < CyK + v

for all t > max {1, Ty(B)}.
By Corollary 7.2.3 and (7.21), for any given bounded ball B = {h € H : ||h||* < R} aforemen-
tioned and gy € B, the mean value theorem shows that the weak solution g(t, go) € L*([0, 1], E)

and there exists a time 0 < 7 < 1, such that
1
19(7, 90)||% = / lg(t, go) |5 dt < Mi||gol|® + M| < My R+ Mo|Q). (7.28)
0

Now we can use the Gronwall inequality to (7.27), namely,

d 2K
IVl + [Vuel?) + (Ve * + [Vue|*) < CiK + —=, € [7,00),
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to reach the uniform estimate

2K
IVur ()7 + Va0 < e D ([Vur ()P + | Vua(r) ) + Cuks + =+

d
2K 2K
< 6_(t_1)Hg(’7', go)H% + C4K + 7 < 6_(t_1)(M1R + M2|Q|) + C4K + 7 (729)
2K
S ei(til)MlR —+ M2|Q| + C4K + 7,
for t > max{1,To(B)} and where Ty(B) is given in (7.20).
Finally, it follows that for any gy € B, there exists a finite time
Ty = max{Ty(B), T1(B)},
where T1(B) = 1+ log™ (R), such that e=*~" R < 1. Hence,
lg(t. 9015 = IVur(@)I* + IVu2(0)]* + [lg(t go) |7 < Q. for t > T, (7.30)
where
Q=M + M|Q|+ K(1+Cy+2/d). (7.31)

Thus the bounded ball B, in (7.22) with () given in (7.31) is an absorbing set for the coupling
Hindmarsh-Rose semiflow {S(t)}:>¢ in the space FE. O

7.3 Synchronization of the Coupled Hindmarsh-Rose Neurons

Synchronization of neurons is one of the central topics in neuroscience. Here we shall prove that
the new model of the coupled Hindmarsh-Rose neurons proposed in this chapter will yield the
asymptotic synchronization of two coupled neurons at a uniform exponential rate, which can be

potentially extended to synchronization study for complex neuronal network.

Definition 7.3.1. For the model equations (7.1) of two coupled neurons, we define the asyn-

chronous degree of the coupled Hindmarsh-Rose semiflow to be

degs(HR) = sup {lim sup |lg1(t) — QQ(t)||L2(QV]R3)}

92,93 L?(Q,R3) t—00
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where g1 (t) = col (uy(t),v1(t), w1 (t)) and go(t) = col (ua(t), v2(t), we(t)) are the two component
solutions of (7.1) with any initial state gy = col (¢?, ¢9). The semiflow is said to be asymptotically

synchronized if deg;(HR) = 0.
The following synchronization theorem is the main result of this work.

Theorem 7.3.2. For the coupled Hindmarsh-Rose semiflow generated by the weak solutions of the

initial value problem (7.4) of the coupled partly diffusive Hindmarsh-Rose equations (7.1),

degs(HR) =0 (7.32)

provided that the coefficient of coupling strength p > 0 satisfies

p>—— + q— (7.33)

432 a2+ b 8321°
b b 3282 b |

Under the condition (7.33), the coupled Hindmarsh-Rose neurons are asymptotically synchronized

in the space L*(Q, R?) at a uniform exponential rate independent of any initial states.

Proof. Let g;(t) = col (uq(t),v1(t), w1 (t)) and go(t) = col (ua(t), va(t), ws(t)) be the first three
components and the last three components of any solution of (7.1) in H with the initial states
@) = (uf, v}, w?) and g3 = (uf, v, wY), respectively. Denote by U(t) = u(t) — ua(t), V(1) =

v1(t) — va(t), W(t) = wy(t) — wo(t). Then
g1(t) — g2(t) = col (U(¢), V(u),W(t)), t=>0.

By subtraction of the last three equations from the first three equations in (7.1), we obtain the

differenced Hindmarsh-Rose equations:

aa—(tj = dAU + a(uy +uz)U — b(u? + uyuy +ud)U +V — W — 2pU,

ov

e =V = B(ur + u2)U, (7.34)
ow

W = QU —rW.

Conduct estimates by taking the L? inner-products of the first equation of (7.34) with AU (t) (the
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constant A > 0 is to be chosen later), the second equation of (7.34) with V(¢), and the third

equation of (7.34) with W (t) respectively and then sum them up to get

ld 2 2 2
5 7 MUDIT+ V@I + W @)1
+AXN[VUG + 2 UG + VO +r W ()

= / A (a(uy +u2)U? = b(uf + wyus + u3)U?) da

¢ (7.35)

Q

< / (Aa (u1 +u2)U? = B(ur 4+ ug)UV — Ab (uf + urus + u3)U?) da

Q

# (4 50 =02 IO + VO + JIW @R, >0

In the last step of (7.35), we used the following Young’s inequalities:

AUV (t) < N2U2(8) + iv?(t),

1 r
(4= VUMW (L) < 5-(a = N2U(E) + SW2(0).
The integral terms in the last inequality of (7.35) are treated as follows:

/ (Aa (ur +u2)U? = B(ur 4+ ug)UV — Ab (uf + ugug + u3)U?) da
Q

< / ()\a (u1 + ux)U? — Buy + up)UV — ?(uf + u%)Uz) dx (7.36)
Q

1 Ab
< / ()\a (u1 + ug)U? + 2% (u? + u)U? + ZVQ - ?(u% + ug)UQ) dz.
0

Now we choose the constant multiplier to be

2
A= % >0, (7.37)
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so that (7.36) is reduced to

/ (Aa (ug + u2)U? = Buy + ug)UV — Nb (uf + ugug + u3)U?) da
Q

b
S/()\a (uy + ug)U

2
S V 1
:—HV O+

—(uj + uz)UQ) dax

Ab
Aa (ug + ug)U Z(uf + u%)UQ) dw

(7.38)
:—HV ®)))* + a(uy + us) (u1+u2)>>\U2dx

2 1/2 2 1/2 2
_ 2 o (e VT N (e b7
_ZHV(t)” +/Q b (bl/2 2 “1> (bl/2 2 ”2>

2)\a2
U ()],

ANU? dx

<LvaeE+

Substitute (7.38) into (7.35). Then we obtain

d 2 2 2
5 7 AU+ IVOI + W (©)]?)

+AX[VU@)* +2pA UG + [V @)+ [W ()] (7.39)

2Xa? 1 1 r
< (24 B4 5= ) WO + 5IVOIR+ SOl >0

From the above inequality we get

SO + VI + W @)P)

HAA U + [V + W (@B)]1* (7.40)

4 a? 1
< (zm “ +;<q—x>2) Ww@IE > o.

Under the condition of this theorem that the coupling coefficient p > 0 satisfies (7.33), we have

A\ a?
b

§ = 4p)\ — (zAz + + %(q - A)2> > 0, (7.41)
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where A is given by (7.37). Then (7.40) and (7.41) yield the differential inequality

GOWOP + VO + WO + min{ 3, QOO+ VO -+ WO

d
<T@+ VO + W OIF) + ST @1 + VO + W (O < 0
for ¢ > 0. This inequality is written as

%(AIIU@)H2 HIVOI*+ W) + pMU@IE + VO + W) <0, >0, (742)

where 1 = min{d/\, r}, for any initial state gy = col (¢, g9) € H. We can solve (7.42) by

Gronwall inequality to reach the conclusion that

min {1, \}g1(t) = g2 ()| Z2mey < MU@I + [V (@)1 + W (@)
(7.43)
< e M max{1, \}||g) — ggH%?(Q,RS) — 0, as t — oc.

Hence it is proved that

degs(HR) = sup {lim sup ||g1(t) — gg(t)HLz(QRs)} = 0.
Q,R?)

g2,9%eL?( t—00

It shows that the coupled Hindmarsh-Rose neurons are asymptotically synchronized in the space

L?(2,R3) at a uniform exponential rate. The proof is completed. O

As a remark, one can further study the synchronization problem of the coupled neurons in the
regular space /. Another interesting question is to find the lower bound of a threshold of the

coupling strength p > 0 for the self-synchronization in this model.
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Chapter 8

Synchronization of Boundary Coupled Hindmarsh-Rose Neuron Network

Note to Reader
This chapter has been accepted for publication in Nonlinear Analysis: Real World Applications,

March 17, 2020, and has been reproduced with permission from the journal.

Mathematical testimony for synchronization of coupled neurons by a hybrid model of partly
diffusive partial-ordinary differential equations is an open problem. The new model of boundary
coupled neuron network presented in this chapter reflects the structural feature of neuron cells,
especially the short-branch dendrites receiving incoming signals and the long-branch axon propa-
gating outreaching signals as well as that neurons are immersed in aqueous biochemical solutions

with charged ions.

8.1 A New Model of Boundary Coupled Neuron Network

In this chapter, we present a new model of boundary coupled neuron network in terms of the

following system of the partly diffusive Hindmarsh-Rose equations,

%:dAu+au2—bu3+v—w+J,
%za—@—ﬁuQ,
ow

_ZQ<U_C)_TU}7
ot 8.1)

u; .
al; :dAui+au?—bu?+vi—wi+J, 1<i<m,
87% 2 .

=a—v — Pu;, 1<i<m,
ot Pus
Ow; .
;t}:q(ui—c)—rwi, 1<i<m,



fort >0, z € Q CR"” (n < 3), where () is a bounded domain and its boundary

00 =T=JT;
i=0
is locally Lipschitz continuous, where the boundary pieces [';,7 = 0,1, - - - , m, are measurable and
mutually non-overlapping. Here (u;, v;, w;), i = 1,--- ,m, are the state variables for the neighbor
neurons denoted by N;, 7 = 1, - - - , m, coupled with the central neuron denoted by N, whose state
variables are (u, v, w).

In this system (8.1), the variables u(t, z) and u;(t, x) refer to the membrane electrical potential
of a neuron cell, the variables v(¢, z) and v;(t, x) called the spiking variables represent the transport
rate of the ions of sodium and potassium through the fast ion channels, and the variables w(¢, x) and
w;(t, ) called the bursting variables represent the transport rate across the neuron cell membrane
through slow channels of calcium and other ions.

The coupling boundary conditions affiliated with the system (8.1) are given by

0 0
8—u(t,as):(), for x € Ty, a—u(t7m)+pu:pui, forzely, 1 <i<m;
v v
(8.2)
u; u; .
(,;; (t,z) =0, forz € I'\I';, a—l;(t,x) +pu; =pu, forx ey, 1 <i<m.

where 0/0v stands for the normal outward derivative, p > 0 is the coupling strength constant. The

initial conditions to be specified are denoted by
u(0,2) = u'(2),  v(0,2) =%2), w(0.z)=ullz), zeQ
(8.3)
ui(0,7) = ud(z), v;(0,7) =v)(x), wi(0,2)=w)(zx), z€Q,
forl <7 <m.
All the parameters in this system (8.1) including the input electrical current .J are positive con-
stants except a reference value of the membrane potential of neuron cells ¢ = ugr € R.

In this study of the neuron network (8.1)—(8.3), we shall work with the following Hilbert spaces

for the subsystem of three equations for each involved single neuron:

H=L*QR%, and E = H'(Q) x L*(Q,R?).
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Also define the product spaces
H = [L*(Q,R*)]*™™ and E = [H'(Q) x L*(Q,R?)*™

for the entire system (8.1)—(8.3). The norm and inner-product of the Hilbert space H, H or L?*(Q)
will be denoted by || - || and (-, -), respectively. The norm of E or £ will be denoted by || - |-
We use | - | to denote the vector norm or the measure of set in R".

The initial-boundary value problem (8.1)—(8.3) can be formulated as an initial value problem of

the evolutionary equation:

9 A0
LA I A mﬂ,1g¢gmt>a

ot \ g, 0 A;i) \y f(9i) (8.4)

g(0)=g¢°€ H, ¢(0)=g) € H.

Here g(t) = col (u(t,-),v(t,-),w(t,-)) and g;(t) = (wi(t,-),vi(t,-), w;(t,-)). The initial data

functions are ¢° = col (u®, 0%, w®) and ¢ = col (u?,v?,wY), for 1 < 7 < m. The nonpositive,

19 Y

self-adjoint and diagonal operator A = diag (A4, Ay, - -+ , A,,) is defined by the block operators

dA 0 0
A=A=10 I 0|, 1<i<m, (8.5)
0 0 —rl

with the domain
D(A) = {col (h, hy, -, hy) € [H*(Q) x L*(Q, R*)]*™ : (8.2) satisfied}.

Due to the continuous Sobolev imbedding H'(€) < L5(Q) for space dimension n < 3 and by

the Holder inequality, the nonlinear mapping
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au? — bud +v; —wy + J

a — fu?
f(9) q(uy — c)
- "ExE-—HxH (8.6)
fg) aul — bu3 + vy — woy + J
a — Pul
q(uz — c)

is a locally Lipschitz continuous mapping for 1 <7 < m.

We shall consider the weak solution of this initial value problem (8.4), cf. [13, Section XV.3]
and the corresponding definition presented in Chapters 2 and 3. The following proposition can be

proved by the Galerkin approximation method.

Proposition 8.1.1. For any given initial state (¢°,¢?,--- ,¢°) € H, there exists a unique local
weak solution (g(t,¢°), g1(t,9%), -+, gm(t, %)), t € [0,7], for some T > 0, of the initial value
problem (8.4) formulated from the problem (8.1)—(8.3). The weak solution continuously depends

on the initial data and satisfies
(g:91,+ » gm) € C([0,7]; H) N C*((0,7); H) N L([0, 7]; E). (8.7)
If the initial state is in K, then the solution is a strong solution with the regularity

(9,91, e 7gm> S C([Oﬂ—}; E) N Ol((O,T); E) N L2([077_]; D(A) X D(Az)m) (88)

The basics of infinite dimensional dynamical systems or called semiflow generated by parabolic

partial differential equations are referred to [13,62,68].

Definition 8.1.2. Let {S(¢)}:>0 be a semiflow on a Banach space 2". A bounded set B* of 2" is
called an absorbing set of this semiflow, if for any given bounded set B C 2" there exists a finite

time 75 > 0 depending on B, such that S(t) B C B* permanently for all t > T'z.
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8.2 Global Existence of Solutions and Absorbing Semiflow

First we prove the global existence of weak solutions in time for the initial value problem (8.4) of

the boundary coupled partly diffusive Hindmarsh-Rose equations.

Theorem 8.2.1. For any given initial state (¢°, ¢°, - - - , ¢°,) € H, there exists a unique global weak
solution in time, (g(t), g1(t), -+, gm(t)), t € [0, 00), of the initial value problem (8.4) formulated
from the original initial-boundary value problem (8.1)—(8.3).

Proof. Sum up the L? inner-products of the u-equation with Cju(t) and the wu;-equation with

Ciu(t) for 1 < i < m, the constant C; > 0 to be chosen, we get

i d u 3
== <||u||2 > ||ui||2> +Cid (HWH”Z HWH2>
i=1

i=1

=C /Q (au® — bu® + uv — uw + Ju) + i(au? — bu} 4wy — usw; + Jug) | da
=1
+d012/ w; —u)u+ plu —w;)w;) do
= /QCl(au?’ — bu* 4 uv — uw + Ju) dx
+ i /Q(Cl(auf’ — bu} 4 uv; — wsw; + Ju;) de — dCyp i/r (u — u;)* dx
i—1 =1 T
<C /Q (au® — bu* + v — vw + Ju) + i(au? — buj + wv; — ww; + Juy) | da,

=1

by the coupling boundary condition (8.2). Then sum up the L? inner-products of the v-equation

with v(t) and the v;-equation with v;(¢) for 1 < ¢ < m, we obtain

2 pr (H 1? + Z |]v1|\2> / [(ow — putv —v? + ZZ::(owi — Buiv; — vf)] dx

m

S/ av + = (52u4+v) 2+Z(&Uz‘+%(52uf+vz‘2)_vg)] dx
Q

S /
Q

1 i 3 -
2 2 4 4 2 2
(1+m)a +§B (u "‘;Ui)—g("f +;vi)] dx
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and similarly for the w-equation and w;-equation, 1 < 7 < m, we have

1 d 2 ¢ 2
> d (HWH +Z|\wz’|| )

/Q(Q(U—c w — rw? +g; —Tw)]d:v
I

2 2
q _ 1 _ 2 1 2 2
27"(“ c)? —|—2rw rw —|—Z( —c) + 5T = rw; dx

[ o m m
S/ s (u2+2u?+(1+m)cz> —g <w2+2w5>] dx
Q" i=1 i=1

To treat the nonlinear integral terms on the right-hand side of the first inequality above, we choose

IN

the positive constant to be C; = 3(3% 4 4). Then

/Q(—Clbu‘l) dx+/g(52u4) dr = /{2(—4114) de,
/Q(—C'lbuf) dx + /9(6211;1) dx = /(—41@1) de, i1=1,---,m.

Q

(8.9)

Using the Young’s inequality in an appropriate way, we deduce that

1

/C’lau?dxg §/u4dx+—/(C1a)4d95S/U4d$+(01a)4|9|»
1

/C’lau?dx < §/U?dx+—/(O1G)4d$S/U?dﬁ"‘(cla)ﬂm’

fort =1,--- , m. Moreover, we have

(8.10)

C, / ((uv —uw + ju) + Z(uﬂh — ww; + Jul)> dx
Q .

1
< / ( (Chu)* + 81)2+ (Clu) +4rw + Chu? +C’1J2) dx (8.11)

/ Z ( Clul 1 Z2 (Cl;j%) + ;LT’U)? + C’luf + 01J2) dx

where on the right-hand side of the inequality (8.11) we can further treat the terms involving u?
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and u? as follows,
C " C U; 2
/Q<2(C'u) 4 () +C’u2+2[ (Chu;)? L 1r) +01U§Ddx
1 2
_/pOL+§:u>dm+1+nwkﬁ<2+;)+04|QL
Besides we have

1 m
/Q;q2 <u2+2u?> dasg/ (u +Zu>da:+ (14 m)|Q|. (8.13)

=1

(8.12)

Substitute the estimates (8.9)—(8.13) into the first three differential inequalities in this proof and

then sum them up to obtain

e <Hu|!2 +y Hm-H?) + (Hvl\? +Z||vz-|12) + (Hw!l2 +y HwiH2>]
=1 =1 =1
+Cyd (||Vu||2+Z||Vui||2>

=1

m

< / [(au3 —bu* +uv — uw + Ju) + Z(au? — bu} + wv; — usw; + Jug)
Q

i=1

dx

1 m 3 m
2 2(, 4 4 2 2
+/Q (I1+m)a +§5 (u® + E Ui)—g(“ +ZE:1UZ-) dz

=1

+KJ§<%+§M}MHmmﬁ—£<2+§ﬁa]m (8.14)
/3 4) (u +Zu>dx+/(1——) <v2+§;v>
[ G2 (e St

1 2 2 2 4
+ (14+m)|Q| ((Cla)‘l +Cy %+ {Cf (2 + ;) + Cl} +2a® + % + q—)

:_/<u+zu
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where

4 2 2 1 ? 2 2(1202 2(14
Cy = 2(Cra)* 4+ 2C1J* + 2 |C] 2+; +Cy| +4a” + —+
is a constant.

From (8.14) it follows that

¢y (IIUII2 +> ||ui||2> + (IIUII2 +> ||vi||2> + (IIwII2 +> IIwiHQ)]
1=1 =1 =1
ut ) uf
=1

4

dt

+2/
Q

fort € L4 = [0, Thnas), the maximal time interval of solution existence. Note that in the first part

1 2 E 2
+ —4 V7 + v;

i=1

+r
4

w? +Zw§]> dr < Co(1+m)|Q,
=1

of the integral term of (8.15) we have

1 C? 1 C?

Then (8.15) yields the following differential inequality

d m m m
yriie (HUH2 ) Huin) + (HUH2 + Hvz’HQ) + (HwH2 ) Hwin>]
i=1 i=1 i=1
+ |Gy (HUH2 + HUiH2> + (HUH2 + le!2> + (HwH2 + HwiHQ)]
i=1 i=1 i=1

d m . N
i—1 — —
1 m m -
Q =1 i=1 i—1

< (c+ S 1+ m)el
~ 2 32 )

+ +r

where 7* = £ min{1, 7}.
Apply the Gronwall inequality to (8.16). Then we obtain the following bounding estimate of the

weak solutions:
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lg(t. g°)IP + > llgalt, g?)1?

i=1

max{Cy,1} _ ., ) ) M
< —— "7 ‘e o
<y 1 +Z||gz|| + T 517

max{C’l, 1} LI 9 M
< — S —

fort € Lyae = [0, Thnae) = [0, 00), where

1 2
M= jm<02 C) (8.18)

32

The estimate (8.17) shows that the weak solution ¢(¢, ) will never blow up at any finite time
because it is bounded uniformly on the existence time interval. Therefore, for any initial data in
H, the unique weak solution of the initial value problem (8.4) of the boundary coupled neuron

network (8.1)—(8.3) exists in H globally in time. ]

The global existence and uniqueness of the weak solutions and their continuous dependence on
the initial data enable us to define the solution semiflow {S(¢) : H — H};>( of the boundary

coupled Hindmarsh-Rose neuron network system (8.1)—(8.3) on the space H as follows,

S(t) : (9079(1)’ e 79971) — (g(tuqO)?gl(tvg?)) T agm(taggq,))v t Z 0. (819)

We call this semiflow {S(t) }+>0 the boundary coupling Hindmarsh-Rose semiflow.

Theorem 8.2.2. There exists an absorbing set for the boundary coupling Hindmarsh-Rose semi-

flow {S(t) }+>0 in the space H, which is the bounded ball
B*={heH:|h’<Q} (8.20)

where () = mlﬁgl} + 1.

Proof. This is the consequence of the uniform estimate (8.17) in Theorem 8.2.1 because

M9
) ) (12 < e bl BRI 8.21
1?;?‘)1011) <Hg i +;H9 il ) Q= min{Cy, 1} " ( :
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for all weak solutions of (8.4) with any initial data in H. Moreover, for any given bounded set

B ={h e H:|h|* < p} in H, there exists a finite time

(8.22)

15 = L (0

min{C}, 1}
such that all the solution trajectories started from the set B will permanently enter the bounded

ball B* shown in (8.20) for t > Ty(B). L]

8.3 Synchronization of the Boundary Coupled Neuron Neiwork

Synchronization for ensemble of neurons and for complex neuron network or some artificial neural
network is one of the central and significant topics in neuroscience and in the theory of artificial
intelligence.

We introduced a new concept of synchronization dynamics for a neuron network.

Definition 8.3.1. For the dynamical system generated by a model differential equation such as
(8.4) of multiple neurons with whatever type of coupling, define the asynchronous degree in a state

space 2 to be

degs(Z) = ZZ sup {limsup llg;(t) — gr(t) ]} :
j & 95?7 92 c t—o00

where ¢;(t) and g (t) are any two solutions of the model differential equation with the initial states

g? and g, respectively. Then the coupled neuron network is said to be asymptotically synchronized

in the space 2, if degs(Z") = 0.

In this section, we shall prove the main result of this work on the asymptotic synchronization of
the boundary coupled Hindmarsh-Rose neuron network described by (8.1)—(8.3) in the space H.
This result provides a quantitative threshold for the coupling strength and the stimulation signals
to reach the asymptotic synchronization.

To address mathematically this synchronization problem of the neuron network specified in
Section 8.1, denote by U;(t) = u(t) — w;(t), Vi(t) = v(t) — vi(t), W;(t) = w(t) — w;(t), for

i = 1,--- ,m. Then for any given initial states ¢ and ¢?,--- , g% in the space H, the difference
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between the solutions associated with the neuron N, and the neuron N; is

g(tvgo) - gi(t>g?) = col (Uz(t)7 V;(t)7 VVz(t))a L Z 0.

By subtraction of the corresponding three pairs of equations of the i-th neuron from the cen-

tral neuron in (8.1), we obtain the differencing Hindmarsh-Rose equations as follows. For

i=1,--,m,
0U, 2 2
5 dAU; + a(u + u;))U; — b(u” + ww; + u;)U; + V; — W,
AT (8.23)
ot
oW
5 = qU; —rW,.

Here is the main result on the synchronization of the boundary coupled Hindmarsh-Rose neuron

network.

Theorem 8.3.2. If the threshold condition for stimulation signal strength of the boundary coupled

Hindmarsh-Rose neuron network is satisfied that for any given initial conditions ¢°, ¢{ € H,

P li%ninf / U(t,z)dz > RIQ|, i=1,---,m, (8.24)
where
1+m C2 862 a2 b 832\°
R=—— —— | —=+4C d|Q — 4+ — - — 8.25
r*min{Cy, 1} (32 + 2) [+ b + b +16/827" -7 (8.25)

with C = %(52 +4), no > 0 being the constant in Poincaré inequality (8.33), and

2¢°c  2q¢*
¢ 2

)
r r2

2
Cy = 2(Cha)* + 201 J* + 2 [Cf (2 + %) + Cl] + 40® + (8.26)

then the boundary coupled Hindmarsh-Rose neuron network generated by (8.4) is asymptotically

synchronized in the space H at a uniform exponential rate.

Proof. Step 1. Take the L? inner-products of the first equation in (8.23) with KU;(t), the second
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equation in (8.23) with V;(¢), and the third equation in (8.23) with W;(¢), where K > 0 to be

chosen. Then sum them up and use Young’s inequalities to get

1d

5 7 KIU@OIF + V@I + [Wi0)") + dK VU@ + VO + r W0

8Ui / K (a(u+u;) U} = b(u? + uwu; + u7 )U}P) dx
v Q

n / (KU — B(u+ ) UsVi + (g — K)UW) da

1 1 T
¥ (K2 +o(a- K>2) [T + IO + SIWil, ¢ >o.

By the the boundary coupling condition (8.2), the boundary integral in (8.27) yields

:K/r Zp[(ui—u)—(u—ui)](]idx

= —2Kp/
F.

3

UZ(t, ) dr — 2Kp/ u?(t,r) dx

\(Tour;)

for 1 <4 < m. We estimate another integral term on the right-hand side of (8.27),
/ (Ka(u +u)U7 — B(u+w)U;V; — Kb (v + wy; + uf)U7) da
Q

Kb
< / <Ka(u + u;)UP = Bu+ u)U;V; — 7(“2 + u?>Uz'2) dx
Q

1 K
< / (Ka(u + ) U7+ 25° (0 + ud)UF + V77 = 7b<u2 + u?)Uf) dz.
Q

Now we choose the constant multiplier K to be

2
K:%>O
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/ (Ka(u+u)U? — Bu+ w)UiV; — Kb (u? + uu; +u2)U?) da

(8.27)

(8.28)

(8.29)

(8.30)



Then (8.29) is reduced to

/ (Ka (u +u;))U? — B(u+ us)U; Vi — Kb (u® + uu; + uf)Ul?) dx
Q

1 Kb
< / (Ka(u +u; ) U? + ZV? - T(u2 + u?)Uf) dx
Q

=V [ (atwsw) = G+ o)) KU do 31)

1 9 2a® a b2 \? a b/ ?
=@l +/Q[T_(M_7“ B

2K a?
b

KU? dx

1T @)1

1
< VO +

Substitute (8.28) and (8.31) into (8.27). Then for 1 < ¢ < m it holds that

1d

5 g WO + I+ 1WA + 2K [ U3t 2)ds

+ ZKP/ u?(t, ) de + dK ||VU; ()] + [[Vi@) 1P + r [[Wi(E)|1? (8.32)
T\ (TouUr';)

Ka? 1
—(¢—K)*)|:@®)|? t>o0.
-t orla— K U0 >0

< <K2+

Step 2. By Poincaré inequality, there exist positive constants 7; and 7, depending only on the

spatial domain €2 and its dimension such that

2
U < IVUO)2 + s ( / Ui<t,x>dx) Ci<i<m (8.33)

On the other hand, Theorem 8.2.2 with (8.18) and (8.21) confirm that

m 1+m Cr
s | g(0)] +;||g<>||]_r*mm{cl,1} (c+g)il e

Note that

11 < 2([lu@®))I” + lu(®)]*) < 2 (Hg(lﬁ)H2 Y Hgi(t)HQ) :

i=1

Then it follows from (8.33) and (8.34) that, for any given bounded set B C H and any initial data
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q°,¢¢ € B, we have

d

KNGO + V@I + IW01) +4Kp/r' Ui (t, ) dx

7

+2mdK ||U()|1° + [[Vi@)I* + r[Wi(e)]1*

2 Ka? 1
Q

2

Ka 1
<omariRu@ +2 (K4 55+ L= K2) 10l

4(14+m) C? , Ka* 1 9
_—r*min{Cl,l} <CQ+3—2 |Q| 772dK|Q|+ K +T+§(q K)

fort > T'5, where Tz > 0 is a constant depending only on the set 5. The differential inequality

(8.35) is written as

d

S (KNI + Vi1 + Wi0)]*) +4Kp/_ Ui (t, ) do

T (8.36)
+2mdK U @)II* + [IV:OI* + r[[Wi)]]* <4KR|Q|, ¢ > Tp.

The constants K = 843 /bin (8.30) and R > 0 in (8.25) are independent of initial data.
Since the absorbing property (8.21) of the solution semiflow implies that there exists a sufficiently

large

T=7(¢" g, gp) >0
depending on the initial data such that

M|

_ 0y[12
. : <
in{Ol,l}’ ||gl<T7gz)|| —

lg(7, g1 < : (8.37)

we see that the condition (8.24) with (8.25) on the stimulation signal strength of the boundary

coupling p [, UZ(t, ) dx,1 < i < m, is the threshold crossing inequality
4Kp/ U(t,x)dx > 4KRI|Q|, t>T. (8.38)
I
It signifies that the stimulation signal strength of boundary coupling p fr- UZ(t, ) dr exceeds the
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synchronization threshold R|Q2|. Therefore, from (8.36) we obtain the following differential in-

equalities: Fori =1,--- ,m,

d
dt

+min{2md, 1} (K |07 + [Vi@)II* + [[W:(0)17)
d
- dt
+2mdE |U(n)|* + V(D) + rlIWi(7)* <0, ¢ > 7.

— (KT + Vi@ + Wi (6)]1*)

(8.39)
—(KNU @I + Vi@l + 1Wa@)11)

Finally we apply the Gronwall inequality to (8.39) and reach the conclusion that for all ¢ =

1, ,m,

KU + ViI? + Wi 1? <e DK NU(n)|1P + Vi) 1P+ [Wi()[1)
(8.40)
< Qe M=) max{K,1}Q — 0, as t— oo,

where ¢ = min{2n,d, 1,r} is the uniform exponential convergence rate. Thus for any j, k =

1,---,m, we have

sup {hmsup”g](t gj) gk(tuglg)”f‘l}

9?»9261{ t—o0
< sup {hmsupugg(t &) - <t,gO>||H} s8.41)
g?,gOEH t—o0

+ sup {limsupllg(t,go) —gk(tgg)llH} —0, as t— o0

92’90.5[{ t—00

Therefore, it is proved that

deg,(H) = ZZ sup {limsup 19;(t) — gk(t)\|L2(sz,R3>} = 0.

j=0 k=0 g I 0ec[2(Q,R3) t—o00

Here we denote go(t, g0) = g(t, g°) for i = 0. It shows that the boundary coupled Hindmarsh-Rose
neuron network generated by (8.4) is asymptotically synchronized in the space H = L*(2, R?) at

a uniform exponential rate. The proof is completed. [

Remark 8.3.3. The main result of this paper shows the asymptotic synchronization of a boundary
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coupled Hindmarsh-Rose neuron network in the local sense of multiple neurons around a central
neuron. The biological interpretation of the assumption (8.24) is that the product of the boundary
coupling strength represented by the coefficient p and the accumulated stimulating signals on the
coupling piece I'; in a long run represented by
liminf/ U?(t,x)dx fori=1,---,m

1_‘.

t—o00
1

exceeds the threshold constant R|(2|.

Remark 8.3.4. Mathematical models for neuron dynamics such as the Hodgkin-Huxley equations
(HHE) and the FitzZHugh-Nagumo equations (FHN) for number of neurons may include intercel-
lular voltage-currrent coupling by the Kirchhoff law inside the interior domain in the distributional
sense for depolarized and hyperpolarized neuron cells. But biologically a partly diffusive model
with the boundary coupling given by the Robin boundary condition (8.2) would be more realistic
for the neuron network dynamics for two reasons. First, this boundary coupling represents exactly
the Kirchhoff law across the cell membrane of two neurons through biological synapses. Second,
the bio-electric potential signals are mainly related to the first component u-equations. Certainly

this work can be extended to HHE and FHN neuron networks.

Remark 8.3.5. For space dimension n = 1, the synchronization result in this work can be biolog-
ically interpreted as the chain-like or ring-like neuron networks, in which each neuron is coupled
with the two neighbor neurons at the end of the axon. For space dimension n = 2 or n = 3, reason-
ably the mathematical domain in a neuron network model needs not to exactly reflect the mostly
unknown ensemble configurations of real biological neuron cells. Here the essential information
we acquired is the quantitative synchronization threshold expressed by the biological parameters,
which may give us better understanding or insight regarding the roles of key parameters and how

to improve or control the synchronization or desynchronization for different purposes.

Remark 8.3.6. The main theorem in this paper provides a sufficient condition for realization of
the asymptotic synchronization of this kind boundary coupled neuron network. The threshold for
triggering the synchronization may possibly be reduced through further investigations. Besides,
one can explore the cases for the neurons in a network to have different parameter values by the

same approach and expect to reach the same type of result.
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Remark 8.3.7. As a corollary of Theorem 8.3.2, the proof of (8.35) to (8.40) shows that the neuron
network present in this work can be partly synchronized if the condition (8.24) is satisfied only for

a subset of the neighbor neurons indexed by i € I, C {1,---,m}.
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Chapter 9

Future Research Directions

There is an essential difficulty in proving the pullback asymptotic compactness of the
Hindmarsh-Rose random dynamical system with the additive noise for the space dimension n = 3.
The proof in Theorem 6.3.1 and Theorem 6.3.2 are constrained to n < 2. I will continue to work
on the case of three-dimensional domain toward the conjecture that there should exist a random
attractor by alternative approaches.

My future research will include some of the following problems and topics:

e To investigate the deterministic neural networks described by the FitzHugh-Nagumo equations

widely exposed to potential and eminent applications.

e To explore the internal structure of the global attractor and its connection to phenotype neuron
bursting patterns for the partly diffusive Hindmarsh-Rose equations starting from the one-
dimensional domain by the approaches of pattern recognition, multi-scale approximation,
topological degree, semi-discretization, and other tools.

e Synchronization of the random neural networks with models of SDE or SPDE.

e To generalize the asymptotic synchronization results of the neuron networks to the complex
and artificial neural networks with computational estimation and control of the convergence
rate.

e To study the synchronization dynamics of the considered Hindmarsh-Rose neuron network

but the coupling terms involve time delay, which is a difficult and meaningful problem.
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